4

Journal of Modern Physics, 2026, 17(11), 1489-1509

"“ Scientific https://www.scirp.org/journal/imp
0 “ Research :
94% Publishing ISSN Online: 2153-120X

o,

ISSN Print: 2153-1196

Exploring the Electromagnetic Interactions
in the 2T + 3S Dimensions without
Compactification: The Lorentz Force

and the Electromagnetic Stress Tensor

Sajjad Zahir

University of Lethbridge, Lethbridge, Canada

Email: zahir@uleth.ca

How to cite this paper: Zahir, S. (2026)
Exploring the Electromagnetic Interactions
in the 2T + 3S Dimensions without Com-
pactification: The Lorentz Force and the
Electromagnetic Stress Tensor. Journal of
Modern Physics, 17, 1489-1509.
https://doi.org/10.4236/jmp.2026.1711062

Received: August 7, 2026
Accepted: November 1, 2026
Published: November 4, 2026

Copyright © 2026 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution-NonCommercial
International License (CC BY-NC 4.0).
http://creativecommons.org/licenses/by-nc/4.0/

(oRolcH

Abstract

We used the five-dimensional formulation of classical electrodynamics in 2T
+ 3S dimensions and derived the Lorentz Force Equation in the relativistic
covariant two-time paradigm. We find that the effective-charge idea intro-
duced earlier in the five-dimensional formulation of classical electrodynamics
brings the derived Lorentz Force Equation closer to the four-dimensional one.
We also compute the components of the electromagnetic energy tensor in the
2T + 3S dimensions and identify the new additional features.
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1. Introduction

Recently, Zahir [1] considered a two-time (characterized by distinct causality
speeds ¢ and ¢) and three-space-dimensional Minkowski space (2T + 3S). He
derived relativistic coordinate and velocity transformation formulas and expres-
sions for a new effective speed limit ¢, =+/C’ +C’ / k? where kis a scale factor
connecting the two times # and 4. Previously, Velev [2] explored coordinate and
kinematic transformations in a detailed analysis of flat space-time with extra time
dimensions. However, Velev [2] used the same speed of causality c¢ for all time
dimensions, including the extra ones. This at least creates one calculational prob-
lem—we cannot take the limit for cassigned to the extra times to zero to get back

the familiar four-dimensional (Z.e., those of Einstein’s Special Theory of Relativity
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([3] and references therein)) formulations. There was no way to distinguish one ¢
from the other [2].

In our familiar space-time structure, we do not observe extra time dimensions;
thus, higher-dimensional physics considers compactification. Zahir [1] also dis-
cussed compactification in a two-time-dependent Schrodinger-like equation with
an infinite square-well potential. After compactifying the extra time dimension on
a closed-loop topology with a period matching the Planck time, the solution gen-
erated interference among additional quantum states with ultra-short oscillation
periods. Zahir [4] also considered compactification in another related work on the
Klein-Gordon-type equation in 2T + 3S dimensions. Tyagi and Al-Shahristani [5]
developed the Dirac equations within Zahir’s paradigm but did not discuss com-
pactification of the extra time dimension.

In this paper, we use Zahir’s extension of classical electromagnetic fields in 2T
+ 3S dimensions without compactification [6]. In this extension, Zahir [6] inves-
tigated how Maxwell’s equations were modified in a five-dimensional “Lorentz”
covariant analysis and its possible implications. He postulated a bold physical
space-time environment defined by two times, each associated with two interac-
tions mediated by two massless intermediaries, with two distinct speeds of causal-
ity. Zahir [6] identified the 2T + 3S space-time environment with the hadronic
Color-Space, where the massless gluon was postulated to move with an invariant
intrinsic speed ¢, different from the speed of photons ¢. This provided the con-
ceptual foundation for the two-time paradigm. Zahir [6] also made a preliminary
estimate of the gluon speed from the R-values of e* e” collisions using a theoretical
effective-charge formula.

In this paper, we explore two specific examples of classical electrodynamics in
the two-time paradigm in a relativistic covariant formalism: a) the Lorentz Force
Equation and b) the five-dimensional electromagnetic stress-energy formulations.
Throughout the paper, we derive results in sufficient detail to benefit early-career
researchers. Our objective is not only to explore new concepts and develop theo-
retical formulations that yield interesting results. We also aim to highlight prob-
lems, limitations, and open issues to advance the theory through further research.

Section 1 introduces the topic, Section 2 summarizes the 2T + 3S space-time
structure, and Section 3 presents the five-dimensional electromagnetic field ten-
sors [6]. In Section 4, we formulate the five-dimensional covariant Lagrangian and
derive the Lorentz Force Equation. In Section 5, we present the calculated expres-
sions for certain components of the electromagnetic stress-energy tensor in 2T +
3S dimensions, and in Section 6, we emphasize the requirement for a quantum

formulation. We conclude in Section 7.

