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Abstract 
We developed a formulation of classical electrodynamics in the 2T + 3S di-
mensions without compactifying the extra time dimension. We found an ef-
fective electric charge defined by the ratio of the two distinct speeds of causal-
ity. We extended the concept to the hadronic Color-Space and postulated that 
the massless gluon was tied to the second time dimension, with an intrinsic 
speed different from the speed of light. We applied the theoretical formula-
tions to the e+e− → hadrons experiments and suggested a preliminary estimate 
of the gluon speed using the R- values. 
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1. Introduction 

Recently, Zahir [1] considered a two-time (characterized by distinct causality 
speeds c1 and c2) and three-space-dimensional Minkowski space (2T + 3S). He 
derived relativistic coordinate and velocity transformation formulas and expres-
sions for a new effective speed limit 2 2 2

1 2ec c c k= +  where k is a scale factor 
connecting the two times t1 and t2. If dimensions of t1, t2, and any of the space 
dimensions are denoted by T, t, and L, respectively, then dimensions of c1, c2, and 
k are LT−1, Lt−1, and Tt−1, respectively. We emphasize that although t1 and t2 are 
both “time-like” variables, this time (t1) is not the same as that time (t2). Previ-
ously, Velev [2] explored the formulations of coordinate and kinematic transfor-
mations in a detailed analysis of a flat space-time with extra time dimensions. 
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However, Velev [2] used the same speed of causality c for all time dimensions, 
including the extra ones. This at least creates one calculational problem – we can-
not take the limit for c assigned to the extra times to zero to get back the familiar 
four-dimensional (i.e., those of Einstein’s Special Theory of Relativity ([3] and 
references therein)) formulations in the Minkowski ([3] and references therein) 
space meaningfully. There was no way to distinguish one c from the other [2].  

In our familiar space-time structure, the extra time dimensions are not ob-
served, and thus, in all higher-dimensional physics, the idea of compactification 
has often been considered ([4] [5] and references therein). Zahir [1] also discussed 
compactification in a two-time-dependent Schrödinger-like equation with an in-
finite square-well potential. After compactifying the extra time dimension on a 
closed-loop topology with a period matching the Planck time, the solution gener-
ated interference among additional quantum states with ultra-short oscillation pe-
riods as well. Zahir [6] also considered compactification in another related work 
on the Klein-Gordon-type equation in 2T + 3S dimensions. Tyagi and Al-Shah-
ristani [7] developed the Dirac equations within Zahir’s paradigm but did not 
consider compactification of the extra time dimension. 

In this paper, we will explore the extension of classical electromagnetic fields in 
the 2T + 3S dimensions without compactification. We will investigate how Max-
well’s equations are modified, if at all, in the five-dimensional “Lorentz” covariant 
analysis and its possible implications. We will postulate a bold physical space-time 
environment defined by two times related to two interactions carried by two mass-
less intermediaries with two distinct speeds of causality. This is exactly the con-
ceptual framework on which Zahir [1] developed his two-time relativity. The out-
come will be intriguing as we relate it to experimental results from contemporary 
physics (see Sections 4 and 5). 

In Section 1, we introduce the concept of Zahir’s 2T paradigm [1] and a bold 
proposition of the Color Space (CS). In Section 2, the structure of the 2T +3S di-
mensional space is briefly reviewed. Section 3 is dedicated to developing formula-
tions of classical electrodynamics, modified Maxwell’s equations, and the concept 
of effective charge in the 2T + 3S dimensions following a covariant approach. In 
Section 4, we present and extend the concepts of the 2T paradigm in the Color 
Space, with the massless photon and gluon mediating two interactions that move 
at two intrinsic speeds of causality. In Section 5, we use the experimental R-values 
of the e+e− → hadrons collision to derive a possible value of the gluon speed con-
sidering the effective charge. Conclusions and discussions are presented in the last 
Section. 

2. Summary of the 2T + 3S Space-Time Structure 

As noted earlier, the different speeds of causality for times t1 and t2 are given by c1 
and c2. Thus, the space-time variables in the (2T + 3S) space are ( 1 1 2 2, , , ,c t c t x y z ). 
We consider Minkowski-like flat space with metric signatures (+, +, -, -, -) such 
that the invariant space-time interval ds is given by  
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2 2 2 2 2
1 2

2 2
1

2
2d d d d d ds c t c t x y z= + − − − . 

After a detailed calculation, Zahir [1] derived the 2T relativistic coordinate 
transformation for the reference frame Kʹ moving at a uniform speed relative to 
reference frame K. He considered the standard configuration, and the motion of 
Kʹ is along the x coordinate only, such that at t1 = 0 and t2 = 0, the coordinate axes 
of K and Kʹ coincide. Kʹ is moving with uniform velocities v and w defined with 
respect to times t1 and t2, respectively. So, if x0 is the coordinate of the origin of Kʹ 
with respect to K at any time, 

0

1

d
d
xv
t

= ; 0

2

d
d
xw
t

= ; 0 0 1

2 1 2

d d d
d d d
x x tw v k
t t t

= = ⋅ = ⋅ , where 1

2

d
d

tk
t

= . 

This implies that 1 2t k t= ⋅ . The expressions for coordinate transformations are 
given in equation box (1) below. For the full definition and expressions of the five-
dimensional proper time, five-velocities, five-momenta, and various invariant re-
lationships, see ref. [1]. 

( ) ( )

1 2 22 2 2 2
1

1 22 2 2 2

2 2 2 2 2

2 2 2 2 2 2 2 2 2 2
1 2 1 2 1 1

2 2

1 1

; ;
1 1 1 1

1 1

where ;  and we will use these variables later in the text

e e e

e e e e

e

xv xw xvt t t
c k c kcx vtx t t

v v w v
c c k c c

c c c k c c c k c

c c
c k k c

λ

ρλ ρ

− − −
−′ ′ ′= = = =

− − − −

= + = + = +

= = =

 

3. Electromagnetic Field Tensors in the 2T + 3S Dimension: 
The Modified Maxwell’s Equations 

3.1. The Electromagnetic Field Tensors 

We begin our work with the familiar antisymmetric electromagnetic field tensor 
Fµν as defined in terms of the scalar and vector potentials [8] [9],  
F A Aµν µ ν ν µ= ∂ − ∂ . In the 1T + 3S space-time (i.e., the four-dimensional Minkow-
ski space), the four components of Aµ are φ and A−  for the time component and 
three space components, respectively (we use bold notations (or with a bar on top) 
for three-dimensional vectors). In our 2T + 3S space-time, we need to propose an 
intuitive ansatz for the second component, A2, of the five-potential. Note that for 

the extra time dimension t2, we assumed 2 1
1t t
k

= ⋅ . For A2, we assume 2A h ϕ= ⋅  

with 1A ϕ=  and h is an unknown dimensionless parameter. We will see later 
what value for h will restore consistency with the familiar form of Maxwell’s equa-
tions. Therefore, 

