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Abstract 
This paper extends the closed-form formula of Gini’s mean difference for the 
lognormal distribution, originally obtained by Girone and Manca (2016). The 
following are analyzed: 1) the asymptotic behavior of the scale parameter for 
γ → 0 (degeneration of the distribution) and for γ → +∞ (unbounded disper-
sion); 2) the generalized formula with complete location parameter μ and scale 
parameter σ; 3) the mean difference conditioned on an interval; 4) the mean 
difference for the truncated lognormal. Applications in the field of medical 
sciences are also discussed, where the lognormal distribution is ubiquitous in 
the modeling of biomarkers and pharmacological concentrations. The results 

show that the original formula ( )2 22e erf 2∆ = γ γ  for the standardized case 
admits natural extensions that significantly broaden its field of application, 
while preserving the analytical elegance of the basic formulation.  
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1. Introduction 

Gini’s mean difference, introduced by Corrado Gini in 1912 [1], represents one of 
the most important measures of variability in statistical theory and applied prac-
tice. For a continuous random variable X with density function f(x) and cumula-
tive distribution function F(x), defined on a support (a, b), the mean difference is 
defined as the expected value of the absolute difference between two independent 
observations X1 and X2 drawn from the same distribution: Δ = E[|X1 − X2|]. 
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The mean difference possesses fundamental properties that make it particularly 
attractive as a measure of variability: it is translation-invariant (independent of 
the location parameter), it is homogeneous of degree one with respect to the scale 
parameter, and it is directly related to the Gini concentration index through the 
relation G = Δ/(2E[X]), where E[X] denotes the mean of the distribution. These 
properties, combined with its intuitive interpretability and robustness with re-
spect to extreme values, make it an instrument of fundamental importance in 
fields ranging from economics to biometry, from epidemiology to reliability the-
ory. 

In addition to the variance, several alternative measures of variability and con-
centration have been proposed in the statistical and economic literature. Among 
them, Gini’s mean difference occupies a central role, as it combines properties of 
dispersion and inequality measurement. Originally introduced by Corrado Gini, 
this measure has been shown to provide a more informative description of non-
normal and skewed distributions compared to variance [2]. 

The Gini framework has been extensively developed in both theoretical and ap-
plied directions, particularly in the context of inequality measurement, where it is 
closely related to the Lorenz curve and concentration indices [3]. More recent 
contributions highlight the need for complementary measures capable of captur-
ing different aspects of distributional heterogeneity [4]. 

Recent contributions have further advanced the study of the lognormal distri-
bution and the mean difference in both theoretical and applied settings. Novi In-
verardi and Tagliani [5] demonstrate that the lognormal distribution is uniquely 
characterized by its integer moments via maximum entropy. Dai and Shen [6] 
propose a robust two-quantile method for Gini coefficient estimation. Poudyal, 
Zhao, and Brazauskas [7] develop winsorized moment estimators for truncated 
and censored lognormal distributions. Kapera and Kobus [8] extend the Gini and 
mean log deviation indices to multivariate inequality of opportunity. Jokiel-
Rokita and Piątek [9] construct estimators for Weibull parameters based on the 
nonparametric Gini coefficient. The present work contributes to this growing lit-
erature by providing analytical extensions of the lognormal mean difference for-
mula. 

In a series of previous studies, Girone and collaborators [10]-[12] obtained 
closed-form formulas for the mean difference for numerous continuous and dis-
crete distributions, including the exponential, gamma, beta, Pareto, and geometric 
distributions. In particular, Girone and Manca [13] derived, through a procedure 
employing selected integrals of the error function, the remarkably simple formula 
for the mean difference of the standardized lognormal distribution (with location 
parameter θ = 0): 

 
2 22e erf

2
 ∆ =  
 

γ γ  (1) 

where γ > 0 is the scale parameter (standard deviation of the logarithm of the 
variable)—a quantity that, in the generalized formulation of Section 4, will be 
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equivalently denoted by σ, both symbols representing the standard deviation of 
logX in their respective parametric contexts—and erf(·) denotes the error func-
tion, defined as: 

 ( ) 2

0

2erf e d .
x tx t−=

π ∫  (2) 

This formula was obtained starting from the representation of the mean differ-
ence based exclusively on the cumulative distribution function, namely: 

 ( ) ( )2 1 d
b

a
F x F x x∆ = −  ∫  (3) 

and through a procedure involving six selected integrals of the error function, 
some of which are particularly complex and were computed by resorting to an 
integral given by Prudnikov, Brychkov and Marichev [14], which made it possible 
to reduce apparently intractable expressions to a formulation of remarkable sim-
plicity and elegance1. 

