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Abstract

In a companion paper, we settled the existence of K; — e designs on K; + vfor
even dwith v=2(d - 1) — 5a, treating the cases where a is even and odd sep-
arately. In this paper, we complete the full characterization for even d by re-
solving the remaining case: 5 | d. We first establish non-existence when v=2d
— 3 or v=2d - 4 via a coloring argument. We then prove existence for all
admissible vusing a combination of direct constructions, a multipartite design
on Kio,10,10, and a recursive blowup lemma. Together with our earlier results,
this yields a complete necessary and sufficient characterization: a K; — edesign
on K; + vexists when dis even if and only if 5 | d(d + 2v— 1), v< 2(d - 1),
and v#2d-3, v#2d- 4.

Keywords
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1. Introduction

A G-design on His an edge-disjoint decomposition of A into isomorphic copies
of the graph G. When H = K, the complete graph on n vertices, this is called a
G-design of order n. The spectrum problem for G—determining all n for which
such a design exists—has been solved for all graphs on fewer than six vertices [1]
[2].

A complete graph with a hole, denoted Ki + v; consists of a complete graph Ky
together with an independent set V of vvertices, where every vertex in Vis adja-
cent to every vertex in Ky see Figure 1. Equivalently, Ki + v= Ku/K, where n=d
+ v. Designs with holes were first studied by Doyen and Wilson [3] for G = K;,
and extended to cycles and other small graphs [4] [5].
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Kq

K

Figure 1. Kq+ v.

The graph of primary interest here is K; — ¢, the complete graph on four vertices
with one edge removed, as shown in Figure 2. Bermond and Schonheim [1]
showed a K, — edesign of order n exists if and onlyif n = 0 or 1 (mod 5) and n
> 6. Hoffman, Lindner, Sharry, and Street [6] solved the maximum packing prob-
lem for K, with K, — e. Reinterpreted, these results settle the K3 + vproblem for v

<3.

edge cd removed

Figure 2. Ki - e.

In [7], we proved existence for even d when v = 2(d - 1) — 5a for all a > 0,
covering all cases where 5 { d That paper explicitly leaves open the case 5 | d,
which is settled here.

Theorem 1.1 (Main Theorem). There exists a K; — e design on K + vwhen d
is even if and only if: (1) 5| d(d+ 2v—1); (2) v<2(d-1); (3) v# 2d -3 and v=
2d-4.

Necessity of (1) and (2) follows from standard edge-counting arguments [7].
Condition (3) is established in Section 3. Sufficiency for 5 f dwas proven in [7];
this paper provides sufficiency when 5 | d. Section 2 recalls the necessary back-
ground. Section 3 establishes non-existence for v=2d - 3 and 2d — 4. Section 4

gives the recursive and multipartite tools. Section 5 presents the main construc-
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tions. Section 6 verifies small base cases. Section 7 proves the main theorem.

2. Preliminaries

Throughout, let W= {(d, v): there exists a K; — edesign on Ky + v}. This is the set
of (d, v) pairs for which the existence question has a positive answer; Theorem 1.1
characterizes Wrestricted to even d. Since dis even, write d= 2t We model Kj as
Z, x {1, 2} with all possible edges within and between the two copies. Vertices in
K are called upstairs; vertices in Vare called downstairs. There are four types of

K, — eblocks depending on how many vertices lie downstairs, shown in Figure 3.

- <
- <>
)

Figure 3. The four block types a, 3, 3, 0.

Concretely: an a block places two vertices upstairs, joined by an edge, with its
two downstairs vertices each adjacent to both; a Sblock places three vertices up-
stairs, joined by two of the three possible edges, with its single downstairs vertex
adjacent to all three; a y block places three vertices upstairs forming a triangle,
with its single downstairs vertex adjacent to two of the three; and a J block lies
entirely upstairs, contributing all five edges of the block within K3 and none be-

tween K3 and V. This matches the edge-count equations of Section 2.3 below.

