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Abstract 
The traditional Economic Production Quantity (EPQ) model focused on 
production process, used the ordering cost that includes relevant costs during 
the pre-production process. But, the ordering cost comprises the holding of 
raw materials that would affected by other factors would increase the total re-
levant cost, it cannot simply use the ordering cost to cover all. Therefore, this 
paper presents a new inventory model by considering the holding of raw ma-
terials under conditions of two-level trade credit under alternate due date of 
payment and limited storage capacity. According to cost-minimization strat-
egy it develops four theorems to characterize the optimal solutions. Finally, it 
executes the sensitivity analysis and investigates the effects of the parameters 
in the annual total relevant costs. 
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1. Introduction 

[1] and [2] developed the Economic Order Quantity (EOQ) model and the Eco-
nomic Production Quantity (EPQ) model for inventory management respec-
tively. For convenience to mathematical analyses, the parameter ordering cost 
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includes relevant costs during pre-production process, one of them is the hold-
ing cost of raw materials. A supply chain consists of all stages involved not only 
suppliers and manufacturers, but also transporters, warehouses, retailers and 
customers [3]. When suppliers provide raw materials would affect many factors, 
such as climate change, shipping delays, and more, these would increase the total 
relevant cost. Therefore, the price fluctuation of raw materials becomes an im-
portant issue. [4] first modified the EPQ model to consider the holding cost of 
raw materials more close the practice, latter, the research of raw materials has 
been found in many papers [5] [6]. 

[7] established an EOQ model under the condition of permissible delay, [8] 
defined this situation as one-level trade credit. [9] and [10] generalized [7] to 
two-level of trade credit, provide a fixed trade credit period M between the sup-
plier and the retailer, and a trade credit period N between the retailer and the 
customer. The different payment terms between [9] and [10] can be explained as 
follows: 

1) [9]’s payment terms, if a customer buys one item from the retailer at time 
[ ]0,t T∈ , then the customer will have a trade credit period N t−  and make the 

payment at time N. Therefore, a retailer allows a maximal trade credit period N 
for customers to settle the account [8] [11] [12] [13] [14] [15]. 

2) [10]’s payment terms, if a customer buys one item from the retailer at time 
[ ]0,t T∈ , then the customer will have a trade credit period N and make the 

payment at time N t+ . Therefore, a retailer allows a maximal trade credit pe-
riod N for customers to settle the account [16]-[21]. 

The trade credit stimulates retailer purchase more quantities, and the increas-
ing demand would cause more storage capacity to store goods. [22] developed an 
EOQ model for two-warehouse to solve if owned warehouse (OW) is insufficient, 
then store in a rented warehouse (RW) [12] [21]-[26]. 

[21] developed an EPQ model in [10]’s payment terms (and called it an alter-
nate due date of payment), finite replenishment rate and limited storage capacity 
together, but they did not consider the affected by raw materials and annual 
purchasing cost. Therefore, this paper further develop a new EPQ model, in-
cluding the holding cost of raw materials and annual purchasing cost to deter-
mine the optimal inventory policies. This paper structure modified three stages 
of [9] and [10] from “supplier, retailer, and customer” to “supplier, manufactur-
er, and customer (retailer)”, and stand in a manufacturer’s position to calculate 
the annual total relevant cost (include ordering cost, purchasing costs, holding 
costs, interest payable and interest earned). We use cost-minimization strategy 
to develop four theorems to characterize the optimal solution, and take the sen-
sitivity analysis to find out the critical impact factors of the total relevant cost 
and draw the conclusions. For business managers, the model more close practice 
and can be very easy to use to calculate the optimal cycle and the annual total 
relevant costs. The accurate information to make these decisions as an important 
basis for an investment plan. 
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2. Notations and Assumptions 
2.1. Notations 

Q: the order size 
P: production rate 
D: demand rate 
A: ordering cost 
T: the cycle time 

1 0D
P

ρ = − >  

Lmax: storage maximum 
s: unit selling price per item 
c: unit purchasing price per item 
hm: unit holding cost per item for raw materials in raw materials warehouse 
ho: unit holding cost per item for product in owned warehouse 
hr: unit holding cost per item for product in rented warehouse 
Ip: interest rate payable per $ unit time (year) 
Ie: interest rate earned per $ unit time (year) 
ts: time in years at which production stops 
M: the manufacturer’s trade credit offered by the supplier 
N: the customer’s trade credit period offered by the manufacturer 
W: storage capacity of owned warehouse 
twi: the point in time when the inventory level increases to W during the pro-

duction period 
twd: the point in time when the inventory level decreases to W during the 

production cease period 
WT
D

= −  

twd − twi: the time of rented warehouse 

, if

0, if

DT W DT W DT W
P D D

DT W

ρ ρ ρ

ρ

− − + >= −
 ≤

 

( )TRC T : the total relevant cost per unit time of model when 0T >  
T ∗ : the optimal solution of ( )TRC T  

2.2. Assumptions 

1) Demand rate D is known and constant. 
2) Production rate P is known and constant, P D> . 
3) Shortages are not allowed. 
4) A single item is considered. 
5) Time period is infinite. 
6) r o mh h h≥ ≥ , M N≥  and s c≥ . 
7) The storage capacity of raw materials warehouse is unlimited. 
8) If the order quantity is larger than manufacturer’s OW storage capacity, the 

manufacturer will rent and the RW storage capacity is unlimited. When the de-
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mand occurs, if first is replenished from the RW which storages those exceeding 
items. It takes first in last out (FILO). 

9) During the time the account is not settled, generated sales revenue is depo-
sited in and interest-bearing account. 

a) When M T≤ , the account is settled at T M= , the manufacturer pays off 
all units sold and keeps his/her profits, and starts paying for the higher interest 
payable on the items in stock with rate pI . 

b) When T M≤ , the account is settled at T M=  and the manufacturer 
does not need to pay any interest payable. 