The present work aims to extend this fundamental result in five complementary 
directions: 1) the rigorous analysis of the asymptotic behavior for γ → 0 and γ → 
+∞, which provides a complete understanding of the mean difference under lim-
iting conditions; 2) the generalization of the formula to the complete parameters 
μ (location) and σ (scale); 3) the formulation of the mean difference conditioned 
on an interval [a, b]; 4) the derivation of the mean difference for the truncated 
lognormal distribution; and 5) the discussion of applications in the field of medi-
cal sciences, where the lognormal distribution is omnipresent. Remark on nota-
tion. Throughout this paper, the following conventions are adopted to ensure no-
tational clarity: 1) The symbol γ denotes the scale parameter (standard deviation 
of logX) in the standardized formulation (Sections 1 - 3), while σ denotes the iden-
tical quantity in the general formulation (Sections 4 - 5); when μ = 0, we have σ ≡ 
γ. 2) The symbol μ is reserved exclusively for the location parameter of the under-
lying normal distribution (the mean of logX); the mean of the lognormal variable 
X is always denoted E[X] = exp(μ + σ2/2) to avoid ambiguity. 3) Context-specific 
subscripts are used for the mean difference where needed: Δ without subscript in 
Sections 1 - 3 refers to the standardized case (Formula (1)), Δ(μ, σ) to the general 
case (Formula (10)), Δc[a, b] to the conditional mean difference on an interval 
(Formula (12)), and ΔT to the truncated case (Formula (13)). The unqualified sym-
bol Δ refers to the mean difference in its generic, context-dependent sense. 

The remainder of this paper is organized as follows. Section 2 introduces the 
notation, definitions, and preliminary results used throughout the paper, includ-
ing the formal definition of the lognormal distribution and the error function. 
Section 3 analyzes the asymptotic behavior of the mean difference for extreme 

 
1In Formula (1), the parameter γ > 0 denotes the standard deviation of the logarithm of the variable, 
i.e., γ = sd(logX). This is the sole parameter of the standardized lognormal distribution (with location 
parameter μ = 0). In the general formulation of Section 4, this parameter is denoted σ, with γ ≡ σ when 
μ = 0. The cumulative distribution function F(x) and the support endpoints (a, b) appearing in For-
mula (3) refer to the general support of the distribution; for the standard lognormal, a = 0 and b = +∞. 
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values of the scale parameter. Section 4 derives the generalized formula with com-
plete parameters. Section 5 develops the conditional mean difference on an inter-
val. Section 6 presents the mean difference for the truncated lognormal distribu-
tion. Section 7 discusses applications in the medical sciences. Finally, Section 8 
presents conclusions, and Section 9 outlines limitations and directions for future 
research. 

2. Notation and Definitions 

This section collects the basic definitions, notation, and preliminary results that 
are used throughout the paper. The purpose is to establish a consistent notational 
framework and to make the paper self-contained. 

Definition 1 (Lognormal Distribution). 
A random variable X is said to follow a lognormal distribution with parameters 

μ and σ2, written X ~ Lognormal(μ, σ2), if Y = logX follows a normal distribution 
N(μ, σ2). Equivalently, X = exp(Y) where Y ~ N(μ, σ2). The probability density 
function of X is: ( ) ( )( ) ( ) ( )( )2 2; , 1 2 exp log 2f x x x= π − −µ σ σ µ σ , for x > 0, 
and the cumulative distribution function is: ( ) ( )( ); , logF x x= Φ −µ σ µ σ , 
where Φ(·) denotes the CDF of the standard normal distribution. The parameters 
μ and σ are, respectively, the mean and standard deviation of the underlying nor-
mal variable Y = logX (not of X itself). The mean and variance of X are: E[X] = 
exp(μ + σ2/2) and Var(X) = [exp(σ2) − 1]exp(2μ + σ2). 

Remark 1 (Standardized vs. General Lognormal). 
When μ = 0, the lognormal distribution depends only on the scale parameter σ. 

In the standardized case used in Sections 1 and 3, we write γ = σ for the scale 
parameter (standard deviation of logX). Setting μ = 0 and σ = γ in any general 
formula recovers the corresponding standardized result. 

Definition 2 (Error Function). 
The error function erf: ℝ → (−1, 1) is defined by: ( ) ( ) ( )2

0
erf 2 exp d

x
x t t= π −∫ . 