2.1. Pure and Mixed Differences

For integers a and b, define |5 — 4l; to be the smallest non-negative integer con-
gruent to b— aor a— b (mod 7). An edge within a copy of Z has pure difterence
|6— a|.. Pure differences range over {1, ..., | #/2]}; when tis even the value #2 is the
half difterence. An edge between Z; x {1} and Z x {2} has mixed difterence y— x
(mod #). There are ¢ mixed differences, each forming a 1-factor on the upstairs

vertices.

2.2. The Stern-Lenz Lemma

Let D =1{1,2, ..., [#2]}. Call x € D, a good differenceif t/gcd(x, 9 is even.
Lemma 2.1 (Stern and Lenz [8]). G[S] has a 1-factorization if and only if §
contains at least one good difference.
The key construction tool is Graph H, shown in Figure 4: take a simple regular
graph Gand an isomorphic copy G, then add an edge between each vertex and its

mate. The resulting A has a 1-factorization. In practice, every time we use a pure
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difference from Z, x {1} we use the same difference from Z, x {2}, ensuring G[S,

7, 8] has a 1-factorization whenever 7'# 2.

G G’
O O
matching
edges
O O

Figure 4. Graph H—each vertex is connected to its isomorphic mate, yielding a 1-factori-
zation.

2.3. Block Counts

Counting edges by block type yields two useful equations. Let A, B, I, A denote
the number of blocks of each type:

A+2B+3T+5A=d(d—-1)/2 (edges upstairs)

4A + 3B +2T'=vd (edges between Vand Kui)

A base block is developed (mod ?) by incrementing upstairs vertex labels to
produce ¢blocks. Each 1-factor of Kj yields £ a blocks by pairing with two down-

stairs vertices.

3. Non-Existence Whenv=2d -3 orv=2d -4

The coloring scheme for the non-existence proof is illustrated in Figure 5. Each
vertex in V'receives a unique color. Upstairs edges are colored according to block
type: a-block edges receive two colors, f-block edges one color, the special edge e

in a yblock one color, and J-block edges none.

A IR

o B Y 6

Figure 5. Colors assigned to upstairs edges by each block type.

Lemma 3.1. When dis even and 5 | d, a Ki — edesign on Ki + vdoes not exist
when v=2d-3or v=2d-4.

Proof. Let p = upstairs edges with two colors, g = edges with one color (from S
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or y), r = pairs of one-colored edges in S blocks, s = uncolored edges. At each
upstairs vertex: d— 1 = p+ ¢+ 2r+ s the color count gives v=2p + g+ r. The
deficiency 2(d—1) — v= g+ 3r+ 2s.

Case 1: deficiency = 1. Then g =1, r= s = 0. The single one-colored edge
cannot arise from a y block (requires s> 1) or a B block (requires r= 1). No
other block type produces single one-colored edges. Contradiction; v=2d -
3 is impossible.

Case2: deficiency = 2. Either ¢=2, r= s=0, or ¢=r=0, s= 1. In either case
r=0so0 no f blocks exist. Two one-colored edges must come from y blocks,
but each y block requires s> 1, and at most one y block can exist when s< 1.

Contradiction; v=2d — 4 is impossible. ]

4. Recursive and Multipartite Constructions

4.1. Blowup Recursion

Lemma4.1.If(d, v) € W,then (dk v+2d(k—1)) € Wforall positive integers
k.

Proof. Blow up each upstairs vertex of Ky + vby a factor of & The & copies of
the (d, v) design exhaust all edges incident to V. By Lemma 2.1, the remaining
upstairs edges partition into d(k— 1) 1-factors. Pairing each with two new down-

stairs vertices and forming a blocks yields the desired design. |

4.2. The K10_ 10,10 Design

A complete tripartite graph K. has all edges between three parts of sizes a, b, c.
Let = {(a b, ¢): there exists a K; — e design on K..}. Figure 6 illustrates how

such a multipartite design combines with hole designs to yield a larger design.

