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Abstract 
By identifying Schrödinger’s phase, proper time, and internal holonomy as re-
lated aspects of a single temporal structure, Temporal Mechanics proposes a 
common geometric origin for the distinct notions of time appearing in quan-
tum theory and relativity. In this framework, clocks unwind a hidden periodic 
structure whose Abelian holonomy is shared by quantum phase and proper 
time. The internal sector is modeled as a compact three-torus 3

τ ≅   
equipped with a ( )3U  bundle whose determinant line is identified, by a cho-

sen phase lock, with the auxiliary ( )1U  line of a ( )Spin 1,3c  structure on an 

emergent Lorentzian spacetime 4 . The traceless sector carries non-Abelian 
geometric structures allowing Higgs and flavor degrees of freedom, which are 
interpreted as modes of the internal connection, while the induced internal 
Dirac spectrum provides rest masses. This framework proposes a geometric 
mechanism by which quantum phase, proper time, internal gauge holonomy, 
and spectral masses may be realized as different projections of a single phase-
locked temporal bundle that is compatible with the Standard Model.  
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1. Introduction 

Modern field theory reconciles quantum mechanics with special relativity through 
relativistic quantum field theory, and general relativity gives a precise geometric 
account of proper time and gravitation. Temporal Mechanics (TM) attempts to 
address the coexistence of several distinct temporal structures: external coordinate 
time in quantum evolution, proper time along Lorentzian worldlines, compact 
phase in ( )1U  quantum evolution, and holonomy phases in gauge theory. TM 
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proposes that these structures are not independent by introducing a compact in-
ternal temporal sector and a phase-lock that identifies the determinant line of an 
internal ( )3U  bundle with the auxiliary ( )1U  line of an external ( )Spin 1,3c  
structure. TM hypothesizes that quantum phase, proper time, hypercharge, and 
masses are different realizations of one locked temporal holonomy. 

The central distinction from a conventional scalar-potential or symmetry-break-
ing construction is that TM is kinetic and geometric at the fundamental level. The 
primitive objects are the phase-locked product geometry, the internal connection, 
the curvature of the temporal bundle, and the corresponding Dirac operators. Po-
tentials, Higgs-sector parameters, and Yukawa matrices are not introduced as in-
dependent inputs. When such objects appear in the four-dimensional effective 
description, they are derived response functionals of the internal kinetic geometry, 
determined by curvature, holonomy, compact temporal volume, and overlap in-
tegrals of internal eigenmodes. Likewise, the reduction to the observed gauge 
structure is not treated as a free spontaneous breaking of an unrelated larger gauge 
group by an externally chosen potential. It is a stabilizer and phase-lock selection 
inside a dual temporal holonomy. 

Temporal Mechanics incorporates Kaluza-Klein and string-theoretic compact-
ification ideas by using compact internal structure with Wilson lines and gauge-
Higgs unification mechanisms, in which scalar Higgs degrees of freedom can arise 
from internal components of a gauge connection [1]-[5]. The present construc-
tion can be viewed as a geometric extension of the Hosotani mechanism. In the 
Hosotani mechanism, Wilson-line phases associated with compact extra dimen-
sions become physical degrees of freedom, and extra-dimensional components of 
a gauge connection can play the role of Higgs fields whose vacuum configuration 
dynamically selects the low-energy gauge symmetry. TM adopts this Wilson-
line/gauge-Higgs mechanism as a structural ansatz, but generalizes it. 

First, the compact sector is interpreted as an internal temporal manifold 
3

τ   , rather than as ordinary spatial extra dimensions or the orbifold 2
2  . 

Second, the gauge connection is promoted from the illustrative ( )2SU  setting 
to a ( )3U  internal bundle whose traceless sector carries non-Abelian holonomy 
with a determinant line that carries the Abelian temporal phase. Third, this deter-
minant ( )1U  is phase-locked to the auxiliary ( )1U  line of the external 

( )Spin 1,3c  structure, so that quantum phase, proper time, and internal gauge 
structure are treated as related projections of the same holonomy. In this phase-
locked temporal ( )3U  geometry, Higgs degrees of freedom, flavor mixing, and 
spectral rest masses arise from internal connection modes and the internal Dirac 
spectrum. TM therefore seeks a structural origin for generation, charge, and mass 
patterns in a spirit related to preon, composite, and permutation-symmetric ap-
proaches [6]-[8], while proposing a constrained geometric framework and bench-
mark construction based on an extended Hosotani-type ansatz. 

Definition: The determinant line of a rank-3 Hermitian bundle E  is the com-
plex line bundle whose transition functions are the determinants of the ( )3U -
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valued transition functions of E , where the line bundle carries the determinant 
( )1U  phase of the internal ( )3U  bundle. A ( )Spin 1,3c  structure is a spin-Lo-

rentz structure with an auxiliary ( )1U  line. The phase lock is a chosen isomor-
phism between the pullback of ( )det E  and the pullback of the Spinc  auxiliary 
line on the product space. The Lorentzian metric is treated as the external chron-
ometric response to the locked temporal sector, making Lorentzian spacetime 
emergent rather than as an independently postulated primitive. 

4  denotes the emergent Lorentzian spacetime with metric gµν  and signa-
ture + − − − , and τ  denotes the compact internal temporal manifold special-
ized to 3 . Let 7 4: τ= ×    be the global product with projections 

4 7 4:π →   and 7:τ τπ →  . Greek indices , 0,1, 2,3µ ν =  refer to 4  
with coordinate xµ  on 4 , Latin indices , 1, 2,3a b =  to τ , and capital in-
dices , 0, ,6A B =   to 7 . The internal rank-3 Hermitian bundle is E τ→ . 
Its determinant line is : detL E= , and 4SpincL →  is the auxiliary line of the 
external ( )Spin 1,3c  structure. Let s  be the worldline parameter, 0t x=  be co-
ordinate time, τ  be proper time, and θ  be the lifted phase of the locked tem-
poral ( )1U  line. Finally, let 1c= = . 

“The theory of relativity is concerned with the connection between the descrip-
tions of phenomena as viewed from two different coordinate systems which are 
in motion relatively to each other” [9]. In TM, the compact manifold is temporal, 
and its determinant ( )1U  is locked to proper time, so that spacetime geometry, 
gauge charges, and rest masses are all geometric manifestations of internal time. 
Relativity is then a statement of connections to the temporal manifold. Einstein’s 
original postulates of special and general relativity [9]-[12] can be reinterpreted 
with temporal geometry. 

Postulate 1: Time oscillation is universal, where all physical systems possess 
intrinsic motion within the three-dimensional temporal manifold τ  with co-
ordinates aθ , defining the system’s rest mass and inertial identity. 

Postulate 2: All physical trajectories are dictated by curvature within the total 
pseudo-Riemannian manifold 7 , with temporal structure encoded in the in-
ternal geometry of τ  and associated bundle. 

Postulate 3: The generalized temporal bundle carries the natural split-pairing 
*: .T Tτ τ τ= ⊕                              (1) 

After choosing a compatible generalized metric and generalized complex struc-
ture, its complexification selects a conjugate pair of rank-three unitary sectors, 
( ) E Eτ = ⊕ . Their determinant lines are Hermitian duals, ( )*det detE E , 
providing the corresponding Abelian holonomies as conjugate inverse phases. TM 
identifies these determinant phases as the two orientations of a single temporal 
( )1U . 
The phase lock then identifies this shared temporal determinant line with the 

auxiliary ( )1U  line of the external ( )Spin 1,3c  structure, producing 

( ) ( ) ( )13 Spin 1,3 ,c
UU= ×                        (2) 
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where   denotes the fiber product over the common ( )1U  phase selected by the 
lock. The allowed pair consists of an internal ( )3U  transformation and an exter-
nal ( )Spin 1,3c  transformation whose determinant/auxiliary ( )1U  phases agree 
under the chosen line-bundle isomorphism. This removes an independent Abe-
lian duplication and leaves one locked temporal ( )1U . 

Postulate 4: Temporal coherence and gauge information propagate at a univer-
sal limiting speed. When projected onto 4 , this limit is the speed of light, pre-
serving standard relativistic causality. 

Postulate 5: The curvature of the external spacetime manifold 4  is sourced 
by the energy-momentum associated with the internal geometry of the temporal 
manifold τ  through the phase-locked determinant line and the induced exter-
nal Lorentzian geometry. 

The defining geometric assumptions of the model are the product geometry 

7 4 τ= ×   , with a compact internal temporal sector 3
τ   , an internal 

( )3U  bundle, and a phase lock between the internal determinant ( )1U  and the 
auxiliary ( )1U  line of the external ( )Spin 1,3c  structure. 

From this structure, TM constructs a locked temporal holonomy sector, an SM-
compatible gauge and charge assignment, a geometric interpretation of chirality 
in terms of conjugate-dual fiber circulation, and an effective mass-generating spec-
tral structure. The fundamental variational principle is the Einstein-Hilbert action 
on the phase-locked temporal geometry. SM-like mass and Yukawa terms are in-
terpreted as effective sectors arising from rigid and flexible perturbations of that 
geometry, rather than as an unrelated Lagrangian appended by hand. 

The construction is organized perturbatively. At zeroth order, τ  is rigid 
over 4 , the product metric separates, and the internal temporal Dirac operator 
supplies spectral rest masses. At first order, x -dependent perturbations of the 
internal connection and metric generate Higgs-coset dynamics, geometric overlap 
matrices, and flavor mixing. Thus, the benchmark mass law is a rigid temporal 
spectral construction, while the Yukawa-like structures arise as perturbative over-
lap operators rather than as independent fundamental rest masses. 

The benchmark mass construction is not an independent phenomenological fit 
detached from the geometry, nor is it a uniqueness proof for the SM. It is a com-
patibility benchmark showing that the observed charged-fermion and neutrino 
mass patterns can be represented within the spectral structure of the phase-locked 
( )3U  temporal bundle. The constructed consequences are the locked Abelian 

sector, the SM-compatible bundle assignments, the Higgs-coset interpretation, 
and the spectral form of the zeroth-order mass operator. The numerical mass ta-
bles are benchmark reproductions using fitted holonomy. 

Section 2 defines time from first principles, showing how periodicity and phase 
evolution define temporal dynamics. Section 3 provides the global ( )1U  sym-
metry that encodes time evolution. Section 4 generalizes this to ( )3U  to account 
for flavor and charge. Section 5 introduces the extended symmetry group ( )3,3SO  
and the SM. Section 6 demonstrates how both spacetime and gauge symmetries 
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arise through phase locking. Section 7 formalizes the product manifold and its 
perturbation. Section 8 provides the particles of the SM. Section 9 addresses how 
mass and energy emerge from the spectrum of the Dirac operator. Section 10 pro-
vides rest masses, and Section 11 discusses mixing and Higgs dynamics using ho-
lonomy and curvature. The geometric benchmark fit is provided in the Appendix. 

2. Temporal Phase and Internal Time 

This section defines the temporal terminology used in TM. Its purpose is to ex-
plain why the compact internal manifold τ  is interpreted as temporal rather 
than spatial. The standard spatial interpretation of compact internal directions is 
mathematically equivalent at the level of periodic coordinates and holonomy. TM 
makes a different physical identification, where the compact coordinate is read as 
clock phase, Schrödinger phase, and proper-time phase rather than as an unob-
served spatial displacement. This interpretation motivates the phase-lock between 
the internal determinant ( )1U , the external ( )Spin 1,3c  auxiliary line, and the 
quantum phase of matter fields. 

Definition. A clock is any physical system whose state evolves through stable, 
periodic trajectories on the temporal manifold τ , such that each completed cy-
cle defines measured intervals of external time in the emergent spacetime 4 . 

Each oscillation of a physical system, like an atomic transition, maps onto pe-
riodic trajectories in the temporal manifold, establishing a direct correspondence 
between internal geometry and experimental time intervals. These periodicities 
trace closed loops in τ , linking observable time intervals in 4  to geometric 
properties of the temporal manifold. This defines the external time parameter 
t∈ , which labels points on an observer’s worldline, from the internal phase 

1Sθ ∈  of a clock. The phase lives on a circle, and its evolution is described by a 
( )1U  action, while t  is the lift of that circular motion to the universal cover  . 
A periodic clock with angular frequency ω  has phase ( )t tθ ω= ,  
( ) ( )e e 1i t i t Uθ ω− −= ∈ . Thus time translations act on the clock state by the homo-

morphism ( ) ( ), e 1i tt Uω−∈ + ∈ , where addition of time intervals corre-
sponds to multiplication of phases, ( )1 21 2e e e i t ti t i t ωω ω − +− − = . For a clock with period 

2T ω= π , physical states are identified under ~t t nT+ , n∈ , so the periodic 
state space is 1T    , the group manifold of ( )1U . External time is therefore 
the unwrapped parameter of a compact internal clock phase. 

This is the minimal reason that ( )1U  appears before the full ( )3U  con-
struction. A clock does not merely label time. It realizes time operationally as an 
accumulated phase. The phase lives on a compact circle, while the measured time 
t  is the lift of that circular motion to the universal cover  . 

A pendulum gives the elementary prototype. In the harmonic approximation  

its angular coordinate ϕ  satisfies 
2

2 2 2 2 21 1
2 2 2 2

m mg β βωϕ ϕ ϕ ϕ≈ − = − 
  , 

where 2mβ =  , 2 gω =


. The Euler-Lagrange equation gives 2 0ϕ ω ϕ+ = ,  
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( ) ( )0cost A tϕ ω θ= + . The physically relevant clock variable is the accumulated 
phase of this periodic trajectory. The configuration may be represented on a com-
pact circle, and one completed oscillation corresponds to one completed cycle of 
phase. 

The conjugate momentum to the phase is pϕ βϕ
ϕ
∂

= =
∂





 . The parameter β  

is the phase inertia. It measures resistance to changes in the rate of phase winding. 

In the free-rotor limit, 2
free 2

β ϕ=  , the shift symmetry ϕ ϕ +   gives a con-

served phase momentum by Noether’s theorem [13]. Upon quantization, the  
compactness of the phase circle gives discrete winding numbers. Thus, a periodic 
clock already contains the essential geometric ingredients used in TM. It has a 
compact phase, a ( )1U  action, a conserved winding momentum, and an exter-
nal time parameter obtained by lifting the phase to its universal cover. 

TM promotes this elementary clock phase to an internal field-theoretic struc-
ture. The single angular coordinate 1ϕ∈  is generalized to local angular coor-
dinates 3aϕ ∈ , 1,2,3a = , on the compact temporal manifold 3

τ   . The  
phase inertia becomes an internal tensor ab abgβ ∝ , and the corresponding mo-

menta b
a abap β ϕ

ϕ
∂

= =
∂





  measure winding in the compact temporal directions.  

After quantization, these momenta become discrete internal windings, analogous 
in form to Kaluza-Klein momenta, but interpreted here as temporal rather than 
spatial phase windings. 

The same ( )1U  structure here appears in quantum time evolution. The time-

dependent Schrödinger equation is ( ) ( ), ,ˆi t H t
t
∂
Ψ = Ψ

∂
r r . For an energy eigen-

state, ( ) ( )ˆ
n n nH Eψ ψ=r r , separation of variables gives ( ) ( ) ( ), nt tψ χΨ =r r ,  

( ) ( )e 0niE ttχ χ−= . The time dependence of an energy eigenstate is therefore a 
( )1U -valued phase evolution. For oscillatory systems, including pendula, atomic 

transitions, and spinor precession, the measured clock rate is equivalently a phase 
rate [14]. The Hamiltonian evolution in external time is interpreted in TM as the 
external shadow of winding in internal time. 