10) If a customer buys an item from the manufacturer at time [ ]0,t T∈ , then 
the customer will have a trade credit period N and make the payment at time 
N t+ . 

11) The manufacturer can accumulate revenue and earn interest after his/her 
customer pays for the amount of purchasing cost to the manufacturer until the 
end of the trade credit period offered by the supplier. That is, the manufacturer 
can accumulate revenue and earn interest during the period N to M with rate eI  
under the condition of trade credit. 

12) The manufacturer keeps the profit for the use of the other activities. 

2.3. Model 

The model structure have three stages of a supply chain system, this paper sup-
pose that the supplier provide raw materials to the manufacturer to produce, the 
quantity of raw materials is expected to decrease in time (from time 0 to st ). On 
the other hand, the quantity of products is expected to increase in time up to the 
maximum inventory level (from 0 to st ), also sold on demand. After production 
stop (at time st ), the products are only sold on demand until quantity reaches 
zero (at time T), as shown in Figure 1. 

3. The Annual Total Relevant Cost 

The annual total relevant cost consists of the following element. 
As shown in Figure 1, the raw material inventory level can be described by the 

following formulas, and we set the time in years at which production stops st , 
the optimal order size Q and storage maximum maxL : 

( ) ( ) 0,s sP D t D T t− − − =  

.s
DTt
P

=                            (1) 

0 , 0 .
0s

Q P t T
t
−

= − ≤ ≤
−

 

.sQ Pt DT= =                         (2) 

( )max .sL P D t DTρ= − × =                    (3) 

3.1. Annual Ordering Cost 

Annual ordering cost 
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Figure 1. Raw materials and product inventory level. 

 

.A
T

=                              (4) 

3.2. Annual Purchasing Cost 

Annual purchasing cost 
1 .cQ cD
T

= × =                          (5) 

3.3. Annual Holding Cost 

Annual holding cost 
1) As shown in Figure 1, annual holding cost of raw materials 

21 .
2 2

s m
m

Q t D Th
h

T P
×

= × × =                     (6) 

2) Two cases occur in annual holding costs of owned warehouse. 
a) DT Wρ ≤ , as shown in Figure 2. 
Annual holding cost in owned warehouse 

max 1 .
2 2

o
o

T L DTh
h

T
ρ×

= × × =                    (7) 

b) DT Wρ > , as shown in Figure 3. 
Annual holding cost in owned warehouse 

( ) 21 .
2 2

d i o
o o

tw tw T W W h
h Wh

T DTρ
 − + = × × = −              (8) 

3) Two cases occur in annual holding costs of rented warehouse. 
a) DT Wρ ≤ , as shown in Figure 2. 
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Figure 2. Annual holding cost when DT Wρ ≤ . 

 

 
Figure 3. Annual holding cost when DT Wρ > . 

 
Annual holding cost in rented warehouse 

0.=                              (9) 

b) DT Wρ > , as shown in Figure 3. 
Annual holding cost in rented warehouse 

( ) ( ) ( )2
max 1 .

2 2
d i r

r

tw tw L W h DT W
h

T DT
ρ
ρ

− × − −
= × × =         (10) 

3.4. Annual Interest Payable 

Four cases to occur in costs of annual interest payable for the items kept in 
stock. 

1) 0 T M N≤ < − . 
Annual interest payable 

0.=                              (11) 

2) M N T M− ≤ < . 
Annual interest payable 

0.=                              (12) 

3) PMM T
D

≤ < , as shown in Figure 4 

Annual interest payable 

( ) ( ) ( )2
1 .

2 2
p

p

cI D T MT M D T M
cI

T T
−− × − 

= × × = 
 

         (13) 
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Figure 4. Annual interest payable when 
PMM T
D

≤ < . 

 

4) 
PM T
D

≤ , as shown in Figure 5. 

Annual interest payable 

( ) ( )2 2
1 .

2 2 2
p

p

cI DT PMM P D MT DTcI
T T

ρρ −× − ×
= × − × = 

 
   (14) 

3.5. Annual Interest Earned 

Three cases to occur in annual interest earned. 
1) 0 T N≤ < , as shown in Figure 6. 
Annual interest earned  

( )
( )

( )

1
2

2 2
.

2

e

e

T N N DT
sI M T N DT

T

sI D M N T

 + − ×   = × + − + × ×   
  

− −
=

       (15) 

2) N T M≤ < , as shown in Figure 7. 
Annual interest earned 

( ) ( ) ( )2
1 .

2 2
e

e

M N D M N sI D M N
sI

T T
− × − − 

= × × = 
 

        (16) 

3) M T< , as shown in Figure 8. 
Annual interest earned 

( ) ( ) ( )2
1 .

2 2
e

e

M N D M N sI D M N
sI

T T
− × − − 

= × × = 
 

         (17) 

3.6. The Annual Total Relevant Cost 

From the above arguments, the annual total relevant cost for the manufacturer 
can be expressed as ( )TRC T  = annual ordering cost + annual purchasing cost 
+ annual holding cost + annual interest payable + annual interest earned. 

Because storage capacity W DTρ= , there are four cases arise: 

1) W M N
Dρ

< − , 
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Figure 5. Annual interest payable when 
PM T
D

≤ . 

 

 
Figure 6. Annual interest earned when 0 T N≤ < . 

 

 
Figure 7. Annual interest earned when N T M≤ < . 

 

 
Figure 8. Annual interest earned when M T< . 
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2) WM N M
Dρ

− ≤ < , 

3) W PMM
D Dρ

≤ < , 

4) PM W
D Dρ

≤ . 

