4

Open Journal of Statistics, 2026, 16(5), 370-381

”“ Scientific https://www.scirp.org/journal/ojs
0 " Research :
94% Publishing ISSN Online: 2161-7198

o,

ISSN Print: 2161-718X

Revisiting the Neutrosophic Random Variable

Abdul Haq!, Javid Shabbir1.2*

'Department of Statistics, Quaid-i-Azam University, Islamabad, Pakistan
“Department of Statistics, University of Wah, Wah Cantt., Rawalpindi, Pakistan

Email: *javidshabbir@gmail.com

How to cite this paper: Haq, A. and Shab-
bir, J. (2026) Revisiting the Neutrosophic
Random Variable. Open Journal of Statis-
tics, 16, 370-381.
https://doi.org/10.4236/0js.2026.165018

Received: August 9, 2026
Accepted: September 26, 2026
Published: September 29, 2026

Copyright © 2026 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International
License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

Abstract

We show that a neutrosophic random variable with fixed interval-valued in-
determinacy is a deterministic scaling of a classical random variable. The lower
and upper bounds of the interval introduce no independent source of random-
ness, and the resulting statistical and likelihood-based inferences follow directly
from those of the underlying classical random variable. Consequently, the in-
terval representation contributes no additional uncertainty or inferential con-
tent beyond that already present in the classical formulation. Thus, under fixed
interval-valued indeterminacy, the neutrosophic random variable does not pro-
vide a substantive extension of classical probability theory.
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1. Introduction

Neutrosophic statistics, introduced by Smarandache [1], extends classical statis-
tics by incorporating a new dimension of uncertainty called indeterminacy. This
framework is intended to handle data that are imprecise, ambiguous, or partially
unknown, and has inspired a wide range of applications in regression analysis, ex-
perimental design, and survey sampling [2]-[4], to name a few. Within this para-
digm, the neutrosophic random variable is presented as the core construct that
underlies neutrosophic probability distributions and inference procedures. The
neutrosophic random variable is commonly defined as X, =X, + X,/ , where
X, is a classical random variable and [, represents the degree of indetermi-
nacy such that 7, >0.

Building upon this formulation, several papers have proposed neutrosophic

versions of well-known distributions—such as the binomial, normal, geometric,
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and gamma distributions—and algorithms for generating corresponding data
[5]-[9]. In these studies, statistical properties such as mean, variance, and en-
tropy are derived by treating 7, asa constant, leading to expressions of the form
(1+1,) times the classical counterparts. This approach has been extended to
theoretical developments in estimation of parameters [10]-[12], though the im-
plications of these assumptions have not been carefully examined. For more re-
lated works, we refer to Aslam and Saleem [13], Aslam and Albassam [6], Aslam
[14], Aslam [10], Saleem and Aslam [9], Aslam and Smarandache [15], Aslam
[16], Aslam et al [7], Ahsan-ul Haq ef al [17], Al-Essa et al [18], Saleem et al.
[19], Bashir et al [20], Jamal et al [21], Aslam and Arif [22], Aslam [5], Aslam
and Arif [23].

Some recent critiques have questioned the mathematical soundness and interpre-
tive coherence of neutrosophic statistical methods [24]-[27], with Haq and Woodall
[28] raising fundamental concerns about their formulation. Specifically, it remains
unclear whether the neutrosophic random variable genuinely introduces new sto-
chastic behavior or merely rescales existing random quantities. The purpose of
this paper is to address this issue formally. By analyzing the neutrosophic random
variable in terms of its distributional form, likelihood function, entropy, charac-
teristic function, and higher-order moments, we demonstrate that it is entirely
determined by the classical random variable when 7, is treated as a fixed inter-
val-valued indeterminacy. Consequently, the neutrosophic random variable rep-
resents a cosmetic extension of classical probability theory rather than a substan-
tive contribution.

The rest of the paper is organized as follows. Section 2 reviews the formulation
of the neutrosophic random variable and its basic properties. Section 3 examines
its deterministic relationship with the classical random variable and discusses the
dependence of its bounds, interval width, distributional form, likelihood function,
characteristic function, higher-order moments, and entropy. Section 4 provides
numerical examples illustrating the resulting equivalence between the neutrosophic

and classical formulations. Section 5 concludes the paper.

