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Abstract

We show that the quadratic measure associated with the Born rule need not
be introduced as an independent probabilistic postulate, but follows, under
the stated structural and regularity assumptions, from the compatibility be-
tween reversible linear evolution and the formation of stable records. Physical
processes alternate between reversible dynamics and episodes of record for-
mation. Quantities that remain well defined throughout such processes must
therefore admit a representation that remains consistent across both regimes.
Prior to record formation, alternatives combine additively at the level of com-
plex amplitudes, whereas successive record-forming distinctions admit a mul-
tiplicative representation through refinement. Requiring compatibility be-
tween these compositional structures constrains the admissible weight assign-

ment to the family |a|”. The finite-dimensional specialization of Lamperti’s
isometry theorem then singles out p =2 as the unique value compatible with
continuous reversible linear mixing while preserving total weight. The Born
rule therefore emerges as the unique weight assignment compatible with re-
versible linear composition, multiplicative record refinement, phase invariance,
and continuous reversible invariance, without invoking probabilistic assump-
tions or a specific interpretation of quantum measurement.

Keywords

Born’s Rule, Quantum Measurement, Reversible Dynamics, Irreversible
Record Formation, Quantum Foundations

1. Introduction

The Born rule plays a central role in quantum theory, connecting the mathemati-
cal formalism of amplitudes with experimentally observed outcome frequencies.

In the standard formulation it is introduced as a postulate, and considerable effort
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has been devoted to deriving it from more primitive physical principles.

Several approaches have been proposed. Decision-theoretic arguments in the
Everett interpretation attempt to recover the rule from rational consistency re-
quirements [1]. Envariance-based derivations relate the rule to symmetry proper-
ties of entangled states [2]. Other approaches derive the quadratic measure from
structural features of Hilbert space or Gleason-type theorems [3]. Derivations
based on time-reversal symmetry have also been proposed [4]. The present ap-
proach differs in deriving a general weight assignment from the compatibility be-
tween reversible evolution and irreversible record formation, without assuming a
probabilistic interpretation from the outset.

As emphasized in several reviews, derivations of the Born rule generally require
assumptions beyond the standard dynamical postulates of quantum mechanics
[5]. At the same time, the role of these assumptions remains a matter of debate.
Recurring criticisms include the implicit introduction of probabilistic concepts
through auxiliary assumptions and the absence of a clear account of physical out-
comes within the formalism. A recent review likewise highlights the variety of ex-
isting formulations of the Born rule, their differing domains of validity, and the
continuing lack of a universally accepted account of the emergence of definite
physical outcomes [6].

The present derivation differs from representative existing approaches primar-
ily in the assumptions from which it begins. It does not invoke decision-theoretic
rationality, probabilistic symmetry arguments, expectation values, or a pre-exist-
ing quadratic measure. Instead, it starts from reversible linear composition, per-
sistent record formation, and consistency of the weight assignment across these
two regimes. A broader comparison of existing Born-rule derivations and their
assumptions is provided in Refs. [5] [6].

The present work addresses these concerns from a different perspective. Prob-
abilities are not introduced as primitive quantities, and outcomes are represented
by stable records, understood as persistent physical outcomes that can be identi-
fied after their formation. Recent analyses have also emphasized the indispensable
role of the superposition principle, that is, the additive composition of amplitudes,
in many proposed derivations of the Born rule [7]. In the present work, additive
composition is not derived independently but taken directly from the linear struc-
ture of reversible quantum evolution.

We therefore pursue a structural route based on the compatibility between re-
versible evolution and irreversible record formation. Reversible evolution is de-
scribed by the Schrodinger equation and possesses continuous symmetries to-
gether with the associated conservation laws. Physical processes, however, are not
composed exclusively of reversible evolution, but repeatedly alternate between re-
versible dynamics and episodes of record formation.

Both ingredients are independently motivated by established physical practice.
Reversible evolution is a central element of the standard quantum formalism,

while stable records are the operational basis by which outcomes are identified
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and compared in experiment. The physical starting points of the present deriva-
tion are therefore structures that already play a fundamental role in the descrip-
tion of physical processes, rather than on additional assumptions concerning ob-
servers, decision-making, or subjective probabilities. We do not attempt to ex-
plain the origin of irreversibility or the arrow of time. Rather, we start from the
empirical coexistence of reversible quantum evolution and persistent records, and
investigate the constraints imposed by requiring that quantities associated with
possible outcomes remain consistently represented across both regimes (Figure
1).

