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Abstract 
Mathematical compatibilities and constraints of a hypothetical 5D space-time 
with time referenced by two coordinates (3-2) have been revisited in detail in 
several recent papers. It has been prescribed from the GR the compatibility 
constraints of the FLRW metric in each temporal brane, to be restricted to 
Closed Universes, Smooth Initial Singularities, and “Open CTC”. In a first 
view, this leads to leaving these works considering mathematical games dis-
carded by the Standard Candles data. However, if time would be referred by 
two coordinates, they would not be linearly related, and it will be mathemati-
cally stated that space-time may not be flat in any case because time-like 
branes geometry will never be. If so, the time scale “lived” over a two-time 
dimension geodesic necessarily is not constant over its linear projection on 
one of both coordinates. Consequently, the correlations between Redshift and 
Distance Modulus—Distance Ladder—may be corrected by a synchronization 
function (if a no-linear two-time geodesic trajectory over a “warped temporal 
geometry” is linearly divided into constant segments, then their projections 
are not linear in any case). We apply an example of time-trajectory over the 
time slices, matching the Standard Candle data for a Closed Universe domi-
nated by matter (>90%) in a bulk 3-2 configuration, with open temporal 
branes and smooth singularity. If time can be referred by two coordinates, 
then there is no need of Darkness to explain astrophysical data and Universe 
can be closed. 
 

Keywords 
Closed Universe, Multidimensionality, Time-Like Dimensions, No-Linear 
Time, Accelerated Expansion, Smooth Big Bang 

 

1. Introduction 

Every truth is certain only inside its paradigm. Data can certify consistency, even 
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they do not certify the exclusivity of an interpretation but in reference to its as-
sumptions. The interpretation of the observational data on SNeIa & GRB, as an 
acceleration of Expansion, is true within its relativistic 3-1 paradigm.  

Within this paradigm the Horizon’s Problem, Dark Energy, Dark Matter, ba-
ryonic decay [1], relativistic determinism, the entropy of the black holes, galactic 
macro-singularities, and multiverses, can be considered, as consequences pend-
ing to solve by insisting with additional hypotheses, or also as symptoms of the 
need for a paradigm change, in any case, to which unification target also points.  

A single temporal dimension kidnaps GR into determinism: if Relativistic 
Mechanics were considered from two or more time dimensions, the temporal 
branes would be nothing more than a frame of a statistical population of poten-
tial time trajectories, defined by temporal geometries (equivalent to microstates). 
If this temporal geometry would be flat and unique, then time trajectory would 
be linear, recovering 4D.  

FLRW Metric, Cosmological Deceleration, Causality (CTC), Well-posedness, 
more symmetries for more equations, tachyons and phantom particles, dimen-
sional compactification, have been often considered as “pathologies”, reason for 
disinvestment in multitemporal theories. But alternatively, they may also be 
considered as limiting conditions that alternative interpretations of the astro-
physical data available must meet. They can also be clues to finding time- 
geodesic function that eventually may converge with SR. 

There had been alternative interpretations of SNeIa & GRB data: Effects that 
may influence the extrapolation of the maximum brightness (subclasses of SNeIa 
and influence of metallicity [2] [3]; Incoherent Light, [4]; Tired Light, Variable 
Speed of Light (VSL), [5]; and/or variable G at cosmological scale, MOG [6], 
MOND [7] [8]. Beside all those speculations, maybe Type Ia Supernovae are not 
compelling as standard candle that much as it has been said, like in 2014J [9], 
[10]. This paper will analyze if time can be referred to two no-linear related 
coordinates, a closed universe with smooth singularity and no-flat open tempor-
al geometry is possible. 

2. FLRW Metric 

The application of the Campbell Theorem in its weak statement to a multitem-
poral configuration allows a unique solution in which any Friedmann-Lemaître- 
Robertson-Walker, -FLRW-, metric can be embedded in a 3-2 Ricci Flat Space, 
maintaining the symmetry group. Within the multidimensional paradigm, as-
suming Friedmann’s Model, the detailed analysis in [11] of the metrics states the 
compatibility of relativistic equations with temporal branes in Universes of three 
spatial and two temporal dimensions (3-2), with certain restrictions. From [12]:  

From a 5D = 3-2 Paradigm, FLRW metric as a constrain, states in [13]: 
 The Universe must be closed: decelerated Scale Factor. For a generic equili-

brium combination of matter, radiation, and the cosmological constant, with 
an adiabatic index  
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max 1 2, if 1 1kω ≤ = − ⇒ = +                   (1) 

 The necessary and sufficient condition for the absence of particle horizons is 
a “Smooth Big Bang” (asymptotic to the v-axis): the proper time derivative of 
the expansion factor R(t) must be finite and not diverge faster than R−2. The 
Horizon Problem would be an answer to a wrong question (asymptotic to a 
v-axis parallel).  

 Inside a 5D Universe, a temporal trajectory function τ = Ψ(t), such as the 
hyperbolic examples in Figure 1, cannot be constant or linear in any case. 
Any linear relationship between temporal coordinates -a straight line in the 
temporal plane u/v in Figure 1, by rotation and/or translation would reset 
the 4D configuration. 

 Then 5D space-time can never be always flat, though there is a no-linear time 
geodesic trajectory. It can seem to be approximately flat on the asymptotic 
phases over the v-axis (in Figure 1, at the smooth BB process, or even in its 
tired old phase; in Figure 2, which represents another alternative Ψ(t), not 
included on the Bona et al. paper, only in its stabilization process). From this 
assumption, if the Universe seems to be 4D at low redshift, it may be because 
we are in an asymptotic stabilization evolution, very similar to a horizontal 
straight line (dots in Figure 1). Ψ'(t) ≈ constant. 

 Any function that relates temporal coordinates, Ψ(t), will represent a trajec-
tory in the temporal geometry always longer than its projection on any axis, 
or any straight line Ψ = a + bt, (see Figure 1, with hyperbolic examples). A 
billion-year living over the trajectory τ for a 5D observer will be projected to 
less than a billion-year at the v-axis set as t; and the other way around, a year 
from a 4D assumption measure, t, will be translated to more than a year over 
τ if the observer does not synchronize clocks. 

 

 

Figure 1. Timelines in the time plane of the bulk M-metric, each one leading to different 
FLRW projected metrics. The big-bang singularity is here the u = 0 line. The straight line 
corresponds to the standard pure radiation model (recovering 4D by rotation & transla-
tion). The other two lines correspond to FLRW models without a big bang, with an initial 
accelerating (inflationary) phase and a final decelerating phase. The deceleration is not 
apparent (see the text for the detailed calculation in [12]). In the hyperbolic tangent case, 
the inflexion point corresponds to a pure radiation phase. 
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( )( )2
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From a Bulk of three space-two time dimensions, if we experience a single 
time trajectory at a constant rate taken over τ = Ψ(t); when we measure time 
with a constant clock, we state a constant “length” of a time-lapsed segment of 
Ψ(t). This time-length cannot be projected linearly on a constant scale over the 
single time v-axis; which will mean that the moment in history in which an event 
occurs will be apparently further on time for the one who takes brightness and 
redshift as measures of a certain event from the 4D assumption (constantly pro-
jected v-time-scale), than for the 5D assumption (constant time-scale over the 
time trajectory Ψ(t)). In this case, we will have to apply a synchronization func-
tion: 

( )
( )( )

( )( )
1 ,

,
R t t

z t
R t t
− Ψ

=
Ψ

                       (3) 

The single time coordinate assumption drives to a constant Scale Factor, 
eventually modified by an extra accelerating rate to fit observational data. 
Though graphically, the measures will stand over the flat expectative, or also can 
be represented with a variable look back time scale shrinking z (Figure 3). From 
3-2 perspective, a constant time over Ψ, would have not a constant projected t 
over the u-axis, which is precisely the assumption of 3-1 perspective, or the other 
way around, if we size assuming constant t, Scale Factor over Ψ would never be 
constant. 

Suppose the Universe has a configuration of at least two temporal dimensions. 
In that case, the Distance Ladder assuming 4D would be affected by a correction 
due to a no linear decelerating Scale Factor, depending on the shape of Ψ(t) and 
always maintaining the inequality for any function representing the association 
between both time coordinates. From 3-1 assumption, c 10 Bly ago, were 
“quicker” for our today’s clock (length over v-axis), but from 3-2 assumption, 
constant for the same clock if used by then (length over Ψ(t)). As an analogy, a 
clock held by a near-c traveler would seem “slower than a second per second” 
from our clock point of view (if both “seconds” are from different clocks, one on 
the rocket and the other on the lab), being both clocks identical. In this case, 
they have a well-known synchronization function by SR. 

In the opposite direction in the v axis, the farther from the BB smooth process, 
the more linear-like approximation in both hyperbolic examples of Figure 1. In 
a naive analogy 2-1D, from our clock point of view (t over v-axis), it could be 
imagined for an external observer as a time-bubble seeming to grow very fast at 
the beginning and slowing with time, or in look-back-time, accelerating growth 
of the Universe at high z (enlarging the apparent distance between z, because the 
shortest projected time by then). But for a clock measuring at each moment, 
evolving with the age of the Universe, it would seem to be a constant Expansion 
rate.  

For an observer from 3-1 assumption, rules and clocks always size the same 
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c-length, even if he uses his rule and clock 10 By later. This is not true for a 3-2 
assumption, and this do not mean that c is variable, but it may seem variable if 
the observer do not consider that his rules and clocks are subjective and depen-
dent on the Scale Factor. 

An observer conditioned by the 4D assumption (projected time trajectory 
over a constant scale at v-axis) would include a synchronization bias concerning 
a 5D observer, considering a constant scale over the time-like geodesic corres-
pondence between time and redshift. Thus, adjusting the observational data of 
the SNeIa & GRB is only to choose a correct hypothesis of Ψ(t), representing in 
its relation to the Distance Modulus, μ, an axis with redshift according to time 
scale on the trajectory, τ. Setting the lifetime of the Universe to 1: 

( )( )1 2
1

1

1 1 d
1

tz
t t

zτ +

′= + Ψ
+ ∫                    (4) 

With zτ, (τ), and zt, (t) we do not mean to say there are two redshifts, but a 
different time scale transformation between z and look-back-time, depending on 
the 3-1 (t) & 3-2 (τ) paradigms: how old is z at the relative scale of the other di-
mensional assumption.  