The temporal evolution operator for a single energy eigenstate is  
( ) ( )e 1ˆ niE tU t U−= ∈ , with phase defined modulo 2π. Thus, the Schrödinger phase, 

the clock phase, and the proper-time phase all have the same Abelian structure. 
TM identifies them as associated realizations of one temporal holonomy rather 
than as unrelated phase conventions. 

The phase field may also be written in spacetime form. For a scalar clock phase  

ϕ  on ( )4 , gµν , take 
2

2

2 2
g µν

µ ν
β βωϕ ϕ ϕ= ∂ ∂ − , with action  

4

4
4dS x gϕ = −∫  . Stationarity gives ( ) 2

4
4

1 0g g
g

µν
µ νβ ϕ βω ϕ∂ − ∂ + =

−
,  

which reduces to 2 0ϕ ω ϕ+ =  in flat space and in the homogeneous limit. This 
form connects the elementary clock model to field dynamics on the emergent ex-
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ternal spacetime. 
At the level of differential geometry, the same compact circle can be described 

using the standard language of a compact spatial coordinate. The difference is the 
physical identification of the compact holonomy. In the standard spatial view, the 
compact coordinate is an unobserved spatial position. In the temporal view, the 
compact coordinate is the internal clock phase, which is the periodic structure 
through which physical systems accumulate proper time and quantum phase. The 
mathematics of 1 , ( )1U , winding and holonomy is the same. TM changes the 
physical interpretation of what the compact direction measures. 

3. U(1) 

The ( )1U  group is the minimal symmetry that encodes the phase evolution of a 
quantum system [14]. TM assumes a single underlying temporal holonomy line 

7Lτ →  with a structure group ( )1U . The Schrödinger phase of quantum evo-
lution, the determinant line of the internal ( )3U  bundle, the auxiliary ( )1U  
line of the external ( )Spin 1,3c  structure, and the line-bundle twists carried by 
matter fields are taken to be associated realizations of this temporal ( )1U , not 
independent, Abelian sectors. The phase lock is the geometric identification that 
ties these realizations together. 

A clock modeled by free motion on 1  with angular coordinate ~ 2θ θ + π  
and free-rotor Lagrangian has a shift symmetry θ θ→ +   yielding conserved 
momentum pθ βθ=  . It is useful to distinguish the signed lifted phase, the signed 
winding count, and the operationally accumulated clock time: 

( ) ( ) ( ) ( )
0

d , ,
2

s s
s u u N sθ

θ
θ θ= =

π∫


   

( ) ( )clk 0

1 d .
2

s
t s u uθ=

π ∫
                       (3) 

Here θ  is the lifted phase angle in radians, Nθ  is the signed winding count, 
and clkt  is the positively accumulated clock time. Reverse winding changes the 
sign of Nθ  but not of clkt . 

( )1U  is the group of complex numbers under multiplication, 

( ) [ ){ }1 e | 0,2 .iU θ θ−= ∈ π                      (4) 

For any continuous path [ ] 1: 0,T →  , the winding number is 

[ ] ( ) ( ) ( )
0

1 d Δd 0 .
2 d 2

T
w s s N T N

s θ θ
θ θ

= = − =
π π∫



          (5) 

The real line t∈  parameterizes the covering space of these windings, and 
the Hamiltonian determines how the wavefunction winds around the circle fiber 
as time progresses and is the generator of the Lie group ( )1U . The total Hamil-
tonian Ĥ  is self-adjoint and ˆiH−  lies in the Lie algebra ( )nu , generating a 
one-parameter subgroup ( ) ( )ˆeˆ iHtU t U n−= ∈  acting on a finite-dimensional in-
ternal Hilbert space. Its central ( )1U  factor corresponds to the overall phase 
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generated by the trace part of Ĥ , while the traceless part lives in ( )nsu  with 

( ) ( ) ( )t ˆrˆ ˆ, with det e 1 .i HtiH U t U−− ∈ = ∈u                   (6) 

The global phase of ( )Û t  given by trĤ
n

 defines a central ( ) ( )1U U n⊂   

that encodes the total energy of the system. When Ĥ  acts as Eτ 1  on the sub-
space τ , the dynamics reduce to a pure ( )1U  rotation generated by 

( )1ˆiHτ− ∈u . 

Let P
π

τ→  be a principal ( )1U  bundle with global connection one-form  

( )( )1 , 1P∈Ω u . In a local trivialization :s U Pα α → , the local gauge potential 
is 

( )* 1 , ,A s Uα α α= ∈Ω                        (7) 

and on overlaps U Uα β∩  the local potentials differ by a gauge transformation. 
The curvature is the globally defined closed two-form ( )2 ,F τ∈Ω   charac-
terized locally by 

.UF dA
α α=                            (8) 

The topology of the ( )1U  bundle is encoded by the first Chern class 

( ) ( )2
1

1 , ,
2

c P F H τ
 = ∈ π 

                      (9) 

whose pairing with a closed 2-cycle ( )2 ,H τΣ∈   gives the quantized flux 
condition 

1 .
2

F
Σ

∈
π ∫                            (10) 

For a loop   contained in a local chart with Σ= ∂ , Stokes’ theorem gives 

,A Fα Σ
=∫ ∫

 

and the associated Wilson loop is 

( ) ( ) ( )exp exp .W i A i Fα Σ
= − = −∫ ∫

                  (11) 

For a flat connection, holonomy depends only on the homotopy class of the 
loop. In general, it depends on the connection along the loop, and Stokes’ theorem 
relates it locally to the curvature on a spanning surface when one exists, while the 
integral cohomology class [ ]2F π  records the global topological sector [15]-[19]. 
Equivalently, a spinor transported around   picks up the geometric phase 

( )Wψ ψ  , and the resulting charge quantization is the bundle content of the 
Dirac-Wu-Yang condition on a nontrivial 2-cycle [15] [20]-[23]. 

This follows the Aharonov-Bohm effect, where the quantum phase can depend 
on gauge holonomy even when the local field strength vanishes along the particle 
trajectory [24]. It is also the bundle-theoretic language underlying Berry’s geo-
metric phase, in which cyclic evolution produces a phase determined by the ge-
ometry of the parameter-space path [25]. TM applies this holonomy principle to 
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the compact temporal line, so that clock phase, the Schrödinger phase, and deter-
minant-line phase are treated as associated realizations of one temporal ( )1U . 

For the ( )1U  group, the global phase symmetry is 1eiq αψ ψ→ . The covariant 
derivative is 

1D iq Aµ µ µ= ∂ +                            (12) 

with the gauge field 

A Aµ µ µα→ −∂                            (13) 

and has the local symmetry 1eiq αψ ψ→ . The conserved current is 

1J qµ µψγ ψ=                             (14) 

and the field strength is 

.A Aµν µ ν ν µ= ∂ − ∂                          (15) 

The commutator of the covariant derivative is 

1, ,D D iqµ ν µν  =                            (16) 

where the generators AT  are Hermitian, the gauge potential Aµ  has real com-
ponents AAµ , and the field µν  is Hermitian. 

The unitary group ( )1U  appears in multiple foundational contexts of modern 
physics as the gauge group of electromagnetism and hypercharge [26]-[28]. 
( )1U  emerges as the residual symmetry of temporal geometry, and acts as the 

generator of phase evolution. This geometrizes both quantum time evolution and 
gauge interactions under a single temporal symmetry. 

The global ( )1U  symmetry defines a principal fiber bundle over the temporal 
manifold τ , with group ( )1U , total space P , and projection map : P τπ → , 

( )1U ↪ .P
π

τ→                          (17) 

This bundle admits local trivializations over charts ( ),Uα αϕ  covering τ , 
with transition functions valued in ( )1U . The dual interpretation of ( )1U  as 
both a temporal generator and a gauge symmetry provides the foundational mech-
anism by which internal temporal structure encodes observable particle properties 
through the traceless internal sector, providing the geometry that underlies the 
gauge theory of electromagnetism and hypercharge. 

TM interprets ( )1U  as a symmetry fundamentally arising from temporal ge-
ometry. Kaluza-Klein (KK) theory [1] [2] interprets charge as momentum along 
spatial compactified dimensions, whereas TM locates this momentum along com-
pact temporal directions, providing a winding in internal time. This unifies quan-
tum evolution and gauge interaction under a shared temporal symmetry [3], where 
geometric quantization formalism identifies such phase evolution with holonomy 
in fiber bundles and physical observables emerge from winding numbers [23]. The 
locked ( )1U  holonomy is the temporal analog of the Berry phase, while the non-
Abelian ( )3U  holonomies acting on internal temporal sectors are the analog of 
Wilczek-Zee holonomy. 
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4. U(3) 

The internal temporal sector is modeled by a rank-3 Hermitian bundle E τ→ , 
whose unitary automorphisms define a ( )3U  structure. Its determinant line car-
ries the Abelian phase, while its traceless sector carries non-Abelian internal struc-
ture. A temporal manifold with higher-rank unitary symmetry extends the geo-
metric description of gauge symmetries. 

The Lie group ( )U n  is central to gauge theories and field interactions in 
quantum mechanics and particle physics [18] [19], where n  reflects the number 
of coupled internal phase modes providing for the emergence of mass, flavor, and 
gauge. 

Throughout the local gauge formulas, the matrices Tα  are Hermitian gener-

ators normalized by ( ) 1Tr
2

T Tα β αβδ= . The local gauge potentials A AA A Tα α=   

are therefore Hermitian matrix-valued one-forms. The corresponding principal-
bundle connection is the anti-Hermitian form AiqA . With matter fields trans-
forming as Uψ ψ , the associated covariant derivative is written  

A A A AiqAω∇ = ∂ + + , and gauge covariance requires  

( )1 1
A A A A

iA A UA U U U
q

− −′ = + ∂ . For eiqU α=  in the Abelian case, this reduces  

to A A AA A α−∂ , matching the ( )1U  convention. 
Defining the Lie group as 

( ) { }†| ,n nU n U U U I×= ∈ =                        (18) 

and choosing a basis of Hermitian matrices ( )†A AT T=  ( 20, , 1A n= − ), the 
corresponding Lie algebra elements are anti-Hermitian and spanned by AiT , in 
the physics convention. Any ( )X n∈u  can be written as   A

AX i Tα=  with real 
coefficients Aα ∈ . The Lie algebra is 

( ) ( ){ }†| .nn X M X X= ∈ = −u                      (19) 

For the real vector space of Hermitian generators under gauge transformation 
with Lie bracket induced by the commutator [ ],X Y XY YX= − , an n  compo-
nent complex matter field transforms as 

( ) ( ) ( ) ( ) ( ), .x U x x U x U nψ ψ ∈                    (20) 

( )xψ  is a complex vector-valued field and transforms under the fundamental 
representation of ( )U n . 

The covariant derivative is 

,nD iq Aµ µ µ= ∂ +                          (21) 

where 

A A Tα α
µ µ=                            (22) 

and the gauge symmetry is 

( )1 1.
n

iA UA U U U
qµ µ µ

− −→ + ∂                      (23) 

https://doi.org/10.4236/jmp.2026.177038


E. A. Pease 
 

 

DOI: 10.4236/jmp.2026.177038 847 Journal of Modern Physics 
 

The conserved current is 

 nJ q Tµα µ αψγ ψ=                          (24) 

and the field strength is 

, .nA A iq A Aµν µ ν ν µ µ ν = ∂ − ∂ +                      (25) 

The commutator of the covariant derivative is 

, .nD D iqµ ν µν  =                            (26) 

The group ( )U n  has 2n  real parameters, and the determinant of a unitary 
matrix lies on the circle with the map, ( ) ( )det : 1U n U→  and is a group homo-
morphism. The higher-order unitary groups ( )U n  are isomorphic to 

( ) ( ) ( )1
,

n

SU n U
U n

×



                       (27) 

where ( ){ }2 2e ,e | 0, , 1ik n ik n
n n k nπ − π= = − 1 . This decomposition of the uni-

tary group is standard in gauge theory [29]. When 3n = ,  

( ){ }3 3, | 0,1, 2k k kω ω−= = 1 , and 2 3e iω π= . 
( )SU n  denotes the special unitary group of unitary matrices with determinant 

1. n  is the discrete central subgroup of ( ) ( )1SU n U×  that is identified in the 
quotient to produce ( )U n , which always includes a global phase with a real cover 
map and the gauge connection to ( )SU n . 

In the decomposition, ( ) ( ) ( )1n n= ⊕u su u  is the central ( )1U . The genera-
tors Tα  with 20,1, , 1nα = −  have 0 1T ∝ . For the ( )SU n  sector, the gen-
erators aT  are traceless. The normalization is 

( ) 1Tr .
2

T Tα β αβδ=                          (28) 

Using the Lie algebra structure constants f αβγ , the general generator commu-
tator is 

, .T T if Tα β αβγ γ  =                           (29) 

The ( )1U  sector is 0 0f βγ = , 0 , 0T Tα  =  . In the ( )SU n  sector,  

{ } 1,T T d T
n

α β αβ αβγ γδ= +1 . The field is then 

( ) .nA A q f A A Tα α αβγ β γ α
µν µ ν ν µ µ ν= ∂ − ∂ −                   (30) 

Take 0
3 6T = 1  for the central ( )1U , and the Gell-Mann matrices are 

2Tα αλ=  for 1, ,8α =  . In the ( )3SU  group 2Tα αλ=  and 123 1f = ,  

147 246 257 345 1
2

f f f f= = = = , 156 367 1
2

f f= = − , 458 678 3
2

f f= = . In the  

( )2SU  group, 2Tα ασ=  and f αβγ αβγε=  [30]. 
( )1U  governs the global phase and ( )SU n  introduces internal degrees of 

freedom, including gauge interactions. As with ( )1U , the group ( )U n  defines 
a principal fiber bundle over τ , where curvature forms encode generalized 
gauge field strengths, 
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( )( )2 , .F dA iqA A nτ= + ∧ ∈Ω u                   (31) 

When the representation charge or coupling is absorbed into A , this is written 
simply as F dA iA A= + ∧ . 

The higher gauge groups of ( )U n  on τ  would admit additional topologi-
cal invariants through higher Chern characters. These structures are defined by 
Chern-Weil theory, where characteristic classes arise as topological invariants as-
sociated with the curvature form of a principal bundle [31]-[33]. 

Let [ ]: 0,1 τ→   be a closed loop, and A  connection on the ( )3U  bun-
dle, where the Wilson line and the internal spinors transform under flavor mixing 
with 

( ) ( )exp , ˆ .n nk kW i A Wχ χ= − ∫ 


                   (32) 

  denotes path ordering, and the ( )U n  valued connection A  does not com-

mute at different points along the loop. The Wilson line ( )W   is the path or-

dered exponential solving ( ) ( ) ( )d
d

W s iA s W s
s

= − , ( )0W = 1 , ( ) ( )1W W= .  

χ  transforms in the fundamental representation of ( )U n  and ( )W   is an 
n n×  unitary matrix obtained by parallel transport along  . 

This is the non-Abelian analog of geometric phase. In the Wilczek-Zee exten-
sion of Berry phase, adiabatic evolution in a degenerate subspace produces ma-
trix-valued holonomy rather than a single ( )1U  phase [34]. In TM, the noncom-
muting ( )3U  temporal Wilson lines play the corresponding role for internal 
temporal eigenmodes, where their failure to be simultaneously diagonalized be-
comes, after projection, the relative left-handed basis mismatch observed as CKM 
and PMNS mixing. 

5. Conjugate Temporal Windings 

The natural temporal geometry contains a duality between phase-flow directions 
and phase-gradient directions. The dual temporal pair is the organizing bridge 
between temporal holonomy and the SM structure. It arises from the traceless 
parts of two conjugate rank-three temporal sectors after their determinant phases 
have been locked to a single temporal ( )1U . 