Kb+c

N e e e e =

hole

(a + v vertices)

N e e e ==

Figure 6. Combining K5 Ko + ¥; and K: + vdesigns to form Kpic+ (a+ v).

Lemma 4.2. (10, 10, 10) € .
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Proof. Label the three parts a, b, ¢, each with vertex set Z;,. The following base
blocks, developed (mod 10) for 0 < /< 9, partition all edges:
((0+1i,a), (0+1,b),(2+1,¢),(3+1,0))
((0+1,b), (0+1i,¢), (2+1,a),(3+1i,a))
((0+1,¢),(0+1i,a),(2+1,b),(3+1,b))
((5+1,a),(0+1,b),(1+1i,¢),(6+1,c))
((5+1,b), (0+1i,¢), (1 +1i,a), (6 +1i,a))
((5+1,¢),(0+1i,a),(1+1,b),(6+1,b)) O

Lemma4.3.1f (a, b,c) € Sand (b, v),(cv) € W,then(b+cga+v) € W.
Proof. The union of blocks from the three component designs on Kipc, Ky + v

and K: + vpartitions the edges of Ky, + (2 + 7). ]

5. Constructions for 5 | d

Write d=10¢(since 5 | dand dis even). Edges of pure difference rand 2¢together
with mixed differences 0, ¢, 2¢ 3¢, 4¢ produce ¢ disjoint copies of K, upstairs. For
the upper range of v; these are replaced by Ky, + /4 designs via Lemma 4.1. For the
lower range, 8 base blocks are constructed using bridges as in [7], and remaining
edges are handled via Lemma 2.1. Figure 7 illustrates this construction: the mixed-
difference edges of a § base block form a path alternating between the two upstairs
copies, while its two pure-difference edges lie within the rows, so the block can be
read directly off the diagram. The same construction, with different endpoints,

underlies every § base block used in Section 6.

pure diff. ¢

Zt X {1}

(d,2) (b, 2)
pure diff. |b —d|¢

6 base block ((0,1), (b,2), (¢, 1), (d,2)), developed (mod t)

Figure 7. The bridge construction: a § base block read as a path across the two upstairs
copies.

5.1.Case: t 0dd (t = 3)

Lemma 5.1. Let d= 10¢with fodd, > 3. Then (d, v/ € Wfor all admissible v.
Proof. For 20t — 20 < v< 20¢ - 2, apply Lemma 4.1 with a (10, A) base design,

0 < A < 18. For smaller v, the following three families of 6 base blocks are devel-
oped (mod #) for0 < k< - 1:

Family1 (0<i<t-2):

((0,1), (2t-1-i, 2), (2t—2-2i, 1), (2t+1+i, 2))

Family 2 (single block):

((0,1), (3t+2, 2), (1, 1), (3t+3, 2))
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Family 3 (0 <j < (t-3)/2 - 1):
((0)1)) (4t+1+j) 2)’ (3+2J3 ]-)3 (St_l_j) 2))
This produces ¢ + (¢ — 3)/2 J base blocks, covering values v > 5¢ — 5, which
overlaps with the Lemma 4.1 range when #> 3. Cases ¢= 3 and ¢= 5 require mod-

ifications given in Section 6. g

5.2.Case: t Even (t = 8)

Lemma 5.2. Let d = 10¢with teven, > 8. Then (d, vV € Wfor all admissible v.
Proof. The upper range is handled by Lemma 4.1. For the lower range, the half
difference ¢1is excluded from & block arcs. The bridge construction skips 7= (¢ -
2)/2 and produces the following three families of modified & base blocks:
Family 1 (0<i<t—2,1# (t-2)/2):
((0,1), (2t-1-1i, 2), (2t—2-2i, 1), (2t+1+i, 2))
Family 2 (single block):
((0,1), (3t+2, 2), (1, 1), (3t+3, 2))
Family 3 (0 < j < (t-4)/2 — 1):
((0,1), (4t+2+j, 2), (3+2j, 1), (5t-1-j, 2))
This produces £— 1 + (- 4)/2 Sbase blocks, overlapping with Lemma 4.1 when
t= 8. Cases t= 2, 4, 6 are handled in Section 6. (]