1 1&
1 1tz zτ + +

                         (5) 

Being zτ, the redshift where the μ has to be considered from a 3-2 bulk pers-
pective at the scale of zt (as a translation of z on the time axis, but from each 
perspective, the size the same z in different time scales).  

If time has two coordinates, maybe space is not always flat, but for sure, time 
is not flat and follows a non-linear trajectory in a warped temporal surface, but 
we use the projected time to site an event. By ergodicity, the 4D clock may over-
estimate the look-back-time-distance. It must be corrected because c is the dis-
tance over time events and may seem to happen further than they do if we as-
sume constancy of the denominator. This will always happen for any Ψ(t), but 
the bias quantification will depend on the time-geodesic shape. From this as-
sumption, SNeIa & GRB data may not be interpreted as an Acceleration of Ex-
pansion but as an asymptotic stabilization of the second temporal coordinate in 
a matter-dominated Universe. 

No-flat Universe in Expansion of the time-like coordinates are consistent with 
the equations of the GR in a decelerating Universe and the FLRW metric, gua-
ranties Causality if τ = Ψ(t) is open and asymptotic. Although, before proposing 
a time geodesic trajectory shape -like those in Figure 1, that will make consistent 
the hypothesis with astrophysical data, a “pathology” remains unsolved. 

3. Well-Posedness 

Adding a dimension increases the mathematical cost, which is already very ex-
pensive in terms of symmetry assumptions. Even for 4D which implies ten equa-
tions, but 5D raises the number to 15 and needs more symmetries to determine 
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the system. With no extra conditions PDEs may become ultra-hyperbolic. We 
propose to add a temporal geodesic trajectory hypothesis, open-asymptotic-Ψ(t), 
that must deductively postulate symmetries for including them into GR equa-
tions, maybe due to an extra conserved quantity, which will determine the sys-
tem of differential equations. 

That means the requirement for NLT to add a hypothesis, but by the way, the 
same happens to be in the Acceleration Interpretation, which also needs a sup-
plement in 4D Paradigm: Dark Energy. In both cases, graphically acceleration or 
deceleration can alternatively be represented as a no-linear scale from constant z 
to t, to an apparent variable z to constant t, (Figure 3), shrinking v scale if there 
is some kind of energy in such a shape that drives to a tipping point from con-
cave to convex at z ≈ 0.64 i.e., due to the radiation + matter dynamic as tn (n < 
1), while Dark Energy is supposed to be growing as et), or expanding the v-axis 
scale if there is some kind of gravitational brake. 

Another way (fictitious but didactic) to formulate and visualize the time-v-axis 
variable scale in terms of corrected apparent look-back time to redshift, stret-
ching the double-time geodesic over v-axis by an apparent non-constant time rate, 
which means an apparent VSL (not real in 5D, but this could be the interpreta-
tion from a 4D assumption). That means, that if we set as constant 8πG/c4, 
which relates the second derivative of the metric tensor Gμυ, with the relativistic 
energy-momentum tensor, Τμυ has to remain constant, G would apparently be 
variable to the 4th power of the apparent change of c, just if so, from 4D assump-
tion. This might have observable consequences in enormous stars and black hole 
sizes for high z. 

That apparent G(t) would be time-dependent only if we use our day clock and 
would also drive us to consider the no-baryonic Dark Matter interpretation, 
which would be interpreted from 3-2 bulk, as a consequence of clocks desyn-
chronization (apparent G variation to the 4th power of c). In fact, observational 
data indicate that if extrapolated to the Transparency Event, the CMB peaks 
should be attributed, at least to a much greater extent than nowadays, to baryo-
nic dark matter. But “Dark matter had less influence in the early universe. Ob-
servations of distant galaxies carried out with the VLT suggest that they were 
dominated by ordinary matter” [1]. 

 

 

Figure 2. v/t; u/Ψ. Additional hypothesis for Ψ(t) no linear time geodesic in a no flat 
temporal geometry, in polar coordinates T = B/ω, being T, linear time as a 4D assump-
tion. “Temporal rotation” is only a semantic analogy to describe a simplification for 
warped-time geometry, not a physical description. 
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Another “possible clue” to constrain the translation between a symmetry hy-
pothesis and a temporal geodesic trajectory function proposition τ = Ψ(t), for 
well-posedness purposes, may be entropy. Entropy increases if the matter can 
clump together, releasing potential energy and creating clusters that further un-
balance the contents. As the mass is finite, CMB entropy would be finite (to the 
square), proportional to a hypersurface (Holographic Principle, [14]). Whee-
ler&DeWitt already postulated an analogy with the Universe Wave Function 
[15]. 

Gas has a dynamic configuration in the position of all its molecules, although 
its entropy is calculated according to the number of possible configurations (be-
sides they are used to measure, thermodynamics does not pretend that they all 
exist in Parallel Universes). Each macrostate would be constituted by equivalent 
configurations of temporal evolutions on two dimensions, gravitationally con-
sistent of all the masses, and the destiny would not be written (Recurrence 
Theorem). However, its patterns would be predictable with some probability, 
and multitemporal would allow a GR with time-arrow. 

Another clue to propose a Ψ(t) hypothesis is the question of how a linear Bang 
transforms into a generical orbital and spinning movements (maybe Kolmogo-
rov turbulence?). We know that at present, everything inside rotates, but the 
Universe itself seems not to have an Angular Momentum. But was it so at the 
Big Bang smooth process? Is it possible to consider an Angular Momentum 
Conservation to income a symmetry at the very BB moment, but not now? Ob-
servations about Universal Angular Momentum or Expansion recommend using 
a Ψ(t) function that becomes flat after the BB smooth process: t ≈ τ reaching sta-
tionary state in our days (shape-like hyperbolic tangent case in Figure 1). 

Another possibility to elucubrate a synchronization function is to consider c 
as the initial Scale Factor, declining R with expansion due to gravitational fric-
tion and momentum conservation, and apply then Special Relativity -SR- syn-
chronization between clocks at different R' (a clock for the observer at a lower R 
-now-, would size quicker apparent c at the early times). But applying backwards 
from present up to z < 10, will get a very low slope with a high error and with a 
far point at CMB, and it may not give more than the shape of the tail of an unde-
fined function.  

Those and more 5D well-posedness requirements, hints and elucubrations, 
could be an open frame to additional hypotheses taken as restrictions to be ful-
filled for any temporal geodesic trajectory with a more or less known tail. Here 
are some possibilities to speculate about the determination of equations through 
an additional synchronization function Ψ. With those “clues”, we will propose 
here an extra hypothesis to determine the system only as an example. But even 
the SNeIa & GRB data provide an observational shape that can be inversely fitted 
just approximating a statistical regression, to be understood lately through a 
conservation law or not. Even hyperbolical tangent examples, with appropriate 
parameters, will fit astronomical data, but why that shape? Ψ(t) to determine 
PDEs remains open, and many propositions may fit data in closed universes 
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without Dark Energy. 

4. First Shot 

The range of possibilities is wide, and we have tried several “temporal geometry 
speculations” [16]. Between the many options, our “first shot” is to be consistent 
with the Gödel Universe plus an initial Novikov conjecture for a single event 
(Big Bang as a White Hole born from a “Higher Dimension Mother Black Hole”, 
inheriting its entropy, mass, charge, and angular momentum, but losing a di-
mension) [17]. Several models even proposed a switching between space and 
time nature of coordinates inside a Black Hole.  

By analogy with the family of geometric solutions for the movement of a par-
ticle according to a central force, inversely proportional to the cube -(3 coordi-
nates)- to its distance to the origin (Cote’s spiral), the First Shot additional func-
tion has been to test if a synchronization due to Hyperbolic Time Spiral with h 
proportional to constant Λ/Ω, it fits with data. We do not claim that this is the 
solution, but this one we will see it fits. 
 

 

Figure 3. From (6) equation solution. Small-Blue dots with blue error bars are the GRB events over 4D time-scale, same as 5D 
with B = 0.01 (referred to the red axis), and though the blue line is its regression. Big-Red dots are GRB events over 5D time-scale 
with First Shot Ψ(t) twisting hypothesis -B = 0.07 fitted with Flat Universe at constant-scale-, and the red line is its regression. 
Green regression is fitted with B = 0.1 (Λ ≈ 95%) over the red constant-scale v-axis. Filled in grey is the range of regressions from 
B = 0.01 up to 0.1. Blue regression at the blue scale is red-dashed, so it is green regression at the green scale. As a reference to fit, 
the dashed red line for a 4D Flat Universe Model radiation/matter: 0.5/0.5 with Ψ' = Ho = 69.6 (same as the 2Λ/Ω = 0.07). So we 
can set the Legacy No Flat Time Energy hold in its warpness between 0.5 to 9.5%, from Open to Closed Universe, Matter Domi-
nated > 90%. 
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This “first shot” is not a Rotational Universe proposal because it would need 
to be space over time (if we could approximate a simplification where time is 
warped and space near-flat, is it impossible to consider also the evolution of time 
over space?). Just for the sake of the analogy in losing a dimension (opening 
PDEs), we must refer to Silk [18], who formally demonstrated that the 4-1D ro-
tational models presented density instability on space-like dimensions when 
perturbing along the axial axis but stabilized in the perpendicular plane of rota-
tion. An additional space-like dimension would be unstable and would concen-
trate mass in the vicinity of a disk, folding into a small and constant value (thick-
ness). Analogously to galaxies or planetary systems, it would concentrate time- 
space in a temporal brane orthogonal to the temporal axis: it would collapse and 
lose that dimension (orthogonal disc in Figure 2).  

Assuming the analogy into this very particular “temporal geometry” synchro-
nization, taken as a first shot example of the τ = Ψ(t) hypothesis, the assumption 
could be easily extended to 3-3, losing a third time-like dimension at the Big 
Bang asymptotic smooth process. All those justifications of the first shot origin 
are no more than the explanation of the why we have chosen this example, in-
cluding some conservation law, and not any other with no fundamental motiva-
tion, like hyperbolic examples in Figure 1, but the proceeding is appliable to any 
other justification of a different hypothesis, that match requirements. This new 
example time shape would look as in Figure 2.  

