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Abstract

This work focuses on comparing the seismic response spectrum of El Centro
obtained under two different assumptions about the nature (linear variation and
constant mean) of the ground acceleration over a time increment. This research
proposes a quasi-analytical approach to solving the differential equation of mo-
tion of a simple oscillator forced by an earthquake, combining trigonometric
relationships and integration by parts theories. The generated differential equa-
tion is solved using the Duhamel integral, making two assumptions about the
ground acceleration. An iterative calculation allows us to obtain the different
points of the time displacement and then construct the oscillation curves (dis-
placements) as a function of time. The response spectrum is constructed using
the maxima of the oscillation curves and their corresponding periods for the
same damping ratio. The other spectral curves are obtained by repeating the
same scenario as many times as there are damping ratios, and for each as-
sumption. Comparison of the results shows that the maxima of the oscillator
responses correspond to the same periods, and that apart from the difference
between the responses of the spectral curves at zero damping ratio, the other
spectral responses are similar for non-zero damping ratios. Furthermore, the
difference between the spectral responses is so small for the first curves and so
negligible for the others that both approaches lead to similar results.
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1. Introduction

The study of the response of structures subjected to earthquakes is essential for
their design. The fundamental problem of seismic design lies in determining the
response of a structure to seismic movements. Several approaches are used for this
purpose, among which the response spectrum is the most widely used tool for
determining responses. Despite this, some earthquakes remain destructive or leave
significant damage to structures after they have occurred. This has led scientists
to continue research on constructing the response spectrum in order to guarantee
the stability of structures against seismic forces. Thanks to the development of
numerical tools, characterizing the seismic signal is no longer a problem today,
but its mathematical modeling remains a concern [1]. Constructing the response
spectrum requires first modeling this seismic signal during the solution of the
forced differential equation generated by the simple oscillator. In [2] and [3],
Newmark proposed two assumptions about ground acceleration for the numerical
solution of this differential equation. The first assumption is that ground acceler-
ation varies linearly over a time increment, and the second is that the mean is
constant over the same time increment. For structures with linear elastic behavior,
Nkibeu et al. [4] proposed an algorithm for transforming the seismic signal into a
linear elastic response spectrum by solving the differential equation using the Du-
hamel integral, taking the first assumption. This article focuses on constructing
seismic response spectra with two assumptions about ground acceleration behav-
ior for different damping rates on one part, and comparing the maximum responses
obtained on the other part to examine the discrepancies arising from the assump-
tions.

This manuscript demonstrates the influence of assumptions made about seis-
mic acceleration on spectral displacements. In engineering, the search for less
complex methods that do not significantly impact the result is always desirable.
Solving the differential equation of earthquake-forced oscillations under the as-
sumption of a constant mean seismic acceleration is less tedious than when it var-

ies linearly.

2. Methods

When designing a structure that will be subjected to an earthquake, it is necessary
to predict its dynamic response. Before evaluating this response, the structure
must be modeled using a realistic model that accurately reflects it. Among the
models, the simplest is called the “skewer” model, which combines mass and lift-
ing elements. Newton’s equation of motion is then applied to the mass, generating
a heterogeneous second-order differential equation with constant coefficients and
a second term [5]. Several numerical approaches are used to solve this differential
equation. Chopra et al suggest using the convolution integral or Duhamel integral
approach because it is quasi-analytical once the assumption is made about the
ground acceleration [6]. Constructing the linear elastic response spectrum requires,

in addition to modeling and formulating the equations, defining the mode of var-
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iation of the ground acceleration over a time increment, solving the equation, and

developing a program for plotting the response spectra [7].

2.1. Modeling and Equation Formulation

The structure is modeled using a skewer model, combining mass and stiffness el-
ements, with a single translational degree of freedom and attached to the ground
by means of a vertical rod of negligible mass. This model is called a simple oscil-

lator and is illustrated in Figure 1.

u(t)
u(t) ~l
C

}1—4—

k
G A
.~ - ———————> U

ii5(t)

Figure 1. Simple oscillator subjected to a seismic signal i, (t).