2. Summary of the 2T + 3S Space-Time Structure

As noted earlier, the different speeds of causality for times # and & are given by g
and . Thus, the space-time variables in the (2T + 3S) spaceare (Cit;, C,t,, X, ¥, Z ).
We consider Minkowski-like flat space with metric signature (+, +, —, —, —) such
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that the invariant space-time interval dsis given by
ds® = cZdt} +czdt; —dx® —dy” —dz*. With these two different speeds of causality,
¢, and c,, we emphasize that although # and & are both “time-like” variables,
this time () is not the same as that time (). We denote the dimensions of # and
t by T and t, respectively, and the dimensions of x, y; and zby L. So, the dimen-
sions of ¢ and ¢, are LT and Lt™}, respectively.

1) Simplified Coordinate Transformation and Expressions for Five-velocity and
Five-momenta

After a detailed calculation, Zahir [1] derived the 2T relativistic coordinate trans-
formation for the reference frame K’ moving at a uniform speed relative to reference
frame K. He considered the standard configuration, and the motion of K" is along
the x coordinate only, such that at 4 = 0 and & = 0, the coordinate axes of K and K’
coincide. K’ is moving with uniform velocities vand wdefined with respect to times

t and &, respectively. So, if x; is the coordinate of the origin of K at any time,

v =dx,/dt,; w=dx,/dt,
dt,

d—X° = dﬁd—tl =V-k, where k =—=.This implies that
dt, dt dt, dt,

We also have w=

t, =k-t,. Here, kis a constant and is assumed to be defined globally (see five
space-time derivatives later in the text), not just along the particle trajectory. If #
has dimension T and & has dimension t, then & has dimension T/t. The expres-

sions for coordinate transformations are,

t XV XW XV

— 2 2 22 2T 2

= X—Vt, o C, . kc; ke,
= = )= =

V2 v2 w? v
Yoo e e
e e e e
¢2 =c? +c2 [k =c? (L+c? [ek?) = ¢ (1+42)
where 4 = C—Zkand we will use this variable later in the text (1)
Cl

When ¢, =0,c, =c, and the coordinate transformation equations are similar to
the ones in the familiar four-dimensional expressions.

We can also define two proper times dz; and dz, and other related variables

(X isathree-dimensional space vector with components x, y; 2).

ds? = c2dt? + cZdt? —dx* —dy* —dz’
drf =ds?/cf =dt?y%; dr, = 'ty
de? =ds?/c? = dt?y,?; dr, = y,'dt, )

1 dx

1
"= V2 = Vo =
, 1 ) 1 dt, dt,
1-4711-— 1-8|1—5
\/ s ( ﬂzj \/ s [ /31]

% c, dt v c, p
Zip=2,Aok=2;3=2-F
c k

V=

e e |- z_ﬁ 2 _
V1_|V1|'V2_|V2|’ﬂ1_(;lz’ﬂ2 5 P Clldtz Vi Gk
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i) Five Velocities in 2T + 3S Dimensions
We can define two types of five velocities (a =1,2,3,4,5)
dx dx

(ul)a :ﬁ; (uz)a = d: (X1 =0, X, =Gty Xg =X, X, =Y, X = z)
1 2
Explicitly, some of the quantities are,
1
(W), =cri (), = Coti o =1 3)

The other types of quantities are,
(Up), =ckr3 (), =C1 s Uy = 151, (4)
It can be easily proved (for each type),
(), ()" = () () = () = (w ) = (w); =¢f
(U2, (uz)" = ()] +(uy ) = (u); = (up); = (u); =3

ii) Energy-Momentum Five Vectors

)

Just as there are two types of five-velocities, there are two types of energy-mo-

mentum five vectors.

( pl)a =m, (Ul)a
(p,), =my(u,), (a=1,2,3,4,5)and m, is something like mass in five dimension

More explicitly, the space components are
[V VU YA (6)
P, = myl, = myy,V,

It is obvious that (p,)” (p,), =msc; and (p,)” (p,), = msc;

For more energy-momentum formulations in five-dimensions, see ref. (1)

We can derive a relation py, = 7,k and with this we can obtain Sy, = £,7,.
dx  dx dt
dt, ot o,
other relation, pf, =kp, .

Also, using V, = =Vk and v, =|v,|=k[v;| =kv, we can have an-

iii) Proper Time Using c.

We can also define another type of proper time using ¢,
_ds

e,

e

dr

e

The three proper times are related as

cdr, =cdr =c,dz,

V,
We can find a relation between y,, and y; remembering that B =-%,
G

\"
__2 —
ﬂZ_ ’ V2_kvl
CZ

he——— =Ty, 7)
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P, _C% 1
vo=ih= <, 7. Where y;, = v (8)

Using the various relations given above, it can be shown that

k
dr, = d—tl = _dt2
yle 719
The corresponding five velocities and momenta are (1 =1,2,3,4,5),
O, =<l
dr, ' e e ©

_ U nH _ 2
pe - moue ’ pe pey - mOCe

uy =

More explicitly, we have,

c,dt, o, GCdt, ¢, | dx dX _
u1= = ,ue === == e,uez—:— E:V e 10
c = dr, 0% dz K dr dy e (10)
We use them in Appendix A.