If we assume ergodicity between space and time expansion, conserved quanti-
ty h may be interpreted as proportional to Λ/Ω, and the slope Ψ', as the Hubble 
“Constant”, Ho. Then, choosing an appropriate synchronization between t & τ, 
we will be able to approach the CMB event in 5D time-scale in terms of the gap 
between measurements based on the Distance Ladder and based on CMB: 
around 8%, [19] (Tail slope at that time, Figure 2).  

Just inside the prospected margin of slope at the projected curves of Figure 3. 
It would be great but quite strange to fix Ψ(t) in a First Shot synchronization, 
but either this shape will be discarded in the future; in our simulations, it fits 
surprisingly fine with scare data in high z. In any case, equation (4) translated to 
polar coordinates has been solved and the relation between survival time dimen-
sions, t & τ, would be: 

( )
( )

( )

2
2

2 2
22

1
1 11 ln 1 ,

111

B B
Z cB B Z B

ZZB B

 
+ + 

+ 
+ + + − + +++ + 

 
 

    (6) 

Being B = 2Λ/Ω, the shape parameter of the time-Cotes spiral, because ergo-
dicity, proportional to radiation/matter. 

From this perspective, the cycling phase of the spiral trajectory, while time 
changes from positive to negative values and back again (smooth and asymptotic 
Big Bang), began before 5% from our age, but as the 13.72 billion light-years are 
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sized from a 4D perspective; this does not mean after CMB of a 5D perspective 
(in this example around 8% higher scope, fitting with observations). By then, a 
second measured by a clock may seem -apparently, if we synchronize with no-
wadays clock- a very much shorter projection of the same second at the same 
clock (Figure 2, negative t & Ψ). 

When we set this “first shot time-geodesic example”, there is a statistical coin-
cidence between both approaches (4D+ΛCDM & NLT + inverse time trajectory 
spiral) up to z ≈ 2, and we have used a sample of higher z-GRB to fit data with 
hypothesis on a model for regression as 44 + bln(z). [20]. Without being conclu-
sive, given the wide standard deviation of the scarce data at z > 1, in this exam-
ple, it is confirmed that by moving the apparently higher zτ in terms of the 4D 
time-scale, in the Distance Modulus/Look-Back-Time graph, with B = 0.07 
(best-fitted tuning with a 4D Flat Universe model), the SNeIa & GRB Distance 
Modulus data are compatible either with accelerated or decelerated Universe, 
Matter Dominated > 90% (as we have assumed in the additional first shot hypo-
thesis, proportionality between h & Λ/Ω to determine Ψ with the inverse spiral 
shape).  

The more closeness with less matter might be interpreted as a stronger effect 
of the Λ on the shape of the time spiral over the Ω gravitational “brake” (fric-
tion). The 5D perspective allows open, flat, and closed configurations, but to 
seem Spatially-Flat, Matter ≈ 96.5% & Legacy Time Brane Warp Energy ≈ 3.5%. 
This does not completely withdraw Dark Energy, but makes unnecessary the ac-
celeration to explain data, only because time is set in two coordinates instead of 
one and that implies time is not linear if it is not a single dimension. 

Flat-like & Warp-like coordinate simplification diversifies the space & time 
nature of dimensions. Still warpness in a couple of coordinates might produce 
effects even in space-like dimensions while having lower strength. That may be 
observable maybe during the early BB process, probably not from our time posi-
tion. 

5. Conclusions 

The analyzed papers by Bezares, Bona, Pons-Rullan and Vigano [12], confirm 
that a bulk 3-2 configuration is compatible with the relativistic equations, with 
the FLRW metric and with a smooth singularity for each temporal brane, with-
out the need for compactification. The price for the change of the time-scale, the 
Universe must be closed, but precisely restrictions are fed back because another 
price to pay is warp-time coordinates that introduce a correction in the Scale 
Factor that closes the Universe to fulfill astrophysical data. According to this 
criterion, when translating the Redshift Scale to Look-Back-Time, the Closed 
Universe is compatible with the Standard Candles data and more than this: it fits 
quite well as shows the data in Figure 3.  

Here we provide a procedure to test the additional symmetries needed to de-
termine the equations through its time-like-geodesic. Still we do not claim to 
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have found the conservation laws that adjust the definitive correlation of astro-
physical data. For example, we demonstrate that the procedure can give consis-
tent results with a broad spectrum of hypotheses and that Dark Energy is not 
the only answer. We succeed in fitting the astrophysical data in a Space-Flat, 
Warped-Time, and Causal and Closed Universe with Smooth BB, as accurate as 
the Open Universe Dark Energy interpretation (red curve in Figure 3). 

It may be said that this time brane warping evolution to produce a hyperbolic 
trajectory is highly speculative. Neither in the single constant time interpreta-
tion, nature and dynamics of Dark Energy are not known (Why Dark Energy is 
not qualified as a “pathology”?). However it would be unfair to demand an al-
ternative interpretation to fix the definitive Ψ(t). Meanwhile, if we consider there 
must be an additional Dark hypothesis for its dynamics, both interpretations 
would be at the same speculative level.  

We might choose between inventing a 96% Universe with a not known energy 
and matter, or assume not extra time-like dimensions (other alternatives like va-
riability in constants, anisotropy, magnetic forces,… or even misunderstanding 
of the SNeIa process, are not considered here), but the latter is not dark, we do 
not have a Horizon Problem; neither Hiperinflation as so: we can explain no- 
baryonic Dark Matter (c&G4), and through it we can understand the Giga black 
holes on the galaxies centrum, intermediate size black holes -GRB 950830- and 
the why we are going to size much more massive gravitational merging events in 
the near future); we can also fill the gap on Ho measurements on respect CMB, 
and opens GR to statistics of time trajectories or non-linearly warped branes.  

As future surveys incorporate more events in z > 2 and better measurements 
of Ho, the regressions will be more accurate, and it will be possible to improve 
the determination of more universal symmetries with this tool. We will continue 
to test other Ψ(t) additional hypotheses that adjust the data and incorporate R’ 
and H’o into the tuning. Still, we already anticipate that space-time ergodicity 
and a conserved Λ/Ω may be proven consistent, which will not mean there are 
no other candidates for temporary functions derived from it, particularly SR 
transformations between observers at different Scale Factor expansion rate.  

This is not a rotational and/or a variable constant theory, but an anisotropic 
an inhomogeneous time hypothesis (which is confirmed by our experience and 
thermodynamics). Maybe space dimensions can be considered as homogeneous 
and isotropic, but time has a different nature. ∂ψ/∂t & ∂ψ/∂τ. Time rotation is 
not a movement but a shape: a graphical description by the analogy of an exam-
ple of a temporal geodesic shape. The Speed of Light, Gravitational Constant or 
Fine Structure Constant remains “constant” for whenever a clock measures from 
its own time (not the same inside a rocket or at home), but apparently they are 
not from 4D time-scale if observers presume the same clock along time as his 
own clock, just because every clock measures the same length of time. Still our 
projected clock on a single linear time, do not measures the very far away time 
properly because it assumes parallel time-like-geodesics. A light-year is constant 
at the very beginning and now, but from our rules-based in wave-length and 
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clocks set in our days, apparently it is not. Ψ(t) & Ψ'(t), set the bias. 
In our understanding, there is something clear: even if they are both highly 

speculative, No-Linear Time (Space Open, Flat or Closed Universe) fits data as 
well as Dark Energy (Open Universe) and offers a mathematical path forward. 
Maybe there is no Dark Energy or no baryonic Dark Matter (apparent variable c, 
G, Ho & α), or maybe there are no other time-like dimensions. Surely this “first 
shot” is not the right one. It is just an example in which its tail fixes data, but 
other time-geodesics with another conservation hypothesis may be, and we only 
want to mean that it is not an unquestionable true that the Universe is accele-
rating.  
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Abstract 
We proposed several empirical equations about the electromagnetic force and 
gravity. The main three equations were connected mathematically. However, 
these equations have small errors of approximately 10−3. Therefore, we at-
tempted to improve the accuracy. Regarding the factors of 9/2 and π, we used 
4.48870 and 3.13189, respectively. Then, the errors become smaller than 10−5. 
However, we could not show any reasons for these compensations. We no-

ticed the following equations. 136.0113 44.488855
27

=
× ,  

( )1.53
3.131777

136.0113
Rk

×
= . Then, we can explain the von Klitzing constant 

3.131777037 4.488855463 13.5 136.0113077Rk = × × × . It is well known that 
the von Klitzing constant can be measured with very high accuracy. We ex-
amined this equation for the von Klitzing constant in detail. Then, we noticed 
that 136.0113 should be uniquely determined. The von Klitzing constant is 
highly related to the fine-structure constant. After the examination of the 
numerical connections, we can explain the value of 137.035999081 as a fine- 
structure constant with very high accuracy. Then, we attempt to explain this 
value from Wagner’s equation.  
 

Keywords 
Fine-Structure Constant, Wagner’s Equation 

 

1. Introduction 

We discovered Equation (1) [1] [2], which was seemed to be very simple. 
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2

p
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Gm
kT
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Next, we discovered Equations (2) and (3) [3], which were seemed to be sim-
ple, too. 

2

2

0

4.5 C 11
2 J m 1 kg

4

p eGm m
hc

ee
ε

 
= × × × × ⋅  π

 π



 

               (2) 

2 2

0

J m1
4 C

e
c

m c e kT
e ε

  ⋅ × = ×  π 
 π 


                  (3) 

Equations (1), (2) and (3) were connected mathematically [3]. However, we 
could not establish the background theory. Then, we abandoned theoretical ex-
planations and tried to reduce the error.  

Our three equations have small errors of approximately 10−3 and 10−4 [3]. We 
attempted to reduce the error in previous reports by changing Factors 4.5, π and 
Tc [4] [5]. Regarding the value of Tc, 2.72642 K was used instead of 2.72548 K. 
Regarding the factors of 9/2 and π, we used 4.48870 and 3.13189, respectively. 
Then, the errors become smaller than 10−5. Then,  

2

2

4.4887
2 1 kg

p cGm kT
hc c

=
×

                    (4) 

Equation (4) is deduced from Equation (1). 
2

2

0

4.4887 C 11
2 3.13189 J m 1 kg

4

p eGm m
hc

ee
ε

 
= × × × × × ⋅   

 
 π

          (5) 

2 2

0

J m3.13189 1
4 C

e
c

m c e kT
e ε

  ⋅ × = × ×   
  π

             (6) 

4.48870 and 3.13189 are connected with the following equations. 

