/
oo Resmurch
0.00 Publishing

Open Journal of Statistics, 2020, 10, 228-238
https://www.scirp.org/journal/ojs

ISSN Online: 2161-7198

ISSN Print: 2161-718X

Dependence Model Selection for
Semi-Competing Risks Data

Jin-Jian Hsieh, Cheng-Fang Tsai

Department of Mathematics, National Chung Cheng University, Taiwan

Email: jjhsieh@math.ccu.edu.tw

How to cite this paper: Hsieh, J.-J. and
Tsai, C.-F. (2020) Dependence Model Se-
lection for Semi-Competing Risks Data.
Open Journal of Statistics, 10, 228-238.
https://doi.org/10.4236/0js.2020.102016

Received: February 17, 2020
Accepted: March 31, 2020
Published: April 3, 2020

Copyright © 2020 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

Abstract

We consider the model selection problem of the dependency between the
terminal event and the non-terminal event under semi-competing risks data.
When the relationship between the two events is unspecified, the inference on
the non-terminal event is not identifiable. We cannot make inference on the
non-terminal event without extra assumptions. Thus, an association model for
semi-competing risks data is necessary, and it is important to select an appro-
priate dependence model for a data set. We construct the likelihood function
for semi-competing risks data to select an appropriate dependence model. From
simulation studies, it shows the performance of the proposed approach is
well. Finally, we apply our method to a bone marrow transplant data set.

Keywords
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1. Introduction

Semi-competing risks data [1] were often encountered in a biomedical study in
which a terminal event censors a non-terminal event. A common example of the
terminal event is death, and the non-terminal event usually is disease progres-
sion or relapse. When the relationship between the two events is unspecified, the
inference on the non-terminal event is not identifiable. We cannot make inference
on the non-terminal event without extra assumptions. Thus, an association model
for semi-competing risks data is necessary for copula-based approaches [1]-[6],
and it is important to select an appropriate dependence model for a data set. Hsieh
et al. [4] used a distance measure between a non-parametric estimator and a model

based estimator to select a proper dependence model. In this paper, we construct
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the likelihood function under several candidate models for the semi-competing
risks data and use the likelihood function to select a most fitted model. In simu-
lations, we compare our proposed methods with Hsieh ef al [4]. This paper is
organized as follows. In Section 2, we introduce the structure of semi-competing
risks data and copula models. In Section 3, we derive the likelihood function for
semi-competing risks data and introduce three model selection methods. We ex-
amine the finite sample performance of the proposed methods and compare them
with Hsieh ef al [4] in Section 4. In Section 5, we use the Bone Marrow Trans-
plant data from Klein and Moeschberger [7] to illustrate our suggested methods.

Finally, we make some conclusions in Section 6.

2. Data and Model Assumption

Semi-competing risks data consist of a terminal event and a non-terminal event,
which a terminal event may censor a non-terminal event. Let 7'be the time from
the initial event (e.g. disease diagnosis) to the non-terminal event (e.g. a status of
disease progression), D be the time from the initial event to the terminal event
(e.g. death), and Cbe the time from the initial event until lost to follow-up or the
end of study. In general, we assume that C is independent of (T,D). Define
X =min(T,D,C), Y =min(D,C), &=1(T<Y), and 6,=1(D<C). The
observed data can be denoted as {(Xi Y, 04,0y, ) [i=12,-, n}.

With semi-competing risks data, we are interested in its dependence structure
between 7 and D and require to ensure the validity for the inference of the
non-terminal event time 7. The most commonly used model for dependence is

the copula model [8]. We assume (T, D) follow a copula model as

Pr(T>t,D>d)=C,(S(t),G,(d)),0<t,d <oo, (1)

where S(t) is the marginal survival function of 7; G,(d) is the marginal sur-
vival function of D, C,(--) is a parametric copula function defined on a unit
square, and indexed by a single real parameter, <, which is related to Kendall’s
tau [9]. To define Kendall’s tau, suppose that (T,,D;) and (T,,D,) are two in-
dependent realizations of the joint distribution. Then, 7 is the difference be-
tween the probability of concordance and the probability of discordance of these

two observations, namely,

z=Pr{(T,-T,)(D, - D,) 20} -Pr{(T,-T,)(D, - D,) < 0}.