2. The Neutrosophic Random Variable

Consider a neutrosophic random variable X, =X, +/,X,, where X, isa
classical random variable and [, € [1 o1 U] represents a fixed interval-valued in-
determinacy such that 7, >0. For brevity of discussion, we assume that X, >0.

In this case,
Xyel(+1) X, (1+1,) X, |=[(1+1,),(1+1,) ] X,. (1)

If instead X, <0, the ordering of the bounds is reversed, and the interval
should be interpreted accordingly. When [, =0, the neutrosophic variable X,
coincides with the classical random variable X, .For I, e[0,1], I} €[0,1] for
r>1 [8].

Let 4, and o} denotethe mean and varianceof X, ,respectively. Following
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Aslam [11] and Aslam [12], the corresponding neutrosophic moments may be ob-

tained as
E(XN)=(1+IN),uX=[(1+IL),(1+IU)]-,UX, (2)
V() =(+1,) 0% =[ (41, (11, ) |03, (3)
V(X,1y)=Loy = 1.1} |-, @)
C(Xp. X, 1y)=1yoy =[1,.1y] 0% (5)

where E(-), V() and C(.-) stand for the mathematical expectation, vari-
ance and covariance, respectively. The relations, given in Equations (2)-(5), hold

only when 7, €[1,,],] is treated as a fixed interval.

3. Criticism on Neutrosophic Random Variable

In the works of Aslam [11] and Aslam [12], the term [, is treated as a fixed
interval of indeterminacy such that 7, >0. Under this assumption, the neutro-
sophic random variable reduces to a bounded and scaled form of the classical ran-
dom variable rather than representing a genuinely stochastic or independent source
of uncertainty. The following discussion formalizes this observation and demon-
strates that all neutrosophic quantities remain deterministic transformations of

their classical counterparts.

3.1. A Linear Function of a Classical Random Variable

The neutrosophic random variable can be expressed as

X, =(+1,)X, forl,e[l,,1,], (6)

implying that for each fixed value of /,, X, isa deterministic linear function
of the classical random variable X, . Hence, both share the same stochastic source
and differ only by scale.

The key point is that the interval-valued quantity 7, does not constitute a sec-
ond stochastic mechanism in this formulation. Once [, and [, are fixed,
every admissible value of X, is obtained from the same realization of X, by
multiplication by a deterministic factor. Thus, the interval does not generate an
additional random component; it specifies a range of deterministic transformations
of the original random variable. An interval representation by itself, therefore,
does not imply the presence of an additional probabilistic source of uncertainty.

Since [, varies deterministically within [/,,/,], the neutrosophic random

variable defines a bounded interval
Xye[(1+1,)X,,(1+1,) X, ] (7)

This formulation ensures correct ordering regardless of the sign of X, . If
X, 20, the bounds appear as written; if X, <0, the order reverses automati-
cally. In addition, the representation indicates that the entire neutrosophic interval

is deterministically generated from the classical random variable X, through

DOI: 10.4236/0js.2026.165018

372 Open Journal of Statistics


https://doi.org/10.4236/ojs.2026.165018

A. Hagq, J. Shabbir

fixed proportional scaling, leaving no scope for independent randomness within
the bounds.

3.2. Dependence of the Neutrosophic Bounds

Let Xy =(1+1,)X, and Xy =(1+1,)X, denote the lower and upper bounds
of X, , respectively. These bounds are deterministic transforms of X, . When
X, >0, the ordering is as written; when X, <0, the roles of the lower and upper
bounds are reversed. These quantities are often treated as if they were independent
or as if the interval [X oXy ] possessed its own probabilistic structure. However,
both bounds are deterministic linear transformations of the same variable X, and
therefore perfectly dependent.
The mathematical relationship between X, and X} is given by

1+1,
XY= Y ixEk, 8
N (1+1LJ N ®

implying Corr(X vXy ) =1. This perfect dependence is not merely a technical
property of the two endpoints; it characterizes the entire interval construction.
Once a realization of X, is specified, both endpoints are completely determined.
Hence, observing one endpoint provides complete information about the other,
apart from the fixed proportionality factor determined by /, and 7.
Consequently, the lower and upper bounds cannot be regarded as independent
random quantities. The so-called neutrosophic interval merely represents a fixed
proportional expansion of X, rather than a new layer of stochastic behavior.
Treating these bounds as if they carried independent randomness or distinct in-

ferential meaning is therefore mathematically inconsistent.

