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Abstract 
Proper acoustic waves associated with the Rankine vortex of low Mach num-
bers are studied by solving the compressible Navier-Stokes equations and the 
continuity equation in cylindrical coordinate system. The vortex Mach num-
ber (VMN) is introduced as the ratio of the maximum swirling speed to the 
sound speed. The density modulation is expressed in terms of the cylindrical 
functions, which, in contrast to the plane waves, do generally not keep the 
mass of the fluid invariant. Axisymmetric solutions subjected to mass conser-
vation condition (MCC) are surveyed at low VMN and are shown to exist. The 
consequence of the MCC is that the wave numbers are complex and discre-
tized in accordance with the distribution of the zeros of the first derivative of 
the Hankel function. Consequently, the generated sound propagates as a wave 
packet. The wave length and the width of the wave packet increases and de-
creases, respectively, with the VMN.  
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1. Introduction 

Vortices are the essential ingredients of turbulence in fluids that we frequently 
encounter under natural and artificial conditions. In a flow of the Reynolds num-
ber Re , turbulence will be observed as random fluctuations of velocity borne by 
vortices whose sizes may extend over a range of 4 3Re  [1]. Impressive phenom-
ena associated with turbulence are the so called “noises” that are not welcome in 
many occasions of humane lives, and as such, have attracted many researchers’ 
attention in particular in the field of engineering.  

Noise of turbulence is an “irregular” sounding due to shear in chaotic flow. The 
modern theory of sound in turbulence was developed by Lighthill [2] and has been 
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employed and developed by many authors. See, e.g., [3]-[7] and references cited 
therein. For an informative textbook, see [8] [9].  

Lighthill’s theory takes account of the irregular turbulent motion of fluid as the 
source of the density modulation that propagates as sound. The first and the sec-
ond order velocity fluctuations, which are referred to as the dipole and quadrupole 
interactions, respectively, constitute the source [2]. The intensity of the sound pro-
duced by eddy in such a random way is proportional to the eighth power of the 
velocity fluctuation and is generally weak.  

We may imagine another type of sound whose origin is idiosyncratically tied to 
a single vortex itself. If a vortex is to generate proper sounds of its own, knowledge 
on such sounds will help us understand the structures of not only a single vortex 
but also of turbulence. For such approaches, the perturbative method will be the 
first step we should take. In meteorology, detecting strong perturbations about 
steady vortex like typhoon is of a practical theme of research [10] [11]. However, 
the possibility of small acoustic perturbations propagating from a steady vortex 
seems not to have been explored systematically. 

The purpose of this note is to outline the perturbative approach of sound gen-
eration in a vortex with as simple a structure as possible. To this aim, we scrutinize 
the dynamics of the field fluctuations about the Rankine vortex as the background 
flow. In the next section, the method of analysis is presented with emphasizing the 
significance of the requirement that the total mass should be conserved. In Section 
3, the result of numerical calculation is presented. Summary and comments are 
given in the last section. 

2. Dynamics of Perturbations around Rankine Vortex 

We consider the flow governed by the compressible Navier-Stokes equations 

 ( ) ( ) ( )2 ,
3t i iu p ηρ ρ η ζ
′ ′∂ + ∂ = − + + + ⋅ + 

 
u u u u f∇ ∇ ∇ ∇  (1) 

and the continuity equation 

 ( ) 0tρ ρ∂ + ⋅ =u∇ . (2) 

In (1) and (2), t∂  and i∂  denote partial differentiations with respect to the 
time t  and the spatial coordinate component ir , respectively, ρ  the den-
sity, u  the velocity vector, p  the pressure, η′  and ζ  the viscosity coeffi-
cients and f  the external force. From (1) and (V2), the density wave equation 
is derived [2] [8] 

 ( )2 2 2
t i j i jp u uρ ρ η∂ − = ∂ ∂ − ⋅ − ⋅u f∇ ∇ ∇ ∇ , (3) 

where a new viscosity coefficient has been defined by 4 3η η ζ′≡ + . We write 
the first term on the right-hand side (hereafter, rhs) of (3) as  

 ( )i j i ju uρ ρ∂ ∂ ≡ mD . (4) 

In cylindrical coordinate system, mD  takes the form 
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  + ∂ + ∂ + ∂ + ⋅ + ⋅  
  

∂   + ∂ + + + ∂ ∂ + ∂ ∂  
  

+ ∂ ∂ − ∂ + ∂

u

u u

D ∇

∇ ∇
 (5) 

where 

D r r z z
uu u
r
θ

θ≡ ⋅ = ∂ + ∂ + ∂u ∇ . 