2) Critical comments: Analyzing some expressions, matrix form for proper Lo-
rentz transformation and group characterization of five-dimensional invariant
transformations

The formulations presented in the preceding subsection a) are developed for
five-dimensional invariant transformations. The crucial point is that we expanded
space-time from four-dimensional Minkowski space (Z.e., 1T + 3S) to five-dimen-
sional space-time (Z.e., 2T + 3S) by adding an extra time dimension with a distinct
speed of causality, ;. However, it is interesting to explore how much of the four-
dimensional formulation is restored by taking the limit ¢, — 0, or taking the
k — 0 limit. We must be careful when reproducing limiting results in later for-
mulations of the theory. Often, we arrive at the final expressions by going through
intermediate steps where we may divide by & or ¢,. However, mathematically, we
cannot perform such divisions if k=0 or ¢, =0. In fact, to obtain 1T + 3S-
dimensional results, it may be preferable to use the ¢, — 0 limit. See comments
in Equation (1) box above.

Let’s look at y, first:

1

(., 1
1-p21-—=;
Al )

To take the limit ¢, — 0, we need to consider the actual expression involving

n=

2
c
B, whichis (14, )2. However, iz =|-2] =0 as ¢, >0.
B \V
So,
v, = 1 N 1
L=
1_ 2
s,
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Now consider,

1 = 5 = 0 =0 as ¢, >0 (seeabove)

V2 =
Ry IR N \/0—1 1
Jl A [1 ﬁfj 2 "B

It is more convenient to re-express some of the terms as,
G . 1l | [2 2/,2 2\¥2
="V V2 =77 G =G +C2/k 201(1"'/1 )
C, c, k
1 1 v,

Ve = = ;ﬂle =
l_vlz \Il_ﬂlze Ce

We should make it clear that kand p have the same dimension and A is dimen-
sionless.

As ¢, - c,, we get the same results as above in the limit ¢, — 0. This also
makes all the second components of the five-velocities and five-momenta zero in
the same limit. We emphasize that there are no singularities or imaginary num-
bers appearing in the limiting process.

Another point we would like to clarify is the consequence of using the relation

(let’s call it the “scaling relation between times # and &-, with kas the scale factor),

:dﬁ:dﬁ-d—yzv-k,where k:d—ti.Thisimpliesthat t=k-t,. (11)
dt, dt dt, dt,

This relation of Equation (11) is not essential for constructing the relativistic
space-time transformation in the 2T + 3S dimensions. The most general five-di-
mensional relativistic coordinate-transformation formulations are given in the
boxes of Equations (10)-(12) in ref. [7]. In Appendix A of [7], we demonstrated
the invariance of the five-dimensional coordinate norm using the software tool
Maple™ [8] without requiring the relations expressed in Equation (11). The scal-
ing relation clarifies the two times in the formulation and supports real-world im-
plications. In the real world, we have only one clock system representing #, and &
is not measurable. So, it is meaningful to use vas the uniform relative speed of the
moving reference frame (K") with respect to the stationary one (K) in a standard
configuration. However, the real-world interpretation of wremains unclear. The
linear scaling relation in Equation (11) is the simplest one to use, and it provides
a way to express & and w with respect to # and v; subject to a value for & to be
determined. Other functional forms, such as nonlinear ones, would complicate
the formulations.

The coordinate transformation formulas in Equation (1) are obtained by using
the scaling relation of Equation (11) that combines terms involving # and &, to
some extent, and gives the effective velocity c.. They also preserve the invariance
of the norms of the space-time coordinates between K and K’ in the five-dimen-
sional Minkowski space. However, this does not work for a general five-vector
defined in the 2T + 3S paradigm. Using only w = k. v (and not combining the #
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and & terms using the # = k& relation), we can simplify the expressions of the
elements of the general transformation matrix in the boxes of Equations (10)-(12)
in reference [7] and construct the general five-dimensional Lorentz-like transfor-
mation matrix A from the Maple™ [8] output in Appendix B of reference [7].

After a tedious calculation, the matrix A is obtained as,

1 , A . 1 1
77_02<1+ﬂ’27/el)7/e 77_5(1_7/81)}/e —n—oﬂen 00

A - 1 _ A
F(l_yel)ye F(/’{’Z_‘_}/el)}/e —77_,357’9 00

A=l 7 T ° (12)
__ﬁej/e __ﬂe}/e Ve 00
o o

0 0 0

L 0 0 0 0 1

Here,

1o =1+ 27, B S Ve = L
¢ g

We would like to confirm that if we further consider the # = & relation, the
elements of the transformation matrix A simplify to the expressions in Equation (1).