1 2, , , , , , for 1,2,3,4,5, respectively.x y zA A A A h A A Aµ ϕ ϕ µ→ − → − − − =  

Out of 25 elements of the antisymmetric tensor Fµν , 10 are independent. We 
recall the following notations before proceeding to compute the 10 elements pre-
sented in Table 1. 
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1 2 3 4 5
1 1 2 2

1
2 1

2 2 2 1 1 1 2

, , , ,
d; using and
d

x c t x c t x x x y x z
tkk k c c

c t c t c t txµ µ ρ
ρ

= = = = =

∂ ∂ ∂ ∂
∂ = = = = =

∂ ∂ ∂∂

 

While deriving the tensor elements, our inputs are the components of Aµ, and 
we will define the traditional relations 1E A ϕ= −∂ −∇  and B A= ∇× . We 
could have used any other symbols in place of E and B (say, P and Q), and the 
resulting equations would involve P and Q. However, at the end, we will need to 
identify them as E and B to make the equations consistent with the familiar Max-
well’s equations. µF ν  can be represented in the matrix form (µ and ν are row and 
column indices respectively), 

 

11 12 13 14 15

21 22 23 24 25

31 32 33 34 35

41 42 43 44 45

51 52 53 54 55

µ

F F F F F
F F F F F
F F F F F
F F F F F
F F F F

F

F

ν

 
 
 
 


 

=




 (1) 

 
Table 1. Calculation of relevant elements of the field tensor Fµν . 

1) 
( )

12 1 2 2 1 21
1 1 2 2 1 1 1 1 1 1

h h k kF A A h F
c t c t c t c t c t
ϕ ϕ ϕ ϕ ϕ

ρ ρ
∂  ∂ ∂ ∂ ∂

= ∂ − ∂ = − = − = − = − ∂ ∂ ∂ ∂ ∂ 
 

2) 
( )13 1 3 3 1 31

1 1

1 using the traditional definitionx
x

AF A A E F
c t x

ϕ∂ ∂
= ∂ − ∂ = − − = = −

∂ ∂
 

Similarly, the other relevant tensor elements are derived below. 

3) 23 2 3 3 2 32
1 1

xk AF A A h F
c t x

ϕ
ρ
∂ ∂

= ∂ − ∂ = − − = −
∂ ∂

 

4) ( )14 1 4 4 1 41
1 1

1 using the traditional definitiony
y

A
F A A E F

c t y
ϕ∂ ∂

= ∂ − ∂ = − − = = −
∂ ∂

 

5) 24 2 4 4 2 42
1 1

yAkF A A h F
c t y

ϕ
ρ
∂ ∂

= ∂ − ∂ = − − = −
∂ ∂

 

6) 25 2 5 5 2 52
1 1

zk AF A A h F
c t z

ϕ
ρ
∂ ∂

= ∂ − ∂ = − − = −
∂ ∂

 

7) ( )15 1 5 5 1 51
1 1

1 using the traditional definitionz
z

AF A A E F
c t z

ϕ∂ ∂
= ∂ − ∂ = − − = = −

∂ ∂
 

8) ( )34 3 4 4 3 43using the traditional definitiony x
z

A AF A A B F
x y

∂ ∂
= ∂ − ∂ = − + = − = −

∂ ∂
 

9) ( )35 3 5 5 3 53using the traditional definitionz x
y

A AF A A B F
x z

∂ ∂
= ∂ − ∂ = − + = = −

∂ ∂
 

10) ( )45 4 5 5 4 54using the traditional definitionyz
x

AAF A A B F
y z

∂∂
= ∂ − ∂ = − + = − = −

∂ ∂
 

 
Later, we also need µ AF Aµ ν µν ν∂ − ∂= . It can also be derived directly from 

µF ν  as follows, F g F gαβ αν δβ
νδ=  (summation over repeated indices is under-

stood). µF ν  can also be represented in matrix form after doing the matrix mul-
tiplications using (2) and 
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1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

gαν

 
 
 

− 
 −
 − 

=



 

Finally, we get 
11 12 13 14 15

11 12 13 14 15
21 22 23 24 25

21 22 23 24 25
31 32 33 34 35

31 32 33 34 35
41 42 43 44 45

41 42 43 44 45
51 52 53 54 55 51 52 53 54 55

µ

F F F F F F F F F F
F F F F F F F F F F

F F F F FF F F F F
F F F F FF F F F F
F F F F FF F F F F

F ν

  − − −    − − −     = − −    − −   − −   

=



 

Restoring all values, we get the explicit expressions for the relevant elements of 
Fµν in Table 2. 

3.2. Deriving Maxwell’s Equations from the Electromagnetic Field 
Tensors in the 2T + 3S Dimension: The Covariant Approach 

First, we derive the homogeneous equations using the covariant form [5] [6], 

0F F Fλ µν λ µν λ µν∂ + ∂ + ∂ =  

Here, λ, µ, and ν are all different, with possible values (1, 2, 3, 4, 5) for each. It 
is worth noting that the field tensors Fµν are antisymmetric and thus the diagonal 
elements are zero. There are 60 nonzero equations that can be divided into 10 sets 
of 6 each. The members of each set are different permutations of the indices and are 
the same except for an overall sign. Since the right-hand sides of the equations are 
zero, the sign does not matter. There are 10 unique equations representing each set. 

We denote the sets as 
A: {λ, µ, ν}   {1, 2, 3} implying 1, 2, 3; 1, 3, 2; 2, 1, 3; 2, 3, 1; 3, 1, 2; 3, 2, 1 
B: {λ, µ, ν}   {1, 2, 4}   C: {λ, µ, ν}   {1, 2, 5}   D: {λ, µ, ν}   {1, 3, 4} 
E: {λ, µ, ν}   {1, 3, 5}   F: {λ, µ, ν}   {1, 4, 5}   G: {λ, µ, ν}   {2, 3, 4} 
H: {λ, µ, ν}   {2, 3, 5}   I: {λ, µ, ν}   {2, 4, 5}   J: {λ, µ, ν}   {3, 4, 5} 

 
Table 2. Elements of the field tensor Fµν. 