Reversible Record Reversible Record
Evolution Formation Evolution Formation

Figure 1. Physical evolution alternates between reversible dynamics and the formation of

stable records. Reversible evolution is linear and time symmetric, while record formation
produces effectively irreversible outcomes. Each record distinguishes a single realized out-
come, after which reversible evolution continues from the recorded configuration.

If quantities such as energy remain well defined throughout a physical process,
their representation cannot be determined independently in these two regimes.
Reversible and irreversible processes must therefore admit a common structural
description. The present work leverages the constraints imposed by this require-
ment on admissible outcome weights.

In this setting, reversible evolution combines alternatives additively at the am-
plitude level, whereas record formation composes multiplicatively through suc-
cessive refinement, whereby each new record further specifies the realized out-
come. Any quantity that remains consistently represented across both regimes
must therefore be compatible with these distinct compositional structures.

The distinction between reversible evolution and irreversible record-forming
processes has been explored in various forms in the literature. In particular, re-
lated ideas appear in the work of Horodecki, where reversible and irreversible as-
pects of quantum processes are discussed in a broader informational context [8].

The derivation presented here is formulated within the standard framework of
quantum mechanics, assuming reversible linear evolution with complex ampli-
tudes together with the occurrence of irreversible record formation. No specific
interpretation or mechanism for this process is assumed. Nor does the derivation
assume probabilities or expectation values as primitive concepts. Instead, the ad-
missible weight assignment is derived from the compatibility of reversible evolu-
tion and irreversible record formation. A probabilistic interpretation is consid-
ered only after the quadratic form has been derived.

We show that additive reversible composition and multiplicative record refine-
ment, together with the requirement that outcome weights remain consistently
represented across both regimes, uniquely select a quadratic assignment of out-
come weights. The Born rule therefore emerges as the unique weighting compat-

ible with reversible linear evolution and multiplicative irreversible refinement. To
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make this argument precise, we first identify the structural features of the reversi-
ble and irreversible regimes separately before examining the constraints imposed

by their compatibility.

2. Two Operational Regimes

Measurement interactions are commonly described as involving two operation-
ally distinct regimes: reversible linear evolution prior to record formation and ef-
fectively irreversible formation of persistent records associated with measurement
outcomes [9]. This operational distinction is widely used in both textbook and
research treatments of quantum measurement.

1) Reversible regime. Prior to formation of a stable record, evolution is reversi-
ble and linear at the amplitude level. States associated with different potential out-
comes remain operationally interconvertible.

2) Irreversible regime. Once a stable record forms, configurations correspond-
ing to distinct outcomes become operationally distinguishable and are no longer
reversibly interconvertible.

Here irreversibility refers to operational irreversibility: the recorded configura-
tions cannot be returned to their pre-record state by physically accessible reversi-
ble transformations, even though the underlying microscopic dynamics may re-
main time symmetric.

For clarity, the derivation below uses the following physical (P) and mathemat-
ical (M) assumptions.

P1. Reversible linear composition. Prior to record formation, alternatives are
represented by complex amplitudes and combine linearly.

P2. Persistent record formation. Physical processes may produce stable rec-
ords that render distinct outcomes operationally distinguishable and whose rec-
orded distinction remains available under subsequent evolution and is not erased
by the reversible transformations under consideration.

P3. Cross-regime consistency. A non-negative weight assigned to a possible
record before its formation retains the same physical meaning when that record
becomes established.

P4. Phase invariance. States differing only by an overall complex phase receive
the same weight.

M1. Regularity. The weight assignment and the composition laws introduced
below are taken to be continuous on their stated domains. Where stronger regu-
larity properties are required, they are stated explicitly at the point of use.

No probabilistic interpretation of the weight is assumed at this stage. Additional
structural requirements associated with sequential record refinement and reversi-

ble invariance are introduced explicitly where they enter the derivation.

2.1. Reversible Composition

At the microscopic level, the dynamical laws governing physical systems are re-

versible. If a quantum state evolves according to a deterministic dynamical law,
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the same law also determines how the earlier state can be reconstructed from its
later state.
A familiar example is the Schrédinger equation,

., Ow
ih——=Hy, 1
2 v (1)

which generates unitary evolution. Given a solution /(¢), the state at an earlier
time can be obtained by evolving with the inverse unitary operator U™ (1)=U(-t).
The equation itself therefore contains no intrinsic direction of time.

This microscopic reversibility contrasts with everyday experience. Macroscopic
processes such as measurement or record formation appear irreversible because
they involve the creation of persistent records that are impossible to erase in prac-
tice through local physical interactions. Such irreversibility reflects operational
limitations rather than a fundamental asymmetry of the underlying dynamical
laws.