Case 1 W M N
Dρ

< − . 

According to Equations (1)-(17), the annual total relevant cost ( )TRC T  can 
be expressed by 

( )

( )

( )

( )

( )

( )

1

2

3

4

5

, if 0 (18a)

, if (18b)

, if (18c)

, if (18d)

, if (18e)

WTRC T T
D

WTRC T T M N
D

TRC T TRC T M N T M
PMTRC T M T
D

PMTRC T T
D

ρ

ρ

 < <

 ≤ < −
= − ≤ <

 ≤ <


 ≤


 

where 

( ) ( )2

1

2 2
,

2 2 2
em o sI D M N TD Th DThATRC T cD

T P
ρ − −

= + + + −     (19) 

( )

( ) ( )

2 2

2

2

2 2

2 2
,

2 2

m o
o

r e

D Th W hATRC T cD Wh
T P DT

h DT W sI D M N T
DT

ρ

ρ
ρ

= + + + −

− − −
+ −

       (20) 

( )

( ) ( )

2 2

3

2 2

2 2

,
2 2

m o
o

r e

D Th W hATRC T cD Wh
T P DT

h DT W sI D M N
DT T

ρ

ρ
ρ

= + + + −

− −
+ −

         (21) 

( ) ( )

( ) ( )

22 2

4

2 2

2 2 2

,
2 2

rm o
o

p e

h DT WD Th W hATRC T cD Wh
T P DT DT

cI D T M sI D M N
T T

ρ
ρ ρ

−
= + + + − +

− −
+ −

     (22) 

( ) ( )

( ) ( )

22 2

5

2 2 2

2 2 2

.
2 2

rm o
o

p e

h DT WD Th W hATRC T cD Wh
T P DT DT

cI DT PM sI D M N
T T

ρ
ρ ρ

ρ

−
= + + + − +

− −
+ −

     (23) 

Since 1 2
W WTRC TRC
D Dρ ρ

   
=   

   
, ( ) ( )2 3TRC M N TRC M N− = − ,  
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( ) ( )3 4TRC M TRC M= , 4 5
PM PMTRC TRC
D D

   =   
   

, ( )TRC T  is continuous 

at T, [ )0,T ∈ ∞ . 

Case 2 WM N M
Dρ

− ≤ < . 

According to Equations (1)-(17), the annual total relevant cost ( )TRC T  can 
be expressed by 

( )

( )

( )

( )

( )

( )

1

6

3

4

5

, if 0 (24a)

, if (24b)

, if (24c)

, if (24d)

, if (24e)

TRC T T M N
WTRC T M N T
D

PMTRC T TRC T M T
D

PMTRC T M T
D

PMTRC T T
D

ρ


< < −


 − ≤ <

= ≤ <



≤ <

 ≤

 

where 

( ) ( )22

6 .
2 2 2

em o sI D M ND Th DThATRC T cD
T P T

ρ −
= + + + −     (25) 

Since ( ) ( )1 6TRC M N TRC M N− = − , 6 3
W WTRC TRC
D Dρ ρ

   
=   

   
,  

( ) ( )3 4TRC M TRC M= , 4 5
PM PMTRC TRC
D D

   =   
   

, ( )TRC T  is continuous  

at T, [ )0,T ∈ ∞ . 

Case 3 W PMM
D Dρ

≤ < . 

According to Equations (1)-(17), the annual total relevant cost ( )TRC T  can 
be expressed b 

( )

( )
( )

( )

( )

( )

1

6

7

4

5

, if 0 (26a)

, if (26b)

, if (26c)

, if (26d)

, if (26e)

TRC T T M N

TRC T M N T M
WTRC T M T
DTRC T

W PMTRC T T
D D
PMTRC T T
D

ρ

ρ

< < −


− ≤ <

 ≤ <= 


≤ <



≤

 

where 

( ) ( ) ( )2 22

7 .
2 2 2 2

p em o cI D T M sI D M ND Th DThATRC T cD
T P T T

ρ − −
= + + + + −  (27) 

Since ( ) ( )1 6TRC M N TRC M N− = − , ( ) ( )6 7TRC M TRC M= ,  

7 4
W WTRC TRC
D Dρ ρ

   
=   

   
, 4 5

PM PMTRC TRC
D D

   =   
   

, ( )TRC T  is  
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continuous at T, [ )0,T ∈ ∞ . 

Case 4 PM W
D Dρ

≤ . 

According to Equations (1)-(17), the annual total relevant cost ( )TRC T  can 
be expressed by 

( )

( )
( )

( )

( )

( )

1

6

7

8

5

, if 0 (28a)

, if (28b)

, if (28c)

, if (28d)

, if (28e)

TRC T T M N

TRC T M N T M
PMTRC T M T
DTRC T

PM WTRC T T
D D

WTRC T T
D

ρ

ρ

< < −


− ≤ <

 ≤ <= 
 ≤ <

 ≤

 

where 

( )

( ) ( )

2

8

2 2 2

2 2

.
2 2

m o

p e

D Th DThATRC T cD
T P

cI DT PM sI D M N
T T

ρ

ρ

= + + +

− −
+ −

     (29) 

Since ( ) ( )1 6TRC M N TRC M N− = − , ( ) ( )6 7TRC M TRC M= ,  

7 8
PM PMTRC TRC
D D

   =   
   

, 8 5
W WTRC TRC
D Dρ ρ

   
=   

   
, ( )TRC T  is  

continuous at T, [ )0,T ∈ ∞ . 

In summary, all ( )( )1 8iTRC T i =   are defined on 0T > . 

4. The Convexity of ( )( )1 8iTRC T i =   

Equations (19)-(23), (25), (27) and (29) yield the first order and second-order 
derivatives as follows. 