3.3. Deterministic Nature of the Interval Width

The width of the neutrosophic interval is defined as
Wy=Xy-Xy=(L,-1,)X,. )

For X, >0, this width is non-negative. If X, <0, the expression reverses
sign, and the width should be taken as |(I v—1,)X L| to ensure non-negativity.

It follows immediately that /), is a deterministic multiple of the classical ran-
dom variable X, . For fixed indeterminacy bounds I/, and I, the quantity
W, inherits all its randomness from X, and does not constitute an additional
stochastic component.

The ratio

Wy
=1,-1 10
% v 1L (10)

L
is constant for all realizations of X , indicating that the relative degree of “inde-
terminacy” is uniform across the entire support of the variable. Thus, the neutro-
sophic interval neither expands nor contracts in response to random variation; it

merely scales linearly with X, .
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Consequently, the width introduces no new uncertainty or informational con-
tent. It represents a fixed proportional transformation, reinforcing that the inter-
val-valued construction remains entirely dependent on the classical random vari-
able.

3.4. Distributional Equivalence

Let Fy, (x,) and F. Yy (xy) denote the cumulative distribution functions (CDFs)
of the classical random variable X, and the neutrosophic random variable X, ,
respectively.

For a neutrosophic random variable X, , we have

Fy (xy)=P(Xy<x,)=P((1+1,) X, <xy)

=P| X, <X |=F, | )
en, ) M wr, )

where [, >0.Since I, rangesover [/,,1,],the neutrosophic CDFof X is

interval-valued, given by

Xy Xy
P (xN)e{FXL [1+1U]’FXL £1+1LH‘ (12)

The interval representation of the CDF assumes X, >0.If X, <0, the order-

ing of the endpoints is reversed, and the CDF should be interpreted in terms of
minimum and maximum values.

The representation of Fy (x,) inEquation (12) shows that the neutrosophic
CDF is obtained directly from the classical CDF through deterministic scaling.
Thus, the neutrosophic probability distribution is not distinct from the classical
one; it is simply the classical CDF evaluated at scaled arguments. No new stochas-

tic content is introduced by the interval-valued representation.

3.5. General Likelihood Function Equivalence

Let X, be a classical random variable with a location-scale probability density
function (PDF):  f, (x;6,),where 6, may denote a vector of underlying location
and scale parameters. Recall that the X, can be expressed as X, =(1+1,)X,
for 1, €[1,,1,],where I, isa fixed but interval-valued indeterminacy.

Under this linear transformation, the neutrosophic parameters 6, are simple
scaled versions of the classical parameters 8, , with the scaling factor determined
by I, . For example, if X, follows a normal distribution with mean 4, and
variance o-f ; then, for any fixed value

of I, the neutrosophic normal distribution has the mean 1, =(1+17,)x,
and the variance o} =(1+1, )2 o} . Analogous scaling occurs for other location-
scale families, such as exponential, gamma, and uniform distributions.

Forafixed I, e[l,,],],the PDFof X, can be written as

. __ 1 v .
Sy (XN’ON)—(1+1N)fXL(1+1N,QLJ, (13)
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where 6, =0, / (1+1,) is the corresponding classical parameter vector.
For a random sample Xy = (xN . ,xN’n), the neutrosophic likelihood func-

tion is given by

LN(QN;xN) :f[fXN (xN’i;gN)
s IR 09

(1+I )
1
=mLL(6’L;xL),
N
or
Lo(0y:ixy)e| ———1,(6,:%,)———1,(6,:x,)
N N>¥N (1+1L)n L L>"¥L ’(1+IU)n L L>"¥L b

where x, =x, /(1+1,) is the corresponding classical sample.
Since this holds for every 7, e[/,,1,], the neutrosophic likelihood for the in-
terval-valued random variable is proportional to the classical likelihood across the

entire indeterminacy range:

Ly(6yixy)oc L (6,5x,), VIye[l,1,] (15)

The factor (1+1,)" is a Jacobian term arising solely from the deterministic
change of scale. It does not introduce a new component into the likelihood. Once
the observations and parameters are transformed back to the classical scale, the
remaining likelihood is exactly the classical likelihood. Thus, the apparent differ-
ence between the two likelihoods is attributable to parameterization and scale, ra-
ther than to a different probabilistic mechanism.