1
4.4887 3.13189

p m

e

m q
m e

=
×

                   (7) 

However, we could not provide any reasons behind 4.48870 and 3.13189. In 
this report, we proposed the following two values for compensation. 

( )
( )1.53

3.131777037
136.0113077

Rk
×

Ω =              (8) 

136.0113077 44.488855463
27

×
=                (9) 

The rest of the paper is organized as follows. In Section 2, we present an em-
pirical equation for the fine-structure constant with very high accuracy. In Sec-
tion 3, we explained the value of the von Klitzing constant using these values to 
support our empirical equation. In Section 4, we propose and refine our three 
equations. For the value of Tc, we use 2.72652 K instead of 2.72548 K. The 
significant figures of the measured Tc are only 3 or 4 in the present study. 
Therefore, this assumption is valid. For the value of G, we use 6.674777 × 10−11 
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m3∙kg−1∙s−2 instead of 6.6743 × 10−11 m3∙kg−1∙s−2. In Section 5, we discuss the mean-
ing of our empirical equations. 

2. Empirical Equation for a Fine-Structure Constant with  
Very High Accuracy 

2.1. Symbol List 

These Values Were Obtained from Wikipedia. 
G: gravitational constant: 6.6743 × 10−11 (m3∙kg−1∙s−2) 
(we used the compensated value 6.674777 × 10−11 in this report) 
Tc: temperature of the cosmic microwave background: 2.72548 (K) 
(we used the compensated value 2.72652 K in this report) 
k: Boltzmann constant: 1.380649 × 10−23 (J∙K−1) 
c: speed of light: 299792458 (m/s) 
h: Planck constant: 6.62607015 × 10−34 (J∙s) 
ε0:  electric constant: 8.8541878128 × 10−12 (N∙m2∙C−2) 
μ0: magnetic constant: 1.25663706212 × 10−6 (N∙A−2) 
e: electric charge of one electron: −1.602176634 × 10−19 (C) 
qm: magnetic charge of one magnetic monopole: 4.13566770 × 10−15 (Wb) 
(this value is only a theoretical value, qm = h/e) 
mp: rest mass of a proton: 1.6726219059 × 10−27 (kg) 
(we used the compensated value 1.672621923 × 10−27 kg in this report) 
me: rest mass of an electron: 9.1093837 × 10−31 (kg) 
λp: Compton wavelength of a proton: 1.32141 × 10−15 (m) 
Rk: von Klitzing constant: 25812.80745 (Ω) 
Z0: wave impedance in free space: 376.730313668 (Ω) 
α: fine-structure constant: 1/137.035999081 

2.2. Empirical Equation for a Fine-Structure Constant 

Our empirical equation for the fine-structure constant is 

1 1
1 1836.1521 1

1836.15 13.
654 137.0359991

265 54 3

α = =
 + × + × 

       (10) 

where 1836.152654 is explained as follows: 

1836.152654 13.5 136.0113077p

e

m
m

= ×=               (11) 

where the measured mp is 1.6726219059 × 10−27 (kg). Therefore, the precise value is 

1836.152673p

e

m
m

=                        (12) 

Therefore, the error is 

81836.152673Error 1 1.01977 10
1836.152654

−= − = ×               (13) 
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This value is sufficiently small. When compensation is needed, the value of mp 
should be 1.672621923 × 10−27 kg. This small error will be explained by a very 
difficult theory, such as the explanation for the Lamb shift, in the future. In the 
next section, we attempt to explain Equation (10) from the examination of the 
value of the von Klitzing constant. 

3. Examination of the Von Klitzing Constant 
3.1. Two Important Coefficients 

Previously, we proposed the two coefficients 4.48870 and 3.13189 [4] [5]. Then, 
we thought that 4.48870 is the deviation from 4.5. 3.13189 is the deviation from 
π. 

Then, we noticed the following equations. 

136 44.48867
27

×
=                       (14) 

In Equation (14), when we believe that 4.48867 should be a deviation from 4.5, 

7

174.54.48867
3
2

×
 
 
 

=                     (15) 

Next, we persevered for half a year and discovered the following equation. 

( )
( )1.53.13217

33 1 6
Rk

=
×

Ω                   (16) 

In Equation (16), when we believe that 3.13217 should be a deviation from π, 

1 2 3 4 5 62 1 1 1 1 1 3.1321
3 5 7 9 11 1

156
3

732
       π = + + + + + + =              

     (17) 

For convenience, Equation (7) is rewritten as follows: 

1 1
4.4887 3.13189 14.05809432

p m

e

m q
Rk

m e
= =

×
             (18) 

where 14.5809432 (Ω) is the resistance. Using new values of 4.48867 and 
3.13217, 

( ) ( )3.13217 4.48867 14.05926332Ω × = Ω               (19) 

Therefore, the error between Equations (18) and (19) is 

514.05926332Error 1 8.31552 10
14.05809432

−= − = ×               (20) 

In Equation (20), the error is too large. In Equation (18), we use 14.05926332 
instead of 14.05809432. 

25812.80746
14.05926332 14.0592633

1 1836 1836.1
2

526p m

e

m q
m e

= = = ≠        (21) 

The ratio between mp and me becomes smaller than the measured value. This 
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problem can be solved using any other values instead of 136 in Equations (14) 
and (16), which will be explained in a later section. 

3.2. Examination of the Relationship among 4.48866, 3.13217 and  
Rk 

The relationship among 4.48866, 3.13217 and Rk is examined in this section. For 
convenience, Equations (14) and (16) are rewritten below: 

136 44.48867
27

×
=                       (22) 

( )
( )1.53.13217

33 1 6
Rk

=
×

Ω                    (23) 

From Equations (22) and (23), 

3.13217 4.48867 13.5 136Rk = × × ×                (24) 

Equation (24) can be deduced from Equation (21), directly. Again, from Equ-
ations (22) and (23), 

( )
( )

1.5

2

1363.13217 0.697794
4.48867 1

3 1
236 4 136

27

Rk
Rk×

= = × =
×

          (25) 

Therefore, 

( )23.13217 136
4.48867

2Rk = × ×                   (26) 

In Equation (26), Rk can be explained by 136. From Equation (22), 

( )213.5136 4.48867
2

= ×                        (27) 

In Equation (27), 136 can be explained by 13.5. From Equation (23), 

( )1.53.13217 1363Rk ××=                       (28) 

In Equation (28), Rk can be explained by 3 and 136. From Equations (27) and 
(28), 

( )
.

2
1 513.53.13217 4.48867

2
3Rk × × = × 

 
                (29) 

In Equation (29), Rk can be explained by 3 and 13.5. Therefore, 

( )
3

39 3.13217 4.48867
2

Rk  = × × 
 

                  (30) 

Consequently, we proposed the four equations (Equations (24), (26), (28) and 
(30)) to explain Rk. The key numbers are 3, 13.5 and 136. 

3.3. Equations (22) and (23) as a Function of the Value 136 

We believe that Equations (22) and (23) are functions of 136. Then, we propose 
the following equations. The significant digits should be more than ten to ex-
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plain the following equations. 

136.0113077 44.488855463
27

×
=                  (31) 

( )1.53
3.131777037

136.0113077
Rk

=
×

                (32) 

From Equations (31) and (32), 

3.131777037 4.488855463 13.5 136.0113077Rk = × × ×         (33) 

Again, from Equations (31) and (32), 

( )23.131777037 136.0113077
4.488855463

2Rk = × ×               (34) 

From Equation (31), 

( )213.5136.0113077 4.488855463
2

= ×               (35) 

From Equation (32), 

( )1.533.131777037 136.0113077Rk ××=               (36) 

From Equations (35) and (36), 

( )
3

39 3.131777037 4.488855463
2

Rk  = × × 
 

            (37) 

Consequently, we propose four equations (Equations (33), (34), (36) and (37)) 
to calculate Rk. Furthermore, 1836.152654 in Equation (11) can be explained. 
The key numbers are 3, 13.5 and 136.0113077. Thus, Equation (10) can be ex-
plained. 

3.4. Relationship between Rk and Z0 

0
0

0

2Z Rk
µ

α
ε

= = ×                       (38) 

For example, from Equations (34) and (38), 

( )2
0

0
0

136.01130773.131777037 376.7303137
4.488855463 137.035999

4
1

Z
µ
ε

×
= = × =     (39) 

However, Equation (10) explaining α is too complex to calculate Z0. There-
fore, an explanation for the electric constant and the magnetic constant will be 
published in future reports. 

4. Explanation for Our Three Refined Empirical Equations 
4.1. The Problem for the Measured Values of G and Tc 

The significant figures of the measured Tc are only 3 or 4 in the present study. 
For the value of Tc, we use 2.72652 K instead of 2.72548 K. 

https://en.wikipedia.org/wiki/Cosmic_microwave_background.  
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The measured public value of G was often changed. We strongly propose that 
the value of G should be measured in space. On the ground, the value of G is in-
fluenced by the centrifugal force due to the rotation of the earth. We use 
6.674777 × 10−11 m3∙kg−1∙s−2 instead of 6.6743 × 10−11 m3∙kg−1∙s−2. 

https://en.wikipedia.org/wiki/Gravitational_constant.  

4.2. Our Three Refined Empirical Equations 

Equation (1) is refined as follows: 
2

2

4.48885
2 g

5
1 k

p cGm kT
hc c

=
×

                    (40) 

( )2112

34

27
40

8

10

6.626070 10

6.674777 1.6726219 10
9.400600 10

2.9979246 10
pGm

hc
−

−

−

−× ×
= =

× ×

×
×

×
    (41) 

( )
23

28

40

2

4.488855 4.488855 1.3806490 10 2.726516

2.99792462 2 10

9.40060

1 kg

0 10

ckT
c

−

−

× ×

×

×

=

×
=

×      (42) 

Equation (41) is equal to Equation (42). Therefore, the compensation method 
is perfect. 

