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Abstract 
Diagnostic clinical labs are frequently requisitioned by healthcare providers to 
perform tests of medical risk factors of their patients. The result of each test is 
ordinarily reported as a “point estimate”, i.e. a single numerical value—the 
“mean” of presumably one measurement—with upper and lower limits of a 
reference range, but with no accompanying information regarding the uncer-
tainty of the tests, the number of trials, or the correlation of the risk factors. 
On the basis of such incomplete information, a physician must then gauge 
whether a patient is or is not at risk for the illnesses or conditions associated 
with the measured factor. In this article rigorous methods drawn from statis-
tical physics (Principle of Maximum Entropy) are employed to derive the least 
biased, most probable predictive distribution of medical test results consistent 
with the information reported by clinical labs, as described above. Among 
other things, one can predict the probability that a repeat test result obtained 
from the same sample falls within or outside the reference range. It is shown 
theoretically and by specific examples of risk factors in the standard Lipid and 
Metabolic Panels how unreliable would be diagnostic inferences based on 
these routine clinical laboratory reports. Suggestions are made to rectify this 
unnecessary deficiency, which can lead to serious misdiagnoses. 
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“The most misleading assumptions are the ones you don’t even know you’re 
making.” 

Douglas Adams (1990)1 

1. Introduction: A Critical Omission 

The practice of medicine is both an art and a science. The art lies in the intuition 
and experience of the practitioner. The science lies in numbers, the results of care-
ful measurement and analysis. These numbers are most often the results of tests 
of medical risk factors performed by clinical diagnostic laboratories at the requi-
sition of physicians, both primary care and specialist. According to the U.S. Cen-
ters for Disease Control and Prevention (CDC), about 14 billion laboratory tests 
are performed each year in the United States by certified diagnostic laboratories 
[1]. 

For example, among the most common types of laboratory tests are a patient’s 
1) Lipid Panel (which identifies and quantifies the types of serum cholesterol, a 
risk factor for cardiovascular disease), 2) Metabolic Panel (which includes meas-
urements of glucose, creatinine, and albumin, risk factors for diabetes and kidney 
disease), and 3) Complete Blood Count (which measures the concentrations of 
red cells, white cells, platelets, hemoglobin, and other constituents of blood which 
are risk factors for anemia, infections, and blood disorders). 

The measured substances (referred to as analytes) in each panel are risk factors, 
i.e. biomolecular products whose excess or deficiency relative to some reference 
may signify a risk for some pathological (or at least anomalous) condition. In prin-
ciple, the intent of each clinical test is to enable the requisitioning physician to 
decide whether a patient is currently at risk for the condition and/or to project 
whether such a condition is likely to arise in the future. Having this information, 
the physician can then propose therapeutic and/or preventative measures. 

In the US, the outcome of each test is ordinarily reported as a point estimate—
i.e. a single numerical value, the “mean” of one measurement—together with up-
per and lower limits of a reference range, but with no accompanying metric of 
uncertainty associated with the measurement. On the basis of such limited infor-
mation, a physician must then gauge whether a patient is or is not at risk for the 
illnesses or conditions being screened. Although, whenever possible, a competent 
physician will take into consideration a patient’s health history, test trends, and 
symptoms (if any), this additional information is not always available, especially 
if the patient has not been examined previously. Thus the physician’s decision 
made during an exam, which in the US can be as short as 15 minutes, often 
amounts to “no risk” if a test value falls within or on the boundaries of the refer-
ence interval; “risk” if outside the boundaries. 

As a nuclear and medical physicist, the author finds the above-described wide-
spread practice of communicating medical test results to be seriously deficient [2]. 

 
1Adams, D. and Carwardine, M (2018), Last Chance to See, (Ballantine Books, New York) 95; origi-
nally published in Great Britain (1990) by William Heinemann Ltd. 
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First, as a fundamental part of science education, especially in the physical sci-
ences, one is frequently reminded that no empirically acquired number is reliable, 
or even meaningful, without a measure of its uncertainty, such as variance, or 
standard deviation of the mean, or confidence interval (CI), or coefficient of var-
iation (CV). Second, and more specific to the context of diagnostic medicine, 
without a measure of uncertainty a physician cannot reliably judge whether a test 
result—and therefore a patient’s risk—is actually within or outside reference 
bounds. Nor can a physician test consistency by ascertaining whether a repetition 
of the test on the same sample would yield a result statistically equivalent to the 
first result. 

It is to be emphasized that certified diagnostic laboratories are undoubtedly 
aware of the statistical uncertainties of the tests they conduct. They would not be 
certified otherwise. There is, in fact, an international standards guide [3] produced 
by the International Bureau of Weights and Measures (BIPM) and the Comité 
international des Poids et Mesures (CIPM) that provides rules for the expression 
of measurement uncertainty and describes how different sources of uncertainties 
are arrived at. Moreover, there are numerous published references, such as [4]-
[6], for informing diagnostic laboratory personnel of correct procedures for meas-
uring and calculating uncertainties in laboratory medicine. So why, one might ask, 
is an estimate of uncertainty not provided together with the reported point esti-
mate of each test? The simple, straightforward answer given to the author by a 
colleague who directed the clinical laboratory of a large regional hospital is this: 
Neither physicians nor patients would know what to do with it. 

If such an assessment is generally valid, then clearly there is a serious educa-
tional deficiency in the training of physicians (not to mention the level of educa-
tion of the general public). To rectify this deficiency medical school curricula 
would ultimately need to include basic courses in probability and statistics, or at 
least require that applicants for admission have taken such courses as undergrad-
uates. Regrettably, educational reforms are usually slow in coming and, until such 
time, one can expect (at least in the US and probably elsewhere), that clinical la-
boratories will continue to report point estimates of test results in the same in-
complete way described above. 

In view of these circumstances, the objective of this paper is to examine the 
critically important practical problem of diagnostic inference under conditions of 
incomplete information. In particular, this paper addresses the fundamental is-
sues of 

1) how to predict the uncertainty—and therefore reliability—of a medical test 
result when such information as intrinsic test variability is not provided, and, as a 
corollary result; 

2) how to ascertain whether the information provided is insufficient to permit 
a meaningful diagnostic interpretation of the reported outcome of a medical test. 

Solutions to the problems set forth above, obtained within a comprehensive 
predictive statistical framework, are accomplished by means of the Principle of 
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Maximum Entropy (PME). The PME is an inferential procedure first employed in 
physics for deriving the formal structure of equilibrium statistical mechanics 
(ESM) [7]. This method has been employed subsequently to solve numerous prob-
lems in other domains including recent issues relating to health and medicine, 
such as the infectivity of SARS-Cov2 (COVID) [8], the distribution of human 
height and weight [9], and the diagnostic potential of body mass index (BMI) in 
the identification and treatment of obesity [10] [11], as well as critical social issues 
such as the detection of cheating or plagiarism [12]. 

This paper is organized as follows. Section 2 provides a synopsis of the Principle 
of Maximum Entropy and its application to the problem of statistical inference. 
Section 3 applies the PME to the simplest case—currently the most likely prevail-
ing one—in which a clinical diagnostic lab reports only a point estimate of each 
risk factor whether or not it is correlated with other risk factors. Neither the vari-
ance, nor the covariance, nor the number of test trials on a given sample is re-
ported. Section 4 examines the hypothetical case—to ascertain impact on diag-
nostic inference from more informative reporting—in which the lab provides the 
exact number N of test measurements (i.e. trials) of a risk factor, together with the 
point estimate of the outcome. Section 5 considers the less informative case in 
which only the mean number of trials is provided with the point estimate of the 
risk factor. Section 6 examines the case in which two risk factors are correlated, 
and the lab reports a point estimate of each factor together with some measure of 
their correlation. The specific example chosen for illustration is the important case 
of high density lipoprotein cholesterol (HDL-C) and low density lipoprotein cho-
lesterol (LDL-C), two of the most widely tested analytes, given the global preva-
lence of cardiovascular disease. Section 7 summarizes and elaborates major points 
of the paper and the author’s recommendations for reporting medical risk factors 
more informatively. 

2. Principle of Maximum Entropy (PME) 

In scientific usage, the term “entropy” conveys two basically different concepts. In 
the first sense, having roots in thermodynamics, entropy is a state function on par 
with energy in fundamental physical importance; it gauges quantitatively how ef-
ficiently a system converts heat to work. In the second sense, having roots in prob-
ability and communication theory, entropy quantifies system organization; spe-
cifically, it is a measure of the number of ways W (referred to as the multiplicity) 
by which an observable macroscopic state of a system can be realized by its con-
stituent micro-states. It is this statistical second sense—also referred to as Shan-
non entropy or information entropy—that is pertinent to this paper. The two 
senses of entropy can be shown to be numerically equivalent for physical systems 
in thermodynamic equilibrium. 