To simplify the problem, we analyze the system (3) - (5) with no external force 
for the steady and circular Rankine vortex ( )( )0, , 0u rθ=u  as the background 
flow where 

 ( )
, ,
2 , ,

r r R
u r

r r Rθ

Ω ≤
= Γ ≥π

 (6) 

with the relation 22 RΓ = πΩ . The maximum flow speed is given by maxu Rθ = Ω . 
The vortex undergoes a rigid body rotation in the inner or core region and a mo-
tion with a constant circulation in the outer region. The vorticity is distributed in 
the core region. The Navier-Stokes equations tell us that the pressures at 0r =  
and r = ∞  are related as 

 ( ) ( ) ( )2max
0 0 00 .p p uθρ∞ − =  (7) 

Consider small adiabatic changes (i.e., entropy is conserved):  
 0 0 1ρ ρ ρ→ + , 0 0 1p p p→ + , δ→ +u u u , (8) 

 1 1

0 0

p
p

ρ
γ
ρ

= , (9) 

where γ  is the adiabatic index. The sound speed ( )c r  is given by 

 ( ) ( )2
2 0

2
0

p r
c r γ

ρ
=  (10) 

In (3), assuming the form 

 ( ) ( ) ( )i
1 1, e ,zt m k zt rω θρ ρ− + +=r   (11) 

the equation for ( )1 rρ  is obtained. When sound speed is far greater than the 
flow speed and viscosity is ignored, the equation takes the form of the Bessel type 
near the origin and far away from the origin but with different parameters in the 
both regions. Indeed, substituting (6) and (11) to (5) with reference to (10), the 
Equation (3) and their solutions in the above approximations are given by 

 
2

2
1 1 12

1 0
r r

µρ ρ β ρ
 

′′ ′+ + − = 
 

   , (12) 

 ( ) ( )1 r Z rµρ β= , (13) 
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where ( )Z rµ β  stands for cylindrical function and  

 ( ) ( ) ( )

( ) ( )
( )

2 2 4 2
2 2

2 4
0 02 2

2 2
2 2 2

2 2
0 0

, , outer region,

,

2 , , inner region,
0 0

z

z

Rk m
c c

m k m
c c

ω γ ω

β µ
ω

 Ω − −
  ∞ ∞ = 
  Ω − + −  

 (14) 

where ( )0 0c  and ( )0c ∞  are the unperturbed sound speed at 0r =  and ∞ , 
respectively. On the rhs of (14), the upper (lower) columns are for the outer (in-
ner) region. 

We write the radial wave number in the outer region as k> . From (14), the 
wave solutions propagating outward exist when the frequency obeys the disper-
sion relation 

 ( ) .K c Kω > ∞ >= ±  (15) 

where ( )2 1 22
zK k k> >≡ + , ( )0c c∞ ≡ ∞ . When 0zk = , writing as K k> >= , the 

double signs in (15) can be removed by allowing k>  to take unrestricted complex 
values. The correction to (15) due to viscosity is the order of 2Kν > , which is negli-
gible. 0ν η ρ≡  is the kinematic viscosity. 

Ignoring the viscosity, the solutions in the outer region are well approximated 
by the Hankel function ( ) ( )1H k rµ >  with  

 ( )22 , 0m MRK mµ γ >= ± − ≥ . (16) 

In the inner region, the solution is given by the Bessel function ( )mJ k r<  (and 
the Neumann function ( )0Y k r<  when 0m = ). In (16), we defined the vortex 
Mach number (VMN) by maxM u cθ ∞= . The µ  is generally complex due to the 
VMN term in (16). Its origin is traced back to the shear of the kinetic energy 

( )2~ 2uθ
′  in (5). The double signs in (16) are independent of those in (15) and 

are reserved in (16). The relation (14) for the inner region also gives the dispersion 
relation 

 
( ) ( )

( )
2 2

2 2 2
2 2

0 0

2
0 0

zk m k
c c
ω

<
Ω

= − + − . (17) 

In summary at this stage of the arguments, the outer solution ρ>  and the in-
ner solution ρ<  for 0m =  are given by 

 ( ) ( )1 ,CH k rµρ> >=  (18) 

 ( ) ( )0 0AJ k r BY k rρ< < <= + . (19) 

These solutions are to be smoothly connected together at r R=  (connection 
condition, CC): 

 ( ) ( ) ( ) ( )1
0 0 ,AJ k R BY k R CH k Rµ< < >+ =  (20) 

 ( ) ( ) ( ) ( )1
0 0Ak J k R Bk Y k R Ck H k Rµ< < < < > >

′′ ′+ = . (21) 

The CC must be time independent, so that the ω  in (17) must coincide with the 
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one given by (15). Hereafter, we restrict ourselves to the case 0zk =  so that 
K k> >= .  