Therefore, likelihood-based analyses—including likelihood ratios, score func-
tions, and maximum likelihood estimation—are fully determined by the classical
model once the scaling is accounted for. The interval-valued indeterminacy does
not introduce any new inferential content or independent stochastic variation,
confirming that the neutrosophic likelihood is merely a scaled version of the clas-
sical likelihood.

3.6. Characteristic Function Equivalence

Let X, denote a classical random variable with characteristic function (CF) de-

fined as
Py, (t)=E[exp(itXL )] (16)

Let X, =(1+1,)X, denote the corresponding neutrosophic random varia-
ble, where I, e[/,,I,] isinterval-valued indeterminacy.
The CFof X, is given by

0y, (1)= E[exp(itX ) | = E[ exp(it(1+1,) X, ) ]
= (pXL((1+IN)t).
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Since I, rangesover [I,,I,],the neutrosophic CF is a set given by:
oy, (t)e {goXL (1+1,)1), @y, ((1+1U)t)}. (18)

Thus the neutrosophic CF is simply the classical CF evaluated at scaled argu-
ments. Because the CF uniquely determines the distribution, X, and X, are
distributionally equivalent up to deterministic scaling. The indeterminacy 7, does
not introduce new randomness or informational content; it merely rescales the ar-

gument of the classical CF.

3.7. Equivalence of Skewness and Kurtosis

Let X, bea classical random variable with mean g, and variance o;.
The skewness and kurtosis of X, , denotedby y,, and y,, ,are given by
3 4
E|:(XL_:uL):| E|:(XL_IUL) :|
Ne=—" 3 and YVor =" 1 > (19)

1
oy o,

respectively. For the neutrosophic random variable X, =(1+17,).X, with
I, €[1,,1,],the mean and varianceare u, =(1+1,)y, and o2 =(1+1,) o?,
respectively.

Then the skewness and kurtosis of X, are

E[(Xy =)' | (1+1,) E[(X,-11,)']

= = - d (20)
YN O_]3V (1+1N )3 O_z 7y, an
E[(Xy-uy)'| (1) E[(X,-1,)']
Von = 4 = T 4 =Var» (21)
Oy (1+IN) o,

respectively. Since these equalities hold forall 7, €[7,,1,], we conclude
=V YVan =Var (22)

Therefore, the skewness and kurtosis of the neutrosophic random variable are
identical to those of the classical random variable across the entire indeterminacy
interval. This confirms that neutrosophic scaling does not modify distributional

shape, further reinforcing the complete dependence of X,, on X, .

3.8. Entropy Equivalence
3.8.1. Discrete Random Variable
Let X, be a discrete (classical) random variable with the PMF P, (X, =x,).
The Shannon entropy of X, is given by
H(XL)z_ZPL(xL)IOg(PL (xL))' (23)

L

For the neutrosophic random variable X, =(1+1,)X, with I, e[/,,1,],
the PMF satisfies

PN(XNsz)zPL[XL Sl J (24)
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Since each x,, corresponds uniquely to x, =x, /(1+1,), the set of probabil-

ities {PL (x, )} is preserved. Therefore,
H(XN):H(XL)’ (25)

forall 1, e[1,,I,]. Thus, the Shannon entropy of the neutrosophic random var-
iable is identical to that of the classical random variable, confirming that interval-

valued indeterminacy introduces no additional uncertainty in the discrete case.

3.8.2. Continuous Random Variable
Let X, bea continuous (classical) random variable with the PDF  f, (x,).

Its differential Shannon entropy is
H(X,)==[" f, (x.)log(fy, (x,)) dx,. (26)

For the neutrosophic random variable X, =(1+1,)X, with 7, e[/,,1,],
the PDF is given by

1 Xy
fXN (xN):(1+IN)fXL (14'[1\/). (27)

The entropy of X, becomes

H(X)==[" o, (x)log(fy, (xy)) dry

(28)
=H(X,)+log(1+1,).
Since I, €[1,,I, ], the neutrosophic entropy is interval-valued:
H(X,)e[H(X,)+log(1+1,), H(X,)+log(1+1,)]. (29)

The additive constant log(1+17,) arises solely from deterministic scaling and
does not represent new uncertainty. Hence, neutrosophic entropy is merely a shifted
version of the classical entropy, confirming redundancy in the continuous case as

well.