If X is the five-vector with components
(X1, X5, X5, X4, X ) =(City,Coty, X, Y, Z) represented as a column vector in refer-
ence frame K, and X' with components
(X1, X5, X5, X5, Xe)=(ct],c,ty, X', y',2') having a column vector representation
is the corresponding five-vector in reference frame K then

X' = A% X

In matrix form we have, X'=AX and X'"=XTAT. Here T stands for
transpose.

Let Y and Y’ be another similar pair of vectors,
Y= AR XY

In matrix form we have, Y'=AY and YT =Y'AT.

then, for the invariant relation under the five-dimensional Lorentz transformation
o ERVA)\VA
X Yﬂ =X Y# (13)

we compute as follows, X“Y, =X“g,Y" and in matrix form it is XTgY
where ( isthe matrix form of the metric tensor.
Similarly, XY, = (in matrix form) XTgY'=X"ATgAY =X"gY (Equa-
tion (13)) implying,
ATgA=g (14)

It can be shown (see Appendix B at the end of this paper) that A in Equation
(12) indeed satisfies the condition in Equation (14). Thus, it represents a homo-
geneous Lorentz transformation in five dimensions of the 2T + 3S paradigm. In

four dimensions, we denote the symmetry group of this transformation as SO(1,
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3); here, it is SO(2, 3).

This observation compares with the findings of Khadka and Karki [9] and
Khadka [10], although they did not consider the 2T + 3S space-time structure.
They considered a conventional Minkowski space-time with a single speed of cau-
sality. Khadka [10] developed a matrix formulation of Lorentz transformations
restricted to two-space-dimensional planar motion in two cases: 1) relative veloc-
ity of reference frames is collinear with the spatial position vector and 2) general-
ized to arbitrary boost directions within the plane. They found that the planar
Lorentz transformation equations obtained for the 2S +1T conventional Minkow-
ski space-time with metric signature (+, +, —) could not be expressed in a compact
matrix form in a “straightforward” manner. However, they took an alternative
approach by embedding the system in a higher-dimensional space-time (2S + 2T)
with metric signature (+, +, —, —) and represented the Lorentz transformation in
a matrix form | that satisfied the invariance condition 17gl =g, where g is
the corresponding metric tensor matrix definedas g,, =9,, =+1; 0g;;=0,, =-1;
g; =0, i# j.AsKhadka [10] notes, | in his case and A in ours can be used to
transform velocities, momenta, spin, and other physical quantities under planar
Lorentz boosts or 2T + 3S-dimensional relativistic transformations, respectively.
For example, A can transform spin in the Color Space [6] and explore scattering
experiments with polarized photon beams on polarized protons.

In this paper, we keep the extra time dimension as a valid dimension (i.e., not
compactified); in earlier works [1] [4], this extra dimension was compactified fol-
lowing the Kaluza-Klein theory [11]. In this technique, the extra dimension (space
or time) is curled up on a circle of radius 7 that is very small (Ze, of the order of
the Planck time or Planck length). Because of the loop’s periodicity, we expand all
physical dependence on the compactified variable in a Fourier series. This yields
a series of new physical quantities, such as fields with a tower of masses. For ped-
agogical purposes, we provided calculational details in ref. [4] using massive scalar
and Abelian vector fields. Thus, higher-dimensional theories in physics are often
exotic, with lofty predictions that remain experimentally unverified.

Before we continue to the next section, it is worth mentioning some 2T physics
research that has appeared in the literature over the last two decades. Outlining a
novel gauge symmetry principle, Bars [12] stressed the need for a 2T paradigm to
develop a new formulation of physics in space-time to explain that “phenomena
described by one-time physics in 3 + 1 dimensions appear as various ‘shadows’ of
the same phenomena that occur in 4 + 2 dimensions with one extra space and one
extra time dimension (more generally, d + 2)”. Previously, Bars [13] further em-
phasized, “Thus, in the 2T setting, the distinguished 1T which we call ‘time’ is a
gauge-dependent concept.” In the same article [13], Bars also claimed that “2T-
physics has mainly been developed in the context of particles, including spin and
supersymmetry, but some advances have also been made with strings and p-
branes, and insights for M-theory have already emerged.” Bars also claimed [14]
that Kaluza-Klein type compactification is “the wrong idea for extra time dimen-

sions”. The 2T paradigm we discuss here is much simpler: a 2T + 3S-dimensional
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flat space with two distinct causal speeds that more closely reflect reality. How-
ever, two-time physics has also faced conceptual and theoretical challenges. Some
researchers ([15] and references therein) have discussed technical/mathematical
issues of “on determinism and well-posedness in multiple time dimensions” in
relation to the initial value problem, “due to failure of uniqueness.” We do not
know how these matters may affect the 2T paradigm of this research, and we leave

them as topics for future research.