Next, Equation (2) is refined as follows: 
2

2

0

4.488855
3.1

C 11
2 J m 1 kg

4
31777

p eGm m
hc

ee
ε

 
= × × × × × ⋅  

 
 π




           (43) 

( )
( )

211 27
37

219

1

2

2

2

0

6.674777 1.672621923 10
8.094129 10

1.60217663 10

8.8541878 10

10

4 4

pGm
e

ε

−
−

−

−

−× ×
= = ×

π ×

×

×

π ×

  (44) 

3 8 254 2.9979246 16 0 1.986446.626070 10 10hc −− × = ×= × ×        (45) 
31 25

19

37

4.488855 4.488855 9.10938 10 1.986446 10
3.131777 3.131777 1.602177 10

8.094129 1
2

0
2

em
hc

e

− −

−

−

× ×
×

×

× ×
× × =

× × ×
=

  (46) 

Equation (44) is equal to Equation (46). Therefore, the compensation method 
is perfect. 

Next, Equation (3) is refined as follows: 
2 2

0

3.131777 J m1
4 C

e
c

m c e kT
e ε

×
  ⋅ × = ×   

π  
             (47) 

( ) ( )2 231 8 19

19 12

22

2 2

0

9.10938 10 2.9979246 10 1.60217663 10

1.60217663 10 8.8541878 10
1.17

4

891 2 10
4

4

em c e
e ε

− −

− −

−

π

× × ×

 
× 

 

× ×
=

× ×
×

× π×
=

    (48) 
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23

22

3.131777 3.131777 1.3806490 10 2.726516

1.1789142 10
ckT −

−

× × ×

×=

×=
      (49) 

Equation (48) is equal to Equation (49). Therefore, our refined empirical Equ-
ations (40), (43) and (47) are perfect. However, we use the compensated value 
for Tc and G, which is slightly different from the measured value. 

5. Discussion 

The main purpose of this report is to show empirical equations. However, with-
out any theories, this report can appear to be nothing more than numerology. 
Therefore, we wrote this section. Our arguments strongly depend on numerical 
connections rather than logical connections. Therefore, our discussions appear 
to be different from the majority’s opinion. This does not mean that we ignore 
the majority’s opinions. Using simple unknown ideas, our opinions may be com-
patible with the majority’s opinion. 

5.1. Consider the Value of 136.0113077 

The value of 136.0113077 is related to the mass ratio between some particle and 
an electron. The rest mass of a pion (π+) is 139.57 MeV. The mass of an electron 
is 0.51100 MeV. Therefore, 

139.57 MeV 2 136.57 2 136.011 1
0.51100 MeV

= × ≈ × +             (50) 

When the pion consists of two quarks and an electron, the value of 136.011 is 
the mass ratio between a quark and an electron. This conclusion seems to dis-
prove the concept of gluon. However, we notice that the concept of a gluon is 
useful for the mass ratio between a proton and an electron. 

5.2. Consideration for the Value of 1836.152654 

The value of 1836.152654 is related to the mass ratio between a proton and an 
electron. 

1836.152654 4 1.5 3 36.0113077p

e

m
m

= = × ×                (51) 

When a proton consists of three quarks and the value of 136.011 is the mass 
ratio between a quark and an electron, there remains the mystery about the fac-
tor of 4.5. We believe that the factor of 4.5 derives from the degrees of freedom 
of the thermal energy due to the combined three quarks. Then, we must explain 
the value of 3.5 (=4.5 − 1). 

According to Albert Einstein, E = mc2. Therefore, the thermal energy should 
be related to the weightness. A hot mass should be heavier than a cold mass. 
Thus, we must consider what happens concerning the degree of freedom. 

When the boundary between thermal energy and the rest mass energy be-
comes unclear, 77% (=3.5/4.5) of the rest mass energy related to the thermal 
energy from the degree of freedom seems to be binding energy. This concept of 
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binding energy may be compatible with the concept of gluons. 

5.3. Consideration of the Theoretical Meaning of Equation (10) 

The theory of loop quantum gravity is related to the theory of the lattice struc-
ture in space time. In the area of electrochemistry, the theory of vacancies in the 
lattice structure is governed by Wagner’s equation. The fine-structure constant 
is the interference constant. When the interference constant for electrons is α, 
the transference number for electrons should be 1 − α. Then, the transference of 
quarks is α, which explains the strong interaction [6]. According to the advanced 
Wagner model, the diffusion time for mixed electronic and ionic currents should 
decrease exponentially with distance [7]. When the diffusion time for mixed elec-
trons and quark flux should decrease exponentially with distance, the Yukawa 
potential can be explained. 

For convenience, Equation (10) is rewritten as follows: 

1 1
1 1836.1521 1

1836.15 13.
654 137.0359991

265 54 3

α = =
 + × + × 

      (52) 

Therefore, 

1 11 1 1 1
13

3 1 3 1

3 13.53 3 1 .55 3.

p p pp

e e ee

p p

e e

m m mm
m m mm

m m
m m

α

   
+ × +   



 
× × 

 = + × + = + = +
 

× × 
 

  
×

×
  (53) 

So, 

3 13.
1 1

.5 5
1 1

13
p

e

m
mα ×

= × + +                      (54) 

From Equations (11) and (35), 

( )21836.152673 13.5136.01130771
13

4.488855463
13.5 2.5

p

e

m
m

= == ××     (55) 

Therefore, from Equations (54) and (55), 

( )213.5 4.4888554631 1 1
2 3 13.5α

= +
×

+×               (56) 

Equation (56) is one of the variations of Equation (52). From Equation (56), 
we can justify that the value of 4.488855463 is not coincidental. 

5.4. Consideration of the Degree of Freedom inside Electrons 

In Equation (47), the number 3.131777037 is the deviation from π. The degree of 
freedom inside an electron seems to be 2π. We believe that 2π is related to the 
spin of the electron. Angrick et al. confirmed that the spin of electrons cannot be 
ignored thermodynamically [8]. Furthermore, Aquino et al. discovered a new 
method for vector analysis [9]. We hope that the degrees of freedom in electrons 
will be clarified experimentally in detail. 

https://doi.org/10.4236/jmp.2022.134024


T. Miyashita 
 

 

DOI: 10.4236/jmp.2022.134024 345 Journal of Modern Physics 
 

6. Conclusions 

Previously, we proposed several empirical equations to describe the relationship 
between an electromagnetic force and Tc [1] [2] [3]. Three equations were ex-
plained by the factors of 9/2 and π. However, these equations have small errors 
of approximately 10−3 and 10−4 [4] [5]. 

We tried to improve the accuracies by changing the value of 9/2 and π. Then, 
we persevered and discovered the following two equations. 

136 44.48867
27

×
=  

( )
( )1.53.13217

33 1 6
Rk

=
×

Ω  

Then, the above two equations were the function of 136. Using the value of 
136.0113007, 

( )
( )1.53

3.131777037
136.0113077

Rk
×

Ω =  

136.0113077 44.488855463
27

×
=  

Then, Rk can be calculated as follows. 

3.131777037 4.488855463 13.5 136.0113077Rk = × × ×  

1836.152654 13.5 136.0113077p

e

m
m

= ×=  

Then, the empirical equation for the fine-structure constant with very high 
accuracy is 

1 1
1 1836.1521 1

1836.15 13.
654 137.0359991

265 54 3

α = =
 + × + × 

. 

Avoiding numerology, we discuss this equation. Then, we can justify that the 
value of 4.488855463 is not coincidental. The explanation for the electric con-
stant and the magnetic constant will be published in future reports.  
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Abstract 
Because the equivalence principle forbids local mass density, we cannot for-
mulate general relativistic mass as an integral over mass density as in Newto-
nian gravity. This century-old problem was addressed forty years ago by Pe-
nrose, and many papers have since extended the concept. Currently there is 
no satisfactory physical understanding of the nature of quasi-local mass. In 
this paper I review the key issues, the current status, and propose an alterna-
tive interpretation of the problem of local mass and energy density for gravity 
systems from an information perspective.  
 

Keywords 
Quasi-Local Mass, Curved Space-Time, Gravitational Energy, Stress-Energy 
Tensor, Encoding Information in Geometry, Schwarzschild Metric 

 

1. Introduction 

Except for general relativity, classical mechanics can be understood entirely 
within the context of the conservation of energy and momentum. Yet every gen-
eral relativity text contains discussion of the fact that the energy of gravitating 
systems cannot be formulated in curved space-time. A recent Centennial paper 
[1] by Chen, et al. begins by stating: 

“How to give a meaningful description of energy-momentum for gravitating 
systems… has been an outstanding fundamental issue since Einstein began his 
search for gravity theory.” 

The problem of how best to describe the energy-momentum and angular 
momentum in gravitating system suffers from the fact that “It is known that 
these quantities cannot be given a local density.” A century-long failure to solve 
the fundamental problem indicates confusion; the goal of this work is to provide 
necessary clarification of the issue.  

In fact, a second fundamental issue surfaces in quasi-local mass, that of Ha-
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miltonian-based physics, in which the dynamics of a system is described through 
total energy by Hamilton’s equations of motion. This approach is completely 
equivalent to Newtonian mechanics but does not apply to general relativity. 
Noether, who in 1918 proved “there is no covariant total energy-momentum 
density tensor for gravitating systems”, also provided the fundamental basis of 
most 20th century physics by linking conservation theorems to symmetry trans-
formations. But there is no general translational symmetry in curved space, so 
this avenue is denied to physicists. Penrose observed, non-local gravitational 
field energy is formulable only in expressions used at infinity for an asymptoti-
cally flat space-time manifold. In other words, the problems of curved space are 
treated by backing off to a “flat space” formulation at infinity. Moreover, an at-
tempt is made to measure the energy of a system by enclosing it with a mem-
brane, or closed spacelike two-surface, and attaching this to an energy-momen- 
tum four vector. Little wonder that all major contributors to the quasi-local mass 
approach admit that there is no framework in which it is understood. As this 
paper was being completed, yet another approach was published in which Ha-
miltonians in asymptotically flat spacetime in five spacetime dimensions, fo-
cused on spatial infinity.  