The asymptotic form of the outer solution is given with a normalization con-
stant C  by 

( ) ( ) ( )

( )

1i i
1

2

, e

2 4 1 2 11 i exp i i .
8

t mt C H k r

C k c t r m
k r k r

ω θ
µρ

µ µθ

− +
>

> ∞
> >

=

 −  +  → + + − − + − π    π 4   

r



 (22) 

The wave front is supposed to be at r c t∞= . Without energy supply, the wave at 
a fixed r  should not intensify. This is possible when Im 0k> ≤ . In this case, (22) 
represents a wave packet having the radial width 1 Im k> . 

We further impose a condition that the density modulation has to keep the total 
mass invariant (mass conservation condition, MCC): 

 ( )1 , d 0I tρ≡ =∫ r r . (23) 

Note that (23) is fulfilled mathematically for 1m ≥  or 0zk ≠ . The upper bound 
of the r -integration in (23) is the position of the wave front. Even under this 
restriction, the above integration yields a term divergent in t  because of the as-
ymptotic form (22). However, the phase of the divergent part can be arbitrarily 
chosen. This means that the integration (23) is regularized by appropriately 
choosing the phase of C  and taking, e.g., the real part of 1ρ  as the physical so-
lution. Consequently, the physically allowed k>  are given by the zeros of the first 
derivative of ( ) ( )1H zµ . See Appendix. Then, given a vortex specified by R  and 
M , we have six Equations (20), (21), (23), (16) (15) and (17) that will be solved 
for six unknowns A C , B C , ω , k> , k<  and µ . 

3. Result of Numerical Calculation 

In this section, for simplicity, we are interested in the modes 0 zm k= = , whose 
intensities are the lowest for a given k> . We set 1R =  in numerical calculations. 
The result is presented in Figure 1 for axially symmetric mode (i.e., 0m = ) and 
small VMNs 0 0.17M< ≤ . ( 0.17M =  amounts to the wind speed of about 58 
m∙s−1 in the normal atmospheric condition on the earth.) There, five sequences of 
k>  for the physical solutions, i.e., Im 0k> < , are depicted as functions of M . The 
solutions for k>  form distinctive sequences. Since the wave number uniquely de-
termines the frequency ω , the figure shows that the VMN determines the tones 
which form sequences as the VMN varies. Each sequence is labeled by a set of a 
capital and a corresponding small letter. A capital letter is employed for Re k>  
and a small letter for Im k> . The sequence (A, a) is of the fundamental tones and 
the other sequences are of the overtones. All of Re k>  and Im k>  are negative. 
The other characteristics of the solutions are summarized below. 

(A, a): Re 0.4k> ≈ −  and Im 0.6k> ≈ −  are dependent on M  very weakly.  
(B, b): Re 4k> ≈ − , 1.1 Im 0.4k>− < < − . Sound propagates as a wave packet 

with the wavelength 2λ ≈ π  and the spatial width 1 ~ 2w ≈ . For w λ≈ , the 
wave packet will look virtually like a moving lump of pressure deviations. 
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(C, c), (D, d): Re k>  and Im k>  are appreciably decreasing and increasing 
functions of M , respectively. At 0M ≈ , the spacing of neighboring Re k>  is 
about π  and λ  is shorter than 1. On the other hand, since Im 0.35k> ≈ , w  
is about 3. For 1w λ > , the oscillation of the waves will be observable.  

The above feature of (B, b), (C, c) and (D, d) are analogous to the vibration of 
a medium confined in a box.  

 

 
Figure 1. Rek>  and Imk>  vs. M  for five sequences of tones. 
Bold curves are of Rek>  and are labeled by capital roman letters 
A - E. Thin curves are of Imk>  and are labeled by the 
corresponding small roman letters a - e. Same color is used for 
Rek>  and Imk>  of the same solution. Inset: Enlarged drawings 
for Rek>  (A) and Imk>  (a).  

 
Re k>  of all solutions tends to decrease with M . Therefore, the “density of 

states”, i.e., the number of solutions per unit frequency, increases with M . At the 
same time, Im k>  also tends to increase. Consequently, the Rankine vortex with 
larger Mach number will be able to generate more compact wave packets. 

4. Summary and Comments 

We examined within the compressible Navier-Stokes equations in cylindrical co-
ordinate system whether proper radially traveling acoustic waves are supported 
by the steady Rankine vortex. With some presumably pertinent approximations, 
we found for the axially symmetric mode that 

1) The radially traveling sounds proper to the Rankine vortex exist, each of 
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which is characterized by a radial wave number. 
2) The radial wave number depends on the VMN. 
3) The radial wave number is complex owing to the MCC. The complex µ  

also plays a part in developing the imaginary part of the wave number. 
4) Imaginary part of the radial wave number originates from the complex zeros 

of the Hankel function together with the shear in the kinetic energy of the back-
ground vortex flow and remains finite in inviscid limit. 

