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Abstract

In this work we revise some less investigated aspects of a type-2 fuzzy logic
system (FLS), which can handle rule uncertainties. The specificity of this type-
2 FLS usually comprises the operations of fuzzification, inference, and output
processing. We focus on “inference”, which in our opinion should be based
on an operation of fuzzy implication, rather than on commonly used t-norm
one. This paper also investigates some original properties of fuzzy grades un-
der the operations of join LI, meet I andimplication —, which are defined
by using the extension principal L. A. Zadeh, and shows that convex fuzzy
grades form normal convex fuzzy grades, which in their turn form a distribu-
tive lattice under LI and 1. In this article we present much more effective
implementation of such operations. We also explore an important feature of
IF-THEN rules for type-2 fuzzy sets. This study introduces the notion of se-
mantic similarity measure of these rules and their importance for logical in-
ference in type-2 FLS. All theoretical concepts presented in this work are thor-
oughly illustrated by relevant examples.

Keywords

Type-2 Fuzzy Set, Type-2 Fuzzy Logic System, Fuzzy Implication, Fuzzy
Conditional Inference, IF-THEN Rules, Semantic Similarity

1. Introduction

It should be mentioned that the concept of fuzzy sets (FS) of type 2has been de-
fined by L. A. Zadeh [1]-[3] as an extension of ordinary FS. The further investiga-
tion of FSof type 2was done in [4] and [5]. The FS of type 2 can be characterized
by a fuzzy membership function the grade (or fuzzy grade), of which is a fuzzy set
in the unit interval [0, 1], rather than a point in [0, 1]. Moreover, the algebraic
properties of fuzzy grades under the operations LI and [ are slightly different
from canonical ones. In this study we revisit operations, algebraic properties,

and rule semantics in type-2 systems. We propose normalization of physical val-
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ues and their mapping to a discrete universe. This article provides formulas for
constructing membership functions using singletons and linguistic terms. We
prove that fuzzy grades defined via triangular secondary MFs are convex. Note
that in [6]-[8] the concept of type-2 fuzzy logic system (FLS) was introduced and
thoroughly investigated. This paper studies several underexplored aspects of such
type-2 FLS. In particular, this article argues that inference in type-2 FLS should
rely on fuzzy implication, not t-norms, because implication better reflects seman-

tic reasoning.

2. Fuzzy Logic Features
2.1. Fuzzy Logic Type-1

Let us consider the set of some kind of physical values p e [P’”i" , P’”"“] .

To normalize these values of p we utilize the following expression

min
norm _ P -P

= 2.1
PmllX _ Pmlf’l ( )

Hence, in our research we always consider to operate on a universe of discourse
U , ie ona set ofintegersrather, than on original physical scaleof p € [Pmi" , P’"‘”‘J .
For this purpose, we use the following mapping

y:P>Ulu= Ent[CardU-p"""”J (2.2)

Let P be correspondent to p"™ from (2.1) type-1 FS and let the relevant
membership function(MF) of ueU in P be u,(u),whichisa crisp number
in [0,1].

Thus, the fuzzy set is presented as

P:_[ ””—(”) (2.3)
Uy

On the other hand, to determine the estimates of the A/Fin terms of singletons
from (2.3) in the form 1, (ui )/ul |Vie [1, CardU] , given (2.1) and (2.2) we pro-
pose the following procedure. Vie [1, CardU ]

} (2.4)

where «; isaweight coefficient of the /~th input cluster [9] for Vie [1, CardU ] .

#, (1) = {I_W-‘i—Ent[(CardU)-p”“’”’]

In more details from (2.4) we have

P:ﬂp(”l)+ﬂp(u2)+...+#p(u"):zﬂ”(ui),uiGU (2.5)

U U, u, i u;

In type-1fuzzy set P isrepresented as a triplet of the form
P:{p,U,I3>},peT(u),uieU,izl,CardU (2.6)
where P is normal FSwith correspondent MF u,U— [O,l]. T(u) could be

the term from Table 1.

For each fuzzy set P one could define a /inguistic term from the following set
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T(u) = {low, . --,highest} (2.7)
The following Table 1 depicts linguistic terms from (2.7).

Table 1. Linguistic terms.

Value of variable

T (k) keU
low 1
higher than low 2
middle 3
higher than middle 4
high 5
highest 6

To determine the estimates of the A/Fin terms of singletons from (2.5) in the
form 1, (u;)/u,|Vie[l,CardU], for each k-th term from Table 1. we use the fol-
lowing procedure.

1
w )=1-—— i k|, Vie[l,CardU 2.8
’up( l) { CardU—l |l |} l [ 4 ] ( )
Note, that MF from (2.8) has triangular form, which is defined on entire uni-

verse of discourse U .

2.2. Fuzzy Logic Type-2

A type-2fuzzy setin X is P and the membership gradeof x€ X in P is
5 (x), whichisa type-1 FSin [0,1]. The elements of the domain of ;(x) are
called primary memberships of x in P and the memberships of the primary
membershipsin ; (x) are called secondary membershipsof x in P ;thelat-
ter defines the possibilities for the primary membership, e.g., the type-2 FS,
Pe X has fuzzy grades (FSin J, <[0,1]), p;(x) that can be denoted for
each xeX as u; :X—)[O,I]JX

):f(v')+f(v2)+--~+f(v")=Zf(vi),vieJX (2.9)

v v, v T,

n i

pp (¥
And to define v, €J, in (2.7) we propose the following expression

i
v,=x— . v.eJ,,Vie|l,Card] 2.10
! {CardJX—l} P [ X] (2.10)

Thus, we presume that membership grade (x) is normal, therefore
A e[l CardJX]|f(v[*)— max {f(v,)}==1 and the MF of fuzzy grades

- Vie[l,CardJ ]
f (vl.) we define as !

f(vi)z{l—mx_l-|i—l |},Vie[l,CardJX] (2.11)
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Example 1.

Suppose the CardJ, =6, then from (2.10) we obtain
Jy ={0,0.2,0.4,0.6,0.8,1} g[O,l]. And also suppose the X={1,2,3,4,5,6} is
the set of numbers u from (2.2), which is correspondent to the set of normalized
values p"™ from (2.1) and that P is FS of type-2 of Normalized Variable

(Figure 1).
P = Normalized Variable = low/1 + middle/3 + high/5
A Hp(xu)
1
0.8
0.6
0.4
¥
. e x
o.
0.8
/1 T N P PN NV S
u

Figure 1. Type-2 MF of “Normalized Variable” from Ex. 1.

From (2.9) and (2.11) by using termsfrom Table 1. we find the following mem-
bership grades ( j; (1),;1;, (3) and (5) are shown on Figure 1).
#5(1) = Tow=1/0 +0.8/0.2 + 0.6/0.4 + 0.4/0.6 + 0.2/0.8 + 0/1

45 (3) = middle=0.6/0+0.8/0.2 + 1/0.4 + 0.8/0.6 + 0.6/0.8 + 0.4/1
45(5) = high=0/0+0.2/0.2 + 0.4/0.4 + 0.6/0.6 + 0.8/0.8 + 1/1

Note, thatin Ex. 1 J,=J,=J;=J,,whereas J,=J,=J,=0.