The plan of this paper is as follows: 
Part I introduces coordinate systems and the underlying issue of curved 

space. 
Part II introduces the concept of quasi-local mass, invented by Penrose forty 

years ago, and reviews Yau’s treatment of the problem and the reason for the 
focus on “null infinity” and asymptotically flat space-time, then Bart’s 2019 
summary of the current status of quasi-local conserved quantities. 

Part III develops a reinterpretation of quasi-local mass, based on an informa-
tion theoretic approach to the subject. 

Part I Introduction to coordinate systems and invariance 
An axiom of physics is that coordinate systems have no effect on physical re-

ality. When this is violated, physics becomes confusing. Despite that coordinates 
can have no effect on physics, the equivalence principle of general relativity 
yields a built-in contradiction: by transforming local coordinates the gravita-
tional field can be banished. Weinberg [2] on the equivalence principle: 

“At every space-time point in an arbitrary gravitational field it is possible to 
choose a ‘locally inertial coordinate system’ such that [locally] the laws of nature 
take the same form as in unaccelerated Cartesian coordinate systems in the ab-
sence of gravitation.” 

Einstein based his theory of gravity on the equivalence principle, which states 
that choice of the proper coordinate system makes gravity disappear; the basic 
problem of local density of energy-momentum. The principle is only approx-
imate, applying when tidal forces can be ignored, but is generally treated as ab-
solute. We later introduce an absolute principle, the principle of primordial 
self-interaction, but first we review coordinate system issues. We begin by noting 
that Euclidean space is Pythagorean in that distances in space and time are un-
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limited. 
Pythagorean distance in Euclidean space and time: 

2 2 2 2 2 2d d d d ds c t x y z= + + + →∞                 (1) 

Euclidian four-space can thus be mapped onto all events in the universe, al-
lowing us to label every event and relate any event to any other. These relations 
constitute our physics or models of reality. But what are the relations? They are 
intended to capture objective reality in some sense. Nozick, in Invariance: the 
structure of the objective world [3] observes that an objective fact is accessible 
from different angles, i.e., “an objective fact is invariant under various transfor-
mations.” 

The Galilean transformation describes a photon’s position in 4-space with 
time x vt=

   where velocity v  can point in any direction and v c± =
 , with 

x ct= −  representing a photon moving in the negative direction. Differentiating 
we have ( )d 0x ct− =  or ( )d 0x ct+ = . After Hestenes, [4] we define geome-
tric algebra multi-vector X ct x= +

  and its complement X ct x= −


  and show 
that 2 2 2d d d d 0X X c t x= − =



  is an invariance that holds for all distances dx  
and corresponding duration dt , independent of coordinate systems. If we de-
note the value d dX X  by 2ds  we obtain the invariance relation for the photon 
equation of motion, where we use 2 2 2 2d d d dx x y z= + +

 : 
2 2 2 2 2 2d d d d d 0s c t x y z= − − − =                 (2) 

We interpret this as an invariance relation in Euclidian 4-space and call it the 
Minkowski invariance. But Minkowski did not conceive of this as an invariance 
relation; he believed it to be a description of “space-time”, famously stating: 
“space and time by itself are doomed to fade away… only a kind of union of the 
two will preserve an independent reality.” The Lorentz transformation applied to 
this imagined spacetime rotates space into time and time into space. In Ener-
gy-time theory, developed in Physics of clocks in absolute space and time [5] this 
fundamental photon-based invariance (2) is used to derive classical Hamiltonian 

2 4 2 2
0H E m c c p= = + .                   (3) 

If two clocks tell identical time when side-by-side, and one clock is accelerated 
to velocity v , the time interval read on the moving clock, dτ , will run more 
slowly than the time duration dt  measured on the clock at rest according to 

( )2 2

d 1
d 1t v c

τ γ= =
−

                    (4) 

Derivation of this time dilation is based on Galilean transformations in abso-
lute time and space and relativistic inertia 0m mγ=  with 0m  the rest mass. 
Per Lucas and Hodgson [6]: “If we… retain Newtonian dynamics, and the New-
tonian definition of velocity and acceleration, then we… still obtain relativisti-
cally correct results if we… allow mass to depend on the velocity.” 

In special relativity rest mass is defined in all inertial reference frames in rela-
tive motion, and the Lorentz transformation applied to Minkowski “space” and 
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“time”. Yet the most solid experimental fact of special relativity, time dilation, is 
reproduced exactly in absolute space and time. Energy-time theory does not 
yield length contraction which Rindler [7] says will probably never be tested. 
Nor does it yield Einstein’s velocity addition law, known to be violated in par-
ticle accelerators [8]. The physics of clock slowing in absolute time (universal 
simultaneity) and absolute space (with preferred frame defined by local gravity) 
follows from increased inertia of the clock mechanism and consequent decrease 
in acceleration of the restoring force common to all harmonic oscillators, by ex-
actly a factor of γ. Energy-time physics (compatible with all relativistic experi-
ments [9]) is based on Galilean transformation in time and space: Minkowski is 
an invariance relation.  

Thus, Hestenes’ multi-vector formulation of time and space leads to special 
relativity if viewed as Minkowski spacetime operated on by Lorentz transforma-
tion but leads to classical physics if treated as Minkowski invariance. The ma-
thematical construct representing time and space is the same; the ontological 
assumptions determine what one does with it.  

The principle of general covariance implies that coordinates are labels of 
space-time events that can be assigned completely arbitrarily. The only quanti-
ties that have physical meaning, the measurables, are invariant under coordinate 
transformations.” Such invariance is used to derive the physics of absolute space 
and time in reference 5; the physics of energy-time rather than relativistic space- 
time. Yet Poisson and Will [10] state: “All local aspects of gravity can be turned 
off by doing physics in a freely moving (coordinate) frame of reference. Gravity 
is not present in these frames.” 

In other words, one can mathematically do away with the local gravitational 
field and hence any associated energy, a problem that has never been solved. 
Most physicists are aware of Noether’s seminal work on symmetry and conser-
vation, but the reason Noether began investigations was “to clarify the issue of 
gravitational energy.” She proved “there is no covariant total energy-momentum 
density tensor for gravitating systems.” MTW [11] discuss this as “a conse-
quence of the equivalence principle…”. A century of effort has not solved the 
problem.  

2. Coordinates and Gravity as Curved Space-Time 

Einstein’s transformation of gravity into geometry followed Minkowski’s idea of 
spacetime, and Einstein’s own analysis of Maxwell-Hertz equations, based on his 
interpretation of Michelson-Morley’s experimental results. Hertzian electrody-
namics is Galilean invariant, but Einstein believed Lorentz invariance was re-
quired. Symmetry arguments imply that Lorentz’s transformation in four- 
dimensional spacetime is not supported in 3-space plus absolute time, but these 
arguments were not advanced until long after Einstein’s relativity was cast in 
stone. Following the historical approach, flat space is viewed as a limit to the 
general curved space metric: 
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2d d di j
ijs g x x= ,                        (5) 

where ijg  represents the curvature on a manifold in four-space with tangent 
vectors i and j. The geometric meaning of ijg  is quite clear, however the physi-
cal meaning is debatable. Most treatments seem to identify the term with gravity, 
however MTW state: 

“…nowhere has a precise definition of the term ‘gravitational field’ been given 
– nor will one be given. Many different mathematical entities are associated with 
gravitation: the metric, the Riemann curvature tensor, the Ricci curvature ten-
sor, the curvature scalar, the covariant derivative, the connection coefficients, 
etc. … the terms ‘gravitational field’ and ‘gravity’ refer in a vague, collective sort 
of way to all of these entities.” 

This is backwards; a better statement of physics would be: 
“… all of these entities refer in a vague, collective sort of way to ‘gravitational 

field’ and ‘gravity’.” 
In our treatment we view the metric ijg  as key. Beckwith [12] states: “In 

general relativity metric ( ),ijg tx  is a set of numbers associated with each point 
which gives the distance to neighboring points, i.e., general relativity is a classic-
al theory.” Per Yau [13], in general relativity Einstein’s equation is obtained by 
taking the variation of  

1
16

R +
π ∫ ∫                         (6) 

where R  is the scalar curvature of the space-time and   is the Lagrangian of 
matter coupled to gravity. The gravitational interaction is described by means of 
space-time metric ijg  with signature (−, +, +, +); the metric of Minkowski 
space-time 3,1  (the vacuum with zero matter) being  

2 2 2 2 2d d d d d d di j
ijs g x x t x y z= = − + + + . The variational equation has the form 

1
2ij ij ijR Rg T− = .                      (7) 

We interpret this equation as follows: ijR  is curvature on a manifold, a Car-
tesian creation. The term R is a mean curvature over a manifold geometry, and 

ijT  is the physical stress energy tensor that induces the local curvature. In mat-
ter-free space 0ijT =  and local curvature is essentially given by ij ijR R g= , 
with the more global curvature represented by the smooth mean term R. When 
local stress energy is added, the smooth curvature is locally distorted with the 
difference in curvature represented by Equation (7). This interpretation will be 
useful for understanding quasi-local mass. The first solution to Einstein’s equa-
tion is the Schwarzschild metric 

( )( )
1

2 2 2 2 2 2 22 2d 1 d 1 d d d sin dM Ms t r r
r r

θ θ φ
−

   = − − + − + +   
   

.    (8) 

This and the Kerr metric both solve the Einstein equations with 0ijT =  (va-
cuum). 

Part II. Penrose and “quasi-local mass” 
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General relativity’s incompatibility with local energy density of gravity has 
been known since Einstein formulated his equations, i.e., the paradigmatic con-
cept of energy conservation is not incorporated in Einstein’s theory with respect 
to the energy of gravity itself. Energy tensor T µν  describes the energy density 
of all non-gravitational fields; the gravitational field contributes only non-locally 
to the total energy. It is formulated only at infinity for an asymptotically flat 
space-time, while the energy of angular momentum exhibits an origin-dependence 
that is problematic even at flat space infinity. Non-local gravitational energy re-
mained an unsolved problem, so Penrose in 1982 [14] proposed that “energy- 
momentum is quasi-local: i.e., it is associated with a closed 2-surface…”. Of his 
new approach to the problem of local density, quasi-local mass, he noted: “sev-
eral problems of interpretation remain to be solved.” The expression for total 
energy, momentum, or angular momentum surrounded by a closed surface, led 
to equations that, “being highly over-determined, have no non-trivial solutions 
in the general curved space-time.”  