When a seismic signal is applied to the base of the oscillator, it begins to oscillate
and generates two forces in the same direction, and opposite to the direction of
movement:

- An elastic restoring force expressed by F =k-u(t);
- A damping force expressed by F, =c-u(t).
Applying the fundamental principle of dynamics to mass, we obtain the follow-

ing equation of motion for damped forced oscillations [6].
m-U (t)+c-u(t)+k-u(t)=0 (2.1)
with U (t) =1, (t)+u(t), it gives:
m-U(t)+c-u(t)+k-u(t)=-mu(t) (2.2)
where m,c,k respectively designates the mass, the damping constant, and the
stiffness of the rod.

U] (t) LU (t), u (t) u (t) respectively denotes the total acceleration, the accelera-
tion, the velocity, and the relative displacement of the mass of the oscillator.

2.2. Solving the Equation of Motion

C k
To solve this equation, divide expression (2.2) by m, and set & = T’ o =—,
m

Mo
we obtain the refined expression (2.3):
U(t)+2&au(t)+o’u(t)=-U,(t) (2.3)
where ¢ isthe damping ratio and @ the natural frequency of the oscillator.

In [6] and [8], Anil K. Chopra and Alain Pecker propose expression (2.4) as the
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ideal method for solving the linear differential Equation (2.3). Its general solution,
for the underdamped oscillator, is of the form:
u(t)=Acos(mpt—¢p)e " —ij; G, (t)e ™ Isinw, (t-7)dz  (2.4)
@p
where @, is the angular frequency of the damped oscillations and is expressed
by @, =w\1-&°.

The right-hand side of Equation (2.4) describes free oscillations with damping,
while the right-hand side describes forced oscillations with damping. In the gen-
eral case, the free oscillations disappear in a fraction of a second, giving way to es-
tablished forced oscillations. The general solution (2.4), therefore, takes the form of

expression (2.5):

u(t)=——[ i (t)e =" sina, (t-7)dz (2.5)

Equation (2.5) is called the convolution integral or Duhamel integral, which we
solved by a quasi-analytical method by considering two hypotheses on the behav-
ior of the ground acceleration during a time increment [2]:

- The ground acceleration U (t) varies linearly within each time increment
At

- The ground acceleration U (t) is an average constant within each time in-
crement At.

The two assumptions and approximations of the seismic signal are represented

in Figure 2 and Figure 3.

its(t)

-~ us(ti+1) '

%)
'S
<

- ﬁ-s(ti) :

Figure 2. Approximation of the linear seismic acceleration

U (t) during a time increment At.

Figure 2 represents the assumption of linear variation of the seismic accelera-
tion. Using Thales’ relation, I obtain the approximation of this acceleration by
expression (2.6).

U (t)= AAU; t+0(t) (2.6)

with At=t,, -t and AU, = (t,,)-U,(t).
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Figure 3. Approximation of the seismic acceleration U (t)

average constant during a time increment At.

Figure 3 represents the assumption of a constant mean seismic acceleration.
Approximation (2.7) is obtained by averaging the largest and smallest seismic ac-

celerations that bracket the time increment.
N 1, . N
i (t):E(us (t)+0 (t.,)) (2.7)

2.2.1. Solving the Equation of Motion by Considering That the Ground
Acceleration Varies Linearly over a Time Increment At

Solving Equation (2.5) requires changes of variables, then the use of trigonometric

relations, and finally several part-wise integrations.

By posing h(t-7)= L g g @p (t—7), the integral (2.5) becomes
)

D
t
u(t)=—0u (r)h(t-7)dzr (2.8)
Moreover: sinay (t—7)=sinw,tcosw,7 —Ccosm,tsinw,7r and
St
e—cfw(t—r) _ e—{(ut .er,‘wr _ e .
eéwt

And expression (8) becomes:

1 sinw,t 1 cosw,t .
h(t-7)=— D e%% cos @, T — ———L2- %7 sin W, T (2.9)
St D ot D
o € wp €

Substituting expression (2.9) into (2.8), we obtain:

u(t)=- wi%ﬁ[’tﬁ U, (t)e" coswpzdr —wi%i:”tﬁ U, (t)e*" sin w, zd r} (2.10)
D D
By posing A(t)= [ 1, (t)e™ cosaprdr and B(t)= [ i, (t)e* sinwyrdr,
Expression (10) can also be written in the form.

1 sinawpt

1 coswpt
U(t)z P, pEr A(t)—w— eé“’tD B(t):| (2.11)
D D

Let’s study the functions A(t) and B(t) in the interval [O,t] . To do this,
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subdivide this interval into small time intervals [t;,t;,].
Attime t=t; A(t)= J'; U, (t)e*" cosw,rdr and
B(t,) ="t (t)e* sinwyrdr.