2.3. Operations of FS Type-2

Let us deliberate some important feature of fuzzy grades, which could be utilize
later in this study.
Lemma 1.

If fuzzy grade u,(x)= ZM,W eJ,

from (2.9) is defined as (2.10), then it is a convexfor any integers i,k €[l,CardJ ],
Ye[l,Card ||i<j<k,ie f(v,)zmin{f(v,).f(v)}li<j<k.

Proof

Let us consider f(v,,),/(v,),f(v,,) from (2.11) Vne[l,CardJ,]. We

have the following cases
1) n+1<l] " ;
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2) n<ln+1>10";
3) n—1<ln>1";
4) n-1>1".
For case 1. from (2.11)

i=n+l1= A, =|i-I|=-n-1;

i=n= A, =|i-I'|=I"-n;
i=n-1=A, =[i-I|=-n+1.
From where we have
Ay >, > A= f ()< f ()< S (V)
= /(v,)>min{f (v,,),/ (v,.)}
For case 2. from (2.11)
i=n=A, =|i-r|=1=n;
i=n-1= A, =[i-I|=0-n+1;
i=n+l= A, =|i-I|=n+1-1".
Giventhat A  —A =2-1"-2-n-1|n<l'=A,,~A, <0 wehave
A >N >AL = ()< f(n)<f(v)
= f(v,)>min{f (v,), f (%)}
For case 3. from (2.11)
i=n-1= A, =|i-I|=0-n+1;
i=n=A, =|i-I'|=n-I;

i=n+l1=A =|i—l*|=n+1—z*.

w
Giventhat A —A ,=2-n-2-"-1|n>I"= A, —A, <0 wehave
Ay >8> A= f(v)< ()< (V)
= f(v,)>min{f (v,)s f (v,)}
For case 4. from (2.11)
i=n-1= A, =|i-I|=n-1-1
i=n=A, =|i-I|=n-I
i=n+1:AM=|i—l*|=n+l—l*.
From where we have
A > A, >0, = f ()< f(n)<f(n0)
= f(v,)>min{/(v,.). f(v,.)} - m

Let u,(x) and Uy (x) betwo fuzzy gradesthatis, FSsin J, < [0,1] of FSs
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of type2, P and Q, respectively, represented as
(x)z f(vl) + f(V2)+---+ f(v”) = f(vi),vi ey, (2.12)

Hp
Y v, v, P Y
g(m) g(w) g(wm) &)
= = w.ed,, 2.13
Ho (%) W1 + , +ot " Z,: W w, ey (2.13)

where the functions f and g are MFs of fuzzy grades (FSs in J, <[0,1])
4p(x) and Ho (x), respectively, and the values f(vl.) and g(wj) in [0, 1]
denote the grades for v, and w, in Jy, respectively. Thus, the operations for
FS of type 2 are expressed by the following.

Union.

PuQ<:>yPUQ(x)Zﬂp(X)H/JQ(X)ZZ v -
i i J J (214)

:Z(f(vi)/\g(wf))/(vi ij),
2y
where A represent minand v denote max, whereas Ul is fuzzy grades oper-
ation join.

Intersection.

i g i
PO o)1, (1 ) -5 320
R (2.15)
:Z(f(vi)/\g(wf))/(vi /\w/.),
2y

where A represent min, whereas M is fuzzy grades operation meet.

Remark.

In general, if s,(x) and u,(x) are two fuzzy grades thatis, FSs in
Jy g[O,l] of FSof type 2, P and Q in X respectively, denoted as (2.12)
and (2.13), and * is a binary operation defined in X, then the operation

can be extended to F§ P and Q by the definition relation (extension princi-

ple).

Example 2.

Let J, = {0,0.2,0.4,0.6,0.8,1} and let fuzzy grades (x) and 4, (x) be
given as

Hp(X) =0.8/0+ 1/0.2+ 0.8/0.4 + 0.6/0.6 + 0.4/0.8 + 0.2/1

Hy(X) =0.2/0+0.4/0.2 +0.6/0.4 + 0.8/0.6 + 1/0.8+ 0.8/1

Then for Join operation from (2.14) we have

u, (X) U, (x) =(0.8/0+ 1/0.2+0.8/0.4+0.6/0.6 +0.4/0.8+0.2/1) L (0.2/0
+0.4/0.2 + 0.6/0.4 + 0.8/0.6 + 1/0.8+ 0.8/1)
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MATRIX (4, (x)U gy (x)) =
(0.810.2)/(0v0) | (0.810.4)/(0v0.2) | (0.810.6)/(0v0.4) | (0.810.8)/(0v0.6) | (0.8A1)/(0v0.8) | (0.8A0.8)/(0v1)
(1A0.2)/(0.2v0) | (1A0.4)/(0.2v0.2) | (1A0.6)/(0.2v0.4) | (1A0.8)/(0.2v0.6) | (1A1)/(0.2v0.8) | (1A0.8)/(0.2v1)
(0.810.2)/(0.4v0) | (0.810.4)/(0.4v0.2) | (0.80.6)/(0.4v0.4) | (0.80.8)/(0.4v0.6) | (0.8A1)/(0.40.8) | (0.80.8)/(0.4v1)
(0.670.2)/(0.6v0) | (0.670.4)/(0.6v0.2) | (0.6A0.6)/(0.6v0.4) | (0.60.8)/(0.6v0.6) | (0.6A1)/(0.6v0.8) | (0.670.8)/(0.6v1)
(0.470.2)/(0.8v0) | (0.470.4)/(0.8v0.2) | (0.410.6)/(0.8v0.4) | (0.40.8)/(0.8v0.6) | (0.4A1)/(0.8v0.8) | (0.420.8)/(0.8v1)
(0.270.2)/(1v0) | (0.270.4)/(1v0.2) | (0.270.6)/(1v0.4) | (0.270.8)/(1v0.6) | (0.2A1)/(1v0.8) | (0.2A0.8)/(1v1)
0.2/0 0.4/0.2 0.6/0.4 0.8/0.6 0.8/0.8 0.8/1
0.2/0.2 0.4/0.2 0.6/0.4 0.8/0.6 1/0.8 0.8/1
0.2/0.4 0.4/0.4 0.6/0.4 0.8/0.6 0.8/0.8 0.8/1
0.2/0.6 0.4/0.6 0.6/0.6 0.6/0.6 0.6/0.8 0.6/1
0.2/0.8 0.4/0.8 0.4/0.8 0.4/0.8 0.4/0.8 0.4/1
0.2/1 0.2/1 0.2/1 0.2/1 0.2/1 0.2/1

=0.2/0 + (0.2v0.4v0.4)/0.2 + (0.2v0.4v0.6v0.6v0.6)/0.4 + (0.2v0.4v0.6\/0.6v0.8V/0.8v0.8)/0.6 + (0.2/0.4v0.4v0.4v0.4v
0.6v0.8v1v0.8)/0.8 + (0.2v0.2v0.2v0.2v0.2v0.2v0.4v0.6v0.8v0.8v0.8)/1 = 0.2/0 + 0.4/0.2 + 0.6/0.4 + 0.8/0.6 + 1/0.8 +