The temporal manifold in TM is then not modeled only by its tangent directions, 
but by the generalized bundle *: T Tτ τ τ= ⊕   , whose fibers carry the canon-
ical split-signature pairing 

( ) ( )( ) *1, , , , , .
2

X Y Y X X Y T Tτ τξ η ξ η ξ η+ + = + ∈ ∈        (33) 

For dim 3τ = , this pairing has signature ( )3,3 , so the natural structure 
group of τ  is ( )3,3O , or ( )3,3SO  after fixing orientation. 

This dual temporal structure also supplies the bundle-theoretic origin of charge 
conjugation. The conjugate pair constructed this way is therefore not an auxiliary 
doubling and not merely a notation for opposite windings. It is the dual rank-three 
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temporal architecture from which TM obtains the color/electroweak split, the 
locked determinant time direction, and the Higgs coset. 

The use of ( )3,3SO  reflects a basic feature of TM where temporal geometry 
comes with two mutually paired directions at each point, from the phase-flow di-
rections in T τ  and conjugate phase-gradient directions in *T τ . In this 
sense, the temporal sector already contains a dual winding that uses a geometric 
origin for the two global windings. 

To pass from the real split-signature bundle to internal unitary structure, TM 
chooses a generalized metric together with a compatible generalized complex 
structure on τ  [35]-[37]. After complexification, this produces a decomposi-
tion 

( ) ,E Eτ = ⊕                          (34) 

where E  is the i+  eigenbundle and E  is its complex conjugate i−  eigen-
bundle. Each has a complex rank 3, and together they define a ( )3U  reduction 
of the internal generalized structure. 

The pair ( ),E E  is the mathematical expression of the two global temporal 
windings in TM, which are conjugate realizations of the same underlying tem-
poral holonomy. For any closed loop τ⊂  , parallel transport gives unitary 
holonomies 

( ) ( ) ( ) ( )3 , .E EEW U W W∈ =                    (35) 

Passing to determinant lines, 

: det , : det ,E EL E L E= =                     (36) 

the Hermitian structure identifies 
 * .E EEL L L≅ ≅                          (37) 

Hence, the Abelian holonomies are conjugate inverse phases, 

( ) ( ) ( ) ( )det e , det e .i i
E EW Wϑ ϑ− += =                   (38) 

This is the precise sense in which TM has two global windings. One winding 
carries the phase e iϑ−  and the other carries the conjugate winding e iϑ+ . They 
are opposite orientations of one and the same temporal circle, and equivalently, 
two conjugate lifts of a single global temporal ( )1U . 

Since *
EEL L , this dualization reverses the orientation of the locked temporal 

holonomy. The spectral mass norm is unchanged, while the internal temporal 
charges are reversed. Thus, matter and antimatter are opposite associated-bundle 
orientations of the same phase-locked temporal geometry and not two independ-
ent temporal sectors. 

The two ( )3U  holonomies are interpreted as conjugate flow directions on the 
same compact temporal manifold, not as two independent orthogonal internal 
spaces. The conjugate-dual fibers are therefore correlated by the phase lock, where 
the same circulation mode cannot simultaneously exist as an identical flow in both 
conjugate-dual fibers. Antiparticles are represented by conjugate or swapped fiber 
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circulation on the same internal temporal manifold rather than by a freely inde-
pendent mirror sector. 

The phase lock identifies this common determinant phase with the auxiliary 
( )1U  line of the external ( )Spin 1,3c  structure. Thus, the two rank-three sec-

tors do not carry independent Abelian gauge factors. Their determinant ( )1U  
phases are conjugate realizations of one locked temporal ( )1U , while their trace-
less unitary parts remain available for non-Abelian gauge structure. 

Assigning one member of the conjugate pair to the color sector 

: ,C E=                              (39) 

and retaining the full traceless unitary structure on this sector, 

( ) ( )3 3 .C ESU SU⊂                         (40) 

The conjugate partner E  cannot be assigned the same physical gauge role 
without producing a mirror copy of color rather than the observed SM gauge 
structure. Once one rank-three temporal sector is used for unbroken color, the 
SM compatible use of the remaining rank-three sector must therefore be asym-
metric. 

The minimal asymmetric possibility is to select a holonomy-preserved rank-
two subbundle and a complementary line bundle, 

( ) ( )0 0, rank 2, rank 1.E V L V L= ⊕ = =                 (41) 

This splitting is the geometry that distinguishes weak-doublet directions from 
a singlet direction. The stabilizer of the splitting 0E V L= ⊕  inside ( )3 EU  is 

( ) ( ) ( ) ( )0 2 1 .U V U L U U× ×                      (42) 

Restricting to the traceless sector ( )3 WSU  imposes the determinant-one con-
dition, 

( ) ( )( ) ( ) ( ) ( ) ( ){ }2 1 , 2 1 | det 1 .S U U A z U U A z× = ∈ × =        (43) 

Here ( ) ( )2A U V U∈   acts on the rank-two subbundle V , while  
( ) ( )0 1z U L U∈   acts on the line bundle 0L . This group is locally isomorphic 

to ( ) ( )2 1SU U×  with 

( ) ( )( ) ( ) ( )
2

2 1
2 1 .

SU U
S U U

×
× 


                (44) 

At the Lie-algebra level, 

( ) ( ) ( )3 2 1 .E L Y⊃ ⊕su su u                    (45) 

Thus, the holonomy-preserved splitting of the conjugate partner of color selects 
the electroweak gauge structure as the stabilizer of a rank-(2 + 1) decomposition. 

Because the color and electroweak actions are supported on conjugate temporal 
sectors, their projected four-dimensional gauge actions commute. The resulting 
low-energy gauge algebra is therefore the Standard Model product algebra, 

( ) ( ) ( )SM 3 2 1 .C L YG SU SU U= × ×                     (46) 
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However, this product should not be interpreted in TM as three unrelated or-
thogonal internal spaces. The two non-Abelian sectors are complementary reali-
zations of one phase-locked dual temporal geometry. Color occupies one rank-
three conjugate flow, while the opposite conjugate flow cannot carry an independ-
ent, identical color copy without producing a mirror color sector. The minimal 
allowed use of the conjugate partner is therefore the holonomy-preserved rank-(2 
+ 1) splitting whose stabilizer is the electroweak ( ) ( )2 1L YSU U×  subgroup. 

Thus, the Standard Model gauge product appears after projection, but its fac-
tors are correlated by the underlying dual-fiber geometry. The determinant ( )1U  
of the two sectors is the same temporal phase seen with opposite orientation in 
the conjugate windings, and this common determinant line is phase-locked to the 
external ( )Spin 1,3c  line. The role of ( )3,3SO  is therefore more than kine-
matic. It supplies the generalized bundle whose compatible unitary reduction pro-
duces the conjugate temporal flows. One flow carries unbroken color, and the 
other carries the electroweak stabilizer with the Higgs coset. This gives a selection 
rule where a physical low-energy sector cannot contain both an unbroken color 
copy and its identical conjugate-dual mirror as independent gauge structures. 

Chirality has a geometric meaning in this construction. Right-handed fermions 
correspond to circulation on one fiber of the conjugate-dual internal structure, 
whereas left-handed fermions correspond to circulation on both fibers. Thus, chi-
rality is not introduced only as an external representation label. It is encoded in 
the allowed circulation structure of the internal temporal bundle. TM therefore 
shows that the observed chiral assignments of the SM are compatible with the 
phase-locked ( )3U  temporal geometry. 

6. Phase Locking 

Definition: The phase lock is a chosen product-manifold structure on  

7 4 τ= ×   . It selects a distinguished Hermitian ( )1U  line bundle with con-
nection 

( )lock lock 7,L A →                          (47) 

together with connection-preserving identifications 

( ) ( ) ( )* * * *
lock lock 4 4Spin Spin

, , , .c cL A L L Aτ τπ π π π               (48) 

This can be written in the locked sector as 

( ) ( )~
* * * *

4 4Spin Spin
: , , .c cL L Aτ τπ π π πΛ →                 (49) 

This is not an automatic identity between arbitrary line bundles on the two fac-
tors. It is the defining compatibility condition of the phase-locked product sector. 
The product manifold is therefore restricted to configurations for which the in-
ternal determinant line and the external Spinc  auxiliary line are represented by 
the same locked temporal ( )1U  line after pullback to 7 . 

The lock is not meant as a generic equality between arbitrary pullback classes 
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from the two factors of the product. On a direct product, ( )* 2
4 4Hπ   and 

( )* 2Hτ τπ   generally occupy different Künneth summands. TM therefore treats 

lockL  as the primary temporal line on 7 . The internal determinant line and the 
external Spinc  auxiliary line are its associated realizations or restrictions in the 
locked sector. In the minimal benchmark used, the lock may be taken at the level 
of flat connection holonomy, with trivial or compatible Chern class. More general 
nontrivial locks require a diagonal, restricted, or mixed class on 7  rather than 
an unconstrained equality of arbitrary product pullbacks. 

Within a topologically compatible locked sector, the associated Chern data and 
curvatures are represented by the same locked temporal line, 

( ) ( ) ( )* *
1 1 lock 1 4 Spin

,cc L c L c Lτπ π= =  

* *
det lock 4 Spin

,cF F Fτπ π= =                       (50) 

and for the conjugate determinant line 

( ) ( )* *
1 1 lock ,c L c Lτπ = −  

* *
det lock .F Fτπ = −                          (51) 

The lifted phase of the locked line then provides the external proper-time pa-
rameter from a single global temporal ( )1U . The phase lock is the chosen iden-
tification of the determinant line of the internal ( )3U  bundle with the auxiliary 
line of the external ( )Spin 1,3c  structure. 

Let lock 7L →  denote the distinguished principal ( )1U  bundle carrying 
the universal time phase. Its holonomies are generated by ( )W  . The lifted  
phase θ ∈   defines a covering map ( )Cov : 1U→  with ( )Cov e iθθ −=



  

and winding number 1 Δ
2

w θ=
π

 . The unwrapped temporal parameter t  in the  

external Lorentz sector is identified with θ  and the phase lock. 
The diagonal phase lock identifies the universal cover of the locked ( )1U  

phase with the external proper-time coordinate. Let lockA  denote a local repre-
sentative of the locked ( )1U  connection on lockL . In adapted gauges, the lock 
may be represented by 

* *
lock 4 Spin

~ ~ ,cA Aτπ π                        (52) 

with locally defined curvature 

lock lock ,F dA=                            (53) 

while globally the corresponding curvature is the common 2-form determined by 
the locked Chern class. The external time direction is not an additional independ-
ent coordinate. It is the lifted determinant phase of the internal ( )3U  structure, 
and me µ  and ( )gµν φ  respond to internal energy through the locked cSpin  
line. 

In the ( )3U  reduction, ( )3U  acts on the rank-3 Hermitian bundle 

τ→   with connection ( )( )1 , 3A τ∈Ω u . The standard isogeny of  
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( ) ( ) ( )
3

3 1
3

SU U
U

×
=


 is 

( )1 tr .
3

tracelessA A A= + 1                       (54) 

The internal decomposition 

( ) ( ) ( )
det

1 3 3 1 1SU U U→ → → →                   (55) 

identifies a traceless ( )3SU  sector as the ( )3SU  fiber base and a determinant 
( )1U  sector attachment, which is phase-locked to the external Lorentzian 

( )Spin 1,3c  line. 
This identifies the total internal temporal phase, which is the sum of internal 

eigenphases in ( )3U  with the external proper time ( )1U  phase governing 
Spinc  transport on 4 . There is a single global temporal ( )1U . The temporal 
evolution on the physical subspace τ  is a pure fiber rotation, 

( ) ( )e , 1 ,ˆ ˆiE tU t iHτ
ττ τ

−= − ∈u1                    (56) 

while in general ( )ˆiH n− ∈u  with ( ) ( )ˆeˆ iHtU t U n−= ∈ . 
The phase lock organizes the external Lorentzian sector through the chrono-

metric field, 4:Tφ → , homogeneous quadratic function on the tangent 
space 4pT  , such that ( ) ( ): ,p pv g v vφ =  has a Lorentzian signature ( )1,3 . The 
metric is reconstructed by polarization, 

( ) ( ) ( ) ( )1, .
2p p p pg u v u v u vφ φ φ = − + − −                (57) 

Thus, ( )( )4 , g φ  carries the emergent orthonormal structure group ( )1,3SO . 
The external Lorentzian metric is reconstructed from the chronometric field φ , 
so that ( )( )4 , g φ  carries proper time along a clock’s worldline [9] [11] [38], 

2 ,d g dx dxµ ν
µντ =                           (58) 

where operational time measured by clocks in the emergent external spacetime is 
the proper time induced by the phase-locked metric. 

The chronometric field is not an additional matter field independent of the met-
ric. It is the quadratic norm functional of the external Lorentzian block of the phase-
locked product geometry. Thus, specifying ( ) ( ),p pv g v vφ = −  on each tangent 
space is equivalent, by polarization, to specifying gµν . Variations may therefore 
be taken with respect to gµν , or equivalently with respect to φ  restricted to the 
open cone of Lorentzian quadratic forms. The Einstein-Hilbert term on the phase-
locked product manifold supplies the gravitational dynamics, while the internal 
temporal sector enters through the effective stress-energy obtained after projec-
tion. 

The phase lock is a geometric identification rather than an additional phenom-
enological field. In the present construction, the internal determinant line 

( )detL Eτ τ=  of the internal ( )3U  bundle is identified with the auxiliary ( )1U  
line associated with the external ( )Spin 1,3c  structure. The minimal consistency 
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condition is therefore the existence of a globally well-defined locked ( )1U  con-
nection on 7 4 τ= ×   . Equivalently, the pullbacks of the internal determi-
nant line and the external Spinc  line to 7  must be isomorphic, with compat-
ible first Chern data and with holonomies that are single-valued on the compact 
temporal cycles. 

This condition is not imposed as an independent anomaly-cancellation postu-
late. Rather, the locked ( )1U  sector is part of the defining geometric structure 
of the theory. The SM-compatible charge assignments are then tested within this 
locked bundle structure, rather than appended as an arbitrary list of chiral fields. 
Thus, the relevant consistency requirement for TM is the global existence of the 
phase-locked determinant connection and its compatibility with the observed rep-
resentation structure. 

7. Temporal Manifold 

Working in a locally adapted product chart 7 4 τ= ×   , the associated 
locked line bundle is the common temporal ( )1U  line lock 7L → . The phase 
lock identifies the determinant ( )1U  phase of the internal ( )3U  structure 
with the auxiliary ( )1U  phase of the external ( )Spin 1,3c  structure. Thus, the 
external time parameter is not introduced as an independent Abelian degree of 
freedom, but it is the lifted determinant phase of the locked temporal line. 

( ) ( ) ( ) ( )

( ) ( )

13 Spin 1,3 3

det

Spin 1,3 1

c
U

c

U U

U
ζ

= × →

↓ ↓

→



                (59) 

Definition: Let 7  be a seven-dimensional product manifold equipped with 
the locked structure group ( ) ( ) ( )13 Spin 1,3c

UU= × . Using locally adapted co-
ordinates ( ), axµ θ , , 0,1, 2,3µ ν = , and , 1, 2,3a b = , where xµ  are coordinates 
on the emergent Lorentzian spacetime 4 , and aθ  are coordinates on the 
compact internal temporal manifold τ , the temporal manifold carries an atlas 
( ){ },Uα αϕ , with smooth transition functions on overlaps. These local charts al-

low local trivializations of the internal bundle and therefore support the definition 
of internal connections, spinor sections, Wilson lines, and curvature forms. 

The internal temporal bundle is represented by a principal ( )3U  bundle 

( )3U ↪ ( )( )1, , 3 ,P A P
π

τ→ ∈Ω u                 (60) 

where P  is the total space, π  is the projection, and A  is the connection one-
form. The corresponding matrix-valued gauge potential is written using Hermit-
ian generators, while the principal connection is represented by its anti-Hermitian 
form. The curvature encodes how the internal temporal geometry twists across 
local trivializations, and the Chern classes distinguish topologically inequivalent 
internal sectors. 