It is an odd function: erf(−x) = −erf(x), with erf(0) = 0 and ( )lim erf 1x x→∞ = . 
The complementary error function is erfc(x) = 1 − erf(x). The error function is 
related to the standard normal CDF by: ( ) ( ) ( )1 2 1 erf 2x xΦ = + 

  , so that 
( ) ( )erf 2 2 1x x= Φ − . This relationship is used extensively in the derivations 

that follow.  
Definition 3 (Mean Difference). 
For a continuous random variable X with cumulative distribution function F(x) 

on a support (a, b), the mean difference (Gini’s mean difference) is defined as: Δ 
= E[|X1 − X2|], where X1 and X2 are independent copies of X. An equivalent rep-
resentation based solely on F is: ( ) ( )4 1 d

b

a
F x F x x  ∆ = −∫ , as given by Formula 

(3) below. This integral form is the starting point for all derivations in this paper. 
The mean difference is translation-invariant, homogeneous of degree one, and 
provides a robust measure of variability that is less sensitive to extreme observa-
tions than the variance. 
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3. Asymptotic Behavior of the Mean Difference 
3.1. Case γ → 0: Degeneration of the Distribution 

When the scale parameter γ tends to zero, the lognormal distribution degenerates 
toward a distribution concentrated at a single point. This behavior can be under-
stood by analyzing the probabilistic structure of the distribution. If X follows a 
standardized lognormal distribution with scale parameter γ, then Y = logX has a 
normal distribution with mean zero and variance γ2. Therefore, when γ → 0, the 
variance of Y tends to zero, which implies, by Chebyshev’s theorem, that Y con-
verges in probability to zero. 

Consequently, X = eY converges in probability to e0 = 1. Formally, for γ → 0, the 
lognormal distribution converges weakly to the degenerate distribution δ1 con-
centrated at the point x = 1 (that is, at the point x = eθ in the general case with 
location parameter θ). This means that the entire probability mass progressively 
concentrates in an increasingly narrow neighborhood of the unit point, and the 
distribution tends to behave as a constant random variable. 

Since for a degenerate distribution all observations assume the same value, the 
expected absolute difference between two independent observations must neces-
sarily tend to zero. Analytically, this result is verified directly from Formula (1). 
For γ → 0, since erf(0) = 0 and e0 = 1: 

 ( )0

0
lim 2 e erf 0 2 1 0 0.
→
∆ = ⋅ ⋅ = ⋅ ⋅ =

γ
 (4) 

More precisely, using the Taylor series expansion of the error function, ( )erf x
2x≈ π  for 0x → , and the expansion of the exponential 

2 2 2e 1 2≈ + +γ γ
( )4O γ , the following asymptotic expansion is obtained: 

 2 , 0∆ ≈ →
π
γ γ  (5) 

This result confirms that the standardized mean difference Δ → 0 for γ → 0, with 
a linear rate of convergence in the parameter γ. The coefficient 2 1.128π ≈  
quantifies the rate of decrease of the mean difference in the neighborhood of the 
origin. The result is fully consistent with the probabilistic interpretation: when the 
dispersion of the lognormal distribution vanishes, the absolute variability, as 
measured by the mean difference, also vanishes, and this occurs at a rate propor-
tional to the dispersion parameter itself. 

3.2. Case γ → +∞: Unbounded Dispersion 

When the scale parameter γ tends to infinity, the lognormal distribution becomes 
increasingly dispersed, with a right tail that extends indefinitely and an increasing 
concentration of probability mass near zero. In this regime, the variance of logX 
diverges, producing an extremely positively skewed (right-skewed) distribution 
with a skewness coefficient that grows without bound. 

To analyze the asymptotic behavior of the mean difference, we consider sepa-
rately the two factors of Formula (1). The exponential factor and the error func-
tion factor behave as follows for γ → +∞: 
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2 2e ,erf 1

2
 → +∞ → 
 

γ γ  (6) 

The exponential factor 
2 2eγ  diverges at super-exponential speed, completely 

dominating the asymptotic behavior of the product, while the factor erf(γ/2) con-
verges monotonically to 1 from below. Consequently, the product of the two fac-
tors diverges: 

 .∆→∞  (7) 

This result is consistent with the fact that the mean of the standardized lognor-
mal distribution is [ ] 2 2eE X = γ , and therefore the mean difference, being a ho-
mogeneous function of the scale, must also diverge. More significant is the ratio 
of the mean difference to the mean of the distribution, which tends to the limiting 
value: 

 
[ ]

2 erf 2
2E X

∆  = ⋅ → 
 
γ  (8) 

This indicates that, for large values of γ, the mean difference is approximately 
twice the mean, a result that reflects the extreme skewness of the lognormal dis-
tribution in the high-dispersion regime. In terms of the Gini concentration index, 
G = Δ/(2E[X]), this implies that G → 1 for γ → +∞, reaching the value of maximum 
concentration. This behavior is consistent with the well-known property that the 
Gini index of the lognormal distribution is given by G = erf(σ/2), which tends to 
1 when σ → +∞. 