2.1. The Maximum Entropy (MaxEnt) Distribution—Formalism 

Given a random variable (think medical risk factor) X  whose possible values 
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ix  ( )1, ,i n=   are realized with respective probabilities ip , the statistical en-
tropy is defined by the expression 

 ( ) ( )
1

ln
n

i i
i

S p p
=

= −∑p   (1) 

in which ( )1, , np p≡p   stands for the complete set of probabilities. For sim-
plicity, the outcomes and probabilities in this section are treated as discrete quan-
tities. In cases for which the variable is continuous, the formalism replaces a dis-
crete probability function xp  with a probability density function (PDF) ( )p x  
and the summation over outcomes in Equation (1) with an integral as follows 

 ( ) ( ) ( )( )ln dS p x p x x= −∫p . (2) 

Actually, extension of the theory to continuous variables entails redefining in-
formation entropy by incorporating a statistical measure function ( )m x  to pre-
serve invariance under a transformation of coordinates [13]. This modification 
does not affect the outcomes of the analyses in this paper and therefore is not 
explicitly dealt with in the cases to follow. A statistical problem requiring the 
measure function that is worked out in detail can be found in Ref. [12]. 

The principle of maximum entropy (PME) asserts that maximizing the infor-
mation entropy of a random variable subject to constraints posed by known in-
formation, usually in the form of expectation values, leads to the least biased sta-
tistical distribution of that variable. The term “least biased” means that the maxi-
mum entropy (MaxEnt) distribution makes use only of known prior information. 
Other input data that can bias the distribution, such as might be drawn from 
model assumptions, is not employed. As a consequence, the MaxEnt distribution 
does not generate properties of variables or relations among variables not con-
sistent with the given information. For example, if the given information says 
nothing about the correlation of two variables, then the resulting MaxEnt distri-
bution will lead to no correlation of those variables. This is not necessarily the case 
in other methods of statistical inference. 

The MaxEnt distribution is also the most probable of any distribution con-
strained by the same given information. This characteristic follows from the Boltz-
mann-Planck relation [14], 

 eN SW ∝   (3) 

expressing an exponential dependence of the multiplicity W on the statistical en-
tropy S and number of trials N. Maximization of entropy S therefore leads to a 
maximum multiplicity W. The more ways an observable system can be realized, 
the higher is its probability of occurrence. In cases of application with large num-
ber of trials, the resulting MaxEnt distribution can be many orders of magnitude 
more probable than any other statistical distribution constrained by the same 
prior information. 

Mathematically, the PME leads to a variational equation for the set of probabil-
ities p . For example, in the absence of all prior information except for the prob-
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ability completeness relation 

 
1

1
n

i
i

p
=

=∑ , (4) 

maximization of expression (1) subject to constraint (4) leads to a system of equal 
probabilities 

 1ip n= , (5) 

in accordance with the Principle of Insufficient Reason [15] (also referred to as 
the Principle of Indifference). 

More generally, when additional information is given in the form of known 
expectation values jF  ( )1, ,j m=   of a set of functions ( )j if x  

 ( )
1

n

j j i j i
i

F f p f x
=

≡ = ∑ , (6) 

the variational function to be maximized takes the form 

 ( ) ( ) ( )0
1 1 1

1
n m n

i j i j i j
i j i

H S p p f x Fλ λ
= = =

   
= − − − −   

   
∑ ∑ ∑p p   (7) 

in which the set of functions kλ  ( )0,1, ,k m=   are Lagrange multipliers to be 
determined from the given information. The symbol H, widely used in commu-
nication theory, is actually meant to be an upper case Greek eta, which stands for 
“Entropy”. 

Variation of Equation (7) 

 ( ) 0Hδ =p , (8) 

with respect to each ip  leads to the solution 

 
( )

( )
1

exp
m

j j i
j

i

f x
p

Z

λ
=

 
− 
 =
∑

λ
  (9) 

in which the partition function ( )Z λ  

 ( ) ( ) ( )1
1 1

, , exp
n m

m j j i
i j

Z Z f xλ λ λ
= =

 
= ≡ − 

 
∑ ∑λ   (10) 

has replaced the multiplier 0λ  after utilization of the completeness relation 
(4). 

Knowledge of the partition function ( )Z λ  of a system permits one to calculate 
all the statistical information that can be known or inferred about that system. In 
particular, 
• ( )Z λ  is a normalization factor ensuring that the completeness relation Equa-

tion (4) is satisfied. 
• First derivatives of ( )Z λ  with respect to each multiplier jλ  yield expres-

sions 

 ( )ln j j jZ f Fλ−∂ ∂ = =   (11) 
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for the given expectation values from which the set of Lagrange multipliers 
( )1, , mλ λ≡ λ  can be determined. 

• Homogeneous second derivatives of ( )Z λ  give rise to expressions 

 ( ) 22 2 2 2ln j j j jZ f f Fλ∂ ∂ = − ≡ ∆   (12) 

for the (initially not given) variances of the functions ( )j if x . 
• Mixed second derivatives of ( )Z λ  yield 1st order correlation functions 

 ( ) ( )( )2 ln j k j j k k j k j k j kZ f F f F f f F F Cλ λ∂ ∂ ∂ = − − = − ≡   (13) 

which reduce to Equation (12) for j k= . 
Clearly, higher-order mixed derivatives of ( )Z λ  can generate higher correla-

tion functions, such as worked out in Ref. [9] for a pair of correlated variables 
(human height and weight). 

Further details regarding the foregoing methodology, including derivations of 
relations, can be found in Reference [9] and the collected papers of E. T. Jaynes 
[13]. 

2.2. The Maximum Entropy (MaxEnt) Distribution—Reliability 

In summary, implementation of the PME to a particular system of random varia-
bles yields a mathematical expression, similar to that of Equation (9), for the least 
biased, most probable statistical distribution of that system consistent with known 
prior information. The expression permits one to predict initially unknown un-
certainties and correlations of functions of the variables in terms of the given in-
formation, including the simplest case (relevant to this paper) where ( )i if x x≡ . 

The preceding characteristics notwithstanding, one might inquire as to the re-
liability of the predictions drawn from the MaxEnt distribution in any given case. 
Perhaps the most spectacularly successful case is that of equilibrium statistical me-
chanics (ESM), the domain of physics for which the PME was first proposed. 
Given only the mean system energy E and number N of particles (which plays the 
same role as the number of trials N in this paper), ESM can accurately account for 
the thermal properties of a vast array of systems ranging from the scale of elemen-
tary particles to that of stars, galaxies, and beyond. What makes this possible is the 
astronomical number of particles in the physical system. One mol (i.e. gram-mo-
lecular-mass) of a gas, for example, contains an Avogadro’s number (~6 × 1023) of 
particles. Since the variance 2 E∆  of mean energy (or 2 N∆  of mean particle 
number) is inversely proportional to the number of particles, the ratio 2E E∆  
is so small (generally on the order of ~10−12) that no further improvement in pre-
dictability is achieved by explicitly including the variances of energy and particle 
number in the analysis. 

The MaxEnt distribution, however, does not require an astronomical number 
of samples for its success. A recent example of its spectacular reliability in a matter 
relating to health and medicine was demonstrated in the case of human weight 
and height [9]. As part of an investigation of the application of the body mass 
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index (BMI) to identify and classify obesity [10], the author has shown that human 
height and weight are distributed empirically according to a joint lognormal dis-
tribution to such a degree of exactness, that one might suspect there is an under-
lying biophysical mechanism. Although there may well be such an intrinsic mech-
anism (that question is yet unanswered), use of the PME led to a MaxEnt distri-
bution identical to the empirical one. Theoretical predictions agreed within sta-
tistical uncertainties with all moments and correlation functions testable with a 
large anthropometric data base [16] comprising several thousands of individuals 
in the male and female cohorts. 

