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Abstract

The development of a theoretical model to predict the four equilibrium forces
of reaction on a simple ladder of non-adjustable length leaning against a wall
has long remained an unresolved matter. The difficulty is that the problem is
statically indeterminate and therefore requires complementary information to
obtain a unique solution. This paper reports 1) a comprehensive theoretical
analysis of the three fundamental models based on treating the ladder as a
single Euler-Bernoulli beam, and 2) a detailed experimental investigation of
the forces of reaction as a function of applied load and location of load. In
contrast to previous untested proposals that the solution to the ladder prob-
lem lay in the axial constraint on compression or the transverse constraint on
flexure, the experimental outcome of the present work showed unambi-
guously that 1) the ladder could be modeled the best by a pinned support at
the base (on the ground) and a roller support at the top (at the wall), and 2)
the only complementary relation needed to resolve the static indeterminacy is
the force of friction at the wall. Measurements were also made on the impact
loading of a ladder by rapid ascent and descent of a climber. The results ob-
tained were consistent with a simple dynamical model of the ladder as a li-
near elastic medium subject to a pulse perturbation. The solution to the lad-
der problem herein presented provides a basis for theoretical extension to
other types of ladders. Of particular importance, given that accidents involv-
ing ladders in the workplace comprise a significant fraction of all industrial
accidents, the theoretical relations reported here can help determine whether
a collapsed structure, against which a ladder was applied, met regulatory
safety limits or not.

Keywords

Reaction Forces on a Ladder, Reaction Forces on a Beam, Impulse Load on a
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Ladder, Ladder in Static Equilibrium, Statically Indeterminate Forces

1. Introduction: The Ladder Problem

Although determination of the reaction forces on a beam is a standard part of
the mechanics of continuous media, the exact conditions under which an actual
physical structure comprised of beams is stressed are not always apparent. Mod-
els based on different assumptions can predict hugely different reaction forces,
and careful experimentation is required to determine which model may most
accurately characterize a structure. One of the most important mechanical
structures for which reaction forces need to be determined is that of a ladder.
Although ladders have been in use since antiquity, to date no definitive model of
the reaction forces on a ladder has been experimentally tested and confirmed.
This paper reports what the author believes to be the most comprehensive theo-
retical analysis and definitive experimental test of the reaction forces on a fixed
ladder.

1.1. The Fixed Ladder as an Euler-Bernoulli Beam

A fixed ladder is defined by the American Ladder Institute as a non-self-supporting
ladder of fixed (/e non-adjustable) length [1]. It comprises two identical rails of
uniform density connected by short rungs. As a suitable first approximation to
modeling such a ladder, the rungs are ordinarily disregarded and the two rails
are merged into a single uniform beam, such as shown in panel A of Figure 1.
The single-beam ladder of length Z is in static equilibrium supported obliquely
by the flat horizontal ground and a flat vertical wall. The weight W of the ladder

is regarded as a uniformly distributed load of linear density
w=W/L (1)

that acts vertically downward at the center of mass of any isolated segment of the
beam. A climber is modeled as a point load P acting vertically downward at a
distance BL (1>$>0) along the beam from the contact point at the ground,
which is taken to be the origin.

As shown in panel A of the figure, there are four reaction forces: 1) normal
force at the ground (R,), 2) parallel force at the ground (R, ), 3) normal force
at the wall (R3) , and 4) parallel force at the wall (R, ). The prediction of these
four forces constitutes what is called the ladder problem. Before discussing the
theoretical solutions and experimental test of the ladder problem, it is worth-
while to consider why the problem is a significant one. This significance is both
conceptual and practical.

First, conceptually, the solution to any model serving as an archetype for a
class of real-world problems within some branch of physics is significant by vir-
tue of its fundamentality. The single-beam ladder is an archetype within the

mechanics of continuous media. Moreover, understanding the forces on a fixed
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Figure 1. (A) Schematic diagram of the reaction forces (R, R,,R;,R,) on a single-beam
ladder by the ground and wall. Wis the beam weight acting at the center of mass L/2; P

is a point load applied at the point AL ; (B) Decomposition of forces to show axial
(A.A,) and normal (B, B,) components relative to the long axis of the beam. Sub-

script 1 denotes the contact point at the ground; subscript 2 denotes the contact point at
the wall.

ladder would provide useful modeling guidelines for predicting the reaction
forces on more complex ladder types, such as extension ladders, step ladders,
trestle ladders, and others. Second, from a practical standpoint, the ability to
predict the forces on ladders has direct impact on matters relating to safety in
the use of ladders and to legal issues that arise when use of a ladder in the
workplace results in injury or death. For example, with a valid fixed ladder mod-
el, the analyst can determine the acceptable range of inclination angles to avoid
slippage, or determine whether the net force exerted by a ladder on a wall or
rajling that collapsed was within or exceeded regulatory limits [2].

One might think that prediction of the reaction forces on a structure as simple
as a single-beam ladder is a relatively straightforward matter. Indeed, the prob-
lem is trivially solvable if the parallel reaction at the wall is ignored, which is the
case in countless physics textbooks (see, for example, [3]) and expository inter-
net articles. The fixed ladder leaning against a frictionless wall has been an iconic
example of static equilibrium in elementary mechanics books for at least a cen-

tury. This problem is statically determinate; Ze the three reaction forces
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(R, R, R;) are uniquely solvable from the three equations of static equilibrium
in which the net horizontal force, net vertical force, and rotational moment
about any point at rest all vanish. The resulting solution, however, is of academic
interest only and does not describe correctly the interactions of real ladders with
real surfaces.

When account is taken of the parallel reaction at the wall, the problem be-
comes statically indeterminate, and therefore more complicated, since there are
now 4 unknowns and 3 equations. One proposed solution assumed that the lad-
der undergoes an axial deformation which is constrained by the supports [4].
This model cannot be correct as it stands because the transverse (bending) de-
formation—as calculated in Section 2—is approximately two orders of magni-
tude greater than the axial deformation and should not have been neglected.
Another proposal [5] took account of both axial compression and transverse
flexion, and concluded that the problem could not be solved by static analysis
because it was not possible to determine which deformation dominated. This
conclusion is not substantiated by the findings of the present paper. Neither of
these proposals provided experimental measurements to test their validity.

Experimentally, there have been many investigations, of which some repre-
sentative examples are [6] [7] [8], to elucidate the conditions under which lad-
ders can be used safely. In general, these investigations focused on matters relat-
ing to friction, angle of inclination, climbing speed, weight of climber, and other
empirically accessible variables, but did not attempt to provide a model that
would succinctly incorporate these data in a mathematical theory.

This paper reports the theoretical solution of three basic models by which to
analyze the reaction forces of a fixed ladder represented as a single Euler-Bernoulli
(E-B) beam. The characteristics of an E-B beam pertinent to the present study
are as follows [9]:

1) the length of the beam is much greater than the linear dimension of the
cross-section;

2) the long axis of the beam lies within the neutral surface;

3) the cross section of the beam remains plane and perpendicular to the long
axis during deflection;

4) deformation of the cross section within its own plane is neglected;

5) the beam is a linear elastic material subject to Hooke’s law; ie normal
stress within a cross section varies linearly with perpendicular distance from the
neutral axis.

The neutral surface of a beam is the interface that separates the fibers under
compression from the fibers under tension when the beam is deflected trans-
versely. The neutral axis within any cross section is the line of intersection of the

neutral surface with the cross section.

1.2. The Analytical Models

The three basic ladder models analyzed in this paper are distinguished by the
nature of the supports at the points of contact with the surfaces of the ground
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and wall. In the mechanics of beams, the three common types of supports are 1)
roller, 2) pin, and 3) fixed [10]. The names refer to the constraints on the motion
of the affected segment of the beam, and not necessarily to the actual presence of
a roller, pin, or clamping mechanism. Thus, if one end of a beam is supported by
a roller, it can displace laterally, but not vertically. If the end of the beam is
pinned, it cannot displace either laterally or vertically, but it can rotate about the
pin. And, finally, if the end is fixed, it cannot displace or rotate at all. [There is a
fourth kind of support usually designated as simple, which is idealized as a fric-
tionless surface. This would apply to the support of the single-beam ladder at a
wall as treated in the elementary physics books.]

If a right-handed Cartesian coordinate system (X, Y, Z) is chosen such that
an initially horizontal beam lies along the x axis, and a load is applied that can
deflect the beam vertically downward along the negative y axis, then the boun-
dary and continuity conditions at the three kinds of supports can be summarized
as follows

Roller: Ay =0, dy/dx=0, M, =0
Pin:  Ay=0, dy/dx=#0, M, =0 )
Fixed: Ay=0, dy/dx=0, M, =0

where the symbol A signifies displacement, and M, is an internal bending

moment (torque) about the z axis. The salient features of relations (2) are that a)

the displacement and slope of the deflected beam are zero at a fixed support but

the support creates an internal bending moment, whereas b) at roller and pin
supports there is no internal moment, and the slope of the bending curve there
need not be zero.

The models analyzed in this paper are based on the supports described by

Equation (2).

e In Model 1, the ground support of the single-beam ladder is fixed and the
wall support is equivalent to a pin. Under a vertical load due to the distri-
buted weight of the ladder and the point weight of a hypothetical climber, the
ladder is subject to both axial and transverse stresses, but is constrained from
compression, elongation, or rotation at the supports. This is a case of static
indeterminateness in two variables: one axial and one transverse. Although
friction is presumably the source of the constraints, no specific assumptions
are made in regard to the mathematical form of the frictional force.

e In Model 2, the ground support of the single-beam ladder is fixed, and the
wall support is equivalent to a roller. The axial component of the load can
compress the ladder, and thereby remove the static indeterminateness along
the length. The reaction at the wall is assumed to be governed by the pheno-
menological relation for friction taken to be proportional to the normal force
at the wall [11]. There remains a static indeterminateness in one of the
transverse reactions because of the unknown internal moment at the ground
support.

¢ In Model 3, the ground support of the single-beam ladder is equivalent to a
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pin and the wall support is equivalent to a roller. The ladder is free to com-
press under an axial force and flex about the ground support, thereby reliev-
ing all static constraints. The reaction at the wall is assumed governed by
friction as in Model 2. This is a case of static indeterminateness in one varia-
ble in which the equations of static equilibrium, complemented by the fric-
tional force law, suffice to determine a unique solution.

The three models are schematically illustrated in Figure 2.

1.3. Outline of Paper

In Section 2 the reaction forces on a ladder characterized as a single E-B beam
are calculated for each model and examined as a function of load, location of
load along the ladder, and angle of inclination of the ladder with respect to the
ground. In the case of Models 1 and 3, the full bending curve is calculated within
the Euler-Bernoulli approximation (neglect of the square of the slope dy/dx ),
and the magnitudes of transverse and axial deformations are compared. (The
bending curve of Models 2 and 1 are the same).

In Section 3 are reported experiments using horizontal and vertical force
platforms to measure the reactions on a fixed metal ladder inclined against a wall.
It is noted here briefly that the model that was found to account for the observed
results was Model 3.

In Section 4 the impact loading on a ladder by a climber is examined theoret-
ically and experimentally.

In Section 5 are reported measurements of the reactions on a wood beam in-
clined obliquely against a wall. The intent of the experiment was to ascertain
whether the same theoretical model that best applied to a ladder modeled as a
beam applied as well to an actual single beam.

In Section 6 conclusions drawn from this research are summarized.

Figure 2. Schematic diagram symbolizing the supports upon which each model is based:
gray clamp = fixed support; red solid circle = pin support; 3 blue circles = roller. The
fixed support is accompanied by an internal moment (red arc). The zigzag line symboliz-
es friction. The light blue bar represents the single-beam ladder as portrayed horizontally
in panel B of Figure 1.
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2. Analysis of a Single-Beam Fixed Ladder

Panel A of Figure 1 shows the disposition of the reaction forces on the ladder as
it appears inclined against a vertical wall at an angle & to the ground. Because
the material out of which an actual ladder is constructed—primarily aluminum,
fiberglass, or wood—has a relatively high elastic modulus ( E, ~69 GPa,
Es ~72 GPa, E ~10-13 GPa) [12] [13] [14], the deformation is ordina-

rily small, and one can analyze the axial and transverse deformations indepen-

'wood

dently provided the axial force is not excessively large [15]. Thus, by taking ap-
propriate components, one obtains the axial and transverse reaction forces
shown in panel B of Figure 1, which are related to the forces normal and parallel

to the ground and wall as follows

A =R;sind+R,cosé
B, =R, c0s@—-R,sind

. 3)
A, =-R;cosd+R,singd
B, =R;sind+ R, cosd
with inverse relations
R, =B,cosd+ Asind
R, =—B;sin@+ A, cosd @
R, =-B,sin@— A, coséd
R, =B,cos0+ A,sinéd
The equations of static equilibrium then take either of the forms
R +R,=W+P B +B,=W +P
(I) 1 4 (II) 1 2 n n (5)
R,-R,=0 A+A =W +P

in which the normal and axial components of the ladder weight and a point load
representative of a climber are respectively
W, =Wcosd W,=Wsing

. (6)
P, =Pcosé P, =Psiné.

The sets of equations in (5) do not contain an equation for the vanishing of a
rotational moment about a designated point at rest. In the absence of informa-
tion regarding the supports of the ladder at the ground, it is not possible to write
a torque equation based on static equilibrium alone. This is a consequence of the
fact that the system may contain an initially unknown internal moment created
by the ground support in order to maintain static equilibrium.

Since there are four unknown reactions in Equation (5) and fewer than four
equations of static equilibrium, the set of equations is statically indeterminate
and must be supplemented by what are termed complementary conditions. Un-
der the circumstances stated above, these conditions can be applied to the axial
and normal directions independently. The complementary conditions take dif-
ferent forms depending on the specific model, as discussed in the following sub-

sections.

DOI: 10.4236/wjm.2018.89024

317 World Journal of Mechanics


https://doi.org/10.4236/wjm.2018.89024

M. P. Silverman

2.1. Model 1: Fixed Ground and Pinned Wall Supports

With respect to the schematic diagram in panel B of Figure 1, Model 1 entails a
fixed support at the left end x=0 (with initially unknown internal moment
M, (0)) and a pin support at the right end x =L . The total strain energy U of

the beam
U=U,+U, (7)

is the sum of the axial strain energy

1 L 2
=——| F,(x) dx 8
®  2EAY0 (9 (®)
due to the compression or tension by force F,(x) and the energy of flexure
(bending)
1

=g ) Mz(x)zdx 9)

Uy
due to the moment M, (x) about the z axis (see Ref. [15], pp 188-196). The
material parameters in Equations (8) and (9) are the beam cross section area A4,
beam area moment of inertia |, about the transverse z axis, and the elastic
modulus (Young’s modulus) £. For a beam of width wand height 4 as portrayed
in panel C of Figure 1, the cross section and area moment of inertia take the
forms (see [15], pp 448-449)

A=wh (10)
1
I, =—wh’. 11
=15 (11)
Because the overall load comprises both distributed and point contributions,
the force F,(x) and moment M,(X) are piecewise continuous functions.
These functions can be represented economically by use of the Heaviside unit

step function [16] defined here as

0 Xx<X

H(x—xo):{l (12)

X2 X,.

Mathematically, the Heaviside function is usually defined by pure inequalities
in both partitions of the real axis and left undefined at the point where the ar-
gument is zero. In the mechanics of continuous media, however, the point load
occurs at the partition between segments and therefore it is more useful to define
the Heaviside function as unity there. One can then express the axial force and

bending moment in the following ways

F ()= A, —W—La(L—x)—PaH (BL-x) (13)
Mz(x)zBZ(L—x)—\;iE(L—x)Z—Pn(ﬁL—x)H(ﬂl_—x). (14)

From the complementary energy theorem (Castigliano’s theorem) of conti-

nuum mechanics (see [15] pp 201-217) for systems where the force-deformation
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relation is linear, the deflection of a point 7 on a beam in the direction of a load
F. applied at that point is given by
oU
S =

= (15)

Since a physical condition of Model 1 is that the right endpoint of the beam in

panel B of Figure 1 suffers no deflection, it follows that

5@ = ] _ 0 (16)
oA,
and
s = L (17)
0B,

where superscript a signifies axial and superscript b signifies bending. Equa-
tions (16) and (17) are the complementary relations required to supplement the
set of relations (5) and resolve the static indeterminacy of Model 1.

Substitution of relations (13) and (14) respectively into strain energies (8) and
(9), taking derivatives (16) and (17), and setting the resulting integrals to zero
lead to expressions for the axial reaction A, and transverse reaction B,. The
reactions A and B, are then obtained from Equation (5) of static equilibrium.

The resulting set of four axial and transverse reactions are found to be
1. . .
A ZEW sin@+(1-B)Psing

A, :%Wsin9+ﬂPsin0

5 3 , 1, (18)
81:§Wc059+ 1_Eﬁ +E'B Pcosé

3 3 1
B, ==W cos@+| =p>-=5°|Pcos®d
=2 (2ﬂ Zﬂj

from which follow by transformation (4) the reactions normal and parallel with

respect to the ground and wall

1 1 3 1 .
R ==W|1+=cos?6 |+P|1-| =p*-= 3jcosze— sin? @
=5 ( 7 j [ (2,3 2,3 B

RZ:Rs{%W +[%ﬂ—%ﬁz+%ﬂ4jp}sin20 (19)

R, = %W (1—%0052 9j+ P[@ﬂz —%ﬂsjcosz 0+ Bsin’ 9}.
The directions of R, and R, are shown in Figure 1, and no algebraic sign
denoting direction is needed since these two forces are not superposed in any
calculation in this paper.
Figure 3 shows the variation in normal force at the ground (panel A) and at
the wall (panel B) as a function of the fractional location (1>/>0) of the ap-
plied load along the beam for different load magnitudes ranging from 0 to 100
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pounds (Ibs). The ladder weight is taken to be 25 lbs (111.2 N), in accordance
with the use of English units in ladder specifications given in the US, but calcu-
lations are performed and recorded in metric units (newtons N). The angle of
inclination was taken to be 60°. Plots of the parallel force at the ground (R,)
and at the wall (R4) are not shown since by relations (18) the former are the
same as the plots in panel B, and the latter correspond to reversing the horizon-
tal scale (abscissa) in panel A.

A complementary perspective is given in Figure 4, which shows the variation
in normal force at the ground (panel A) and at the wall (panel B) as a function of
the angle of inclination for different fractional locations of the applied load

along the beam. According to Model 1, the location of a hypothetical climber (of

Figure 3. Model 1 variation in normal force at (A) ground and (B) wall as a function of load location for loads (in lbs): (a) 0, (b)
20, (c) 40, (d) 60, (e) 80, (f) 100. The ordinate unit is in newtons. Ladder weight is 25 lbs; angle of inclination is 60°.

Figure 4. Model 1 variation in normal force at (A) ground and (B) wall as a function of inclination angle for load locations S: (a)
0.0, (b) 0.2, (c) 0.4, (d) 0.6, (e)).8, (f) 1.0. Ladder weight is 25 Ibs; point load is 50 Ibs.
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fixed weight) influences the normal reaction at the wall strongly and the normal
reaction at the ground relatively weakly as the inclination of the ladder is
changed.

Applying Equation (15) to the total strain energy U] one can determine the
deformation at any point in the elastic curve of the single-beam ladder and the-

reby compare the magnitudes of the axial compression & and transverse

(bending) deflection 5®). Taking S :% for illustration yields the deforma-

tions
so =91 L wip)sing (20)
ot aPa 1 2AE
=
3
so =Y L aw+7P)coso. (21)
EL aPn 523 768EI Z

2

Given typical parameters of beam length L=2.5 m, width w=2 cm,
height h=5 cm, inclination angle 6 =45, ladder weight W =25 1bs (111.2
N), climber weight P =150 lbs (667.2 N), and elastic modulus of aluminum

E =69 GPa, Equations (20) and (21) lead to deformations 5&) ~10 pm,
2

5£b) ~5.1 mm. The deformation due to bending is approximately 500 times the
L

2
deformation due to axial compression. Therefore, any model of a ladder subject
to ordinary loads that takes account of axial deformation cannot neglect defor-
mation due to flexure.

As a final consideration, it is useful to derive the deflection curve of Model 1
as a check on the calculated deformations and to ascertain that the reactions of a
single-beam ladder derived from Model 1 correctly fulfill the complementary
conditions. The exact flexure formula for an E-B beam relates the bending mo-
ment to the radius of curvature and takes the form of a nonlinear second-order
differential equation (see [10] pp. 576-583)

d?y/dx? 1
%:EMZ(X) (22)
[1+(dy/dx) ] z

whose solution is called the elastica [17]. Although an exact solution would be
required for a highly flexible beam such as a fishing rod [9], the deflection of the
rail of a ladder is sufficiently low that one can neglect the square of the slope in
the denominator of Equation (22), as is conventionally done in engineering
practice. The equation then becomes linear and can be readily solved subject to
the imposed boundary conditions

y(0)=y(L)=0

y(x) iscontinuous at x = AL (23)

dy/dx is continuous at x = AL

to yield the piecewise continuous function
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y(x)=y, (X)H(BL=x)+y,(x)H (x- L) (24)

with

yl(X)ModeI1:é|:_L(116 n ( ﬁ__ﬁ ﬂj nsz

S T M

111 1
yz(X)Mode.fg{gﬁaLaPn— (5°UR) [ -ijpn)xz

5. 1(3 , 1 , s W,
=W, - 22253 [P, X=X .
(48 " G(Zﬂ 2ﬂj”j 24L

Figure 5 shows plots of the deflection curve y(x) for different locations of a

(25)

150 1b load on a ladder 2.5 m in length and 25 lbs in weight inclined at an angle
of 45° against a vertical wall. The cross section of the single beam is 2cmx5cm
and the modulus of elasticity is E =69 GPa. As seen in the figure, the deflec-
tion curve is the same for a load directly at the base x=0 or at the top of the
ladder x=L. The deflection éibL) ~5.1 mm occurs at the mid-position £ =%,
2

which is the result predicted by Equation (21) obtained by Castigliano’s theorem.
The deflection curve is not symmetric for any location of the load, even at
mid-position, because the slope is required to be 0 at the ground support (left
end) but not at the wall support (right end).

