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Abstract

This paper investigates recent advances in topological dynamics by applying
modified open-set topologies to analyze key system behaviors, such as transi-
tivity, minimality, chaos, and mixing. By relaxing standard topological con-
straints through Ag-open and As-open sets, these frameworks offer crucial in-
sights into system dynamics where classical transitivity fails. Within this con-
text, we introduce and analyze Ag-transitivity and Astransitivity, evaluating
their fundamental properties alongside existing generalizations. Additionally,
we propose Agmixing and Asminimality—variants of f-mixing and &mini-
mality—and establish their interrelationships with other established modes of
transitivity, minimality, and chaoticity. The primary contribution of this work
lies in establishing a strict hierarchical framework that demonstrates how dy-
namical properties translate across topologies of varying granularities and es-
tablishes sufficient conditions under which generalized forms imply classical
properties.
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1. Introduction

In this paper, we introduce and define two new classes of topological transitive

maps, called Agtransitive and Astransitive and investigate their core structural
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properties. The author extended classical dynamical properties such as transitiv-
ity, minimality, and mixing, which were established in the foundational works of
Akin [1] and Auslander [2]. These classical notions were later extended by the
author to generalized dynamical properties using -type and J&type topologies
[3]-[5]. Subsequent studies explore hierarchical dynamics, mixing, exactness, and
chaos across &, a- [5] [6], and classical systems [7] [8], with related extensions in
[9]. The notions of &-continuous maps, G-open sets, -closed sets, &-closure, irres-
olute maps, and H-closed spaces were introduced by [10]-[15]. For these sets and
maps, we introduce the notions of Ag-transitive maps and Ag-minimal maps. Clas-
sical concepts of transitivity, minimality, and topological mixing were first estab-
lished by [16]-[21].

While standard topological dynamics relies on the traditional topology 7 re-
laxed open-set configurations (such as 6-open and J-open topologies) allow sys-
tems with irregular or discontinuous dynamics to be analyzed under generalized
transitivity. However, a significant theoretical gap exists in understanding how
dynamical properties behave when switching between these generalized topolo-
gies. By constructing the finer Ag- and Astopologies, this paper bridges this gap.
We establish a unified hierarchy connecting A, -dynamics to classical * -dy-
namics ( *€{6,5} ), detailing how mixing implies transitivity in generalized
spaces, and proving that stronger topology structures (7, ) preserve chaotic and
transitive behaviors in coarser ones ( Ta, ).

We denote the A’ -interior and the A" -closure of a subset A of X by
A*Int(A) and A'CI (A), respectively, where *e{6,5}. By a space X, we mean
a topological space (X,7).A point xe X iscalleda A’ -adherent point of A
if ANA'CI (V)#Q for every A’ -open set Vcontaining X. The set of all A"
-adherent points of Ac X is called the A”-closure of A, denoted A'CI(A).
Asubset Ais A" -closed if A= A*CI(A) . The complement of a A" -closed set
isa A’ -open set; the family of all A’ -open sets forms a topology on X; denoted
by 7. (the A" -topology). Therefore, when * =@, the Astopology is coarser
than rand stronger than the &-topology.

2. Preliminaries and Definitions

In this section, we review and introduce the foundational notions of A, -open
sets for *e{6,5}, along with their corresponding dynamical properties includ-
ing A, -transitivity, A, -mixing, A, -minimality,and A, -chaoticity.

Definition 2.1 ( A, -open set): For *e{6,5},a subset A of a topological space
Xis called a A, -set if it coincides with the intersection of all * -open supersets
of A. A subset Ais called A, -closedif A=LNC,where Lisa A,-setand Cis
a *-closed set. The complement of a A, -closed set is called a A, -open set.

Notation 2.2 ( A, -density): For *¢€ {6’, 5} ,asubset A of Xis called A, -dense
in Xif A,CI(A)=X.

Definition 2.3: A function f:X — X iscalled A, -irresolute if the inverse

image of each A, -opensetisa A, -open setin X.
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Definition 2.4: Let (X ,7) bea topological spaceand f:X — X bea A,-
irresolute map. The map fis called A, -transitive if, for every pair of non-empty
A, -open sets Uand Vin X, there exists an integer n>1 such that

frU)NV =,

Definition 2.5: A A, -irresolute map f :X — X is called topologically A,
-mixing if, given any non-empty A, -open subsets U,V < X , there exists
N>1 suchthat f"(U)NV #& forall n>N.