Topologically, τ  is compact and orientable. In the benchmark model, it is 
specialized to 3

τ ≅  , whose nontrivial cohomology supports quantized holon-
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omy and Wilson lines. Nothing in the local construction requires the internal bun-
dle to be globally trivial. Local trivializations exist over chart domains, while tran-
sition functions encode the global bundle. 

The internal connection ( ), ,C L YA A A  and their curvatures ( ), ,C L YF F F  fix 
the internal temporal energy density and the internal spectrum. Through the 
locked determinant line, this internal temporal structure sources the external Lo-
rentzian chronometric geometry. The external metric ( )gµν φ  is therefore inter-
preted as the chronometric response to the phase-locked internal temporal sector. 

At zeroth order, TM imposes a rigid product ansatz. This is not a constraint on 
the full perturbed theory. It is the background about which the coupled theory is 
expanded. The zeroth-order metric is 

( ) ( ) ( ) ( ) ( )7,0 4 ,g g x g τ θ= ⊕                      (61) 

or, in adapted coordinates, 
( ) ( ) ( ) ( )42

0 .a b
abds g x dx dx g d dτµ ν

µν θ θ θ= +                 (62) 

The corresponding zeroth-order connection separates as 
( ) ( ) ( ) ( ) ( )0 0 0 .a

aA A x dx A dµ
µ θ θ= +                   (63) 

Equivalently, in the rigid product sector, 
( ) ( ) ( )0 0 00, 0, 0,a a abg g gµ µν µ= ∂ = ∂ =  

( ) ( )0 00, 0.a aA Aµ µ∂ = ∂ =                      (64) 

For this zeroth-order background, the volume form and scalar curvature sepa-
rate as 

( )7,0
4 ,g g gτ= −  

( ) ( ) ( )7,0 4 ,R g R g R g τ     = +                        (65) 

where ( )( )4
4 : detg gµν= , and ( )( ): det abg g τ

τ = . The internal metric ( )g τ  is rigid 
over 4  at this order, and the internal temporal connection ( ) ( )0

aA θ  deter-
mines the zeroth-order internal Dirac spectrum. The determinant component is 
phase-locked to the external Spinc  line, while the traceless ( )3su  directions 
carry the non-Abelian internal holonomy. 

External spinors are sections of the ( )Spin 1,3c  bundle over 4 . Internal 
temporal spinors are sections over τ . Physical four-dimensional fermion fields 
arise by expanding product spinors into external fields multiplied by internal tem-
poral eigenmodes. Because τ  is compact, its volume is finite, 

3: d .g
τ

τ τκ θ= ∫                          (66) 

In the rigid product sector, the zeroth-order Lagrangian separates as 
( ) ( ) ( ) ( ) ( ) ( )0 0 0

4, ,x x τθ θ= +                          (67) 
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with 

( ) ( )0 0
4 4 ,4

4

1 ,
16 SR

G
= +

π
                            (68) 

and 

( ) ( )0 0
,

1 ,
16 SR

Gτ τ τ
τ

= +
π

                            (69) 

where ( )4
4 :R R g =   , and ( ):R R g τ

τ
 =   . The internal curvature term Rτ  is re-

tained because the internal geometry and covariant derivative on τ  are part of 
the temporal spectral mechanism. In the minimal decoupled benchmark ( )0

,4 0S = , 
so that the zeroth-order sources are internal temporal circulation. 

The zeroth-order action is 
( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( )
4

4 4

0 0 04 3
4 4

0 04 4
4 4 4 ,eff

d d

d d .

S x g g x

x g x x g
τ

τ τ

τ τ

θ θ

κ

= − +

= − + −

∫ ∫

∫ ∫
 

 

 

 
            (70) 

The internal temporal contribution appears in the four-dimensional effective 
theory as the source density 

( ) ( ) ( )0 03
,eff : d .g

τ
τ τ τθ θ= ∫                       (71) 

If the rigid internal background is exactly independent of x , then ( )0
,effτ  is 

constant and behaves as a vacuum-energy-like effective source. When internal 
temporal modes are projected to four-dimensional fermion fields, the external 
mode coefficients carry x -dependence, and the effective source inherits this de-
pendence through the projected fields. 

With Einstein-Hilbert normalization, the zeroth-order external gravitational 
action is 

( )
4

0 4
grav 4 4

4

d .
16

S x g R
G
τκ= −
π ∫                    (72) 

The zeroth-order effective source action becomes 
( ) ( ) ( )

4 4

0 0 04 4
src 4 ,4 4 ,effd d .SS x g x gτ τκ= − + −∫ ∫ 

               (73) 

Define the effective four-dimensional stress-energy tensor by the local func-
tional derivative 

( ) ( )
( )

( )
0

0 src

4

2: .ST x
g xgµν µν

δ
δ

= −
−

                   (74) 

The local metric variation of the zeroth-order effective action gives 

( )

( )
( )

0
0

44

1 1 .
16 2

S G T
Gg xg
τ

µν µνµν

κδ
δ

= −
π−

                (75) 

Stationarity with respect to g µν  therefore yields 

( )048 .GG Tµν µν
τκ

π
=                           (76) 
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In the minimal temporal-source sector, where ( )0
,4 0S = , this becomes 

( ) ( ) [ ],048 , , , , ,C L Y
GG g T F F F gτ

µν µν τ
τ

φ χ
κ
π

=                    (77) 

where ( ),0T τ
µν  is the effective stress-energy induced by the rigid internal temporal 

sector after projection through the phase-locked product geometry. Equivalently, 
the finite internal volume can be absorbed into an effective four-dimensional 
Newton constant eff 4:G G τκ= . 

The full coupled theory is organized as a perturbation around the rigid product 
background with the action, 

( ) ( ) ( )0 1 22 .S S S S= + + +                       (78) 

The metric and connection are expanded as 

( ) ( ) ( )2, , ,a ag x h xµ µθ θ= +    

( ) ( ) ( ) ( ) ( )2, , ,ab ab abg x g h xτθ θ θ= + +    

( ) ( ) ( ) ( ) ( )4 mix 2, , ,g x g x h xµν µν µνθ θ= + +    

( ) ( ) ( ) ( ) ( )0 2, , ,a a aA x A A xθ θ δ θ= + +    

( ) ( ) ( ) ( ) ( )0 2, , .A x A x A xµ µ µθ δ θ= + +                (79) 

At zeroth order, the product factorization gives separate external and internal 
sectors. At first order, the mixed metric components, x -dependent internal met-
ric fluctuations, and x -dependent internal connection fluctuations break the 
strict separation. Consequently, 

( ) ( ) ( )7 mix 2
4 41 ,

2
ab

abg g g g h g hµν
τ µν τ
 = − + + +  


   

( ) ( ) ( ) ( )7 4 2
mix .R g R g R g Rτ δ   = + + +   

 
                (80) 

The first-order correction mixRδ  collects the terms generated by ahµ , mixhµν , 

abh , and their mixed derivatives. Similarly, the gauge curvature develops mixed 
components 

, ,a a a aF A A i A Aµ µ µ µ = ∂ − ∂ +                       (81) 

which vanish in the rigid product background only under the zeroth-order con-
straints in Equation (64). At first order, these components are generally nonzero 
and encode the coupling between external propagation and internal temporal ge-
ometry. 

Using the Lagrangian density with 

( ) ( ) ( )0 1 22 ,= + + +                          (82) 

and with a convenient first-order decomposition 
( ) ( ) ( ) ( )1 1 1 1

,4 mix .S τδ= + +                           (83) 
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Here, ( )1
,4S  restores external four-dimensional source structure, ( )1

τδ  con-
tains first-order changes in the internal temporal geometry and connection, and 

( )1
mix  contains terms that cannot be written as a pure x -term plus a pure θ -

term. These mixed terms include contributions from aFµ , ahµ , mixed curvature 
terms, and x -dependent internal connection fluctuations. 

The corresponding first-order correction to the action is 

( ) ( ) ( )
( ) ( ) ( ) ( )

4 4

1 14 4
4 ,4 4

1 13
mix

d d

d , , .

SS x g x x g

g x x
τ

τ

τ τ

κ

θ δ θ θ

= − + −

 + 

∫ ∫

∫
 





 
               (84) 

The external spacetime remains noncompact, and the field equations are ob-
tained locally by varying the action density on 4 . The x -dependent fluctua-
tions ( ),aA xδ θ  in the traceless coset directions contain the Higgs-like connec-
tion modes. Their overlaps with internal temporal spinor eigenmodes produce the 
effective Yukawa-like matrices in the four-dimensional theory. Thus, the zeroth-
order rigid temporal sector supplies the rest masses, while first-order perturba-
tions of the temporal connection and metric generate mixing and geometric over-
lap corrections. 

First-principles construction of the action uses external diffeomorphism invar-
iance to select the Einstein-Hilbert term on 4 , internal ( )3U  gauge invari-
ance to select curvature terms such as ( )Tr AB

ABF F , and spin geometry to select 
Dirac actions with covariant derivatives built from the corresponding external and 
internal connections. The phase lock fixes the universal temporal ( )1U , elimi-
nating an independent Abelian redundancy. The rigid ansatz defines the stable 
zeroth-order compact temporal sector with finite τκ , while the perturbations of 

abg , aA , and the mixed fields generate the Higgs-coset dynamics, Yukawa-like 
overlap operators, and flavor mixing. 

8. The Standard Model 

In the same way that SO(10) grand unifying theories arrange quarks and leptons 
into a single 16-dimensional spinor representation [6] [7], TM arranges Lorentz 
spin and flavor into a single ( ) ( ) ( )13 Spin 1,3c

UU ×  spinor bundle, with internal 
quantum numbers arising from holonomy in the temporal manifold. The tem-
poral ( )1U  appearing after locking is the central phase of the full unitary evolu-
tion promoted to a geometric holonomy and identified with the internal determi-
nant phase. The internal geometry contains two conjugate rank-3 sectors, identi-
fying one with the color bundle C  and the other with the Higgs-electroweak 
bundle E . The electroweak subgroup is embedded in the traceless part of ( )3U  
acting on E , while the full traceless part of the conjugate sector furnishes 

( )3 CSU . 
In TM the electroweak embedding is taken inside the traceless sector of ( )3U  

acting on  . After locking, the trace ( )1U  is fixed, where the dynamical inter-
nal gauge directions lie in ( )3su . From Equation (27) the residual gauge group 
is ( )3SU . The chosen holonomy-preserved rank-2 subbundle V E⊂ , where 
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0     E V L= ⊕  and 0det detE V L= ⊗ . This embeds ( )2 LSU  as endomorphisms 
of V  and picks a traceless diagonal ( )1 YU  orthogonal to both 3T  and the 
locked trace. 

In the ( )3SU  embedding ( ) ( ) ( )2 1 3L YSU U SU× ⊂ , ( )2 LSU  acts on the  
first two components generated by the Gell-Mann matrices 1 2 3, ,λ λ λ  in the cho-

sen upper-left 2 × 2 block as 
2

a a
LT λ
= , 1,2,3a = . Taking the hypercharge as the  

diagonal generator in ( )3SU  as ( )diag 1,1, 2Y y= − , where y  is a normaliza-
tion constant. Then picking one ( )2SU , the first two components form an 

( )2SU  doublet and the third component is an ( )2SU  singlet with hyper-
charge eigenvalues 1 2Y Y y= =  and 3 2Y y= − . Then, the coset 

( )
( ) ( )

3
2 1L Y

SU
SU U

Π =
×

                        (85) 

is represented at the Lie algebra level by the generators that are not in ( )2 Lsu  or 
Y . The adjoint of ( )3SU  has 8 generators and 3 of them are  

( ) ( )1 2 32 , ,LSU λ λ λ . The one ( )1 YU  direction is identified as 8λ . The remaining 
generators that span the coset are 4 5 6 7, , ,λ λ λ λ . The complex doublet can then be 
written as 

13 4 5~ ,E iλ λ+  

23 6 7~ ,E iλ λ+                         (86) 

which rotates under ( ) ( )13 232 ,LSU E E . 
In order to compute the hypercharge, consider 13E , which mixes ( )1,3  and 

23E  which mixes ( )2,3 . Acting on the basis { }1 2 3, ,e e e , 13E  takes 3 1e e  
under Y , the phase of ie  is iY  where ( )1Y e y= , ( )2Y e y= , ( )3 2Y e y= − .  
Then the charge of the raising operator 13E  is  
( ) ( ) ( ) ( )13 1 3 2 3Y E Y e Y e y y y= − = − − =  and  
( ) ( ) ( ) ( )23 2 3 2 3Y E Y e Y e y y y= − = − − = , where the coset doublet ( )13 23,E E  has 

the hypercharge 3Y y= . 

Identifying the Higgs doublet’s quantum number as 1
2HY = +  then  

1 13
2 6

y y= ⇒ =  giving the expected hypercharge. The Higgs doublet field ( )xξ  

arises from fluctuations of the internal connection along the coset directions 

spanned by ( )13 23,E E . This fixes the embedding to ( )1 diag 1,1, 2
6

Y = − , demon-

strating that TM produces the correct hypercharge normalization with 1 6y = .  

The fundamental 3 of ( )3SU  decomposes under ( ) ( )2 1L YSU U×  as the two 
components with 1 6Y = +  and a component with 1 3Y = − , where  

1 6 1 3+ −→ ⊕3 2 1 . 
After locking, the holonomy-preserved splitting of the rank-3 internal bundle 

0 ,E V L= ⊕                           (87) 

where ( )rank 2V =  and 0 :L V ⊥=  is a line bundle. Under the Hermitian trace-
less diagonal generator 
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( )0 eff 0
1 diag 1,1, 2 , .
6 3

qY Y Y= − = +                    (88) 

the two summands transform as 

1 6 0 1 3, .V L+ −≅ ≅2 1                           (89) 

The coset directions are the off-diagonal maps between these summands, 

( ) *
0 0Hom , ,H L V V L≅ ≅ ⊗                        (90) 

so the Higgs bundle carries 

( ) ( ) ( )0
1 1 1 .
6 3 2

Y H Y V Y L  = − = − − = + 
 

                  (91) 

Thus, the coset mode is an ( )2 LSU  doublet with the SM Higgs hypercharge. 
The lepton doublet and the right-handed charged lepton arise from the same 

structure once the unique locked temporal line ( )detL E=  is used to twist the 
base ( )3SU  weights. Normalizing the temporal line so that tensoring by qL   

shifts the effective hypercharge by 3q , where eff 0 3
qY Y= + . Since *

1 6V −≅ 2 , 

one obtains 
* 1 2

1 2 0 1, ,L RL V L e L L− −
− −≅ ⊗ ≅ ≅ ⊗ ≅2 1               (92) 

and similarly 

0, ,L RQ C V d C L≅ ⊗ ≅ ⊗  
*
0 0, .R Ru C L L L Lν≅ ⊗ ⊗ ≅ ⊗                  (93) 

Here C  denotes the color triplet bundle. In this way, the full one-generation 
hypercharge pattern is produced by the traceless ( )3SU  embedding together 
with integer powers of the same locked temporal line. 

This construction reproduces the one-generation SM hypercharges listed in Ta-
ble 1. The three generations are then introduced by assigning the three low-lying 
temporal sectors to three copies of these bundle types. It provides a common ge-
ometric origin for the electroweak embedding, the Higgs doublet, and the associ-
ated Abelian charge assignments. 