The coexistence of reversible evolution and irreversible record formation raises
the question of how quantities that remain well defined throughout a physical pro-
cess can be represented consistently across both regimes. This compatibility re-
quirement imposes strong constraints on how non-negative weights, rather than
probabilities, may be assigned to possible outcomes. The term weight is used be-
cause no probabilistic interpretation is assumed a priori; the relation to probabil-
ity emerges only after the quadratic form has been established.

The present work does not attempt to derive the additive composition of am-
plitudes, which is taken directly from the linear structure of reversible quantum
evolution [7].

If two alternatives lead to the same subsequent state without leaving a record of
their distinction, they cannot be operationally distinguished and must be repre-
sented by a single effective alternative. Since reversible evolution is linear, the cor-
responding amplitudes combine additively,

a =a, +a,. (2)

combined

Addition is therefore the fundamental composition law of the reversible regime.
Reversible evolution admits a continuous symmetry corresponding to global

phase transformations,
a—e’a. (3)

A weight is a non-negative quantity assigned to a possible persistent record
prior to its realization. The realized record retains this same assignment upon rec-
ord formation. Throughout the present work, the term weight refers to this single
assignment both before and after record formation.

States differing only by a global phase are operationally indistinguishable prior
to record formation and must therefore be assigned the same weight. Outcome
weights are therefore invariant under global phase transformations.

It follows that weights cannot depend on the overall phase of « ,and can there-

fore be written as a function of its magnitude,
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=1 (jal) @

2.2. Irreversible Regime

The preceding discussion identifies the composition law and symmetry properties
of the reversible regime. We now turn to the corresponding structure associated
with irreversible record formation.

Physical processes consist of alternating stages of reversible evolution and irre-
versible record formation. At discrete stages, irreversible record formation occurs,
selecting a single outcome from a set of alternatives. No specific mechanism for
this selection is assumed.

Once a stable record forms, configurations become operationally distinguisha-
ble. Subsequent evolution proceeds within the configuration consistent with the
recorded outcome until a further irreversible record forms. Upon record formation,
the realized record inherits the corresponding weight 4 .

The present derivation does not assume a particular microscopic mechanism
by which persistent records are established. In modern quantum theory, effective
record formation is commonly described in decoherence-based approaches through
environmental interaction, where the global evolution remains reversible while
local subsystems acquire effectively irreversible records [2] [10]. The present ar-
gument is compatible with such descriptions. It requires only that a regime exists
in which persistent records can be treated as operationally established. The deri-
vation therefore concerns the structural consequences of record formation rather

than its microscopic origin.

2.3. Consistency of Sequential Refinement

Successive record formation progressively specifies the realized outcome: each
new record introduces information not contained in previous records. When mul-
tiple record-formation events occur in sequence, the final record encodes all dis-
tinctions introduced at each stage.

Let #(R) denote the non-negative weight assigned to a record R . We re-
quire that this assignment respect the compositional structure of successive re-
finement. In particular, the weight assigned to a final record must not depend on
how the refinement leading to that record is partitioned into intermediate stages.

Suppose the composition law for successive refinements is represented by an

operation o,
#(Ry)=p(R)ou(R,). ®)

For positive weights, we require the composition law o to be continuous, as-
sociative, and strictly increasing in each argument. Associativity expresses inde-

pendence of the grouping of successive refinements,
(40 ty)o s =ty (11, ° 115 ©6)

while strict monotonicity expresses that increasing the contribution of either re-
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finement increases the weight of the cumulative record.

Proposition. Let o be abinary operation on a real interval of positive weights.
If o iscontinuous, associative, and strictly increasing in each argument, then, up
to a continuous strictly monotonic reparameterization, it admits an additive rep-
resentation.

By Aczél’s representation theorem for continuous, associative, strictly mono-
tonic operations on a real interval [11], there exists a continuous strictly mono-

tonic function /% such that

h(p o) =h(m)+h(s)- )
Defining the reparameterized weight
ft=exp[ h(u)]. (8)
therefore gives
A(Ry) =i (R) i(R,)- ©)

We henceforth choose this multiplicative representation and suppress the tilde,

writing
/J(Rl ):ﬂ(Rl)ﬂ(R2)~ (10)

The distinguished zero-weight case is treated separately as the boundary corre-
sponding to absence of an alternative. Multiplication extends continuously to this
boundary through

0-p=pu-0=0. (11)

Thus multiplication is not assumed as the primitive refinement law. It is the
canonical representation, up to continuous monotonic reparameterization, of any
continuous, associative, strictly monotonic composition law for positive refine-
ment weights.