0.8/1
For Meet operation from (2.15)
, (X) My (x) =(0.8/0+ 1/0.2+0.8/0.4+0.6/0.6 +0.4/0.8+0.2/1) 11 (0.2/0
+0.4/0.2 + 0.6/0.4 + 0.8/0.6 + 1/0.8+ 0.8/1)
MATRIX (1, (x) 1 1y (x)) =
(0.810.2)/(0A0) | (0.8A0.4)/(0A0.2) | (0.810.6)/(0A0.4) | (0.8A0.8)/(0A0.6) | (0.8A1)/(0A0.8) | (0.8A0.8)/(0A1)
(170.2)/(0.2A0) | (1A0.4)/(0.2A0.2) | (1A0.6)/(0.2A0.4) | (1A0.8)/(0.2A0.6) | (1A1)/(0.2A0.8) | (1A0.8)/(0.2A1)
(0.810.2)/(0.410) | (0.870.4)/(0.410.2) | (0.8A0.6)/(0.470.4) | (0.810.8)/(0.4A0.6) | (0.8A1)/(0.410.8) | (0.8A0.8)/(0.4A1)
(0.610.2)/(0.6A0) | (0.6A0.4)/(0.670.2) | (0.6A0.6)/(0.6/0.4) | (0.6A0.8)/(0.6A0.6) | (0.6A1)/(0.610.8) | (0.6/0.8)/(0.6A1)
(0.410.2)/(0.8A0) | (0.4A0.4)/(0.810.2) | (0.470.6)/(0.810.4) | (0.470.8)/(0.810.6) | (0.4A1)/(0.810.8) | (0.470.8)/(0.8A1)
(0.2A0.2)/(1A0) | (0.2A0.4)/(110.2) | (0.2A0.6)/(1A0.4) | (0.2A0.8)/(110.6) | (0.2A1)/(1A0.8) | (0.2A0.8)/(1A1)
0.2/0 0.4/0 0.6/0 0.8/0 0.8/0 0.8/0
0.2/0 0.4/0.2 0.6/0.2 0.8/0.2 0.2 0.8/0.2
0.2/0 0.4/0.2 0.6/0.4 0.8/0.4 0.8/0.4 0.8/0.4
0.2/0 0.4/0.2 0.6/0.4 0.6/0.6 0.6/0.6 0.6/0.6
0.2/0 0.4/0.2 0.4/0.4 0.4/0.6 0.4/0.8 0.4/0.8
0.2/0 0.2/0.2 0.2/0.4 0.2/0.6 0.2/0.8 0.2/1

=(0.2v0.2v0.2v0.2v0.2v0.2v0.4v0.6v0.8v0.8v0.8)/0 + (0.2v0.4v0.4v0.4v0.4v0.6v0.8v1v0.8)/0.2 + (0.2v0.4v0.6v
0.6v0.8v0.8v0.8)/0.4 + (0.2v0.4v0.6v0.6/0.6)/0.6 + (0.2v0.4v0.4)/0.8 + 0.2/1 = 0.8/0 + 1/0.2 + 0.8/0.4 + 0.6/0.6 +

0.4/0.8 + 0.2/1
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Note. For both Join and Meet operations the number N, of calculations
needed was N, =3xCardJ},, In our case for CardJ, =6 we obtain N, =108,

2.4. Fast Operations of FS Type-2

Now we introduce significantly more effective way to operate with type-2 FS.

Lemma 2.
If fuzzy grades
V.
/JP(x):ng’),vl e,
and

() Z}:( )weJX

are both normal, ie

k" e[1,CardJ ]|f( . )= max {f(vi)}==;

Vie[l,CardJ]
N e, Cardl]| g(w, ) v/EICWU]{ .)}::1

then the following features are taking place

(2.17)

Vs We eJ|vk* <w, :>,up(x)I"|,uQ(x):,up(x);
vesweeJ v >we =, (x)1 gy (x) = 4 () 5
VoW €J (v Swe =, (X)U iy (x) = ()5

Ve,w. €J[v.>w. :>,up(x)l_|,ug(x):,up(x)

Proof
1) Ve w. eJ V. Sw. b =v. AW, =v.
l(b*)=l(vk*)=f(vk*)=1
()N g (x)=f (v )+ X F(v)ne(w)
(T k(=15 T F()ng() =1, (2
2) Ve W €J |V >w. b =V AW, =w,
(5)=1{vy )=o) -1
()N g (x) =2 (v )+ X S (v)ng(w)
(1) =1+ T S (n)=s ()
3) vow.eJ|v. Sw. o= b =v.vw. =w.
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() U s (x)=g(w )+ X S()ng(w)

v,vij#)*
1, () Upp(x) =1+ 3 f(v)ng(w,)=to(x)
v,vij#r
4) Ve, W € J|vk* >w, =b =V VW=V,

l(b*)=l(wl*)=f(vk*)=1
ﬂp(x)qu(x):f(Vk*)+ Z *f(vi)/\g(wf)

vivw/¢b

(g (x)=14 X f(n)rg(w)=4,(x).m

*
vivw;#b

Corollary 1.
From the conditions (2.17) of Lemma 2 we can formulate the following fast

and simple implementations of Meet and Join operations for type-2 FS
M (x),if K<,
REALICR s
Ho (%)
i, (x),if K>,
Ho (%)

(x),othervise

,othervise

ﬂp(x>uﬂg<x>={

Note. For both Join and Meet operations the number N, of calculations
needed was N, =(2xCardJ, )+1,In our case for CardJ, =6 we obtain
N, =13, Therefore, this algorithm is more than &3 times faster than the original

one.
3. Type-2 Fuzzy Logic System (FLS)
3.1. Type-2 FLS: Overview

In this chapter we revisit and reconsider some important features of type-2 FLS,

in which the antecedent or consequent membership functions are type-2FS.

TYPE-2 FUZZY LOGIC SYSTEM

r 1
| | outruT
I | | pEFUZZIFIER |
| 1 RULES 11 tl I |
l CcRISP 1 1l 1 I
| meur I | | | TYPEREDUCER |
B
FUZZIFIER
| | 1 | TYPE I
I 1 l b e[ == ,,ﬂ,ucﬂ,:
FUZZY INPUT I INFERENCE : SET |
l SETS 1 Fuzzy ouTPUT
| | R ———— 1 SETS |

Figure 2. The structure of a type-2 FLS.

Figure 2 shows the structure of a type-2 FLS [6]. It is very similar to the struc-
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ture of a type-1 FLS. The fuzzifier maps the crisp input into a FS. This fuzzy set
can, in general, be a fype-2 set. The inference engine combines rules and gives a
mapping from input fype-2 FSto output type-2 FS. To do this one needs to find
unions and intersections of type-2 FS sets, as well as compositions of type-2 rela-
tions. In the type-2 case, the output of the inference engine is a type-2set. Usually,
in type-2 FLS extended defuzzification is utilized, which gives a type-1 fuzzy set.
Since this operation transforms #ype-2 output sets to the FLSto a type-1 set, this
operation is called type reduction and the type-reduced set so obtained a type-
reduced set. In [6]-[8] it was mentioned that in order to get a crisp output from a
type-2FLS, the type-reduced set has to be de-fuzzified.