A copula C, is said to be (strictly) Archimedean copula (AC) when
C, (uv) =0, (2, (u) + 2. (v)), 2)

for all 0<u,v<1, where the ¢, :(O,l]—) R" is a decreasing convex function
satisfying ¢,(1)=0 and ¢, (O*):oo. We take the following three examples
for Archimedean copula, the Clayton, Frank and Gumbel. The Clayton copula is
given by

C,(uv)= (u‘“ +V e —1)7]/(1,

a
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and its generator is
v, (t)= (t’“ —1)/a,

where « €(0,0)\{0}. The relationship between Kendall’s tau 7 and the Clay-
ton copula parameter « is given by 7 =a/(a+2). The Frank copula is given
by

C, (uv)= —iln(1+ (exp(—au)—l)(exp(—av)_1)}

a exp(-a)-1

and its generator is

%(U}'“[M}

exp(-a)-1
where « e(—o0,0)\{0}. The relationship between Kendall’s tau 7 and the

Frank copula parameter « is givenby 1+ 4{D1 (a) - l} / a , where
D,(a)= J: {t/a(et —1)}dt . The Gumbel copula is given by

C,(uv)= exp{—[(_m (U))a+1 +(=In (V))aﬂ}l/wl}’
and its generator is

a+l
o, ()=[-In(O)]"",
where o €(0,0). The relationship between Kendall’s tau 7 and the Gumbel

copula parameter « isgivenby 7= a/ (a+1).

3. The Proposed Model Selection Methods

In statistical analysis, model selection is an important issue. Several candidate
models are considered to fit data. Which model is the most appropriate for the
considered data? Under semi-competing risks data, the observed data can be
denoted as {X;,Y,,8,,6, |i =1,2,---,n}. To specify the dependency of (T,D), we
usually assume (T,D) follows an AC model. Our goal is to choose a best copula
model for the dependency of 7'and D among some candidate models, and the
idea is to use the likelihood function information to choose the most fitted co-
pula model from a candidate copula model set. Therefore, we need to derive the
likelihood function under different copula models. We derive the likelihood func-
tion by considering the four possible situations for the values of 6, and o,. Let
S(t) be the survival function of 7; f;(t) be the pdf of 7, G,(d) be the sur-
vival function of D, g,(d) bethe pdfof D, G,(y) be the survival function of G
and g,(y) be the pdf of C. For each case, we write a Randon-Nikodym derivative

i+]

of the distribution of (X,Y ), and denote the jC(u,v) by C(i'j)(u,v).

ou'dv

o (TypeA)If 6,=06,=0,whichmeans X =Y =C,
P(X=xY =y,6=06,=0)=0,(y)C*”(S(y).G,())-
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o (TypeB)If 6,=0,6,=1,whichmeans X =Y =D,
P(X=xY=y,6=06,=1)

:Gz(y)[gl(y)—gl(y)—C((Zo'l)(S(y),Gl(y))]
=—G2(y)CiO’l)(S(y),Gl(y)).
o (TypeC)If 5,=15,=0,whichmeans X =T and Y =C,
P(X =xY =y,6,=1,6,=0)

=0, ()] (021500 6,()+ €, (5.6 (1))

= gz(y)[ fr (%)= fr (x)—CS’O)(S(x),Gl(y))J
=-0,(y)C."(8(x).G.(y))
e (TypeD)If 9, =6,=1,whichmeans X =T and Y =D,
P(X=xY=Y,5=15,=1)

G (y){ o2

(TSX,DSy)}

-6, - {1-5(0-6.(5)+C. (51
G, (1)CE(5(0.(v).

Summarizing the above situations, we can derive the likelihood function for

one observation as
L(,S1%,Y,68,,6,) o (1) CL*?)(5(x),G, ()
= (02" [o. (s(X) . (Gi(y)] 1 (X)07* (¥) ®)
I &
=(0) [0u (5 () + 0. (G (N)][S(x ) =S ()] 0* (¥).
We can use the Kaplan-Meier estimator él() to estimate G,(-) based on data

{(Yi,52i)|i :1,2,--‘,n} and define §,(y) as él(y’)—él(y). Then we have a
likelihood function for the n observations as

L(a,S |{Xi’yi’51i'52i i 2112,“',n})

(
(

4)

n

T [ou (s ) 0. (G 0)]<[s(x) -5 ()] 8 (1)

i=1

Based on the likelihood function, we consider three approaches to select an

appropriate copula model, which are
Al=-2In(U),i=123 (5)

where Lij is the corresponding maximum likelihood function described in (4)
based on the ith approach (i=1,2,3) with ¢, ,(-), which is the jth candidate
copula model. Suppose that there are M candidate copula models for considera-
tion. For the ith method, we compute Aij, j=12,---,M . Then, select a copula
model with the smallest A].
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For the first method, LI, we use the estimator S(x) of S(x) by Lakhal eral
[3], which is extended from Zheng and Klein [10], and we have the likelihood as