With regard to the incomplete reporting of medical risk factors by clinical la-
boratories, the MaxEnt distribution could in principle enable physicians to predict 
the variability of test results and thereby give more informed guidance to patients. 
However, the number of test measurements N of a specified risk factor is far fewer 
than the sample size in the two preceding examples. Ordinarily one presumes 

1N =  because this information is not routinely included in the medical report. 
In the following sections of this paper the MaxEnt distribution will be derived 

for several practical cases distinguished by prior information regarding (a) the 
number of trials (i.e. tests per variable) and (b) the independence of the variables. 
The MaxEnt distribution itself will reveal how sharp are its predictions in any par-
ticular case. And if the predicted statistics should turn out to be highly uncertain, 
that is not a failure of the PME. It is an indication that the paucity of information 
provided by the clinical laboratory is insufficient to permit a reliable estimate of a 
patient’s risk. More generally, as emphasized by Jaynes: “...the principle is most 
useful in just those cases where the empirical distribution fails to agree with the 
one predicted by maximum entropy.” [17]. 

A final point to note: The examples to follow use test data from an unidentified 
healthy patient. The predictive distributions to be derived from the principle of 
maximum entropy are general in that they depend solely on the kind of prior in-
formation provided; e.g. a single expectation value, or a pair of correlated expec-
tation values, etc. Given a certain set of information, the MaxEnt procedure leads 
to a predictive distribution of fixed functional form containing unknown La-
grange multipliers. When the specific numerical values of the prior information 
are taken into account to solve for the Lagrange multipliers, the predictive distri-
bution becomes applicable to an individual, rather than a statistical population. 

3. Case 1: Point Estimate of an Uncorrelated Risk Factor 

Consider a non-negative risk factor X, continuous over the interval [ ]0,∞ , for 
which the only reported information is the point estimate 0x  of what is pre-
sumed to be a single trial, although that datum is not provided. Also included are 
the lower and upper bounds, Ls  and Us , of the reference range. 

3.1. The Maximum Entropy Distribution 

Implementation of the procedure in Section 2.1 with function ( )f x x≡  and ex-
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pectation value 0F X x≡ =  leads to an exponential PDF 

 ( ) ( ) ( )expp x x Zλ λ= −   (14) 

with partition function 

 ( ) ( ) 1

0

exp dZ x xλ λ λ
∞

−= − =∫   (15) 

and expectation 

 ( ) 1
0ln Z X xλ λ−−∂ ∂ = = = . (16) 

Thus, from Equations (14)-(16) the MaxEnt probability density takes the forms 

 ( ) ( ) ( )1
0 0exp expp x x x x xλ λ −= − = −   (17) 

in which the first is for a general exponential, and the second presents the PDF 
explicitly in terms of the prior information 0x . 

Following the procedure of Section 2.1, it is now possible to predict the variance 
of X 

 ( )
1

0

2
2 2

02

ln
varX X

x

Z
x

λ

λ
σ

λ −=

∂
≡ = =

∂
  (18) 

from which follows the standard deviation of a single trial 
 0X xσ = . (19) 

It is a well-known characteristic of the exponential distribution that the stand-
ard deviation of the variable equals the mean [18]. This property has profound 
implications for the diagnostic utility of risk factor test results reported by clinical 
laboratories. 

3.2. Application to Metabolic and Lipid Panels 

As determined in Section 3.1, the least biased, most probable predictive distribu-
tion is exponential in form leading to a standard deviation also of magnitude 0x . 
The reference range [ ],L Us s  is ordinarily thought of as the region within which 
a patient’s test result is “normal”. This inference can be misleading in several ways. 
The term “normal” evokes an image of the widely encountered Gaussian distribu-
tion, referred to as the “normal” distribution with implication that the test result 
suggests “healthy” or “low risk” because it falls within 1 or 2 standard deviations 
about the mean where most healthy people’s test result would fall. But this is not 
necessarily the case. 

In a Gaussian distribution, which is symmetric about the mean, the probability 
of a result falling within a range of Xσ±  about the mean 0x  is 68.3%. However, 
in the case of an exponential distribution, which is a monotonically decreasing 
function, the corresponding range is [ ]00, 2x  with integrated probability 86.5%. 
This suggests that the outcome of a repeat trial could fall almost anywhere within 
the full range, and therefore well outside the reference range. 

To examine this property quantitatively, one can calculate from PDF (17) the 
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probability outP  that a point estimate falls outside the bounds of the reference 
range 

 ( ) 0 0
out 1 d 1 e e

U
U L

L

s
s x s x

s

P p x x − −= − = + −∫ . (20) 

Table 1 summarizes the values of outP  for selected risk factors from two fre-
quently requisitioned screening panels, Metabolic and Lipid, of a patient’s medical 
record. For each risk factor, the point estimate is within the reference range. How-
ever, the probability outP , calculated from Equation (20), is well over 50% that a 
repeated measurement from the same sample would fall outside the reference 
range in all cases except one. For the one exception no lower limit was posted for 
the reference range. 

In regard to the content of Table 1 it is to be noted that the reference range of 
a risk factor is not an absolute quantity. Clinical labs, health service providers, and 
medical organizations may cite different ranges for the same risk factor [1]. The 
Lipid Panel provides an important timely example. Popular health and medical 
media have long conveyed to the public that high density lipoprotein cholesterol 
(HDL-C) is the “good” cholesterol and low density lipoprotein cholesterol (LDL-
C) is the “bad” cholesterol. While this belief is largely valid, the implication that 
there is no upper threshold of harm for HDL-C or lower threshold of harm for 
LDL-C is not. Although still controversial issues, research has established a more 
nuanced situation whereby a too high HDL-C is associated with a variety of con-
ditions, including elevated risk of dementia [19]-[22], and a too low LDL-C (hy-
pocholesterolemia) is likewise associated with a variety of adverse conditions in-
cluding cancer, pancreatitis, hyperthyroidism, and kidney failure [23] [24]. There-
fore, HDL-C and LDL-C values in Table 1 include reference ranges with upper 
and lower limits. 

 
Table 1. Probability that a trial falls outside the reference range. 

Panel Risk Factor 
Point 

Estimate 
Units 

Reference 
Range 

P (out) (%) 

METABOLIC Glucose 87 mg/dL 65 - 99 84.7 

 Creatinine 0.79 mg/dL 0.7 - 1.28 78.6 

 Urea (BUN) 18 mg/dL 7 - 25 57.1 

 Sodium 141 mmol/L 135 - 146 97.1 

LIPID Total-C 165 mg/dL 116 - 200 80.2 

 HDL-C 70 mg/dL 40 - 90 71.2 

 LDL-C 81 mg/dL 40 - 100 68.1 

 Triglycerides 60 mg/dL <150 8.2 

 
Another point to emphasize is that the test results in Table 1 would generally 

be regarded as indicative of a nominally healthy patient. Few primary care physi-
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cians or even specialists would be concerned (if they thought about it at all) that 
the results of a repeat trial from the same sample had a high probability of falling 
outside the reference range. This possibility would be regarded as a purely hypo-
thetical, rather than practical, matter, since there is no second measurement pro-
vided by the clinical lab. Indeed, the fact that Equations (17) and (20) predict such 
results might be construed as a failure of the MaxEnt distribution, and one would 
wonder what the “true” probability distribution is. 

It is important to understand that there is no “true” distribution. Probability is 
a measure of the knowledge one has of a system, not a characterization of the 
system, itself. The form taken by the MaxEnt probability function depends on 
what prior information is available. And the more information one has, the more 
reliably one can predict a system’s statistical behavior. This apparent subjectivity 
does not detract from the concept of probability as an objectively rigorous part of 
mathematics. When the PME is implemented correctly, two analysts with the 
same prior information about a system should be able to arrive at equivalent pre-
dictions of the system’s statistical properties. 

In summary, the MaxEnt distribution does not guarantee agreement with an 
empirical distribution. What it has been proven to provide is the least biased, most 
probable predictive probability distribution consistent with the information avail-
able. Accordingly, as revealed by the content of Table 1, more information needs 
to be provided than a single point estimate of each risk factor if a clinical lab report 
is to be diagnostically useful to a physician. 

4. Case 2: Point Estimate of Risk Factor and Number of 
Trials 

Consider next a non-negative, uncorrelated risk factor X  for which the infor-
mation from a clinical lab comprises a point estimate x  of the mean of N inde-
pendent measurements as expressed in the relation below 

 
1

1 N

n
n

x x
N =

= ∑ . (21) 

The individual trial outcomes nx  ( )1, ,n N=   are not provided. Ordinarily, 
N is not provided either, but it is of utility to answer the question of how 
knowledge of N affects the prediction of risk. 