( )1 2 ,
2 m o e

A D DTRC T h h sI
PT

ρ−  ′ = + + + 
 

             (30) 

( )1 3

2 0,ATRC T
T

′′ = >                      (31) 

( )

( )2

2 2

2
,

22

o r

m r e

W h h
A

D DDTRC T h h sI
PT

ρ ρ

−
− +

 ′ = + + + 
 

       (32) 

( )

( )2

2 3

2
0,

r oW h h
A

DTRC T
T

ρ
−

+
′′ = >                  (33) 

( )

( ) ( )
2

2

3 2

2
,

22

o r
e

m r

W h h
A sI D M N

D DDTRC T h h
PT

ρ ρ

−
− + + −

 ′ = + + 
 

    (34) 
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( )

( ) ( )
2

2

3 3

2
,

r o
e

W h h
A sI D M N

DTRC T
T

ρ
−

+ − −
′′ =           (35) 

( )

( ) ( )
2

22

4 2

2

2

,
2

o r
p e

m r p

W h h
A cI DM sI D M N

DTRC T
T

D D h h cI
P

ρ

ρ

−
− + − + −

′ =

 + + + 
 

      (36) 

( )

( ) ( )
2

22

4 3

2
,

r o
p e

W h h
A cI DM sI D M N

DTRC T
T

ρ
−

+ + − −
′′ =      (37) 

( )

( ) ( ) ( )

( )

2
22

5 2

2

2

,
2

o r
p e

m r p

W h h
A cI P D M sI D M N

DTRC T
T

D D h h cI
P

ρ

ρ

−
− + + − + −

′ =

 + + + 
 

  (38) 

( )

( ) ( ) ( )
2

22

5 3

2
,

r o
p e

W h h
A cI P D M sI D M N

DTRC T
T

ρ
−

+ − − − −
′′ =    (39) 

( ) ( )2

6 2

2
,

22
e

m o

A sI D M N D DTRC T h h
PT

ρ
− + −  ′ = + + 

 
       (40) 

( ) ( )2

6 3

2
,eA sI D M N

TRC T
T

− −
′′ =                 (41) 

( ) ( )22

7 2

2
,

22
p e

m o p

A cI DM sI D M N D DTRC T h h cI
PT

ρ
− − + −  ′ = + + + 

 
  (42) 

( ) ( )22

7 3

2
,p eA cI DM sI D M N

TRC T
T

+ − −
′′ =           (43) 

( ) ( ) ( )

( )

22

8 2

2
2

,
2

p e

m o p

A c P D M sI D M N
TRC T

T
D D h h cI

P
ρ

− + − + −
′ =

 + + + 
 

       (44) 

and 

( ) ( ) ( )22

8 3

2
.p eA c P D M sI D M N

TRC T
T

− − − −
′′ =         (45) 

Let 

( ) ( )
2

2
3 2 ,r o

e

W h h
G A sI D M N

Dρ
−

= + − −            (46) 

( ) ( )
2

22
4 2 ,r o

p e

W h h
G A cI DM sI D M N

Dρ
−

= + + − −        (47) 
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( ) ( ) ( )
2

22
5 2 ,r o

p e

W h h
G A cI P D M sI D M N

Dρ
−

= + − − − −       (48) 

( )2
6 2 ,eG A sI D M N= − −                    (49) 

( )22
7 2 ,p eG A cI DM sI D M N= + − −                (50) 

and 

( ) ( )22
8 2 .p eG A c P D M sI D M N= − − − −             (51) 

Equations (46)-(51) imply 

4 3 5 8 ,G G G G> > >                        (52) 

and 

4 7 6 8.G G G G> > >                        (53) 

Equations (30)-(45) reveal the following results. 
Lemma 1 
1) ( )iTRC T  is convex on 0T >  if 1,2i = . 
2) ( )iTRC T  is convex on 0T >  if 0iG > . Otherwise ( )iTRC T′  is in-

creasing on 0T >  for all 3 8i =  . 
Solving 

( ) 0, 1 8iTRC T i′ = =                       (54) 

then 

*
1

2 ,
m o e

AT
DD h h sI
P

ρ
=

 + + 
 

                 (55) 

( )2

*
2

2
,

r o

m r e

W h h
A

DT
DD h h sI
P

ρ

ρ

−
+

=
 + + 
 

                  (56) 

( ) ( )
2

2

*
3 3

2
, if 0,

r o
e

m r

W h h
A sI D M N

DT G
DD h h
P

ρ

ρ

−
+ − −

= >
 + 
 

         (57) 

( ) ( )
2

22

*
4 4

2
, if 0,

r o
p e

m r p

W h h
A cI DM sI D M N

DT G
DD h h cI
P

ρ

ρ

−
+ + − −

= >
 + + 
 

     (58) 

( ) ( ) ( )

( )

2
22

*
5 5

2
, if 0,

r o
p e

m r p

W h h
A cI P D M sI D M N

DT G
DD h h cI
P

ρ

ρ

−
+ − − − −

= >
 + + 
 

   (59) 
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( )2
*

6 6

2
, if 0,e

m o

A sI D M N
T G

DD h h
P

ρ

− −
= >

 + 
 

             (60) 

( )22
*

7 7

2
, if 0,p e

m o p

A cI DM sI D M N
T G

DD h h cI
P

ρ

+ − −
= >

 + + 
 

         (61) 

and 

( ) ( )

( )

22
*

8 8

2
, if 0,p e

m o p

A cI P D M sI D M N
T G

DD h h cI
P

ρ

− − − −
= >

 + + 
 

       (62) 

are the respective solutions of Equation (54). Furthermore, if *
iT  exists, then 

( )iTRC T  is convex on 0T >  and 

( )

*

*

*

0 if 0 (63a)

0 if (63b)

0 if (63c)

i

i i

i

T T

TRC T T T

T T

< < <
′ = = =
> <

 

Equations (63a)-(63c) imply that ( )iTRC T  is decreasing on ( *0, iT   and 
increasing on )* ,iT ∞  for all 1 8i =  . 