Calculation of deflections (20), (21) and the elastica curve (24) involved

Figure 5. Deflection curves of the Model 1 single-beam ladder of length 2.5 m and weight
25 Ibs for a point load of 150 lbs at fractional lengths B along the beam of (a) 0 [ground
point], (b) 1/4, (c) 1/2, (d) 3/4, (e) 1 [wall point] (note that plots (a) (solid line) and (e)
(dashed line) overlap). The inclination angle of the ladder was taken to be 45°. Material

1
parameters are E=69GPa, A=2x5cm?, Izzﬁ(Zcm)(Scm)S
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integration of expressions of the form X"H (X - Xo) for non-negative integer n.

The integration of Heaviside functions is summarized in the Appendix.

2.2. Model 2: Fixed Ground and Roller Wall Supports

With respect to the schematic diagram in panel B of Figure 1, Model 2 entails a
fixed support at the left end and a roller support at the right end. Resolution of
the static indeterminateness of the bending reactions is accomplished in exactly
the same way as for Model 1, and therefore forces B, and B, are given as
shown in Equations (18). To determine the other forces, one makes use of the

transformation (3) for B, and the phenomenological relation for friction
R, = kR, (26)
with coefficient of friction # to obtain

B, =R;sin@+R,cosd =R, (sin@+ ucosd), 27)

from which follows

§W +(3ﬁ2—1ﬂ3jp
U 7 tan &+ u

and therefore from Equation (5)

§W +(3ﬂ2_1’33jp

8 2 2
=W +P-R, =W +P—uR, =W +P -
R 4 HRy u @no (29)
The axial forces A and A, are given by the transformation (3)
A =(W +P)sin g+ §W+(§/)’2—3ﬁ3jpcose 1-ptanf
8 2 2 tand+ u
3. (3., 1 1- utan 0 (30)
A =- —W+(—ﬁ2——ﬁ3chose ~Zpang
8 2 2 tand+ u

rather than by a complementary condition constraining axial compression.

Figure 6 shows the variation in normal force at the ground (panel A) and at
the wall (panel B) as a function of load location for different loads under the
same conditions as for Figure 3. The coefficient of friction was taken to be 0.4.
Correspondingly, Figure 7 shows the variation in these two reactions as a func-
tion of angle of inclination with the ground under the same conditions as for
Figure 4. Models 1 and 2 are seen to predict reactions that depend very diffe-
rently on load location.

Since the reaction forces normal to the beam (B,,B,) are the same as for
Model 1, the bending deflection curve, which does not depend on the axial reac-

tions, is also the same.

2.3. Model 3: Pinned Ground and Roller Wall Supports

With respect to the schematic diagram in panel B of Figure 1, Model 3 entails a
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Figure 6. Model 2 variation in normal force at (A) ground and (B) wall as a function of load location for loads (in Ibs): (a) 0, (b)
20, (c) 40, (d) 60, (e) 80, (f) 100. The weight and angle are the same as in Figure 3; the coefficient of friction is 0.4.

Figure 7. Model 2 variation in normal force at (A) ground and (B) wall as a function of inclination angle for load locations f: (a)
0.0, (b) 0.2, (c) 0.4, (d) 0.6, (e)).8, (f) 1.0. The weight and load are the same as in Figure 4; the coefficient of friction is 0.4.

pinned support at the left end and a roller support at the right end. Because there
is no unknown internal moment at pinned and roller supports, the set of equa-
tions (5) can be supplemented by an equation for the vanishing of the external
moment M, about any fixed point. For example, if the pivot is taken to be the
point of contact with the ground, then the vanishing of M,(0) can be ex-
pressed by either of the equations

. 1
R;sind+R, cosH=EW cosé+ P cosé (31)
or
1
B, ZEWH + [P, (32)
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Together with the complementary relation (26) for force of friction and the

other equations of static equilibrium, one obtains

Lwipp (33)
R,_2
Ry=R,=—%=2___
u o tanéf+u
B, =%wn +(1-B)P, (34)
and
W(tan0+;yj+ P(tan9+(1—ﬂ)y). (35)
R =W+P—-uR, =
tané+ u
From the set of transformations (3) follow the axial reactions
A =(W +P)sin 0+ Sw +[§ﬂ2 —3ﬂ3jpcos9 1-ptand
8 2 2 tand + u
3 3 1 1 0 (36)
A =—| W +(—ﬁ2 ——ﬂschose 1-ptand
8 2 2 tand+ u

Figure 8 and Figure 9 respectively show the variation in normal force at the
ground (panel A) and at the wall (panel B) as a function of load location along
the ladder and as a function of inclination angle with the ground. The plots are
similar to, but not numerically identical with, the plots of Figure 6 and Figure 7.

The bending curve (elastica) of Model 3 takes a different shape than that of
Models 1 and 2 because of the difference in the nature of the support at the
ground. Solving the Euler-Bernoulli approximation to the flexure equation (22)

d*y/dx* =M, (x)/El, (37)
with moment (see panel B of Figure 1)
M, (x)= le—\;V—Exz P (x— BL)H (x- AL) (38)

and boundary conditions (23) leads to the piecewise continuous function (24)

with components

0= 3045557750 o
1 1 W
+H =W +2(1=8)P |x® x4
(12 507 j 241 }

(39)
SV VRN E U PR N B GV
yz(x)Modm—Elz{ 5 P, L[24Wn+(3ﬂ+6/3 )Pan{zﬁLPan

+[iwn —%,BPn)x3 _W, x“}

12 241

Figure 10 shows plots of the deflection curve y(x) for different locations of
a 150 1b load on a ladder 2.5 m in length and 25 lbs in weight inclined at an angle
of 45° against a vertical wall. As seen in the figure, the deflection curve is again
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the same for a load directly at the base x =0 or at the top of the ladder x=L.
In contrast to the deflection curves of Models 1 and 2, the deflection curve of
Model 3 is symmetric for a load applied at the middle of the beam; the slopes are
nonzero and equal at both the ground and wall contact points. For other loca-
tions of the load, the deflection curve is no longer symmetric, but at no location
are the slopes zero at the end points.

The maximum deflection Sgb)~ll.8 mm occurs at the mid-position
L
2

S =1/2. This is the same result one would get from applying Castigliano’s theo-
rem, as implemented in Section 2.1, which leads to the deformation

Figure 8. Model 3 variation in normal force at (A) ground and (B) wall as a function of load location for loads (in Ibs): (a) 0, (b)
20, (c) 40, (d) 60, (e) 80, (f) 100. The weight and angle are the same as in Figure 3; the coefficient of friction is 0.4.

Figure 9. Model 3 variation in normal force at (A) ground and (B) wall as a function of inclination angle for load locations: (a) 0.0,
(b) 0.2, (c) 0.4, (d) 0.6, (e)).8, (f) 1.0. The weight and load are the same as in Figure 4; the coefficient of friction is 0.4.
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Figure 10. Deflection curves of the Model 3 single-beam ladder under the same condi-
tions as for Figure 5 for fractional lengths S along the beam of (a) 0 [ground point], (b)
1/4, (¢) 1/2, (d) 3/4, (e) 1 [wall point] (note that plots (a) (solid line) and (e) (dashed line)
overlap). The coefficient of friction is 0.4.

o) = BW +8P)cos . 40
L 384EL, ( ) (40
The deflection produced by the axial forces of Equation (36) is given by
L 1 . 1-utané
R — —| =W+ BP [sin@ || ———— |. 41
s AE(AZ (2 d j j[tano9+y] 4D

For the load at mid-position and the other parameters of Figure 10, Equation
(41) leads to an axial compression 13.3 um. Thus, as was the case with Model 1,
the bending deflection is again seen to be at least two orders of magnitude great-

er than the corresponding deformation due to axial compression.

3. Measured Reaction Forces on a Fixed Ladder

To determine which, if any, of the three basic models describes most closely the
reaction forces on a fixed ladder, an experiment was performed to measure
forces R, R,,and R;.The experiment was performed as follows. A ladder of
length 244 cm and weight 18.9 Ibs (84.07 N) was placed against a vertical wall at
an angle of 68° to the ground. A two-axis force platform (Pasco Model PS-2142)
was situated horizontally on the ground beneath each of the two rails of the lad-
der. The top of the ladder rested on a third force platform attached vertically to
the wall. Each force platform, used in conjunction with a computer and the ap-
propriate interface, was designed to measure the applied force normal to its sur-
face (up to a maximum of 4400 N) and along an axis parallel to its surface (up to
1100 N).
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The ladder comprised seven rungs located at fractional lengths along the rails
of

244" 244" 244" 244" 244 244 244
~(0.131,0.254,0.377,0.500,0.623,0.746,0.869)

ﬂ_[SZ 62 92 122 152 182 212)

of which the first six rungs were used in the experiment. External loads were ap-
plied to the rungs in the form of lead bricks, each brick weighing 25 Ibs (111.21
N). Measurements of the normal and parallel forces were made for discrete loads
of 1, 2, 3, or 4 bricks placed on each rung in progressive order from rung 1 to
rung 6. The sum of the forces normal to the horizontal surface of force platforms
1 and 2 (supporting the rails) constituted reaction R,;. The sum of the forces
parallel to the surface of platforms 1 and 2 constituted reaction R,. The force
normal to the vertical surface of force platform 3 (against which the top of the
ladder rested) constituted reaction R,. Although the initial intention was to
measure reaction R, as well, this measurement could not be made because the
force platforms did not measure shear forces accurately when the platform was
oriented vertically'. The omitted reaction, however, was not needed to establish
the conclusions drawn from this experiment.

Table 1 records the measurements of the 3 reactions (R;, R,, R;) ateach of
6 rungs for each of 4 loads (25, 50, 75, 100 Ibs). The experimental forces are re-
spectively compared with the corresponding theoretical predictions of the three
models in Figures 11-13.

In order to apply the theoretical relations of Models 2 and 3, it is necessary
to know the coefficient of friction x of the ladder with the wall—or, more
accurately, with the surface of the force platform attached to the wall. This
coefficient cannot be calculated theoretically, but must be obtained empirically
from the data. The method employed here was trial and inspection; Ze. to as-
sume a value for , calculate and plot the resulting reactions, and adjust as
necessary the value of , until a satisfactory match with data was achieved,
provided that the model itself is a valid representation of the underlying me-
chanical processes. The entire procedure can be executed in a matter of
seconds with a fast computer and available mathematical software such as
Maple or Mathcad. It is to be emphasized that the totality of the 72 measure-
ments (3 reactions x 4 loads x 6 load locations) tightly constrained the value of
4 . For Model 2 or 3 to be valid it is necessary that a single value of , suffice
to account for all the data. If different statistically significant values of , for
the various reactions are needed to match the data, or if no value of 4
matches the data, then Model 2 or 3 would not describe the static equilibrium

of a ladder against a wall.

'A force normal to the surface of the platform is measured by means of 4 beams connecting the 4
footpads of the device to strain gauges. A force parallel to the surface (oriented along an indicator
arrow) is measured by a single strain gauge connected to the center of the upper surface. Small dev-
iations from center in placement of the top of the ladder resulted in erratic values of the parallel
force.
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Table 1. Experimental Normal and Parallel Reactions on a Ladder.

6 =68.0° LOAD (Ibs) 25 50 75 100

REACTIONS (N) RUNG
Ground Normal R

1 347.81 303.74 412.54 526.04
2 188.54 302.98 413.19 526.67
3 193.31 304.92 409.82 522.06
4 189.95 303.37 413.52 520.52
5 187.31 300.74 409.77 516.84
6 188.50 298.47 403.50 508.11
Ground Parallel R,
1 20.19 23.87 31.56 37.00
2 22.92 35.01 47.29 58.86
3 32.47 48.67 63.63 80.60
4 37.15 60.90 86.58 106.12
5 37.50 67.05 95.88 121.87
6 47.62 81.22 113.40 145.17
Wall Normal R,
1 10.01 14.09 17.70 21.40
2 16.45 28.49 36.74 46.61
3 24.14 39.44 53.67 69.85
4 28.82 51.80 74.75 95.94
5 32.76 60.15 87.46 112.59
6 40.07 73.52 104.20 138.55

Figure 11. Experimental measurement (solid circles) of the normal reaction R, at the
ground compared with predictions of Model 1 (dash-dot), Model 2 (solid), and Model 3
(dash) for loads (in lbs) of (a) 25 (blue), (b) 50 (red), (c) 75 (green), (d) 100 (burgundy).
The set of Model 1 curves designated M1 do not match the data at all.
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Figure 12. Experimental measurement of the parallel reaction R, at the ground com-

pared with predictions of the three models. The symbolism in color and line style is the
same as for Figure 11. Model 3 best matches the data.

Figure 13. Experimental measurement of the normal reaction R, at the wall compared

with predictions of the three models. The symbolism in color and line style is the same as
for Figure 11. Model 3 best matches the data.

From examination of Figures 11-13 one can conclude the following:

e Model 1 does not account for any of the measured reactions.

e Models 2 and 3 account more or less equally well for the normal reaction R
at the ground support (Figure 11).

e Model 2 does not account for the measurements of the parallel reaction R,
at the ground (Figure 12) or normal reaction R, at the wall (Figure 13).

e Model 3 accounts satisfactorily for all three reaction forces for x~0.25 es-
timated from the data by trial and inspection.

To test the consistency of Model 3, the reaction parallel to the wall R, was
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obtained from the data by the two independent relations
(a) R, =uR,

(b) RR+R, =W +P (42)

where relation (a) is one of the defining conditions of the model, and relation (b)
is required by Newton’s 2nd law applied to static equilibrium. Panel A of Figure
14 shows plots of R, for different loads and load locations obtained from rela-
tion (a) of Equation (42). Of the three models, Model 3 is again seen to account
most closely for the patterns of measured points. Panel B of Figure 14 plots rela-
tion (b) of Equation (42) with R, given by independent relation (a). As ex-
pected, the expression R, +R, sums to a constant equal to W +P for each of

the four values of applied load 2.

Interpretation of Results

From the foregoing comprehensive experimental test, one can conclude that, of
the various mechanical conditions presumed to describe the static equilibrium of a
ladder against a wall, those upon which Model 3 is based best represent the actual
physical situation. It is useful to summarize explicitly the nature of these conditions.
e The elimination of Model 1 indicates that the length of the ladder is not con-
strained by axial forces at the ground or wall. Recall that it was this constraint
that provided a complementary relation for resolving static indeterminate-
ness in the axial direction. However, the reported experiment is consistent
with no unrelieved axial strain. This means that the ladder, in response to its
own weight and/or to the applied load, has relaxed to its (very slightly) com-

pressed length in the course of reaching static equilibrium.

Figure 14. (A) Parallel reaction force at the wall R, (solid circles) deduced from the measurement of reaction R, normal to the
wall and the experimental estimate of the coefficient of friction x between the ladder and the wall. Line styles and colors of plots
represent the same models and applied loads of Figure 11. M1 explicitly designates Model 1; (B) Test of the consistency of R,
predicted by Model 3 (dashed line) for the applied loads P of Figure 11. For each load P (25, 50, 75, 100 lbs), the reactions
R, + uR, should sum to a constant W + P, where Wis the ladder weight.
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e The elimination of Model 2 (and Model 1) likewise indicates that the bending
of the ladder does not engender a torque at the ground support. Recall that it
was this initially unknown moment that necessitated a complementary rela-
tion to resolve the static indeterminateness in the transverse direction. The
reported experiment is consistent with no internal rotational moment at the
base. This means that the ladder, initially presumed to be straight, has re-
laxed (very slightly) to the shape of an elastic deformation curve like those
shown in Figure 10 in the course of reaching static equilibrium.

o The satisfactory accord between Model 3 and the experimental results tends
to confirm that, for a ladder stationary, but not clamped, at its base, it is the
friction at the wall that provides the complementary relation needed to re-
solve static indeterminateness so that all four forces of reaction can be calcu-
lated. The theoretical expressions for the reactions do not depend on the
elastic modulus of the ladder. They do depend, however, on the coefficient of
friction of the ladder at the wall. The experimental results are consistent with
an empirical relation whereby the friction at a surface is proportional to the
normal force on that surface.

The theoretical models tested in this paper each embodied one or more dis-
tinct physical attributes conceivably responsible for the forces of reaction on a
fixed ladder modeled by a single beam. In this regard, the models were never in-
tended to provide an exact theory of the stresses and strains within an actual
ladder. To achieve that would require a detailed mechanical model, outside the
scope of this paper, taking account of the exact shape, weight distribution, and
area moments of inertia of the components of the ladder, including rungs. This
caveat must be borne in mind when comparing theory and experiment in Fig-
ures 11-14. The dashed lines signifying Model 3 in the figures do not pass
through all the experimental points, although they are sufficiently close for the
purposes of distinguishing among the models. Small adjustments in the value of
the coefficient of friction g could achieve better agreement in one reaction or
another, but there is little reason to make such refinements. Nor is there any
reason to attempt to obtain an optimum value of , by a statistical fitting
process such as the method of maximum likelihood, or least square’s analysis, or
by Bayes’ theorem [18]. A nonlinear fit of that kind would be computationally
intensive and, assuming it even converged, would yield values of , not much
better than the estimate obtained simply and quickly by trial and inspection.

The great practical utility of Model 3, now that it is validated by experiment, is
that it provides a simple, but satisfactory, way to estimate the forces exerted by
ladders on structures as a function of the climber’s weight and position of ascent
and the ladder’s angle of inclination. Moreover, it is readily generalizable in spe-
cial situations of practical interest that may arise in engineering design or mat-
ters of litigation, such as cases where the ground is flat but sloped, or the wall is
flat but not vertical, or the ladder inclines against a railing, not a wall, and over-

hangs it.
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4. Effects of Impact Loads

Although the primary focus of this paper has been on the static equilibrium of a
ladder against a wall, the manner in which ladders are used in practice makes it
necessary to discuss, albeit briefly, the question of impact loads. The experimen-
tal data of Table 1 were obtained by carefully and sequentially placing calibrated
masses at designated rungs along the ladder so as to avoid imparting momentum
to the ladder. Figure 15 shows the normal and parallel reactions (in arbitrary
units) at the wall recorded as a function of time as a climber slowly ascends and
then slowly descends the ladder, resting for a few seconds at each rung. The ho-
rizontal red bars mark the approximate values of the equilibrium reactions when
the climber is stationary at each rung.

One sees, however, significant fluctuations about the equilibrium values as the
climber transitions from one rung to the next. In particular, on the ascent, the
reactions at the wall drop suddenly as the climber lifts his foot from a rung, and
then rises suddenly as he places his foot on the next higher rung. On the descent,
the reverse occurs for the normal reaction at the wall: the reaction increases
dramatically as the climber raises his foot to step on the rung below.

The conveyance of momentum to a structure over a time interval is referred to
as impact or impulse loading [19]. According to Newton’s laws of motion, when
the climber accelerates upward, the ladder must recoil downward, thereby ex-
erting an additional force on whatever the ladder is leaning against. In physics,

the integral of a force F(t) over time ¢ is designated impulse. An essential

Figure 15. Normal (a) and parallel (b) forces at the wall as a function of time as a climber
ascends, then descends, the first 5 rungs of a ladder. At each rung, the climber waits a few
seconds until the condition of static equilibrium is achieved, as indicated by the horizon-
tal red bars locating the mean equilibrium force (in arbitrary units) recorded at each
rung.
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matter in the safe use of a ladder is to determine how large a force the impulsive
loading by a climber creates in comparison to the forces of static equilibrium.
One way to do this is to model the ladder as linear elastic structure governed

by Hooke’s law
P(t)=-ky(1) @)

in which & is the force constant and y (t) is the deformation under the load
P (t) . It is well known from the physics of oscillators [20] that the force constant

kand the oscillation angular frequency o are related by
k=Mo’ (44)

where M is the mass of the object. Newton’s second law, in the absence of dissi-

pation of mechanical energy, then takes the form

d’y P(t
?"'a)zyz—'\sl) (45)

for which the general solution, derivable by means of Green’s functions [20], is

y(t)zMiwj;sin o(t-t")P(t)dt (46)
with initial conditions
dy
O = — = 0 . 47
y(0) | (47)

The impulse load P(t) can be modeled as a pulse of amplitude P, and

width z by the difference of two Heaviside functions

P(t)=R[H(t)-H(t-7)]. (48)
Substitution of Equation (48) into (46) leads to the solution
P
t)=—2"=|cosw(t—7)-coswt 49
y(0) = eoso(tr)-coso )
from which one obtains by standard calculus the maximum deflection
R
=——./2(1-coswr 50
ymax M wz ( ) ( )

and therefore from Equations (43), (44) and (50) the maximum force of impact

Proc =M@Y, =2R. (51)

P, is interpretable as the time-averaged load or, equivalently, the load at static
equilibrium—7.e. the weight of the climber in the context of a ladder.

To the extent that the conditions of the pulse model realistically apply to a
ladder, Equation (51) indicates that a climber can generate a maximum impact
load that is twice his weight. Figure 16 shows a plot of the normal reaction at the
ground (Ze normal to a horizontal force platform) as a climber rapidly ascends
and descends a ladder—in contrast to the slow ascent and descent of Figure 15
(note that the time base in Figure 16 is 1/3 that of Figure 15). The blue hori-

zontal bars mark the approximate reactions at static equilibrium at each rung. Of
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Figure 16. Normal force at the ground as a function of time as a climber ascends and
descends rapidly. Horizontal blue bars locate the mean equilibrium force. Large fluctua-
tions signify dynamic impact loads. The black rectangle encompasses the climber’s transi-
tion from the third to fourth rung, thereby generating an impact load approximately one
and half times his weight.

particular interest is the region within the black rectangle, which corresponds to
the transition of the climber from rung 3 to rung 4 within a time interval At of
about 0.2 s. Since the vertical separation between the rungs is As=30 cm, the
vertical acceleration a of the climber can be estimated from the kinematics of
uniform acceleration [21] to be

_2As  2x0.3m

= ~ =15m-s™ 52
(at)"  (0.25) 52

or, relative to the acceleration of gravity g =9.81m-s™,
i: Pclimber zE=

53
g R, 10 (53)

Equation (53) is consistent with Equation (51) of the dynamical pulse model.
Indeed, in a more comprehensive model, the dissipation of mechanical energy
must be taken into account and would lead to a ratio (P, /P,)<2. Neverthe-
less, the import of Equation (51) is that the numerical difference between impact
forces and forces at static equilibrium can be consequential for those who use
ladders in their work or who are responsible for setting safety guidelines and

regulations with respect to ladders.