Definition 2.6: A system (X, f)is called A,-minimal if all orbits are A, -
dense; that is, for all x e X , the orbit O, (X) is A, -dense in X.

Definition 2.7: The map f:X — X is A, -chaotic if fis A, -transitive on
Xand theset P(f) of periodic points of fis A, -dense in X.

3. Main Results on A, -Generalized Dynamical Properties

Having established the structural topology of A, -open sets, we now analyze how
these modified open sets govern global dynamical behaviors. The following results
explore two primary directions: first, the implication from A, -dynamics to
standard * -dynamics under single topology constructions; second, the preserva-
tion of dynamical properties (transitivity, periodic density, and chaoticity) across
nested topologies (7, <7, ).

Proposition 3.1: A,-Minimal implies §-Minimal.

Proof. Assume (X, f) is Apminimal. By definition, for every x e X , the or-
bit O(X, f) is Ag-dense. Let Vbe any arbitrary non-empty 6-open set in X. Since
T, ©7,,» Visalso a non-empty Agopen set. By Ag-minimality,

O(x, f)NV # . Because this holds for all non-empty 6-open sets V; O(X, f )
is 6-dense for every xe X .Hence, (X, f) is &minimal. m

Theorem 3.2: For € {9,5} ,since 7, 7, ,every A,-transitive mapis *
-transitive.

Proof Assume fis A, -transitive. Let U,V benon-empty #-open sets. Since
7, €7, , Uand Varenon-empty A, -opensets. By A, -transitivity, there exists
n>1 suchthat f"(U)NV #O. Therefore, fis *-transitive. m

Proposition 3.3: For x €{6,5}, every A,-mixing mapis A, -transitive.

Proof. Assume fis A, -mixing. Let U,V be non-empty A, -open sets. By def-
inition of A, -mixing, there exists N >1suchthat f"(U)NV =& forall
n>N.Taking n=N vyields f" (U)NV =D . Hence, fis A, -transitive. m

Proposition 3.4: If 7, c7, andtheset P(f) ofall periodic points of fis
7,, -dense in X, then P(f)is 7,, -dense in X.

Proof. Assume P(f) is 7, -dense in X. Then every non-empty Asopen set
intersects P( f).Let Ube a non-empty Ag-open subset of X. Since T, STa,» U
is also a non-empty Asopen set. Thus, UNP(f)=, which implies that

P(f)is 7,, -densein X. m
Theorem 3.5:If 7, cr7, ,then Astransitivity = A, -transitivity.
Proof. Assume fis Astransitive. Let U,V be non-empty Agopen sets. Since

T,, S7Ta, » Uand Vare non-empty Asopen sets. By As-transitivity, there exists

DOI: 10.4236/0alib.1115912

3 Open Access Library Journal


https://doi.org/10.4236/oalib.1115912

M. N. M. Kaki

n>1suchthat f"(U)NV #@. Thus, fis Astransitive. m

Theorem 3.6: If 7, cr7, ,then Aschaoticity = A, -chaoticity.

Proof. By Theorem 3.5, Astransitivity implies Ag-transitivity whenever
75, S 7y, - Furthermore, by Proposition 3.4, As-density of P(f)implies A¢-den-
sity of P( f).Since both conditions for chaoticity (transitivity and dense periodic

orbits) transfer from 7, to 7, ,Aschaoticity implies Ag-chaoticity. m

4. Discussion

The results presented in this study demonstrate that modified open-set topologies
provide a useful framework for extending the analysis of dynamical systems be-
yond the restrictions imposed by classical topology. In particular, the introduction
of Agopen and As-open sets makes it possible to investigate dynamical behaviors
through weaker or modified notions of openness. This leads naturally to the cor-
responding concepts of Agtransitivity and Astransitivity, which provide addi-
tional ways of characterizing the interaction between the topology of the underly-
ing space and the behavior of a dynamical system.

The analysis of Agtransitivity and Astransitivity shows that these properties
can capture dynamical interactions that may not be detected by ordinary transi-
tivity. In a classical topological dynamical system (X, f), transitivity is deter-
mined by the existence of sufficiently rich intersections between iterates of
nonempty open sets. When the family of open sets is modified, the same dynam-
ical principle can be examined under a different topological structure. Conse-
quently, the modified notions may provide a broader perspective on orbit behav-
ior, especially in systems for which classical topological conditions are too restric-
tive.