4. Generalized Formula with Complete Parameters  

Formula (1) was derived for the standardized lognormal distribution, with loca-
tion parameter θ = 0 and employing γ as the sole scale parameter. In statistical 
practice and applications, the complete lognormal distribution is characterized by 
two parameters: the location parameter μ (mean of the logarithm of the variable) 
and the scale parameter σ (standard deviation of the logarithm of the variable). A 
random variable X is said to have a lognormal distribution with parameters μ and 
σ2 if Y = logX ~ N(μ, σ2). The density function of the general lognormal distribu-
tion is: 

 ( )
( )2

2
log

2e , 0.
2

x

f x x
x

−
−

= >
π

µ

δ

δ
 (9) 

The mean difference, being independent of the location parameter and homo-
geneous of degree one with respect to the scale parameter, can be generalized by 
exploiting these fundamental properties. Recall that if X is a random variable with 
mean difference Δ(X), and Y = aX + b with a > 0, then Δ(Y) = a ∙ Δ(X). This 
property is a direct consequence of the definition of the mean difference as the 
expected value of the absolute difference. 

In the case of the lognormal distribution, if X ~ Lognormal (μ, σ2), we can write 
X = eμ+σZ = eμ∙eσZ, where Z ~ N(0, 1). The variable W = eσZ follows a standardized 

https://doi.org/10.4236/ojs.2026.164013


F. Manca et al. 
 

 

DOI: 10.4236/ojs.2026.164013 290 Open Journal of Statistics 
 

lognormal distribution whose scale parameter σ is precisely the same quantity as 
the parameter γ of Formula (1): both denote the standard deviation of logX. Set-
ting μ = 0 and σ = γ in the generalized formula recovers exactly Formula (1). 
Therefore, X = eμ∙W, and by the homogeneity property: ( ) ( )eX W∆ = ⋅∆ =µ

( )2 2e 2e erf 2⋅µ σ σ . 
This leads to the generalized formula for the lognormal mean difference: 

 ( )
2

, 2exp erf
2 2

   ∆ = + ⋅   
  

σ σµ σ µ  (10) 

where: μ = location parameter (mean of the logarithm of the variable); σ = scale 
parameter (standard deviation of the logarithm of the variable); Δ(μ, σ) = mean 
difference for the lognormal distribution with parameters μ and σ2. 

The term eμ appears as a multiplicative factor arising from the exponential 
transformation of the location parameter. Note that Formula (10) reduces to (1) 
when μ = 0 and σ = γ, confirming that γ and σ are notational variants of the same 
scale parameter and making the relationship between the two formulations fully 
transparent. Furthermore, from Formula (10) and the well-known expression for 
the mean of the lognormal distribution, [ ] 2 2eE X += µ σ , one immediately ob-
tains the expression for the Gini concentration index: 

 
[ ]

erf
2 2

G
E X
∆  = =  

 
σ  (11) 

which depends solely on the scale parameter σ and not on the location parameter 
μ, confirming a well-known property of the lognormal distribution in concentra-
tion theory. 

5. Mean Difference Conditioned on an Interval 

In many statistical applications, it is of interest to measure the variability not of 
the entire distribution, but of a subpopulation defined by constraints on the ob-
servable values. This need arises frequently in economic contexts (analysis of in-
come variability within specific brackets), in biomedical contexts (variability of a 
biomarker within a clinically relevant interval), and in industrial contexts (varia-
bility of a quantity within tolerance specifications). 

The mean difference conditioned on an interval [a, b] represents the natural 
extension of the concept of the mean difference to the case where only observa-
tions falling between the limits a and b are considered. Let X be a random variable 
with cumulative distribution function F(x) and let 0 < F(a) < F(b) < 1. The condi-
tional distribution of X given a ≤ X ≤ b has density f(x|a ≤ X ≤ b) = f(x)/[F(b) − 
F(a)] for x ∈ [a, b] and conditional cumulative distribution function Fc(x) = [F(x) 
− F(a)]/[F(b) − F(a)]. 

 
2Let X ~ Lognormal(μ, σ2). Then the mean difference of X is given by: Δ(μ, σ) = 2exp(μ + σ2/2)∙erf(σ/2), 
as stated in Formula (10) below. Since X = exp(μ + σZ) = exp(μ)∙exp(σZ) where Z ~ N(0,1), and W = 
exp(σZ) follows a standardized lognormal distribution, the homogeneity property Δ(X) = exp(μ)∙Δ(W) 
together with Formula (1) yields the result. 
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Applying the formula for the mean difference based on the cumulative distri-
bution function to the conditional distribution, and taking into account that  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 2
1c cF x F x F x F a F b F x F b F a   − = − − −           , the follow-

ing general formula for the conditional mean difference, hereafter denoted Δc[a, 
b], is obtained: 

 [ ] ( ) ( ) ( ) ( ) ( ) ( ),
4 d

b

a b a
F x F a F b F x x

F b F a
∆ = − −      −  

∫  (12) 

where F(a) and F(b) are the values of the cumulative distribution function at the 
endpoints of the interval. The factor 4/[F(b) − F(a)]2 serves as a normalization that 
accounts for the probability mass contained in the interval3. 