5. Reaction Forces on a Single Wood Beam Inclined
against a Wall

The single-beam models developed in Section 2 to describe the reaction forces
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on a ladder inclined against a wall should, in principle, apply to an actual single
beam inclined against a wall. The author is unaware of any previously reported
experiment to measure these forces and determine which, if any, of the theoreti-
cal models best accounts for these forces. This section reports the results of such
a test.

Measurements using one horizontal force platform at the base and one ver-
tically mounted force platform at the top were made on a wood beam of mass
6.92 kg, length L =2.04 m, width w=7.5 cm, height h=85 cm (symbols
correspond to panel C of Figure 1) inclined against a wall at an angle of 57.7°
to the ground. Starting at the center of the beam, round eyelets were screwed
into the narrower side at intervals of 30 cm for a total of six eyelets. Loads were
applied to the beam in units of 2 kg masses stacked on a 444 g weight hanger
hooked to one of the eyelets. The eyelets, which served the equivalent function
of rungs of the ladder, permitted load placements at fractional lengths of the

beam

204" 204 204" 204" 204" 204
~(0.206,0.353,0.500,0.647,0.794)

ﬂ_(42 72 102 132 162 192}

of which the first five eyelets were used in the experiment. Total loads (apart
from the weight of the beam) ranged from about 4.4 N to 102.4 N.

Table 2 records the measurements of the four forces of reaction. With a single
beam, in contrast to a ladder, it was possible to measure directly the parallel
force at the wall because the beam contacted the center of the vertical force plat-
form where the shear-sensitive strain gauge was located.

Figure 17 shows a comparison of the measured reactions with the predictions
of the three theoretical models for four different loads. One sees again, as in the
case of the ladder measurements, that Model 1 (dashdot line) does not fit any of
the data. For a coefficient of friction at the wall x4 =0.35, Models 2 and 3 give
close predictions for the normal force at the ground (blue circles and curves) and
the parallel force at the wall (maroon circles and curves), although the curve due
to Model 3 (dashed line) passes through the data points (solid circles) and the
curve due to Model 2 (solid line) does not. However, the parallel force at the
ground (red circles and curves) and the normal force at the wall (green circles
and curves) suffice to eliminate Model 2. The linear curve due to Model 3
(dashed line) very closely matches the measured points, whereas the curve due
to Model 2 (solid line) has a marked curvature and passes well below the red
solid circles. Only Model 3 accounts satisfactorily for all the data for a single
value of the coefficient of friction.

This experiment lends strong support to the conclusion that the reaction
forces on a single beam are described by the same theoretical model that de-
scribes the reaction forces on a fixed ladder, and that, as long as the base of ei-
ther does not slip, the complementary relation needed to resolve the static inde-

terminateness of the problem is the force of friction at the wall.
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Table 2. Experimental normal and parallel reactions on a single wood beam.

0 =577 LOAD (N) 43.55 63.15 82.75 102.35

REACTIONS (N) EYELET
Ground Normal R

1 100.3 118.8 137.7 156.6
2 99.6 118.6 137.3 154.6
3 100.0 119.2 134.1 150.9
4 98.0 115.8 131.8 149.0
5 99.0 113.8 131.9 148.3
Ground Parallel R,
1 21.8 23.1 15.9 29.5
2 25.8 31.0 353 38.5
3 31.9 36.8 46.9 49.4
4 34.6 40.4 45.6 53.1
5 36.2 44.3 53.6 62.6
Wall Normal R,
1 22.7 25.0 28.2 31.1
2 27.5 32.8 38.0 42.1
3 333 40.1 45.7 51.5
4 36.7 45.8 53.5 62.2
5 42.4 44.3 63.0 73.0
Wall Parallel R,
1 9.0 9.7 10.6 10.9
2 9.2 10.3 10.7 13.0
3 9.1 9.7 13.5 16.2
4 10.7 12.8 16.1 18.4
5 10.4 14.3 15.9 18.7

6. Conclusions

The question of how to calculate the four forces of reaction on a ladder in static
equilibrium against a wall has been an unresolved issue for many years. The core
of the difficulty is that the problem is statically indeterminate and requires com-
plementary relations beyond the equations of static equilibrium. Three funda-
mental types of models, differing in the assumptions with regard to supports at
the ground and wall, were examined. The comprehensive theoretical analysis
and experimental measurements of this paper showed unambiguously that the
forces of reaction were best accounted for by the model employing a single com-
plementary relation characterizing friction at the wall.

The force law for friction that resolved the static indeterminateness in the third

model is a single-parameter empirical relation. This parameter, the coefficient
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Figure 17. Reaction forces on a single wood beam for four different loads as a function of load location for an inclination angle of
57.7°: (a) normal force at ground (blue), (b) parallel force at ground (red), (c) parallel force at wall (maroon). Measured points
(solid circles) are superposed by predictions of Model 1 (dotdash), Model 2 (solid), Model 3 (dash). The green solid circles are
experimental values of the normal force at the wall for which the theoretical curves are identical to those of (b). Parameters are
beam weight 67.8 N, beam length 204 cm, and empirically found coefficient of friction 0.35.

of friction . , was estimated from, and tightly constrained by, the experimental
data. A critical test of the third model was, in fact, to show that a single value of
this coefficient sufficed to yield the normal and parallel reactions at the ground
and at the wall for all values and locations of the loads.

As part of the analyses reported here, the axial and transverse deformations of
the single-beam ladder were calculated by means of Castigliano’s theorem, and
then confirmed by a full calculation of the deflection curve (elastica) of the beam.
The analyses demonstrated that the deformation due to flexure is about two to
three orders of magnitude larger than the deformation due to compression. Thus,
any model that takes into account only axial compression, but neglects flexure,

to resolve the static indeterminateness of reactions on an inclined beam is likely
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to be inaccurate.
Measurements were also made of the impact loading on a ladder by the ascent

and descent of a climber. In a typical ascent without hesitation, the impact loading

1
was found to be about 15 times the climber’s weight. This result is consistent

with the predicted maximum value of 2 for the ratio of impact load to static load
by a dynamic model of the ladder as a linear elastic medium subject to a pulse
perturbation.

The successful description of the reaction forces on a ladder modeled as a sin-
gle beam prompted the question of whether any of the three theoretical models
satisfactorily accounted for the reaction forces on an actual single beam. Mea-
surements analogous to those made on the ladder were also made on a wood
beam of comparable length. The results showed that the same model that ac-
counted for the reaction forces on the ladder also best predicted the reaction
forces on the single wood beam. Whether this result is completely general, or
whether a different outcome might arise for a beam of different composition,
length, and/or cross section can only be determined by further experimentation.

A final point of importance concerns the inclusiveness of the three funda-
mental models. In other words, is there another independent way to analyze an
Euler-Bernoulli (E-B) beam ladder that might produce better agreement with
experiment than Model 3 of this paper? In the author’s opinion, the answer is
probably “no”. The reason is that other models within the single E-B beam
framework are either irrelevant, equivalent, or inconsistent.

For example, two models not analyzed in this paper include a ladder with
simple (Ze. frictionless) support at the wall and a ladder with fixed support (e
infinite friction) at the wall. Neither model is relevant because the contact at the
wall is neither frictionless nor immovable. (The models of this paper all assume
non-slippage at the ground, for otherwise there would be no static equilibrium.)

Consider, however, a variation of Model 1. Model 1 resolved static indetermi-
nateness by applying two boundary conditions to the wall support in the confi-
guration of Panel B of Figure 1: no displacement axially (in the direction of
force A,) or transversely (in the direction of force B,). Although this model
was in marked disagreement with the experiment, a question might be raised as
to whether the outcome could be different if the boundary conditions were ap-
plied to the wall support in the configuration of Panel A of Figure 1, which
shows the usual orientation of a ladder. The modified boundary conditions
would then be: no displacement vertically (in the direction of force R,) or ho-
rizontally (in the direction of force R,). To implement these boundary condi-
tions, one would express the strain energy U in terms of R, and R, (by
transforming A, and B, ), then set to zero the derivatives of U with respect to
R, and R,. This procedure, however, leads to exactly the same reactions as
obtained in the original Model 1.

Another conceivable model might be to express Uin terms of R, and R,

but impose only one boundary condition at the wall, e.g. no displacement verti-

DOI: 10.4236/wjm.2018.89024

339 World Journal of Mechanics


https://doi.org/10.4236/wjm.2018.89024

M. P. Silverman

cally. The resulting equation, which couples the vertical and horizontal reactions
at the wall, is then used together with Equation (31) which expresses zero torque
in static equilibrium. This procedure is inconsistent, however, because the first
equation leads to a rotational moment at the ground support, whereas the
second equation describes the absence of such a moment. The resulting set of
reactions depends on the length (Z) and width (4) of the beam (in conflict with
experimental results) and leads to large reaction forces that violate physical laws.

In conclusion, for any model of a ladder (or other physical structure) it is pa-
ramount that the equations of static equilibrium and the complementary rela-

tions be consistent and compatible with the boundary conditions.
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Appendix: Integration of the Heaviside Function

The Heaviside function defined in Equation (12) and repeated below

0 x<x,

H(x=x,)= (54)
(x=x) 1 x2x,
provides an economic way to represent piecewise continuous functions, such as
frequently occur in the mechanics of continuous media. In the representation of
static forces, impact forces, rotational moments, and strain energy densities it is
often necessary to integrate over expressions of the form z"H (Z - a) where ais
a non-negative constant and 2 is a non-negative integer. The general result is
X Xn+1 _ an+1
[2"H(z-a)dz=| ——— [H(x-a) (n=012:-). (55)
0 n+1
A general proof, which will not be given here, can be constructed inductively

from the examples below for n=0,1.
1) Case n=0:

J'OXH (z-a)dz :fOXH (z—a)d(z—a):j:aH (u)du=(x-a)H(x-a) (56)

Steps: Transform the integration variable from z to u=z-a and use the
properties of H (u) in Equation (54).
2) Case n=1:

_[Osz (z—a)dz:j:(z—a)H (z—a)d(z—a)+aJ'0XH (z-a)d(z-a)
=.[_X;auH (u)du +a.[_:a H (u)du

A (57)
=%H(x—a)+a[(X—a)H(X_a)] !

x*-a’
= H —

Steps:
e Line 1: Transform the integrand into a function of u=z-a by appropriate
subtraction and addition of terms.
e Line 2: Perform the first integral and import the result obtained in the case
n=0 for the second integral.
e Lines 3 and 4: Expand and simplify the algebraic expressions to obtain the
form of Equation (55).
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Abstract

We present the usefulness of the diagrammatic approach for analyzing two
dimensional elastic collision in momentum space. In the mechanics course,
we have two major purposes of studying the collision problems. One is that
we have to obtain velocities of the two particles after the collision from initial
velocities by using conservation laws of momentum and energy. The other is
that we have to study two ways of looking collisions, ie. laboratory system
and center-of-mass system. For those two major purposes, we propose the
diagrammatic technique. We draw two circles. One is for the center-of-mass
system and the other is for the laboratory system. Drawing these two circles
accomplish two major purposes. This diagrammatic technique can help us
understand the collision problems quantitatively and qualitatively.

Keywords

Two Dimensional Elastic Collision, Momentum Space, Laboratory System,
Center-of-Mass System, Newtonian Mechanics

1. Introduction

Collisions are of importance in physics. Especially for small world such as atoms
or nuclei, scattering is the crucial technique to investigate their nature. Before
studying the scattering theory of quantum mechanics, we had better to get
familiar with collisions in classical mechanics.

We have two main themes for studying the collision problems [1] [2]. One is
that we have to obtain velocities of the two particles after the collision from
initial velocities by using conservation laws of momentum and energy. Since we

have three equations from conservation law and four unknowns, one parameter
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out of four should be fixed according to the given collision problems. The other
is that we have to study two ways of looking collisions, 7 e. laboratory system and
center-of-mass system. We need to convert between the two systems.

In order to achieve those two themes, the diagrammatic technique gives the
powerful tool. For the collisions in one dimension, the mass-momentum
diagram with mass m along the vertical axis and momentum p represented on
the horizontal axis is the useful technique [3]. We obtain the whole story of the
collision in one dimension from the single (m, p) -diagram.

When we apply the mass-momentum diagram to the elastic collisions in two
dimensions, three dimensional space (m, Py py) is needed. However, in this
case, the projection onto the (px, py)—plane is sufficient [4]. For Newtonian
mechanics [5], we draw a circle in the two dimensional momentum space and
also draw arrows of the momentum of the colliding particles into the circle. This
is a way of looking collisions from laboratory system. In this article, we add one
more circle. This is from the point of view of the center-of-mass system. These
two circles give all information for two dimensional elastic collision problems.

This paper is organized in the following way. In Section 2, we recall two
dimensional elastic collisions with equations. In Section 3, we show the
diagrammatic approach for two dimensional elastic collision in order. First, we
draw a circle for the center-of-mass system. Then we add to draw one more
circle to obtain the momentum after the collision in the laboratory system. In
Section 4, we investigate the special case where the target particle is at rest before

the collision. Section 5 is devoted to a conclusion.

2. Elastic Collision between Two Particles in Two Dimensions

Let us recall the treatise of the two dimensional elastic collision with equations
for later use. Figure 1 shows the collisions from the point of view in laboratory
and center-of-mass systems and also show the notation which we use in this
article. The projectile A has mass m, and velocity v, and the target B has
mass Mg and velocity v, before the collision. The momenta are given by
p,=m,v, and pg; =mgVy. They are known parameters or initial conditions

of the collision. Usually, the velocities v, and vy are supposed to be in the

Figure 1. Left: Collisions in the laboratory system. Right:Collisions in the center-of-mass system.
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same direction and are set along the x-axis in this article. The velocities after the
collision are distinguished by the primes. And the asterisk is attached to the
parameters in the center-of-mass system.

We have to obtain the four parameters (V;\,V'B , 0,¢) after the collision in the
laboratory system. However, we have only three equations, ie. energy
conservation and two components of momentum conservations. So, we have to

fix one parameter out of four. We investigate the collision in the following way.

2.1. Velocities of the Center-of-Mass

We write down the conservation of momentum for two systems:

MuV, + MgV =MV, +mgvy for laboratory system, (1)
MV, +MgVy =M,V +Myvy =0 for center-of-mass system. (2)

Let v be the velocity of the center-of-mass. The relations between Vv and

the velocities of the particles in two systems are as follows:
Vy=v,-V, vy =v;-V. ©)

Substituting Equation (3) into Equation (2), we obtain
— mAVA + mBVB — pA + pB

V )
m, + Mg m, + Mg

(4)

which remains the same before and after collision.

2.2. Velocities and Momenta before Collision
in Center-of-Mass System

Substituting Equation (4) into Equation (3), we obtain the velocities in the

center-of-mass system

* mB * mA
V, =+———(Vv, -V, ), Vg =—-"-"2—(V,—V,), (5)
A mA+mB( a Vo) Ve mA+mB( A ~Ve)
and the momenta
N m,m M m,m
Pa=+ AS (VA_VB)' Pg =— AS (VA_VB)' (6)
mA+mB mA+mB

We clearly see that these expressions of the momentum satisfy the relation in

m,m
Equation (2). Note that —2—2— is a reduced mass and v, —Vy (V4 >Vg) is
m, +mg
a relative velocity before the collision.

2.3. Velocities and Momenta after Collision
in Center-of-Mass System

We write energy conservations for two systems:
m

7A(VA )2 +%(vB )2 = %(v; )2 +%(VE3 )2 for laboratory system, (7)

%(V; )2 +%(v§ )2 =%(vj§‘ )2 +%(V{;)2 for center-of-mass system. (8)
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From the conservations of momentum in Equation (2), we obtain the
following relations:
m, . s My
Vg =——2v,y, Vi =——AV), 9)
Mg Mg
Substituting these relations into Equation (8), we obtain
Vi =V, Vg =Vg. (10)
This means that the velocities (and also momenta) of the two particles stay in
magnitude before and after the collision in the center-of-mass system. Thus the
collision simply rotates the velocities. However, the angle of the rotation cannot
be determined from the conservations of momentum and energy because we
have four unknowns and only three equations: the energy and the two
components of momentum conservations. Namely, there is an infinite number
of possible final states of outgoing particles in an elastic collision in two
dimensions. Let n* be a unit vector in the direction of the velocity V, of the
projectile A after the collision in the center-of-mass system. The scattering angle
@' of the right figure in Figure 1 is related by N’ = (COS 07 ,sin 9*). Accordingly,

the velocities after the collision in the center-of-mass system are written by

v =+ B__|v,—v.|n", vi=- A lv, —vy|n", (11)
A mAerB| Al ° mA+mB| Al
and the momenta are given by
* m,m * * m,m *
Pi =+—2=E|v, —vg[n’, py =2y, vy 0. (12)
m, + Mg m, + Mg

Again, these expressions of the momentum satisfy the relation in Equation

(2).

2.4. Velocities and Momenta after Collision in Laboratory System

In order to return to the laboratory system, we must add Equation (11) to the
velocity of the center-of-mass V in Equation (4). We obtain velocities after the

collision in the laboratory system,

' 1% ' I
V=V, +V, vg=vg +V, (13)
and momenta
" m,m " m
Pp =Py +MV =+—2L|v, —vg|n"+—2—(p, +pg), (14)
m, + Mg m, + Mg
’ r* m * m
Pg = Pg + MgV =— o |VA_VB|n + . (pA+pB)' (15)
m, + Mg m, +mg

Note that the sum of both sides clearly shows the momentum conservation
P4+ Pg = Pa+ Py of Equation (1) in the laboratory system.
Let P, = ( P p;\y) be the x,y-components of the momentum of the

projectile A in Equation (14). We write down explicitly as follows:
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m,m .
Phy =—2—=—|V, —Vg|cOSE" +m,V, (16)
m, +m,
m,m o
Phy =—"——|V, —Vg]sing’, (17)
m, +mg

where we note that the velocity v has the x-component only due to Equation

(4). From these equations and the relation cos®#* +sin®#* =1, we obtain

2 2
’ ’
-m\V p
mprgX : | Tmm n =1 (18)
A'llB |VA_VB| A''lB |VA_VB|
my +Mg My + Mg

This indicates the circle in momentum space, centered at (mAV,O) with its
. * * mAmB P . .
radius p, = pg =—|vA —VB|. These quantities are uniquely determined
m, + Mg
by the initial condition of the collision.
Let us consider the case where the target particle is at rest before the collision.

Setting v =0 in Equation (18), we obtain

m 2 2
A
p;-\x - pA '
m, +m Pa
A B y 21. (19)
mg Mg
P, Pa
mA+mB mA+mB

Moreover, the case of which two particles have equal mass m, =m; becomes

more simple:

2 2
p' _& ,
Ax
2 S (20)
Pa Pa
2 2

These equations of a circle will appear in the next sections.

3. Diagrammatic Technique

In this section, we deduce all relations, which we recalled in the former section,

from the diagram in two dimensional momentum space.

3.1. Center-of-Mass System

Firstly, we draw a circle whose radiusis P, = Py in Equation (6), as depicted in
Figure 2. This dashed circle centered at O describes the collision in the
center-of-mass system. We draw dashed arrows of the momenta before the
collision from Equation (6)
m,m
OA=p,=+—2"2—(v,-Vy), OB=p, =—p,, 21
PRt o (Va7 Ve) Ps =—Pa (21)
and after the collision from Equation (12)
mAmB

—AL_|v,—vg|n", OD=py =-pj, (22)
B

OC=p, =+
m, +m
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Figure 2. Collision in the center-of-mass system. The figure shows the case that the

projectile A has mass m, =3 and velocity v, :g and the target B has mass m, =4

1
and velocity v, = 7 The vectors OA=p, =(5,0)=-OB =—p; are the momenta of

incident particles before the collision. The vector OC = p, and OD = p;" are the

momentum of outgoing particles after collision. The angle ZCOA=6" cannot be
determined by the conservation laws only. We fix it according to the given collision
problem.

where N’ = (COS 0’ ,sin 9*) or 0" =/COA is determined according to what we
are asked in the collision problems. Since the scattering angle 6" cannot be
determined by the conservations of momentum and energy, the point C lies
anywhere on this circle and the point D is opposite side against the point C on

the circle.

3.2. Laboratory System

Next, as shown in Figure 3, we determine the point E on the p,-axis so that
OE =m,V . We draw another circle centered at E whose radius is the same as
the dashed circle centered at O. This circle centered at E is appeared in the book
of Landau and Lifshitz [5], and its equation is written by Equation (18). This
circle describes the laboratory system as explained below.

As shown in Figure 3, we draw a broken line from the point C'in parallel to
the p,-axis until the broken line intersects with the circle centered at E. We call
this point of intersection as F. Note that OC = EF is always satisfied and it
means ZCOA=/FEA=0". Then, the vector OF = p} shows the momentum
of the projectile A after the collision in the laboratory system. The tips of
OF = p), is always on the circle centered at E. The angle ~/FOE =¢ is the
scattered angle of the projectile A in the laboratory system. We note that the
angle ¢ in Figure 2 and the angle ¢ in Figure 3 are related each other. Once
the 6" is given by the collision problems, the ¢ is determined according to the
prescription stated above. And the converse is also true. When the ¢ is given in

the collision problem, we write down the vector OF = p), at first. Then, we
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Figure 3. Circle centered at E describes the collision in the laboratory system. The initial
condition in Figure 2 shows that OE=m,/ =3 and EG=m,V =4. The vectors
OF = p, and OH = p; indicate the momenta of the projectile and the target after the

collision in the laboratory system.

draw a broken line from the point Fto C. The vector OC = p, and the angle
0" are the momentum and the scattered angle of the projectile A in the
center-of-mass system.

Next, we determine the point G on the p -axis so that EG =mgV . Then the
vector FG =0OH = p; shows the momentum of the target B after the collision.
The angle Z/GOH =/ZFGO =¢ is the scattered angle of the target B. The
vector relation OG =OE + EG =OF +OH shows the momentum conservation

P, + Pg = Pa+ Py before and after the collision.

In contrast with the equations in the previous section, what we need to do are
the calculation of the radius of the circle and the lengths OE and EG. They are
uniquely determined from the initial condition of the collision. We fix the angle

0 or 6 according to the given collision problems.