4.1. Use of the Characteristic Function (CF) 

In Case 1, only a point estimate 0x  was reported. In the absence of knowledge of 
the number of trials, the MaxEnt distribution was found to be of exponential form 
with mean and standard deviation both equal to 0x  and a Lagrange multiplier 

1
0xλ −= . Now, given the number of trials N, how does the point estimate 0x  of 

indeterminate trial number relate to the mean x ? 
Expressed as a relation connecting the expectation values of random variables 

( ), nX X , Equation (21) becomes 
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 0
0

1

1 N

n
n

Nx
x X X x

N N=

= = = =∑   (22) 

in which the expectation nX  of each variable nX  ( )1,2, ,n N=   is calcu-
lated by the integral 

 ( ) 0
0

dnX x p x x x
∞

= =∫   (23) 

where ( )p x  is the MaxEnt PDF Equation (17). One finds from Equations (22) 
and (23) that the expectation of the sample mean equals the expectation of a single 
trial, or 0x x= . 

When deriving the MaxEnt distribution, one ordinarily takes a given expecta-
tion value to be an exact quantity. Or, if this value is uncertain, then one supple-
ments the information in the functional equation (7) with a known variance (or 
the equivalent). In the present case, the uncertainty in 0x  (and therefore x ) is 
not provided by the clinical lab. However, having been informed from Equation 
(21) that x  is a sample mean of N trials, it is now possible to derive the PDF that 
governs its distribution. An expedient way to do this is to make use of the charac-
teristic function (CF) [25] of the variable X 

 ( ) ( )
1

0

e e d 1i X t ixt
X

i th t p x x
λ

−∞  ≡ = = − 
 ∫ . (24) 

Equation (24) shows that the CF and PDF are Fourier transforms of one an-
other. 

From Equation (24) one obtains the CF of the variable X  by applying the ex-
pectation operation to the function ( )exp i X t  as follows [25] 

 ( ) ( )1e 1
N

Ni X t
XX

i th t h N t
Nλ

−
−  ≡ = = − 

 
. (25) 

The PDF of X  is then the inverse Fourier transform of ( )Xh t  

 ( ) ( ) ( )
( )

1 e1 e d
2

N N x
i x t

X X

N N x
p x h t t

N

λλ λ − −∞
−

−∞

= =
π Γ∫   (26) 

where ( )NΓ  is the gamma function 

 ( ) 1

0

e dN tN t t
∞

− −Γ ≡ ∫   (27) 

equal to ( )1 !N −  for integer N. Evaluation of the integral in Equation (26) is 
accomplished by contour integration around the thN -order pole at i N λ−  in 
the lower half complex plane. 

One sees from Equation (26) that the variable X  representing the mean of N 
independent identically distributed variables is governed by a gamma distribution 
[18] with parameter Nλ . Applying PDF Equation (26), one can calculate the first 
and second moments of X  

 ( ) 1
0dXX xp x x xλ−= = =∫   (28) 

https://doi.org/10.4236/ojapps.2026.166125


M. P. Silverman 
 

 

DOI: 10.4236/ojapps.2026.166125 2208 Open Journal of Applied Sciences 
 

 ( ) ( ) ( )2 2 1 2 1 2
0d 1 1XX x p x x N N xλ− − −= = + = +∫ , (29) 

which validate the mean obtained in a different way in Equation (22) and now 
provide the best predictive estimate of the variance of X  

 
22 2 1 2

0x X X N x−∆ = − = . (30) 

From Equation (30), it follows that the predicted standard deviation of the re-
ported point estimate 0x  

 0
X

x
N

σ =   (31) 

can be made arbitrarily small by increasing the number of independent measure-
ments of the associated risk factor. 

The number of measurements performed by a diagnostic lab, however, is at best 
likely to be relatively few, if not just one. Nevertheless, use of machine automation 
of multiple trials simultaneously from the same sample is a future possibility not 
to be excluded. To assess the impact of knowing the number of trials on the re-
duction in uncertainty, and therefore enhancement of reliability, of the MaxEnt 
predictions, two functions are of particular utility: the coefficient of variation CV 

 ( )
0

standard deviation 1CV
mean

XN
x N
σ

≡ = =  (32) 

and the conditional probability ( )in 0 |P x N  that the mean 0x  of a repeat set of 
N trials 

 
( ) ( ) ( )

( )

in 0 0

1

0 0

| | | d

, ,

U

L

s

U L X
s

UL

P x N P s x s N p x N x

NsNsN N N
x x

−

≡ ≥ ≥ =

    
= Γ Γ −Γ    

     

∫
  (33) 

lies within the reference range. The two-parameter function of the form ( ),a zΓ  
in Equation (33) is the incomplete gamma function 

 ( ) 1, e da t

z

a z t t
∞

− −Γ ≡ ∫ . (34) 

4.2. Application to the Measurement of Serum Glucose 

As an example of the information provided by knowledge of the number of trials, 
we consider again measurement of serum glucose—which is a risk factor for dia-
betes, among other conditions—as summarized in Table 1 for an indeterminate 
number of trials. Pertinent data in mg/dL are reproduced below for convenience: 

 
Mean : 87
Lower Ref Limit : 65
Upper Ref Limit : 99

  (35) 

Use of the preceding data in Equations (32) and (33) lead respectively to the 
blue traces in Figure 1 and Figure 2. The figures actually display results for Case 
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1, Case 2, and Case 3 (to be taken up in Section 5). In viewing the figures, note 
that the phrase “mean number” in the abscissa label is to be interpreted as “no 
given number” for Case 1, “exact number” for Case 2, and “mean number” for 
Case 3. 

 

 
Figure 1. Coefficient of variation as a function of number of trials per sample for Case 1 
(green), Case 2 (blue), and Case 3 (red). The cases are distinguished by (1) no number 
reported, (2) exact number reported, (3) mean number reported. 

 
The blue trace in Figure 1 shows the variation of CV with N for Case 2. Theory 

predicts that about 10 trials suffice to reduce the CV from an initial value of 1 in 
Case 1 (a presumably single trial governed by an exponential distribution) to 0.3. 
However, to achieve a CV of 0.1 would require about 100 trials because of the slow 
asymptotic decrease of Equation (32). The CV for Case 1 is shown in the Figure 
as a horizontal solid green trace without discrete markers spanning all values of N 
since no prior information regarding the number of trials was provided. Thus, 
while it is natural to presume only 1 trial was made, the PME makes no use of 
speculative assumptions. 

The blue trace in Figure 2 shows the variation of inP  with N, a perspective 
complementary to the probability values given in Table 1. From Figure 2, one 
infers that there is a 50% probability that 10 trials suffice to produce a mean out-
come that falls within the reference limits. If only a single trial is actually (rather 
than presumably) performed, then this probability is about 15%, consistent with 
the complementary probability given in Table 1. However, to achieve a 90% prob-
ability that a set of measurements yield a mean within the reference limits would 
require about 100 trials. The horizontal solid green trace in the figure represents 
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the outcome of Case 1, as discussed in the preceding paragraph for Figure 1. 
 

 
Figure 2. Probability, as a function of number of trials per sample, that the mean outcome 
of a repeated set of trial falls within the reference interval for Case 1 (green), Case 2 (blue), 
and Case 3 (red). Case description is the same as for Figure 1. 

 
It is to be borne in mind that the point estimates of the risk factor in both Cases 

1 and 2 are exactly the same number 0x . In Case 1, the physician was totally un-
informed as to how the number was arrived at. In Case 2, the physician learned 
additionally that the number was the mean of N trials—hence the initial notation 
x  for that number. As a consequence of that extra bit of information, the most 
probable prediction of risk dramatically changed from a simple exponential dis-
tribution to the more informative gamma distribution. This transition is again 
illustrative of the fact that probability is a mathematical quantity reflecting one’s 
knowledge of a system and not intrinsic properties of the system itself. 

5. Case 3: Point Estimate of Risk Factor and Mean Number of 
Trials 

Consider the case of a non-negative, uncorrelated risk factor X  for which the 
information from a clinical lab comprises a point estimate x  of the mean of an 
indeterminate number of trials of estimated mean n , rather than an exact num-
ber N. Such a situation could arise, for example, if tests of different analytes in a 
panel were performed with different numbers of trials, and the lab simply reported 
a mean number of trials for the panel. The exact trial number labeled N in Case 2 
is now a random variable, and the probability density (26) must now take the form 

https://doi.org/10.4236/ojapps.2026.166125


M. P. Silverman 
 

 

DOI: 10.4236/ojapps.2026.166125 2211 Open Journal of Applied Sciences 
 

 ( ) ( ) ( ) ( )
( ) ( )

1

1 1

e
| | | |

n n x

N NX X
n n

n n x
p x n p x n p n n p n n

n

λλ λ − −∞ ∞

= =

= =
Γ∑ ∑   (36) 

in which the conditional probability ( )|Np n n  of n trials, given the mean n , 
must be determined. 