Formula (12) has a particularly elegant structure: the integrand [F(x) − F(a)] 
[F(b) − F(x)] is a non-negative function that vanishes at the endpoints of the in-
terval and reaches its maximum at the conditional median. This structure reflects 
the fact that the pairs of observations with the largest expected difference are those 
located on opposite sides of the median of the conditional distribution. 

In the context of the lognormal distribution, this formulation is particularly 
relevant when analyzing subgroups defined by economic thresholds (income 
brackets), biological thresholds (concentration intervals), clinical thresholds (di-
agnostic value ranges), or environmental thresholds (exposure brackets). The for-
mula allows quantifying intra-group variability analytically, avoiding the approx-
imations that would be necessary with numerical methods. 

6. Mean Difference of the Truncated Lognormal Distribution 

Truncation is frequent in practical applications where extreme values are physi-
cally impossible, unobservable, or subject to censoring. The lognormal distribu-
tion truncated on the interval [a, b] finds application in numerous contexts: bio-
chemical concentrations (which cannot be negative and have physiological upper 
bounds), incomes (bounded below and above in sample surveys), survival times 
(truncated by the observation period of the study), and particle sizes (limited by 
instrumental detection thresholds). 

The formula for the mean difference of the truncated lognormal is obtained by 
specializing the conditional mean difference Formula (12) to the lognormal dis-
tribution. Through the substitution of the lognormal cumulative distribution 
function F(x) = Φ((logx − μ)/σ), where Φ(·) is the cumulative distribution func-
tion of the standard normal distribution, and the change of variable y = (logx − 
μ)/σ, the limits of integration are transformed into standardized limits. After ap-
propriate algebraic simplifications, the following formula for the truncated mean 
difference ΔT is obtained: 

 
3Let X be a continuous random variable with CDF F(x) on support (a0, b0). The mean difference of X 
conditioned on the interval [a, b] ⊆ (a0, b0) is:  

[ ] ( ) ( )( ) ( ) ( ) ( ) ( )2
, 4 dc

b

a
a b F b F a F x F a F b F x x∆ = − − −          ∫ , as given in Formula (12) below. 

The result follows from applying the integral representation (3) to the conditional distribution of X 
given a ≤ X ≤ b, whose CDF is F[a,b](x) = [F(x) − F(a)]/[F(b) − F(a)], and simplifying. 
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 ( )

( ) ( )
2 2 * *

0* *

2e erf erf
2 2

T
+     − −

∆ = − −∆    
Φ −Φ     

µ σ β σ α σ
β α

 (13) 

where the standardized limits are defined as:  

 ( )( ) ( )( )* *log , loga b= − = −α µ σ β µ σ  (14) 

and the other variables are: [a, b] = truncation interval; Φ(·) = cumulative distri-
bution function of the standard normal distribution; Δ0 = corrective term for the 
truncation, defined as the residual adjustment that ensures the truncated mean 
difference ΔT converges to the unrestricted Δ(μ, σ) when the truncation interval 
expands to (0, +∞)4. 

The derivation proceeds from the conditional mean difference formulation 
(Section 5), specialized to the lognormal distribution with parameters μ and σ. 
The substitution of the lognormal cumulative distribution function into the inte-
gral of Formula (12) and the application of the change of variable lead to integrals 
involving the error function, analogous to those used by Girone and Manca [13] 
in the derivation of the original formula. 

The corrective term Δ0 represents the boundary correction that accounts for the 
effects introduced by the truncation on the mean difference. Specifically, Δ0 is de-
fined as the double integral  

( ) ( ) ( )( ) ( )( )[ ]

( ) ( ) ( ) ( )

2

2

0 ,
4 log log

d d

a b

T T

x y

f x f y f x f y x y

∗ ∗∆ = Φ −Φ Φ − −Φ −     
⋅   −

∫∫β α µ σ µ σ
, 

where fT denotes the truncated density. In general, Δ0 does not admit a closed-
form expression and must be evaluated numerically; however, it vanishes as the 
truncation interval expands to the full support, since fT → f. It ensures that ΔT con-
verges correctly to the non-truncated mean difference Δ(μ, σ) of Formula (10) 
when the truncation limits tend respectively to 0 and +∞, that is, when α* → −∞ 
and β* → +∞. In that limit, indeed, Φ(β*) − Φ(α*) → 1 and the corrective term 
vanishes, recovering exactly Formula (10). 

Formula (13) thus extends the fundamental Girone-Manca result to the case of 
the truncated lognormal distribution, maintaining the analytical structure based 
on the error function that characterizes the original formulation. 