5. Numbers ij∆  

Case 1 W M N
Dρ

< − . 

Equations (30), (32), (34), (36) and (38) yield 

12
1 2 2 ,

2

W WTRC TRC
D D W

D
ρ ρ

ρ

∆   ′ ′= =   
     

 
 

             (64) 

( ) ( )
( )

23
2 3 2 ,

2
TRC M N TRC M N

M N
∆′ ′− = − =
−

          (65) 

( ) ( ) 34
3 4 2 ,

2
TRC M TRC M

M
∆′ ′= =                (66) 

45
4 5 2 ,

2

PM PMTRC TRC
D D PM

D

∆   ′ ′= =   
     

 
 

             (67) 

where 
2

12 2 ,m o e
W DA D h h sI
D P

ρ
ρ

   ∆ = − + + +   
  

             (68) 

( ) ( )
2

2
23 2 ,o r

m r e

W h h DA D M N h h sI
D P

ρ
ρ
−  ∆ = − + + − + + 

 
      (69) 
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( ) ( )
2

2 2
34 2 ,o r

e m r

W h h DA sI D M N DM h h
D P

ρ
ρ
−  ∆ = − + + − + + 

 
    (70) 

( ) ( )
2

22
45

2

2

.

o r
p e

m r p

W h h
A cI DM sI M N

D

PM DD h h cI
D P

ρ

ρ

−
∆ = − + − + −

   + + +   
   

         (71) 

Equations (68)-(71) imply 

12 23 34 45.∆ < ∆ < ∆ < ∆                    (72) 

Case 2 WM N M
Dρ

− ≤ < . 

Equations (30), (34), (36), (38) and (40) yield 

( ) ( )
( )

16
1 6 2 ,

2
TRC M N TRC M N

M N
∆′ ′− = − =
−

            (73) 

63
6 3 2 ,

2

W WTRC TRC
D D W

D
ρ ρ

ρ

∆   ′ ′= =   
     

 
 

               (74) 

( ) ( ) 34
3 4 2 ,

2
TRC M TRC M

M
∆′ ′= =                   (75) 

45
4 5 2 ,

2

PM PMTRC TRC
D D PM

D

∆   ′ ′= =   
     

 
 

               (76) 

where 

( )2
16 2 ,m o e

DA D M N h h sI
P

ρ ∆ = − + − + + 
 

             (77) 

( )
2

2
63 2 .e m o

W DA sI D M N D h h
D P

ρ
ρ

   ∆ = − + − + +   
  

         (78) 

Equations (70), (71), (77) and (78) imply 

16 63 34 45.∆ ≤ ∆ < ∆ < ∆                     (79) 

Case 3 W PMM
D Dρ

≤ < . 

Equations (30), (36), (38), (40) and (42) yield 

( ) ( )
( )

16
1 6 2 ,

2
TRC M N TRC M N

M N
∆′ ′− = − =
−

          (80) 

( ) ( ) 67
6 7 2 ,

2
TRC M TRC M

M
∆′ ′= =                 (81) 

74
7 4 2 ,

2

W WTRC TRC
D D W

D
ρ ρ

ρ

∆   ′ ′= =   
     

 
 

             (82) 
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45
4 5 2 ,

2

PM PMTRC TRC
D D PM

D

∆   ′ ′= =   
     

 
 

            (83) 

where 

( )2 2
67 2 ,e m o

DA sI D M N DM h h
P

ρ ∆ = − + − + + 
 

        (84) 

( )
2

22
74 2 .p e m o p

W DA cI DM sI D M N D h h cI
D P

ρ
ρ

   ∆ = − − + − + + +   
  

 (85) 

Equations (71), (77), (84 and (85) imply 

16 67 74 45.∆ ≤ ∆ ≤ ∆ < ∆                   (86) 

Case 4 PM W
D Dρ

≤ . 

Equations (30), (38), (40), (42) and (44) yield 

( ) ( )
( )

16
1 6 2 ,

2
TRC M N TRC M N

M N
∆′ ′− = − =
−

           (87) 

( ) ( ) 67
6 7 2 ,

2
TRC M TRC M

M
∆′ ′= =                 (88) 

78
7 8 2 ,

2

PM PMTRC TRC
D D PM

D

∆   ′ ′= =   
     

 
 

             (89) 

45
8 5 2 ,

2

W WTRC TRC
D D W

D
ρ ρ

ρ

∆   ′ ′= =   
     

 
 

             (90) 

where 

( )22
78

2

2

,

p e

m o p

A cI DM sI D M N

PM DD h h cI
D P

ρ

∆ = − − + −

   + + +   
   

              (91) 

( ) ( )

( )

22
85

2

2

.

p e

m o p

A cI P D M sI D M N

W DD h h cI
D P

ρ
ρ

∆ = − + − + −

   + + +   
  

           (92) 

Equations (77), (84), (91) and (92) imply 

16 67 78 85.∆ ≤ ∆ ≤ ∆ ≤ ∆                    (93) 

Based on the above arguments, the following results hold. 
Lemma 2  
A) If 23 0∆ ≤ , then 

(a1) 3 0G > , 
(a2) *

3T  exists, 
(a3) ( )3TRC T  is convex on 0T > . 
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B) If 34 0∆ ≤ , then 
(b1) 3 0G >  and 4 0G > , 
(b2) *

3T  and *
4T  exist, 

(b3) ( )3TRC T  and ( )4TRC T  are convex on 0T > . 
C) If 45 0∆ ≤ , then 

(c1) 4 0G >  and 5 0G > , 
(c2) *

4T  and *
5T  exist, 

(c3) ( )4TRC T  and ( )5TRC T  are convex on 0T > . 
D) If 85 0∆ ≤ , then 

(d1) 5 0G >  and 8 0G > , 
(d2) *

5T  and *
8T  exist, 

(d3) ( )5TRC T  and ( )8TRC T  are convex on 0T > . 
E) If 16 0∆ ≤ , then 

(e1) 6 0G > , 
(e2) *

6T  exists, 
(e3) ( )6TRC T  is convex on 0T > . 