L (a)=L(al{(%¥1.6:.8,)[i=12,-,n})
= lj(go;la )51i +65i [(ﬂjva(é(xi ))"‘%,a (él(yl)ﬂ (6)
<[8(x)-80)]" 6 (1,)-

Now this function can be represented in the form of only one unknown pa-
rameter ¢ . Next, we apply the optimize( ) in R to obtain the maximum like-
lihood, and define L = max L (a).

For the second method, L}, Kaplan-Meier [11] noted that the survival func-
tion can be written as S (t) = H (1— hj ),t >0, where

jIT(j)SI
hy=1-8(T;;)/8(T;y ) and define T, <T, <-<T,, as the sort of
{16, =1i=12,---,n}. So, there is a sequence h=(h,,---,h,) corresponded to
(T(l),T(z),---,T(k)) . By Lakhal ef al [3], we can estimate the o parameter, which
is also studied by Wang [2] and Heuchenne et a/ [6]. From the above, we can
write L(S |{(Xi,yi,51i,§2i)|i :1,2,---,n}) as

*

L () =L(h1{(x, ¥:.6,.8,) [ =1,2,---.n})

“TT(eit)" ™ [(ﬂj,&[ [ (1—hj)J+¢j.&(él(yi))] @

i=1 JTj<x

S
{ I (-n)- T1 <1—h,»>] 6 ().
iTjEx JTysx

Next, we use the PSO (Particle Swarm Optimization, Kennedy and Eberhart
[12]) algorithm, which is a computational approach that optimizes the corres-
ponding likelihood function by iteratively trying to improve a candidate solution,
to obtain the mle of h, which is denoted as h™, and define L = max L, (h).

The third method, L}, is similar to the second method but the number of the
maximizers in likelihood function are more than L*2 i (h) . We maximize the
corresponding likelihood with respective to & and h simultaneously, and the

corresponding likelihood function is

L;j(a’h): L(a’h|{(xilyi’51i’52i)|i :1,2:"',n})

_T ((0;1)61i+52i (%( T (1_hj)J+¢“(él(yi))J (8)

i=1 JTj<x

S

X[ [T (2=hy)- TI (1‘hj)] G (1)
BT BTy

Then, use the PSO (Particle Swarm Optimization) algorithm to obtain the max-

imum likelihood, and define L} = max L, (er,h) . The difference for the three me-

thods is the maximizer number in the corresponding likelihood function. In simula-

tions, we would compare the correct selection probability for the three methods.
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4. Simulation Studies

This section examines the performance of the proposed model selection me-
thods and compares it with Hsieh ef al. [4] through several simulation settings.
Simulated data are generated from three copula models which are the Clayton
model, Frank model, and Gumbel model. Based on simulated data from one co-
pula among the three copulas in the above, three candidate models are considered
to fit the simulated data. There are two different settings under two different cen-
soring rates:

High censoring rate:

Case1: T ~exp(0.8), D~exp(1),and C~U(0,6).

(The censoring rate is about 42% for 7and about 16% for D.)
Case2: T~ Weibull(1,2), D~ Weibull(0.5,2) ,and C~U (0,4) .

(The censoring rate is about 33% for Tand about 28% for D.)
Low censoring rate:
Case3: T ~exp(0.5), D~exp(l),and C~U(0,8).

(The censoring rate is about 23% for Tand about 12% for D.)
Case4: T~ Weibull(5,2) , D~ Weibull(4,3) ,and C~U (0,4) .

(The censoring rate is about 22% for Tand about 14% for D.)

In the above situations, we also set three different Kendall’s tau, 7=0.2,0.5,
and 0.8 to determine which model is the most fitted candidate for simulated data.
The sample size is 100 with 500 replications.

Tables 1-4 summarize the simulation results, and it presents the model se-
lected percentage under different simulation data. Note that A, is the method
based onthe Al approach, i=1,2,3,and D* is the method by Hsieh et al [4].
From the results, the performance of the three proposed selection methods is bet-
ter than Hsieh et al [4], especially for Frank and Gumbel models. Thus, our pro-
posed methods are more stable than Hsieh ef al [4]. From the Tables, we can find
that the probability of choosing a correct model rises with increasing Kendall’s
tau, and also find that the performance under low censoring rate is better than
high censoring rate. Based on the comparisons, we recommend using the first

method, A,, because it takes less computer running time than A, and A,.