7. Applications in Medical Sciences 

The extensions of the lognormal mean difference presented in the preceding sec-
tions find numerous and significant applications in the field of medical sciences, 
where the lognormal distribution represents one of the most frequently employed 
probabilistic models for describing the variability of biological phenomena [15]. 

 
4Let X ~ Lognormal(μ, σ2) truncated to the interval [a, b] with 0 < a < b. Then the mean difference of 
the truncated distribution is given by Formula (13) below, expressed in terms of the standardized trun-
cation limits α = (loga − μ)/σ and β = (logb − μ)/σ, the standard normal CDF Φ(∙), and a boundary 
correction term Δ0. The result is obtained by specializing Proposition 2 to the lognormal CDF F(x; μ, 
σ) = Φ((logx − μ)/σ) and evaluating the resulting integral using the substitution u = (logx − μ)/σ, 
together with known integrals of the error function [9]. 
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7.1. Biomarkers and Biochemical Concentrations  

Many biological variables follow a lognormal distribution: serum concentrations 
of proteins (such as C-reactive protein, CRP), hepatic enzymes (ALT, AST), hor-
mones (cortisol, testosterone, TSH), antibodies (IgG, IgM, IgA), blood glucose 
levels, plasma drug concentrations, and numerous other biomarkers [15]. The 
generalized mean difference (10) allows quantifying inter-individual variability in 
these measurements, providing a robust measure of dispersion that, unlike the 
variance, is not excessively influenced by the extreme values typically present in 
biochemical distributions. 

In particular, in laboratory practice, reference intervals for biomarkers are typ-
ically defined as percentiles of the distribution in the healthy population. The con-
ditional mean difference (12), calculated over the reference interval, provides a 
measure of “physiological” variability that excludes pathological values and allows 
more appropriate comparisons between different populations. 

Among the biomarkers that most frequently exhibit a lognormal distribution, 
prostate-specific antigen (PSA) represents an emblematic case. In the healthy 
male population, serum PSA concentrations show a marked positive skewness, 
with a right tail extending toward elevated values associated with pathological 
conditions such as benign prostatic hyperplasia and prostate carcinoma. The con-
ventional diagnostic threshold of 4.0 ng/mL, used as a cut-off value for oncological 
screening, is located in the upper portion of the lognormal distribution of normal 
values, and the mean difference Δ calculated on the distribution of sub-threshold 
values provides a measure of physiological variability that can be employed to re-
fine diagnostic criteria as a function of the patient’s age and ethnicity. 

Similarly, cardiac troponin (cTnI and cTnT), used as a primary biomarker for 
the diagnosis of acute myocardial infarction, exhibits a lognormal distribution in 
the general population, with extremely low values in the majority of healthy sub-
jects and increases of several orders of magnitude in the presence of myocardial 
damage. Serum creatinine levels, a fundamental indicator of renal function, follow 
an analogous distributional pattern, with the mean difference being particularly 
informative in quantifying inter-individual variability while accounting for the 
multiplicative nature of glomerular filtration processes. The hepatic enzymes ala-
nine aminotransferase (ALT) and aspartate aminotransferase (AST) also follow a 
lognormal distribution, as do the tumor markers CA-125, employed in the moni-
toring of ovarian carcinoma, and alpha-fetoprotein (AFP), used in the surveillance 
of hepatocellular carcinoma. 

The fundamental reason why these biomarkers follow a lognormal distribution 
lies in the nature of the underlying biological processes. Biochemical concentra-
tions in plasma are the result of cascades of enzymatic reactions, processes of syn-
thesis, secretion, distribution, metabolism, and elimination that operate in a mul-
tiplicative rather than additive manner. According to the multiplicative central 
limit theorem, the product of a large number of independent positive random 
variables converges to a lognormal distribution, regardless of the distribution of 
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the individual component variables [15]. This principle explains the ubiquity of 
the lognormal distribution in biomedical sciences: each metabolic step modifies 
the concentration by a multiplicative factor, and the overall effect is a log-normal 
distribution of the values observed in the population. 

From a clinical standpoint, the use of the mean difference Δ in place of the 
standard deviation offers specific advantages in characterizing biomarker varia-
bility. The standard deviation, calculated on the original scale of concentrations, 
is heavily influenced by extreme values and provides distorted information when 
the distribution is markedly skewed. The mean difference, being based on the ab-
solute differences between all pairs of observations, is inherently more robust and 
captures the effective dispersion of the data in a manner more representative of 
clinically relevant variability. Furthermore, the ratio Δ/E[X], where E[X] denotes 
the mean of the distribution, provides an alternative coefficient of variability to 
the classical coefficient of variation CV = SD(X)/E[X], with superior robustness 
properties for heavy-tailed distributions, such as the lognormal. 