The ( )3U  symmetry of   carries both the electroweak subgroup and the 
coset directions that generate the Higgs doublet in the gauge-Higgs unification 
interpretation. Reducing the unitary structure to ( )2U  the gauge-Higgs mode 
disappears, and only the electroweak group can exist. Temporal manifolds larger 
than 3 result in more Higgs doublets. Generalizing the coset to  

( ) ( ) ( ) ( )2 1 2L YSU U SU n SU n× × − ⊂ , where ( ) 2dim 1SU n n= − ,  
( )dim 2 3LSU = , ( ) ( )2dim 2 2 1SU n n− = − − , and ( )dim 1 1YU = . The sub-

group ( ) ( ) ( )2 1 2n L YSU U SU nΠ = × × −  has  
( ) ( )2 2 2dim 3 1 2 1 2 3 4 7n n n n nΠ = + + − − = − + = − + . The coset dimension is 

then  
( )

( ) ( ) ( ) ( ) ( ) ( )2 2dim 1 4 7 4 8 4 2
2 1 2L Y

SU n
n n n n n

SU U SU n
= − − − + = − = −

× × −
,  
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where each complex ( )2SU  doublet has 4 degrees of freedom and 2n −  Higgs 
doublets. 
 
Table 1. One-generation bundle assignment in TM. The rank-2 bundle V  and line bun-
dle 0L  arise from the decomposition 0E V L= ⊕  of the internal temporal bundle, 

( )detL E=  is the locked temporal line, and C  denotes the color triplet bundle. Each SM 

fermion f  transforms in a representation of the internal temporal group ( )3U , whose 

Cartan generators 3T  and Y  act on the temporal fiber with eigenvalues ( )3 ,t y . Phase 

locking and the ( )3SU  embedding identify these internal weights with the external weak 

isospin and hypercharge, ( ) ( )3 3, ,T Y t y≡ , so that the electric charge is 3Q T Y= + . 

Field f  Bundle ( ) ( )( )
3

3 , 2
T

C L Y
SU SU  Charge Q  

( ),L Lu d  C V⊗  ( ) 1 2
1 6, ±

+
3 2  2 1,

3 3
 + − 
 

 

Ru  *
0C L L⊗ ⊗  ( )0

2 3,
+

3 1  2
3

+  

Rd  0C L⊗  ( )0
1 3,
−

3 1  1
3

−  

( ),L Leν  * 1V L−⊗  ( ) 1 2
1 2, ±

−
1 2  ( )0, 1−  

Re  2
0L L−⊗  ( )0

1,
−

1 1  −1 

Rν  0L L⊗  ( )0
0,1 1  0 

 
The discovery of a 125 GeV scalar with SM-like couplings by ATLAS and CMS, 

together with combined measurements of Higgs signal strengths in multiple chan-
nels, disfavors large admixtures of additional Higgs doublets or other light scalar 
multiplets that mix significantly with the observed 125 GeV state. Extended Higgs 
sectors such as two-Higgs-doublet models remain phenomenologically allowed 
where extra states are heavy and weakly mixed, but there is at present no positive 
evidence for additional doublets [39]-[42]. 

Defining each SM Weyl multiplet [43] with the field, f , enumerates the SM 
of particles with 

{ }, , , , , ,L R R L R Rf Q u d L e ν∈                     (94) 

where LL  is the other doublet ( ),l leν . 
After the phase-locked stabilizer selection ( ) ( ) ( )3 2 1L YU SU U×  on the 

electroweak conjugate sector, these internal representations generate the visible 
fermion multiplets. This operation is not a conventional potential-driven sponta-
neous symmetry breaking. It is the restriction to the holonomy-preserved rank-
(2+1) splitting of the conjugate temporal bundle. The phase lock identifies the 
external Spinc ( )1U  with the internal determinant ( )1U , so there is a single 
Abelian connection. The internal electroweak group is therefore the stabilizer of 
the selected temporal splitting, not an independent gauge factor appended to color. 
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Table 1 enumerates the SM Weyl multiplets, where Rν  is a true singlet iden-
tified as a right sterile neutrino [44]. The SM field content is represented in this 
construction through bundle assignments derived from the temporal ( )3U  
structure. Since Table 1 reproduces exactly one SM generation of chiral hyper-
charges, with Rν  neutral, the anomaly cancellations are the usual generation-by-
generation SM cancellations. The nontrivial TM assignment is the temporal-bun-
dle origin of these assignments and not a new anomaly algebra. 

The electroweak gauge group is the chiral stabilizer acting on the holonomy 

0V L⊕  splitting of the temporal bundle. An ( ) ( )2 1L YSU U×  subgroup acts on 
the left-handed doublet directions, while right-handed modes are singlets under 

( )2 LSU . The Higgs field is not a fundamental scalar added to break this group. 
It is the lowest connection fluctuation in the coset directions of the same temporal 
splitting, and its effective vacuum behavior is a statement about the selected ho-
lonomy background. Because the phase lock identifies the determinant ( )1U  
with the external Spinc  line, TM contains no independent additional Abelian 
factor. The construction, therefore, yields the observed gauge group  

( ) ( ) ( )3 2 1C L YSU SU U× ×  in the effective theory, but with no separate light Z ′ , 
no mirror color copy, and no freely adjustable scalar potential in the fundamental 
description. 

The SM discussion should not append the SM as an external quantum field the-
ory, nor should it claim a conventional bottom-up reconstruction of the SM from 
an unrelated set of assumptions. The fundamental variational structure in TM is 
kinetic and geometric. It is built from the Einstein-Hilbert term on the phase-
locked temporal geometry, internal curvature terms, and Dirac operators coupled 
to the corresponding connections. SM-like mass, Higgs, and Yukawa terms are 
effective sectors arising from rigid and flexible perturbations of the internal tem-
poral geometry. In this sense, the observed SM structure is tested for compatibility 
with the geometric perturbation theory of the locked internal bundle. 

Conventional symmetry-breaking terminology must therefore be translated with 
care. TM does not introduce an arbitrary scalar potential whose minimum breaks a 
fundamental gauge symmetry. A four-dimensional effective potential may be writ-
ten after projection or after integrating out temporal fluctuations, but it is a derived 
functional of the kinetic geometry composed of curvature, Wilson-line holonomy, 
radiative corrections, compact temporal volume, and internal-mode overlaps. The 
Higgs-like sector is therefore closer in spirit to gauge-Higgs/Hosotani constructions 
than to a theory in which a scalar potential is freely added by hand, but TM further 
constrains the construction by the phase lock and by the conjugate-dual fiber se-
lection rules. 

9. Temporal Mechanics 

The 4  covariant derivative acts on external fields induced after projection of 
temporal modes, whereas the Mτ  covariant derivative acts on internal temporal 
sections and defines the spectral problem whose eigenvalues supply the rest masses. 

https://doi.org/10.4236/jmp.2026.177038


E. A. Pease 
 

 

DOI: 10.4236/jmp.2026.177038 863 Journal of Modern Physics 
 

After locking, the internal gauge dynamics reside in the traceless ( )3su  sector, 
while the shared ( )1U  governs universal time transport. Let µγ  be a four-di-
mensional Clifford representation on 4  obeying 

{ } 4, 2 ,gµ ν µνγ γ =                            (95) 

and define the external chirality operator 

( ) { }25 0 1 2 3 5 5: , , , 0.i µγ γ γ γ γ γ γ γ= = =1                   (96) 

Let aγ  be a three-dimensional Euclidean Clifford representation on τ , 

{ }, 2 .a b abgτγ γ =                            (97) 

The graded product Clifford generators 
5, ,a aµ µγ γ γΓ = ⊗ Γ = ⊗1                        (98) 

so that { } 4, 2gµ ν µνΓ Γ = , { }, 2a b abgτΓ Γ = , and { }, 0aµΓ Γ = . The appearance of 
5γ  in aΓ  reflects the Lorentzian grading on ( )( )2

1,3L  . 
Defining the total Dirac operator algebraically by 

7 ,A a
A aD i i iµ

µ= Γ ∇ = Γ ∇ + Γ ∇                      (99) 

then the Dirac operator on the product of the external Lorentz spin geometry with 
the internal temporal spectral geometry, with the covariant derivatives split as 

( ) ( ) ,
f

k
k k

k R
i q A x Tµ µ µ µω
∈

∇ = ∂ + + ∑                   (100) 

( ) ,a a a aiAω θ∇ = ∂ + +                       (101) 

where ( )kAµ  are the four-dimensional gauge fields obtained by gauging the ap-
propriate internal symmetries over 4 , and ( )aA θ  is the rigid internal tem-
poral connection. The field produced by the causal response to the fermion is then 
summed over its representation fR . After locking, the determinant component 
of ( )aA θ  is fixed by the shared ( )1U  time phase, so the dynamical internal 
directions lie in ( )3su . 

The internal connection ( )aA θ  is Hermitian in the local physics convention. 
Thus a a aiAω∂ + +  is the covariant derivative on the internal temporal spinor 
bundle, while ( )a

a a aD i iAτ γ ω= − ∂ + +  is the corresponding self-adjoint internal 
Dirac operator on the compact Riemannian temporal sector, subject to the chosen 
spin structure and boundary conditions. This Hermiticity is internal to the spec-
tral problem on τ . The external Lorentzian causal structure is instead con-
trolled by the ( )Spin 1,3c  operator on 4  and by the phase-locked chrono-
metric field. 

With the representation in Equation (98), the operator splits as 
5

7 4 ,D D Dτγ= ⊗ − ⊗1                      (102) 

where 

( ) ( )4 ,
f

k
k k

k R
D i i q A x Tµ

µ µ µγ ω
∈

 
= ∂ + +  

 
∑  
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( )( ).a
a a aD i iAτ γ ω θ= − ∂ + +                    (103) 

Lorentz chirality is governed by 5γ  and the projectors are 

( )5
,

1 1
2L RP γ=                           (104) 

on the external spinor bundle. 
Assume a separated expansion 

( ) ( ) ( ), ,n n
n

x xθ ψ χ θΨ = ⊗∑                     (105) 

where the internal modes satisfy 

, , .n n n n m nmD Eτ τ
χ χ χ χ δ= =                     (106) 

Substitution into the Dirac equation 7 0D Ψ =  and projection onto nχ  yields 
the effective four-dimensional equation 

( ) ( )5
4 0.n nD E xγ ψ− =                        (107) 

nE  is the spectral mass set by the internal temporal geometry. More invariantly, 

nE  is the singular value of the internal temporal mass operator after restriction 
to an allowed paired temporal sector. TM does not introduce this mass through 
an external Yukawa parameter. The internal temporal Dirac operator defines a 
bundle morphism between the conjugate left- and right-handed temporal sectors 
selected by E E⊕ , the locked determinant line, and the bundle assignments in 
Table 1. 

In the four-dimensional chiral notation, this morphism is represented as a mass 
operator acting between left- and right-handed fields, but its magnitude is fixed 
by the spectrum of Dτ . The Higgs-coset and Yukawa-like overlap operators de-
scribe the gauge-covariant orientation, mixing, and perturbative deformation of 
this spectral operator; they are not the fundamental source of the zeroth-order rest 
mass. The factor 5γ  in Equation (107) is the grading operator required by the 
Clifford product 5a aγ γΓ = ⊗ . The zeroth-order masses are spectral and are 
fixed by the eigenvalue of the internal temporal Dirac operator Dτ . 

The conjugate temporal decomposition E E⊕  supplies mirrored left- and 
right-handed Lorentz projections after locking. The Hermitian-dual pairing of the 
conjugate temporal sectors gives the same internal singular spectrum for the 
paired modes. Thus, the four-dimensional rest-mass parameter associated with 
the paired temporal eigenmode is 

.n nm E=                            (108) 

The internal eigenvalues can be expressed as expectation values of the internal 
Dirac operator. With χ  normalized on τ  with a flat internal frame, 

( ) ( )( ) ( )3 ?d .a
a aE g i iA

τ
τ τθ χ θ γ χ θ= − ∂ +∫            (109) 

After pairing the conjugate temporal modes and projecting onto the positive 
mass branch of the internal singular spectrum, the four-dimensional effective ac-
tion takes the usual massive Dirac form, 
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( ) ( ) ( )
4

4
4 4d .

f

k
k k n

k R
S x g x i i q A T m xµ

µ µψ γ ψ
∈

 
= −


∂ +      

−∑∫       (110) 

The origin of this mass is the internal temporal spectral geometry, including the 
internal connection, spin structure, holonomy, and curvature of τ . n nm E=  
is not a Yukawa-generated parameter. It is the singular value of the temporal Dirac 
mass operator obtained from the rigid internal temporal geometry. The Yukawa 
structures enter at the next order, when the rigid temporal background is per-
turbed. They do not replace the spectral origin of mass. Instead, the geometric 
overlap integrals generated by fluctuations of aA  deform the zeroth-order spec-
tral mass operator. 

This spectral use of the internal Dirac operator is related in spirit to noncom-
mutative spectral geometry, where a Dirac operator encodes metric, gauge, Higgs, 
and fermions. In the Chamseddine-Connes spectral action, the SM action coupled 
to gravity is recovered from spectral data of an almost-commutative geometry 
[45]. TM differs from the internal spectral sector by an ordinary compact tem-
poral geometry rather than a finite noncommutative space, and the zeroth-order 
rest masses are identified with the spectrum of the temporal Dirac operator, while 
Yukawa-like structures arise from perturbative overlap operators. 

This provides a geometric mass generation mechanism in which rest masses 
arise as the spectrum of the internal temporal Dirac operator. The geometry of 

τ , its spin structure, the locked determinant line, and the traceless ( )3SU  ho-
lonomy together control the allowed internal modes and therefore the observable 
four-dimensional mass spectrum. In this way, gauge interactions, mass generation, 
and the Lorentzian chirality are unified by a single phase-locked temporal geom-
etry. 

10. Mass 

TM does not prove the uniqueness of 3 , dynamically derive the generation-de-
pendent matrices nB , compute the full Wilson-line effective potential, prove 
quantum consistency of the locked background, or establish stability against all 
metric and connection perturbations. These are dynamical problems not pre-
sented here as part of this geometric construction. 

For a compact three-dimensional temporal manifold, 3
τ =  , the second co-

homology ( )2 3 3,H =    has three independent generators represented by the 
three coordinate 2  subtori. These three primitive 2-cycles motivate a three-
sector organization of the low-lying temporal holonomies. The three distin-
guished low-lying sectors are identified with the three observed generations. After 
phase locking removes the trace direction, the remaining traceless Cartan data of 
the internal ( )3U  holonomy distinguish these sectors and set their zeroth-order 
spectrum. 

The choice 3
τ =   is the minimal toroidal ansatz. Once the temporal sector 

is taken to have a split rank-three structure or equivalent ( )3,3U  temporal 
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structure with conjugate rank-three unitary sectors, then the SM compatibility re-
quires rank-three internal holonomy with one rank-three sector carrying color 
and one rank-three sector whose reduction contains ( ) ( )2 1L YSU U×  and the 
Higgs coset. The compact temporal base must therefore support three independ-
ent commuting holonomy directions in the Cartan limit. Among smooth compact 
three-manifolds, 3  is the minimal choice with ( )3 3

1π =  , ( )1 3 3,H =   , 
and ( )2 3 3,H =   . This supplies three independent Wilson-line phases and 
three primitive dual two-cycle classes. 

The choice 3
τ    is not asserted here as a proven uniqueness theorem. It 

is the minimal compact temporal choice used in the present construction. A three-
torus provides three independent compact temporal cycles, supports Wilson-line 
holonomies, and matches the three-generation structure without introducing ad-
ditional internal dimensions, curvature, or fixed-point structure. A single circle 

1  or a two-torus 2  would not supply the three independent compact cycles 
used in this construction, whereas n  with 3n > , orbifolds, curved compact 
three-manifolds, or higher-dimensional compactification spaces would introduce 
additional geometric structure requiring separate physical justification. 