1) 12 21

1 1

kF h F
c t
ϕ

ρ
  ∂

= − = −  ∂ 
 

2) ( )13 31

1 1

1 using the traditional definitionx
x

AF E F
c t x

ϕ∂ ∂
= + = − = −

∂ ∂
 

3) 23 32

1 1

xk AF h F
c t x

ϕ
ρ
∂ ∂

= + = −
∂ ∂

 

4) ( )14
41

1 1

1 using the traditional definitiony
y

A
F E F

c t y
ϕ∂ ∂

= + = − = −
∂ ∂

 

5) 24 42

1 1

yAkF h F
c t y

ϕ
ρ
∂ ∂

= + = −
∂ ∂

 

6) 25 52

1 1

zk AF h F
c t z

ϕ
ρ
∂ ∂

= + = −
∂ ∂
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Continued 

7) ( )15 51

1 1

1 using the traditional definitionz
z

AF E F
c t z

ϕ∂ ∂
= + = − = −

∂ ∂
 

8) ( )34 43using the traditional definitiony x
z

A AF B F
x y

∂ ∂
= − + = − = −

∂ ∂
 

9) ( )35 53using the traditional definitionxz
y

AAF B F
x z

∂∂
= − + = = −

∂ ∂
 

10) ( )45 54using the traditional definitionyz
x

AAF B F
y z

∂∂
= − + = − = −

∂ ∂
 

 
The details of the calculations are given in Appendix A. We present the results, 
Three equations representing A, B, and C are identically zero. 
Three equations representing D, E, and F combine to give 

1 1

1 B E 0
c t
∂

+∇× =
∂

 

Three equations representing G, H, and I combine to confirm  
B A= ∇×  

The equation representing J gives, 
B 0∇ =  

Here we used the traditional relations, 
 1E A ϕ= −∂ −∇  (2) 

Next, we explore inhomogeneous equations involving sources. They can be de-
rived from the covariant form, 

4F Jµν ν
µ ′∂ = π  

Again, we need to make an ansatz regarding the second component of the 
charge-current five-vector J ν′ , 

 
where r is a dimensionless quantity (like h) that will be determined later. We will 
use the five-dimensional Lorentz condition 0Aµ

µ∂ =  to decouple the equations. 
For a full expression of the Lorentz condition in five dimensions, see Appendices 
B-D. 

1) 1ν =  
The corresponding equation is, 

 

1 1

11 21 31 41 51
1 2 3 4 5 0

2 2 2 1 1 1

0
2 2 1 1

02 2
1 1

4
4

Using the expressions in  , and 

1 4

E 4

yx z

F J
F F F F F

kk
c t c t c t

EE Ekh
c t c t x y z

k kh
c t

µ
µ

ρ

ρ
ϕ ρ

ρ
ϕ ρ

ρ ρ

′∂ =
∂ + ∂ + ∂ + ∂ + ∂ =

∂ ∂ ∂
= =

∂ ∂ ∂
∂  ∂  ∂∂ ∂

− − + + + =  ∂ ∂ ∂ ∂ ∂  
  ∂

− − +∇ =  ∂ 

π
π

π

π

Table 2



 (3) 
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2) 2ν =  

( )

( )

2 2

12 22 32 42 52
1 2 3 4 5 0

5 0
1 1

5

4

4

Using the expressions in  , simplifying and regrouping terms, we get see Appendix B ,

4

where is the five-dimensional d' Alembe

F J

F F F F F r

kh A r
c t

µ
µ

µ
µ

ρ

ϕ ρ
ρ

π ′∂ =

∂ + ∂ + ∂ + ∂ + ∂ = π

∂
− ∂ = π

∂

Table 2





( )

2 2 2
5 1 2

5 0

rtian and is given by, 

Using the five-dimensional Lorentz condition 0 , we get the decoupled equation,

4                                                      (4)

A

r
h

µ
µ

µ
µ

ϕ ρ

= ∂ ∂ = ∂ + ∂ −∇

∂ =

= π





 

We can get an interesting result if we substitute Equation (4) in Equation (3) 
and use Equation (2), in which items with a bar on top are three-dimensional vec-
tors corresponding to the space coordinates 3, 4, and 5. See the detailed calcula-
tions in Appendix C, and we get, 

( )1 04 1 rA
h

µ
µ ρ  −∂ ∂ = −


π 


 

Using the Lorentz condition 0Aµ
µ∂ = , we get, r h=  which simplifies Equa-

tion (4) to 

5 04ϕ ρ= π  (5) 

3) 3,4,5ν =  
3 3

3
13 23 33 43 53

1 2 3 4 5
1 1

1 1 2 2 1 1 1

2 2

4

4 4

Using the expressions in  ,

4

Combining the results for 4 and 5, and using 

x

yx x xz

F J
JJF F F F F

c c

BE A JBk h
c t c t c t x y z c

k
c t

µ
µ

ϕ
ρ

ν

′∂ = π

∂ + ∂ + ∂ + ∂ + ∂ = π = π

∂ ∂ ∂ ∂∂ ∂
− + + + − = π ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂
= =

∂

Table 2

2 1 1 1

1 1 1 1 1 1 1

A E JB 4

k
c t c t

k k h
c t c t c t c

ρ

ϕ
ρ ρ

∂
=

∂ ∂
 ∂ ∂ ∂

+ ∇ +∇× − = π ∂ ∂ ∂ 

 

Using 1E A ϕ= −∂ −∇  in the equation above, we get, 

 ( )
2

2
1 1 1 1 1

E JB 1 4k k kh
c t c t c

ϕ
ρ ρρ

   ∂ ∂
∇× − + + − ∇ = π   ∂ ∂  

 (6) 

In Equation (6), we substitute B A= ∇×  and expand A∇×∇×  as usual. 
Using Equation (2) and the five-dimensional Lorentz condition ( 0Aµ

µ∂ = ), 
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we get, 

 5
1

JA 4
c

π=  (7) 

It is a decoupled equation as in four-dimensional electrodynamics. See Appen-
dix D for the detailed calculation. We can also derive the continuity equation by 
applying ∇  on both sides of Equation (6), and using Equation (3) and Equation 
(5) and simplifying the tedious calculations (see Appendix E), 

we get, 

 
It is worth noting that, so far, we have derived one condition: r = h. However, 

if we set, 

kh
ρ

=  

the Equations (3) and (6) become more like the familiar four-dimensional ones, 

 0E 4 ρ∇ ⋅ = π  (9) 

 
2

2
1 1 1

E JB 1 4k
c t cρ

  ∂
∇× − + =  ∂ 

π  (10) 

Equation (7) remains unchanged. Let us explore Equation (8). 