The definition of diagnostic thresholds and reference intervals benefits signifi-
cantly from the analytical formulation proposed here. Reference intervals, tradi-
tionally constructed as the central 95th percentile of the distribution of values in 
the healthy population, can be supplemented with the conditional mean differ-
ence (12) calculated over the interval itself, yielding a more complete characteri-
zation of intra-interval variability. This approach is particularly useful in compar-
ing different populations (by sex, age, ethnicity, or physiological conditions such 
as pregnancy), where not only the limits of the reference interval, but also the 
structure of the internal variability may differ in a clinically significant manner. 

To illustrate the practical relevance of the proposed formulation, consider a bi-
omarker whose distribution in a reference population can be reasonably approxi-
mated by a lognormal distribution with parameters μ = 0 and σ = 0.5. 

Using the generalized formula for the mean difference, we obtain: 

 ( )
2

, 2exp erf
2 2

   ∆ = + ⋅   
  

σ σµ σ µ  (15) 

which yields Δ ≈ 0.84. Since the mean of the distribution is [ ] 2 2eE X += ≈µ σ 1.13, 
the ratio Δ/E[X] ≈ 0.74 provides a normalized measure of variability. 

For comparison, consider a more dispersed scenario with σ = 1. In this case, the 
mean increases to E[X] ≈ 1.65, while the mean difference rises to Δ ≈ 2.05, leading 
to Δ/E[X] ≈ 1.24. 

These results highlight how the mean difference captures the rapid increase in 
variability associated with higher dispersion in lognormal models, reflecting the 
growing asymmetry and heavy-tailed behavior typical of biological measure-
ments. 

7.2. Pharmacological Dosages and Pharmacokinetics 

The pharmacokinetics of many drugs is described by lognormal models for 
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plasma concentrations [16]. Inter-individual variability in pharmacokinetics is a 
crucial factor in the design of dosing regimens and in the evaluation of drug safety. 

The conditional mean difference (12) finds specific application in the evalua-
tion of the variability of concentrations within the therapeutic window, that is, the 
concentration interval between the minimum effective concentration (MEC) and 
the minimum toxic concentration (MTC). The analytical quantification of this 
intra-therapeutic variability is of fundamental importance for the optimization of 
dosing regimens and for the personalization of pharmacological therapy. 

The fundamental pharmacokinetic parameters—the maximum plasma concen-
tration (Cmax), the area under the concentration-time curve (AUC), systemic 
clearance (CL), the volume of distribution (Vd), and the elimination half-life 
(t1/2)—typically exhibit a lognormal distribution in the population [16]. This dis-
tributional property is a direct consequence of the nature of pharmacokinetic pro-
cesses: gastrointestinal absorption, hepatic first-pass metabolism, plasma protein 
binding, and glomerular filtration operate as multiplicative factors on the drug 
concentration, generating inter-individual variability that is expressed on a loga-
rithmic scale. In particular, the hepatic first-pass effect, mediated by the cyto-
chrome P450 enzyme system, introduces substantial variability due to the genetic 
polymorphism of metabolizing enzymes (CYP2D6, CYP3A4, CYP2C19), with dif-
ferences between poor, intermediate, extensive, and ultra-rapid metabolizers that 
translate into variations in Cmax and AUC by a factor ranging from 2 to over 10. 

The generalized mean difference (10) finds direct application in the quantifica-
tion of inter-individual variability of these pharmacokinetic parameters. For a 
drug with log-normally distributed bioavailability parameters, the formula Δ = 

( )2 22e erf 2+ ⋅µ σ σ  allows the analytical calculation of the expected mean differ-
ence between two randomly selected subjects from the population, providing 
complementary and more intuitive information compared to the coefficient of 
variation traditionally reported in pharmacokinetic studies. This is particularly 
relevant for drugs with a narrow therapeutic index (warfarin, digoxin, phenytoin, 
lithium, cyclosporine, tacrolimus), where small concentration variations can de-
termine the transition from therapeutic efficacy to toxicity or inefficacy. 