3. Five-Dimensional Electro-Magnetic Field Tensor

Using one ansatz about the second component of the five-potential (4,), Zahir [6]
derived the anti-symmetric field tensors F,, and /" as given below. In terms of the
five-potential A,, we have F, =0,A -0,A,,

A, - A,Az,—ﬂago,%go,—Aﬂ—Aj,—Az for 1 =1,2,3,4,5, respectively. (15)

The standard relations E = —i%—§(p and B=VxA werealso assumed.

Cl

In addition, the relation t =k-t, was used in defining the five derivatives (see
the paragraph just above the Equation (1) in [6]). Quantities with a bar on top or
in bold font imply three-vectors. While deriving the five-dimensional Maxwell’s
equation, Zahir [6] also used the second ansatz about the second component of
the five-current J/, and the five-dimensional Lorentz condition 0 ”A” =0 (see
the paragraph above Equation (3) in [6] and Equation (20) below in this paper).

In the matrices below, y and v are the row and column indices, taking values

from 1 to 5.
[0 0 E, Ey E, _
k k k
0 0 —E, —E, —E
F11 I:12 I:13 I:14 F15 P " P Y P !
F, F, F, F, FE
21 2 Pz Fag s _E, _5 E, 0 B By
F/zv =k Ry Ry Ry Fg= P (16)
Foo Fo Ry Fu Fg “E, _h E, B, 0 B,
F51 I:52 F53 F54 Fss P
g, kg - B, B, O
L P ]
0 0 -E, _ Ey _E, _
k k k
T = I = R e R T
F2 E2 EB p¥# gD
uv 31 2 3 34 35 E, h E, 0 -B, B,
F*“=|F F F F E3® | = P (17)
a ) 43 44 45
PR R R P e ke B, 0 B,
_F51 F52 F53 F54 F55_ p
e, ke - B, B, 0
L P ]
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10 0 0 O
01 0 0 O
g“=/0 0 -1 0 O
00 0 -1 0
00 0 0 -1

F“ =g Fs9” (summation over repeated indices is understood)

The antisymmetric field tensor F“" has 10 independent components. Be-
cause of the specific ansatz mentioned earlier, one component is identically zero;
six are the components of the electric and magnetic fields E and B; and three are
the components of (&/p)E. We can also introduce the Levi-Civita epsilon symbol
to define the field tensor F** which is the dual of F*" as,

1

=uv _ & L uvpo
F —26‘ Fpg

The homogeneous Maxwell’s equations can be obtained in a covariant form as,
o,F7 =0 (18)

or

0,F, +0,F, +0,F, =0 (19)

AT uv A0 uv

where A, 4, and v are all different, with possible values (1, 2, 3, 4, 5) for each. In
ref. [6], the latter method was used. The inhomogeneous Maxwell’s equations

were derived in a covariant form via
0,F" =4nd"” (20)

We used another ansatz regarding the second component of the charge-current
five-vector J",
It =py; 3" =£,oo;3':i
P G
The Equations (18) and (20) demonstrate the lack of a perfect symmetry that
would have been possible “if there existed a ‘magnetic current density’” J/” which
would serve as the source of the dual field tensor F“ ” (see ref. [16], p. 160). So

far, no magnetic charge (i.e., monopoles) has been found experimentally.

4. Covariant Lagrangian Formulation and Derivation
of the Lorentz Force Using the Five-Dimensional
Electromagnetic Field Tensors in the 2T + 3S
Dimension

In this section, we formulate the equation of motion for a charged particle of mass
m in five-dimensional space interacting with the five-dimensional electromag-
netic field, following Zahir [6] in the two-time paradigm. We will take the invari-
ant relativistic Lagrangian approach [16] [17].

First, we consider a free-particle Lagrangian in five dimensions (mass = m).

The action is given by,
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A=afds=ofJdx,dx" = afJc2dt? +cZdt - dx? —dy? —dz?
A=af\Je? +cZ k2 —dx*/dt? —dy? /dt? —dz?/dt? i,

2 >
A=ac,| 1-(%} dt, = ac, | l—\é—lzdtl (21)

e

2

- / v,
So, the Lagrangian is, L = ac, 1—C—12
e

This essentially is the kinetic energy 7 of a free particle. In the non-relativistic

1
limit when Vv, < C, , it should be equal to =m_v}
1 e 2 01

We expand L,

L=T ~ac,—1 %2
2¢c,

“Apart from first term which is constant and is irrelevant for equations of motion”
1

(see ref. [16], p. 136), this matches the non-relativistic kinetic energy (—movf) if
2

a=-c,m,.