5. Data Analysis

In this section, we apply our proposed methods to analyze the bone marrow trans-
plant data from Klein and Moeschberger [7]. There were 137 leukemia patients
receiving bone marrow transplants. The data can be divided into three different
groups, acute lymphoblastic leukemia (ALL) with 38 patients, acute myelocytic
leukemia (AML) low-risk with 54 patients, and AML high-risk with 45 patients.
Let T be the time to relapse of leukemia, D be the time to death, and C be the
censoring time. The observed variables are X =min(T,D,C), Y =min(D,C),
6,=1(T<Y),and 6,=1(D<C). For each group, we choose the most fitted
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Table 1. Model selection probabilities under T ~ exp(0.8), D ~exp (1) C~U (0, 6) .

Selected Model
=02 =05 =038
Data Method C F G C F G C F G
A, 0.68 0.18 0.14 0.92 0.07 0.01 0.91 0.08 0.00
A, 0.72 0.15 0.13 0.89 0.09 0.02 0.93 0.07 0.00
Clayton
A, 0.73 0.15 0.13 0.92 0.06 0.02 0.93 0.06 0.00
DF 0.77 0.14 0.09 0.94 0.05 0.01 0.97 0.03 0.00
A, 0.25 0.42 0.33 0.10 0.67 0.23 0.02 0.84 0.14
A, 0.32 0.35 0.33 0.11 0.64 0.25 0.03 0.81 0.16
Frank
A, 0.34 0.34 0.32 0.11 0.63 0.26 0.04 0.80 0.16
DF 0.60 0.24 0.16 0.29 0.52 0.19 0.14 0.71 0.15
A, 0.11 0.14 0.75 0.02 0.08 0.90 0.00 0.03 0.97
A, 0.15 0.13 0.72 0.03 0.07 0.91 0.00 0.02 0.98
Gumbel
A, 0.15 0.12 0.73 0.02 0.07 0.91 0.00 0.06 0.94
DF 0.46 0.24 0.30 0.11 0.37 0.52 0.01 0.18 0.81

C: Clayton; F: Frank; G: Gumbel.

Table 2. Model selection probabilities under T ~W (1, 2), D~W (O.5,2),C ~U (0,4) .

Selected Model
=02 =05 =028
Data Method C F G C F G C F G
A, 0.65 0.20 0.15 0.87 0.11 0.02 0.81 0.19 0.00
A, 0.70 0.17 0.13 0.86 0.12 0.02 0.89 0.11 0.00
Clayton
A, 0.71 0.16 0.13 0.87 0.11 0.02 0.91 0.09 0.00
Dt 0.73 0.12 0.15 0.86 0.12 0.02 0.77 0.20 0.03
A, 0.22 0.46 0.32 0.10 0.69 0.21 0.02 0.91 0.07
A, 0.25 0.44 0.32 0.09 0.68 0.23 0.02 0.89 0.08
Frank
A, 0.27 0.41 0.32 0.10 0.66 0.23 0.04 0.88 0.09
Dt 0.58 0.18 0.24 0.45 0.42 0.13 0.37 0.48 0.16
A, 0.10 0.16 0.78 0.00 0.08 0.92 0.00 0.04 0.96
A, 0.12 0.17 0.75 0.01 0.07 0.92 0.00 0.02 0.98
Gumbel
A, 0.13 0.17 0.75 0.01 0.07 0.92 0.00 0.11 0.89
Dt 0.51 0.53 0.32 0.12 0.37 0.51 0.03 0.16 0.80

C: Clayton; F: Frank; G: Gumbel.
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Table 3. Model selection probabilities under T ~ exp(0.5), D ~exp (1) ,C~U (0,8) .