5) Physical wave packets form and travel to the radial direction when the imag-
inary part of the wave number is negative.  

Proper sounds are characterized by the discrete complex wave numbers and 
frequencies. Subtle adjustment of the positions of the nodes and the amplitude of 
the wave is needed to fulfill the MCC. The MCC comes to time-independent ful-
fillment by the propagation of sound in the form of wave packet whose form is 
essentially not altered during the propagation. Owing to the proper sounds, reso-
nance will take place when the vortex is subjected to external acoustic stimulations 
with corresponding frequencies.  

In view of practical applications, one may ask what if the azimuthal velocity 
component uθ  is a smooth function. This is not an easy problem. Besides heavy 
numerical calculations, one possibility may be as follows. Suppose that we could 
somehow find a Rankine vortex function ( )0uθ  such that the difference 

( )0u u uθ θ θδ = −  is minimized in a certain sense. If we could solve the wave equa-
tion perturbatively in uθδ , we would in principle have the perturbative correc-
tions to the wave numbers that had been found as the zeros of the first derivative 
of the Hankel function as is the case with the present study. 

Compression and extension of the flow are not involved in the Rankine vortex 
but also contribute to the kinetic energy. A question to be addressed is therefore: 
what happens in other vortices like Burgers’ [12]? An interesting possibility will 
also arise that the proper sounds from turbulence may convey nontrivial infor-
mation on the distribution of vortices. These are left for future study. 
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Appendix 

The MCC (23) is divided into two parts: 

 in out 0,I I I= + =  (A1) 

where 

 
i

in 0

i
out

e d ,

e d ,

R t

c t t
R

I r r

I r r

ω

ω

ρ

ρ∞

−
<

−
>

=

=

∫

∫





 (A2) 

where ρ<  and ρ>  are the functions of r  only. (Strictly speaking, the devia-
tion of ( )1 , tρ r  from the asymptotic from (22) will occur near the wave front and 
also contributes to I . We assume that this contribution is negligible.) 

The inner part inI  is given by an integration of the Bessel function and the 
Neumann function, while outI  is given by an integration of the Hankel function 
as are seen from (19) and (18). inI  is finite and is given by 

 ( ) ( )
( ) ( )1

i i
in 0 0 20

d
e d e

d
Rt t

z k R

H zk RA BI J k r Y k r r r
C C zk

µω ω

>

− − >
< <

< =

 = + = − 
 ∫ . (A3) 

In deriving (A3), uses have been made of the relations readily obtained from 
(20) and (21): 

 
( ) ( ) ( )

( ) ( ) ( ) ( )

1
0

1
0

1 H k R Y k RA
C D k k H k R Y k R

µ

µ

> <

> < > <

=
′ ′

, (A4) 

 
( ) ( ) ( )
( ) ( ) ( ) ( )

1
0

1
0

1 J k R H k RB
C D J k R k k H k R

µ

µ

< >

< > < >

=
′′

, (A5) 

where, by virtue of Lommel’s formula, 

 
( ) ( )
( ) ( )

0 0

0 0

2 .
J k R Y k R

D
J k R Y k R k R

< <

< < <

≡ =
′ ′ π

 (A6) 

From the asymptotic form (22) of the Hankel function, we can estimate the time 
dependence of outI  as 

 ( ) ( ) ( )
( )

( )( )1 2 3 2
1

2
i 2 1 4

out 3 2

2 4 3~ e i
8

I t C c t O c t
k k c t

µ µ −− + π
∞ ∞

> > ∞

 +
− + + 

π   
. (A7) 

The term divergent for t →∞  in the brackets is pure imaginary and the non-
divergent term is complex. Suppose that 2β  and 2µ  are dominantly real (this 
is true for the most of the solutions as is shown in Section 3.) and remember that 
the real or the imaginary part of ( )1 , tρ r  (or their linear combination without 
spatio-temporal dependence) can be the solution. Then, by appropriately choos-
ing the phase of the constant C  so as to cancel the phase factor in ( )i 2 43 2 1ek µ− + π−

>  
and by choosing the real part of ( )1 , tρ r , the divergence due to ( )1 2c t∞  in outI  
is removed. The remaining terms converge to zero. Together with (A1) and (A3), 
it turns out what we need is to solve the condition  
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( ) ( )1d

0
d

z k R

H z
z

µ

>=

= , (A8) 

i.e., the zeros of the first derivative of ( ) ( )1H zµ . They are generally complex [13] 
[14]. For numerical calculations involving the cylindrical functions with complex 
order, their integral representations were used.  
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