Hence, in order to develop a type-2 FLS, one needs to be able to:

1) perform the set theoretic operations of union, intersection, and complement
on type-2 sets;

2) know properties (e.g., commutativity, associativity, identity laws) of mem-
bership grades of #ype-2 sets;

3) deal with #ype-2 fuzzy relations and their compositions;

4) perform type reduction and defuzzification to obtain a set-valued or crisp
output from the FLS[7] [8].

We will concentrate our attention on 1., 2. and 3.

3.2. Type-2 FLS: Inference

Let us consider a type-2 FLS having K inputs, x, € X|,x, € X,,~--,x, € X;, and
one output yeY.We assume that this FLShas M rules where the m-th rule has

the form
R" :1F x, is 1’31; and x, is 13;”7 and --- and x,, is IfJK\'; THEN yis Q" (3.1)

This rule represents a type-2 fuzzy relation between the input space
X, xX,x-+x X, and the output space Y of the FLS. We denote the member-
ship function of this #ype-2relation as,
Vm e [1=M] | ﬂ@@;@éédx,y) , where E’Z x}fD? XoeeX EJZ denotes the Car-
tesianproductof B",P",---, P and x={x,x,,---,X;}. Whenaninput x' is
applied, the composition of the fuzzy set P’ to which x' have its place and the
rule R™ isfound by using the extended sup-star composition [6]-[8]

o (y)= ()M~ — (x, 3.2
b OV U (N )] 62
Let us take a look at the implication membership function from (3.2) for each

m-th rule and denote it in the following form

vie[l,K]

b )] T 0|2 0 o

We have to underline the fact that the implication operation in (3.3) is an es-
sential element of a decision-making mechanism, known as Fuzzy Conditional
Inference Rule (FCIR) of the (3.1) form.
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Thus, we use the following type of implication [10]
1- q >dq,
Poo-= (1-p)q. p>q (3.4)
1, P=q
For practical purposes, described down below, we will use Fuzzy Conditional
Rule (FCR) [11] of the following type
1-q)-p, r<q,
r=q (3.5)

(
(P> Q)N (=P —>—0)=11,
(1-p)-a. p>q.

From (3.3) the correspondent fuzzy binary relationship would look like that

Vme[l,M]
Ho i oin (50Y) = {l:vlglquugm’ (x)} > H (y)}
’ (3.6)
Sk ﬂW(X)D—) =g (Y)}
(ER ) St
Given (3.5) from (3.6) we are getting Vm e[1,M |
oo (507
3.7)

~J1, l: Il ~; (x)}:ﬂg\n; (),

(1-mp O] T ()] a (0)<| T a3 |
¢ vie[1,K] f e i f

To further investigate the structure and possible implementation of
[HWE[L K] 'UE'" (x)} in (3.7) we introduce the following.

Definition 1.

The set of values J, ={v,.} ={v1,v2,~--,vN} g[O,l] | is a fattice (J4,<), ie
V<V, <<y, and Va,beJ,|a<b=anb=ajavb=b.

Definition 2.

For a Jattice J, [0, 1] and Nvarious normalfuzzy gradesin J , ie

Vie[l,Cai’dJX],Vje[l,N“ﬂPj (x)zzfj(vi/):

iV

lk; e[1,Card] ]| f; (ij ) = Viel[lll,ga)id/]{f} (Vij )} ==1, we define

VPP = max {v } (3.8)
vie[LN] | %

VO = min {v } (3.9)
vie[LN] | k)
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Therefore, the relevant indexes from (2.8) are

jerer — (CardJ ) upper (3 10)
lawer _ (CardJ ) Vlower (3.11)

From (3.8) and (3.10) we define the upperfuzzy grade
for Vie[l,Card/ |

. f Vupper
fuPpp ( )_ (upper )+ z ( )
li’“”’z \ (3.12)
= upper + z
i#i"PPe" 1
And from (3.9) and (3.11) we define its Jower counterpart
for Vie[l,CardJ |
e f vlower f Vi
(=L 5 100)
S (3.13)

- 3

i l-[ower Vi

Based on Definitionl and Definition2 we shall prove the following.
Lemma 3.

If J, c [0, 1] is a /attice, then for Nvarious normalfuzzy gradesin Jy , ie

Hp, (x) = ij (vl.)/vi |Vie [1,CardJX],Vj eLN
the following is taking place

Hﬂl’,(x):_ L Z fi(.":)_lu]z;;w( )

N JALNi=Cardlx fv’( ) (L3.1)
V. .

]lﬂpj (x) — 1 z J i) ,u}];lgher (X)

J=TLN j=LNi=LCardly Vi

Proof
From Definition 2we have theset V cJ, = {vk*} = {Vk{‘ VY } |
V C|: lower upper] .
Since v"’w,v“”p “ed,| VT <y from (3.12) and (3.13) we obtain the fol-

lowing

ﬂpj (x) — /ug)wer (x) M /ulu)pper (x) — /jg)wer (X),

() = 1™ (X)L ™ () = ™ (). m

=L 7
j=L.N

3.3. Type-2 FLS: Implication

It was mentioned in [6]-[8] that “the distinction between type-1 and type-2 is as-
sociated with the nature of the MFs, which is not important while forming ‘TF-

THEN’ rules”. In opposite, from our point of view, this aspect needs additional
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attention. To further elaborate on type-2 FLS inference specificity and on corre-
spondent “IF-THEN” rules formulation, we have to mention that in contrast with
type-1 case, these rules are describing not a knowledge about input/output system
behavior, but rather between our semantic interpretation/ understanding of a na-
ture of things under consideration. For this particular reason we are formulating
the following.

Proposition 1.

Let 1, (x) and x4, (x) be two fuzzy gradesin J, C [O,l] of FS of type 2,
P and Q, represented as (2.12) and (2.13) correspondingly. Therefore, by ap-
plying an extension Zadeh principle [2.16], for type-2 FS implication operator we
obtain the following

P> 0ty (x) = st (3) > 1y (x)

75y g(vjf) (3.14)
()l oo

where

(I-w)-u, u<w,
(u - w)z 1, u=mw, (3.15)
(1-u

)-w, u>w.

Let us represent the implication operation on type-2 FSfrom (3.14) and (3.15),

as

_ f(ul-)Ag(w,-)+ f(uw)ng(w,) 6516
u<w; (l—wj)~ul uj=w; 1
f(u,-)/\g(wj)
+u§;/ (1-u,)-w,

We have to mark the fact that the implication operator (3.15). utilized in (3.14),
indicates a degree of closenessbetween Vu,weJ, values. That closeness, by the
very nature of type-2 FS linguistic scales in use, might be interpreted as a degree

of semantic similarity.