 
( )1 0 2 0

1
2 2

0 0 0
2 2

1 1 1

J 0

J J 1 0

h
c

k k
t t t

ρ ρ

ρ ρ ρ
ρ ρ

∂ + ∂ +∇ =

 ∂ ∂ ∂
+ +∇ =∇ + + = ∂ ∂ ∂ 



 

 (11) 

Here we used again 
2 2 2 1 1 1

kk
c t c t c tρ
∂ ∂ ∂

= =
∂ ∂ ∂

 and kh
ρ

=        

Let us define 
2 2 2

0 0 2 2 21 ;E E 1 ; 1k k kρ ρ ϕ ϕ
ρ ρ ρ

     
= + = + = +     

     


   

Then, the Equations (5), (9), (10), and (11) can be rewritten as, 
 

5 04ϕ ρ= π 
  

0E 4 ρ∇ = π


  

1 1 1

E JB 4
c t c
∂

∇× − = π
∂



 0

1

J 0
t
ρ∂

∇ + =
∂


  

 
If we integrate 

0

1

J 0
t
ρ∂

∇ + =
∂


  

over the space volume, we get, 

https://doi.org/10.4236/jmp.2026.179050


S. Zahir 
 

 

DOI: 10.4236/jmp.2026.179050 1141 Journal of Modern Physics 
 

2

0 02
1 1

J d d 1 dkv v v
t t

ρ ρ
ρ

 ∂ ∂
∇ = − = − + ∂ ∂ 
∫ ∫ ∫
  

2

2
1 1

J d 1 k q qs
t tρ

  ∂ ∂
= − + = −  ∂ ∂ 

∫






 

where 
2

21 kq q
ρ

 
= + 

 
  

In summary, the new formulations are very similar to the corresponding Max-
well’s equations in four dimensions. The effect of the extra time dimension (albeit 
subject to the various ansatzes) is that it gives us an effective electric charge, 

 
2

2 2
11 1kq q q

ρ λ
   = + = +   

  
  (12) 

In addition, the wave equations, the continuity equation, and the Lorentz con-
dition are extended to five dimensions. We will use these theoretical results in the 
context of a new, intriguing proposal regarding two-time physics with different 
speeds of causality. We present it later in Sections 4 and 5. 

4. Conceptualizing the Segmented Space-Time of Photons 
and Gluons: A Bold Proposition 

In [1], Zahir presented a conceptual framework for a 2T + 3S-dimensional 
spacetime in which two interactions are mediated by two massless particles mov-
ing at two distinct speeds of causality, c1 and c2. Applying the principles of the 
Special Theory of Relativity (STR) to the expanded space-time, we can formulate 
it in terms of the following “gedanken” scenarios [1].  

Let us denote the interactions as I-1 and I-2. First, we turn off interaction I-1 
and consider a space-time structure with 1T + 3S dimensions, where interaction 
is carried by a massless particle moving with speed c1 (i.e., the speed of causality). 
Therefore, the space-time transformations (think STR) between inertial reference 
frames will be the Lorentz transformations ([10] and references therein) with 

0 1v cβ = . Then, we turn off interaction I-1 and turn on interaction I-2, which 
will be mediated by a massless particle moving with speed c2 that will be the new 
speed of causality (it does not have to be equal to c1 because it has no knowledge 
of interaction I-1, as we turned it off). Therefore, now the 1T + 3S dimensional 
space-time transformations between inertial reference frames will be Lorentz 
transformations with 20 v cβ = . Finally, we turn on both interactions I-1 and I-
2 carried by respective massless particles. The plausible space-time structure has 
to be 2T + 3S dimensional, where time t1 will be “influenced” by the speed of cau-
sality c1, and time t2 will be “influenced” by the speed of causality c2. Zahir’s [1] 
two-time paradigm was based on this conceptual framework, and in this paper, 
we extend this further. 

In the previous sections of this paper, we formulated Maxwell’s equations in 2T 
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+ 3S dimensions. We introduced a five-dimensional electromagnetic field tensor 
that utilized a five-dimensional potential and a five-dimensional current density. 
We presented two ansatzes for the extra component of the potential (i.e., A2) and 
for the extra component of the current density (i.e., 2J ′ ). As with many higher-
dimensional models in physics ([4] [5] and references therein), we will not com-
pactify the extra time dimension; instead, we will explore the idea by applying it 
to a real physical space-time domain—the constituent space within hadrons. 

Hadrons are made up of quarks that interact via gluons, as described by the 
well-developed non-Abelian quantum gauge theory known as Quantum Chromo-
dynamics (QCD) ([11] and references therein). Among all particles of the Stand-
ard Model (SM), quarks and gluons have a unique property called the color charge. 
Quarks also carry electric charge and participate in the electromagnetic and weak 
interactions [11]. However, the colored particles (quarks and gluons) have not 
been observed in isolation and are believed to be confined within hadrons, which 
have a physical size of about 10−15 m. We may refer to this ultra-small space as the 
Color-Space (CS). Without going into the complex technical details, we recom-
mend an excellent essay by Chaichian and Nishijima [12] on color confinement 
for a clear, easy-to-understand explanation of the concept.  

There are a few theoretical approaches to explain the color-confinement phe-
nomenon: a) the lattice gauge theory-based approach that argues for a confining 
linear potential between a colored quark and an anti-quark [13] [14]; b) an ap-
proach based on “coherent superposition of magnetic monopoles in the vacuum 
state” [11] forming a hadronic string whose energy is proportional to the distance 
between them [15]-[17]; c) consideration of a topological structure in the state-
vector space that utilizes the Becchi-Rouet-Stora (BRS) invariance [18] [19] in 
combination with the idea of asymptotic freedom of QCD [20] [21]. 

The theoretical development of particle physics relating to the colored particles 
(hence about the Color-Space (CS)) has been accomplished under the assumption 
that the CS is just a natural extension of the four-dimensional (1T + 3S dimen-
sional space-time) Minkowski space as defined by Einstein’s Theory of Special 
Relativity (STR) and Lorentz invariance [3] asserted by “photonic dominance”. 