4. v, =0 Case

Let us consider the case where the target Bis at rest v; =0 before the collision.
In that case, the point G definitely lies on the circle centered at E because of
|OC| = | EF| = | EG| , .e. Py =Pg =MzV , which is understood by Equations ((4)
and (15)). The circle centered at E is described by Equation (19) and is depicted
in Figure 4. The vector OG is equal to the momentum p, of the projectile A
before the collision.

The point Elies inside or outside the dashed circle centered at O, according as
m, <m; and m, >mg,. The corresponding diagrams are shown in Figure 4
and Figure 5. It is evident from these figures that ¢ and ¢ can be expressed

in terms of 6" by

EFsing” m.V sin 9" sing”
tan @ = —= B - = poal (23)
OE+EFcos¢” myV +mgVcosd cpe, Ma
I'T]B
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Figure 4. The initial conditions m, =3, v, = 8 and m; =5, v, =0 show
3

OC=EF =5 and V =1.Then, OE=m,V =3 and EG=m,V =5.

Figure 5. The initial conditions m, =7, m, =5, v, = % and v, =0 show

OC=EF =5 and Vv =1.Then, OE=m, =7 and EG=m,V =5.

EFsing”  sing  sing’
EG-EFcosd” 1-cosd” 1+cosg”’

tan g = (24)

where we use the relation 6°+¢" =m. It is also evident that since the triangle
_o
2

Applying the law of cosine to the triangle AOEF :
OF? =OE” + EF” ~2-OE - EF cos(n— 6" ), we obtain

AEFG is an isosceles triangle, we obtain ¢ =

v *
A :—A\/mi +m +2m,mg cosd’. (25)
m, + Mg

The same application to the triangle AEFG gives
V- 2muyv, . 60

sin—. (26)
m, +mg 2
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If m, >m;g, however, the projectile A can be deflected only through an angle
not exceeding 6, = ZFOA from its original direction, as shown in Figure 6.
This maximum value of 6, corresponds to the position F at which OF is a

tangent to the circle centered at E. Evidently,
. EF _EG _mgV _m
sin@,,, =——=——=—"—=—F,
OE OE myV m,

(27)

because EF = EG are both the radius of the circle.

The case m, =m; becomes quite simple as shown in Figure 7. The circle
centered at E'is described by Equation (20). The point Elies on the dashed circle
centered at O, i.e. OA = OE. The p,-axis is a tangent to the circle centered at E. It
is evident from the figure that 6" = 26 . Further, Equations ((25) and (26)) become

e e

V), =V, C0S—, V, =V,Sin—. (28)
A A 2 B A 2

Figure 6. The initial condition is as the same with Figure 5. If m, > m,, the projectile 4
can be deflected only through an angle not exceeding 6, = ZFOA from its original

direction.

Figure 7. The initial conditions m, =m, =5, v, =2 and v, =0 show EF =5 and
V =1.Then, mV =OE=5=m,V =EG .
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After the collision, the outgoing particles move at right angles to each other,

that is 6’+¢:g.

5. Conclusion

We introduce two circles to analyze the two dimensional elastic collision in
momentum space. One circle is for the center-of-mass system and the other is
for the laboratory system. The relation between these two systems is clearly
understood from these circles. Once we fix the scattered angle of projectile in
one system, then we deduce all quantities, such as momenta and scattering
angles of both particles in another system. The scattering problem in the special

relativistic case is carried out in the next article.
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Abstract

The diagrammatic approach to the collision problems in Newtonian me-
chanics is useful. We show in this article that the same technique can be ap-
plied to the case of the special relativity. The two circles play an important
role in Newtonian mechanics, while in the special relativity, we need one cir-
cle and one ellipse. The circle shows the collision in the center-of-mass sys-
tem. And the ellipse shows the collision in the laboratory system. These two
figures give all information on two dimensional elastic collisions in the spe-
cial relativity.

Keywords

Two Dimensional Elastic Collision, Momentum Space, Laboratory System,
Center-of-Mass System, Special Relativity

1. Introduction

Collisions of the interacting particles have fundamental importance in physics.
We often use the accelerated particles to investigate the substances. Cosmic ray
which is often accelerated up to almost the speed of light collides with other
particles in the air. For those particles which have high energy, special relativity
has to be considered to investigate the collisions.

Diagrammatic technique gives the powerful tool to investigate the collision in
Newtonian mechanics [1] [2] [3]. In this article, we apply it to the relativistic
collision problems [4] [5]. The two circles played an important role in
Newtonian mechanics, while in the special relativity one circle and one ellipse
play a crucial role. When the speed of the projectile tends to small compared to

the speed of light, the ellipse becomes a circle and the Newtonian case recover in
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this limit [5].

This paper is organized in the following way. In Section 2, we recall two dimensional
elastic collisions with equations. In Section 3, we show the diagrammatic approach for
two dimensional elastic collision in order. First, we draw a circle for the
center-of-mass system. Then we add to draw an ellipse to obtain the momentum
after the collision in the laboratory system. In Section 4, we investigate the
special case in which the two particles are identical. We also compare the cases
that the projectile has different speed and we find that the low speed limit
recovers the Newtonian case [3] [5]. Section 5 is devoted to a conclusion.

2. Elastic Collision between Two Particles in Two Dimensions

Let us take a look the two dimensional elastic collision for later use. Figure 1
shows the collisions from the point of view in the laboratory and center-of-mass
system and also show the notation which we use in this article. The projectile A
has mass m, and the velocity v, and the target B has mass m, and the
velocity v, before the collision. These quantities are known parameters or
initial conditions in the laboratory system. The velocities after the collision are
distinguished by the primes. And the asterisk is attached to the parameter in the
center-of-mass system. In this article, we restrict ourselves that the target particle
isatrest vy =0 in the laboratory system before the collision.

The relation between the laboratory and center-of-mass systems is governed
by the Lorentz transformation [6]. Let =V /c be the relative velocity between
two systems and is given by

pe—tr M
E./C+mgC

where cis the speed of light. The momentum p, is defined by its velocity v,

as P, = mAVA/Jl—(VA/C)2 and the energy is given by E,/c=4 pi+(mAc)2 .

The y-factor is obtained by

1 E,/c+mgC
r= 2 2 e/ ZB ' )
Ny \/(mAc) +(mge)” +2E,m,
Figure 1. Left: Collisions in the laboratory system. Right: Collisions in the center-of-mass system.
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From the Lorentz transformation, the momentum of the incident particles in

the center-of-mass system is given by

*

p=p

3= ps= Pallle® 3)
\/(mAc)z +(ch)2 +2E,m,

where note that the momenta in the center-of-mass system are the same in
magnitude after the collision: p*“ = pj = pg .

In the same way as the Newtonian mechanics [3], let n" = (cos 6" ,sin 9*) be
the scattering angle of the projectile after the collision in the center-of-mass
system. Since the angle 6" is not determined by the conservations of energy and
momentum, we fix it according to the collision problems. Let p), = ( Ph p;y) be
the X,y-components of the momentum of the projectile in the laboratory
system after the collision. The Lorentz transformation gives the relation between

the laboratory system and center-of-mass system as follows:
Pic=BrEL/c+yp" cosd, ()
Py, = P'sing’, (5)
X \2 2 1%
where Ej/c= (p ) +(m,c)” =Ej; /c. From these equations and the relation
cos® @* +sin® @* =1, we obtain
, E*/ 2 p, 2
(—p’*x_ﬂz A CJ +(ij -1, (6)
7P p

This equation indicates the ellipse [4] whose parameters

minor semiaxis p°= PAMsC , (7)
\/(mAc)Z +(ch)2 +2E,m;
. o . . Pa {(ch)z + EAmB}
major semiaxis yp :ﬂ;/EB/C = (8)

(mAc)2 +(ch)2 +2E,m, ’

. . pAmgC
eccentricity Byp* = 5 > , )
(mu)” +(mge)” +2E,mg
L Pa{(me) +Em,
midpoint of foci ﬁ;/EA/C: (10)

(mac)’ +(mge)’ +2E,m, 7
are uniquely determined by the initial conditions of the collision. The energy of the

target in the center-of-mass system is defined by Ej/c =,/ ( p*)2 + (mBC)2 =E;/c,

which is the same in magnitude before and after the collision.

3. Diagrammatic Technique

In this section, we deduce all relations, which we recalled in the former section,
from the diagrammatic technique.
Firstly, we draw a dashed circle whose radius is P, =ps =P° in Equation

(3), as depicted in Figure 2. The dashed circle shows the collision in the

DOI: 10.4236/wjm.2018.89026

355 World Journal of Mechanics


https://doi.org/10.4236/wjm.2018.89026

A. Ogura

Py
e
’———-s\\
-
i e
’ /‘Y‘\
- \
7
’/ \
Vs
L \
i 7’
Z N* ]
le 0 0 »A » DPx
[ P -1 "
B, [
7
\ 7 ]
\\ 7 ’/
7
\#_ /
4
D\ rd
~ ”
~o_ -

Figure 2. Collision in the center-of-mass system. The figure shows that the masses
m,c=4 and M,C=6 and the velocity V, =0.9C denote p’'=3.892. The vectors
OA=p, and OB = p, are the momenta of incident particles before the collision. The
vectors OC = p, and OD = p; are the momenta of outgoing particles after the

collision. The angle ZCOA=¢" is not determined by the conservation laws only. We
fix it according to the given collision problems.

center-of-mass system. Now, we draw arrows of momenta into the circle. The

momenta before the collision are supposed to be along the x-axis
OA=p,, OB=p;=-p,. (11)

After the collision, the momenta stay the same in magnitude, but change the

direction
OC=p,, OD=p; =-p,. (12)

Since the scattering angle 6" =/COA cannot be determined by the
conservations of momentum and energy, the point Clies anywhere on the circle
and the point D is opposite side against the point C. It is determined according
to what we are asked in the collision problems.

Next, as shown in Figure 3, we draw an ellipse according to Equation (6) with
the parameters from Equations (7) to (10). The point F is the midpoint of the
foci E’and E” This ellipse signifies OE = ﬂ}/EZ/C and EG= ﬂ}/E;/C , and we
find from Equations (8) and (10) that

0G = p, = ByE, /c+ ByE; [c=OE + EG (13)

is the momentum of the projectile in the laboratory system before the collision.
Next, as depicted in Figure 4, we draw a broken line from the point C in
parallel to the p,-axis until the broken line intersects with the ellipse. We call this
point of intersection as F. Then, the vector OF = p) becomes the momentum
of the projectile A after the collision. The angle ZFOG =60 is the scattered
angle of the particle A in the laboratory system. We note that the angel 6" in
Figure 2 and the angle 6 in Figure 4 are related each other. Once the 6" is
fixed by the given collision problems, the @ is determined according to the

prescription stated above. And the converse is also true. If the collision problem
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Figure 3. The ellipse Equation (6) can be drawn according as the parameters from
Equations (7) to (10). The solid circle E” and E” on the p,-axis are the foci of this ellipse.
The point Eis the midpoint of the foci.

Figure 4. The ellipse implies the collision in the laboratory system in case of the incident

velocity V, =0.9C. The initial condition is as the same with Figure 2. The solid circles
on the p -axis denote the foci of the ellipse whose coordinates are P, =6.144 and 1.096.
And the eccentricity is 2.524. The vectors OF = p, and OH =FG = p; show the

momenta of the projectile and the target after the collision.

gives the angle @ in the laboratory system, we first draw the vector OF = p,
in the ellipse. Then, we trace from F to C along the broken line. The vector
OC =p, shows the momentum of the projectile A in the center-of-mass
system. And the angle ZCOA=6" is the scattered angle of this system.

Next, the vector FG =OH = p; shows the momentum of the target Bin the
laboratory system after the collision. The angle ZFGO=/ZGOH =¢ is the
scattered angle of the target B. The vector OG =0OE + EG =OF +OH shows
the momentum conservation law p, = p, + pg of the collision.

The ellipse has or has not intersections with p-axis, according as m, <mg
or my>m,. It is found from the magnitude of yp° and ﬂ]/E:\/C in
Equations (8) and (10). The corresponding diagrams are shown in Figure 4 and
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Figure 5. As we see from Figure 4 that if m, <m;, the projectile A can have
any direction after the collision. However, in case of m, >m; in Figure 5, the
projectile A can be deflected only through an angle not exceeding 6., from its
original direction. This case is shown in Figure 6. The maximum value of 6,

is determined by the position Fat which OFis a tangent to the ellipse.

4. Identical Particles and Newtonian Limit

The case m,=mg;=m becomes quite simple as shown in Figure 7. The

parameters of the ellipse are as follows:

mcp,

Jch(EA/C+nm)’

minor semiaxis p*=

(14)

Figure 5. If m, >m;, the ellipse does not have intersections with the p -axis. The figure
shows that the masses M,c=4 and M,C=3 and the velocity Vv, =0.9C denote

p*=2.769. The solid circles on the p-axis denote the foci of the ellipse whose
coordinates are P, =7.047 and 1.935. And the eccentricity is 2.556.

Figure 6. The initial condition is as the same with Figure 5. If m, > m,, the projectile A
can be deflected only through an angle not exceeding 6,,, = ZFOG from its original

direction. The line segment OFis a tangent of the ellipse.
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Figure 7. The incident particles have the same mass M,C=MyC=mc=4. The p,-axis is
a tangent of the ellipse. The projectile with velocity V, =0.9C collides with the target

which is at rest. The solid circles on the p,-axis denote the foci of the ellipse whose
coordinates are p, =1.541 and 6.718. And the eccentricity is 2.588.

major semiaxis yp° :ﬁyE;/C=%, (15)
* E -

eccentricity Syp =$, (16)

midpoint of foci SyE,/c= %. (17)

In this case, since yp°=fyE, / C, the p,-axis becomes a tangent to the ellipse
and the tip of the vector OH = p; is also on the ellipse.

The cases of which the initial speed of the projectile A has v, =0.6c and
v, =0.1c are shown in Figure 8 and Figure 9. Here, we note that as we see
from Equations (14)-(17), the different speed of the incident particle gives the
different ellipse in magnitude. As the speed of the incident particle decreases, the
eccentricity of the ellipse decreases and the ellipse begins to resemble a circle [3]
[5]. It is found that if we take the limit with C-—o0, the parameters in
Equations (7)-(10) become

Mg

minor semiaxis p°—>——2—p,, (18)
m, +mg
major semiaxis yp° = ﬂ)/E;/c —-—2—p,, (19)
m, +m,
eccentricity Byp* —0, (20)
. . . m,
midpoint of foci ﬂyEA/C il (W (21)
My + Mg

DOI: 10.4236/wjm.2018.89026 359 World Journal of Mechanics


https://doi.org/10.4236/wjm.2018.89026

A. Ogura

Figure 8. The incident particles have the same mass M,C =M,C = 4. The projectile 4 has
the velocity V, =0.6C and the target is at rest. The solid circles on the p,-axis denote the

foci of the ellipse whose coordinates are P, =1 and 2. And the eccentricity is 0.5.

Figure 9. The incident particles have the same mass M,C =M,C = 4. The projectile 4 has
the velocity V, =0.1C and the target is at rest. The solid circles on the p,-axis denote the
foci of the ellipse whose coordinates are p, =0.191 and 0.211. And the eccentricity is
0.010.

The semiaxes become the same length and the eccentricity tends to zero. The

case of the Newtonian collision problems [3] [5] is recovered in this limit.

5. Conclusion

We derive the diagrammatic presentation of the two dimensional elastic collision

problem in the special relativity. We draw the circle for the center-of-mass
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system and the ellipse for the laboratory system. Those circle and ellipse show
the whole story of the two dimensional elastic collisions. When we use the graph
paper for drawing those figures, we are able to measure the length of momentum
vectors and the scattered angle by using the ruler and the protractor. This
diagrammatic technique can help us understand collision problems qualitatively

and quantitatively.
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Abstract

The present investigation reveals to a magnetohydrodynamic (MHD) start up
flow of a rotating environment permeated by a traveling magnetic field with
reference to a periodic driving force to explore the behaviour of a magnetic
field at the resonant level. In a time varying electromagnetic field of sinusoid-
al in nature subject to V-J =0, an oscillating current flow emerges the
backbone of a radio emission in which the emission of hot electron gyrates in
a magnetic field in the presence of a radiofrequency accelerator. The expedi-
tion of a radiofrequency field determines X-emission to expedite radiofre-
quency voltage under the influence of A.C circuit subject to V-J =0. An os-
cillating current flow deals with an excitation frequency in such a way that
phase angle rotates with angular frequency, the magnetic field grows towards
the resonant level when the phase angle w7 =n/2 is compatible with ©»>0.
In turn, plasma induced laser radiation is influenced by an oscillator with a
decisive importance to an excitation frequency in the presence of a magnetic
mirror so that maximum reflection occurs as the magnetic field increase in
strength abruptly to exhibit resonance fluorescence. A synchronized laser
photon light in transmitted from the Sun subject to w7 =7/2.

Keywords
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1. Introduction

In recent year, MHD Couette flow in a rotating system has received wide atten-
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tion in literature. A literature survey reveals to the study of Ghosh [1] with a
view to analyze the effects of Hall current on MHD Couette flow in a rotating
system with arbitrary magnetic field. Guria et al [2] studied an unsteady MHD
Couette flow in a rotating system. Several studies have been made by the re-
searchers with different conditions and configurations. Mention may be made
on their works of Pai [3], Mondal et al. [4], Mondal and Mandal [5], Katagiri [6],
Muhuri [7], Ghosh and Pop [8], Ghosh [9], Sengupta and Ray [10], Singh [11],
Singh and Sharma [12]. Nevertheless, an MHD flow in a rotating system subject
to a forced oscillation has been studied by Ghosh [13] and Ghosh et al [14]. The
aim of present investigation is to deal with the configuration of the Sun in the
presence of a radiofrequency accelerator. Sun is an MHD in the presence of a
radiofrequency accelerator permeated by a magnetic mirror. The configuration
of the Sun leads to vacuum in the presence of radiofrequency accelerator so that
frictional layer at the boundary suddenly sets into motion leading to a start up
flow. It reveals that in space, pressure is far below normal atmospheric pressure
and the flow is oscillating in nature with reference to a driving force. A magnetic
mirror with the Sun represents a controlled thermonuclear fusion reaction to
expedite an MHD of the Sun. In this situation, a magnetic mirror is the
representation of an inclined magnetic field. Since forced oscillation is taken into
account, a physical system is acted upon by an external periodic driving force in
which the resulting amplitude of oscillation of the system becomes large when
the frequency of the driving force approaches a natural frequency of oscillation
of the system. In turn, internal energy is converted into kinetic energy during
convection process and a maximum dissipation of energy is liberated from the
Sun with large amplitude when kinetic energy is transformed into heat. The
growing magnetic field at the resonance level leads to a driving force in the
presence of a magnetic mirror. Although a radiofrequncy accelator generates a
radio wave propogation into the atmosphere to expedite oceanic circulation with
reference to a magnetic mirror at the resonant level. An expedition of a radio
wave in a vacuum emerges the exploration of atmospheric science which is
visible in the Earth’s atmosphere. This situation reveals that light wave is
transmitted in the form of a radio wave with a decisive importance to a
controlled thermonuclear fusion reaction of the Sun. To increase radiofrequency
voltage, the emission of hot electron gyrates in a magnetic field to exhibit radio
emission with a synchronization of X-emission so that magnetic field oscillates
in a vacuum. In turn, X-emission determines an irregular fluctuation of a
magnetic field in a vacuum. Sun is a MHD with a decisive importance to a
magnetic mirror where plasma fusion takes place in a magnetic field at the
resonant level with reference to a controlled thermonuclear fusion reaction. An
oscillator takes place of a driving force in the presence of a magnetic mirror with
the Sun exerts its influence of a plasma induced laser radiation so that the system
rotates with angular frequency with the growing of a magnetic field towards the

resonant level and the angular frequency is determined by the phase angle
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subject to a periodic driving force. The situation reveals that the magnetic field
increases in strength abruptly in the presence of a magnetic mirror and the
reflection occurs with an abrupt increase in magnetic field to exhibit resonance
fluorescence when phase angle is /2. This indicates that a synchronized photon
light is transmitted from the Sun. A radiofrequency accelerator with the Sun
corresponds to the differential rotation of the Sun; an irregular fluctuation of hot
electron is liberated from the Sun with an increase in differential rotation subject
to a cyclonic turbulence so that magnetic field changes its direction abruptly
from the central region. Since forced oscillation is taken into account, the
differential rotation of the Sun subject to a periodic driving force maintains a
similar rotation of the Earth that may cause an effect of solar eclipse.

The aim of present investigation is to study of an MHD start up flow when the
frictional layer is suddenly sets into motion. Since the flow is induced by a forced
oscillation its motion is subjected to an external periodic driving force which
oscillates harmonically with time. MHD start up flow in a rotating environment
is influenced by an inclined magnetic field with the positive direction of the axis
of rotation. Since the motion is sinusoidal in nature, there arise a fluctuation at
every point on the flow field with referenceto V-J =0 due to the existance of a
displacement current. An A.C circuit is furnished under electrical relay analogy
to expedite an inclined magnetic field that leads to a radiofrequency voltage and
the magnetic field grows towards the resonant level. A strong ionizing radiation

inside the solar atmosphere becomes predominant.

2. Formulation of the Problem and Its Solutions

A transient hydromagnetic (MHD) start up flow of a viscous incompressible
electrically conducting fluid confined between parallel plates lying at a distance
“d’ apart, rotating with an uniform angular velocity Q about an axis
perpendicular to their planes in the presence of an inclined magnetic field with
the positive directionof the axis of rotation with reference to a forced oscillation
permeated by an oscillator, is studied. To choose the cartesian co-ordinate
system in such a way that the upper plate is moving with an uniform velocity U
relative to the rotating frame of reference while the lower plate is kept fixed so
that x and z axis lying on the lower plate and y-axis is perpendicular to it. Since
the plates are infinite along x and z direction, all physical quantities will be
functions of yand ronly.

The following justifications are compatible with the fundamental equations of

magnetohydrodynamics
q=(u,0,w'); B=(Bj}+B,sind,B,cosd,B;)

E=(E.E,E,); 1=(3,.9,.J,) W

where g, B, E and J are respectively the velocity vector, magnetic field vector,
electric field vector and the current density vector.