Selected Model
=02 =05 =038
Data Method C F G C F G C F G
A, 0.73 0.16 0.11 0.91 0.08 0.01 0.90 0.10 0.00
A, 0.73 0.16 0.11 0.89 0.10 0.01 0.93 0.07 0.00
Clayton
A, 0.75 0.14 0.11 0.91 0.08 0.01 0.93 0.07 0.00
o 0.75 0.14 0.11 0.91 0.09 0.00 0.84 0.14 0.02
A, 0.24 0.47 0.29 0.04 0.76 0.20 0.00 0.93 0.07
A, 0.25 0.45 0.30 0.04 0.76 0.20 0.00 0.91 0.09
Frank
A, 0.27 0.44 0.29 0.06 0.70 0.25 0.00 0.91 0.09
DF 0.59 0.25 0.16 0.38 0.51 0.12 0.19 0.63 0.18
A, 0.08 0.15 0.77 0.00 0.06 0.94 0.00 0.04 0.96
A, 0.09 0.13 0.77 0.00 0.06 0.94 0.00 0.03 0.97
Gumbel
A, 0.10 0.13 0.78 0.00 0.05 0.95 0.00 0.06 0.94
o 0.49 0.24 0.27 0.10 0.35 0.55 0.01 0.14 0.85

C: Clayton; F: Frank; G: Gumbel.

Table 4. Model selection probabilities under T ~W (5, 2), D~W (4, 3) C~U (0, 4) .

Selected Model
=02 =05 =038
Data Method C F G C F G C F G
A, 0.68 0.21 0.11 0.68 0.23 0.09 0.93 0.07 0.00
A, 0.70 0.18 0.11 0.73 0.18 0.09 0.94 0.06 0.00
Clayton
A, 0.73 0.16 0.11 0.75 0.17 0.08 0.96 0.04 0.00
DF 0.76 0.15 0.10 0.75 0.14 0.11 0.92 0.05 0.03
A, 0.23 0.50 0.27 0.04 0.82 0.13 0.00 0.96 0.03
A, 0.24 0.48 0.28 0.06 0.79 0.15 0.00 0.95 0.05
Frank
A, 0.26 0.45 0.29 0.07 0.78 0.15 0.01 0.93 0.06
Dt 0.60 0.25 0.15 0.38 0.52 0.10 0.23 0.59 0.18
A, 0.08 0.15 0.77 0.00 0.08 0.92 0.00 0.04 0.96
A, 0.10 0.12 0.77 0.00 0.07 0.93 0.00 0.02 0.98
Gumbel
A, 0.10 0.11 0.78 0.00 0.06 0.93 0.00 0.04 0.96
DF 0.50 0.23 0.27 0.13 0.46 0.41 0.04 0.34 0.63

C: Clayton; F: Frank; G: Gumbel.
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model among the three models, Clayton, Frank, and Gumbel copula, by the four
methods, and present the results in Tables 5-8. From the results, our methods
choose Clayton copula for ALL group, AML high risk group, and all patients;
select Gumbel model for AML low risk group. Hsieh et al [4] choose Gumbel
copula for ALL group, AML high risk group, and all patients; selects Frank co-
pula for AML low risk group.

Table 5. The selected model for each method under ALL group.

Group ALL group
Clayton Frank Gumbel
A, 138.92 139.98 141.78
A, 138.97 140.00 141.66
A, 138.86 139.87 141.57
yod 0.412 0.386 0.385

Table 6. The selected model for each method under AML low risk group.

Group AML low risk group
Clayton Frank Gumbel
A, 142.58 142.41 141.89
A, 142.65 142.35 141.80
A, 142.52 142.33 141.73
you 0.521 0.488 0.495

Table 7. The selected model for each method under AML high risk group.

Group AML high risk group
Clayton Frank Gumbel
A, 213.10 215.12 217.59
A, 212.84 214.49 216.90
A, 212.74 214.48 216.65
I 0.310 0.292 0.284

Table 8. The selected model for each method under all patients.

Group all patients
Clayton Frank Gumbel
A, 627.82 628.05 633.14
A, 627.68 627.86 633.23
A, 627.63 627.77 632.65
you 0.208 0.197 0.184
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6. Concluding Remarks

In this paper, we study the model selection problem under semi-competing risks
data. Because the non-terminal event is dependently censored by the terminal
event, we cannot make inference on the non-terminal event without extra assump-
tions. Thus, an association model for semi-competing risks data is necessary, and a
model selection method is necessary for the association model. We construct the
likelihood function for semi-competing risks data under a copula model and pro-
pose three approaches based on the likelihood function to select a fitted model.
The simulation analysis shows the performance of the proposed methods are more
stable than Hsieh et al [4], and A, takes less time than A, and A,. With covariates,
we can stratify the data according to the covariates and apply the model selection
approach for each stratum. For the continuous covariates, we can group it as a
categorical variable. Finally, we apply our proposed methods to analyze the Bone
Marrow Transplant data. Base on the selected model, an interesting problem is

to consider the goodness-of-fit test, which is treated as future work.
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