By “photonic dominance”, it is implied that the speed of light is the same in all 
inertial reference frames; it is not possible to exceed the speed of light, and the 
light quantum photon is massless. Any other massless particle must move at the 
speed of light. The SU (3) symmetry of QCD is unbroken, and gluons are massless. 
Therefore, under the “photonic dominance”, free gluons (if any) would also move 
with the speed of light (c1). However, in this paper, we assume that a massless 
gluon can move at its intrinsic speed c2 ( 2 1c c≠ ). Thus, we would extend the 2T + 
3S space-time concept introduced earlier in this paper into the Color-Space (CS), 
where the gluon will be tied to the second time dimension. With an extra time 
dimension, gluons allow an additional channel of information exchange, with 
their own distinct speed of causality, in parallel with photons. This conceptual 
scenario matches the one discussed earlier (see Zahir [1]) as a 2T + 3S-dimen-
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sional space-time, with the two times each having a distinct speed of causality. In 
this paper, we take a bold, speculative step and explore the possibility that the 
space-time structure of the CS (i.e., the Color-Space) has a 2T + 3S-dimensional 
configuration, with the speed of causality along the second time dimension being 
the speed of gluons. 

We discussed formulations of classical electrodynamics in Section 2. However, 
the physical size of the CS requires a quantum-theoretical formulation to be 
meaningful. As the quarks also interact electromagnetically, in this scenario, both 
QED and QCD require reformulations in the 2T + 3S dimensions. In addition, 
understanding how color confinement techniques and the theory of asymptotic 
freedom will manifest in the two-time paradigm will require further theoretical 
developments.  

Color is related to the internal symmetry (i.e., the SU (3) gauge group), but 
confinement is a space-time-related concept. Asymptotic Freedom [20] [21] is a 
product of QCD and is influenced by the SU (3) group parameters. When the 
running coupling is calculated, it is assumed that the CS is just an extension of the 
four-dimensional Minkowski space and is subject to the four-dimensional special 
theory of relativity. In this paper, we are assuming that the CS influencing the 
space-time structure is expanded to a five-dimensional one (i.e., a 2T + 3S para-
digm) with distinct speeds of causality c1 and c2 ( 2 1c c≠ ). c1 is linked to the mass-
less photon, and c2 is linked to the massless gluon. For the 2T modification of 
classical electrodynamics, we already noted that we needed to incorporate the ex-
tra components A2 in the potential Aµ and J2 in the five-current Jµ through a couple 
of ansatzes. For the proposed five-dimensional Dirac equation, Tyagi and Al-
Shahristani [4] had to incorporate an extra γ matrix. They also suggested A1 = φ/c1 
and A2 = kφ/c2 giving A2/A1 = k/ρ. For comparison, we suggest that, after a rigor-
ous process, A1 = φ and A2 = (k/ρ)φ. In five-dimensional QCD, we will also need 
extra components for the gluon fields – eight of them in total for matching the SU 
(3) requirements. These are just some preliminary comments, but we consider 
theoretical work on developing a full version of five-dimensional QED and QCD 
to be beyond the scope of this paper and leave it to future research. Instead, we 
will pursue a simpler approach as presented in the next section.  

While proposing that massless gluons travel with an intrinsic speed c2, different 
from the speed of light, c1, we do not expect any experiments to determine the 
gluon speed within the physical size of CS, as was done for light in the space exte-
rior to CS. However, the gluon’s speed will appear in five-dimensional relativistic 
space-time, in energy-momentum transformations, in theoretical formulations, 
in field transformations, in gauge interactions, and in various symmetry relations. 
The physical quantities derived from such theories of fundamental interactions 
formulated in five dimensions will offer opportunities to experimentally test their 
validity.  

In the previous sections, we explored the impact of the extended two-time five-
dimensional space-time on classical electrodynamics. We have noticed that the 
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five-dimensional Maxwell’s equations are very similar to the familiar four-dimen-
sional ones. However, as noted earlier, the wave equations, the continuity equa-
tion, and the Lorentz condition are extended to five dimensions. The theoretical 
formulations suggest that the charge should be replaced by an effective charge q
(see Equation (12)). Since the classical electrodynamics in five dimensions (2T) 
presented earlier in this paper does not produce any serious modification, the five-
dimensional QED may not produce something very different, as the proposed ex-
tensions of the Dirac equation [7] indeed look familiar. Even if there are some 
changes in the theoretical formulations, we expect them to cancel in the ratio (see 
Equation (13) in the next section), as electrons, muons, and quarks are all fermi-
ons that satisfy Dirac-like equations. We will show in the next section how we can 
meaningfully explore the consequences of the effective charge without having a 
formal two-time version of QED and QCD.  

5. The Effective Charge and Implications for e+e− → Hadrons 
Collision Results 

The diagrammatic representation of the electron and positron annihilation into a 
quark and anti-quark pair that eventually evolves into hadrons is given below in 
Figure 1. The gluon is included to show possible higher-order QCD processes. 
 

 
Figure 1. e+e− → quark + anti-quark plus gluon. 
(source: https://handwiki.org/wiki/Physics:Gluon). 

 
In four-dimensional QED and QCD, the well R-value is defined as  

 
( )
( )

( )2
e e hadrons

3 1
e e

s
f

f
R e

sσ

σ µ µ
α+ −

+ − + − π

→  
= = + + 

→  
∑    (13) 

The summation is over the number of quark flavors accessible at the given cen-
ter-of-mass energy ( s ). ( )s sα  is the running coupling constant of QCD [22]. 
The denominator as calculated in QED (masses ignored in the high-energy limit) 
is given by, 

 ( )
24e e ,  is the fine structure constant and is the

3
electric charge of quark flavour in fundamental unit of charge.

fe
s

f
µµ

ασ σ µ µ α+ − + −= → =
π

 

First, we want to stress that the quark vertex in Figure 1 relates to the Color 
Space (quark carries color and electric charge) and therefore, following the argu-
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ments presented earlier in this paper, may be under a 2T + 3S configuration 
because of the presence of gluon and photon having distinct speeds. In the re-
mainder of this section, we assume that the expressions of the cross-section cal-
culations will not be modified and will only consider the impact of the effective  

charge 
2

21 kq q
ρ

 
= + 

 
  (see Equation (12) in the previous section). The α2 factors 

in the numerator and denominator are canceled in Equation (13). However, we 
can restore the effect of q as follows. From Equation (13), we have, 

( ) ( )
24e e hadrons e e

3
R R

s
ασ σ µ µ+ − + − + −= =
π

→ →   

To incorporate the effective charge, we modify as, 

( ) 4e e hadrons
3

R
s
αασ + − π

→ →


  

Because, 

( )
2 2

2
2 2 2

1

11 1 ; ; ck kq q q
c k

η η λ
ρ ρ λ

 
= + = + = = = 

 
  