5.1. Distribution of the Number of Trials 

Since N is an independent random variable, the solution to finding ( )|Np n n  is 
to apply the PME again, given only the probability completeness relation 

 ( )
1

| 1N
n

p n n
∞

=

=∑   (37) 

and the expectation of trial number 

 ( )
1

|N
n

n p n n n
∞

=

=∑ . (38) 

As in Case 1, the solution is an exponential function of the variable n and a 
Lagrange multiplier here designated α  

 ( ) ( )
e|

n

Np n
Z

α

α
α

−

= . (39) 

Unlike Case 1, the variable n is discrete, and the partition function evaluates to 

 ( ) ( ) 1

1
e e 1n

n
Z α αα

∞ −−

=

= = −∑ . (40) 

From Equation (11), which relates the Lagrange multiplier to the expectation 
of the variable, one finds 

 ( ) 1e 1nα −= −   (41) 

from which follows the sought-for conditional probability 

 ( ) ( ) 11
|

n

N n

n
p n n

n

−−
= , (42) 

explicitly expressed in terms of the given information n , instead of the Lagrange 
multiplier α . To a reader familiar with physics, Equation (42) is recognized as 
the distribution of photons in thermal equilibrium [26]. In the case of photons, 
however, n can take the lowest value 0, whereas in the case of testing a risk factor, 
the lowest meaningful value is 1n = . 

Upon substitution of Equation (42) into Equation (36), with replacement of the 
dimensioned coordinate x  by a dimensionless coordinate u 

 0u x x xλ= = , (43) 

one can re-express the distribution ( )|Xp x n  more simply in the form 

 ( ) ( )
( )

1
1

1

1
| d e d

nn
n nu

X
n

nnp u n u u u
n nλ

−∞
− −

=

− =   Γ 
∑   (44) 

where the differential d du xλ=  is explicitly included. 
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The above notational change facilitates the calculation of the lowest moments 
as dimensionless quantities 

 ( )
0

| d 1Xu x u p u n uλλ
∞

= = =∫ , (45) 

 ( ) ( ) ( )22 2

0

ln
| d 1

1X

n
u x u p u n u

nλλ
∞

= = = +
−∫ , (46) 

from which follow the predicted uncertainty relations 

 
( )22 2 2 ln

1U

n
u u u

n
σ∆ = = − =

−
  (47) 

and 

 ( ) ( )ln
CV

1
U X n

n
u x n

σσ
= = =

−
. (48) 

The integrations over u in Equation (44) can be performed generally, leading to 
any desired thk  moment ( )0,1,2,k =   

 ( ) ( ) ( )
( )

1

0
1

1 nn
kk

n k
n

n n knu x x
n nn

−∞

+
=

− Γ + = =   Γ 
∑  (49) 

where 0k =  yields the correct normalization constant 1. 

5.2. Prediction Reliability 

The conditional probability ( )in 0 |P x n  that a mean of n  trials yields an out-
come 0x  that falls between the lower ( Ls ) and upper ( Us ) boundaries of the 
reference range is given by 

 

( ) ( ) ( )

( )
( )

in 0 0 ,

1

1 0 0

| | | d

1
, , .

U

L

s

U L X N
s

n
UL

n
n

P x n P s x s n p x n x

n nsnsn n
x xn n

−∞

=

≡ ≥ ≥ =

 −    
= Γ −Γ    

Γ      

∫

∑
  (50) 

Before considering an application to a specific example, it is necessary to clarify 
what may appear to be an ambiguity in Equation (50). 

Being of greater generality than Equation (33), Equation (50) must therefore 
reduce correctly in the previous case where the number of trials is constant, in-
cluding the value 1n = . Substitution of 1n = , however, leads to in 0P = , which 
is not correct. A mean value of 1 can only occur if there is only 1 trial. What is 
required is to evaluate the right side of Equation (50) in the limit 1n → , which 
leads to 

 ( ) 0 0
in 0 | 1 e eL Us x s xP x n − −= = −   (51) 

which correctly agrees with Equation (33) for 1N = . 
The red traces in Figure 1 and Figure 2 respectively show the variation with n  

of the functions CV and ( )in 0 |P x n . By comparison with the blue traces for Case 
2, one sees immediately the effects of having less precise information regarding 
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the number of trials. For example: 
• A mean of 10 trials leads to a CV of 0.5, compared with 0.3 for Case 2. And 

100 trials reduce the CV to 0.2, rather than 0.1 for Case 2. 
• Similarly, to achieve a 50% probability that the mean outcome of the trials falls 

within the reference range would require a mean of about 15 trials, rather than 
exactly 10 as for Case 2. 

• A mean of 100 trials yields a probability inP  of 80%, in contrast to Case 2 for 
which 100 trials yields a probability inP  of 90%. 

• And last, although beyond the range displayed in Figure 2, to achieve a prob-
ability inP  of 90% according to Equation (50) would require close to 300 tri-
als. 

6. Case 4: Correlated Risk Factors 

As a final set of conditions, consider two continuous, non-negative risk factors, X 
and Y, that are correlated. A timely example, given that the leading cause of death 
in the US [27] and globally [28] is heart disease, is the pair of high-density lipo-
protein cholesterol (HDL-C) and low-density lipoprotein cholesterol (LDL-C). In 
the author’s experience, clinical laboratory reports have routinely included only 
the respective point estimates 0x  and 0y , together with associated reference 
ranges ( )1 2,x x  and ( )1 2,y y . Since HDL-C and LDL-C are part of the Lipid 
Panel, the reports would also include point estimates of total cholesterol and tri-
glycerides along with their associated reference ranges. However, the reports gen-
erally do not include the number of trials, any measure of the variability (i.e. un-
certainty) of the tests, or any measure of the correlation of the variables. 

If no measure of correlation is reported, then, from the perspective of the Prin-
ciple of Maximum Entropy (PME), HDL-C and LDL-C are independent random 
variables, such as treated in Case 1 with most probable risk prediction following 
an exponential distribution. The inclusion of a measure of correlation, such as 
covariance, markedly changes the distribution function, as will be shown shortly. 
Before deriving this presumably more informative distribution, it is worth exam-
ining why the variables HDL-CX ≡  and LDL-CY ≡  can be correlated. 

As a matter of terminology, a lipoprotein is a complex biochemical particle that 
transports lipids (i.e. molecules of fat) in the liquid component (plasma) of blood 
[29] [30]. The center of the particles consists of cholesterol and triglyceride mol-
ecules; the hydrophilic outer shell contains a special kind of protein (apolipopro-
tein) that stabilizes the assembly. Lipoprotein particles have been classified into 
five groups [29] (chylomicrons, very low density VLDL, low density LDL, inter-
mediate density IDL, high density HDL) ranging from 1) large and low density to 
2) small and high density. Low density lipoproteins (LDL) ferry cholesterol (LDL-
C) and other molecules of fat around the body and are associated with atheroscle-
rotic cardiovascular disease (ASCVD) by deposition of cholesterol on the inside 
walls of blood vessels. By contrast, high density lipoproteins (HDL) reduce the 
risk of heart disease by collecting cholesterol (HDL-C) and other molecules of fat 
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from cells and tissues for transport to the liver for eventual removal. The LDL-C 
and HDL-C therefore serve (although not perfectly) as markers of “bad” (LDL) 
and “good” (HDL) lipoprotein particles. 

There are basically two general procedures for obtaining plasma concentrations 
of HDL-C and LDL-C. The first is to measure HDL-C and LDL-C directly by one 
or more of a variety of physical methods [31] that make use of processes and ma-
terials such as centrifugation, chemical precipitation, surfactants, ionic polymers, 
and other components that facilitate extraction of cholesterol selectively from spe-
cific classes of lipoproteins present in the blood. In such a direct approach for 
example, HDL and LDL are together separated from chylomicrons and VLDL, 
and concentrations of total cholesterol and HDL-C are then measured, where-
upon the LDL-C concentration is obtained by subtracting the latter from the for-
mer. By virtue of such a sequential separation—whereby the LDL-C depends on 
the subtracted concentration of HDL-C, as well as the potential misidentification 
of some lipoproteins in samples from dyslipidemic patients—the measurements 
of LDL-C and HDL-C are correlated. 