Thus, the free particle Action is,

A=-mc,[ds=-m.c,,/g,,dx“dx"

We could also integrate over d4 and get the same result. However, d4 or ds are
not invariant in four- or five-dimensional relativity. We have the invariant proper
times dr;,dz, or dr,.But, dividing dx* by any of the proper times, we get the

five velocities that are constrained as,

H _ A2, " _ A2, " _ A2
U, Ui =Cr5 U, Uy =Gy U Ug =C, (22)

ey e

Then, to obtain the Lagrange equation, we need to perform the variational cal-
culus subject to this additional constraint (ie., with a Lagrange multiplier). We
avoid this by assuming the world line x“ (') of the particle to depend on an
invariant parameter A', which, asa functionof 7, increases monotonically with
7, but is otherwise arbitrary [16] [17].

Then, ds can be rewritten as,

1 v dxﬂ dXV ' oL\ V '
ds:\/dxﬂdx‘ :\/gﬂvdx”dx = g’”ﬁd/{' dA’ = /gwx”x dA

(23)
0 dx*
dA’
The quantities to be varied are the coordinates x* and the derivatives X“. At
d oL L
the end, after deriving the Lagrange equation, dt_a_ 0, we identify the
dA’ ox*  ox*

parameter A' with 7; and restore |, /gw)'(“)'(v dA'=cdz;;i=12e.

Based on the above discussions, we can now add the interaction term,
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u
quA

— 24
c, di’ * 29

The complete action integral for a charged particle interacting with the electro-

magnetic fields in 2T + 3S dimensions is as follows (see [16] and [17] for the rest

of the details):
[ dx* dx” q dx” ,
A:—J{mce gﬂvﬁdﬂ" "rc—WAﬂ}dl (25)

The term inside the curly bracket is the Lagrangian L.

The Lagrange equation of motion is

d X, qdA, qdx” oA
i s A B U Mo 26
“d2| fg_sx | ¢ dA ¢, dAox (26
uv

Now, we can choose A'=17,,7, or r..Itcanbeshownthat 7, or =, gives
11 %2 e 1 2

mc

the same result at the end. So, we consider two cases: A'=7;, and z,.
Casel: A'=1

Here, we can use

dx* dx”

ey 2
gyvxyx = gyv dTl dTl _uflul,u :Cl
dA, oA, dx’
dr, ox" dg

Transposing terms, we finally get,

d oA
m ul/l —%ul"(ai__ﬂJzﬁqu

®dr, ¢ ‘loxt ax) & M 27
dplﬂ _qcl YE

——2U1 uv
dr, ¢

Next, we explore the space coordinates in Equation (27).
Let u =3, (i.e, the x coordinate)
d _ 96 p 08

2 “173v 2
dr, ¢ C,

(ui F31 + ul2 F32 + uf F33 + uf F34 + uf F35 )
Using (see Equation (3))
1 2 R
U =Cy, U = Cz71Ev U =1V
and tensor elements from the matrices in Equations (16)-(17), we get,

dp, _ g 1( Kk .. _C
_d_;:g 0171(_Ex)+cz71§ _;Ex +7/1V1y(_Bz)+7’1V1sz ,p:C_j

5 o
dL;:Z‘l_?{zclylEx +7, (¥ B)x}
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Since dz; =dt,/y, , we finally have,

2
dpy _ 95 2, + (%, <B) (28)
dtl Ce Cl g
The expressions for i = 4, 5 (ie, the y, z coordinates) are similar. Combining
them all,
dp_a¢ [o= 1o oo o
d—tll:? 2E+E(V1><B> P =My, (29)

Remember, C’ =Cf+C§/k2 :Cf(l+/12) where 1=C—2; 4=

Thus, we get,

dp q - 1, =
d—{:m{ZE+a(V1XB)}

In ref. [6], we proposed that g should be replaced by the effective charge,

N k? 1 1+ A7
q= 1+? q= 1+? QZTQ

So, if we start Equation (25) with the effective charge (, we will get the Lorentz

Force Equation as,

. _20= d (o =)\ = -

Case2: A'=r,

Here, we can use

dx* dx” .
P ufu,, =c; (see Equation (22)) (31)
dA, _ oA, dx”

“ =
dr, ox” dr,

e

g, Xx" =g

Transposing terms, we finally get from Equation (27),

du oA
i_guv[éﬂy_ yj:gqu

°dr, ¢ “lox* o) ¢, ° M (32)
dp., _ g

=—u,F
dr, ¢, ="

e e

We find that the space components of the above equation are exactly those in
Equation (29), and the expression for the Lorentz Force Equation is the same as
in Equation (30). See Appendix A for details of the calculation.

We can make a couple of comments here:

1) It is not clearly understandable what the meaning of the leftover factor 1/4?
is. However, if we define the interaction term of the action in Equation (24) as (4
is dimensionless),

,ﬁﬂdx#
c, di’ *
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the Equation (23) will not involve A* anymore.