This relation expresses the cumulative character of record formation: each stage
contributes an additional distinction while preserving those already encoded in

previous records.

3. Compatibility between Regimes

We now examine how the two regimes must connect. The central question is how
quantities that remain well defined throughout a physical process can survive
transitions between reversible evolution and record formation.

In the reversible regime, alternatives combine additively at the amplitude level.
In the irreversible regime, distinctions accumulate through multiplicative refine-
ment. The compatibility problem is therefore to identify a weight assignment that
remains consistently defined across regimes whose fundamental composition laws
are addition and multiplication, respectively.

The refinement associated with record formation changes the relative promi-
nence of an existing alternative without altering its identity. For a nonzero ampli-

tude magnitude, we characterize a particular refinement by its relative change
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A=—, 1>0, (12)

so that, equivalently,
!
|a| :/1|a|. (13)
This relation defines the refinement factor A ; it does not assert that every con-

tinuous transformation fixing zero is intrinsically linear.

Successive refinement factors compose multiplicatively. If

jof = 2lal. |of = 2|l . (14)

then

"= Al (15)

To represent the same refinement consistently at different initial amplitude

|

magnitudes, we further require that its effect on the weight depend only on the

refinement factor A, rather than separately on the initial magnitude. Thus
S (Ale)=2(2) 1 (|a)- (16)

Successive rescalings do not represent independent physical dynamics. Rather,
they provide a mathematical representation of successive stages of record for-
mation. Each stage further suppresses competing alternatives while preserving the
realized alternative. If the description is to remain independent of how the refine-
ment is partitioned into intermediate stages, successive rescalings must compose
consistently in the same manner as the corresponding sequence of record refine-
ments.

Since weights represent physically meaningful quantities associated with con-
tinuously varying amplitudes, we assume that the scaling function g(4) is pos-
itive and satisfies the mild regularity condition of continuity (or, equivalently for
the present purpose, measurability). These assumptions exclude pathological so-
lutions without restricting physically admissible behavior.

Consistency therefore requires

g(Ak)=g(4)eg(4) (17)

This is the standard multiplicative functional equation, whose positive contin-

uous (or measurable) solutions are
g(A)=4", (18)

for somereal p>0.
Substituting this result into Equation (16) gives

f(Alal)=271 (o). (19)

Since this relation holds for every positive scaling parameter A, for |a| >0

we may choose

A=—. (20)
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This choice specifies the scaling transformation; it does not impose a condition

on the original amplitude. Under this particular transformation,

|af = 2]a|=1. (21)
Consequently,
SW)=laf” £ (|a]), 22)
or equivalently,
S (lal)= 7 (W)]ed"- (23)
Absorbing the constant factor /(1) into the normalization yields
=1 () =" en

Compatibility between reversible evolution and record formation therefore re-
stricts the admissible weight assignments to the family u= |a|p . To determine
which member of this family is physically admissible, we must now impose the
additional requirement that continuous reversible evolution preserve the total

weight assigned to mutually exclusive alternatives.

4. Reversible Invariance

Consider a finite set of » mutually exclusive alternatives, represented by the

complex amplitude vector
a=(a,,a,)eC". (25)

Prior to record formation, states evolve according to reversible linear dynamics.

Such transformations are represented by invertible complex-linear maps
a' =Ua, (26)

where U isaninvertible nxn complex matrix.

By continuous reversible evolution we mean continuous families of such invert-
ible linear transformations, including transformations that smoothly mix distinct
amplitude components.

The weight assignment must be compatible with this reversible evolution.

A reversible transformation changes the amplitudes describing a state but does
not itself create or remove possible outcomes. We therefore require that, if the
same weight assignment is to remain consistently defined during reversible evo-
lution, reversible transformations may redistribute weight among alternatives but
may not change the total weight associated with the complete set. This is a separate
cross-regime consistency requirement and does not follow from multiplicative
record refinement alone. At this stage neither the exponent p nor any normali-
zation is assumed.

If the weight associated with an amplitude is
u=lal", (27)

then the total weight assigned to a complete set of mutually exclusive records is
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A (28)
i=1
The reversible-invariance requirement is therefore
>|we)| =Yal (29)
i=1 i=1

for every amplitude vector @ and every admissible reversible transformation
U.