The MHD momentum equation in a rotating frame of reference reads
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a—q+(q~V)q+2£2I2><q=VV2q+£JxB (2)
ot Ve
The equation of continuity becomes
V-q=0 (3)
The Ohm’s law for a moving conductor
J=0[E+q><B] (4)
The Maxwell’s equations are
VxB=p]
0B
VxE=-—
T (5)
V-B=0
V-J3#0

where, 0, v, p, 4, Q and K are, respectively, the electrical conductivity,
kinematic coefficient of viscosity, fluid density, magnetic permeability, angular
velocity and a unit-vector along y-axis. B, is the magnetic flux density and 6 1is
the angle of inclination of a magnetic field with the positive direction of the axis
of rotation.

In general, the electric current flowing in the fluid distorts the applied
magnetic field. Since the frictional layer at the boundary is suddenly sets into
motion to produce thermally ionized air which is the best of poor electrical
conductor, it is permissible to neglect the induced magnetic field as compared to
applied one (Pai [3]). Thus the magnetic field vector can be taken as
B= (B0 sind, B, cos 9,0) . Since no external electric field is applied, the
polarization voltage is negligible. Therefore, it is reasonably assumed as £= 0
(Meyer [15]).

Under the justification (1) the MHD momentum equations in a rotating
frame of reference subject to a component form together with the Ohm’s law for
a moving conductor (4) in relation with the Maxwell’s Equation (5) can be

written in the following form

' 2,1 BZ
a—u+ZQW’=Va Li ~ %0 ' cos? 0 (6)
ot y° p
! 200, B2
%—ZQuEvaV!—a o w' (7)
ot P

The boundary conditions are
u=w=0 fort<0,0<y<d,
uU=w=0aty=0,t>0, (8)
u=Uw=0ay=d,t>0.
Equations ((6) and (7)) can be written in a dimensionless form such as
ou  ou

— ——-M?ucos’ 6 =2K"w, )
on® ot
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— ——-M’w=-2K"U (10)
on® ot
u' w 2
where 77=l, Uu=—, W=—, t:u,
d U U v
M =B,L(c/ pv)]/2 is the Hartmann number and (11)
2
K?= is the rotation parameter which is the reciprocal of Ekman num-

v
ber.

The corresponding boundary conditions are

u=w=0 forr<0and 0<7y <1,
u=0,w=0 atyp=0,7>0, (12)
u=F(r),w=0atnp=17>0

Since forced oscillation is taken into account, it is reasonably assumed

u(n,7)=u,(n7)cos wr

(13)
w(n,7)=Ww,(r7)coswr
The corresponding boundary conditions
u=0,w=0 atn=0,7>0,
(14)

u=coswr,Ww=0 atnp=17>0.

Equations ((9) and (10)) are in agreement with V-J =0 subject to
J :(JX,Jy,JZ). This study leads to a displacement current effect due to an
external periodic driving force subject to a forced oscillation in the presence of
an inclined magnetic field with regard to V-J=0. When a displacement
current is taken into account, it is possible to consider even those situations
which involve non-steady current ie. situation where V-J=0. A.C circuit
furnish a special case of time varying electromagnetic phenomenon, where all
the variations are sinusoidal in character. The action of such circuits with
capacitors as circuit elements can be understood on the basis of the displacement
current. Indeed, in a time varying electromagnetic field of sinusoidal in nature
subject to V-J =0, an inclined magnetic field is the representation of a
traveling magnetic field.

Using (13), the Equations ((9) and (10)) can be solved subject to the boundary
conditions (14) and solutions for the velocity distributions can be written in the
following form.

u(n,r):{M 2sin.2 92+iG2 Sir.1h(a—i(5')77
2iG sinh(a—ip)

MZsin? @ —iG? sinh(a +iB)n
206 sinh( +i/3)

(15)

:|COS T

_ M*sin*0+G* [sinh(a—iﬂ)n _sinh(a+i)y

Win7)= g2 sinh(a—if)  sinh(a +15) }Cosm (16)
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where
M1 cos? 0)M? — 20tanwr) +G* |
a"B_E [{( +cos’O)M? - a)ana)r} + }
" 17
+ {(l+ cos’ 49) M2 —2@mtan wr}}
and
G =(16K* ~M*sin* - 40 tan’ wr —4a?) (18)

Expressions (17) and (18) are in agreement with Ghosh [13].
The condition(18) can be expressed in the following form

> >
(16K4—M4Sin49—4a)2tanza)r—4a)2) =0 accordingas G*{=0
< <

There arises three conditions in such a way that

1 : 1 i
a)>§cosa)r(16K“—M“sm“@)l/2 , a)<Ecoswr(16K“—M“sm“a)ﬂ2 and
o :%COSCOT(16K4 —M*sin* H)M

. 1 4 44 \W2
In relevance to the condition a)>ECOSa)T(16K —M"7sin (9) it is stated

that a resonant response occurs with reference to a driving force with a decisive
importance to the phase angle wr=m/2 to prove resonance when the
excitation frequency w>0 . Therefore, phase angle rotates with angular
frequency of oscillation to build up a rapid oscillation of a charged particle and
its amplification is very high when @7 =n/2. In this situation, magnetic field
grows towards the resonance level so that reflection occurs due to the presence
of a magnetic mirror as the magnetic field increases in strength abruptly. This
indicates that laser radiation is so intense due to the presence of a magnetic
mirror at the resonant level. A radiofrequency accelarator with the Sun in the
presence of a magnetic mirror leads to a controlled thermonuclear fusion
reaction to produce plasma induced laser radiation due to a driving force subject
to an oscillator at the resonant level to prove resonance fluorescence when
ot =m/2 and a radio wave propagation from the Sun is visible in the sky (see
Figure 1).

In a realistic situation, a radiofrequency accelerator with the Sun emerges the
frictional layer at the boundary to set into motion so that space pressure is much
below the atmospheric pressure as the air breaks down. In such a case the Sun is
exposed to a vacuum and X-rays are liberated from the Sun. A synchroton
radiation is transmitted from the Sun in a vacuum as the emission of hot
electrons gyrating in a magnetic field to determine radio emission. A magnetic
mirror with the Sun is the representation of an inclined magnetic field. A strong
ionizing radiation inside the solar atmosphere to deal with plasma induced laser

radiation at the resonant level.
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Figure 1. Plasma induced laser radiation shows resonance fluorescence to provide syn-
chronized photon light in the presence of a radiofrequency accelerator under the influ-
ence of a magnetic mirror with reference to an oscillator in the context of dynamo me-
chanism of the Sun. Such a behavior of the Sun was visible in the sky with radio wave
propagation in the year of 5" November, 2006.

i : s 1 4 44 V2
In compliance with the condition, a)<ECOSa)T(16K —M?"sin 9) it is

rigorously stated that no resonant response occurs when the phase angle
ot =7/2 in accordance with the excitation frequency @ <0.

.. 1 4 44 \H2 .
As referred to a condition a):ECOSa)T(lfiK —M%sin 0) there arise

stagnation when the phase angle @7 =m/2 is compatible with the excitation
frequency =0 . Since phase angle rotates with angular frequency of oscillation,
there exists a stagnation so that the velocity will be zero if the excitation

frequency is switched off. On the other hand, in the absence of phase angle ie.
1 . 12
wt =0, the condition leads to an inertial frequency @ = E<16K4 —~M*sin* 9)

in a rotating environment. This justification comes to a conclusion that the Sun
is an activation of resonance in the presence of a driving force subject to the
. 1 . 2
resonant condition @ > Scoswr (16K4 ~M*sin* 9)1/ :
The solutions (15) and (16) together with (17) and (18) turn into the general
form of a transient MHD start up flow in the presence of an inclined magnetic
field if the phase angle is absent @z =0 and the solutions (15) and (16) reduce

to

w(mr)= M?sin® +iG? sinh (¢ =if)n  M?sin?0—iG? sinh(a+iﬂ)n} 19)

2iG* sinh(a—ip) 2iG* sinh(a +ip)
_ M*sin*9+G* | sinh(a-if)n sinh(a+if)n

W(T],T)— BiK2G? sinh(a—iﬂ) sinh(a+i/3) } (20)
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where

12

1/2
a,ﬂ:%“(ucosza)zmue“} i(1+00320)M2} (21)

and
G? = (16K —M4Sin40—4a)2)]/2 (22)

Since phase angle rotates with angular frequency of oscillation, the presence of

phase angle comes to a justification in two ways viz,
1 . 2 1 . 2
> Ecosa)r(16K4 ~M*sin’ (9)]/ and <008 car(lGK“ —~M*sin* 9)” . The

former condition leads to a resonant response with reference to a dynamo

mechanism of the system. The later is valid with the maintenance of a magnetic

field and the resonant response do not occur. The inertial frequency of a
. . . 1 ) 12

rorating environment does exist when @ = E(lGK4 -M*sin? 9) .

In taken into account of the solutions (15) and (16) together with (17) and (18)
it is stated that since the system rotates with phase angle; if the excitation
frequency w is switched off then then phase angle w7 is zero and the solutions
reduce to a steady state MHD flow in a rotating environment subject to u(7) and
w(n) for (19) and (20) where

1 2 Y2 V2
a, B :E{{(u cos’6) M* +G4} +(1+cos’ 0)M 2}

and
2 4 4 gind p\¥2
G :(16K —M*sin* g) (23)
The condition (23) represents a dynamo context of a rotating environment.

3. Shear Stress at the Moving Platen =1

du|
dn

_{Mzsin2¢9+iG2 (a—ip)cosh(a—ip)
- 2iG? inh (a —i
- i sinh(a—if) ”

_ M?sin’9-iG? (¢ +ip)cosh(a+ip) CoS Wt
2iG? sinh(a +ip)

dw
dn

~ M*sin*9+G*| (a—ip)cosh(a—ip)
- 8iK*G? sinh(a —ip)

" _ _ (25)
_(a+ip)cosh(a+ |ﬂ)}:0$a)r
sinh(a+ip)

4. Discussion of Results

To study of an MHD Start up flow in a rotating system under the influence of a
forced oscillation with reference to an inclined magnetic field; a periodic driving

force generates an excitation frequency to exhibit resonance subjectto V-J #0.
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This situation reveals that Ghosh inertal frequency coincides with free natural
frequency of oscillation so that oscillation builds up rapidly with a driving force
in which the resulting amplitude of oscillation of the system becomes large.

Since phase angle rotates with angular frequency, the excitation frequency

1 4 4 i n\V2 .
a)>ECOScoz'(16K —M?%sin 0) leads to resonance as the forcing wave to

T
excites natural frequency in compliance with the phase angle @7 :E with a

decisive importance to @ >0. A.C circuit furnishes with a non-steady current
flow subject to V-J =0 due to a periodic driving force and the growing of a
magnetic field at the resonant level in which the emission of hot electron gyrates
in a magnetic field to determine radio emission. A charged particle experiences
an alternating current flow of sinusoidal in nature with reference to V-J =0
that gives rise to radiofrequency voltage under A.C circuit. To increase
radiofrequency voltage, the emission of hot electron exerts its influence of
X-emission due to irregular fluctuation of a magnetic field in a vacuum. In a
time varying electromagnetic field subject to V-J =0, an MHD flow is
influenced by a traveling magnetic field under the influence of a periodic driving
force in the presence of an oscillator. A radiofrequency accelator with the Sun is
inspired by a magnetic mirror in the presence of an oscillator. In this context, a
controlled thermonuclear fusion reaction at the resonant level so that plasma
fusion interacts with the supercritical state as the maximum dissipation of
energy is liberated from the Sun with large amplitude when the kinetic energy is
transformed into heat and the maximum reflection occurs as the strength of the
magnetic field increases its strength abruptly to exhibit plasma induced laser
radiation with the propagation of radio wave in the atmosphere.

The graphical discussion in relevance to a physical interpretation has been
made with arbitrary values of 6, wr and w taking A£ is fixed in Figures 2-5.
Figure 2 reveals that the velocity is exerted by the flow field to increase with an
increase the angle of inclination of a magnetic field 8. This happens in the case of
a traveling magnetic field in a time varying electrmagnetic field to distort
magnetic lines of force due to the presence of Lorentz force with reference to a
dynamo machanism of the system. Since the system rotates with angular
frequency the velocity is closely resemblance to a resonance when the angle of
inclination of a magnetic field @=m/2. In a time varying electromagnetic field,
the magnetic field grows towards the resonant level. In relating to the previous
literature, the foundation of the behaviour of an inclined magnetic field in a
rotating system does not scope to appear the concept of increasing the angle of
inclination of a magnetic field €. This concept lies on its behaviour of a magnetic
field subject to V-J =0 at resonance. It is evident from Figure 3 that the
velocity increases in the main flow (z) with an increase in magnetic force (A£)
while the velocity decreases in the cross flow (W) with an increase inmagnrtic
force (MF). This situation happens in the case of a main flow (u) to exerts its

influence of an angle of inclination of a magnetic field @=m/2 where the
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Lorentz force is an active influence to distort the magnetic lines of force in the
presence of a periodic driving force. In a time varying electromagnetic field, the
magnetic field grows subjected to a plasma fusion on heating of plasma in a
controlled region at the resonant level when 6 =m/2. Thus magnetic pumping
in a time varying electromagnetic field becomes predominant. Since the velocity
decreases in the cross flow(w), a destabilizing influence on the behaviour of a
magnetic pressure leads to fall the velocity due to the presence of Lorentz force
when 6=n/2. In general, Lorentz force destabilize the flow situation with an
increase in magnetic force. In a radiofrequency field subject to a oscillating

current flow in the presence of a forced oscillation, A.C circuit furnishes to

1.4 T T T T T T T T T

Figure 2. vand wfor different values of 6 =0,

M?=10,K*=5w0=0.2 and wr=0.

of e ™ ]
o . TN
0.8f N\ ]

0.6F / / / - \\ i

0.4} '/

u, 5*w
o
[62]

T

N
AN
AN

0.2f 7/ \
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Figure 3. uand wfor different values of M’ =5,8,10,12 and 14 with

K2=5w0=020r == and O=2.
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Figure 4. uand wfor different values of w7 = O,%,

M2 =10,K?=5,0=02 and 0:%.
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Figure 5. uand wfor different values of »=0.2,0.4 and 0.6 with

M2 =10,K? =507 =0 and 0:%.

produce radiofrequency voltage with reference to V-J =0 that emerges the
backbone of a time varying electromagnetic field to exhibit X-emission in a
vacuum. This situation reveals that magnetic pressure increases as the magnetic
field grows towards the resonant level due to an irregular fluctuation of a
magnetic field. In turn, in a time varying electromagnetic field, these arises

fluctuation at every point on the flow field. Figure 4 shows that the velocities

due to main flow(z) and cross flow(w) decreases in the range 0< wr < i—; with
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an increase in phase angle wr. Since frictional layer at the boundary is suddenly
sets into motion so that air breaks down in a vacuum due to the absence of a
pressure gradient. The flow field becomes relevant to the reduction of velocities
in the main and cross flows. Although the MHD flow is subjected to a periodic
driving force in the absence of a pressure gradient; irregular fluctuation of a
velocity field builds up rapidly with a driving force when the phase angle

o7 =m/2 . In a time varying electromagnetic field of a sinusoidal in nature subject

to V-J =0, the excitation frequency w > %COS ot (16K4 -M*sin* 6’)1/2 leads

to resonance so that irregular fluctuation builds up rapidly with a driving force
at large amplitude when @7 =m/2. Since forcing wave excites natural frequency
the phase angle @r=m/2 is compatible with @ >0. In such a situation, the
phase angle wr rotates with angular frequency w, the time varying
electromagnetic field determines a dynamo context of the Sun. It reveals that in
a turbulent regime, a controlled thermonuclear fusion reaction of the Sun
becomes significant over a large amplitude subject to a maximum dissipation of
energy when the kinetic energy is transformed into heat. This situation
implicates the theory of a supercritical state in the presence of a magnetic mirror
at the resonant level so that maximum refection occurs with the growing of a
magnetic field to exhibit laser radiation as the magnetic field increases in
strength abruptly. Indeed an oscillator takes place of a driving force in the
presence of a magnetic mirror is subjected to a laser radiation in a time varying
electromagnetic field to exert its influence of resonance fluorescence when the
phase angle wr=m/2. A synchronized photon light (laser pulse radiation) is
transmitted from the Sun with radio wave propagation at shorter wave length. A
physical occurrence communicates with the excitation frequency in such a way
that irregular changes of galaxies inspired by the Sun due to a differential
rotation of the system as the rotation of the Sun maintains a similar rotation of
the Earth so that the Sun enters with different galaxies to change of its wave
length. It is interesting for the readers that the solar system becomes a steady
state in nature if the excitation frequency w is switched off so that thermonuclear
reaction of the Sun becomes stop. Eventually, the Sun is an exposure of an MHD
in the presence of an inclined magnetic field in compliance with resonance
subject to a dynamo context of the Sun. Figure 5 demonstrates that the velocity
(u) due to main flow increases with an increase in driving frequency @ whereas
the velocity (w) due to cross flow decreases with an increase in driving frequency
w. In a time varying electromagnetic field of a sinusoidal character subject to
V-J =0, the MHD flow exerted by the driving force to increase the velocity (u)
in a radiofrequency field to expedite radiofrequency voltage. In a velocity(w) due
to cross flow attains to decrease the velocity to extract radiofrequency voltage in
a usual manner as directed by the driving frequency w.

An illustration takes place of a frictional shear stress to represent a physical

interpretation on Tables 1-4 with an arbitrary value of A, 6 and wz. The
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influence of a frictional shear stress plays a major role at the boundary of the
solar region when the frictional layer at the boundary is suddenly sets into
motion. Table 1 shows that the frictional shear stress in the main flow (u)
direction increases in magnitude with the increase in magnetic pressure (A£)

while it decreases in magnitude with an increase in the angle of inclination ().

Table 1. Frictional shear stress at the moving boundary for X* = 5,w= 0.2 and wr =0 due
to main flow direction (u).

T M
T~ 10 12 14 16 18
0 \\\\\\
0 3.48092 3.72052 3.95283 4.17731 4.39396
/6 3.13413 3.32258 3.50862 3.69093 3.86880
n/4 2.75359 2.88036 3.00984 3.14014 3.26997
n/3 2.32825 2.37645 2.43167 2.49213 2.55639
/2 1.84083 1.77992 1.72484 1.67471 1.62881

Table 2. Frictional shear stress at the moving boundary for X*> = 5, 8 = n/4 and w = 0.2
due to main flow direction (u).

T~ M
T~ 10 12 14 16 18
wT ~__
0 2.75359 2.88036 3.00984 3.14014 3.26997
/6 2.36981 2.47957 2.59181 2.70483 2.81751
/4 1.92561 2.01520 2.10688 2.19926 2.29139
/3 1.34990 1.41319 1.47806 1.54350 1.60879

Table 3. Frictional shear stress at the moving boundary for K =5, 0=0.2and wr=0 due
to cross flow direction (w).

) \Mz 10 12 14 16 18
0 ~1.44135 ~1.34654 ~1.26628 ~1.19759 ~1.13816
/6 ~1.51182 ~1.41843 ~1.33823 ~1.26878 ~1.20814
/4 ~1.59681 ~1.50722 ~1.42879 ~1.35979 ~1.29872
/3 ~1.70268 ~1.62177 ~1.54924 ~1.48399 ~1.42509
/2 ~1.84046 ~1.77956 ~1.72449 ~1.67437 ~1.62848

Table 4. Frictional shear stress at the moving boundary for K* = 5, 0= n/4, w = 0.2 due to
cross flow direction (w).

(ur\\M 10 12 14 16 18
0 -1.59681 -1.50772 —-1.42879 -1.35979 —-1.29872
/6 -1.38911 -1.31071 -1.24210 -1.18176 -1.12838
/4 -1.13757 -1.07308 -1.01667 —-0.96706 -0.92320
/3 -1.80819 —-0.76202 -0.72165 —-0.68617 —-0.65481
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Since viscosity initiates thermal energy in a moving layer the internal energy is
converted into a kinetic energy of the system; the magnetic pressure exerted by
the main flow direction with reference to a driving frequency to increase viscous
shear stress at the moving boundary. The effect of viscous shear stress at the
moving layer decreases with increase in @ (angle of inclination of a magnetc field)
for a fixed value of a magnetic pressure (#£). This happens in the case of a
viscous shear where the distortion of a magnetic lines force increase the velocity
so that the frictional shear stress decreases at the moving boundary. Table 2
reveals that the frictional shear stress at moving layer due to main flow (u)
direction increases in magnitude with an increase in magnetic pressure (M) for
a fixed value of phase angle (w7) whereas it decreases in magnitude with an
increase in phase angle (w7) for a fixed value of a magnetic pressure (A£). Since
phase angle rotates with angular frequency, the driving frequency accelerates the
viscous shear at the moving layer to increase shear stress at the boundary
whereas the viscous shear distabilizes at the moving layer in accordance with
phase angle (w7). Table 3 indicates that the frictional shear stress at the moving
boundary due to cross flow (w) direction decreases in magnitude with an
increase in magnetic pressure (A£) while it increases in magnitude with an
increase in the angle of inclination of a magnetic field (6). Since rotation induces
cross flow, the velocity gradient at the moving boundary opposes the viscous
stress to decrease in magnitude with an increase in magnetic pressure whereas
the effect of velocity gradient leads to increase the frictional shear stress at the
moving boundary in accordance with the angle of inclination of magnetic field
(6). Table 4 demonstrates that the frictional shear stress due to a cross flow (w)
direction decreases in magnitude with an increase in either the magnetic
pressure (M) or the phase angle (w7). It finds the situation in which the velocity
gradient at the moving boundary opposes the effect of frictional shear stress in
the cross flow (w) direction. Indeed, the effect of viscous shear stress provides a
frictional resistance at the moving boundary to execute thermal resistance. Since
the frictional layer at the boundary is suddenly sets into motion the internal
energy is converted inton a kinetic energy of the system during convection
process and the maximum dissipation of energy is liberated into smallest eddies
with large amplitude when the kinetic energy is transformed into heat. This
implies to a fact that the convective part of the surface of the Sun leads to a

controlled thermonuclear fusion reaction in the presence of a magnetic mirror.