2) The factor 2 in the first term of the right-hand side in Equations (29), (30),
unlike in the four-dimensional case, comes from the two components of the scalar
potential (see Equation (11)) and due to the specific ansatz for it in the definition
of the five-potential A,. To see how the formulations appear in four-dimensional
electrodynamics, taking the k — O limit is not meaningful, as & enters the for-

mulations both from the five-potential (see Equation (11)) and from the five-di-
d
mensional space-time structure due to @4 _ k . Similarly, ¢; enters the equations
2

of motion from the space-time structure, kinematics, and electrodynamic formu-

lations and thus presents a challenge to the limit ¢, — 0. Still, taking the limit

¢, > 0 provides more encouraging results as in this limit ¢, =c,. For example,

if we consider Equation (29) and take ¢, =C,, the Lorentz equation becomes
b
dt,

It is like the four-dimensional equation, except for the factor 2, which we can

= q{25+é(vl x E)}: P, =My,

attribute to the two scalar components of the five-potential. For the sake of illus-

tration, let’s investigate the definition of the effective charge,

- k? 1
§g :(1+7]q :(1+7jq

We should remember that p =c,/c, and has the same dimension as k. If we
c, >0 or k— 0 individually, we get one kind of result, and if we take the lim-
its simultaneously, we get another.

For k>0, §—>q.For ¢, >0, p—>0, ow.

For, p—>0 and k — 0 simultaneously,
k—zz = 2k = 2 =1 (akind of modified L'Hospital’s rule!). This applies to k , too.
pe 2p 2 p

This illustration stresses the need for extra caution when taking limits to derive
four-dimensional results from five-dimensional ones. However, we emphasize
that the additional A-dependent factor and the extra factor of 2 in the electric term
of the Lorentz force equation are features of the proposed ansatzes, and we note
that simply taking parameter limits does not fully recover the four-dimensional

expressions.

5. Electromagnetic Stress and Energy Density: The New
Formulation in the 2T + 3S Dimensions

The electromagnetic stress-energy tensor T*" is given by [16],

1 1
T =—{9"F ,F" +=g¢""F ,F¥ (33)
4TC {g af 4 g af }
Using the electromagnetic field-tensor elements from Section 3, we derive the

desired results after a tedious calculation. We define,
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X = g“F, F"
— aff
Y =F,F

We used the antisymmetric property of the field tensor and calculated the trace
to derive the expression for Y. We get,
ra

2
Y =2B? —2(1+k—2j E’
Yol

X11:E2.X22:

Finally, the Equation (33) gives

Tll 1 BZ 1__ 2
87:
TZZ :i BZ k_
8n 2
where, E?=E-E,B?=B-B (34)

Remember, in four-dimensional electrodynamics we have,

T 574 =8i{BZ+EZ}
T

It is not yet clear how we can aggregate 7' and 7** to provide a meaningful

interpretation.

6. Leading to the Quantum Formulations from the Classical
Field Theory

We have made a bold proposition in ref. [6] identifying the five-dimensional 2T
+ 3§ space with the Color-Space. We tied the extra time dimension to gluons mov-
ing at an invariant intrinsic speed . In ref. [6], we estimated values for ¢ from
the R-values in e* e~ collisions for & = 1 using a limit on A derived from the R-
values. In a separate paper, Elliott, Massarczyk and Zahir [18] used the five-di-
mensional Lorentz-invariance model of [1] developed in the 2T paradigm. They
also explored different experimental limits on A including Lorentz-violating pa-
rameters from the Standard-Model Extension.

In this paper, we take a classical approach to investigate the Lorentz Force
Equation and the electromagnetic energy density in the proposed five-dimen-
sional Color Space. However, the hadronic Color-Space dimension, about 107"
meters, warrants a formal quantum-mechanical treatment. Until such theoretical
work, beyond the scope of this paper, is completed, we cannot suggest any exper-
imental test of this theory related to the Color-Space.

7. Discussions and Conclusions

We investigated five-dimensional classical electrodynamics in 2T + 3S-dimen-
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sional spacetime. We derived the Lorentz Force Equation (LFE) in a covariant
Lagrangian formulation. After applying the effective-charge concept and the for-
mula given in Section 4, the LFE approaches the four-dimensional form. We do
not know how to explain the extra term 1/4* However, as outlined in the previous
section, we can address it by redefining the interaction term. We also note a factor
of 2 in the first term because the ansatz defines an extra component of the five-
potential. In Section 5, we calculated the electromagnetic energy density. How-
ever, it is unclear how to combine 7*! and 7*2 to interpret the result meaningfully.
Following the proposal in ref. [6], if we identify the 2T + 3S spacetime with the
hadronic Color-Space (107" meters), the classical approach in this paper requires
a quantum formulation. Once this quantum formulation is complete, we can ex-
perimentally verify the predictions. Further work remains for future studies. We
acknowledge that stability, causality, boundary conditions, and the quantum in-
terpretation of a second time dimension remain open questions beyond the scope

of this paper.
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Appendices
Appendix A

Next, as before, we explore the space coordinate of Equation (32).