3.4. Type-2 FLS “IF-THEN” Rules Semantic Dissimilarity

Let us denote a fuzzy binary relationship R(u,w) from (3.16) like a sum of three

subsets, ie for Vi, je [1, CardJX] we have
R (u’ W) = Rul<w}- (ui’ Wj ) + Ru,-:w/- (ui’ Wj ) + Ru[>wj (ui’ Wj ) (317)

Based on that let us first consider two subsets of R(u,w) from (3.17)
Ru[<w,- (u,-,wj> and Ru[>w/- (ul.,wj) for Vi, je[l,CardJ,], in which
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(1=w)-u,u<w,

(u—)w)z{(

In fact, these subsets, when R,,im]_ (ui,wj) for Vi, j e[l,Cach X] indicate
the degree of semantic dissimilarity between Vu,weJ, values. In connection

1—u)-w,u>w.

with that we have to investigate the following feature of values within singleinter-
val ae [0,1] . For this reason, let us formulate the following.

Lemma 4.

If f(a)=a-(1-a),Vae[0,1], then the wr,rl%))ﬁ][f(a)] =0.25

Proof

Wehave f(a)=a-(1-a)=a—-a’.To get the value of a, which corresponds
to vtgfloxl [a~(1—a)] we use some basic principle of an optimization theory by
taking }‘}rst derivative of [ (a) and equalize it to zero, ie. f” (a) =0. Since
f ’(a) =1-2-a=0, then we obtain a =0.5. Therefore, we are getting the follow-

ing maoxl][f(a)] =025.m

Vae|0,
Coro[llary 2.
From the result of Lemma 4 and from (3.15) we obtain the following
va,bef0,1], f(ab) a(i=bhas<h
a,be|(V,1], a,b)= . And since
[0.1] (1-a)-b,a>b

aib:a-(l—b)<v1?$§] a~(1—a)] and (1—a)-b<wr111€z[1()>§] a-(l—a)] we have

a-(1-b)<0.25 and (1-a)-b<0.25.

Example 4.

Assume the CardJ, =6, then again from (2.10) we have
Jy= {0,0.2,0.4,0.6,0.8,1} C [0,1] . Given the fact that Vu,we J, , then the clos-
estvalueforboth (1-w)-u, u<w and (1-u)-w, u>w expressionsto max
possiblevalue of 0.25is 0.16 (u=0.4; w=0.6)and (u=0.6; w=04).

3.5. Type-2 FLS: “IF-THEN” Rules Semantic Similarity

Now let us consider the issue of semantic similaritybetween Vu,w €J, values,
Le. the subset Ru,-:w, (u,-,Wj) for Vi, je [1, CardJX] from (3.17), in which
(u>w)=1, u=w.

From (3.16) and (3.17) the subset Ru,v:w,- (ul-,Wj) for Vi, je [1, CardJX] is in
fact, the major diagonal of a matrix R(u,w). And it looks like that
Vi, je [l, CardJX] ,

flu)nglw,
R, (w.w)=% w (3.18)

up=w;

Lemma 5.
If MFs f(u) and g(w) of fuzzy grades

u, flw,
yP(x):ZM,uieJX and g1, (x)=3 Svj),WjEJX (L5.1)
i i J J
are both normal (2.17), ie.
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k" e[1,CardJ ]| f(uk* ) = We[erlcegi/X]{f(u,)} == 52
N e [1, CardJX] | g(wl* ) = Vje[ln,’IC%EE{JX]{g(Wj )} ==1
and if MF h(v) |VveJ,,isan intersection of MF%s f(u) and g(w) ,
h(v)=f(u)rg(w) from (3.18), and it is presented as
h(v)= Z h(vm)= Z f(ul.)/\g(wj), (L5.3)
Vme[l,CardJ y | up—w;=1

then it is normal and unimodal iff
Vi,je[l,CardJX]|ui —>w, zlzf(ui)::g(wj).
Proof
By definition of a logical conjunction operation, we have the following
Ya,be [0,1] , F(a,b) =anb=1=a=>b=1. Therefore, from normality of MFs
f(u) and g(w) from (2.17)
Nk e [I,CardJX] =3m’ | h(vm* ) = f(uk*)/\g(w[* ) =1. In other words, we
obtain the case when
m =k =0"|h(v)=f(u)=g(w)= h(v) is normaland unimodal. m
Example 5.
1) The case when fuzzy grades for both input and output are Jow”
pp(x) =Iow=1/0+0.8/.2 +0.6/.4 + 0.4/.6 + 0.2/.8 + 0/1
ty(x) =ldow=1/0+0.8/.2+0.6/.4+0.4/.6 +0.2/.8 + 0/1

R(u,w) = (11p (x) = 11 (x)) =

1 0.8/0 0.6/0 0.4/0 0.2/0 0/0
0.8/0 0.8/1 0.6/0.12 0.4/08 0.2/04 0/0
0.6/0 0.6/0.12 0.6/1 0.4/0.16 0.2/08 0/0
0.4/0 0.4/08 0.4/0.16 0.4/1 0.2/0.12 0/0
0.2/0 0.2/04 0.2/08 0.2/0.12 0.2/1 0/0

0/0 0/0 0/0 0/0 0/0 o/1

The major diagonal of a matrix R(u,w) is Vi, je[l,CardJ]

R,y (:w;) = 1/1+0.8/1+0.6/1+0.4/1+0.2/1+0/1

2) The case when fuzzy grades for both input and output are “high”

Hp(x) = high=0/0+0.2/0.2 + 0.4/0.4 + 0.6/0.6 +0.8/0.8 + 1/1

Hy(x) = high=0/0+0.2/0.2 +0.4/0.4 +0.6/0.6 +0.8/0.8 + 1/1

R(ww) = (1 () = s (1)) =
o/1 0/0 0/0 0/0 0/0 0/0
0/0 0.2/1 0.2/0.12 0.2/08 0.2/04 0.2/0
0/0 0.2/0.12 0.4/1 0.4/0.16 0.4/08 0.4/0
0/0 0.2/08 0.4/0.16 0.6/1 0.6/0.12 0.6/0
0/0 0.2/04 0.4/08 0.6/0.12 0.8/1 0.8/0
0/0 0.2/0 0.4/0 0.6/0 0.8/0 1
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The major diagonal of a matrix R(u,w) is Vi, je[l,CardJ |
R,y (1) =0/1+0.2/1+0.4/1+0.6/1+0.8/1+1/1
3) The case when fuzzy grades for both input and output are “middle”

Up(x) = middle=0.6/0 + 0.8/0.2 + 1/.4+0.8/0.6 +0.6/0.8 +0.4/1

o (x) = middle= 0.6/0+0.8/0.2+1/.4+0.8/0.6 +0.6/0.8 +0.4/1

(1) = (11 (x) > 11 () =

0.6/1 0.6/0 0.6/0 0.6/0 0.6/0 0.4/0
0.6/0 0.8/1 0.8/0.12 0.8/08 0.6/04 0.4/0
0.6/0 0.8/0.12 1/1 0.8/0.16 0.6/08 0.4/0
0.6/0 0.8/08 0.8/0.16 0.8/1 0.6/0.12 0.4/0
0.6/0 0.6/04 0.6/08 0.6/0.12 0.6/1 0.4/0
0.4/0 0.4/0 0.4/0 0.4/0 0.4/0 0.4/1

The major diagonal of a matrix R(u,w) is Vi,je [l, CardJX]

R, (:,) = 0.6/1+0.8/1 + 1/1+0.8/1+0.6/1 + 0.4/1

Corollary 3.