F) If 67 0∆ ≤ , then 
(f1) 6 0G >  and 7 0G > , 
(f2) *

6T  and *
7T  exist, 

(f3) ( )6TRC T  and ( )7TRC T  are convex on 0T > . 
G) If 74 0∆ ≤ , then 

(g1) 4 0G >  and 7 0G > , 
(g2) *

4T  and *
7T  exist, 

(g3) ( )4TRC T  and ( )7TRC T  are convex on 0T > . 
H) If 78 0∆ ≤ , then 

(h1) 7 0G >  and 8 0G > , 
(h2) *

7T  and *
8T  exist, 

(h3) ( )7TRC T  and ( )8TRC T  are convex on 0T > . 
Proof. A) (a1) If 23 0∆ ≤ , then 

( ) ( )
2

22 .o r
m r e

W h h DA D M N h h sI
D P

ρ
ρ
−  ≥ + − + + 

 
       (94) 

Equation (94) implies 

( )2
3 0.m r

DG D M N h h
P

ρ ≥ − + > 
 

               (95) 

(a2) Equation (57) and Lemma 1 imply that *
3T  exists. 

(a3) Equation (35) and Lemma 1 imply that ( )3TRC T  is convex on 0T > . 
B) (b1) If 34 0∆ ≤ , then 

( ) ( )
2

2 22 .o r
e m r

W h h DA sI D M N DM h h
D P

ρ
ρ
−  ≥ + − + + 

 
    (96) 

Equation (96) implies 

2
3 0.m r p

DG DM h h cI
P

ρ ≥ + + > 
 

             (97) 
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Equations (52) and (97) demonstrate 4 3 0G G> > . 
(b2) Equations (57), (58) and Lemma 1 imply that *

3T  and *
4T  exist. 

(b3) Equations (35), (37) and Lemma 1 imply that ( )3TRC T  and ( )4TRC T  
is convex on 0T > . 

C) (c1) If 45 0∆ ≤ , then 

( ) ( )
2

22

2

2

.

o r
p e

m r p

W h h
A cI DM sI M N

D

PM DD h h cI
D P

ρ

ρ

−
≥ − + −

   + + +   
   

           (98) 

Equation (98) implies 

( )
2

5 0.m r p
PM DG D h h cI
D P

ρ   ≥ + + >   
   

            (99) 

Equations (52) and (99) demonstrate 4 5 0G G> > . 
(c2) Equations (58), (59) and Lemma 1 imply that *

4T  and *
5T  exist. 

(c3) Equations (37), (39) and Lemma 1 imply that ( )4TRC T  and ( )5TRC T  
are convex on 0T > . 

D) (d1) If 85 0∆ ≤ , then 

( ) ( )

( )

22

2

2

,

p e

m o p

A cI P D M sI D M N

W DD h h cI
D P

ρ
ρ

≥ − + −

   + + +   
  

            (100) 

Equation (100) implies 

( )
2

8 0.m o p
W DG D h h cI
D P

ρ
ρ

   ≥ + + >   
  

            (101) 

Equations (52) and (101) demonstrate 5 8 0G G> > . 
(d2) Equations (59), (62) and Lemma 1 imply that *

5T  and *
8T  exist. 

(d3) Equations (39), (45) and Lemma 1 imply that ( )5TRC T  and ( )8TRC T  
are convex on 0T > . 

E) (e1) If 16 0∆ ≤ , then 

( )22 .m o e
DA D M N h h sI
P

ρ ≥ − + + 
 

             (102) 

Equation (102) implies 

( )2
6 0.m o

DG D M N h h
P

ρ ≥ − + > 
 

              (103) 

(e2) Equations (60) and Lemma 1 imply that *
6T  exists. 

(e3) Equations (41) and Lemma 1 imply that ( )6TRC T  is convex on 0T > . 
F) (f1) If 67 0∆ ≤ , then 

( )
2

2 22 .e p e m o p
PM DA DM sI cI sI DN D h h cI
D P

ρ   ≥ − − + + +   
   

  (104) 
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Equation (104) implies 
2

7 0.m o p
PM DG D h h cI
D P

ρ   ≥ + + >   
   

           (105) 

Equations (53) and (105) demonstrate 7 6 0G G> > . 
(f2) Equations (60), (61) and Lemma 1 imply that *

6T  and *
7T  exist. 

(f3) Equations (41), (43) and Lemma 1 imply that ( )6TRC T  and ( )7TRC T  
are convex on 0T > . 

G) (g1) If 74 0∆ ≤ , then 

( )
2

222 .p e m o p
W DA cI DM sI D M N D h h cI
D P

ρ
ρ

   ≥ − + − + + +   
  

  (106) 

Equation (106) implies 

( ) 22

4 0.r o
m o p

W h h W DG D h h cI
D D P

ρ
ρ ρ
−    ≥ + + + >   

  
      (107) 

Equations (53) and (107) demonstrate 4 7 0G G> > . 
(g2) Equations (58), (61) and Lemma 1 imply that *

4T  and *
7T  exist.  

(g3) Equations (37), (43) and Lemma 1 imply that ( )4TRC T  and ( )7TRC T  
are convex on 0T > . 