( )21α α η= +  

So, the modified R (call it R ) is 

 ( )21R R η= +  (14) 

Experimental values of R are not much different from the theoretical expression 
on the right-hand side of the Equation (14). So, we assume, 1η  , 1λ   

Therefore, 

( ) ( )21 1 2R R Rη η= + ≈ +  

and 

R R R= + ∆  
22 2R R Rη λ∆ ≈ =  

Aside from the effective-charge issue, even in the one-time paradigm, the value 
of R depends on the collision’s center-of-mass energy. As energy increases, allow-
ing heavier quark production, the sum of the squared charges changes. 
 Low Energy ( s  ~2 GeV - 3.5 GeV): If only u, d, s quarks are produced, we 

have, 
2 2 22 1 1 63 3 2 QCD corrections

3 3 3 9
R

        = + − + − = = +                 
 

 Intermediate energy ( s  > ~4 GeV): If a charm quark is added, 
26 2 103 3 3.33 QCD corrections

9 3 9
R

    = + = ≈ +         
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 High energy ( s  > 10 GeV): Include production of b quarks, 
210 1 113 3 3.67 QCD corrections

9 3 9
R

    = + − = ≈ +         
 

The above numbers are theoretical (call them Rtheo, and the experimental values 
closely match them. If we have the experimental value, 

exp expR R ε= ±  

R is the central value and expε is the experimental error. If we can express the 
central value as, theoR R δ= + , i.e., δ  is part of the experimental central value 
exceeding the theoretical value. 

Matching R  with R , we have 

theoR R=  and Rδ = ∆  

Or, 

2
2

theoR
δ

λ
=  

Or, 

2 2 theoRλ
δ

=  

 2 theoRλ
δ

=  (15) 

This allows us to test the validity of the concept of a two-time paradigm in Color 
Space, yielding an experimental value for λ, which measures the ratio of the 
gluon’s intrinsic speed to the speed of light. It is worth noting that the numerator 
and the denominator depend on energy s , but the ratio should not, as λ is a 
constant. 

Examples: 
In ref [23], R-values from the experiments performed with the KEDR detector 

at the collider VEPP-4M are presented in the energy range of = 1.84 – 3.88 GeV. 
The cross section for annihilation to hadrons was measured at 22 points. Using 
the numbers from table 14 in [23], we obtain the perturbative QCD-based predic-
tion (which they call RQCD in the Table): Rtheo = 2.17 ( s , 2 - 4 GeV). We presume 
the authors in [23] have included all higher-order QCD corrections. But it is un-
known. This number assumes low energy and three flavors (u, d, s). The experi-
mental value for R  is 2.21. Therefore δ = 0.04. This gives an estimate for λ (see 
Equation (15)), 

2

1

2 2 2.17 10;
0.04

theoR c
c k

λ λ
δ

×
= = ≈ =  

Thus, the gluon’s speed can be 10 times the speed of light only if k ≈ 1!  
In an earlier paper [24], R-values based on electron-positron collision data were 

collected with the BESIII detector operating at the Beijing e+e− Collider II storage 
rings and measured at 14 center-of-mass energies from 2.2324 to 3.6710 GeV. The 
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resulting uncertainties are less than 3.0% and are dominated by systematic uncer-
tainties. Taking the average of the 14 R-values from Table 2 [24], we get the ex-
perimental value for R  is 2.33. Using the same number for the perturbative 
QCD-based prediction, Rtheo = 2.17 ( s , 2 - 4 GeV) [23], we obtain δ = 0.16. This 
gives an estimate for λ, 

2 2 2.17 5.2
0.16

theoRλ
δ

×
= = ≈  

Thus, the gluon’s speed can be 5 times the speed of light only if k ≈ 1!  
We emphasize that k is a scale factor and its value is unknown. So, an estimate 

of λ only gives us an idea of the gluon speed as a multiple of the speed of light, and 
is subject to the actual value of k, which is unknown. 

We presented these example calculations for illustration only. A thorough, ex-
tensive analysis of data over a broad range of center-of-mass energy is required 
for an in-depth and convincing conclusion. We need to ensure that all higher-
order QCD corrections are included in the theoretical values of the QCD running 
coupling constant, that quark mass threshold effects are accounted for, and that 
experimental systematic errors are excluded from the analysis. 

The inclusion of higher-order corrections may not increase αs, since some co-
efficients are negative. (https://ccwww.kek.jp/pdg/2007/reviews/qcdrpp.pdf equa-
tion (9.12)) 

( ) ( ) ( )2 3

QCD 1.409 12.8s s sQ Q Qα α α
δ

   
≈ + − +   

   π π π
  

6. Discussions and Conclusions 

In the preceding sections of this paper, we explored a new formulation for classical 
electrodynamics in the 2T + 3S dimensions. The five-dimensional Maxwell’s 
equations are very similar to the ones in 1T + 3S dimensions. In the two-time 
paradigm, the wave equations, the continuity equation, and the Lorentz (gauge) 
condition naturally emerge as five-dimensional. In addition, we found an effective 
charge q . However, it is worth noting that these formulations were derived based 
on a couple of ansatzes – one for the extra potential A2 and one for the extra com-
ponent of the charge-current. Then, we extended the concept of two-time with 
distinct speeds of causality to the hadronic Color-Space (CS) populated by color-
charged particles - quarks and gluons. We made a bold proposition that the extra 
time dimension is tied to a massless gluon moving at an intrinsic speed c2, distinct 
from c1, the speed of light. Next, we explored the R–values of e+e− → hadrons col-
lisions in terms of the effective charge. The experimental values of R are found to 
exceed the theoretical ones even with the QCD corrections. This led us to an esti-
mate of the gluon speed as a multiple (>1) of the speed of light. We presented the 
analysis as an illustration of the proposed concept. Further investigation of data 
over an extended range of the center-of-mass energy of the collider experiments 
is required to confirm the new conceptual space-time configuration in the 2T + 
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3S dimensions. Since we propose that the 2T paradigm applies to the CS, we ex-
pect that any estimate of λ would be very small from experiments probing outside 
the CS. 

While Minkowski space-time is flat, in General Relativity [25], it is curved due 
to the presence of matter and energy. What we are proposing here is a new concept 
in which flat space-time may be affected by the presence of color through the ad-
dition of an extra time dimension with a distinct speed of causality, identified with 
the speed of gluons in Color-Space (CS). 