The second approach is to measure HDL-C directly and then estimate LDL-C 
by calculation from an empirical formula that contains HDL-C and other lipid-
panel constituents [32] [33]. In this case, LDL-C is correlated with HDL-C through 
the mathematical equation connecting the two variables. The following subsec-
tions examine the predictive distributions arising respectively from the direct and 
indirect procedures. 

6.1. Case 4A: Risk Factors Correlated by Measurement 

In this section we examine the most probable distribution of two variables that are 
correlated with one another, but independent of any other variables. This is not 
exactly the system of HDL-C and LDL-C, which are part of a lipid panel compris-
ing four constituents, but it provides a simple tractable system to address the sem-
inal question of interest here: Does knowledge of a measure of correlation, in ad-
dition to just the point estimates of the two mean values, significantly reduce pre-
dictive uncertainty? A model more closely representative of the variables HDL-C 
and LDL-C will be taken up afterward. 

Consider, therefore, two risk factors, X and Y, continuous over the non-nega-
tive real axis, for which there is a non-zero covariance 

 ( )( ), 0 0 0 0covX Y X x Y y X Y x y≡ − − = − . (52) 

Expectations of products such as a bX Y  for real powers a, b are calculated with 
a bivariate PDF ( ), ,X Yp x y  as follows 

 ( ),
0 0

, d da b a b
X YX Y x y p x y x y

∞ ∞

= ∫ ∫ .  (53) 

As in the previous cases, ( ),X Yp x y  is the sought-for maximum entropy 
(MaxEnt) distribution obtained by solving a variational equation based on prior 
known information. In the present case we take this information to be the proba-
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bility completeness relation 

 ( ),
0 0

, d d 1X Yp x y x y
∞ ∞

=∫ ∫ , (54) 

the means of X and Y 

 ( ), 0
0 0

, d dX Yx p x y x y x
∞ ∞

=∫ ∫ , (55) 

 ( ), 0
0 0

, d dX Yy p x y x y y
∞ ∞

=∫ ∫ , (56) 

and the covariance of X and Y, more conveniently reported as a dimensionless 
covariance coefficient 

 ,

0 0

covX Y

x y
κ ≡   (57) 

from which follows the mean of the product XY  

 ( ) ( ), 0 0
0 0

, d d 1X Yxy p x y x y x y κ
∞ ∞

= +∫ ∫ . (58) 

If 0κ = , then the integrand in Equation (58) simply factors into a product of 
two independent univariate distributions, each being of exponential form as 
treated in Section 3 for Case 1. If 0κ ≠ , then following the procedure of Section 
2.1 leads to the MaxEnt solution 

 ( ) ( )
( )

1 2 3
,

exp
,X Y

x y xy
p x y

Z
λ λ λ− − −

=
λ

  (59) 

with partition function 

 ( ) ( ) ( ) ( ) ( )1 2 3 1
1 2 3 3

0 0

, , e d d exp 0,x y xyZ Z x yλ λ λλ λ λ λ
∞ ∞

− − − −= ≡ = Λ Γ Λ∫ ∫λ   (60) 

in which, for convenience, Λ  has been defined as 

 1 2 3λ λ λΛ ≡ . (61) 

The unknown Lagrange multipliers can be determined from Equation (11) as 
applied below, 

 
( )
( )
( ) ( )

1 0

2 0

3 0 0

ln ,

ln ,

ln 1 ,

Z x

Z y

Z x y

λ

λ

λ κ

−∂ ∂ =

−∂ ∂ =

−∂ ∂ = +

  (62) 

provided the prior information is consistent. 
The operations in Equation (62) lead to relations 

 
( )0

1

1 1
e 0,

x
λ Λ

 
= − Λ −  Γ Λ 

  (63) 

 
( )0

2

1 1
e 0,

y
λ Λ

 
= − Λ −  Γ Λ 

  (64) 
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 ( )
( )0 0

3

1 11 1
e 0,

x y κ
λ Λ

 
+ = + Λ −  Γ Λ 

  (65) 

Manipulation of Equations (63)-(65) results in relations 

 ( )1 0 2 0 3 0 01 1x y x yλ λ λ κ= = − +   (66) 

which express 1λ  and 2λ  in terms of 3λ . Λ  is then a function only of 3λ , 
which can be found by solving the equation 

 ( ) ( ) ( )( )
( )

33 0 0 3
3

11 1 0
e 0,

x y
λ

λ κ λ
λΛ

+ Λ − − + =
Γ Λ

. (67) 

Equation (67) is highly nonlinear and generally requires numerical solution. 
Upon solution of the three Lagrange multipliers, the joint PDF ( ), ,X Yp x y  is 

uniquely determined. One can then calculate the marginal distributions of X and 
Y by integration 

 ( ) ( ) ( )
( ) ( )

3 1
,

3 20

exp
, d

0,X X Y

x
p x p x y y

x
λ λ
λ λ

∞ − −Λ
= =

+ Γ Λ∫   (68) 

 ( ) ( ) ( )
( ) ( )

3 2
,

3 10

exp
, d

0,Y X Y

y
p y p x y x

y
λ λ
λ λ

∞ − −Λ
= =

+ Γ Λ∫ . (69) 

From Equations (59), (68), and (69) then follow the conditional distributions 
of interest that encode the predictive statistics of one variable in light of knowledge 
of a corresponding value of the other variable 

 ( ) ( )
( ) ( ) ( )1 3,

1 3

,
| e y xX Y

X
Y

p x y
p x y y

p y
λ λλ λ − += = +   (70) 

 ( ) ( )
( ) ( ) ( )2 3,

2 3

,
| e x yX Y

Y
X

p x y
p y x x

p x
λ λλ λ − += = + . (71) 

One sees from Equations (70) and (71) that the conditional distributions are of 
exponential form, just as in Case 1 for uncorrelated variables, except that now the 
conditional mean values 

 ( ) ( ) ( ) 1
0 1 3

0

| dXx y x p x y x yλ λ
∞

−≡ = +∫   (72) 

 ( ) ( ) ( ) 1
0 2 3

0

| dYy x y p y x y xλ λ
∞

−≡ = +∫ , (73) 

are correlated through the multiplier 3λ . Moreover, as shown in the analysis of 
Case 1, the standard deviation of an exponentially distributed variable is equal to 
the mean. It therefore follows that the coefficients of variation predicted by the 
conditional probability densities are 

 ( ) ( ) ( ) 10 0 1
| 0 0 0 1 3 0

0

CV |X Y

x y
x y x y

x
λ λ −−= = +   (74) 

 ( ) ( ) ( ) 10 0 1
| 0 0 0 2 3 0

0

CV |Y X

y x
y x y x

y
λ λ −−= = + . (75) 
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The expressions in Equations (74) and (75) are identical by virtue of Equation 
(66). 

Regarding the forms of |CVX Y  and |CVY X , it is to be recalled that the infor-
mation actually reported by diagnostic labs includes the point estimates ( )0 0,x y , 
not the conditional means. If 3 0λ =  in Equations (74) and (75), then 1λ  and 

2λ  respectively equal the reciprocals of the reported point estimates, whereupon 
the coefficients of variation reduce to 1. 

Knowing the conditional distributions of X and Y, one can then predict the 
probability that a repeat measurement of one of them, given knowledge of the 
other, would fall within the reference interval ( )1 2,x x  or ( )1 2,y y : 

 ( ) ( ) ( ) ( )
2

1 3 1 1 3 2

1

in 1 2 |, | | d e e
x

y x y x
X Y

x

P x x y p x y x λ λ λ λ− + − += = −∫   (76) 

 ( ) ( ) ( ) ( )
2

2 3 1 2 3 2

1

in 1 2 |, | | d e e
y

x y x y
Y X

y

P y y x p y x y λ λ λ λ− + − += = −∫ . (77) 

The preceding relations are to be compared with the relations for uncorrelated 
exponential variables: 

 ( )
2

0 1 0 2 0

1

1
in 1 2 0, e d e e

x
x x x x x x

x

P x x x x− − −−= = −∫   (78) 

 ( )
2

0 1 0 2 0

1

1
in 1 2 0, e d e e

y
y y y y y y

y

P y y y x− − −−= = −∫ . (79) 

6.2. Application to Measurements of Cholesterol 

For the purpose of illustration, the system of HDL-C and LDL-C are here treated 
as an isolated pair ( ),X Y  of correlated variables. Since the given prior infor-
mation took no account of other lipid panel variables, the PME placed no upper 
limits on the ranges of X and Y. Reproduced below for convenience are the perti-
nent patient lipid panel data from Table 1 expressed in units of mg/dL except for 
the dimensionless covariance coefficient κ : 

 

( ) ( )
( ) ( )

0

0

1 2

1 2

Mean HDL-C 70
Mean LDL-C 81
Cov. Coeff. 0.33
HDL-C Ref. Limits , 40,90

LDL-C Ref. Limits , 40,100

x
y

x x

y y

κ −   (80) 

Since no empirical value of the correlation of HDL-C and LDL-C is known to 
the author, the coefficient κ  in Equation (80) was set to correspond to the em-
pirical covariance coefficient of Case 4B, which is taken up in the following sub-
section. 