H) (h1) If 78 0∆ ≤ , then 

( )
2

222 .p e m r p
PM DA cI DM sI D M N D h h cI
D P

ρ   ≥ − + − + + +   
   

  (108) 

Equation (108) implies 

( )
2

8 0.m r p
PM DG D h h cI
D P

ρ   ≥ + + >   
   

          (109) 

Equations (53) and (109) demonstrate 7 8 0G G> > . 
(h2) Equations (61), (62) and Lemma 1 imply that *

7T  and *
8T  exist. 

(h3) Equations (43), (45) and Lemma 1 imply that ( )7TRC T  and ( )8TRC T  
are convex on 0T > . 

Incorporate the above arguments, we have completed the proof of Lemma 2. □ 

6. The Determination of the Optimal Cycle Time T* of TRC(T) 

Theorem 1 Suppose W M N
Dρ

< − . Hence, 

A) if 120 < ∆ , then ( ) ( )* *
1 1TRC T TRC T=  and * *

1T T= . 
B) if 12 230∆ ≤ < ∆ , then ( ) ( )* *

2 2TRC T TRC T=  and * *
2T T= . 

C) if 23 340∆ ≤ < ∆ , then ( ) ( )* *
3 3TRC T TRC T=  and * *

3T T= . 
D) if 34 450∆ ≤ < ∆ , then ( ) ( )* *

4 4TRC T TRC T=  and * *
4T T= . 

E) if 45 0∆ ≤ , then ( ) ( )* *
5 5TRC T TRC T=  and * *

5T T= . 
Proof. A) If 120 < ∆ , then 12 23 34 450 < ∆ < ∆ < ∆ < ∆ . So, Equations (63a)-(63c), 

lemma 1 and 2 imply  

(a1) ( )1TRC T  is decreasing on ( *
10,T   and increasing on *

1 , WT
Dρ

 
 
 

. 
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(a2) ( )2TRC T  is increasing on ,W M N
Dρ
 

− 
 

. 

(a3) ( )3TRC T  is increasing on [ ],M N M− . 

(a4) ( )4TRC T  is increasing on , PMM
D

 
  

. 

(a5) ( )5TRC T  is increasing on ,PM
D

 ∞ 
. 

Since ( )TRC T  is continuous on 0T > , Equations (18a)-(18e) and (a1)-(a5) 

reveal that ( )TRC T  is decreasing on ( *
10,T   and increasing on )*

1 ,T ∞ . 

Hence, * *
1T T=  and ( ) ( )* *

1 1TRC T TRC T= . 

B) If 12 230∆ ≤ < ∆ , then 12 23 34 450∆ ≤ < ∆ < ∆ < ∆ . So, Equations (63a)-(63c), 
lemma 1 and 2 imply 

(b1) ( )1TRC T  is decreasing on 0, W
Dρ

 
 
 

. 

(b2) ( )2TRC T  is decreasing on *
2,W T

Dρ
 
 
 

 and increasing on *
2 ,T M N −  . 

(b3) ( )3TRC T  is increasing on [ ],M N M− . 

(b4) ( )4TRC T  is increasing on , PMM
D

 
  

. 

(b5) ( )5TRC T  is increasing on ,PM
D

 ∞ 
. 

Since ( )TRC T  is continuous on 0T > , Equations (18a)-(18e) and (b1)-(b5) 

reveal that ( )TRC T  is decreasing on ( *
20,T   and increasing on )*

2 ,T ∞ . 

Hence, * *
2T T=  and ( ) ( )* *

2 2TRC T TRC T= . 

C) If 23 340∆ ≤ < ∆ , then 12 23 34 450∆ < ∆ ≤ < ∆ < ∆ . So, Equations (63a)-(63c), 
lemma 1 and 2 imply 

(c1) ( )1TRC T  is decreasing on 0, W
Dρ

 
 
 

. 

(c2) ( )2TRC T  is decreasing on ,W M N
Dρ
 

− 
 

. 

(c3) ( )3TRC T  is decreasing on *
3,M N T −   and increasing on *

3 ,T M   . 

(c4) ( )4TRC T  is increasing on , PMM
D

 
  

. 

(c5) ( )5TRC T  is increasing on ,PM
D

 ∞ 
. 

Since ( )TRC T  is continuous on 0T > , Equations (18a)-(18c) and (c1)-(c5) 
reveal that ( )TRC T  is decreasing on ( *

30,T   and increasing on )*
3 ,T ∞ . 

Hence, * *
3T T=  and ( ) ( )* *

3 3TRC T TRC T= . 
D) If 34 450∆ ≤ < ∆ , then 12 23 34 450∆ < ∆ < ∆ ≤ < ∆ . So, Equations (63a)-(63c), 

lemma 1 and 2 imply 

(d1) ( )1TRC T  is decreasing on 0, W
Dρ

 
 
 

. 
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(d2) ( )2TRC T  is decreasing on ,W M N
Dρ
 

− 
 

. 

(d3) ( )3TRC T  is decreasing on [ ],M N M− . 

(d4) ( )4TRC T  is decreasing on *
4,M T    and increasing on *

4 , PMT
D

 
  

. 

(d5) ( )5TRC T  is increasing on ,PM
D

 ∞ 
. 

Since ( )TRC T  is continuous on 0T > , Equations (18a)-(18e) and (d1)-(d5) 
reveal that ( )TRC T  is decreasing on ( *

40,T   and increasing on )*
4 ,T ∞ . Hence, 

* *
4T T=  and ( ) ( )* *

4 4TRC T TRC T= . 
E) If 45 0∆ ≤ , then 12 23 34 45 0∆ < ∆ < ∆ < ∆ ≤ . So, Equations (63a)-(63c), 

lemma 1 and 2 imply 

(e1) ( )1TRC T  is decreasing on 0, W
Dρ

 
 
 

. 