If MFs f(u) and g(w) of fuzzy gradesof an input u,(x) and an output
Ho (x) correspondingly, satisfy conditions (L5.1) - (L5.3) from Lemma 5, but
Vi, je€ [I,CardJX] lu, >w, =1= f(u,)# g(w,) ,then MF h(v) from (L5.3) is
subnormal.

Proof

From (L5.1) and (L5.2) and f(ul) # g(wj),| Vi, j e[l,CardJX]|ui —>w =1

= k" #1", therefore Vme[l,CardJ ], h(vm):f(u,.)/\g(wj)<f(uk,)::1
or h(vm)=f(u,.)/\g(wj)<g(wl*)==l.Hence

{h(vm)}<l. n

Itm’ |h(v *):: max
m Vme[],CardJX]

Definition 3.
If up (x) and 4, (x) are two fuzzy gradesin J, C [0,1] of FSof type2, P

and Q, respectively, represented as

,up(x):Z@ and 1, (x)zzw,vi e, (3.19)

then we call FSof type2 Q from (3.19) Semantically Inversive in relation to FS
of type2 P if g(v,)=1-f(v;), v; €Jy.In other words we have the following

Hy (x)zzl_];ﬁ,vi e, (3.20)
Lemma 6.
If Vae[0,1]| f(a)=an(l-a)=min(a,1-a),then f(a)<0.5
Proof
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From algebraic definition of a min of two numbers we obtain the following

a+(l—a)—|a—(1—a)|.

f(a)=min(a,1-a)= 5

fi(a), a=(1-a)

Let present f(a) in the following way f(a):{f( ) <(1-a)’
2\4), 4 —a

Thus, we have

= 1—
And
1-1+2a 2a
fla)=—y ==y =
Finally
l—a, a>(l-a l1—a, 2a=>1
(a)- -
a, a<(1—a) a, 2a<1
_Jl=a, a205 |[l-a, 1-a<05
B a, a<05 a, a<0.5
:f(a)SO.S. ™
Corollary 4.

Hence, from Lemma 6, if MF h(v) |VveJ, isan intersection of MFs f (u)
and g(w), h(v)=/(u)Ag(w) from (3.19) and (3.2), and if it is presented as
(L5.3), then it is subnormal and

max ]{h(vm)} <05. (3.21)

Vme[l,(,‘ard])(

Example 6.

Here is a case of Semantically Inversive fuzzy grades “low”and “high”in use.
4) The case when input fuzzy gradeis “‘low”and output one is “high”

Up(x) =low=1/0+0.8/0.2 + 0.6/0.4 + 0.4/0.6 + 0.2/0.8 + 0/1

#y(x) = high=0/0+0.2/0.2 + 0.4/0.4 + 0.6/0.6 + 0.8/0.8 + 1/1

R(u,w):(yp (x)—)yQ (x)):

0/1 0.2/0 0.4/0 0.6/0 0.8/0 1/0
0/0 0.2/1 0.4/0.12 0.6/08 0.8/04 0.8/0
0/0 0.2/0.12 0.4/1 0.6/0.16 0.6/08 0.6/0
0/0 0.2/08 0.4/0.16 0.4/1 0.4/0.12 0.4/0
0/0 0.2/04 0.2/08 0.2/0.12 0.2/1 0.2/0
0/0 0/0 0/0 0/0 0/0 0/1

The major diagonal of a matrix R(u,w) is Vi, je[l,CardJ]
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R,y (1:w,) =0/1+02/1+ 0.4/1+ 0.¢/1+ 0211+ 011

3.6. Type-2 FLS: Improved Sup-Star Composition

Let, as usual 4, (x) and u,(x) be two fuzzy gradesin J, c[0,1] of FS of
type 2, P and Q, represented as a system input (2.12) and an output (2.13)
correspondingly. And let an input/output fuzzy relationship matrixbe defined as
R (u, W) =4, (x) = Uy (x) from (3.16). Hence, we use a Fuzzy Conditional Infer-
ence Rule (FCIR), formulated by means of “common sense” as a following condi-

tional clause:
R =“IF (pis P), THEN (qis Q)” (3.22)
In other words, we use fuzzy conditional inference of the following type [11]:

Ant 1: If Input is 7, then Output is Q

Ant2: Input is P’

-------------------------------------------- (3.23)
Cons: Output is Q’

where P,P'cU and Q,0'cW . Note, that ,uP,(x) and ,uQ,(x) are two
fuzzy grades in J, <[0,1] of FSof type 2, P' and Q' from (3.23), repre-

sented as a system current input of type

Hp (x): Z%‘}i)"}i €Jy
! ’(iw) (3.24)
o (x)= 25w e

i

Given a unaryrelationship R(u)=P' one can obtain the consequence R(w)
by Sup-Star Composition to R(u) and R(u, w) of type (3.16):

R(W):R(u)oR(u,w):Z%oZ(f(ui)/\g(wj))/(ui —>wj)

i iJ

(3.25)
P (st
i . vi, j 1, CardJ
;]tl|: u; (ui _>Wj) > Vi, ] E[ ,car X]
The value of an output fuzzy set Q" could be consider as
0'=R(w) (3.26)

Lemma 7.

Assume that u, (x),ypy(x) and 4, (x) are fuzzy gradesin J g[O,l] of
FSof type2, P and Q represent a system input (2.12) and an output (2.13),
correspondingly and P’ represents a system current input (3.24). If an in-
put/output fuzzy relationship matrix is defined as R(u,w)= u, (x)—> Hy (x)
from (3.16), then Sup-Star Composition (3.25) is reduced to the following
R(w)=R(u)oR(u,w)=R(u)"R,_, (w.w;) for Vi,je[l,Card],] . Where
R, (ui, Wj) for Vi, je[l,CardJ,] from (3.18)is the major diagonalof a ma-
trix R(u,w).