Let u =3, (ie, the x coordinate)

dp; _ g 9/ 2 3 4 5
ﬁzc_ugFav =C_(ueF31 +Ug Py +U Py U Ry U Fss)
e

e e

Using items from Equation (10) and tensor elements from the matrix in (16), we

get,
dpex dpex q 1 k . C.
_E:_ at, 71e :g{clyle(_Ex)-'_CZ}/leE(_;EXJ+ylevly (_Bz)+7levlsz}'p:c_j
dp—“=£{2Ex+i(le|§) }
dt, ¢ "

C C
Since  p,, =m, (%), 71 =M, (%), 71— = Py, — , we finally have,
X X Cl Cl

2
dpﬁ:@{zg +2(%xB) }
d,  c G "

The expressions for g =4 and 5 (i.e, the x- and y-coordinates) are similar. Com-

bining them all,

— 2
%:@{zai(le g)}
TR

P =mVi7;

It is the same as the result for A'=7, (see Equation (29)). As before,

¢ =c?+c2/k? =2 (1+ A% ) where A = 2
e = C1 2/ l( ) Clk

1
¢z 1+4°
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Appendix B
I 1 lZ 1 _1_ 1
775( +2%7.1)7. 775( )7,
Lt (224t
A= ) o
—1ﬂe7e —iﬁen
o o
0 0
i 0 0
10 0 O
01 0 O
g=[g”]=[0 0 -1 0
00 0 -1
00 0 O
i _ A _
n_g(ld"ﬂzyel)}/e ﬂ_g(l_yel)}/e
(-7 %(/1”7;1)%
ATg= o o
1 A
__ﬂeye __ﬁe}/e
o o
0 0
I 0 0

Define M =A"gA.

We check some values of the elements of M using the Maple™ software in the

following output and confirm that

v

_iﬂe}/e 00
o
_iﬂe}/e 00
o
Ve 00
0 1
0 1]
0
0
0
0
-1
iﬂen 0 0
Mo
iﬂen 0 0
o
—7e 0 0
0 -1 0
0 0 -1

M=g
(1+—) G
Tl = 4
7
s 1+ -B+1 (1)
| —-B+1F
E=squt(1+17);
E=JT+1 @
1
L|1-— |6
I G-
£
e EU—{—F+1) -
J=B+1 (+1)
- BG
T3 = =2
B
=2 “
J=F+1 /I +1
8= TI-TI + I2-T2 — T3-T3;
2 2
s 2y oFaT) 2= V-F+1) 7 -
(=1} [241)  (—F+)E+1)° (—F+1)(E+1)
Simplify(S):
1 6)
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Legends: L=4,G=y,,E=7,B=4,

S=M, =1
1
> G =—F7;
sqrt(1 — B?)
1
Gi=— (7)
J =B 4
> T4:=L-T3;
4= L2 ®
J-B+1Jr+1
> §2:=T3-T3+ T4-T4— G-G,
2 2 332
[ T + g + i )

=l @ (=8 +1 (%1 = (=141
> 828 = Simplify(S2);

| B B
$28 = Simplify| — A -
implify B T (=B +1) (*+1) (=B+1)(F+1) o

> simplify(S2S);
Simplify(—1) b
$2=525=M,, =1

> simplify(S2); 1 a2
> simplify(S); 1 a3)

> §3:=TI-(=T3)+ 12-(—T4) + T3-G;
B G+2/-F+1)s _20-/-F+1)8
53 = = ; T T S
(—F+D)JTFT (=8 +1) (F+1) (=&+1) (F+1)
> simplify(S3);

2+ 5o

0 as)

G

> T5:= 5
B

s

P+ —-B+1
5= LAV =B+1 16)
J=B+1 (L*+1)
> 8§22 :=T2-T2+ T5-T5 — T4-T4;

822 == Lz(l—J—Bz+l)z_ vy + (L2+\/—Bz+1)Z an
(=B +1) (2+1) (=F+1)(P+1)  (=F+1)(F+1)
> simplifin(522);

1 as)
> 21 = T2-TI + T2-T5 — T3-T4
— GO+2y=F+1)t(1—y=F+1) p—
(=B +1) (P+1)°
+L(1—J—B2+1)(L2+J—BZ+1)_ BL
(=B +1) (F+1) (=B +1) (£ +1)
> simplify(S21);
0 20
> 8§31 = (—=T3)-TI + (—T4)-T2 + T3-G;
B (+2y=F+1)s8 2(il—y—BF+1)B
S31 == - 5 3 T 2 3./2 @n
(—B+1)JFr1 (=B+1)(+1) (=8 +1) (£ +1)
> simplify(S31);
0 @2)
>
S3=M;,; =0
$22=M,, =1
S21=M,, =0
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$31=M,, =0

Interestingly, the exact formulas for B and A (they involve & and ) were not

needed in the simplification steps to obtain the elements of M (ie., g).
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