His attempts to formulate quasi-local angular momentum in terms of “twistor 
space”, were based on complex analytic methods to solve problems in real diffe-
rential geometry. According to Murray [15], in most cases the emphasis is on the 
geometry of the problem rather than analysis. Physical fields on Minkowski 
space are encoded into complex analytic objects on twistor space via the Penrose 
transform, which, per Murray, is an integral transform given by Whittaker and 
Watson. Penrose observes that “we seem to require an analog” of the infinity 
twistor, Iαβ . Based on several suggested definitions, and without the exis-
tence of the required analog, he used a relation from standard twistor theory, 

2 2m A Aαβ αβ= − , which Tod applied to a sphere of symmetry in Schwarzschild, 
Reissner-Nordstrom, and Friedmann-Robertson-Walker space-times, obtaining 
results related to the mass that would be surrounded by a sphere in flat space, of 
surface area equal to that of the quasi-local boundary, Ω, immersed in a fluid of 
density equal to that of the model. Yet the suggested definitions are not confor-
mally invariant so they cannot be immediately applied at null infinity. Penrose 
ends by asking whether a mass positivity theorem can be proved at the qua-
si-local level, and whether one can obtain an angular momentum flux law. His 
approach to the problem of null local mass density in general relativity has sur-
vived for 40 years, despite the general level of confusion as to the physical inter-
pretation of quasi-local mass.  

3. Yau’s Continuation of Penrose’s Quasi-Local Mass 

Following Equations (6) and (8) Yau considers the dynamics of scalar field 
( ), , ,t r θ φΦ  in Kerr space-time whose propagation is described by a scalar wave 

equation. Since the Kerr space-time has a Killing vector t∂ ∂ , the Lagrangian 
2∇Φ∫  associated to the wave equation defines a local energy density which is 

positive except within the ergosphere, where it is negative, causing the energy 
method to breakdown. “An important question for the wave equation is whether 
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the wave will decay in time if initially it is not spread out. (…) The problem of 
linear stability of Kerr is still open.” The decay of the solution of the scalar wave 
equation is a special case of the decay of solutions to the Teukolsky equation 
which describes the linear stability of the Kerr black hole. A remarkable property 
of the Kerr metric is that the Teukolsky equation is separable by the ansatz 

( ) ( )e i t ik R rω φ θ− − Θ                        (9) 

which Chandrasekhar observed “has the aura of the miraculous.” This is howev-
er compatible with the separation of gravity G and gravitomagnetic C field solu-
tions of the Heaviside equations. 

Most conservation theorems in physics derive from Noether’s treatment of 
symmetry. For most mechanical systems the Lagrangian is invariant under 
translation of time and space; the resulting conserved quantity is a four-vector 
defining energy and linear momentum. However, most general relativity space-
times do not admit translational symmetry, thereby frustrating the use of 
Noether’s theorem. This is key to understanding Penrose’s work: “…one can de-
fine a total energy-momentum vector for an isolated physical system if there is 
asymptotic translational symmetry.” When space-time is asymptotically flat, there 
is a space-like hypersurface which outside a compact set is diffeomorphic to 3  
minus a ball and the metric ijg  has the form 

1
ij ijg

r
δ  = +  

 
 .                      (10) 

In [16] I show that the principle of self-interaction of the primordial field, 
ψ ψψ∇ = , leads to the linearized metric formulated in flat space, which is the 

goal of the asymptotic approach. 
Yau: “The total energy in general relativity cannot be obtained by integrating 

any local density along a hypersurface—the density would depend on first order 
differential differentiation of ijg  and there is a coordinate system where such 
quantities are zero at that point”, per the equivalence principle, violating the 
axiom of physics that physical quantities must be independent of choice of coor-
dinate system. Yau proves that certain integrals over mean curvature are non- 
negative, then defines quasi-local mass in terms of the curvature of a closed 
space-like 2-surface in space-time, subject to conditions. He considers spherical 
symmetric space-time foliated by orbits of SU(2) and associates to an orbit the 
area 24 rπ . The mean curvature vector of the orbit is 2 r r− ∇  where ∇  is 
with respect to the quotient Lorentzian (1, 1) metric. From curvature formulas 
he obtains the quasi-local mass of this orbit’s sphere 

( )1M r r= − ∇ .                     (11) 

He compares this to Misner and Sharp’s 1964 definition [17] of mass 

( )21
2
rm r= − ∇                      (12) 

and obtains the relation 
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2

2
Mm M

r
= −                          (13) 

such that at space-like infinity M m= . Yau closes by stating that he is still in 
process of deriving more properties of the quasi-local mass that he just intro-
duced.  

Yet another popular quasi-local mass is the Bartnik mass [18], defined as  

( ) ( )0
1 d

8Bm H H
Σ

ϒ Σ = − Σ
π ∫                   (14) 

where Σ bounds a space-like hypersurface Ω and H0 is the mean curvature of the 
unique isometric embedding of Σ into 3  and H is the mean curvature of Σ in 
Ω. Recall that we interpreted the variational Equation (7) as follows: ijR  is 
curvature on a manifold, while R is a mean curvature over a manifold geometry, 
and ijT  is the physical stress energy tensor inducing local curvature. The Bart-
nik mass (14) represents the mean curvature H of Σ in Ω, roughly corresponding 
to local curvature ijR  in four-space while H0 is the mean curvature of the 
unique isometric embedding of Σ into 3 , that is, Minkowski space, defined 
asymptotically. This is a merely heuristic explanation, since, as Penrose noted, 
“several problems of interpretation remain to be solved.”  

Yau stated that the Misner and Sharp mass (12) is the same as the Hawking 
mass 

( )
211 d

16 16Hm HΣ Σ

Σ  = − Σ π π ∫ ,               (15) 

where Σ is a spacelike 2-surface (the boundary over the region) and H is the 
mean curvature vector of Σ in the spacetime. If we assume that the H0 term in 
the Bartnik mass is normalized such that  

2
0

1 d 1
16

H
Σ

Σ =
π ∫ ,                     (16) 

we can transform the Hawking mass Equation (15) to more closely resemble 
Bartnik mass (14):  

( ) ( )
( )( )2 2

03 d
16Hm H HΣ Σ

Σ
= − Σ

π
∫ .             (17) 

4. Quasi-Local Conserved Quantities in General Relativity 

Henk Bart’s 2019 PhD dissertation [19] summarizes the current situation: 
“…there exists no general framework in which a definition of quasi-local 

energy is sufficiently understood.” 
Bart attempts to provide such a framework, noting that “in general relativity, 

as a consequence of the equivalence principle, a local energy momentum tensor 
of the gravitational field does not exist.” Yet, “curvature of space-time is un-
derstood as a result of the presence of sources of energy. Energy in general rela-
tivity certainly exists, but not in a local sense. … defining a notion of quasi-local 

https://doi.org/10.4236/jmp.2022.134025


E. E. Klingman 
 

 

DOI: 10.4236/jmp.2022.134025 355 Journal of Modern Physics 
 

energy has proven to be surprisingly difficult…at the time of this writing the 
community does not agree on a set of pragmatic criteria that a notional qua-
si-local energy would have to satisfy.” 

After review of some energy basics, having to do with the equivalence of the 
Hamiltonian and Lagrangian formalisms, he introduces the concept of asymp-
totically flat spacetimes, while admitting that what one means by “asymptotes” is 
a matter of taste. 

The issue, again, is that conservation of energy has been formulated in terms 
of Noether’s theorem in which conservation is inherently linked to symmetry – 
conservation of energy and momentum are linked to time translation and space 
translation respectively. These translational symmetries are not generally availa-
ble in curved space time and thus Noether’s power tools are not available. This 
lies behind the attempt to asymptotically map curved space-time into flat space- 
time where Noether’s theorem holds. So, Bart reviews asymptotic symmetries at 
null infinity, referred to as BMS symmetry after Bondi. He notes that the iso- 
symmetry group of flat space-time is the 10-dimensional Poincare group con-
sisting of the Lorentz group of rotations and boosts and the translation group 
and stresses the fact that the asymptotic symmetry group is not the Poincare 
group, as might have been expected—instead the asymptotic symmetry group is 
infinite dimensional; a Hamiltonian at null infinity does not exist. 

In attempting to provide a general framework for constructing quasi-local 
conserved quantities, he focuses on conserved quantities associated with asymp-
totic symmetries at null infinity, in the manner of Wald and Zoupas [20]. Bart 
also chooses the Einstein-Hilbert action supplemented with the Gibbons-Hawking- 
York boundary term 

( )0
1 1

16 8M M
S R K K

∂
= + −

π π∫ ∫                    (18) 

where R as usual, denotes the Ricci scalar and K is the trace of the extrinsic cur-
vature density of the (time-like) boundary M∂ . A Hamiltonian on M is defined 
in terms of Noether’s charge two-form [ ]Q ξ  as follows: 

[ ] [ ]X XC
H Q Bξ ξ ξ= − ⋅∫                      (19) 

representing a quasi-local conserved quantity defined on M∂ , with boundary 
conditions X. This equation is not yet well defined. B is a closed spacelike co- 
dimension two-surface in M∂ , on which H represents a quasi-local conserved 
quantity associated with a vector field that is tangent to M∂ . Much of Bart’s ef-
fort involves an attempt to meaningfully define B subject to conditions X. He 
does not in detail investigate either uniqueness or existence of the proposed 
boundary. He does show that the asymptotic limit of the quasi-local BMS charges 
(his Equation (2.78)) agree with the BMS charges constructed by Wald and 
Zoupas at null infinity. He concludes that the BMS charge given by his Equation 
(2.78) satisfies certain criteria: 

1) It vanishes on Minkowski space-time 
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2) It asymptotes to Bondi mass at null infinity. 
3) On round spheres in the metric it is equal to the Misner-Sharp energy.  
He then puts forward the possibility that the gravitational part of the zero 

mode BMS charge as constructed may be a useful definition of the quasi-local 
energy. This is his result. 