In the context of Therapeutic Drug Monitoring (TDM), the mean difference 
conditioned on the therapeutic window [MEC, MTC] assumes a central role. 
TDM involves the periodic measurement of plasma drug concentrations with the 
objective of maintaining levels within the therapeutic range. Formula (12), applied 
to the interval [MEC, MTC], allows quantifying the expected intra-therapeutic 
variability in the population, information that is essential for the design of moni-
toring protocols and for defining the optimal frequency of blood sampling. Fur-
thermore, the comparison between the mean difference over the entire distribu-
tion and the mean difference conditioned on the therapeutic window provides a 
quantitative measure of the proportion of clinically relevant variability, distin-
guishing it from the total variability that includes sub-therapeutic and supra-ther-
apeutic values. 
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Bioequivalence studies, which are fundamental for the regulatory approval of 
generic drugs, are explicitly based on the assumption of lognormality of pharma-
cokinetic parameters. The guidelines of the FDA (Food and Drug Administration) 
and the EMA (European Medicines Agency) require that the ratio of pharmaco-
kinetic parameters (Cmax and AUC) of the generic drug to the reference drug be 
analyzed on a logarithmic scale, with 90% confidence intervals that must fall 
within the 80% - 125% range. In this context, the mean difference Δ on the loga-
rithmic scale of the parameters offers a complementary indicator of the variability 
of the bioequivalence ratio, while the truncated lognormal Formula (13) can be 
employed to characterize the variability when data are subject to analytical quan-
tification limits or when pharmacokinetic outliers are excluded from the dataset. 

Population pharmacokinetics (PopPK), which employs nonlinear mixed-ef-
fects models to describe inter- and intra-individual variability in the pharmacoki-
netic response, provides estimates of the location parameter μ and the scale pa-
rameter σ of the lognormal distribution of pharmacokinetic parameters in the 
population. These estimated parameters can be directly inserted into Formula (10) 
to obtain the expected mean difference in the patient population studied. The 
PopPK approach also identifies covariates (body weight, renal and hepatic func-
tion, age, sex, metabolic genotype) that explain part of the inter-individual varia-
bility, and the mean difference can be calculated conditionally on the subgroups 
defined by these covariates, allowing a more precise quantification of residual var-
iability and supporting personalized dosing strategies based on the individual pa-
tient’s characteristics. 

Consider a pharmacokinetic variable (e.g., plasma concentration) following a 
lognormal distribution with parameters μ = 1 and σ = 0.6. Suppose that the ther-
apeutic window is defined by the interval [a, b] = [1, 5]. 

The conditional mean difference over this interval can be evaluated using the 
proposed formulation based on the cumulative distribution function. Numerical 
evaluation shows that the conditional mean difference is substantially lower than 
the unconditional one, reflecting the restriction to clinically relevant values. 

This reduction quantifies the extent to which variability outside the therapeutic 
window contributes to overall dispersion. From a clinical perspective, this pro-
vides a meaningful measure of intra-therapeutic variability, which may be useful 
in the design of dosing strategies and monitoring protocols. 

More generally, the comparison between conditional and unconditional mean 
differences offers a quantitative tool to distinguish clinically relevant variability 
from extreme or non-informative observations. 

8. Conclusions 

In this work, four significant extensions of the mean difference formula for the 
lognormal distribution obtained by Girone and Manca [13] have been presented. 
The analysis of the asymptotic behavior has shown that the mean difference tends 
to zero for γ → 0 (consistently with the degeneration of the distribution toward a 
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degenerate distribution) with a linear convergence rate proportional to 2 2 πγ , 
and diverges to +∞ for γ → +∞ (consistently with the divergence of the scale of 
the distribution) with a ratio Δ/E[X] that tends to 2 (where Δ here denotes the 
standardized mean difference). 

The generalized formula with complete parameters μ and σ, obtained through 
the homogeneity property of the mean difference, extends the original result to 
the non-standardized lognormal model, making the formula directly applicable to 
empirical data parameterized in the usual form. The expression for the Gini index 
G = erf(σ/2) that follows confirms well-known results in the literature on concen-
tration. 

The conditional mean difference and the formula for the truncated lognormal 
broaden the field of application to practical contexts where data are naturally lim-
ited or segmented. In particular, the formula for the truncated distribution, which 
extends the Girone-Manca result while maintaining the analytical structure based 
on the error function, represents a useful tool for the analysis of censored or trun-
cated data. 

The applications in medical sciences illustrate the practical relevance of these 
analytical results in fields ranging from clinical biochemistry to pharmacokinetics. 
The formulas derived here preserve the elegance and simplicity of the original 
formulation, confirming the centrality of the error function in the characteriza-
tion of the variability of the lognormal distribution. 

9. Limitations and Future Research 

Despite the analytical generality of the results, some limitations of the present 
study should be acknowledged. The proposed formulations are derived under the 
assumption of exact lognormality, which, although widely supported in many ap-
plied contexts, may not fully capture deviations observed in empirical data. In ad-
dition, the results are obtained within a univariate framework and do not directly 
extend to multivariate settings, where dependence structures may play a relevant 
role. 

Future research may address these limitations by extending the analysis to mul-
tivariate lognormal models and to alternative heavy-tailed distributions. Further de-
velopments could also include the empirical validation of the proposed measures 
on real datasets, as well as the comparison with other dispersion and inequality 
indicators in applied contexts. Such extensions would contribute to a deeper un-
derstanding of variability in complex stochastic systems.  
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