6. Small Base Cases (d = 10 through 80)

All values v< 3 are resolved by [1] and [6]. We give explicit constructions for each
d € {10, 20, 30, 40, 50, 60, 80}. Vertices in Vare labeled (0,3), (1,3), ... and up-
stairs vertices belong to Z, x {1} or Z, x {2} unless an explicit integer vertex set is
given. Every base block and explicit block list in this section was checked compu-
tationally to confirm that its development partitions the required edge set exactly
once, with no repeated or missing edges; the verification script is available from
the author on request. Table 1 summarizes which method covers each v-range for
each d

Table 1. Coverage of Section 6, by d and v-range.

d t v-range Method

10 1 V<3 [1], [6]

10 1 v=4,7,9 (6]

10 1 v=8,13,18 (7]

10 1 v=5,6,10,11, 12, 14, 15 Direct construction, Section 6.1

10 1 v=16,17,19 Lemma 4.3 (Ko, 10,10 tripartite)

20 2 20< v< 38 Lemma 4.1 (blowup)

20 2 v=18 [7], Lemma 3.1

20 2 v=13 [7], Lemma 4.3

20 2 v € {10,11, 12, 14, 15, 16, 17, 19} Lemma 4.3 (tripartite)

20 2 v=9 Recursion (Lemma 2.1), x=8
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Continued
20 2 4<y<8 Recursion (Lemma 2.1), x= 10
30 3 20< v<58 Lemma 5.1, modified Jbase blocks
30 3 v=19 Recursion, x=13
30 3 v=18 [7], Lemma 3.1
30 3 v=16,17 Recursion, x= 14,12
30 3 11<v<15 Recursion, x=10
30 3 v<10 Recursion
40 4 20<v<78 Lemma 5.2, modified dbase blocks
40 4 v=19 Recursion, x=13
40 4 v<18 Recursion
50 5 20< v<98 Lemma 5.1, modified Jd'base blocks
50 5 v<20 Recursion
60 6 30<v<118 Lemma 5.2 + one extra dbase block
60 6 v< 30 Recursion
80 8 50 < v<158 Lemma 5.2 (applies directly)
80 8 v=48, 49 Recursion, x= 30
80 8 v<47 Recursion
todd, ¢= 3 (general) — all admissible v Lemma 5.1 (Section 5.1)
teven, t> 8 (general) — all admissible v Lemma 5.2 (Section 5.2)

6.1.d=10 (t=1)

Previously solved: v=1,2,3 [6]; v=4,7,9 [6]; v=8, 13,18 [7].
v =4. Let {1, 2, ..., 10} be the vertices upstairs:
(5,6,(2,3),(3,3)), (4,10,(2,3),(3,3)); (3,9,(2,3),(3,3)), (2,8,(2,3),(3,3)),
(1,7,(2,3),(3,3)), ((1,3),3,1,7), (1,4,2,8), (2,5,3,9),
(3,(0,3),4,10), (4,7,5,6), (5,8,(0,3),(1,3)), ((0,3),9,7,1),
(7,10,8,2), (8,6,9,3), (9,(1,3),10,4), (10,1,6,5), (6,2,(1,3),(0,3)).

v =>5.Let {0, 1, ..., 9} be the vertices upstairs:

((1,3),1,0,2), (9,3,(1,3),1), ((1,3),6,5,7), (8,3,(1,3),6),

(7,1,5,8), (7,2,3,4), (6,2,0,3), (3,4,5,0), (8,9,5,0),

(1,4,(2,3),(3,3)), (6,9,(2,3),(3,3)), (6,1,(0,3),(4,3)), (0,4,(0,3),(4,3)),
(5,2,(2,3),(3,3)), (8,3,(2,3),(3,3)), (7,0,(2,3),(3,3)),
(5,0,(0,3),(4,3)), (7,3,(0,3),(4,3)), (8,2,(0,3),(4,3)).