(e2) ( )2TRC T  is decreasing on ,W M N
Dρ
 

− 
 

. 

(e3) ( )3TRC T  is decreasing on [ ],M N M− . 

(e4) ( )4TRC T  is decreasing on *
4,M T   . 

(e5) ( )5TRC T  is decreasing on *
5,PM T

D
 
  

 and increasing on )*
5 ,T ∞ . 

Since ( )TRC T  is continuous on 0T > , Equations (18a)-(18e) and (d1)-(d5) 
reveal that ( )TRC T  is decreasing on ( *

50,T   and increasing on )*
5 ,T ∞ . 

Hence, * *
5T T=  and ( ) ( )* *

5 5TRC T TRC T= . 
Incorporating all the above arguments, we have completed the proof of Theo-

rem 1.                                                           □ 
Applying Lemmas 1, 2 and Equations (24a)-(24e), the following results hold.  

Theorem 2 Suppose WM N M
Dρ

− ≤ < . Hence, 

A) if 160 < ∆ , then ( ) ( )* *
1 1TRC T TRC T=  and * *

1T T= . 
B) if 16 630 <∆ ≤ ∆ , then ( ) ( )* *

6 6TRC T TRC T=  and * *
6T T= . 

C) if 63 340 <∆ ≤ ∆ , then ( ) ( )* *
3 3TRC T TRC T=  and * *

3T T= . 
D) if 34 450 <∆ ≤ ∆ , then ( ) ( )* *

4 4TRC T TRC T=  and * *
4T T= . 

E) if 45 0∆ ≤ , then ( ) ( )* *
5 5TRC T TRC T=  and * *

5T T= . 
Applying Lemmas 1, 2 and Equations (26a)-(26e), the following results hold.  

Theorem 3 Suppose W PMM
D Dρ

≤ < . Hence, 

A) if 160 < ∆ , then ( ) ( )* *
1 1TRC T TRC T=  and * *

1T T= . 
B) if 16 670∆ ≤ < ∆ , then ( ) ( )* *

6 6TRC T TRC T=  and * *
6T T= . 

C) if 67 740∆ ≤ < ∆ , then ( ) ( )* *
7 7TRC T TRC T=  and * *

7T T= . 
D) if 74 450∆ ≤ < ∆ , then ( ) ( )* *

4 4TRC T TRC T=  and * *
4T T= . 

E) if 45 0∆ ≤ , then ( ) ( )* *
5 5TRC T TRC T=  and * *

5T T= . 
Applying Lemmas 1, 2 and Equations(28a)-(28e), the following results hold. 

Theorem 4 Suppose PM W
D Dρ

≤ . Hence, 

https://doi.org/10.4236/oalib.1105041


G.-F. Yen et al. 
 

 

DOI: 10.4236/oalib.1105041 22 Open Access Library Journal 
 

 
Figure 9. The sensitivity analysis for *T  of this paper. 
 

 
Figure 10. The sensitivity analysis for *T  of [21]. 
 

A) if 160 < ∆ , then ( ) ( )* *
1 1TRC T TRC T=  and * *

1T T= . 
B) if 16 670∆ ≤ < ∆ , then ( ) ( )* *

6 6TRC T TRC T=  and * *
6T T= . 

C) if 67 780∆ ≤ < ∆ , then ( ) ( )* *
7 7TRC T TRC T=  and * *

7T T= . 
D) if 78 850∆ ≤ < ∆ , then ( ) ( )* *

8 8TRC T TRC T=  and * *
8T T= . 

E) if 85 0∆ ≤ , then ( ) ( )* *
5 5TRC T TRC T=  and * *

5T T= . 

7. The Sensitivity Analysis 

We execute the sensitivity analysis by Maple 18.00 to find out the unique solu-
tion *

iT  when ( ) 0, 1 8iTRC T i′ = =  . 
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Figure 11. The sensitivity analysis for ( )*TRC T  of this paper. 

 

 

Figure 12. The sensitivity analysis for ( )*TRC T  of [21]. 

 
Table 1. Comparison of relative parameters impact to *T  and ( )*TRC T  in the sensitivity analyses. 

2*Impact 
T*, Q* TRC(T) 

This paper [21] This paper [21] 

Positive & Major A A c A 

Positive & Minor - - A, hm, ho, hr, Ip c, ho, hr, Ip 

Negative & Minor s, hm, ho, hr, Ie s, ho, hr, Ie s, Ie s, Ie 

Negative & Major c, Ip c, Ip - - 
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Given the parameters 5000 units yearP = , 3500 units yearD = ,  
$1200 orderA = , $30 units = , $10 unitc = , $1 unit yearmh = ,  
$3 unit yearoh = , $6 unit yearrh = , $0.3 yearpI = , $0.1 yeareI = ,  
100 days 100 365 yearM = = , 50 days 50 365 yearN = = , 400 unitsW = . 

We increase/decrease 25% and 50% of parameters at the same time to execute 
the sensitivity analysis. Based on the computational results and compare with 
[21] as shown in Figures 9-12, we can get the following results on Table 1. 

8. Conclusions 

EPQ models are being widely used as a decision making tool in practice. Nearly 
a hundred years, scholars have focused on the production process, but omitted 
the importance of raw materials during the pre-production process. However, 
the related costs of raw materials will directly or indirectly affect the annual total 
relevant cost, thereby generating significant errors so that an overall considera-
tion is needed. 

Therefore, this paper presents a new inventory model applies raw materials in 
[10]’s payment terms, finite replenishment rate and limited storage capacity. 
Consequently, [21] can be treated as a special case of this paper. 
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