5. Conclusion

The purpose of present investigation is to deal with an MHD start up flow in a
rotating environment with a decisive importance to a driving force in the
presence of an inclined magnetic field by means of a traveling magnetic field. In
a time varying electromagnetic field of a sinusoidal in nature subjectto V-J =0,
the MHD flow is associated with a driving force in such a way that the emission

of a hot electron is gyrating in a magnetic field to represent radio emission. Since
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the MHD flow exerted by a driving force, the phase angle rotates with angular
frequency to exerts its influence of an excitation frequency so that forcing wave
excites natural frequency to implicate a resonance when the phase angle
ot =7/2 as the phase angle w7 is compatible with ®»>0. In turn, magnetic
field grows towards the resonant level. Plasma fusion interacts with the
supercritical state in the presence of a magnetic mirror with reference to a
controlled thermonuclear fusion reaction of the Sun. An oscillator takes place of
a driving force to execute plasma induced laser radiation in the presence of a
magnetic mirror in which reflection occurs as the strength of the magnetic field
increases in strength abruptly to exhibit resonance fluorescence when wr =m/2.
This situation reveals that a synchronized photon light (laser pulse radiation) is

emitted from the Sun.
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Abstract

In this paper, the crack initiation characteristics of compression-shear plane
crack with hydraulic pressure were studied by using theoretical analysis and
experimental verification methods. The formula derivation process of stress
intensity factor of crack tip and open-type crack initiation angle and initia-
tion strength was expounded in detail. Cement mortar specimens prefabri-
cated with open-type crack were made for biaxial compression test. The re-
sults show that the mode I stress intensity factor is inversely proportional to
the dip angle of pre-exciting crack, water pressure and crack width. The frac-
ture toughness is most easily achieved when the dip angle of pre-exciting
crack is 60°. The mode II stress intensity factor is symmetrically distributed
with the dip angle and independent of the water pressure and crack width.
For open-type crack, the crack initiation angle decreases with the increase of
the dip angle of pre-exciting crack, water pressure and crack width; the crack
initiation strength is inversely proportional to the water pressure and propor-
tional to the lateral pressure. The research results can provide ideas for the
study of crack initiation under the coupling of ground stress and osmotic
pressure in tunnel engineering.

Keywords

Compression-Shear Plane Crack, Stress Intensity Factor, Experimental
Verification, Crack Initiation Characteristics

1. Introduction

As we all know, there are a lot of fissures in the rock mass, and the existence of
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fissures will reduce the mechanical properties of rock mass. In geotechnical en-
gineering, the complex stress state of the coupling of ground stress and osmotic
pressure promotes the expansion of the fissure, and the engineering failure
caused by the crack expansion in rock is of common occurrence. In recent years,
the crack initiation and expansion of the pre-existing fissure with hydraulic
pressure has attracted the attention of researchers, and it is an important re-
search direction and interesting in rock mechanics research. Liu S et al [1] stu-
died the fracture characteristics of fractured rock mass under different confining
pressures and seepage water pressures based on Realistic Failure Process Analy-
sis-Seepage. And derived the initial crack strength and the effect of seepage wa-
ter pressure and confining pressure on the crack propagation of fractured rock
mass. Kanaun [2] studied the evolution of the crack boundaries in the process of
fluid injection, time dependence of pressure distributions and crack openings.
Zhang D F et al. [3] took 2-D sidelong crack propagation as an example, giving
out crack propagation steps by using the modified crack propagation criterion.
Zhao Y L et al [4] [5] have studied the crack initiation law of frictional crack
under seepage pressure. They developed a damage fracture mechanics model of
rock cracks under jointed action of compressive-shear stress field and seepage
field. The evolution equations of additional stress intensity factor at the branch
crack cusp were obtained considering rock bridge damage. And the mathemati-
cal model of seepage-fracture coupling of rock masses cracks propagation was
established. XB LI et al. [6] studied the mechanical model of fracture and dam-
age and the evolution equation of stress intensity factor at crack tip under the
action of compression-shear field and seepage field, and proposed the crack in-
itiation criterion by using the stress intensity factor.

In this paper, the crack initiation characteristics of pre-exciting plane crack
with hydraulic pressure were studied. Based on the theoretical analysis, the vari-
ation of the stress intensity factor at the crack tip with the dip angle, water pres-
sure and crack width was discussed. The variation of crack initiation angle with
the dip angle of crack, water pressure and crack width was verified by experi-
ment. And the variation of crack initiation strength with water pressure and lat-

eral pressure was also verified.

2. Theoretical Analysis of the Initiation Characteristics of
Pre-Exciting Plane Crack with Hydraulic Pressure

2.1. The Mode I Stress Intensity Factor (SIF) of Open-Type Crack

The compression-shear mixed crack model with hydraulic pressure is shown in
Figure 1. o, and o, are far field compression stress and o, =410, (0<A<1);
a is the angle between the crack and the o, direction; pis the internal water
pressure of the crack; the crack tip is reduced to two curvature radii of 0 se-
micircle; the crack length is 2aand 6 is the crack initiation angle.

According to the fracture mechanics, stress concentration exists at crack tip.

Before the crack closure, it is generally judged whether it is cracked by the
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Figure 1. Model of open-type crack with seepage pressure.

stress distribution at the edge of the crack tip. The stress component of any sec-
tion can be obtained by the unit body balance equation as the far field stress
(0,,0,) is known [7].

Surface stress of crack surface:

o, :%[(o—l+03)+(01—03)COS(20:)]— b, (1)
or =%[(O‘l+O'3)—(O'1—O'3)COS(20£):|— p. ()
T:%(01—0'3)Sin(2a). 3)

o, is the normal stress perpendicular to the crack surface; z is the shear
stress on the crack surface, and oy is the vertical direction stress at the crack
tip. According to the fracture mechanics [8], the mode I stress intensity factor

produced by the normal compression stress o, on the fissure surface is:
1
K|N =-0, Jma = —{E[(al +03) +(G1 —03)005(205)]— p}\/ﬁ . (4)

;’f,g/f has a tension effect on the edge of the crack, the maximum tensile stress
appears in the crack tip and the size is equal to o} [9], as shown in Figure 1.
Then the mode I stress intensity factor produced by the maximum tensile stress

oy at the crack tip is:
K = o, [p/a/ma :{%[(q +0,)—(0,—03)cos(2a) |- p}«/p/a\/ﬁ. (5)

According to the superposition principle of linear elastic fracture mechanics,
the mode I stress intensity factor of crack is: K, = K + K"

It can be seen that the initiation and expansion of compression-shear mode I
cracks depend on the normal stress of two vertical directions, the radius of cur-
vature of crack tip and the circumference angle. The normal compressive stress
o, inhibits the expansion of compression-shear fracture, and o; promotes
the expansion. The seepage water pressure p has a promotion effect on the initi-

ation and expansion of compression-shear fracture.
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2.2. The Mode II Stress Intensity Factor of Open-Type Crack

The mode II fracture of I-II mixed mode crack under uniform shear stress is in-
dependent of the internal osmotic pressure of the crack. The analytic solution

for the mode II crack stress intensity factor of composite crack is given [6]:

K, =-rJma :—%Ja (0, —0,)sin(2at). (6)

2.3. Crack Initiation Characteristics with Hydraulic Pressure

2.3.1. Crack Initiation Angle of Open-Type Crack with Hydraulic Pressure

I-II type mixed mode fracture occurs under compression-shear condition. The
maximum hoop stress theory is generally used in rock mechanics to study the
crack initiation angle [10]. According to the fracture mechanics, the expression
of stress component that only retains the singular term of crack tip in polar

coordinate system is:

1
Op =T——FT7—
2\/
c
= 2\/27:

———cos— [K sind+ K, (3cos6-1)]

|:KI(3—COS¢9) : cos§+ Ky (3cosd-1) -sing}

———cos— [K (1+cosf) - 3K, sind | (7)

2-I’
0o 2\/21:

The maximum hoop stress theory holds that the crack will initiate along the
¢ direction corresponding to the maximum value of o, . According to the

advanced mathematics, the maximum value of o, need satisfy the following

conditions:
90,,/00 =0, 8*c,, /%0 <0. (8)
By substitution of Equation (7) into Equation (8):
660966 = \/217 icos [K;sin@+K, (3cosd-1)]=0
6;(27;9 = 8«/? [sm gsm 0 —2cos z cos 9) 9)

K [3cos6’+ GCosgsin 0—1) <0

+ [—
8\/2nr !

It can be obtained by formula (9) that cosg =0 or

K;sind+K, (3cosd-1)=0. If Cosgzo, the solution is € =*m which

means that the cracking surface coincides with the original crack surface.
That’s meaningless. Therefore, the solution of crack initiation angle is the
root of K, sin@+K; (3cosd-1)=0.

2.3.2. Crack Initiation Strength of Open-Type Crack
with Hydraulic Pressure

In this paper, the following compress shear fracture criterion of rock, which is
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proposed in the literature [11] [12] [13], is used to study the I-II type mixed

mode crack initiation strength under compression-shear condition.

ﬂlZKI+|KII|: Knc- (10)

A, is the compression-shear coefficient, which is related to the material
properties. Knc is the shear fracture toughness under compression.
The initiation strength of open-type crack with hydraulic pressure is ob-

tained by substituting the Equations ((4)-(6) into (10)) [6]:

. 2Kuc/\/a+ Ao, —2pA, (1_\/7/"’1)

' B
A=sin(2a) + %, | 1-p/a - (1++p/a)cos(2a)
B =sin(2a)~ ;| 1-p/a-+(1+p/acos(2a)

3. Comparative Analysis of Experimental and Theoretical
Results of Compression-Shear Plane Crack Initiation and
Expansion with Hydraulic Pressure

The cement mortar specimens prefabricated with open-type through crack were
fabricated. Specimen width 25 = 70 mm, height 24 = 140 mm, thickness 2¢ = 40
mm. There is an oblique crack with a length of 22 = 12 mm in the middle of the
specimen. Material parameter e = 22.09 gpa, v = 0.142, internal friction angle
@ =50". The compression-shear fracture parameters of the material have been
measured by the method presented in the literature [12].

K,c =0.582 MPa-m"?, 1, =0.92. In the experiment, the crack is sealed by

clamping the seal ring and the tempered glass with a clamp.

3.1. Effect of the Dip Angle of Pre-Exciting Crack on Stress
Intensity Factor and Crack Initiation Angle

In the experiment, the vertical pressure, lateral pressure, water pressure and
crack thickness were controlled as follows: o, =20MPa , o,=0MPa ,
p=1MPa, p=1.5mm. The dip angle of pre-exciting crack was changed and set
the dip angle to 15°, 30°, 45°, 60°, 75°. The analytical solution of stress intensity
factor and crack initiation angle was calculated by substituting the experimental
parameters into the above derivation formulas. The results are as follows (Table 1).
It is intuitive to see the variation of the stress intensity factor and the crack
initiation angle with the dip angle of pre-exciting crack. The mode I stress in-
tensity factor decreases with the increase of the dip angle, and the minimum
value is obtained when the dip angle is 60 degrees. The mode II stress inten-
sity factor is symmetrically distributed with the dip angle of pre-exciting
crack, and the maximum value is obtained when the dip angle is 45 degrees.
As shown in Figure 2, it was observed in the experiment that the crack in-
itiation angle decreases with the increase of the dip angle of pre-exciting crack

which is consistent with the theoretical derivation.
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3.2. Effect of Water Pressure on Stress Intensity Factor
and Crack Initiation Angle

In the experiment, the dip angle of pre-exciting crack was controlled to g =45".
The water pressure was changed and set the water pressure to 0 MPa, 0.5 MPa, 1
MPa. The analytical solution of stress intensity factor and crack initiation angle
was calculated by substituting the experimental parameters into the above deri-
vation formulas. The results are as follows:

It can be seen from the table (Table 2) that the mode I stress intensity fac-
tor decreases with the increase of water pressure. And mode II stress intensity
factor is independent of water pressure. The crack initiation angle decreases

with the increase of water pressure.

Table 1. The results of SIF and initial angle with different pre-exciting crack dip angles.

Different dip angles of pre-exciting crack(")
The calculation results

15 30 45 60 75

T 5 8.66 10 8.66 5
oy 17.66 14 9 4 0.34
o, 0.34 4 9 14 17.66
K, —-2.40 -1.65 —-0.62 0.41 1.17
K, -0.69 -1.19 -1.37 -1.19 -0.69
[ 126.6 97.2 79.3 64.1 43.7

Figure 2. Crack initiation with different pre-exciting crack dip angle. Crack initiation at
the dip angle of 30°; Crack initiation at the dip angle of 45°; Crack initiation at the dip
angle of 60°.

Table 2. The results of SIF and initial angle with different seepage pressure.

Different seepage pressure(MPa)
The calculation results

0 0.5 1
K[ -0.69 —-0.65 -0.62
K, -1.37 -1.37 -1.37
0 80.34 79.77 79.33
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3.3. Effect of Crack Width s on Stress Intensity Factor
and Crack Initiation Angle

In the experiment, the dip angle of pre-exciting crack and water pressure were
controlled as follows: The crack width was changed and set the crack width to 1
mm, 1.5 mm, and 2 mm. The analytical solution of stress intensity factor and
crack initiation angle was calculated by substituting the experimental parameters
into the above derivation formulas. The results are as follows:

It can be seen from the table (Table 3) that the mode I stress intensity fac-
tor decreases with the increase of crack width. And mode II stress intensity
factor is independent of crack width. The crack initiation angle decreases with

the increase of crack width.

3.4. The Experimental Verification of Pre-Exciting Plane Crack
Initiation Strength with Hydraulic Pressure

In the experiment, the crack initiation strength was recorded when the lateral
pressure was controlled to o, =0 MPa and set the water pressure to p = 0 MPa,
0.5 MPa and 1 MPa; the crack initiation strength was also recorded when the
water pressure was controlled to p = 0 MPa and set the lateral pressure to
o, =0 MPa,1 MPa,5 MPa,10 MPa .

The analytical solution of crack initiation strength was calculated by subs-
tituting the experimental parameters into the above derivation formulas. By
comparing the analytical values with the experimental values, we can see the
variation of crack initiation strength with the water pressure and lateral pres-
sure. The results are as follows:

It can be seen from the tables (Table 4 and Table 5) that the crack initiation

Table 3. The results of SIF and initial angle with different crack widths.

Different crack widths (mm)
The calculation results

1 1.5 2

: -0.73 -0.62 -0.52
K, -1.37 -1.37 -1.37
80.91 79.33 77.89

Table 4. Crack initiation strength with different seepage pressure.

Different seepage pressure (MPa)

The values of crack initiation strength

0 0.5 1
Analytical values -0.69 -0.65 -0.62
Experimental values -1.37 -1.37 -1.37

Table 5. Crack initiation strength with different lateral pressure.

Different lateral pressure (MPa)
The values of crack initiation strength

0 1 5 10
Analytical values 14.0 16.7 27.51 41.03
Experimental values 15.3 17.0 29.0 422
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strength decreases with the increase of water pressure and increases with the
increase of lateral pressure. The experimental results were consistent with the

theoretical results.

4. Conclusions

In this paper, the stress intensity factor (SIF), crack initiation angle and crack in-
itiation strength of open-type crack with hydraulic pressure were derived. The
variation of the stress intensity factor at the crack tip with the dip angle, water
pressure and crack width was discussed. The crack initiation strength formula of
compression-shear open-type crack with hydraulic pressure was verified by
comparing the experimental and theoretical results.

The following conclusions are got:

1) For the stress intensity factor of pre-exciting open-type crack with hydrau-
lic pressure, the mode I stress intensity factor decreases with the increase of
pre-exciting crack dip angle, and the minimum value is obtained when the dip
angle is 60 degrees, which means that the fracture toughness is most easily
achieved when the dip angle is 60°. The water pressure and crack width are in-
versely proportional to mode I stress intensity factor and promote the expansion
of pre-exciting crack. The mode II stress intensity factor is symmetrically distri-
buted with pre-exciting crack dip angle, and the maximum value is obtained
when the dip angle is 45°. The mode II stress intensity factor is independent of
the water pressure and the crack width.

2) For the crack initiation angle of pre-exciting open-type cracks with hydrau-
lic pressure, it is proportional to pre-exciting crack dip angle, water pressure and
crack width. The theoretical derivation of the variation of the crack initiation
angle is consistent with the trend of crack initiation angle was observed during
the experiment.

3) The relationship between crack initiation strength and water pressure and
lateral pressure was discussed. The crack initiation strength is inversely propor-

tional to the water pressure and proportional to the lateral pressure.
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Abstract

Theoretical hydrodynamics may lead one into serious delusions. This article
is focused on three of them. First, using flowing around a sphere as an exam-
ple it is shown that the known potential solutions of the flow-around prob-
lems are not unique and there exist nonpotential solutions. A nonpotential
solution has been obtained for flowing around a sphere. A general solution of
the problem of flowing around an arbitrary surface has been obtained in the
quadrature form. To single out a physically realisable solution among a great
number of others, it is necessary to add supplementary conditions to the
known boundary ones, in particular, to find a solution with the minimum to-
tal energy. The hypothesis explaining the reason for stalled flows by viscosity
is erroneous. When considering a flow-around problem one should use
stalled and broken solutions of the continuity equation along with the conti-
nuous ones. If the minimum total energy is achieved by the continuous solu-
tion, it is a continuous flow that will be implemented. If it is achieved by the
broken solution, a stalled flow will be realised. Second, the hydrodynamics of
a flow is considered exclusively at each point of it. Differential equations are
used to describe the flows that are written for a randomly small volume of a
flow, ie, for a point. The integral characteristics of a flow and its inertial
properties are neglected in the consideration, which results in the misunders-
tanding of the mechanism of the formation of a vortex. The reason for the
formation of vortices is related to viscosity, which is a mistake. The formation
of vortices is the result of the inhomogeneity of the acceleration field and the
inertial properties of a flow. Third, the fictitious values of viscous stresses are
used in hydrodynamics. As a matter of fact, viscosity is the momentum diffu-
sion and it should be described by the diffusion equation included into the
Euler system of equations for a viscous fluid. The momentum diffusion leads
to the necessity of including the volume momentum sources produced by
diffusion into the continuity equation and excluding the viscosity forces from
the equation of motion. The problem of a viscous fluid flowing around a thin
plate has been solved analytically, the velocity profiles satisfying the experi-
ment have been obtained. The superfluidity of helium is not its property. It is
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the interaction of helium with a streamlined surface that is responsible for the
mechanism of superfluidity. At low temperatures when the quantum proper-
ties are most pronounced the momentum transfer from the helium atoms to
the streamlined wall becomes impossible, since the value of the energy trans-
ferred in the collision of a helium atom with that of the wall is smaller than
the permitted quantum of energy. This mechanism takes place in the case of a
flow in capillaries. Under a hydrodynamic flow-around superfluidity does not
manifest due to the occurrence of stalled flows. The hypothesis of the disap-
pearance of the viscous stresses at low temperatures is erroneous. The viscous
stresses cannot disappear since they do not exist in nature. The theory of
representing superfluidity as a phase transition accompanied by the forma-
tion of the combined viscous and nonviscous phases is a mistake.

Keywords

Nonpotential Flow Around, Nonuniqueness of Flow around a Sphere, Flow
around Arbitrary Bodies, Eddy Formation, Viscous Flow, Diffusion and Viscosity,
Viscous Flow along a Plate

1. Introduction

In theoretical hydrodynamics there exist serious delusions, both mathematical
and physical ones, which lead to erroneous conclusions and misunderstanding
in the physics of the flow.

The Euler system of the differential equations of the mechanics of fluid
consists of the continuity equation, the momentum-conservation equation or the
so-called equation of motion, the energy equation and that of thermodynamic
relations [1]. At present the continuity equation is the starting one for
steady-state flows. When solving it one derives the field of velocities to define
the pressure from the equation of motion.

It is considered that if the potential solution of the continuity equation is
found, which is thought to be unique without proof, then the problem has been
solved. This is a delusion. In addition to the potential solution, the continuity
equation has some nonpotential solutions, which leads to a revision of the
knowledge about the physics of the flow of fluids. To obtain a physically
realizable solution, it is necessary to add supplementary conditions, e.g. the
minimum energy condition, to the boundary and initial ones that are used at
present. Other variants are also possible.

The second delusion is that only differential characteristics of a flow are taken
into account, the conservation laws are written for a point, whereas the integral
characteristics, such as the moment of inertia, are ignored. As a result, the
mechanism of the formation of vortices is ignored in the consideration.

The third delusion is the mechanism of viscosity. It is believed that under a

viscous flow there appear shear stresses. This theory, in spite of its rather long
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history of development, encounters insuperable difficulties in the solution of
simple problems, e.g. calculation of a flow near the tip of a flat plate. The reason
for this is the wrong, in the physical sense, statement of the problem. From the
point of view of molecular physics, there are no viscous shear stresses. It is
especially evident in the case of a gas.

The non-uniqueness of the solution of the problem of flow about of a contour
is considered in Section 2 and obtain its general solution in quadrature form.
Section 3 deals with the formation of vortices in stalled flow. In Section 4,

viscosity is considered from the position of momentum diffusion.

2. Flowing around a Sphere

The convolution of two functions [2] f, (X, Y, Z) and f, (X, Y, Z) is denoted by

* and determined in this way

S
fixf, = J.J. fl(xl’ Y1 Zl) f, (X_ X, Y—YiZ- Zl)dx1dy1d21 (1)
X1, Y1,4€S
The symbol Sabove the sign of convolution * stands for a set with respect to
which integration is performed. Let Z=Z(X,Yy) be the equation of the surface
S, then (1) looks like

s
ety = [ (%Y Z(%o W) fo (X=X Y= Y0 2=Z (%, y,))dxdy,  (2)

X1, Y1€8
Continuity equation. The continuity equation for a steady-state flow is

written as [1]
Vi=q(r) (3)

Here I is the vector of the momentum density at a point in the flow,

I=pV (4)

V is the velocity at this point, p is the fluid density, ( (I’) is the power of the
momentum density sources, I'={X,y,z} is the radius-vector, r=4/x*+y’+2’

is its length. The nabla
y-100 20 (5)
oX oy oz

is the differential gradient operator. The vector is denoted by the bold type, its
modulus by the usual one.
If the medium is noncompressible, p =const, then the continuity Equation

(3) is written as [1]

VV = ﬂ (6)
0
The Equations ((3) and (6)), in fact, coincide, with only the right side differing
by the presence of the constant coefficient, which for linear equations is not
essential.