The three observed generations are then identified with the three lowest tem-
poral holonomy sectors of this rank-three compact geometry. This identification 
is not an arbitrary enumeration of generations, but it is the low-energy SM assign-
ment selected after imposing the ( )3,3U  temporal structure, the phase lock, and 
the observed gauge representation. 

Higher temporal sectors are not excluded mathematically. They correspond to 
heavier internal Dirac modes or projected sectors and must either decouple, lie 
above present experimental scales, or be removed by additional boundary/or-
bifold selection rules. TM uses the 3  model as the minimal smooth benchmark. 
Throughout this section, 1,2,3n =  labels the observed generation sector, 
whereas an ∈  labels the integer winding component around the tha  funda-
mental cycle of 3 . 

TM assigns an internal Hilbert space ( )f
τ  of spinor sections on τ  trans-

forming in a representation fR  of the internal ( )3U  bundle, where f  is the 
fermion index. The internal Dirac operator in this sector is 

( ) ( ) ( )( ) ,f fa
a a aD i iAτ γ ω θ= − ∂ + +  

( ) ( ) ( ) ,fRf A
a a AA A Tθ=                        (111) 

where ( )fR
AT  are the generators of ( )3u  in the representation fR . Internal 

eigenmodes satisfy 
( ) ( ) ( ) ( ) ( ) ( ), , , ,f f f f

n i n i n iD Eτ χ θ χ θ=  

( ) ( )
, ,, ,f f

n i m j nm ijτ
χ χ δ δ=                     (112) 

and the corresponding four-dimensional fermions have rest masses 
( ) ( )
, , .f f

n i n im E=                           (113) 
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Here, n  is the index labeling the three generations, and i  labels the species 
within a generation, where the spectrum of ( )fDτ  with different f  and i  
sample different eigenvalues. The eigenvalues are determined by the internal ge-
ometry and the ( )3U  representation fR , where Table 1 shows the allowed tem-
poral structures of the SM. It is convenient to arrange the charged fermions 
against ( ),n i  as 

.
e u d

f c s
t b

µ
τ

 
 =  
 
 

                        (114) 

Charged fermions exist as the lowest twisted plane waves [46] compatible with 
a twisted boundary condition having stable eigenmodes of ( )fDτ  in each sector, 
which are aligned along inequivalent Cartan directions of ( )3U . 

Specializing to the semi-flat torus polarization 3
τ =   that supplies the ho-

lonomy and choosing a lattice basis { }3 3
1a a=
⊂   for Λ, which represents points 

on 3  by 3θ ∈  with the identification 

~ 2 .aθ θ + π                          (115) 

Let { }a
  denote the dual basis, a a

b bδ⋅ =  . Define the 2π-periodic scalar co-
ordinates along the cycles by 

( )

( ) ( )2 2 .

a a

a a a
b b

ϑ θ θ

ϑ θ ϑ θ δ

= ⋅
⇓

+ π = + π





                  (116) 

The rest masses are universal over 4  and the metric on 3  is taken to be 

( ) ( ) ( ) 1, , .ab
ab a b abg g g g −= =                    (117) 

For each fermion type f , the background of commuting Wilson lines are in 
the internal ( )3U  bundle. In a commuting Cartan background, the connection 
components are taken to be constant and diagonalizable, where 

( ) ( )1 ,
2

f f a
aA dϑ= Θ

π
 

( ) ( ) ( ) ( )( ),1 ,2 ,3diag , , ,f f f f
a a a aΘ = Θ Θ Θ                 (118) 

and the phases ( ),f i
aΘ  are the eigenphases of the holonomy in the representation 

fR  around the tha  fundamental cycle. The Wilson line around that cycle is 

( ) ( )( ) ( ) ( ) ( )( ),1 ,2 ,3
exp diag e ,e ,e .

f f f
a a af f i i i

a aW i − Θ − Θ − Θ= − Θ =         (119) 

The constant Cartan connection and the twisted boundary condition are two 
gauge-equivalent descriptions of the same flat temporal bundle. In a periodic triv-
ialization, the wavefunctions are periodic, and the flat connection appears explic-
itly in the covariant derivative. In a twisted-boundary trivialization, the flat con-
nection is gauged locally to zero, and the same holonomy appears in the transition 
functions of the wavefunctions. The spectrum is independent of which repre-
sentative is used. 
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In the periodic trivialization, one writes 
( ) ( )( ) ( ) ( ) ( ) ( ), ,, 2 ,f f f i f ia

a a aD i iAτ γ χ θ χ θ= − ∂ + + π =          (120) 

where, in the commuting Cartan background, 

( ) ( )1 .
2

f f a
aA dϑ= Θ

π
                         (121) 

Equivalently, after the local gauge transformation that removes the flat connec-
tion from the derivative, one uses the twisted-boundary trivialization 

( ) ( ) ( )
( ) ( ) ( )

,, ,, 2 e ,
f i

af f i f iia
a aD iτ γ χ θ χ θ− Θ= − ∂ + π =            (122) 

with 0aω =  in this flat background. The following plane-wave calculation is 
performed in this twisted-boundary representative. 

For a plane-wave mode on the covering space, 

( ) ( ) ( ) ( )( ) ( ), , ,exp ,f i f i f ia
aik uχ θ ϑ θ=                   (123) 

the boundary condition gives 

( ) ( ) ( )
( )

, ,
,

,  2e e , .
2

f i f i
a a

f i
f ii k i a

a a ak n nπ − Θ Θ
= ⇔ = − ∈

π
             (124) 

Thus, the holonomy enters the spectrum once, either through the explicit flat 
connection in the periodic gauge or through the quasi-periodic boundary condi-
tion in the twisted gauge. In the twisted-boundary representative used, the corre-
sponding internal Dirac eigenvalues satisfy 

2 .ab
a bE g k k=                          (125) 

This is the temporal analog of a Scherk-Schwarz mass shift. In the usual com-
pact spatial setting, a boundary twist ( ) ( )22 e iy R yαπΦ + π = Φ  shifts the KK mo-
mentum by n α+ . In TM, the twist is temporal holonomy,  
( ) ( )2 e ai

aχ θ χ θ− Θ+ π = , so the internal temporal momentum is shifted to  

2
a

a ak n Θ
= −

π
, and the corresponding rest mass is the internal spectral norm  

2 ab
a bm g k k= . 

This use of quasi-periodic boundary conditions is structurally analogous to 
Scherk-Schwarz compactification, where fields acquire phases under transport 
around compact directions and the corresponding shifted momenta appear as 
mass splittings in the lower-dimensional theory [47] [48]. In TM, the same math-
ematical mechanism is interpreted temporally, where the twist is a temporal Wil-
son-line phase, and the shifted compact momentum is an internal temporal Dirac 
eigenvalue. 

Choosing a Cartan basis { }3
1I I=Φ  for ( )3u  and then the constant Cartan 

connection can be written as 

[ ]1 , , 0,
2

I
a a I I JA = ϒ Φ Φ Φ =

π
                (126) 

The Wilson loop around a  is then 
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( ) ( ) ( )exp exp 3 .
a

I
a a IW i A i U= − = − ϒ Φ ∈∫





            (127) 

Let fR  be a representation of ( )3U  and w  a simultaneous eigenstate of 
the Cartan generators, 

.I Iw w wΦ =                         (128) 

Then w  is an eigenvector of each Wilson loop with eigenvalue 

e ,
I
a Ii w

aW w w− ϒ=  

( ) ( )mod 2 .I
a a Iw wΘ = ϒ π                    (129) 

For a fixed set of type covectors 3
ik ∈ , the three observed families corre-

spond to three distinguished Cartan-weight vectors 3
,n iw ∈ . Any linear rule 

,  n i n iw S k=  with ( )GL 3nS ∈  induces the factorized holonomy shifts 
( )

( )
,

3 31mod1 , .
2 2

n i

n i n nB k B S ×Θ
= = ϒ ∈

π π


             (130) 

For the charged fermions 0an = , where the allowed internal momenta are 
( ) ( ), ,n i
a n i a

k B k= −                          (131) 

and the corresponding masses are therefore 
( ) ( ) ( ) ( )T, ,2 1 T

, ,n i n iab
n i a b n i n i i n im g k k B k g B k k g k−= = =          (132) 

where T 1
n n ng B g B−= . 

Koide’s charged-lepton relation [49] admits a geometric interpretation as a fixed 
angle between the square-root mass vector and the trace direction, along with a dis-
cussion of the relation and its radiative-stability problem [50] [51]. The internal 
metric 1g−  then defines the species-dependent generational Gram matrix 

( ) ( ) ( )T 1: .i
nm n i m iB k g B k−=                     (133) 

Its diagonal entries are precisely the squared rigid spectral masses, 
( ) 2 .i
nn nim=                            (134) 

Thus ( )i  contains both the mass norms and the relative generation geometry 
sampled by the charged species i . The normalized Gram matrix 

( )
( )

( ) ( )
:

i
i nm

nm i i
nn mm

=



 

                         (135) 

gives the cosine of the internal temporal angle between the thn  and thm  gener-
ation vectors for that species. 

The Koide relation is not imposed on the primitive vectors directly. It is a trace 
functional of the square-root diagonal spectrum induced by the Gram matrix. Define 

( )( )
( )( )
( )( )

1 4

11
1

1 4

22 2

1 4
3

33

: .

i

i
i

i i

i i

m

R m

m

 
   
   
   = =
   

     
 







                      (136) 
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In a rank-three temporal ( )3U  phase basis, the determinant line is generated 
by the trace direction proportional to ( )1,1,1 . Since the phase lock identifies this 
determinant ( )1U  with the external Spinc  temporal line, the normalized  

locked trace direction in generation-amplitude space is ( )T
det

1: 1,1,1
3

d = . The  

corresponding Koide trace functional is therefore 

( )( )
( )( )

1 23

1
21 43

1

: .
i

nnn
i

i
nnn

K =

=

=
 
  

∑

∑




                        (137) 

Equivalently, if iθ  is the angle between iR  and the locked trace direction  

detd , then 1 23cosi iK θ− = , and the charged-lepton Koide condition is the special-

ization i e= , 2
3eK = . 

In TM, this is interpreted as a trace-balance condition on the charged-lepton 
Gram spectrum, where the square-root spectral vector eR  lies at 4eθ = π  
from the locked determinant direction. Equivalently, writing , ,e e eR R R ⊥= +



, 
( ), det det:e eR R d d= ⋅



, and , det 0eR d⊥ ⋅ = , the Koide value 2 3eK =  is equivalent 
to , ,e eR R ⊥=



. Thus, the phase lock supplies the meaning of the conventional 
democratic direction, where it is the normalized determinant/trace direction of 
the rank-three temporal ( )3U  structure. Koide is then a minimal charged-lep-
ton constraint on the diagonal spectrum of the TM generational Gram matrix, not 
an independent Yukawa postulate. 

In the commuting Cartan background, the internal ( )3U  connection has gauge-
invariant Wilson loops around the three non-contractible cycles. These Hosotani-
Wilson [4] phases may be equivalently implemented as quasi-periodic boundary 
conditions for the internal wavefunctions. The holonomy generation-dependent lin-
ear map ( )GL 3nB ∈  acting on type covectors 3

ik ∈  defines the boundary twist 
phases, which are a generation-dependent momentum ( ),n i

n ik B k= −  on a rigid 
manifold ( )3, g , or as a family of generation-dressed, symmetric, positive-def-
inite forms { }ng  acting on common type covectors { }ik . 

This packaging of the Hosotani holonomy phases for charged fermions by re-
stricting to the ground state winding provides an effective mass law, and compact-
ification on a rigid 3  with commuting ( )3U  Wilson loops in which rest masses 
are internal Dirac eigenvalues, and the species phase vector is dressed by a gener-
ation-dependent mixing. 

Table 2 and Table 3 summarize one benchmark realization of the spectral an-
satz. The target masses in Table 2 are phenomenological mass inputs, not predic-
tions of the SM mass. The fitted matrices and vectors used to obtain the bench-
mark are given in the Appendix. Table 3 shows a benchmark normal-hierarchy 
fit using the same internal metric that generated Table 2. After fixing the observed 
splittings and choosing a discrete set of integer core vectors { }nk , TM yields mass 
eigenvalues near 1 0.026420 eVm = , 2 0.027785 eVm = , and 3 0.056551eVm = , 
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with total mass 0.111eVii m∑  . 
In particular, the effective generation forms ng  are decomposed there as 

2
n n ng gλ= , with det 1ng = . This decomposition makes explicit that the bench-

mark contains both a generation-scale hierarchy and anisotropic holonomy-
dressing. The present fit should therefore be read as a reproducible benchmark of 
the spectral mechanism, with no dynamical principle that fixes g , nB , and the 
integer neutrino cores. 

 
Table 2. Benchmark fit to charged-fermion input masses. The second column lists meas-
ured or running mass inputs at the stated renormalization convention. The third column 
gives the TM benchmark values obtained from the internal metric, type covectors, and gen-
eration matrices nB . They are phenomenological inputs used to test whether the temporal 
holonomy mass law can reproduce the observed hierarchy with a controlled parameter 
structure. 

Fermion Input (GeV) TM (GeV) 

e 0.000510999 0.000510987 

u 0.002160000 0.002160110 

d 0.004700000 0.004700050 

µ  0.105658000 0.105657000 

c 1.273000000 1.272990000 

s 0.093500000 0.093501400 

τ  1.776930000 1.776860000 

t 172.5700000 172.5680000 

b 4.183000000 4.183070000 

 
The neutrino sector is distinguished in TM by allowing a nontrivial integer 

winding sector that cores the dressed lepton covector down to a small residual. 
Introduce an integer core vector 3

n ∈k   for each generation and define the re-
sidual neutrino momentum by 

, .n n i nBν = −k k k                         (138) 

Because the charged-fermion fit fixes the dimensionless temporal manifold 

( )1, ,n ig B− k  only up to an overall scale, the neutrino sector introduces a physical 
calibration constant να  converting the internal residual norm into an observed 
neutrino mass, 

1
T 1

, , , , .n n n n g
m gν ν ν ν ν να α −

−= =k k k                  (139) 

The observed splittings fix να  once a discrete choice of integer cores { }nk  is 
made 

( )1 1

2 22 2
21 ,2 ,1Δ ,

g g
m ν ν να − −= −k k  

( )1 1

2 22 2
31 ,3 ,1Δ .

g g
m ν ν να − −= −k k                  (140) 
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Table 3. Fit to the known neutrino mass splitting. 

Neutrino Input (eV2) TM (eV2) 
2
21Δm  0.000074 0.000074 

2
31Δm  0.002500 0.002500 

NH n TM (eV) 

1ν  (0, −1, 0) 0.026420 

2ν  (1, −1, 1) 0.027785 

3ν  (−2, 1, 0) 0.056551 

 
Table 3 shows the fit obtained using the same metric as in Table 2. For the 

discrete winding choice and calibration fixed by the measured normal-hierarchy 
splittings, TM yields a lightest neutrino mass of approximately 0.026 eV. In the 
Cartan quantization, the lowest-lying mode is ( )0, 1,0− , while the two heavier 
neutrinos correspond to higher winding sectors. The total neutrino mass is ap-
proximately 0.111 eV. 

Neutrinos are constructed as spectral modes of the internal temporal Dirac op-
erator with independent left- and right-handed components paired by the same 
phase-locked temporal geometry with 0~R L Lν ⊗ . The fermion bundle assign-
ments in Table 1 include a sterile right-handed neutrino mode, and the mass term 
is therefore Dirac in character. A Majorana mass term would require an invariant 
pairing of a neutrino mode with its charge-conjugate mode, along with a violation 
of the locked temporal ( )1U  charge structure. Therefore, in this ansatz, neutri-
nos are Dirac fermions and lepton number is conserved at the level of the spectral 
mass construction. 