Attime t=t,;; A(t,,)= J.;M U, (t)e* cosw,rdr and

B(t,.,) = [\t (t)e*" sinwprdz .
The relationship between A(t;) and A(t;,;) andis given by expression (2.12).
At.)=At)+ 'f:”l U, (t)e cosw,rdr (2.12)
Proceeding in the same way as before, the relationship between B(t;) and
B(t,,) isgiven by expression (2.13).
B(t,,)=B(t)+[ "t (t)e* sinm,rdr (2.13)
Introducing the analytical expression for ground acceleration (2.6) into the
established expressions (2.12) and (2.13), and after several integrations by parts,

we obtain the discretized partial solutions given by the expressions (2.14) and
(2.15).

S wD

At,y)=A(t)+

Al ol (o @d +(éw) ) - 26w |sinampr
AL |:a)é+(§a))2j|z {( ( (5 )) 2& )

fis1

—(é‘m((a’o ) +(§w)2)—(§w)2 +(@p )2)} (2.14)

tis1
Al _
b, () - ==t || 2 e sin a)Dr+§—wcosa)Dr
At wf + (o) wp

it

B(t.,)=B(t )+% esr [COS @o? [—z’ P > (1+ cfa)z'(a)é +(c§a))2)—(c§a))2)+ wé]

At Wp l + (fa))
+%(1+ for (o} +(§m)2)—2(§m)2 )Ht (2.15)

tis1

y AU e%" .
+[uS (t)- e tiJ[m[—a)D Cosa)Dr+§a)S|na)Dr]}

it

Introducing expressions (2.14) and (2.15) into expression (2.11), we obtain the

general discretized solution given by expression (2.16).

1 sinapt 1 coswpt
0(4) -] 20 a2 20l gy

p @y
_ (2.16)
1 sinapt;, 1 coswpt;,
u(ti+1)=_|:w_DeT?AlA(ti+l)_w_Deg“T[illB(ti+l):|
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2.2.2. Solving the Equation of Motion by Considering That the Ground
Acceleration Is Constant on Average over a Time Increment At

For this second hypothesis, the solution of Equation (2.5) follows the same proce-
dure as before, with the sole difference that the ground acceleration no longer
varies linearly over a time increment but rather remains constant over the same
time increment. By introducing the analytical expression for ground acceleration
(2.7) into the established expressions (2.12) and (2.13), and after several part-in-
tegrations of Equation (2.5), we obtain the discretized partial solutions given by
expressions (2.17) and (2.18).

A(ty) = A(t; )+%(ai + am){ﬁew (sin oyT +i—i’cos a)Der (2.17)

Sor fis1

B(t,,)=B(t )+1(05i +a,,) e—z[—a)D COS W, T + EwSin wp | (2.18)
2 wh +(éo)

ti

Introducing expressions (2.17) and (2.18) into expression (2.11), we obtain the

general discretized solution given by expression (2.19).

1 sinapt; 1 cosapt
P e ]

U(t,) = {i% A(tm)—i% B (tm)}

wp efwtnl w, effutm

(2.19)

2.3. Construction of the Linear Elastic Response Spectrum

To implement functions (2.16) and (2.19), we consider the data of the North-
South component from the accelerogram of the EL CENTRO earthquake of May
18, 1940 [9]. Its duration is 31.18 sec, and the ground accelerations are recorded
every 0.02 sec. These accelerations have for unit the acceleration of gravity and are
worth 9.81 m/s? for this case. The seismic accelerations were used in their raw
state without correction or filtering. The displacements obtained in meters were
converted to centimeters. Oscillators have periods ranging from 0.2 sec to 20 secs
with a pitch of 0.2 sec. For the damping ratio, they vary from 0% to 10% with a
pitch of 1%.

The initial conditions are: When the oscillators are in equilibrium, that is to say,
with no displacement, velocity, and acceleration are zero. At time t=0,
u (0) =U (0) = U(O) = 0. This also implies that A(O) = B(O) =0.