v==6. & x {1} U {(0,3)} and Zs x {2} U {(0,3)} each form Ks decomposed
into 6 blocks. Remaining blocks:

((1,3),(0,1),(0,2),(1,2)), ((2,3),(1,1),(1,2),(2,2)),
((3,3),(2,1),(2,2),(3,2)), ((4,3),(3,1),(3,2),(4:2))s
((5,3),(4,1),(4,2),(0,2)), ((1,3),(2,2),(41),(3,1)),
((2,3),(3,2),(0,1),(4,1)), ((3,3),(4,2),(1,1),(0,1)),
((4:3),(0,2),(2,1),(1,1)), ((5,3),(1,2),(3,1),(2,1)),
((0,1),(2,2),(4,3),(5,3)), ((1,1),(3,2),(1,3),(5,3))s
((2,1),(4,2),(1,3),(2,3)), ((3,1),(0,2),(2,3),(3,3)), ((4,1),(1,2),(3,3),(4,3)).
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v=7.Let {1, 2, ..., 10} be the vertices upstairs:

((0,3),7,5,8), ((0,3),10,6,9), (1,2,(0,3),(4,3)), (3,4,(0,3),(1,3)),
((1,3),1,7,9), ((1,3),2,10,8), (6,5,(1,3),(2,3)),

((2,3),8,1,3), ((2,3),9,2,4), (7,10,(2,3),(3,3)),

((3,3),4,1,5), ((3,3),3,2,6), (8,9,(3,3),(4,3)),

((4,3),5,3,10), ((4,3),6,4,7), ((5,3),5,1,8), (3,10,(5,3),1),
((5,3),6,2,9), (4,7,(5,3),2), ((6,3),5,2,9), (3,7,(6,3),9),
((6,3),6,1,8), (4,10,(6,3),8).

v=9.Let{l, 2, ..., 10} be the vertices upstairs:

((0,3),1,4,10), ((0,3),7,2,3), (5,8,(0,3),(2,3)), (6,9,(0,3),(1,3)),
((1,3),1,2,8), ((1,3),5,3,4), (7,10,(1,3),(2,3)),

((2,3),1,3,9), ((2,3),6,2,4),

(1,5,(3,3),(4:3)), (2,8,(3,3),(4:3)), (3,:4,(3,3),(4:3)),
(6,7,(3,3),(4,3)), (9,10,(3,3),(4,3)),

(1,6,(5,3),(6,3)), (2,4,(5,3)(6,3)), (3,9,(5,3),(6,3)),
(5,7,(5,3),(6,3)), (8,10,(5,3),(6,3)),

(L,7,(7,3),(8,3)), (2,3,(7,3),(8,3)), (4,10,(7,3),(8,3)),
(8,9,(7,3),(8,3)), (2,5,9,10), (3,6,8,10), (4,7,8,9).

v =10. Let {0, 1, ..., 9} be the vertices upstairs:
(4,3),1,8,9) for0<i<7,
((0,3),7,2,1), ((6,3),5,0,7), ((7,3),6,1,0),
(0,1,(4,3),(6,3)), (1,2,(5,3),(7,3)), (2,2,(0,3),(6,3)),
(3,4,(1,3),(7,3)), (4,5,(0,3),(2,3)), (5,6,(1,3),(3,3)),
(6,7,(2,3),(4,3)), (7,0,(5,3),(3,3)),
(8,9,(8,3),(9,3)), (0,4,(8,3),(9,3)), (1,5,(8,3),(9,3)),
(2,6,(8,3),(9,3)), (3,7,(8,3),(9,3)).