For a compressible gas it is necessary to use thermodynamic relations. The
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dependence between the density p and the pressure p for the adiabatic process

P _ [ﬁ} )
Po Ao

The enthalpy for the adiabatic process is written as

is as follows [3]

k-1

ko
HeK P [EJ -1 (8)
k=1 5|\ Po

Here C,,C, are the thermal capacities at a constant pressure and a constant
volume, K= Cp/CV .
The Bernoulli potential is
k-1 1
2 P 2 n
TR [ﬁ] . +'_[&] ©)
2p k=1py|\ Py 2p\ P

Having derived the momentum by (3) it is possible to define the velocity field
from (9).
Equation of motion. The equation of motion of a fluid when no volume

forces or viscosity exist is the following [1]

al,

I; ol 19
el B _J_'=___p (10)
ot p ox, P OX
Summation is made with respect to the recurrent indices from 1 to 3.

Otherwise (10) is written as
2 2
V(V?}r(wv)xv:v(\%}ngz_iw (11)
P

Here the symbol V x stands for the differential rotor operation,

Q=VxV (12)
is the angular velocity. The value of

PQxV (13)

is the density of the Coriolis force. It is worth noting that the Coriolis force is
a force rather than the moment of force, it cannot induce the rotation of a fluid.
In the general case, according to (11), the velocity is a nonpotential vector. The
pressure is a potential, since the force produced by it is the gradient of the
pressure.

For an incompressible fluid (11) is written as

2
V(V—-FB\J-FQXV:O (14)
2 p

For the potential field V =VW ,where ¥ is the velocity potential, then
Q=VxV=VxV¥ =0 (15)
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and from (14) it is possible to derive the Bernoulli relation

pV? _ 5

2 2 =_(p_po) (16)

The lower index 0 denotes the parameters whose value is known at some point
of the flow. It should be noted that (16) is true only for the potential fields of the
momentum and an incompressible fluid.

There are two ways of mathematical description of the motion of a fluid. In
the Langrange method an elementary particle of the mass is taken and the
equation of motion is written for it. Its coordinates are varied in time.

In the Euler method, it is not a material particle that is taken but a fixed
volume with a fluid flowing through its surface, and the balance of the forces is
considered in this volume. Using the Langrange method it is very simple to show
the difference between the potential and nonpotential flow. For the arbitrary
element of the mass, according to (12), the angular velocity (15) of its motion in
the potential flow is zero, it does not rotate and keeps its orientation even when
following a curved trajectory as shown in Figure 1. In the nonpotential flow the
angular velocity (12) is not zero and the element of the mass changes its

orientation during motion as shown in Figure 2.

Figure 1. Potential flow. The material particles keep their orientation at points 4, B, Cin
spite of the fact that the direction of the motion shown by the red arrows changes by 180°.

Figure 2. Nonpotential flow. The material particles turn changing their orientation in the
flow at points A4, B, C. The red arrows show the direction of the motion of the particles.
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2.1. A Point Source

The point source is assigned as
q(r)=pws(r) (17)

Here p is the power of the momentum source. The Equation (3) is written

as

V-l=pus(r) (18)
As shown in [4] this equation has two solutions. The first is the well-known
potential one

ur ufl
I=Vb="——="—(—,0,0 19
4 r? 47t<rZ > (19)

In the present article the Cartesian components are written in the braces. The
broken brackets denote that the vector is written in the spherical coordinates
with the following sequence of the components: the radial r, the zenith 4, the
azimuth ¢ . Substituting V@ from (19) into (18) one derives the Poisson
differential equation for the potential @ :

e
AD = p” 5(r) (20)

The solution (20) called a potential is

H H

(D(r):——:—— (21)
Anr Anx® +y?+7°

It is the fundamental solution of the Poisson equation.

The vector (19) is the fundamental solution of the Equation (18). The

potential vector field produced by the sources ¢ (r) will be the convolution of
(19)

qi(r)*lzqi(r)*i%3 (22)

The convolution of (22) is performed component by component.
The flow of the vector I through a closed sphere with the center at the origin
of coordinates is

n

2¢
jdq;jlrrzsin Sdop=pu (23)
0 0

It does not depend on the radius of the integration sphere.
As shown in [4], the solution (19) is not unique. There is a vector called

neutron

2 g2\ 2
N=s 22 LS (14300526,0,0) (24)
r r r

such that the vector
roo 2 -x*-y*r _ u

7
I+ N="——+ =
4 r® d r? r®  dar

2(1,0,0)+;7(1+3c0323,0,0> (25)
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is the solution of (18), which is checked by the substitution of (25) into (18).
Here & is an arbitrary number, by the terminology [4]—a neutron charge. The
vector (25) is nonpotential. The flow N through the sphere with the centre at the
origin of the coordinates is

n

29
[deN,r?sin 9dp =0 (26)
0 0

The addition of N to I does not affect the flow value. At I -0 both
solutions (19), (24) decrease as 1/ re.
The vector (25) is the fundamental solution of nonpotential flows. For the

sources ((r) the field of velocities produced by them will be the convolution
a(n+(1+N) @)

similar to (22).

Delta-function. The general form of the J-function is [2]

5=>5" (28)

Here 5" is the derivative of order 7 of the J-function, it is presented as

My +my+m;=n o"s
s = A, (29)
mx,;y,mz M o™ oy™ o™
Here /4 are the arbitrary constants, the mth derivative of the J-function

mymym,
is the linear cyombination of all its mixed derivatives of the order n.

The presentation of the J-function in the form (28) should be taken into
account in the solution of the Equation (18). A complete solution is obtained by
the addition of the linear combination of all derivatives of (25) to the solution
(25). The vector (25) tends to zero as ]/r2 at > o, its first derivative as
1/r3 and so on.

The derivative d-function of order n is a multipole of order n. Inclusion into
the consideration of the nth derivatives in (28) means the addition of the
multipoles of the nth order to the solution (25).

The potential source dipole. The homogeneous flow with a constant
momentum density oriented parallel to the z-axis and directed from +o to

—00 is written as
w =—{0,0,w} =(-wcos ,wsin 9,0) (30)
The field of the dipole source with the z-axis as the axis of symmetry is

obtained by differentiating (19) with respect to z and the replacement of x4 by

the dipole moment z

ol ] 2 2 2 ] ;

l=—= 3Xz,3y2,22° = X" -y = 2cos$,sin 3,0 31
oz 4nr5{ y o 4nr3< ) Gy
The dipoles and their moments are designated by one upper point and the

quadrupoles by two points.

Adding (30) and (31) and equating the radial component of the sum to zero at
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r =R one derives the known relation [1]
it =2mwR® (32)

As a result one obtains the potential velocity field in flowing around a sphere

: R? R®
w+i=w (—3—1}053, {1+FJsin3,0 (33)
r r

The neutron vector dipole. The neutron vector dipole (24) with the z-axis as

the axis of symmetry is written in the spherical coordinates as

N:aa—':l=%<—8cosl9(30052[9—1),sin3—35in3.9, O> (34)

The quadrupole potential source. Differentiating with respect to z (31) one

derives the potential component quadrupole in the form

~|-:_4i/'rl7 {X(Xz +y?=427) (X4 y? - 42°),2(3%, + 3y, _222)} (35)

— 2 (1+3c0s29, 25in 29, 0)
;

Here ji is the source quadrupole moment. The vector flow (35) through a

sphere is
2¢ T
[do[i;r*singdp =0 (36)
0 0
The sum of the radial components (24) and (35) on the sphere is
- 2ji1\1+3cos29
N, +1, =|é+=5 |————=0 37
r r (5 RZ j 2R2 ( )
at
i
r==¢ (38)

which taking into account (26) and (36) means that the vector

W+i+ﬂl(N+'I') (39)

is the solution of the continuity Equation (18) at the arbitrary parameter A4, ie.
the known solution of the problem of flowing around a sphere (33) is not unique.
The field (39) decreases at infinity as 1/r2 due to the neutron component (24),
whereas the potential field (31) decreases as ]/r3 .

The energetics of the flow around a sphere. The value of

I+ 4, (N+T) (40)

is the inherent field of a streamlined sphere. The kinetic energy of the field

momentum (40) Kis

K=K, +K,+K, (41)

Here
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K1='fJJ'(i-i)dV=%2Rw2 (42)

K, =4 J [((N+T)-(N+T))av = 13)85“;5 (43)

Integration is performed with respect to the external part of the surface of the
sphere. The values of K, and K, are the self-energies of the potential and the

neutron components, respectively. The value of ji is arbitrary.

Ky =24 f[f(i-(N+T1))dv =0 (44)

is the interaction energy of the potential and the neutron components.

The potential energy should be added to the kinetic energy (41) to get the total
energy. The pressure p acts as the potential energy density for an incompressible
fluid, whereas enthalpy for a compressible one. The pressure p can be derived
from the equation of motion (14), substituting there the velocity (40) one
obtains a complex differential equation. There is no point in solving it, since it is

impossible to produce continuous flowing around a sphere.

2.2. Solution of the Problem of Flowing through the Sources on
the Surface

Let us illustrate the solution of the problem of flowing using the example of
flowing around a sphere with the radius R with the centre at the origin of the

coordinates

z=+R?=Xx*—y? (45)

The modulus of the normal of the external flow to its surface, according to
(30), is
W, =WCos 4 (46)

Let a sphere be the source of the density of the momentum having only the
radial component which at r - R-0 is equal to W,, and at r > R+0 is
equal to —w,. In passing through the surface of the sphere the momentum
density undergoes an abrupt change equal to —2w,, . It means that the surface of
the sphere S'is the carrier of the delta-function of the simple layer [2], and in (3)
the function of the source in the spherical coordinates is

q(r)=-w,d; (47)

In the spherical coordinates only the radial component has the source on the
sphere, the direction of the normal to the surface coincides with the coordinate
line, therefore, the source (47) is a scalar. In the general case of an arbitrary
surface it will be a vector. The flow of the vector w, through the area element
dSwill be wcosddS , its contribution to the potential at the point r will be

2 i i
W cos _ WR* cos 9 sin g 9dg, = wd{}ld o (48)
|r—r1| \/r2—27rR+R2 \/m
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The lower index 1 means that the given value refers to the sphere S, the radial
component of the area element is dS =R’sin$d$%dg,. The problem is axially
symmetric relative to the zaxis, therefore, it is possible to assume @ =0
without a loss of generality. The velocity potential is

n

_ 1/WRQJ-d sin g cos 9 SINGCSE g

o o41- 2}/g+g

=—v— J'dgolj'sms cos 9 ZP (7)0"d&, (49)
= —ng:—jcosS
Here it is designated
o=R/r (50)
¥ =C0S9c0s Y +Ccose, sin gsin§ (51)

v is an arbitrary parameter. The expansion in terms of the Legendre

polynomials is used

1 ___Sp (52)
=270+0° 2R )

One can show that

T2 47 [cos3, n=1
dg |P, g cosdd
! 1£ (7)sin g, cos 9 dg, = 3{0, 1 (53)

The Legendre polynomial is expressed in this way [5]:

1 (-1 (2n-2m)r 0
P”(y)_?g‘)m!(n—m)!(n—Zm)!y (54)

Here n, is equal to /2 with even nand to (n —1)/2 in the case of odd 1.
Differentiating (49) with respect to r and assuming r=R one derives the

value of the normal component on the surface of a sphere

w =2 059 (55)
3R

n

At v=3R/2 the value of the normal component of the flow velocity on the
surface of a sphere is equal to (46), ie. the solution of the problem of flowing
around a sphere.

The potential field of velocities is the convolution (19) with a function of a

source (47):

Sr
—Vans *—3 (56)
r
The field
Sr
(—vwnﬁs *_3J +W (57)
r

has the normal component of the velocity of the flow on the surface of the
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streamlined body equal to zero.
A complete solution of the problem of the continuous flow around a sphere is

written in the form
S /. .
w, s (i 4, (T4 N))+w (58)
where the vectors I,I,N are given by the relations (31), (35), (24). The vector
S .
w5 *(N+T) (59)

on the surface of a sphere will have a zero radial component of the velocity.
If one takes the arbitrary closed surface Sas the Sin (58), then the function of

the source will be a vector value in the form
a(r) = w,ds (60)
and (58) will be written as
wnasi(i+zl('|'+ N))+w (61)

The function (61) is the solution of the Equation (3) and it is a general
solution of the problem of flowing by a steady flow around an arbitrary surface §
in the quadrature form and not only around a sphere. According to (28), for a
complete solution one should add the multipoles to (61).

To single out a solution that could be physically realisable, it is necessary to
add some additional conditions to the boundary ones, e.g. the requirement for
the minimum of the total energy of the system. There can be also other
conditions.

There is an opinion that the continuous solution of the continuity equation in
the problems of flowing when there are no viscous stresses will be a solution that
is physically realisable. Broken and stalled flows are ignored in the consideration
without explanation. However, stalled flows can have a total energy less than
continuous ones, and they are physically realisable. It takes place under flowing
round a sphere, and the noncontinuous solution with the formation of vortices
is implemented. Nowadays the occurrence of stalled flows is explained by the
effect of viscous stresses, which is impossible. Below in section 4 it is shown that

viscous stresses do not exist in nature.

3. Inertial Effects

Vortices in a flow occur under stalled flow when a low-density zone is formed
behind a streamlined body, which is clearly seen in flowing around an
orthogonal plate (Figure 3).

The contribution of viscosity into the flow energetics is small because viscosity
is essential only at the sides of the plate A and B with a small length. This
contribution is much less than the kinetic energy of the vortices formed behind a
streamlined plate. The vortex diameter is comparable with its length rather than

with its thickness which is much less than the vortex diameter. Therefore, it is
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Figure 3. Shown is a thin plate located perpendicular to the running flow. The thickness
of its slides at points A and B is much less than the diameter of the vortices occurring
behind the plate.

impossible to correlate the formation of vortices with viscosity.

The appearance of the angular velocity (12) is related to the nonpotential
character of the flow. However, it changes in the flow from point to point, it is
impossible to single out regions rotating as a whole like a solid with the angular
velocity similar for all of its points [6]. By the term “vortex” we will understand a
fluid domain rotating in such a way that at each point of the domain the angular
velocity is approximately the same.

The principal question is which moments of force produce vortices. Pressure
cannot produce them in principle, since its force is the pressure gradient, which
is a potential value and its work along a closed contour is always zero. If there
are no external forces, only the forces produced by the pressure act in a fluid.

Let us consider a fluid ring in a flow with the radius r and the thickness dr.

The element of the ring mass in the cylindrical coordinates is

prdrde (62)

Its moment of inertia is
2n
Iprzdrd¢:2npr2dr (63)
0
Let the volume force that in the cylindrical coordinates has only one azimuth
component with the density Br (g is the proportionality coefficient) act on a
fluid (Figure 4). Due to this force, the element of mass (62) is affected by the

moment
Boridrde (64)

Integrating this expression with respect to ¢ from 0 to T, one derives the

moment of force acting on the ring
2nBprdr (65)

Dividing the moment of force (65) by the moment of inertia (63) one gets that
the angular acceleration of the ring is f, a constant value. The constants of the
angular acceleration is needed for the fluid domain to spin like a solid with the

same value of the angular acceleration of all the domain points.

DOI: 10.4236/wjm.2018.89029

398 World Journal of Mechanics


https://doi.org/10.4236/wjm.2018.89029

A. Ivanchin

Figure 4. Shown is the fluid ring, with the volume force of the density Arhaving only one
azimuth component applied to each point on the ring.

Let a flow be formed, due to the differences of the pressure, with the acceleration
field

az{yy,O}:yr<coswsin(p,—sin2¢)> (66)

here y is some coefficient of proportionality. In the broken brackets the value
of the vector in the polar coordinates is shown. The acceleration in (66) has a
linear dependence on the coordinate. This dependence can be obtained with an
arbitrary field of acceleration by means of expansion into the Tailor series near

the centre of the domain mass centre

A (x) =3, (0.0)+ Z(0.0)cx (67
i

The origin of the coordinates is in the centre of the domain mass.

The moment of the force acting on the ring with the inner radius r and the
external radius r+dr will be derived by the multiplication of the azimuth
component in (66) by prdr and the integration with respect to ¢ from 0 to
2. As a result, one obtains

—mprdr (68)

Comparing (65) and (68) one can see that the acceleration field (66) has the
moment of force acting on the ring that ensures spinning of the fluid domain
like a solid having the same acceleration at each point.

The rotor Vxa is the angular acceleration. If in a fluid the angular
acceleration is a constant value for all the domain points, this domain produces a
vortex.

The moment of force can be applied only to an object possessing the moment

of inertia, which means that the object has to possess finite dimensions. A
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material point has no moment of inertia. The moment of inertia is a
characteristic taking into account the inertial properties of a system. The
modern theory of hydrodynamics gives them little attention. As a result, the
mechanism of the formation of vortices is disregarded. The mathematical
description of a flow is made using the system of differential equations, ie. a
flow is considered at each point without integral characteristics. For instance,
flowing around a sphere is one of the problems where the stalled character of a
flow with the formation of vortices is manifested. All attempts to describe it

taking into account viscous stresses are a failure.

4. Momentum Diffusion

At present it is considered that in the flow of a gas or a fluid there exist tangent

or the so-called viscous stresses, their value, according to the Newton law is

p, =v o (69)
.. =) ———
o

Here v is the viscosity coefficient, Py is the stress tensor and the
nondiagonal components in it are the viscous stresses [1]. The equation of

motion (10) has the form

% +V, % = 3% (70)
i P OX

The physical reasons for the pressure in a gas and a condensed media are
principally different. In the case of a gas, the pressure on the surface is produced
only due to the collision of the molecules moving chaotically with the surface. So
the source of the pressure in a gas is the kinetic energy of the molecules. The
potential energy of the intermolecular interaction does not make contribution to
the pressure, since the average distance between the molecules is much larger
than the radius of the action of the interatomic forces. This property of a gas is
the reason for the implementation of the thermodynamic relations, in particular,
the Clapeyron-Mendelyeev law. For the tangential stresses to exist, it is necessary
that the molecules be located near the equilibrium position and if they move
there would be a force making them return to the previous position.

In condensed media the situation is different. The molecules are at distances
at which the potential energy of the interatomic interaction is great, it has to be
overcome in compression or tension and due to it the pressure is produced.
Therefore, the dependencies of the density on the pressure for condensed media
and gases are different. The interatomic interaction is responsible for the
existence of the tangential stresses in the solids in which the average kinetic
energy of the thermal atomic vibrations is lower than the potential barrier height
for a shear. In fluids these energies are of the same order, the energy barrier for a
shear is escaped by the thermal vibrations, which causes the flow of a fluid and
its inability to resist a shear. Neither a fluid nor a gas can have tangential stresses,

which is especially evident in the case of a gas. The point of mechanics on the
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existence of viscous tangential stresses is erroneous, their inclusion in the
equation of motion leads to an incorrect mathematical description of a flow.

In a gas the momentum of a molecule relative to the solid surface can be
resolved into the normal and tangential components. In the collision against the
wall both components of the molecule can change, since the surface is formed by
the atomic sequences. A change of the normal component always leads to a
transfer of the surface momentum in one direction—along the normal inside the
wall. When the tangential component changes, the molecule has a force effect on
the wall in the tangential direction. However, due to the stochastic character of
motion, if the average tangential component of the momentum is zero, the gas is
immobile, then the average tangential effect on the wall is also zero. When the
average tangential momentum projection is not zero and is equal to w, the gas
moves along the wall at the velocity w, the reflected molecules transfer to the
wall part of the average potential momentum, the wall retards the gas and offers
a viscous resistance.

The same happens under a motion inside a gas. If the derivative of the gas
velocity in the direction perpendicular to the streamlines is not zero, in the
adjacent layers the average velocities of the gas molecules are not the same: the
molecules of the layer moving faster penetrate into the slower one and colliding
against its molecules transfer an excess momentum. And vice versa, the
molecules from the slower layer pass into the faster one retarding it. Thus, the
momentum diffusion results in the occurrence of the momentum sources and
discharges in the gas volume.

The boundary layer should be considered a diffusion layer, which is described
by the equation of diffusion.

A change of the momentum of the elementary volume dQ is caused by two
reasons. First, by the effect of the external forces on the volume dQ such as the
difference of the pressure. Second, by the addition of the momentum to the
volume dQ by diffusion. The total value of the change in the momentum is their
sum. The momentum is a vector, one should consider the diffusion blow-in of
each of its component through the surface of the elementary volume. Its entry
for the time d¢is

dJ; =nv-(V1,)dt (71)

Here 7 is the coefficient of the momentum diffusion.

The momentum increment dI is the sum dl =dl, +dJ, dl;, we shall call it a
force increment, it is produced by the difference of the pressure p and the
external forces. The diffusion momentum dJ changes the momentum of the
elementary volume even if there is no difference of the pressure and the external
forces. Unlike dl,, it does not enter the Bernoulli Equation (16). This division is
somewhat arbitrary, it serves to illustrate the role of each phenomenon.

If due to the diffusion the momentum (71) is added to the material particles,
then its velocity should increase by the value du=(dJ/dQ) / o and the

surrounding particles will continue to move at the previous velocity, which
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contradicts the continuity Equation (3). Therefore, the momentum transferred

by the diffusion is divided into two parts
dJ=d+dJ (72)

here dJ is the part of the momentum that passes into the velocity of the
particle and part of the dJ, due to the retardation by the environment, passes

into the additional pressure

—\2

(49)
dp = (73)

2p
and this excess pressure affects the motion of the surrounding particles in
accordance with the equation of motion (11). Note that here, unlike the force
momentum [, an increase in the velocity can result in an increase in the
pressure. For a number of problems the value of dJ is much higher than dJ

and it can be neglected in the first approximation dJ.

The diffusion momentum J is derived from the diffusion equation

! (74)

The double summation in this formula is related to the fact that each
component of the momentum contributes to the diffusion through all sides of
the elementary cube. Besides, in the right side there is the total momentum,
whereas in the left one there is the diffusion momentum. This is because the
diffusion is produced by the difference in the total momentum, and only the
diffusion part of the momentum appears as a result of the diffusion.