This is a deliberate contrast with the usual Majorana mechanisms for small neu-
trino mass. The seesaw idea introduces heavy right-handed neutrino degrees of 
freedom or equivalent high-scale lepton-number violation to suppress the ob-
served light-neutrino masses [52]-[54]. In effective field theory, the corresponding 
low-energy Majorana mass is represented by the dimension-five Weinberg oper-
ator [55]. The minimal TM ansatz does not include such a self-conjugate temporal 
pairing, where a Majorana term would require an additional lepton-number-vio-
lating identification of a neutrino mode with its charge-conjugate temporal sector, 
or a controlled breaking of the locked temporal ( )1U . 

This gives a geometric selection rule. Processes that require a state to be identi-
cal to its own conjugate-dual flow are absent or non-generic in the minimal phase-
locked theory. The most direct implication is that neutrinos are naturally Dirac 
rather than Majorana particles in the minimal construction. A conventional Ma-
jorana identification would require a neutrino flow to be equivalent to its own 
conjugate-dual circulation, which is not generic when identical flow occupancy of 
the dual conjugate fibers is excluded. Neutrinoless double-beta decay, therefore, 
provides a direct phenomenological test of the minimal dual-holonomy ansatz. 

In the four-dimensional effective language, the photon and Z  arise as the usual 
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Cartan mixtures after the electroweak stabilizer and Higgs-connection back-
ground have been selected. In the fundamental TM description, this is not driven 
by an independently postulated scalar potential. The Higgs doublet is the lowest 
scalar excitation of the internal connection along the coset directions Π, with its 
effective mass, self-coupling, and vacuum response controlled by the internal 
gauge kinetic term, holonomy, radiative corrections, and the volume of 3 . 

Gauge-inert spinor modes in trivial representations of the internal temporal 
bundle are dark-matter candidates only if their masses, lifetimes, production 
mechanism, free-streaming length, and self-annihilation or decay channels satisfy 
cosmological and halo-structure constraints. This is distinct from dark energy, 
which would require an approximately homogeneous vacuum contribution with 
an equation of state close to −1. TM identifies possible temporal sectors whose 
cosmological viability must be tested by relic-abundance, CMB, BBN, structure-
formation, and halo calculations. 

11. Mixing and Higgs Dynamics 

The previous section treated a commuting Cartan background on 3 , which is 
sufficient to extract a zeroth-order spectral mass law. The present section relaxes 
that restriction and allows generic non-Abelian holonomy. Once the Wilson loops 
around independent cycles fail to commute, the internal Dirac operators in dif-
ferent sectors are no longer simultaneously diagonalizable, and the resulting mis-
alignment appears in four dimensions as CKM and PMNS mixing. Thus, the com-
muting background controls leading-order masses, while noncommuting holon-
omy and coset fluctuations control flavor mixing and Higgs-induced off-diagonal 
structure. 

The same distinction applies to Higgs and flavor dynamics. The effective four-
dimensional theory may be written using familiar language of Higgs potentials, 
vacuum expectation values, and Yukawa matrices, but in TM, these are not inde-
pendent primitive structures. They are the projected description of a connection 
on the phase-locked temporal bundle. A Higgs vacuum corresponds to a stable 
holonomy/stabilizer background of the internal connection. A Yukawa matrix is 
an overlap operator induced by fluctuations of that connection. Flavor mixing is 
therefore not an arbitrary set of independent unitary rotations. It is constrained 
by the same noncommuting internal temporal holonomy that controls the mass-
generating spectral operator. 

In the Cartan plane-wave limit, the Yukawa-like overlap integral reduces to a 
temporal momentum matching condition. The Higgs-coset connection mode 
must carry the internal temporal momentum difference between the left and right 
eigenmodes. Thus, Yukawa entries are kinetic overlap selection rules of the phase-
locked temporal connection, not arbitrary fundamental constants. This same 
phase-locked dual-holonomy structure should also constrain particle-antiparticle 
phase relations. CP-violating phases are not expected to be arbitrary independent 
parameters, but should arise from the mismatch between allowed circulation sec-
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tors under the global phase lock. Once the internal connection is fixed, the con-
struction implies correlations among the CKM phase, the PMNS phase, and the 
mass-generating holonomies. Failure of these correlations would falsify the mini-
mal dual-holonomy realization. 

Let 3⊂   be a closed loop and define the temporal Wilson line  
( ) ( ) ( )( ) ( )exp 3f fW i A U= − ∈∫  , where ( )( )1 , 3A τ∈Ω u  is the fixed inter-

nal connection. Each SM fermion sector f  carries a representation  

( ) ( )( ): 3 f
fR U U τ→  , with the induced sector connection ( ) ( )*

f
fA R A= , and 

holonomy ( ) ( ) ( ) ( )( )e i Af f
fW R U τ

− ∫= ∈   . For flavor, a generic ( )3U  back-
ground on 3  admits noncommuting holonomies for loops 1 2,  . The matri-
ces ( )1W   and ( )2W   need not commute, so there is, in general, no global ba-
sis that diagonalizes the temporal parallel transport. 

In TM, this non-Abelian holonomy is processed through the sector representa-
tions fR  and through the sector’s temporal Dirac operators ( )fDτ , whose 
eigenmodes define the internal wavefunctions ( ) ( )fχ θ  that enter the effective 
four-dimensional theory. In the rigid Cartan limit, the fermion mass operator is 
already present as the internal temporal spectral operator. For each sector f , 
write the zeroth-order mass matrix in the temporal eigenbasis as 

( ) ( ) ( ) ( )( )0
1 2 3diag , , .f f f

fM E E E=                      (141) 

When the rigid temporal background is perturbed by x -dependent coset fluc-
tuations of the internal connection, the mass operator receives geometric overlap 
corrections, 

( ) ( )0e 2 .ff
f f fM M Mδ= + +                         (142) 

In Standard-Model notation, the perturbative correction may be parameterized 
as 

,
2f f

vM Yδ =                             (143) 

but in TM fY  is not a fundamental source of mass. It is the overlap matrix in-
duced by perturbations of the internal temporal connection. 

The physical mass eigenstates are obtained by biunitary diagonalization 
( ) ( ) ( )1 2 3

† diag , , ,f f
L f R f f fU M U m m m=                    (144) 

where the neutrinos are just appended to Equation (114) as { }, , ,f u d e ν= , and 
only the left-handed matrices ( )f

LU  enter charged currents. Therefore, the ob-
servable mixing matrices are the relative left-handed basis mismatches between 
paired sectors, 

( ) ( ) ( ) ( )† †
PMNS CKM, .e u d

L L L LU U U V U Uν= =                    (145) 

In TM, the matrices ( )f
LU  are not free inputs. They are determined by the 

same underlying temporal holonomy of A  evaluated in the representation fR  
and restricted to the relevant left-handed subbundle selected by the ( )2 LSU  
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embedding together with the sector-dependent spectrum and eigenmodes of 
( )fDτ . Because the background holonomies are noncommuting, the induced ef-

fective Yukawa matrices need not be simultaneously diagonalizable across sectors, 
and CKM-PMNS [56]-[58] mixing emerges as a geometric consequence of a single 
internal ( )3U  connection. 

Within TM, the Higgs doublet is interpreted as the lowest scalar excitation as-
sociated with fluctuations of the internal ( )3U  connection along the coset di-
rections of the electroweak embedding described at the end of Section 6. Con-
cretely, the internal gauge field is expanded about the locked background as 

( ) ( ) ( ) ( ), , ,bg
a a aA x A A xθ θ δ θ= +  

( ) ( ) ( ) ( ) ( ) ( ) ( )unbroken † †, , ,a a a aA x A x x xδ θ δ θ ξ ξ θ ξ ξ θ= + + +     (146) 

where ( )aξ θ  takes values in the coset generators, so that ( )xξ  transforms as 
an ( )2 LSU  doublet with hypercharge +1/2. The locking ansatz is imposed on 
the background fields, while Higgs dynamics arise from small x -dependent fluc-
tuations ( ),aA xδ θ  in the traceless coset directions. These fluctuations generate 
mixed field strength components of linear order, 

, ,a a a aF A A i A Aµ µ µ µ = ∂ − ∂ +                    (147) 

and their four-dimensional kinetic term descends from the higher-dimensional 
Yang-Mills [59] action 

4 3
42

1 d d Tr .
4

AB
ABS x g g

g τ
τ

θ= − −∫                (148) 

Separating background and fluctuations as 
( ) ( ) ( )bg , ,A A x A xµ µ µδ θ= +  

( ) ( ) ( )bg , ,a a aA A A xθ δ θ= +                   (149) 

the mixed curvature expands to first order as 

( )bg ,a a aA D Aµ µ µδ δ= ∂ − +                  (150) 

and inserting the KK-style mode decomposition of Equation (146) into  
3d Tr a

a
µ

µθ∫    yields the Higgs kinetic term 

( ) ( ) ( )2
, .k H

k k
k EW

D D i q A x Tµ µ µ µξ ξ ξ
∈

 = ∂ + 
 

∑            (151) 

providing the geometric origin of ( ) ( )†
D Dµ

µξ ξ , and in the standard way with 
an ( ) ( )2 1L YSU U×  basis, ( ) ( ) ( )k H Ha

k a HA T gW T g B Yµ µ µ′= + , with 1 2HY = + . 
In gauge-Higgs unification, the quartic interaction is inherited from the non-

Abelian curvature in the purely internal sector, [ ]2Tr Tr ,ab
ab a bF F A A⊃ . Once 

the coset mode is projected onto its normalized internal profile ( )aξ θ , and its 
effective coupling is set by gτ . The Higgs mass term is controlled by the same 
geometry as in standard gauge-Higgs unification, where “the Higgs boson is iden-
tified with the fifth component of a gauge field” [5], which arise from the holon-
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omy and radiative effects consistent with the higher-dimensional gauge symmetry. 
TM treats the Higgs/electroweak as an internal component of the ( )3U  tem-
poral connection with its dynamics emerging from the time-bundle curvature ra-
ther than from an independent scalar sector. 

The same identification also ties Yukawa couplings directly to geometry. Start-
ing from the fermion action 

( )4 3
4d d ,a

aS x g g i D i Dµ
τ µθ= − Ψ Γ + Γ Ψ∫             (152) 

with 

( ), ,D iA xµ µ µ µω θ= ∂ + +  

( ), ,a a a aD iA xω θ= ∂ + +                    (153) 

and the product representation µ µγΓ = ⊗1  and 5a aγ γΓ = ⊗  with the inter-
nal gauge interaction contains 

( ) ( ) ( )4 3
int 4d d , , , .a

aS x g g x i A x xτθ θ θ θ⊃ − Ψ Γ Ψ∫ ∫         (154) 

Expanding the fermions into four-dimensional fields times temporal eigenmodes, 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ), , , ,, ~ ,f f f f
L i L i R j R j

i j
x x xθ ψ χ θ ψ χ θΨ + +∑ ∑         (155) 

and inserting the coset fluctuation ( ) ( ) ( ) ( ) ( )† †,a a aA x x xδ θ ξ ξ θ ξ ξ θ⊃ +  gives 
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

4
int 4 , ,

,

†3
, ,

d

d .

f f
L i R j

i j

f fa
L i a R j

S x g x x x

g iτ

ψ ξ ψ

θ χ θ ξ θ χ θ

= −

 Γ + 

∑∫

∫ 

         (156) 

which reduces to the four-dimensional Yukawa interaction 
( ) ( ) ( ) ( ) ( ) ( )4

int 4 , ,
,

d ,f f
L i R j f ij

i j
S x g x x x Yψ ξ ψ= − +∑∫           (157) 

with the geometric Yukawa matrix given by the overlap integral 

( ) ( ) ( ) ( ) ( ) ( )†3
, ,d .f fa

f L i a R jij
Y i g

τ
τθ χ θ ξ θ χ θ= Γ∫             (158) 

This recovers the Yukawa Lagrangian, 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )* †

, , , , ,f f f f f
Y f L i R j f R j L iij ij

Y x x x Y x x xψ ξ ψ ψ ξ ψ= − −     (159) 

and makes explicit why flavor structure is not independent in TM. This object 
is called a Yukawa matrix only after projection to the four-dimensional effective 
description. A Yukawa entry exists only if the Higgs-coset connection carries the 
internal temporal momentum needed to connect the left and right temporal 
modes. 

In TM, the first-order geometric overlap operator is produced by perturbing 
the rigid temporal connection. The dominant rest masses are supplied by the ze-
roth-order internal Dirac spectrum, while the overlap matrix ( )f ij

Y  controls the 
mixing of the spectral mass operator. Thus, flavor hierarchies arise from the com-
bined data of the rigid temporal spectrum and the perturbative overlap geometry, 
rather than from arbitrary external Yukawa parameters. 
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12. Conclusions 

TM is not an attempt to quantize spacetime directly. It is a proposal that quantum 
phase, proper time, gauge charge, and rest mass arise from a common internal 
temporal geometry whose determinant phase is locked to the external Spinc  
time structure. In this sense, TM changes what is taken as primitive. Rather than 
beginning with fields on a fixed or dynamical spacetime and then adding internal 
quantum numbers, it begins with phase-locked temporal holonomy and treats 
spacetime geometry, gauge structure, and mass spectra as external manifestations 
of that internal temporal organization. 

The central construction is the locked temporal line. The determinant line of 
the internal ( )3U  temporal bundle, the auxiliary ( )1U  line of the external 

( )Spin 1,3c  structure, the Schrödinger phase, and the proper-time phase are not 
treated as independent Abelian structures. They are identified as realizations of 
one underlying temporal holonomy. This phase lock removes an otherwise redun-
dant Abelian sector and gives a geometric meaning to the relation between inter-
nal phase evolution and external clock time. Proper time is then the external Lo-
rentzian expression of the same compact temporal phase that appears internally 
as a quantum phase. 

The generalized temporal bundle *TM T Mτ τ τ= ⊕  supplies the split-signa-
ture structure from which the conjugate rank-three complex sectors E E⊕  arise. 
Their determinant lines are Hermitian duals, and their Abelian holonomies are 
opposite orientations of the same locked temporal circle. The two sectors do not 
introduce two independent ( )1U  gauge factors, and their traceless parts remain 
available for non-Abelian gauge structure. 

TM assigns one member of this conjugate pair to the color sector and retains 
its full traceless ( )3SU  structure. The conjugate partner is then reduced by a 
holonomy-preserved splitting 0E V L= ⊕ , ( )rank 2V = , and ( )0rank 1L = . The 
stabilizer of this rank-2 + 1 decomposition inside the traceless sector is locally  

( ) ( )2 1L YSU U× , while the off-diagonal coset directions transform as an electro-

weak doublet with 
1 1 1
6 3 2HY  = − − = 

 
. Thus, the SM gauge structure is not intro-

duced as three unrelated gauge groups. It is obtained from the conjugate temporal  
sectors after the common determinant ( )1U  has been locked, where one sector 
carries unbroken color, and the other carries the electroweak stabilizer with the 
Higgs coset. 

In this framework, the Higgs field is not an independent scalar appended to the 
theory. It is the lowest connection fluctuation along the broken coset directions of 
the rank-2 + 1 temporal splitting. The four-dimensional Higgs kinetic term de-
scends from the mixed curvature components of the higher-dimensional gauge 
action, while the quartic and mass terms are controlled by the internal gauge cur-
vature, holonomy, radiative corrections, and the compact temporal volume. The 
same internal connection also produces Yukawa structures, where effective Yu-
kawa matrices arise as overlap integrals of internal temporal eigenmodes with the 
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Higgs-profile fluctuation. Flavor hierarchies and complex phases are therefore in-
terpreted as geometry of the temporal connection rather than as arbitrary external 
parameters. 