The relationship between the modified transitivity properties and other funda-
mental dynamical concepts is also significant. Transitivity, mixing, minimality,
and chaos describe different aspects of long-term system behavior, and their in-
teraction under modified topologies can reveal structural relationships that are
not immediately apparent in the classical setting. In particular, mixing generally
imposes stronger intersection requirements than transitivity, whereas minimality
concerns the density of individual orbits. The use of Agopen and Asopen sets
therefore provides a framework for examining how these properties change when
the underlying notion of openness is generalized.

Another important aspect of the proposed framework is its relationship with
existing generalizations of transitivity. Rather than replacing classical topological
dynamics, A¢-transitivity and As-transitivity can be viewed as extensions that per-
mit the investigation of dynamical behavior under alternative topological condi-
tions. The resulting hierarchy of properties can help determine which classical
implications remain valid and which require additional assumptions. This is par-
ticularly relevant when comparing different generalized notions of openness,
since inclusion relationships among the corresponding classes of open sets can

induce relationships among their associated dynamical properties.
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The findings also suggest that modified topological structures can be useful in
distinguishing between different degrees of dynamical complexity. A system that
fails to satisfy classical transitivity may nevertheless satisfy an appropriately gen-
eralized transitivity condition. Such a distinction is mathematically meaningful
because it indicates that the apparent lack of dynamical interaction may result
from the restrictive choice of topology rather than from the intrinsic behavior of
the system.

Nevertheless, the present framework is primarily theoretical. Further investiga-
tion is required to establish broader classes of examples and counterexamples, de-
termine sharper relationships among A, As-, and classical dynamical properties,
and identify conditions under which generalized transitivity implies minimality,
mixing, or various forms of chaos. These questions may provide useful directions

for subsequent research.

5. Conclusions

In this paper, we have formalized a generalized framework for topological dynam-
ics utilizing Ag-open and Asopen topologies. By systematically constructing these
spaces, we resolved how relaxed topological structures affect the fundamental dy-
namical notions of transitivity, mixing, minimality, and chaoticity.

Our main findings establish a clear two-tiered hierarchy. First, in a single space,
stronger generalized dynamical properties preserve their weaker classical ana-
logues: A, -mixing strictly implies A, -transitivity, and A, -transitivity (or
minimality) implies standard = -transitivity (or minimality) for *e€ {49, o } . Sec-
ond, across comparative spaces where 7, <7, ,dynamic complexity is mono-
tonic: systems exhibiting A s-transitivity, As-dense periodic orbits, or As-chaoticity
automatically inherit their corresponding A counterparts.

These results clarify how dynamic sensitivity transfers across generalized open-
set structures, offering a viable analytical toolkit for non-standard systems where
ordinary open sets fail to capture orbit mixing. Future research may extend these
A, -topological frameworks into measure-theoretic and symbolic dynamics, par-
ticularly exploring whether stronger conditions (such as Devaney chaoticity or
topological entropy) exhibit similar transfer properties across nested generalized
topologies. Furthermore, this study developed a modified topological framework
for investigating fundamental properties of dynamical systems using Ag-open and
As-open sets. Within this framework, the concepts of Ag-transitivity and As-tran-
sitivity were introduced and analyzed in relation to classical transitivity and other
generalized dynamical properties.

The results indicate that modifying the underlying notion of openness provides
additional flexibility for describing orbit interactions and dynamical behavior. In
particular, generalized transitivity can identify forms of dynamical interaction
that may not be represented adequately by classical transitivity. The proposed
framework therefore extends the scope of topological dynamics while preserving

the essential idea of studying the repeated interaction of sets under the action of a
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dynamical map.

The study also emphasizes the importance of examining the relationships
among transitivity, mixing, minimality, and chaos within generalized topological
settings. Inclusion relationships between different classes of open sets can imply
corresponding relationships among their dynamical properties, providing a sys-
tematic way to compare classical and generalized forms of dynamical behavior.

Overall, Agopen and Asopen topologies provide a useful mathematical setting
for extending topological dynamics. The concepts of Agtransitivity and As-tran-
sitivity advance generalized dynamical theory and provide a basis for further in-
vestigations into mixing, minimality, chaoticity, and other forms of dynamical
complexity. Future work may focus on establishing stronger implication theo-
rems, constructing nontrivial examples and counterexamples, and applying these

generalized topological structures to specific classes of dynamical systems.
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