The CS is already enigmatic because of the confinement phenomenon and its 
conceptualization as a two-time paradigm characterized by the speed of gluons 
(c2) and the speed of light (c1) (with 2 1c c≠ ) may add an extra feature to it. It can 
be interpreted as a kind of segmentation of space-time - the Color Space and the 
one exterior to it. We may enquire whether there can be a space-time phase tran-
sition from one to the other. To find an answer, we need further theoretical devel-
opments to determine whether the phase transition is of Type I or Type II and 
what the order parameter is. This will raise a new question about whether any 
latent energy is involved. Whether this energy can provide any clues about the 
cosmological evolution of the Universe is unknown. After all, matter was formed 
in the early stage of the Universe via hadronization when quarks (and gluons) 
became confined within the Color-Space. Our conceptual proposition and the 
preliminary results from the R-value analysis may even influence how we interpret 
data from heavy-ion collisions to explain the dynamics of the quark-gluon plasma 
(QGP).  

Before we conclude, it is worth mentioning some of the 2T physics research that 
has been appearing in the literature over the last two decades. Outlining a novel 
gauge symmetry principle, Bars [26] stressed the need for a 2T paradigm to de-
velop a new formulation of physics in space-time to explain “phenomena de-
scribed by one-time physics in 3 + 1 dimensions appear as various ‘shadows’ of 
the same phenomena that occur in 4 + 2 dimensions with one extra space and one 
extra time dimension (more generally, d + 2)”. Previously, Bars [27] further em-
phasized, “Thus, in the 2T setting, the distinguished 1T which we call ‘time’ is a 
gauge-dependent concept.” In the same article [27], Bars also claimed that “2T-
physics has mainly been developed in the context of particles, including spin and 
supersymmetry, but some advances have also been made with strings and p-
branes, and insights for M-theory have already emerged.” The 2T paradigm we 
dealt with in this paper is much simpler – a 2T + 3S-dimensional flat space with 
two distinct speeds of causality that more closely reflect reality. However, two-
time physics has faced conceptual and theoretical challenges as well. Some re-
searchers ([28] and references therein) have discussed some technical/mathemat-
ical issues “on determinism and well-posedness in multiple time dimensions” in 
reference to the initial value problem “due to failure of uniqueness”. How such 
matters may impact the 2T paradigm of this research is unknown, and we leave 
them as topics for future research. 
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Appendix A 

The homogeneous equation is given by, 

0F F Fλ µν λ µν λ µν∂ + ∂ + ∂ =  

Consider set A for 1λ = , 2µ = , 3ν = . 

1 23 2 31 3 12 0F F F∂ + ∂ + ∂ =  

 1 2 3
1 1 1 1 1 1

1 0x xA Ak kh h
c t x c t x c t

ϕ ϕ ϕ
ρ ρ

    ∂ ∂  ∂ ∂ ∂
∂ − − + ∂ + + ∂ − =      ∂ ∂ ∂ ∂ ∂      

 (A.1) 

Remembering, 

2 1
2 2 2 1 1 1 1 1

,kk
c t c t c t c tρ
∂ ∂ ∂ ∂

∂ = = = ∂ =
∂ ∂ ∂ ∂

 and 3 x
∂

∂ =
∂

 

the left hand side of (A.1) is equal to zero as the terms cancel. 
Consider set B for 1λ = , 2µ = , 4ν = . 

1 24 2 41 4 12 0F F F∂ + ∂ + ∂ =  

 ( )
1 1 1 1 2 2 1 1

0y
y

Ak kh E h
c t c t y c t y c t

ϕ ϕ
ρ ρ
∂     ∂ ∂ ∂ ∂ ∂

− − + − + − =    ∂ ∂ ∂ ∂ ∂ ∂    
 (A.2) 

The terms containing h  cancel. After simplifying and regrouping terms and 

using 
2 2 2 1 1 1

kk
c t c t c tρ
∂ ∂ ∂

= =
∂ ∂ ∂

, we get 

( )
1 1 1 1 1 1

0y
y

Ak k E
c t c t y c t

ϕ
ρ ρ
 ∂ ∂ ∂ ∂

− − + − =  ∂ ∂ ∂ ∂  
 

The term in the parenthesis is nothing but yE  and thus the left hand side (A.2) 
is just zero. 

Similarly, the equation corresponding to set C for 1λ = , 2µ = , 5ν =  is also 
identically zero.  

Next, consider the equation corresponding to set D for 1λ = , 3µ = , and 
4ν = . 

( )
1 34 3 41 4 13

1 1

1 1

1 1

0

0

0

E 0

y xz

y xz

z
z

F F F
E EB

c t x y
E EB

c t x y
B

c t

∂ + ∂ + ∂ =

∂ − ∂∂
− + + =

∂ ∂ ∂
∂ ∂∂

+ − =
∂ ∂ ∂
∂

 + ∇× = ∂

 

Similar equations are obtained from set E (y component) and F (component x). 
These three equations combine to give, 

1 1

B E 0
c t
∂

+∇× =
∂

 

Next, we consider the equation related to the set G, 
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2 34 3 42 4 23 0F F F∂ + ∂ + ∂ =  

 ( )
2 2 1 1 1 1

0y y
z

A Ak kB h h
c t x c t y y c t x

ϕ ϕ
ρ ρ
∂ ∂   ∂ ∂ ∂ ∂ ∂

− + + + − − =   ∂ ∂ ∂ ∂ ∂ ∂ ∂   
 (A.3) 

The terms containing h  cancel. After simplifying and regrouping terms and 

using 
2 2 2 1 1 1

kk
c t c t c tρ
∂ ∂ ∂

= =
∂ ∂ ∂

, we get, 
1 1

y xz A AB
t t x y

∂ ∂∂ ∂
= − ∂ ∂ ∂ ∂ 

, implying, 

Ay x
z z

A AB
x y

∂ ∂
 = − = ∇× ∂ ∂

 

Similar expressions follow from the equations that represent the sets H (y-com-
ponents) and I (x-components). 