Rest mass is described spectrally. After separation of variables on 4 τ×  , 
the internal temporal Dirac operator produces eigenvalues that enter the effective 
four-dimensional Dirac equation as masses. In the commuting Cartan limit on 

3 , these eigenvalues can be written in terms of Wilson-line phases, temporal 
momenta, and the internal metric. The benchmark charged-fermion and neutrino 
fits presented should therefore be read as evidence of compatibility and a para-
metrization of the spectral mechanism, not as a final derivation of the observed 
mass spectrum. The physical content of the construction is that masses are con-
trolled by internal holonomy and the temporal Dirac spectrum. 

The three observed generations are associated with distinguished low-lying 
temporal sectors of the compact internal geometry. On 3 , the existence of three 
primitive two-cycles motivates a natural three-sector organization of the lowest 
holonomy classes. It is a structural identification that the three observed genera-
tions are assigned to the three lowest stable temporal sectors. Higher sectors, if 
present, would correspond to heavier or otherwise inaccessible excitations and 
must be dynamically suppressed or lifted by the internal geometry. 

Neutrinos arise from the same internal temporal Dirac construction as the 
other fermions. The bundle assignment includes a sterile right-handed neutrino 
mode, so the minimal TM mass term is Dirac in character. A Majorana mass term 
would require an invariant self-conjugate pairing of a neutrino temporal mode 
with its charge-conjugate mode, or an additional lepton-number-violating tem-
poral identification. Such a structure is not part of the minimal phase-locked TM 
ansatz. Therefore, within the present construction, neutrinos are Dirac fermions, 
and lepton number is conserved at the level of the spectral mass mechanism. 

The external Lorentzian metric is interpreted as the macroscopic geometric re-
sponse to internal temporal energy and holonomy. The chronometric field recon-
structs the external metric, and the resulting spacetime geometry obeys the usual 
diffeomorphism-governed description in the effective four-dimensional limit. 
Gravitational dynamics are therefore not discarded or replaced. Rather, TM pro-
poses that the source of external geometry is the internal temporal organization 
whose spectral and gauge structures also give matter its observed quantum num-
bers. 

The falsifiable content of the present framework is not merely the absence of 
extra compactification states. TM imposes several linked selection rules. First, 
particle-antiparticle conjugation is a constrained fiber-swap operation inside a 
phase-locked dual ( )3U  holonomy, not an independent mirror copy of the par-
ticle spectrum. Second, color and electroweak structure coexist as conjugate flows 
on the same compact temporal manifold. The observed product gauge group is 
their projected commuting action, not evidence for unrelated orthogonal gauge 
spaces. Third, the Higgs and Yukawa sectors must be derivable from the temporal 
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connection rather than from freely chosen scalar potentials and arbitrary flavor 
matrices. Fourth, Majorana self-conjugate neutrino flow is absent in the minimal 
locked ansatz unless an additional lepton-number-violating temporal identifica-
tion is introduced. 

These constraints give concrete ways to challenge the minimal realization. It 
would be disfavored or ruled out by an unavoidable independent mirror-family 
spectrum, an extra light Abelian gauge boson associated with a second unlocked 
( )1U , a confirmed minimal Majorana neutrino mechanism such as neutrinoless 

double-beta decay, or flavor and CP data that cannot be embedded in any com-
mon noncommuting locked temporal connection. Conversely, the minimal TM 
pattern is supported if neutrinos remain Dirac, no light mirror color or extra Z ′  
sector appears, Higgs self-interactions remain compatible with a derived connec-
tion/holonomy origin, and future predictive versions of the internal connection 
correlate charged-fermion masses, CKM mixing, PMNS mixing, and CP phases 
rather than treating them as unrelated inputs. 
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Appendix: Benchmark Fit Parameters 

This appendix gives the numerical data used in the benchmark charged-fermion 
and neutrino fits discussed in Section 10. The purpose of the appendix is repro-
ducibility and diagnostic transparency. It shows that the phase-locked spectral an-
satz has sufficient structure to reproduce the observed charged-fermion hierarchy 
and a normal-ordering neutrino spectrum once the holonomy dressings are spec-
ified. 

Operationally, the charged-sector fit minimizes a logarithmic residual over the 
nine charged-fermion masses, while the neutrino stage fixes the residual winding 
scale and integer cores against the two measured normal-ordering mass-squared 
splittings. Thus, the charged-fermion masses and neutrino splittings are inputs to 
the benchmark. The displayed TM masses, the lightest-neutrino mass, and the to-
tal neutrino mass are outputs of this fitted realization. A dynamical selection pro-
cess is not presented. 

The benchmark should not be read as a uniqueness proof for the observed mass 
hierarchy. The observed charged-fermion masses and neutrino mass-squared split-
tings are treated as target data for this benchmark. The fitted quantities are the 
species covectors, the generation-dependent dressed quadratic forms, and the re-
sidual integer cores used in the neutrino sector. The predictive content of the 
larger framework would arise from additional restrictions on the allowed holon-
omy dressings, the dual-fiber phase lock, and the admissible flavor-mixing struc-
ture. The data below are rounded for readability. The determinants, scale factors, 
and determinant-normalized matrices are computed from the full-precision 
benchmark values. 

The benchmark is organized as a two-stage fit. In Stage 1, the input observables 
are the charged-fermion masses listed in Table 2, obs

nim , 1,2,3n = , , ,i u d∈ , 
where n  labels generation and i  labels charged-lepton, up-type-quark, and 
down-type-quark species. The fitted charged-sector quantities are the three shared 
species covectors 3, ,u dk k k ∈



 , and the three generation-dependent dressed 
quadratic forms 1 2 3, ,g g g . Using the charged-sector mass law of Equation (132), 
the logarithmic charged-sector objective is 

2TM3

ch obs
1 , ,

log .ni

n i u d ni

m
m= ∈

  
=   

   
∑ ∑



                  (160) 

A logarithmic objective is used because the charged-fermion masses span many 
orders of magnitude. The Stage 1 charged-only objective value for the benchmark 
is 5

ch 2.08335 10−= × . 
In the representative convention used for the benchmark, choose 1g I− =  and 

take nB  to be the symmetric positive square-root representative satisfying 
T
n n nB B g= . The effective neutrino residual is the integer-cored winding vector de-

fined in Equation (138), evaluated here with the lepton covector k


 and the dis-
played representative nB . The physical neutrino masses are then obtained from 
the residual norm using the scale relation in Equation (139). 
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For each candidate integer-core triplet, the benchmark chooses the scale νΛ  
by least squares against the two normal-ordering mass-squared splittings. In the 
code implementation, this is done by minimizing 

( ) ( )2 22,TM 2,obs 2,TM 2,obs
21 21 31 31Δ Δ Δ Δ ,m m m mν = − + −               (161) 

with the splittings evaluated in common physical units. The charged masses and 
neutrino mass-squared splittings are reproduced from the target data in this ap-
pendix. They should not be counted as independent predictions of the benchmark. 

The three shared species covectors are 

( )0.08072, 0.34339,0.15021 ,k = − −


 

( )6.56131,30.75623, 0.80207 ,uk = − −  

( )0.74011, 0.77700,1.42029 .dk = − −  

The three effective generation quadratic forms are 
7 8 6

8 9 7
1

6 7 6

3.1776 10 3.6731 10 1.0783 10
3.6731 10 4.2902 10 1.4083 10 ,
1.0783 10 1.4083 10 9.5646 10

g

− − −

− − −

− − −

 × × − ×
 

= × × − × 
 − × − × × 

 

( ) 30
1det 3.27422 10 ,g −= ×  

2

1.91852 0.49779 1.19601
0.49779 0.12916 0.31032 ,
1.19601 0.31032 0.74691

g
 
 =  
 
 

 

( ) 17
2det 4.19907 10 ,g −= ×  

and 

3

10.85846 8.91886 4.25944
8.91886 26.90018 4.45881 ,

4.25944 4.45881 2.32062
g

− 
 = − − 
 − 

 

( )3det 128.09740.g =  

The matrices nB  are therefore not unique, since n n nB Q B  with T
n nQ Q I=  

leaves ng  unchanged. For reproducibility, we choose the canonical symmetric 
positive square-root representative 1 2

n nB g= . For the benchmark matrices used 
above, this gives 

4 5 4

5 6 5
1

4 5 3

4.72496665 10 5.10518952 10 3.0314644 10
5.10518952 10 5.53901879 10 4.0660249 10 ,

3.0314644 10 4.0660249 10 3.07751192 10
B

− − −

− − −

− − −

 × × − ×
 

= × × − × 
 − × − × × 

 

2

1.15547853 0.29980349 0.70250045
0.29980349 0.07778793 0.18227721 ,
0.70250045 0.18227721 0.46922943

B
 
 =  
 
 

 

and 
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3

2.99384132 1.0451595 0.89611224
1.0451595 5.04762262 0.5738670 .

0.89611224 0.5738670 1.09008315
B

− 
 = − − 
 − 

 

These matrices satisfy T
n n nB B g=  to numerical precision. Thus, the reported ng  

matrices are the invariant data of the benchmark fit, while the displayed nB  ma-
trices provide one explicit admissible representative frame. 

Only the dressed form ng  enters the charged-sector mass law in Equation 
(132). The factorization implicit in that equation is not unique without an addi-
tional choice of internal frame, where transformations of the internal frame leave 
the invariant dressed forms ng  unchanged. For this reason, the benchmark is 
specified primarily by the invariant dressed quadratic forms ng , together with 
the shared species covectors ik . 

If a representative convention is desired, one may choose 1g I− =  and take any 
matrix square root nB  satisfying T

n n nB B g= . This representative choice fixes a 
convenient gauge for displaying nB , but it does not change the charged-sector 
masses or the physical content of the benchmark. In this representative gauge, the 
quantities may be taken as 1 2

n nB g= , where 1 2
ng  is the positive symmetric 

square root computed from the full-precision dressed form. Any other displayed 

nB  related by an internal frame rotation gives the same invariant matrices ng  
and the same mass table. For this reason, TM reports the frame-invariant ng  as 
the primary reproducible data and gives an explicit representative convention for 
reconstructing one admissible set of nB . 

The raw determinants of the dressed quadratic forms span many orders of mag-
nitude, 

( ) 30
1det 3.27422 10 ,g −= ×  

( ) 17
2det 4.19907 10 ,g −= ×  

( ) 2
3det 1.28097 10 .g = ×  

ng  contains both scale and shape as 

( )2 , det 1.n n n ng g gλ= =                     (162) 

For a 3 × 3 matrix, this gives 

( )
( )

1 6
1 3det , .

det
n

n n n
n

gg g
g

λ = =                 (163) 

The benchmark scale factors are therefore 

5
1 1.21857 10 ,λ −= ×  

3
2 1.86434 10 ,λ −= ×  

3 2.24521.λ =  

With this decomposition, the charged-sector mass law becomes 
T ,ni n i n im k g kλ=                       (164) 
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where nλ  carries the gross generation scale and ng  carries the determinant-
normalized anisotropic shape of the holonomy dressing. 

Using the determinants above, the determinant-normalized matrices are 
3 2 3

2 1 2
1

3 2 4

2.1399 10 2.4736 10 7.2613 10
2.4736 10 2.8892 10 9.4843 10 ,
7.2613 10 9.4843 10 6.4412 10

g
 × × − ×
 

× × − × 
 − × − × × 

  

5 5 5

5 4 4
2

5 4 5

5.51970 10 1.43216 10 3.44098 10
1.43216 10 3.71596 10 8.92812 10 ,
3.44098 10 8.92812 10 2.14890 10

g
 × × ×
 

× × × 
 × × × 

  

3

2.15405 1.76928 0.844965
1.76928 5.33632 0.884515 .

0.844965 0.884515 0.460353
g

− 
 − − 
 − 

  

The large entries in 1g  and 2g  show that the benchmark does not contain only 
an overall generation scale. It also contains strong anisotropies in the first two 
generations of dressing forms. Thus, the observed charged-fermion hierarchy is 
represented by both the scale hierarchy in Equation (164) and the anisotropic shapes 
of the determinant-normalized forms. 

The Stage 2 neutrino benchmark uses the same charged-sector structure but 
allows a residual integer-cored winding vector for each neutrino generation, as 
defined in Equation (138). The neutrino mass is then obtained from the residual 
norm using Equation (139). In the following, the physical neutrino scale is 

22.64298 10 eV.ν
−Λ = ×                           (165) 

The small value of this scale in GeV units is not a small dimensionless coupling. 
It is the conversion from a dimensionless internal residual norm to the physical 
neutrino mass scale. 

The Stage 2 integer cores and residual vectors are 

( )core,1 0, 1,0 ,k = −  

( )eff 8
,1 0.000355,0.999633,7.235378 10 ,kν

−= − ×  

( )core,2 1, 1,1 ,k = −  

( )eff
,2 0.142431, 0.551845, 0.883386 ,kν = − − −  

( )core,3 2,1,0 ,k = −  

( )eff
,3 1.89448, 0.99455,0.00018 .kν = −  

The integer cores are fitted residual windings selected from a bounded integer 
search around the nearest metric-whitened lattice vectors. They are only low-re-
sidual integer-core representatives for this benchmark. The benchmark contains 
two visible hierarchies. First, the generation scale factors in Equation (164) satisfy 

1 2 3λ λ λ  . Second, the determinant-normalized matrices 1g  and 2g  are 
highly anisotropic. These features are not numerical artifacts. They are the way this 
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benchmark encodes the observed charged-fermion hierarchy within the spectral 
ansatz. 

Several layers of the construction should therefore be distinguished. The phase 
lock, the rigid product ansatz, and the choice 3

τ    are structural assump-
tions of the present model. The SM-compatible representation assignments follow 
from the selected ( )3U  splitting and locked determinant line. The rest-mass for-
mula follows from the internal Dirac spectrum in the rigid Cartan limit. The nu-
merical charged-fermion and neutrino data in this appendix are benchmark fits 
demonstrating compatibility of the spectral ansatz with the observed mass pattern. 
They do not by themselves prove the uniqueness of the scale hierarchy, the aniso-
tropic shape of the dressed quadratic forms, or the integer cores. 

The benchmark fit above should be understood as the semi-flat Cartan limit of 
a more general variational principle. In that limit, the relevant gauge-invariant 
background data are the conjugacy classes of the Wilson loops around the three 
fundamental cycles of 3 , as in Equation (127). For a field in representation R  
with Cartan weight w , the internal temporal momenta are shifted by the corre-
sponding holonomy phase according to the same shifted-momentum rule as 
Equation (124). The fluctuation spectrum around the background depends on Θ 
through 

( ) ( ) ( )2
, .

2 2
a bab

n w a b
w w

g n nλ
Θ Θ  

Θ = − − +  π π  
             (166) 

Integrating out the temporal gauge, Higgs-coset, and matter fluctuations gives 
a Wilson-line effective potential of the schematic form 

( ) ( ) ( ) ( )eff cl
bosons fermions

1 1Tr log log ,
2 2b b f fV V d d TrΘ = Θ + ∆ Θ − ∆ Θ∑ ∑     (167) 

with the Θ-independent divergent pieces absorbed into local counterterms. The 
remaining finite part is a periodic class function of the Wilson-loop phases and is  
the temporal analog of the Hosotani effective potential. The physical Cartan 

background is selected by eff 0I
a

V∂
=

∂Θ
, modulo large gauge transformations and  

Weyl identifications. The stationary holonomy phases Θ  determine the twisted 
temporal momenta by the shifted-momentum rule of Equation (124), evaluated 
at Θ = Θ . 

In the present appendix, the full effective-potential calculation is not performed. 
Instead, the fitted dressed forms ng , species covectors ik , and residual integer 
cores are used as benchmark data for the semi-flat Cartan limit. This is sufficient 
to test whether the spectral mass law can represent the observed charged and neu-
trino hierarchies. 
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