Solution of Equation (67) with subsequent use of Equation (66) leads to the 
following Lagrange multipliers 
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3
1

3
2

5
3

9.1519 10

7.9090 10

9.4598 10

λ

λ

λ

−

−

−

= ×

= ×

= ×

  (81) 

truncated to 4 significant figures. (Calculations were made with the Maple Com-
puter Algebra System set to 20-digit precision.) 

Although there are numerous statistics that can be predicted by means of the 
joint, marginal, and conditional PDFs, the focus in this section (and in the follow-
ing section) is on the predictive statistics of LDL-C. The reason for this emphasis is 
that numerous studies have concluded that lowering a hypercholesterolemic pa-
tient’s serum LDL-C should be a primary objective of preventative and therapeutic 
measures to lower the risk of ASCVD and other cardiovascular disease [34]-[36]. 

As examined in the previous cases, the coefficient of variation (CV) and prob-
ability inP  of a point estimate falling within the reference range are two statistics 
indicative of the predictive uncertainty (and therefore reliability) of the numbers 
furnished by clinical labs. The conditional distributions based on the data in rela-
tion (80) and the solutions (81) lead to 

 
( )

( ) ( )
|

in
|

CV 81| 70 0.850

40,100 | 70 32.5%
Y X

Y XP

 =


=
  (82) 

from Equations (75) and (77) respectively, instead of CV 1.000Y =  and  
( ) ( )in 40,100 31.9%YP =  for uncorrelated LDL-C. The differences are small, but do 

indicate a lower uncertainty when information regarding correlation is provided. 
The more information that goes into the MaxEnt analysis, the greater is the ex-
pected reliability of a diagnostic inference. 

6.3. Case 4B: Risk Factors Correlated by Empirical Formula 

Methods to measure LDL-C directly are in general complex, time-consuming, and 
expensive. Consequently, clinical labs in the U.S. and elsewhere routinely prefer 
to estimate LDL-C concentrations by means of an empirical formula such as the 
Friedewald equation [37], Martin equation [38], Sampson equation [39], and var-
ious others [32]. 

The Friedewald equation, which is linear in the variables, is the simplest of the 
empirical equations and has been in use the longest. It was proposed in 1972 as a 
means of estimating LDL-C without the need for ultracentrifugation, and has pro-
vided satisfactory results for patients with plasma lipid levels that are not too high 
or low. Subsequent elaborations to extend the formula to include patients with 
extreme lipid levels entail inclusion of numerous empirical parameters and/or 
powers of variables greater than 1. For the analysis in this section with lipid data 
within reference levels, the use of the Friedewald equation will suffice. 

The Friedewald equation takes the simple form 

 1
5 mY T G X X X= − − = −   (83) 
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in which 

 

0

0

0

0

LDL-C 83
HDL-C 70

Total-C 165
Triglycerides 60

Y y
X x
T t
G g

= =

= =

= =

= =

  (84) 

and 

 1 153
5m mX T G x≡ − = . (85) 

mX  is the maximum value that X can take, since concentrations of the sub-
stances in Equation (83) must be non-negative quantities. The term involving tri-
glycerides is a proxy for VLDL-C, i.e. the cholesterol carried by very low density 
lipoproteins. Thus T is representative of the total cholesterol concentration. It is 
apparent from the second equality in Equation (83), that LDL-C anti-correlates 
with HDL-C in a given sample. 

The symbols and numerical values (in units of mg/dL) to the right of the vari-
ables in Equations (84) and (85) are the reported point estimates of a patient’s 
Lipid Panel taken from Table 1 with one minor exception. A reader may notice 
that the point estimate 0y  is here taken to be 83, rather than 81 as in Table 1 and 
as used in Equation (80). The reason for the small change is that the numbers in 
Equation (84) satisfy the Friedewald equation, whereas the actual LDL-C point 
estimate reported by the clinical lab was obtained by the Martin equation. Never-
theless, the closeness of the two values is indicative of how well the Friedewald 
equation works for a non-hyperlipidemic patient. 

Although a clinical lab is not likely to provide a correlation coefficient, knowledge 
of the point estimates of each of the four constituents in the Lipid Panel makes it 
possible, by means of the PME, to derive the most probable distribution function 
of the variables Y and X. Rigorous application of the PME in the present context 
would lead to a trivariant MaxEnt probability distribution for X, Y, G with con-
straint on their sum T. One could then integrate over unwanted variables to obtain 
the marginal distributions of X and Y. However, a much simpler and more trans-
parent approximate approach is to take mX  constant for the given sample and 
derive univariate probability densities for X and Y directly. 

In what follows, Y is treated as a function of the independent random variable 
X. Figure 3, based on the Friedewald Equation (83) and data in Equation (84), 
shows the linear variation of Y over the physically allowed range [ ]0, mx . From 
Equation (83) and the basic principles of calculus, it follows that the probability 
densities of X and Y are related by the following transformation 

 ( )
( )( ) ( )

d d
X

Y X m

p x y
p y p x x

y x
= = − . (86) 

Thus, one need only find ( )Xp x  to obtain ( )Yp y . 
Implementation of the MaxEnt procedure, making use only of the available  
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Figure 3. Variation of a patient’s low-density lipoprotein cholesterol as a function of the 
concentration of high-density lipoprotein cholesterol as calculated from the Friedewald 
equation. Concentrations are in units of mg/dL. 

 
information. 

1) probability completeness, 
2) point estimates 0x  and 0y  of the variables, 
3) Friedewald value of cholesterol maximum mx  
Leads to the exponential PDFs 

 
( ) ( ) ( )
( ) ( )( ) ( )

exp

exp
X

Y m

p x x Z

p y x y Z

λ λ

λ λ

= −

= − −
  (87) 

in which the partition function 

 ( ) ( ) ( )1

0

exp d 1 e
m

m

x
xZ x x λλ λ λ −−= − = −∫   (88) 

differs from that of Case 1 because the upper limit of the integral is no longer 
infinity, but constrained to mx . 

The Lagrange multiplier λ  is obtained by applying Equation (11) in the form 

 ( )( ) 0ln Z xλ λ−∂ ∂ = , (89) 

which leads to the nonlinear equation 

 ( ) 1 0e 1 1u

m

x
u

x
− 

− + = 
 

  (90) 

in the dimensionless variable 
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 mu xλ≡ . (91) 

From Equations (87) and (88) can be derived the pertinent statistics of interest, 
including the population means x , y  

 
( )

( )

11

11

e 1

e e 1

u
m

u u
m

x x u

y x u u

−−

−−

 = − −

 = − + −

, (92) 

variances 

 ( ) 22
2 2

var var e e 1u uX Y

m m

u
x x

−−= = − − , (93) 

covariance 

 ( ) 2, 2
2

cov
e e 1X Y u u

m

u
x

−−= − + − , (94) 

and the integrated probabilities 

 

( ) ( )

( ) ( )

1 2

2 1

in
1 2

in
1 2

e e,
1 e

e e,
e 1

m

m

x x

X x

y y

Y x

P x x

P y y

λ λ

λ

λ λ

λ

− −

−

 −
= −


− = −

  (95) 

corresponding to Equations (76) and (77), that a repeat trial of each variable will 
fall within its respective reference interval. 

It is to be noted from Equations (93) and (94) that the variance is the same for 
variables X and Y, and that the covariance is the negative of this variance. Thus, 
the Pearson correlation coefficient [40] 

 
( )( )

,
,

cov
1

var var
X Y

X Y
X Y

r ≡ = − , (96) 

which is a widely used measure of linear correlation of two variables, takes the 
maximum negative value of the range ( ),1 1X Yr≥ ≥ − . 

6.4. Application to the Lipid Panel 

Solution of Equation (90) for the variable u with 153mx =  yields the Lagrange 
multiplier 

 33.3466 10λ −= × .  (97) 

Substitution of λ  into relations (92)-(95) provides the statistics for judging 
the reliability of reported lipid panel results employing the Friedewald equation. 