For each plotted curve, we find the maximum amplitude of the response and
the period 7 of that oscillator. This pair constitutes a coordinate of the linear elas-
tic response spectrum for the fixed relative damping ratio & The next step involves
finding the coordinate pairs of the series of oscillators with natural periods varying
from 0 to 20 seconds, for the same damping ratio. The curve connecting all the
points of the pairs constitutes the linear elastic response spectrum. The other spec-
tral curves are thus obtained by repeating the same process, for the relative damp-

ing ratio varying from 0% to 10%.
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3. Results and Discussion
3.1. Results

Figure 4 and Figure 5 show the different linear elastic response spectra for damp-
ing rates ranging from 0% to 10% in 1% increments. Figure 4 is obtained under
the assumption that the ground acceleration varies linearly over a time increment,
and Figure 5 is obtained under the assumption that the ground acceleration is

constant over the same time increment.
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Figure 4. Elastic response spectrum assuming linear variation of ground acceleration over
a time increment.

70
£=0%
€ 60 £=1%
ﬁso €=2%
E £=3%
8
= 40 ——§=4%
Q
8 —&=5%
%S 30 ——£=6%
€
@ —£=7%
£ 20 B I I §=7%
ke ——£=8%
210 —£=9%
a
——£=10%

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Oscillators period T (S)

Figure 5. Elastic response spectrum assuming constant average ground acceleration over a
time increment.

3.2. Discussion

Analysis of the obtained response spectra allowed us to determine the oscillation
periods corresponding to the maximum responses as a function of the damping rate.
This analysis is summarized in Table 1 and Table 2. The first column presents the
damping rate, the second column the periods corresponding to the maximum re-
sponse values, and the third column the values of these maximum responses. The

maximum response values (63.86 cm and 63.84 cm) were obtained for a damping
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rate of 0%.

Table 1. Periods of simple oscillators giving maximum responses according to the assumption
of linear variation of ground acceleration during a time increment.

Damping Ratio £in % Oscillators Periods 7'in (s) Maximum Responses in (cm)

0 2.80 63.86
1 7.10 54.37
2 7.10 48.39
3 7.60 43.47
4 7.70 40.63
5 7.70 38.05
6 8.00 35.75
7 8.00 34.24
8 8.00 32.83
9 8.10 31.51
10 8.10 30.29

Table 2. Periods of simple oscillators giving maximum responses according to the assumption
of a constant average of ground acceleration over a time increment.

Damping Ratio {in %  Oscillators Periods 7'in (s) Maximum Responses in (cm)

0 2.80 63.84
1 7.10 54.37
2 7.10 48.39
3 7.60 43.47
4 7.70 40.63
5 7.70 38.05
6 8.00 35.75
7 8.00 34.24
8 8.00 32.83
9 8.10 31.51
10 8.10 30.29

3.3. Comparison of the Results Obtained

The aim of this analysis is not to conduct a detailed study, but to compare the
maximum responses obtained by the different approaches for each damping ratio
and spectrum. Analysis of these results allowed us to determine the differences
between the spectral responses measured in the same configurations, for the same

period, and the same damping ratio. This comparison is presented in Table 3.
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Table 3. Analysis of the responses of simple oscillators based on the two hypotheses put
forward regarding ground acceleration.

Damping  Oscillators Responses of Simple Oscillators in (cm) Difr
: . ifference
Ratio Periods Linear Variation of Constant Average in %
in % Tin (s) Ground Acceleration  Ground Acceleration
0 2.80 63.86 63.84 0.03
1 7.10 54.37 54.37 0.00
2 7.10 48.39 48.39 0.00
3 7.60 43.47 43.47 0.00
4 7.70 40.63 40.63 0.00
5 7.70 38.05 38.05 0.00
6 8.00 35.75 35.75 0.00
7 8.00 34.24 34.24 0.00
8 8.00 32.83 32.83 0.00
9 8.10 31.51 31.51 0.00
10 8.10 30.29 30.29 0.00

4. Conclusion

This manuscript presents the construction of the linear elastic response spectra of
simple oscillators subjected to earthquakes. This is achieved by making two as-
sumptions about the behavior of ground acceleration over a time increment. The
differential equation generated by the model is solved using the Duhamel integral
for each assumption made about the seismic signal. An algorithm was then devel-
oped to calculate the solutions of the differential equation and automatically con-
struct the response spectra. The results show that the oscillator periods yielding
the maximum responses are the same, except for the first case, for a damping ratio
& = 0%, which shows a slight variation of 0.03% in the responses. In the other
cases, with higher damping ratios, the maximum responses are the same regard-
less of the nature of the seismic acceleration behavior over a time increment. The

difference between the maximum responses.
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