Combining them all, we get, 

B A= ∇×  

Appendix B 
12 22 32 42 52

1 2 3 4 5 04F F F F F rρ∂ + ∂ + ∂ + = π∂ + ∂  

1 1 1 1 1 1

0
1 1 1 1

1 1

4

x

y z

Ak kh h
c t c t x c t x

A Ak kh h r
y c t y z c t z

ϕ ϕ
ρ ρ

ϕ ϕ ρ
ρ ρ

   ∂ ∂ ∂ ∂ ∂
− + − −    ∂ ∂ ∂ ∂ ∂    

∂   ∂∂ ∂ ∂ ∂
+ − − + − − =   ∂ ∂ ∂ ∂  

π
∂ ∂

 

2 2 2 2 2 2

2 2 2 2 2 2 2 2 2
1 1 2 2 2 2

0
1 1 1 1

1 1 1

1 4yx z

h h h
c t x y z c t c t

AA Ak r
c t c t x y z

ϕ ϕ ϕ ϕ ϕ ϕ

ϕ ρ
ρ

 ∂ ∂ ∂ ∂ ∂ ∂
− − − + − ∂ ∂ ∂ ∂ ∂ ∂ 

 ∂ ∂ ∂∂ ∂
− + + + =  ∂ ∂ ∂ ∂ 

π
∂ 

 

We added and subtracted a term 
2

2 2
2 2

1h
c t

ϕ∂
−

∂
 which can also expressed as 

( )
1 1 2 2

1 hk
c t c t

ϕ
ρ

∂ ∂
−  ∂ ∂ 

 

After regrouping, we finally get, 

( )

2 2 2 2 2

2 2 2 2 2 2 2
1 1 2 2

0
1 1 1 1 2 2

1 1

1 1 4yx z

h
c t c t x y z

Ah A Ak r
c t c t c t x y z

ϕ ϕ ϕ ϕ ϕ

ϕϕ ρ
ρ

 ∂ ∂ ∂ ∂ ∂
+ − − − ∂ ∂ ∂ ∂ ∂ 

 ∂∂ ∂ ∂∂ ∂
− + + + + =  ∂ ∂ ∂ ∂ ∂ ∂ 

π
 

 

( )5 0
1 1

4kh A r
c t

µ
µϕ ρ

ρ
∂

− ∂ = π
∂

  

Appendix C 

From Equation (3) we have, 

02 2
1 1

E 4k kh
c t
ϕ ρ

ρ ρ
  ∂

− − +∇ =  ∂
π


  
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2 2
1 2 0E 4kh ϕ ϕ ρ

ρ
− ∂ + ∂ ∇ = π+   

 2 2 2 2
1 1 1 2 0E 4kh ϕ ϕ ϕ ϕ ρ

ρ
− ∂ − ∂ + ∂ + ∂ +∇ π=  (C-1) 

From Equation (4), we have, 

5 04 r
h

ϕ ρπ=  

2 2 2
1 2 04 r

h
ϕ ϕ ϕ ρ∂ + ∂ −∇ = π  

Using the above expression, (C-1) becomes 

( )2
1 01 E 4 1k rh

h
ϕ ϕ ρ

ρ
   − + ∂ +∇ +∇ = − 


π

 
  

Remember 1E Aϕ= −∇ −∂ , and using it in the above expression, we get, 

( )2
1 1 01 A 4 1k rh

h
ϕ ρ

ρ
   − + ∂ − ∂ ∇ = −  

  
π  

{ } ( )1 1 1 2 2 0 2 1A 4 1 note ,rA A A h A
h

ρ ϕ ϕ −∂ ∂ + ∂ +∇ = − = =


π 


  

{ }1 04 1 rA
h

µ
µ ρ  −∂ ∂ = −


π 


 

Appendix D 

( )
2

2
1 1 1 1 1

E JB 1 4k k kh
c t c t c

ϕ
ρ ρρ

   ∂ ∂
∇× − + + − ∇ =   ∂ ∂

π
 

 

Using 

1 1

1 AE
c t

ϕ∂
= − −∇

∂
 and B A= ∇×  

we get, 

( ) ( )

( )

2
2

2 2 2
1 11 1

1 1 1

AA A 1

J4

k
c tc t

k kh
c t c

ϕ
ρ

ϕ
ρ ρ

 ∂ ∇  ∂ −∇ +∇ ∇ + + +   ∂∂   
  ∂

+ − ∇ = 


π
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

 

( ) ( )

( ) ( )

2 2
2

2 2 2 2
1 1 1 11 1

2

2
1 1 1 1 1

AA 1

J4

k k
c t c tc t

k kh
c t c t c

ϕ ϕ
ρ ρ

ϕ ϕ
ρ ρ

∂ ∇ ∂ ∇  ∂
−∇ + + + +  ∂ ∂∂ 

∂ ∇ ∂ ∇
+ − =

∂
π

∂

 

Cancelling similar terms, and regrouping, we get 

( ) ( ) ( )
2

2
2 2 2

1 1 1 1 11 1

A JA 1 A 4k kh
c t c t cc t

ϕ ϕ
ρρ

 ∂ ∇ ∂ ∇   ∂   −∇ + + + + +∇ ∇ =     ∂ ∂∂     
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 
  
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( )2
2 2 2 2

1 1 2 2 11 1 2 2

A A JA A 4
h

c t c t cc t c t
ϕϕ ∂  ∂ ∂ ∂

+ −∇ +∇ + +∇ =   ∂ ∂∂ ∂   
π  

( )5
1

JA 4A
c

µ
µ+∇ ∂ π=  

Using the Lorentz condition 0Aµ
µ∂ = , we get, 

5
1

JA 4
c

π=  

Appendix E 

We can derive the well-known continuity equation for any value of h by examin-
ing Equation (6). 

( )
2

2
1 1 1 1 1

E JB 1 4k k kh
c t c t c

ϕ
ρ ρρ

   ∂ ∂
∇× − + + − ∇ =   ∂ ∂

π
 

 

Applying ∇  on both sides of the equation above, 

 
( ) ( )

2
2

2
1 1 1 1 1

E J1 4k k kh
c t c t c

ϕ
ρ ρρ

∂ ∇    ∂ ∇
− + + − ∇ =  π ∂ ∂  



  (E-1) 

From Equation (3), we have, 

 02 2
1 1

E 4k kh
c t
ϕ ρ

ρ ρ
  ∂

∇ = − +  ∂
π


  (E-2) 

and from Equation (5), we have 

 
2

2
0 02 2 2 2 2 2 2

1 1 2 2 1 1

4 1 4k
c t c t c t
ϕ ϕ ϕϕ ρ ρ

ρ
 ∂ ∂ ∂

∇ = + − = + − ∂ ∂ ∂
π


π  (E-3) 

Substituting (E-2) and (E-3) in (E-1), cancelling similar terms and the common 
factor 4π from the remaining expression, we get 

1 0
1

J1 0kh
c

ρ
ρ

 
+ ∂ +∇ = 

 
  

( )1 0 2 0
1

J 0h
c

ρ ρ∂ + ∂ +∇ =  
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