4. Numerical Examples
4.1. Normal Distribution

To illustrate the redundancy of interval-valued indeterminacy, consider

X, ~N(u, =10,07 =4) with I, €[0.1,0.3].

e Mean: E[X,]e[11,13], obtained by scaling E[X,]=10.
e Variance: V(X,)e[4.84,6.76], obtained by scaling V' (X,)=4.
e CDE: F, (15)e [FXL (11.54),Fy, (13.64)] , illustrating that the neutrosophic
CDF is obtained from the classical CDF through deterministic scaling.
 Entropy: H(X,)e[H(X,)+log(l.1),H(X,)+log(1.3)], a deterministic
shift of the classical entropy.
e Skewness/Kurtosis: identical to classical values (0 and 3).
These calculations confirm that neutrosophic measures are merely interval-

scaled versions of classical measures, introducing no new stochastic content.
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4.2. Sampling from a Normal Distribution

To illustrate the interval-valued nature of the neutrosophic random variable, con-

sider a classical sample drawn from X, ~ N ( u, =10,0; = 1):

X, = {9.50,10.13,9.92,10.89,10.12}.

Let the indeterminacy vary over 7, €[0.1,0.3]. Then the parameters of the
neutrosophic normal distribution are 4, €[11,13] and o}, €[1.21,1.69].
For each observation x,,,for i=1,2,---,5, the neutrosophic random variable
is
Xy, e[(1+0.1) X, ,,(1+03) X, ].
Explicitly, the neutrosophic sample is given by
Xy, €[1045,12.35],
Xy, €[11.14,13.17],
Xy, €[10.91,12.90],
Xy, €[11.98,14.16],
Xys€[11.13,13.16].

The classical MLEs are
i, =10.11 and &; =0.20.

The neutrosophic MLEs are interval-scaled versions:
iy €[11.12,13.14] and &}, €[0.24,0.34].

These MLEs can be verified as
fty €[ (1.1)-(10.11),(1.3)-(10.11) | =[11.12,13.14] and

63 €[ (1.1)"(020),(1.3)"+(0.20) | =[0.24,0.34].

This example confirms that each neutrosophic observation is simply a deter-
ministic interval scaling of the classical sample, and that neutrosophic estima-
tors are scaled versions of their classical counterparts. Moreover, the transfor-
mation is reversible: since the indeterminacy bounds are fixed and known, each
original classical observation can be recovered exactly from either endpoint as
X,=X,,/(1+1,)=X,,/(1+1,) . Thus, the neutrosophic sample contains the
same underlying information as the classical sample, expressed in interval form.
No new randomness or inferential content is introduced by the interval-valued
indeterminacy. Similar numerical examples can be found in Aslam [11] and
Aslam [12].

More importantly, the example illustrates a general relationship rather than
merely a numerical coincidence. Once the classical observations are given, every
endpoint of every neutrosophic observation is determined. Conversely, when the
fixed indeterminacy interval is known, the original classical observations can be

recovered exactly from either endpoint. Thus, the mapping between the classical
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and neutrosophic observations is one-to-one and involves only deterministic scal-
ing. Consequently, the neutrosophic representation does not provide a different

statistical analysis; it merely expresses the same classical analysis in interval form.

5. Conclusions

This paper establishes that the neutrosophic random variable X, isnota genu-
inely new construct but an interval-valued deterministic scaling of the classical
random variable X, . When [, istreated as a fixed but interval-valued indeter-
minacy, the neutrosophic formulation yields ranges of classical measures rather
than independent stochastic behavior. Distributional forms, likelihoods, entropy,
and higher-order moments retain their classical structure, with differences arising
only through deterministic rescaling or, in the case of continuous entropy, an ad-
ditive shift. Numerical examples confirm that neutrosophic observations and es-
timators are interval-valued representations of their classical counterparts.

Thus, the interval-valued indeterminacy introduces no new stochastic or infer-
ential content. The neutrosophic random variable is mathematically equivalent to
a deterministic transformation of a classical random variable and, under the fixed
interval-valued formulation considered here, does not constitute a substantive ex-

tension of classical probability theory.
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