v =11. Put a (5,1) design on Zs x {1} U {(0,3)} and Zs x {2} U {(0,3)}. Use
mixed differences 0 through 4 for a blocks with the remaining 10 vertices in V.
v =12. Let {1, 2, ..., 10} be the vertices upstairs:

((1,3),1, 7, 8) for 1<i<6,  ((j+1,3),j, 9, 10) for 1<j<5, ((1,3),6,9,10),
(1,6,(3,3),(4,3)), (1,2,(5,3),(6,3)), (3,6,(2,3),(3,3)), (3,4,(1,3),(6,3)),
(1,5,(7,3),(8,3)), (4,6,(7,3),(8,3)), (2,3,(7,3),(8,3)), (7,8,(7,3),(8,3)),
(9,10,(7,3),(8,3)), (1,3,(11,3),(12,3)), (2,4,(11,3),(12,3)), (5,6,(11,3),(12,3)),
(7,9,(11,3),(12,3)), (8,10,(11,3),(12,3)), (1,4,(9,3),(10,3)), (2,6,(9,3),(10,3)),
(3,5,(9,3),(10,3)), (8,9,(9,3),(10,3)), (7,10,(9,3),(10,3)).

v=14.

((1,3),(0,1),(4,1),(1,1)), ((1,3),(0,2),(4,2),(1,2)),
((2,3),(1,1),(4,1),(2,1)), ((2,3),(1,2),(4:2),(2,2))s
((3,3),(2,1),(4,1),(3,1)), ((3,3),(2,2),(4:2),(3,2))s
((4:3),(3,1),(4,1),(0,2)), ((4,3),(3,3),(4:2),(0,1)),
((3,1),(3,2),(1,3),(2,3)), ((2,1),(2,2),(1,3),(4:3))s ((1,1),(1,2),(3,3),(4,3)),
((0,1),(0,2),(2,3),(3,3)), ((3,1),(4,2),(5,3),(6,3)), ((2,1),(0,1),(4,3),(6,3)),
((0,1),(0,2),(5,3),(6,3)), ((4,1),(2,2),(5,3),(6,3))s ((3,2),(1,2),(5,3),(6,3)),
((3:1),(2,2),(7,3),(8,3)), ((2,1),(0,2),(7,3),(8,3)), ((1,1),(3,2),(7,3),(8,3)),
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((0,1),(1,2),(7,3),(8,3)), ((4,2),(4,1),(7,3),(8,3)),
((3,1),(0,1),(9,3),(10,3)), ((2,1),(4,2),(9,3),(10,3)),
((1,1),(2,2),(9,3),(10,3)), ((4,1),(1,2),(9,3),(10,3)),
((3,2),(1,2),(0,3),(10,3)), ((3,1),(1,2),(11,3),(12,3)),
((2,1),(3,2),(11,3),(12,3)), ((1,4),(4,2),(11,3),(12,3)),
((0,1),(2,2),(11,3),(12,3)), ((4,1),(0,2),(11,3),(12,3)),
((3,1),(1,1),(13,3),(14,3)), ((0,1),(4,2),(13,3),(14,3)),
((4,1),(3,2),(13,3),(14,3)), ((2,2),(0,2),(13,3),(14,3)),
((2,1),(1,2),(13,3),(14,3)).

v=15.
((1,3),(4,1),(0,1),(1,1)), ((1,3),(4,1),(0,2),(1,1)),
((2,3),(3,1),(0,1),(1,1)), ((2,3),(3,2),(0,2),(1,2)),
((3,3),(2,1),(0,1),(1,1)), ((3,3),(2,2),(0,2),(1,2)),
((0,1),(0,2),(6,3),(7,3)), ((1,1),(1,2),(6,3),(7,3)),
((2,1),(2,2),(4,3),(7,3)), ((3,1),(3,2),(6,3),(7,3)), ((4,1),(4,2),(5,3),(7,3)),
((3,1),(2,1),(1,3),(5,3)), ((3,2),(2,2),(1,3),(5,3))s
((4,1),(2,1),(2,3),(6,3)), ((4,2),(2,2),(2,3),(6,3)),
((3,1),(4,1),(3,3),(4,3)), ((3,2),(4,2),(3,3),(4,3)),
((0,1),(1,1),(4,3),(5,3)), ((0,2),(1,2),(4,3),(5,3)).