The relevant finite-dimensional specialization of Lamperti’s isometry theorem
is the following [12]. For 0< p <o, p=#2,an invertible complex-linear trans-

formation preserving
>l (30)

for every amplitude vector has the form of a generalized permutation: it permutes
the components and multiplies each component by a complex factor of unit mod-
ulus. Such transformations cannot continuously mix distinct amplitude compo-
nents.

For p =2, by contrast, the invariant quantity
e (31)

is the squared Hermitian norm, whose linear isometry group is the unitary group.
This group contains continuous transformations that smoothly mix distinct com-
ponents.

A useful geometric intuition can be given for the special role of p=2. The
constant-weight surfaces zi|ai|2 =const. are hyperspheres, which admit con-
tinuous rotations mixing their components while preserving the total weight. For
p #2, the corresponding linear isometries reduce to generalized permutations
and componentwise phase transformations.

Consequently, p =2 isuniquelysingled out by compatibility with continuous

reversible linear mixing.

5. Result

The preceding analysis first restricts admissible weight assignments to the family
la|” and then uses reversible invariance to select the unique value p=2.
Under the stated structural and regularity assumptions, the unique weight as-
signment compatible with:
* Reversible linear composition,
* Multiplicative representation of record refinement,
¢ Phase invariance,
* Cross-regime consistency, and
* Continuous reversible linear invariance,
Is

p=of . (32)
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The uniquely selected weight coincides with the standard quadratic measure of
quantum theory. Normalization gives these non-negative weights, with the addi-
tive aggregation used above for mutually exclusive alternatives, the mathematical
form of a finite probability distribution. The further physical interpretation of this
measure as probabilities of individual outcomes or as relative frequencies in re-
peated experiments depends on the interpretation of quantum measurement and
is not assumed in the present derivation.

The derivation shows that the quadratic form arises from the requirement that
outcome weights remain consistently represented across reversible evolution and
irreversible record formation, without invoking probabilities or expectation val-
ues as primitive quantities.

The emergence of the same quadratic structure from both Hilbert-space meas-
ure theory and compatibility between reversible and irreversible processes sug-
gests that the Born rule reflects a deeper structural constraint rather than a feature

of any particular formalism.

6. Conclusions

The goal of this work was to determine whether the quadratic measure associated
with the Born rule can be derived from structural properties of physical processes
rather than introduced as an independent postulate.

We have shown that, under the stated structural and regularity assumptions,
the quadratic measure of Born’s rule need not be introduced as an independent
probabilistic postulate, but follows from the compatibility between reversible lin-
ear evolution and persistent record formation.

The central motivation for this compatibility requirement is that physical pro-
cesses are not composed exclusively of reversible evolution, but alternate between
reversible dynamics and episodes of record formation. Quantities that remain well
defined throughout a physical process must therefore admit a representation that
remains consistent across both regimes. The present derivation leverages the con-
straints imposed by this requirement on admissible outcome weights.

The argument takes reversible linear evolution and operationally irreversible
record formation as its physical starting point and imposes the structural and reg-
ularity conditions stated explicitly in Section 2. Weights are associated with pos-
sible persistent records and are retained after record formation. Weights are as-
signed only to physically realized records, which include the full conditions of
their formation. Different interpretations may describe the emergence of such rec-
ords differently—for example as single-outcome selection or as branching into
multiple outcomes—but the underlying structural distinction between reversible
evolution and irreversible record formation remains the same.

A recurring concern in derivations of the Born rule is the possibility of circu-
larity, whereby probabilistic concepts enter implicitly through auxiliary assump-
tions and subsequently reappear in the final result. The present derivation avoids

this route by introducing neither probabilities nor expectation values as primitive
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quantities. Instead, the argument begins with structural assumptions concerning
reversible evolution, record formation, and the compatibility of their respective
composition laws. The quadratic measure emerges from these structural require-
ments rather than from probabilistic postulates.

The present formulation characterizes measurement through the formation of
stable records, understood as physically persistent outcomes that remain identifi-
able after their formation. This shifts the discussion from a concept whose precise
role varies across interpretations to a physical process characterized by the for-
mation and persistence of recorded outcomes.

In this way, the Born rule emerges as a structural consequence of the require-
ment that outcome weights remain consistently represented across reversible evo-
lution and irreversible record formation. The quadratic measure is therefore not
introduced as an additional dynamical law, but appears as the unique weight as-
signment compatible with additive reversible composition, multiplicative record

refinement, and continuous reversible invariance.

Use of Large Language Models, Al and Machine Learning
Tools
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