First, the results verify that the population means ( ),x y  in Equation (92) do 
indeed reproduce the point estimates ( )0 0,x y  in the panel (84). Second, from 
the means (92) and variances (93) follow the coefficients of variation 

 
CV 0.627
CV 0.529

X

Y

=
 =

  (98) 

which are significantly lower than the value 1 for uncorrelated exponential varia-
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bles. Third, evaluation of the integrated probabilities (95) yield 

 
( ) ( )
( ) ( )

in

in

40,90 33.6%

40,100 38.0%
X

Y

P

P

 =


=
.  (99) 

Although the value for LDL-C in Equation (99) exceeds that of Equation (82) 
for directly measured LDL-C, it still represents a large uncertainty. 

Finally, for purposes of comparison with κ  in relation (80), one can calculate 
the covariance coefficient 

 ,
0

0 0

cov
0.331X Y

x y
κ ≡ = − .  (100) 

Note that the value of 0κ  in relation (100) is an actual outcome of the statisti-
cal analysis of Case 4B, whereas the value κ  assigned as prior knowledge in Case 
4A, relation (80), was intentionally chosen to be close to 0κ . 

The reason for use of a “covariance coefficient” in Case 4A, rather than the 
standard Pearson correlation coefficient, is that the latter contains the variances 
(or standard deviations) of the two variables whose values are ordinarily not pro-
vided by the clinical laboratories. As pointed out previously, the purpose of exam-
ining Case 4A was to see what improvement in predictability would ensue from 
inclusion of the most minimal correlation information. Had that minimal infor-
mation comprised the Pearson coefficient without also including the variances, 
there would have been insufficient information to derive a maximum entropy dis-
tribution. In such a case, one would have to resort to a specific model, which, in 
essence, is precisely what the Friedewald equation provides. In this case, minimal 
prior knowledge required to carry out a maximum entropy analysis did not have 
to include variances and/or covariances, since this information is retrievable from 
the empirical equation and full Lipid Panel. 

7. Summary, Questions, and Conclusions 

On the basis of the outcomes of many billions of tests of medical risk factors req-
uisitioned from clinical labs each year, physicians in the U.S. and elsewhere make 
decisions on whether and how to provide therapeutic and preventative care to 
patients. This paper addressed quantitatively—for the first time, to the author’s 
knowledge—the critical question of the predictive uncertainty of test results com-
prising just the point-estimates of analyte concentrations with no accompanying 
information as to the number of test trials, the intrinsic variability of the tests, or 
correlations with other analytes. 

The analyses in this paper employed the Principle of Maximum Entropy (PME) 
to determine the least biased, most probable statistical distribution—referred to 
as the MaxEnt distribution—of test results in 4 fundamental cases involving in-
complete information. 

Case 1 examined the prevailing situation whereby no information beyond point-
estimates of analyte concentrations are provided by the clinical labs. The resulting 
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MaxEnt distribution is of exponential form, leading to very high uncertainty 
(standard deviation equals the mean) and integrated probabilities well below 50% 
that a repeat measurement of the same sample would fall within the reference in-
terval nominally regarded as “normal” or “low risk”. 

Cases 2 and 3 examined situations in which, respectively, the exact number or 
the mean number of test trials supplemented the reported point estimates. This 
additional information sharpened the uncertainty about the point estimate and 
increased the integrated probability over the reference range. Nevertheless, to 
achieve a satisfactorily high degree of predictive reliability would require a large 
number of trials, which perhaps is a feasible improvement for tests that can be 
automated. 

Case 4 examined two situations of correlated risk factors: Case 4A in which the 
additional information was a point estimate of the covariance of two risk factors; 
Case 4B included point estimates of all constituents of a selected panel, together 
with an empirical formula connecting them. The example chosen for analysis was 
the pair of high (HDL-C) and low (LDL-C) density lipoprotein cholesterol with-
out (Case 4A) or with (Case 4B) inclusion of other risk factors in the Lipid Panel. 
In both cases this minimal extra information sharpened the uncertainties of the 
point estimates of HDL-C and LDL-C by a small to modest amount, but the prob-
ability of a repeat test result falling within the reference interval was still discon-
certingly low. 

The preceding outcomes evoke several questions. Foremost is this: How believ-
able are the MaxEnt projections in the chosen examples? For example: Is it really 
true that a repeat test of a risk factor, which is first measured to be within normal 
range, is more likely than not to fall outside the reference interval? A strictly ac-
curate reply is to say “That’s unknowable”, since the clinical lab never provided 
results of concurrent retrials, and most likely none was made. A more expansive 
reply might include a suggestion to check the patient’s records for results of past 
tests in order to look for any trends. However, such tests were made during annual 
exams and do not constitute concurrent retrials. Thus, the patient’s data cannot 
be used to test the MaxEnt predictions. 

Suppose, however, that concurrent retrials of a test were made and all results 
were again within reference levels. Would this indicate that the PME procedure 
could not be trusted? The answer is “No”. MaxEnt distributions are consistent 
with the (presumed valid) prior information imported into the analysis. If there is 
a discrepancy between the statistics predicted by MaxEnt and the empirically ac-
quired statistics, then, assuming the observations are accurate, the empirical re-
sults must be subject to constraints not yet taken account of in the theoretical 
analysis. This is not a flaw in the MaxEnt procedure, but an indication to the an-
alyst to find out what unaccountable constraint has affected the data. In the con-
text of the above supposition, a likely source would be something (chemical? phys-
ical? biological?) constraining the variability of the test. The solution, therefore, 
would be to determine the intrinsic variance of the test and include that among 
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the known prior constraints in the MaxEnt analysis. As pointed out at the begin-
ning of this article, clinical labs already have that information, but just neglect to 
share it with physicians and patients. 

Of the cases examined in this paper none included the variances or standard 
deviations of the mean estimates as part of the prior information. The reason for 
this omission is that the author has already analyzed those cases in great detail 
elsewhere [9] [10] for both independent and correlated variables. 

The outcomes of a MaxEnt analysis with inclusion of test means, variances, co-
variances, and recognition of probability completeness are distribution functions 
of Gaussian or Lognormal form [18] (depending on how the prior information is 
presented). The predictive reliability of these distributions can be very high if the 
intrinsic uncertainties of the variables are sufficiently low. Conceivably, the tests 
performed by clinical labs do have satisfactorily low intrinsic uncertainties. How-
ever, if that information is not reported, then for physicians to assume it is true is 
to risk seriously misinterpreting the reported results to the detriment of the pa-
tient. This is especially concerning for point estimates of risk factors that skirt the 
upper or lower border of the reference range. 

Finally, let it be supposed that at some future time clinical labs reform their 
practices and provide test results that include numbers of trials and test uncer-
tainties. What reply can then be made to the director of a clinical lab who, in the 
Introduction to this article, told the author that “Neither physicians nor patients 
would know what to do with it.”? Here is such a reply: 

The author does not expect physicians (and certainly not patients) to be able to 
carry out analyses and numerical computations like those in this article. Never-
theless, it is not uncommon for professional health and medical organizations to 
create online calculators for short- and long-term risk prediction of specific con-
ditions, and numerous such calculators already exist [41]. Clinical labs could like-
wise create such calculators for the panels of medical risk factors that they test. 
Then physicians, supplied with adequately informative test results, can enter this 
information by computer or other digital device to learn immediately and with 
scientific rigor, rather than by ill-informed guesswork, the potential risks their 
patients face. 
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Summary of Abbreviations 

ASCVD Atherosclerotic cardiovascular disease 

BIPM International Bureau of Weights and Measures 

BUN Blood, Urea, Nitrogen 

CDC U.S. Centers for Disease Control and Prevention 

CF Characteristic function 

CI Confidence interval 

CIPM Comité international des Poids et Mesures 

CV Coefficient of variation 

ESM Equilibrium statistical mechanics 

HDL High density lipoprotein 

HDL-C High density lipoprotein cholesterol 

IDL Intermediate density lipoprotein 

LDL Low density lipoprotein 

LDL-C Low density lipoprotein cholesterol 

MaxEnt Maximum Entropy Probability Distribution 

mg/dL milligrams per deciliter 

PDF Probability density function 

PME Principle of Maximum Entropy 

Total-C Total cholesterol 

VLDL Very low density lipoprotein 

VLDL-C Very low density lipoprotein cholesterol 

WHO World Health Organization 
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