Use mixed differences 1, 2, 3, and 4 for a blocks with vertices 8 through 15in V.

The remaining admissible values v € {16, 17, 19} follow from Lemma 4.3 with

(a, b, ©) = (10, 10, 10) and v= 6, 7, 9 in the component designs.

6.2.d =20 (t=2)

For 20 < v< 38: Lemma 4.1 with (10, A), 0 < A< 18. v=18: Lemma 3.1 of [7]. v=
13: Lemma 4.3 of [7].

v € {10, 11, 12, 14, 15, 16, 17, 19}: Lemma 4.3 with (a,b,¢) = (10, 10, 10) and v
=0,1,2,4,5,6,7,9 in components.

v=9: Recursion with x= 8. 4 < v< 8: Recursion with x= 10.
6.3.d=30(t=3)
For 20 < v< 58: Lemma 5.1 with dbase blocks:

((0,1),(4,2),(2,1),(8,2)),  ((0,1),(5,2),(4,1),(7,2)).

v=19: Recursion x= 13. v=18: [7] Lemma 3.1. v= 16, 17: Recursion x = 14,

12. 11 £ v< 15: Recursion x = 10. v< 10: Recursion applies.

6.4.d =40 (t=4)

For 20 < v< 78: Lemma 5.2 with dbase blocks:

((0,1),(2,2),(1,1),(3,2)), ((0,1),(0,2),(3,1),(14,2)),
((0,1),(10,2),(5,1),(13,2)), ((0,1),(17,2),(2,1),(19,2)).

v=19: Recursion x = 13. v< 18: Recursion applies.
6.5.d=50 (t=5)

For 20 < v< 98: Lemma 5.1 with dbase blocks:
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((0,1),(6,2),(2,1),(14,2)), ((0,1),(7,2),(4,1),(13,2)),
((0,1),(8,2),(6,1),(12,2)), ((0,1),(9,2),(8,1),(11,2)),
((0,1),(18,2),(1,1),(21,2)), ((0,1),(22,2),(3,1),(23,2)).

v< 20: Recursion applies.

6.6.d =60 (t=6)

For 30 < v < 118: Lemma 5.2 with dbase blocks from Case 3 plus:
((0,1),(15,2),(12,1),(27,2)).

v< 30: Recursion applies.

6.7.d =80 (t = 8)

For 50 < v< 158: Lemma 5.2 applies directly.
v=49, 48: Recursion x= 30. v< 47: Recursion applies.

7. Proof of the Main Theorem

Proof. Necessity: Condition (1) follows from divisibility of edges by 5; condition
(2) from v< 2(d - 1); condition (3) from Lemma 3.1.

Sufficiency: Suppose d is even and conditions (1)-(3) hold. Write d = 10£ The
case 5 1 dishandled by [7]. When 5 | & if ¢is odd and > 3, Lemma 5.1 applies; if
tis even and > 8, Lemma 5.2 applies; if ¢ € {1, 2, 3, 4, 5, 6, 8}, Section 6 supplies
explicit constructions. In each case a valid K, — edesign on Kj + vis produced.

O

8. Conclusions

We have completed the existence theory for K; — edesigns on Ks + vin the case 5
| d, deven. Combined with [7], the full spectrum problem for even dis now settled
by the conditions of Theorem 1.1.

The case d odd remains open. When dis odd, 1-factors do not exist upstairs
and the difference-method constructions used here do not apply. However, the
recursion (Lemma 2.1) and Lemma 4.3 hold regardless of parity and may prove
useful. The known counterexample K; + 2 shows conditions (1)-(2) are insuffi-

cient for odd d, and a complete characterization remains an open problem.
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