Proof
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Since R(u,w) from (3.17) consists of three subsets Ru,-<w/- (ul-,wj),
R ,(ul.,wj) and R,,[>w1. (“iaWj),then from (3.25) we obtain

{f'(u[) w)ng(w))
/ (1_“’./)’”1'

£, st

R(w)= 211

up<w; i

+ 21

up=wj i

+ 21U

u>w; i

ul

7 (3.27)

ul

,Vi,je [I,CachX]

() (£ () ng(w))
u, (1—u;)- w;
From (3.27) for meet operator I we consider the following three cases for
Vi, je [l, CardJX]

£(w) (F)rgln)

u, (1—w].)~ui ' !
f'(ul.)l_l(f(u,-)/\g(w,-))’u:w_. (3.28)

u, 1 [ 7
f'(”i)l—l(f(”i)/\g(wj» "> W

u; (I=w)ow, "

Note, that for all (3.28) cases the meet operation is realized for involved MFs
like h(ui,wj) =f (ui)/\f(ui)/\g(wj) for Vi, je [I,CardJX] , whereas for val-
ues Vu,,w, € J, we have the following

vy = A(T=w ) <wy;
vy =u; AL, U =w; (3.29)
v, =U; /\(l—ui)~wj, u; >w,
From (3.29), given the result of Corollary 2, (l—wj)~ul. <0.25)u, < w; and
(1-u,)-w, <0.25|u, >w, . Hence, v, <0.25=v, &J, |u, #w,, whereas
v, =u; =v; €Jy |u; =w, and therefore we can rewrite (3.27) as follows
Vi, je [l,CardJX]

R(w)= ¥ 11|

—w. i u
wp=w; i i

u,) - (f(ui)/\g(wj

1 )):R(u)ﬂRul_Wj (s w,) ™

Example 7.

Let P and Q representa system input (2.12) and an output (2.13).

Correspondingly, with the following fuzzy grades

Uy (x) = in between low and mid=0.8/0 + 1/0.2+0.8/0.4 + 0.6/0.6 + 0.4/0.8
+0.2/1

U, (x) = in between low and mid=0.8/0 + 1/0.2+0.8/0.4 + 0.6/0.6 + 0.4/0.8
+0.2/1

An input/output fuzzy relationship matrixis
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Rw0) = (11 (x) > 1 (1) =

0.8/1 0.8/0 0.8/0 0.6/0 0.4/0 0.2/0
0.8/0 1/1 0.8/0.12 0.6/0.08 0.4/0.04 0.2/0
0.8/0 0.8/0.12 0.8/1 0.6/0.16 0.4/0.08 0.2/0
0.6/0 0.6/0.08 0.6/0.16 0.6/1 0.4/0.12 0.2/0
0.4/0 0.4/0.04 0.4/0.08 0.4/0.12 041 0.2/0
0.2/0 0.2/0 0.2/0 0.2/0 0.2/0 0.2/1

The major diagonal of a matrix R(u,w) is Vi, je[l,CardJ]
- =0.8/1+ 1/1+0.8/1 +0.6/1 + 0.4/1 +0.2/1
And let a system current input P' from (3.24) to be
tp (x) = middle=0.6/0+0.8/0.2 + 1/0.4 + 0.8/0.6 + 0.6/0.8 + 0.4/1
The proposed version of Sup-Star Composition would be

U, W,

R(w)=R(u)NR, ~ (ui,wj)z,up,(x)l_l R, (u,.,wj) =

i

(0.670.8)/(0A1) | (0.6A1)/(0A1) | (0.6A0.8)/(0A1) | (0.670.6)/(0A1) | (0.6A0.4)/(0A1) | (0.6A0.2)/(0A1)
(0.810.8)/(0.2A1) | (0.8A1)/(0.2A1) | (0.810.8)/(0.2A1) | (0.810.6)/(0.2A1) | (0.8A0.4)/(0.2A1) | (0.810.2)/(0.2A1)
(170.8)/(0.4A1) | (IADA0.4nD) | (1A0.8)/(0.4A1) | (1A0.6)/(0.4A1) | (1A0.4)/(0.4A1) | (1A0.2)/(0.4A1)
(0.810.8)/(0.6A1) | (0.8A1)/(0.6A1) | (0.810.8)/(0.6A1) | (0.810.6)/(0.6A1) | (0.810.4)/(0.6A1) | (0.8A0.2)/(0.6A1)
(0.610.8)/(0.8A1) | (0.6A1)/(0.8A1) | (0.670.8)/(0.8A1) | (0.6A0.6)/(0.8A1) | (0.6A0.4)/(0.8A1) | (0.6A0.2)/(0.8A1)
(0.470.8)/(1A1) | (0.4A1)/(1IA1) | (0.470.8)/(1A1) | (0.470.6)/(1A1) | (0.470.4)/(1A1) | (0.410.2)/(1A1)
0.6/0 0.6/0 0.6/0 0.6/0 0.4/0 0.2/0
0.8/0.2 0.8/0.2 0.8/0.2 0.6/0.2 0.4/0.2 0.2/0.2
0.8/0.4 1/0.4 0.8/0.4 0.6/0.4 0.4/0.4 0.2/0.4
0.8/0.6 0.8/0.6 0.8/0.6 0.6/0.6 0.4/0.6 0.2/0.6
0.6/0.8 0.6/0.8 0.6/0.8 0.6/0.8 0.4/0.8 0.2/0.8
0.4/1 0.4/1 0.4/1 0.4/1 0.4/1 0.2/1

Thus, a system current output

Q' =0.6/0+0.8/0.2 + 1/0.4+0.8/0.6 + 0.6/0.8 + 0.4/1=> u,, (x) = middle

Example 8.

put Tow”.
p(x) = high=0/0+0.2/0.2 + 0.4/0.4 + 0.6/0.6 + 0.8/0.8 + 1/1
Ho(x) =low=1/0+0.8/.2 + 0.6/0.4 +0.4/0.6 +0.2/0.8 +0/1

Here is a case of Semantically Inversive fuzzy grades for input “high”and out-
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R(u,w) = (1ap (x) = 1o (x)) =

o/1 0/0 0/0 0/0 0/0 0/0
0.2/0 0.2/1 0.2/0.12 0.2/08 0.2/04 0/0
0.4/0 0.4/0.12 0.4/1 0.4/0.16 0.2/08 0/0
0.6/0 0.6/08 0.6/0.16 0.4/1 0.2/0.12 0/0
0.8/0 0.8/04 0.6/08 0.4/0.12 0.2/1 0/0

1/0 0.8/0 0.6/0 0.4/0 0.2/0 /1

The major diagonal of a matrix R(u,w) is Vi,je[l,CardJ|
_— =0/1+0.2/1+ 0.4/1+ 0.4/1+0.2/1 +0/1
And let a system current input P' from (3.24) to be
tp (x) = middle=0.6/0+0.8/0.2 + 1/0.4 + 0.8/0.6 + 0.6/0.8 + 0.4/1
Again, the proposed version of Sup-Star Composition would be