For some problems it is possible to separate the force and the diffusion parts,
for instance, for the diffusion in a stationary fluid when |, =0, with only the
diffusion part of the momentum remaining. The Equation (74) for this case is

written as

! (75)

The diffusion momentum corresponds to the appearance of the volume
sources of the momentum with a power equal to the right side (74). These
should be added to the continuity Equation (3) and, as a result, one obtains

3, 0%,
Vi=q(r)+ '
a(r) njélaxjaxk

(76)

From the point of view of mathematics one should solve simultaneously the
equation of the momentum diffusion (74), the continuity Equation (76), the
equation of motion (10), which is a complicated task. It is simpler to solve them
one after another: to solve the diffusion equation as the first approximation, for
the second approximation to derive the momentum taking into account the
diffusion sources from the continuity Equation (76) and from the equation of

motion to specify the field of velocities. In the present work the focus is on the
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first approximation, Z.e. the solution of the diffusion equation.

Momentum diffusion near a flat plate. Let us consider a problem in the
two-dimensional statement when there is no dependence on the coordinate z
and the vectors have only two components along the abscissa and the ordinate.
Let some infinite space be occupied by a stationary fluid, therefore, one can use
the diffusion Equation (75). At the origin of the coordinates at the moment
t=0 there occurs an instaneous point source of momentum directed along the

axis of abscissa
3={3,0}={3,6(x)5(y)5(t).0} (77)

and it diffuses into the surrounding space. Here J, is the power of the
momentum source. Physically the above momentum could be produced in the
following way.

Let in a stationary gas parallel to the axis of abscissa at the origin of the
coordinates there be a thin strip of the width d/ which at the moment of time
t=0 moves jumpwise at the distance dx along the abscissa (Figure 5). The gas
interacts with the surface of the strip due to the molecule collision. While the
strip is immobile, it does not affect the distribution of the molecular velocities. If
the strip moves, then due to the collisions of the gas molecules with it, the latter
are imparted the momentum, so around the strip there appears a macroscopic
motion of the gas diffusing into the surrounding space.

The equation of the momentum diffusion is written as

2 2
%_q(%ﬂ#;y_fj = 3,5(x)8(y)8(t) (78)

If a fluid moves along the abscissa at the velocity —W, then the derivative

with respect to time in (78) should be considered total and then (78) is written as
o [aZJ 0°

For the stationary case 0J/0t=0 and the point source constant in time,

o (t) is replaced by unity and (79) changes to

Figure 5. Shown is the thin strip located along the z-axis moving jumpwise along the abscissa.
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aJ o RN
W—+7| —+— [=-J,0(X)0 80
S| S+ 2= aawa ) (80)
If a fluid is immobile w =0, then (79) is written as
oJ 0% 84
— 1| —+—|=J,0(X)5(y)o(t 81
2 23222095010 1)

Let us introduce the scales of the distance Z, the time t,, the momentum
J.=J / L* then the variables are brought to the dimensionless form using the
formulas X=Ly,y=LJ,t=t,7,J=J,Y. Due to the arbitrariness of the scales
of Land t,, the following equalities should be fulfilled

n=L, (82)
w=L/t, (83)
then the scales are written as
t, == (84)
W
L= (85)
w
2
W
3y = (36)
n

______ 5(2)3(¢)(c) 7

Here the property of the J-function 5(L)() = 5(;{)/L is used. No
parameters enter this equation. The Equation (87) describes the evolution of the
dimensionless momentum in the dimensionless coordinates and time.

For estimation let us take the following values of the parameters in (115):
n :lO_SmZ/S, w=1m/s. The viscosity coefficient of the air is 1.5x107° mZ/S ,
then L=10"m,t, =10"s.

The Equation (87) for a stationary fluid is written as
——— 5(x)6(¢)o(r) (88)

For the equation in a stationary fluid (81) the velocity w =0, therefore, (83)
disappears and the scales L and t, are chosen quite arbitrary. Since further I
am planning to turn from a stationary fluid to that moving at the velocity w; the
choice of the scales (84) - (86) is the same for the Equation (88).

The stationary Equation (80) for a fluid moving at the velocity equal to unity
is presented in the dimensionless variables like

2 2
St =09 (0) )
oy ox o€

Here (84) - (86) are used as the scales.
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The value J,. The average distance between the molecules 2 from the

Clapeyron-Mendelyeev law is written as

13 13
o) ()
PN, p

Here R=N,k is the gas constant, & is the Boltzmann constant, N, is the

Avogadro number, T'is the absolute temperature, p is the gas pressure. For the
air A is by an order of magnitude larger than the interatomic distance in
condensed substances.

The average velocity of the progressive motion of a molecule along the normal
to the strip is

V= |— (91)
yri

Here 4 is the molecule mass. This relation is valid for monoatomic gases.
For polyatomic gases the dependence (91) between the temperature and the
progressive velocity at high temperatures is more complicated due to the
contribution of the molecule rotations and the intramolecular vibrations. Here
the gases are considered for which the relation (91) is fulfilled. The time during

which a molecule will cover the length 2 will be equal to

3\
t‘%:[ a J (92)
v p°kT

The average length of the free path of the molecules in a gas is much larger
than A, it is possible to neglect the colliding ones and consider that half the
molecules located at the distance A from the strip reach its surface since the
other half of them move back from it. From the Clapeyron-Mendelyeed equation
one derives the number of the moles contained in the volume dV =Adl per

unit of length along the coordinate z

pdv _ pi

=——dI (93)
RT RT
Then the number of the molecules reaching the strip is such
2
padly :1££j3 dl (94)
2RT 2\ kT

After the collision with the moving strip each molecule will receive from the
plate the average momentum quw directed along the abscissa. The value of
a determines the average value of the transferred tangential momentum in the
collision of a gas molecule with the atoms of the wall, w is the velocity of the
motion of the strip in a jump. Multiplying this value by (94) one derives the
momentum transferred from the plate to the gas due to the molecular

interaction during the time of the elementary jump t in the form

3, = %W(ijm di (95)
2 \kT
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J, is the momentum per unit of the length of the plate along the z-axis.

Moving source. The continuous motion of the point source of the
momentum at the velocity w can be presented in the following way. Let us take
the plate length equal to dl =wdt. Then (95) will be written as

Jo =Wt =podr (96)

Here the Equations (84)-(86) are used,
2
oo ﬁ(if (97)
2\ kT
Let the plate be located at the moment of time ty, =—Ndt on the negative
part of the axis of abscissa at the point X, =—Ndl =—Nwdt and then caused to
move at the distance d/ during the time dz Here N is the natural number. As a
result, it will arrive at the point of the axis of abscissa Xy, = —( N —1) wdt .
From this point at the moment of time ty; = —(N —1) dt it repeats a jump and
gets to the point X, , and so on. In the time t, =ndt it will make njumps and
find itself at the point of the axis of abscissa X, = ( N - nw) dt. At the moment of
the time t=0, when n=N, the plate will be at the origin of the coordinates.
With each jump the plate produces the diffusion field described by the Equation
(78) whose solution is [2]:

_ 00t) (o) ey
J(x Wt”’y’t”)_JO4nn(t—tn)eXp[ an(t-1) (98)

Summing (98) with respect to 2 from 0 to /V one obtains the solution of the
problem on the evolution of the field of the diffusion momentum produced by
the moving point source of the momentum in the stationary fluid from time
t=t, <0 totime t=0:

>
=z

J(0y.0)= 23 (x-wty -t )

1 (x—wty_, )2 +y? (99)
exp| —~—— N/ 7
n 477(t_tN—n)

With the elementary jump dl — 0, this sum changes to the integral

R 2,0 1 _ 2 2
J(x,y,t)=:n‘;)]tj't_tiexp{—(xmxttl)_g)y ]dt1 (100)

j(x, y,t) is the solution of (80) for t>t,, since for t<t, the momentum
j(X, y,t)=0 due to G(t—tN)=0 . If t, <t<0, then in the sum in (99)
summing should be interrupted when t, >t and the upper limit in the

=
o

et

n=N
= dr
4nn ; t

-1

integral will be ¢ rather than 0. Thus, (100) is the solution of the problem when
at the moment t=t, atthe point Xx=wt, of the axis of abscissa there appears
the momentum source and moves in the positive direction, while at the moment
of time t=0 it disappears. In this case, the upper limit in the integral in (100)

is zero. If after the moment t=0 the momentum source continues to move, its
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upper limit in (100) should be ¢ and the solution will be written as

- Vo 1 _(X—Wt1)2+y2
J= It exp[ (1) ]dt1 (101)

Note that as a result of the summation, the momentary character in time of

the point source disappears, it becomes constant in time during its movement
due to the summation. However, the momentum character of the spatial
coordinates remains but changes to the form &(x—wt)5(y).

At ty > —o (101) changes to

f1 (x—wt,)* +y?
i= 47r77 th [ dn(t-t) }dti (102

Substituting t, =t—t in (102) and turning to the moving system of the

coordinates X,y the substitution of x=x-—wt one derives

. 2 . t 2 2
j_Wo 1exp{_wldtz

4nn g dnt,

(103)

In this system of the coordinates the stationary point momentum source is
located at the origin of the coordinates, and the fluid moves along the axis of
abscissa at the velocity —W. The function (103) is the solution of the stationary
equation of diffusion in the moving fluid with the point momentum source at
the origin of the coordinates (80).

Using the values (84)-(86) as the scales the solution (103) in the dimensionless
form will be presented as

_1 x-1)+¢°
= JQX{ ar } (104)

Here y=x/L,7=t,/t,,{=Yy/L.

From (104) it follows that the solution does not depend on the time, and the
integral is the function of only two dimensionless spatial coordinates y,¢ . Let
us show that (104) is the solution of the stationary equation of diffusion in the

moving fluid (89). Substituting the function (104) into (89) one obtains

o 2, 2
A -7) +
j—sexp{—u}drzo (105)
o7 4t
Here it is designated
A=+ —dr 17 (106)

For the Equation (104) to be the solution of the equation (89), it is necessary
that (105) be zero at any values of 4, . I have failed to analytically prove it,
however, the numerical calculation (105) supports it.

The sign A determines the sign of the integrand in (105). The equation

A =0 has only one positive root

T.=4+ 2 +¢7 -2 (107)
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At O0<7r<7,A>0,and at 7>7,,A <0. The integrand in (105) exponentially
tends to zero both at r—>0 and 7—+w. Really, A~7> at 7 — +w0, and
the exponent in (105) tends to zero, since its index — -0 at 7-—>00.

At any values of y,¢ the following equality takes place

L (2.¢)==1.(%.¢) (108)
Here it is designated

TA (;(—r)z+§2_
| , =|— . S A A d
(7€) lrgexp[ w r (109)

0 2 2_

A -7) +

Iz(;(,é):j?exp[—% dr (110)

As an example, Figure 6 shows the results of the calculation of the integrals
Il(;(,g) and |2(}(,§) for the abscissa y =1 and the ordinate ¢ within
the interval (0,6). The curves in the plot are symmetric relative to the axis ¢,
hence it follows that the equality (108) is fulfilled.

Note that the identity (105) is valid even for a more general form of the
functions at the arbitrary ¢

o _ 2 2
j%exp[—%}dﬁo (111)
0

The plate of a finite length. To consider flowing around the plate with a
finite length £, it is necessary to use the momentum function &, its carrier is

the segment L, Le. to use the notion of a simple layer. It is determined as [2]

f(x,y)i£= [ £(x(t),y(t))dt (112)

tel

The plate length in the dimensionless form is

Figure 6. Plot of the functions |1( 1< ) —(the upper curve) and |, ( 7,¢ ) —(the lower
curve) for y=1 ¢ € (0,6) .
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L
A== 113
3 (113)
The equation (89) is written as
or o’y oY
—t——t—=-7, (114)
ox ox° o¢

Here o, is the J-function with the carrier the segment A in the
dimensionless variables. Using (104), one derives the solution of the Equation
(114) [2]

0

ool (5ol

Figures 7-9 show the diffusion momentum Y versus the coordinate ¢ for

Y(;(,g’):_ﬁ(;{—s,{)ds:%'Edr}[%exp{—w}ds e

the assigned values of y . The values of y are shown on the left of the plot,
which gives the values of the momentum on the straight lines orthogonal to the
plate y =const. In Figure 7 these lines go through the plate, in Figure 8 they
cross the axis of abscissa y behind the plate. In Figure 9 they pass in front of
the plate.

The plots are symmetric to the axis of abscissa y as it follows from (115),
therefore, it would be enough to show the plots only for ¢ >0. However, their
behavior on the axis of abscissa at ¢ =0 is of interest, therefore, the left half of

the profile is shown in the truncated form.

Figure 7. Plot of the diffusion momentum Y near the plate when it is streamlined by a
viscous fluid. The dimensionless length of the plate is 10 and it is located on the axis of

abscissa y at the interval (0,10). The values of the coordinate y are indicated on

the left of the corresponding plot. The lower plot gives the values of the momentum at the
beginning of the plate, the upper one at the end.
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Figure 8. Plots of the momentum Y behind the streamlined plate.

Figure 9. Profiles of the dimensionless momentum Y in front of the plate.

In Figure 7 one can see that the plot of the momentum on the plate forms an
acute angle, ie. the derivative dY/d{ on the plate undergoes a break, which
should be expected, since the plate is the momentum source. Outside the plate
the momentum profile has an extremum with the continuous derivative
dy/d¢ =0.

In front of the plate there also exists a diffusion momentum shown in Figure
9. However, it disappears quickly with increasing distance from the plate up the
flow.

The obtained results agree with the experimental data. The problem in the
present theory of the boundary layer is the profile of the velocity near the front

edge of the plate. The calculated profiles are much different from the measured
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ones. The theory suggested here solves the above problem.

Flow in the cylindrical tube. As it has been shown here, the viscosity
coefficient v in (69) is a fictitous value, since there are no shear stresses in
gases and fluids. There arises a question how the viscosity coefficient Vv is
related to the coefficient of the momentum diffusion 7. One of the main
methods of measurement of the viscosity coefficient is the flow in a cylindrical
tube [1].

The rate of the flow through a cylindrical tube of the radius R under a laminar
flow is [1]

nR* Ap _ R’
8v | 8v

(116)

Here P =Ap/l is the difference of pressure per unit of the tube length.

For the stationary flow of a viscous fluid through a round tube of the radius R
due to the viscosity there is a radial dependence of the velocity U=uU (I‘) that is
smaller near the tube wall than on the axis. As the boundary condition let us take

the adherence condition

u(r)=0, r=R (117)

The equation of the momentum diffusion for an incompressible fluid in the
cylindrical coordinates is written as

ou ng(rau

a ror\ ar

=P 118
paz ror ) (118)

The velocity u does not depend on z then 0u/dz=0 and this equation is
brought to the form

—ﬁi[ra—u} P (119)
ror\ or

The solution of this equation is

u:£r2+c4lnr+c5 (120)
4n
Here c, and c, are the arbitrary constants, from the limiting condition of
the velocity it follows that ¢, =0.
The value of the arbitrary constant c, is determined from the boundary
condition (117).
In a general case, it is necessary to assign the momentum diffusion into the

tube wall

u ar (121)

r=R
Here 7 is the shear stress on the tube wall caused by the momentum
diffusion into the tube wall, & is the proportionality coefficient otherwise
called the friction coefficient. This variant of the boundary condition is fulfilled
when “slipping” of the fluid along the tube wall takes place. From (117) one

obtains
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2
¢, =R (122)
4n
Finally, (120) is presented as
P 2 2
u(r)=—i(R*—r 123
()=, (R*=r’) (123)

which completely coincides with the classical distribution of the velocities
across the section of the tube [1]. The flow rate along the tube is determined by

integrating (123) with respect to the tube section

2 R TR*
jd¢ju(r)dr=8—P (124)
o 0 Ui

The relations (116) and (124) coincide, which means that in the experiments
on the measurement of the viscosity coefficient it is the coefficient of the
momentum diffusion which is determined rather than that of viscosity.

Coefficients of the momentum diffusion and thermal conductivity. The
relation of the viscosity coefficient to that of thermal conductivity is called the
Prandtl number [1]. The mechanism of the momentum diffusion and the heat
transfer is ensured in the same way—by the chaotic motion of the gas molecules
and their collision. On the average for a monoatomic gas a kinetic energy of
k172 falls at one degree of freedom and 34772 at three degrees of freedom, with
the energy, Ze. the heat transferred by all three degrees of freedom. Unlike the
heat transfer, the momentum has a definite direction, which is that of the flow of
a fluid. The chaotic motion in this direction does not affect the transfer of the
momentum that is transferred in the deterministic process. So only two
directions remain for the diffusion. Therefore, the Prandtl number for
monoatomic gases should be 2/3, which is really observed [7].

Superfluidity of helium. Fluid helium at a temperature below 2.6 K possesses
superfluidity [8], Ze. the ability to flow at a large velocity through capillars,
which means that the viscosity coefficient is either by orders of magnitude less
than the known values or zero.

The diffusion mechanism of viscosity is responsible for superfluidity. At low
temperatures the thermal energy of 34772 falling at a helium atom is small and
by the laws of quantum mechanics the energy transfer is possible only by quanta.
If the energy transferred is less than a quantum, then the momentum cannot be
transferred from a streamlined body to helium atoms, which rules out its
diffusion, which in turn means that the coefficient of cohesion in (95) « =0.
Superfluidity is not the property of helium nor a phase transition leading to the
disappearance of viscous stresses that do not exist in nature. It is the feature of
the interaction of helium atoms with the atomic lattice of the surface at low
temperatures.

One would suggest an alternative variant, e.g. at low temperatures the
momentum cannot be transferred among the helium atoms and a streamlined

surface, in this case, makes no difference, ie one deals here with a phase
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transition. However, this variant does not work because at the above
temperatures helium possesses thermal conductivity and the momentum is
really transferred among the atoms.

In hydrodynamics d'Alembert's paradox is well-known: from the potential
solution of the problem of the flow around a sphere by an incompressible ideal
fluid it follows that the resistance of the flow is zero. However, helium does not
manifest superfluidity in flowing around and the hydrodynamic resistance does
exist. Superfluidity does not rule out the formation of stalled flows of helium,
which produces resistance, according to the laws of hydrodynamics.

To explain superfluidity, a hypothesis [8] was suggested according to which at
a temperature of 2.6 K in fluid helium there occurs a phase transition separating
into two phases: a superfluid one with zero viscosity and a usual one, viscous. As
it follows from the present article this is a mistake because there is no need to

involve phase transitions to consider superfluidity.

5. Discussion

In theoretical hydrodynamics there exist serious delusions preventing one from
theoretical understanding of flows.

1) Mathematical nonuniqueness of the solution of hydrodynamic problems.
The classical potential solution of the problem of flowing around a sphere is not
unique, there exist a nonpotential solution different from the classical one.

The nonuniqueness poses a problem of formulating additional conditions for
choosing a physically realisable solution. Here the principle of the minimum
total energy of a system, ie. the sum of the kinetic and potential energies, is
suggested as the above condition. The kinetic energy is determined by the
momentum of a flow, and the potential one by the pressure for an incompressible
fluid and the enthalpy for a compressible one. For the potential flow of an
incompressible fluid the total energy density is the Bernoulli potential.

From the viewpoint of computational mathematics, nonuniqueness can result
in the divergence of computational algorithms. Here the additional conditions
that will depress the divergence and ensure a physically realisable solution are
also important.

2) The neglect of the integral characteristics of the flow and the attention fixed
only on the differential ones. As a result, the inertial properties of the flow are
ignored in the consideration, and for this reason the mechanism of the
formation of vortices by stalled flows is not clear. The formation of vortices is
erroneously explained by the nonexisting viscous stresses. As a result, there is no
mathematical theory of stalled flows even for the simplest problems, such as
flowing around an orthogonal plate or a sphere. The consequence is also the
absence of a consistent theory of turbulent flows.

3) The use of the viscous stresses that are fictious forces. They enter the
equation of motion but do not exist in reality.

The momentum diffusion leads to the necessity of including into the continuity
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equation the momentum sources caused by diffusion. The fictitious viscous stresses
in the equation of motion result in the failure of the solution of hydrodynamic
problems. For instance, it is impossible to obtain an adequate value of the profile
of the velocities of a viscous fluid flowing around a flat plate.

The fictitious viscous stresses lead to the erroneous theory of the superfluidity
of helium. Superfluidity is considered a phase transition under which the viscous
stresses disappear. However, since they do not exist in nature, there is no phase
transition. At low temperatures due to the small energy falling at a helium atom,
the transfer of the momentum from the streamlined wall to helium atoms
becomes impossible due to quantum effects. Superfluidity is manifested only
during soaking of helium through capillars. In flowing around profiles there
exists the hydrodynamic resistance as in usual fluids caused by the stalled
character of the flow. Viscosity does not work here.

Then the fact that the Prandtl number for monoatomic gases is 2/3 finds the
explanation.

The mathematical description of the flow of a viscous medium should include
e the equation of the momentum diffusion;
¢ the continuity equation that includes the diffusion momentum as the volume

momentum source;
o the equation of motion without viscous stresses;
¢ the energy equation.

One should also take into account the integral characteristics of the flow and
find the regions forming vortices. One should take into account nonuniqueness
of the solution of a hydrodynamic problem and the existence of nonpotential
solutions. It is necessary to include some additional conditions along with the
initial and boundary ones to find a physically realisable solution, e.g. the
condition of the minimum total energy of a system.

From the point of view of mathematics, there always exists a continuous
solution of the continuity equation. However, there also exist broken solutions
in which the region of the flow is divided into subregions inside which the flow
is continuous, and on their borders there is a break of the tangent to the
boundary of the velocity component. A broken solution can have the total
system energy lower than the continuous one and, as a result, the latter solution
is realised.

The above points should be taken into account in the theoretical solution of
hydrodynamic problems and the development of the computational algorithms

of their solution.

6. Conclusion

The analysis made here shows that at present in hydromechanics there exist
serious gaps and erroneous notions both in the physical and mathematical
aspects. These drawbacks block the application of theoretical hydrodynamics for
the solution of practical problems and understanding of the processes related to
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the flow. To avoid them, one should approach more strictly to the theoretical
comprehension of the phenomena both from the viewpoint of physics and
mathematics. For instance, if there is no proof of the uniqueness of the obtained
solution of a physical problem, one should try to find another solution or a proof
of the uniqueness. In physics it is necessary to keep watch on the correctness of
the applied concepts. One should not use fictitious values as is the case of

viscous stresses for a gas.
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