R(w) = R(u) M Ru,:wj (ui, wj) = Uy (x) M Ru,-:wl- (ul., wj) =

U, W,

(0.6A0)/(0A1) (0.6A0.2)/(0A1) (0.610.4)/(0A1) (0.6A0.4)/(0A1) (0.610.2)/(0A1) (0.6A0)/(0A1)
(0.8/0)/(0.2A1) | (0.8A0.2)/(0.2A1) | (0.8A0.4)/(0.2A1) | (0.8A0.4)/(0.2A1) | (0.8A0.2)/(0.2A1) | (0.8A0)/(0.2A1)
(1A0)/(0.4A1) (1A0.2)/(0.4A1) (1A0.4)/(0.4A1) (1A0.4)/(0.4A1) (1A0.2)/(0.4A1) (1A0)/(0.4A1)
(0.8/0)/(0.6A1) | (0.820.2)/(0.6A1) | (0.870.4)/(0.6A1) | (0.8/0.4)/(0.6A1) | (0.8A0.2)/(0.6A1) | (0.8A0)/(0.6A1)
(0.670)/(0.8A1) | (0.6A0.2)/(0.8A1) | (0.6A0.4)/(0.8A1) | (0.6A0.4)/(0.8A1) | (0.6A0.2)/(0.8A1) | (0.6A0)/(0.8A1)
(0.4/0)/(1A1) (0.410.2)/(1A1) (0.470.4)/(1A1) (0.410.4)/(1A1) (0.41/0.2)/(1A1) (0.4/0)/(1A1)
0/0 0.2/0 0.4/0 0.4/0 0.2/0 0/0
0/0.2 0.2/0.2 0.4/0.2 0.4/0.2 0.2/0.2 0/0.2
0/0.4 0.2/0.4 0.4/0.4 0.4/0.4 0.2/0.4 0/0.4
0/0.6 0.2/0.6 0.4/0.6 0.4/0.6 0.2/0.6 0/0.6
0/0.8 0.2/0.8 0.4/0.8 0.4/0.8 0.2/0.8 0/0.8
0/1 0.2/1 0.4/1 0.4/1 0.2/1 0/1

Hence, a system current output

Q' =0.4/0 + 0.4/0.2 + 0.4/0.4 + 0.4/0.6 + 0.4/0.8 + 0.4/1 = p1, (x) = un-
known!!!

Thus, Semantically Inversive fuzzy grades shouldn’t be used for fuzzy relation-

ship matrixbuild. Using them leads to fruitless results of type-2 FLS inference.

3.7. Type-2 FLS: Streamlined Inference

3.7.1. Knowledge Base
Remind that we still consider a type-2 FLSwith Kinputs,
x €X,x,eX,, ", x, € X;,and one output yeY.Presumably this FLShas M

rules, where the m-th rule has the form (3.1). Each rule represents a type-2 fuzzy
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relation between the input space X;x X, x---x X, and the output space ¥ of
the FLS. And again, when an input x' is applied, the composition of the fuzzy
set X', to which x' takes place and the rule R” is found by using the ex-
tended sup-star composition (3.2). And also, the implication MF from (3.2) for
each m-th rule is presented in in (3.3) form.

Given that in (3.13) we define the Jowerfuzzy grade ,u[iw “ ( ) , then from (L3.1)
of Lemma 3 we obtain for Kinputs and m rules of FLS the following

lll‘;nz(x)= 1 > M:ﬂzﬁw

o
j=Lk j=LKi=l,Cardly Ui r

(x),Vme[l,M] (3.30)

From (3.7) given (3.30) we are getting for Vme[1,M]

e (8)
H B"x Py x- - x Pl - QO™ 24

= [t () ()= 4027 () > 1 ) G20
Given that
Iugger (x) _ | z fm (ui/ower ) /u’{ower
i=1,Cardl
po(v)= X g"(w)/w
j=LCardJy
We obtain Vm e [I,M]
#ger(x)_) ﬂ&; (y (fm (uzm,) (Wf))/(utgowver —>w/.)
. S (s)
= ul{nwr<wf (1 W ) ulumr
X Vi (uilower)/\ g" (Wj) (3.32)
e, 1
7 ) o)
+
A (),
From (3.17) and (3.32) for each m rule
B (1) = 12 (2)
> H (V)= R, (o, )+ R, . (e w,)) (3.33)
+ R"} (uf"we’, w j)
Now from (3.32) for each mrule and Vi, je [1, CardJ X] we introduce
()1 (1 g ) o
From (3.33) and (3.34) we obtain for each m rule
R" (u, w) = h" (vl.j )/vij (3.35)

Vi, je[l.CardJ y |

Hence, for Vi, je [1, CardJ X] , whereas for values uf"”’”,wj eJ, from (3.35)
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we have the following

(1w )] <o
1, u'over =y (3.36)

Vij
ij i J

_ lower lower
ij—|:(1_”i )~w].], u " > w

From (3.36) given the result of Corollary 2

lower .

v < 0.25, u,™ < W
lower .

v, =1, u" =w; (3.37)
lower

v, 025, u™ >w,.

Given (3.37) and from the results of Lemma 7 we obtain for each m rule its
fuzzy relationship matrix major diagonal
R"(uw)= > K" (v)1 (3.38)
Vke[l,CardJX]
The knowledge basefor mrules of FLShas to be represented as a superposition
of all single rules (3.38).

R™ (u,w) = H R" (u,w) =

n" (v,) / 1
Vme[l,M ] Vme[l,M |Vke[l,CardJ x|

=V >oomv)i= Y (v

Vme[L,M |Vke[1,CardJ y | Vke[l,CardJ x|

(3.39)

Note. The usability of FS R™ (u,w) for it use in sup-max composition de-
pends on the question of whether FSs for each m-th rule 72" (v,) are normal,

unimodal and more or less semantically similar.

3.7.2. Decision Making
When an input x' is applied with K inputs, X, € X|,x, € X;,---,x; € X . The
input space X|x X} x---x X} is presented with the fuzzy grade
lower
ﬂﬁ(x):ﬂﬁ;f@x...xﬁ,g (x)= 11/1;3 (x) = p5"" (x) (3.40)

j=LK

Given (3.39) and (3.40), the correspondent output space Y’ will be obtained
by using streamlined sup-star composition as the following fuzzy grade

i (4) = 4 (1) R ()

_ z f’ ( u[{ower ) / u[{ower n Z Jaz ( v, ) /l

V[e[l,Card]X] Vke[l,CardJX]

4. Conclusions

The paper argues that inference in type-2 FLS should rely on fuzzy implication,
not t-norms, because implication better reflects semantic reasoning. The work re-
visits operations, algebraic properties, and rule semantics in type-2 systems. It de-
fines normalization of physical values and mapping to a discrete universe. It pro-
vides formulas for constructing membership functions using singletons and lin-
guistic terms. It proves that fuzzy grades defined via triangular secondary MFs are

convex. The paper revises several underexplored aspects of type-2 fuzzy sets and
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type-2 fuzzy logic systems (FLS), proposing:

¢ ashift from #norm-based inferenceto fuzzy implication-based inference. The
paper argues that £-norm-based inferenceis semantically weak for type-2 rules.

¢ dramatically faster method for join, meet, operations on type-2 fuzzy grades
(Speedup: 8.3x faster), by providing full matrix-based definitions using Za-
deh’s extension principle and by showing that these operations form a distrib-
utive lattice for convex fuzzy grades.

¢ anew framework for analyzing semantic similarity and dissimilarity of type-2
IF-THEN rules,

+« an improved formulation of sup- star composition for inference. It uses a con-
ditional implication operator and a more symmetric Fuzzy Conditional Rule
(FCR).

The study demonstrates that standard sup- star composition is computationally
heavy. The paper proves that, under the proposed implication operator, only the
diagonal of the implication matrix matters. This greatly reduces computational

cost in inference. Numerous examples illustrating the theory.
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