Summary of quasi-local mass 
Penrose attempted to address the problem by defining “quasi-local mass” (and 

angular momentum), and others during the past forty years have worked on this 
concept because  

“many important statements in general relativity make sense only with the 
presence of a good definition of quasi-local mass.” 

It is apparent that four decades of development of the concept of quasi-local 
mass has produced nothing that provides a physically meaningful interpretation 
of local energy density; forbidden by the equivalence principle. As seen, the pri-
mary tool of conservation, Noether’s theorem, fails due to the general lack of 
translation symmetry in curved space-time. The approach to this has been to 
seek meaningful asymptotic symmetry at null infinity, although this introduces 
its own set of problems. In this context a Hamiltonian-like construct is defined 
and attempts to reproduce Noether-like results are made; nevertheless, no one 
today has any physically meaningful understanding of local energy density in 
general relativity. Baggott [21]: For Bohr, the Copenhagen interpretation obliges 
us to resist the temptation to ask: but how does nature actually do that?  

“And there lies the rub: for what is the purpose of the scientific theory if not to 
aid our understanding of the physical world?” 

It seems unlikely that any further work along the lines we have examined 
above will lead to such. Therefore, a re-interpretation of quasi-local energy seems 
appropriate. This is our focus in part III. 

5. Problems with Einstein’s Equations 

A non-vanishing energy-density necessarily produces gravity, represented as 
curvature of space-time. Recall that Einstein’s vision of gravity is pure geometry. 
His basic equation 

( )mG Tµν µνκ=                          (20) 

specifies that stress-energy tensor ( )mTµν  defines the distribution of mass-energy 
while Gµν  defines geometry of the curved space-time induced by the existence 
of the material stress-energy ( )mTµν . The problem is to derive the curved space 
geometry from ( )mTµν . Lorentz, Levi-Civita and Klein argued that the Einstein 
curvature tensor Gµν  was the only proper gravitational energy-momentum den-
sity; hence one should regard the Einstein equation in the form 

( )1 0mG Tµν µνκ −− + =                      (21) 

as describing the vanishing sum of gravitation and material energy-momentum. 
However, this is generally self-contradictory if the solution is in curved space- 
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time and curvature is known only after the problem is solved; how could we 
possibly express the source distribution in the not yet solved for curvature geo-
metry? We cannot solve for curvature without knowing the source; and cannot 
express source distribution ( )mTµν  responsible for curvature in the curved space 
that is the object of solution. How is this problem handled in relativity? Chen et 
al. observe: 

“Specifically, in the case of GR, knowing the curvature gives, via the Einstein 
tensor, the symmetric Hilbert energy-momentum density.” 

This does not solve the problem. It states that, if the problem could be solved, 
and we knew the solution (“knowing the curvature”) then we could represent the 
energy-momentum density. This is not entirely un-akin to the observation that, 
“if we had some ham, we could have ham and eggs, if we had some eggs.” It does 
not solve the never-solved problem of gravitational energy density that induces 
curvature of space-time.  

Physicists generally have no intuitive conception of curved space-time. Feyn-
man [22] observed that gravity theory suffers because  

“…one side of the equation is … geometric, and the other side is not [geome-
tric] …even for very simple problems, we have no idea how to go about writing 
down a proper T µν .”  

Two possible solutions exist: the trivial solution is 0Gµν = ; the stress-energy 
tensor is everywhere zero in all coordinate frames. This generally implies “flat 
space” but Vishwakarma has analyzed curvature in [23] in view of the fact that a 
proper energy-stress tensor of the gravitational field does not exist. He also dis-
cusses the Kasner solution, which I have treated in [24]. As noted in his title, this 
trivial solution involves “a new paradigm in GR”. 

There is also a nontrivial way to avoid the paradox of solving an equation ex-
pressed in nontrivially different coordinate systems. This involves placing the 
center of mass of a spherically symmetric body at the only point common to 
both flat space and curved space, the origin, and appealing to Birkhoff’s Shell 
theorem. This inherently limits Einstein’s general relativity to One-body solu-
tions of the N-body problem.  

Heaviside [25] extended Newtonian physics to include field energy density in 
flat space, and this is recognized as iteratively equivalent to Einstein’s non-linear 
field equation. Feynman noted: 

“It is one of the peculiar aspects of the theory of gravitation, that it has both a 
field interpretation and a geometric interpretation…” 

It is not generally clear how a density-based field description is related to me-
tric curvature solutions; our immediate goal is to clarify this. 

Part III Information Coding of Density as Geometry 
Consider the transition from physical-field-based physics in flat space to 

curved-space-time-geometry-based physics? Despite the common perception 
that Minkowski space-time views space as empty, Einstein [26] came to realize 
that 
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“There is no such thing as empty space, i.e., a space without a field. Space-time 
does not claim existence on its own, but only as a structural quality of the field.” 

Further, physical fields are real and have energy. Ohanian and Ruffini [27] 
“The gravitational field may be regarded as the material medium sought by 
Newton; the field is material because it possesses energy density.” Gravity is not 
viewed as curved space-time, but as a field with energy density. In fact, special 
relativity is based on pretending that gravity does not exist at all; and general re-
lativity on pretending that gravitational energy does not exist “locally” – it can 
always be transformed away. Yet coordinate systems, curved or flat, can have no 
effect on physical reality. The logical contradiction that changes in coordinate 
system can make a physically real field vanish is hidden in the Equivalence Prin-
ciple used to derive our premier theory of gravity: “gravity as space-time curva-
ture”.  

Rather than view “information” as a physical entity [28], we treat information 
in its original coding perspective: there is no energy density information en-
coded in flat space coordinates. Coordinate systems can change with absolutely 
no effect on field energy density; and the energy distribution can change with 
absolutely no effect on the coordinate system. All information about the physical 
field is contained in the energy density distribution; none in the flat space coor-
dinates!  

If we remove energy density information by claiming zero local energy densi-
ty, it must be replaced somehow! The only physical info is energy density and 
coordinate info, so when removing the density info we must replace it with 
coordinate info. This is done by replacing constant length flat space coordinates 
with variable length (metric) curved space coordinates. No information is lost; 
the real physical information encoded by the density distribution over flat space 
is replaced by abstract information in which physical energy density is encoded 
as “geometry”. According to Poisson and Will: 

“the metric … achieves two purposes: it encodes geometrical information about 
coordinate system, and it encodes physical information about the gravitational 
field.”  

I would say that the metric encodes physical information about the gravita-
tional field as geometrical information in a coordinate system. This clearly re-
cognizes that the physical field energy density is ontologically real and is ma-
thematically equivalent to the description of the real physical density encoded in 
the abstract formulation of curved space time!  

Physical density-based reality is distinguished from curved space-time-based 
reality via inertia. In Energy-time theory the special relativity γ-factor applies to 
inertial mass. In curved spacetime real inertial force is replaced by the geodesic 
abstraction. However, Feynman, Weinberg, Padmanabhan and others insist that 
“Curved space-time is not a necessary conception of gravity.”  

The primordial gravitational field is treated in The Primordial Principle of 
Self-interaction. Self-interaction equation ψ ψψ∇ =



  

 is used to derive Heavi-
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side equations known to be equivalent under iterations to Einstein’s field equa-
tions. A geometrical algebra multi-vector is G iCψ = +

 



 where G


 is the gra-
vitational field vector and C



 is the gravitomagnetic bivector and duality oper-
ator i converts C



 to C


. In the absence of circulation bivector C


 the solution 
to G GGψ ψψ∇ = ⇒∇ =

   

  

 is ( )21G r r r= ≡


  . Hence 21GG r=
 

 is the ener-
gy density of the primordial field. The mass of the field inside a sphere of radius 
r is (modulo 4π/3) 

( ) ( )3 3 3
2

1 1mm r r GG r r
rr

ρ  ≅ = = = ⇒ ≅ 
 

 

             (22) 

Thus potential ( )1m rφ = − ≅  where Newton’s gravitational constant 1g =  
and speed of light 1c = . Let us assume that this energy is distributed with unit 
density. Consider a volume defined by d d dx y z  where d 1,d 1,d 1x y z= = = . Ig-
noring the sign of φ  we define unit energy density of the primordial gravita-
tional field with no material objects in the field. Recall that the difference in po-
tential energy of two points is the work done in moving mass m between two 
points. 

( ) 2

1d d
rr

r
gMm gMmU r W F r r gMm m

r rr
φ∞

∞∞

 = = ⋅ = = − = − =  ∫ ∫


     (23) 

The gravitational energy per unit mass, φ  describes potential energy at the 
point in question; it is interaction energy mφ  that would exist if m units of 
mass were to be introduced at that point. This test mass m is presumed so small 
that its own gravitational potential need not be considered. Next add mass M to 
space and recall that the only point common to both flat space and curved space 
is the origin ( )0,0,0 , assumed coincident. The massive body M does not exist at 
a point but assume it is symmetrical and apply Birkhoff’s Shell theorem to re-
duce M to an equivalent point mass. The gravitational energy (per unit mass) r 
distant from the origin is M rφ = − . The total gravitational energy is the sum 
of the primordial gravitational field plus the potential due to mass M located at 
the origin 

1m M
r r

φ+ ⇒ + .                      (24) 

Unit cube d d dx y z  with d 1,d 1,d 1x y z= = =  contains energy density 1 φ+ . 
The negative sign of the potential is suppressed, but as seen in Equation (30) the 
term of interest is always positive, whether ( )1 φ+  or ( )1 φ− + . We normalize 
this density 1 1φ+ →  by choosing new variable coordinates  
d 1,d 1,d 1x y z′ ′ ′≠ ≠ ≠ . Based on the equivalence principle one might assume that 
1 0φ+ → . But local density that cannot be defined is not the same as local 
energy density disappearing; but it ceases to provide physical information. We 
normalize the energy in every volume element such that d d dx y z′ ′ ′  always con-
tains unit energy as seen on the right side of Figure 1.  

In this way information has been transformed from the energy density of the 
field φ , in constant (informationless) coordinates of flat space, to the information  
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Figure 1. The primordial gravitational field has 0 1m r r rφ = = =  in flat space,  
d ,d ,d 1x y z = . Mass M at the origin adds potential energy M rφ = . We transform to a 
unit density (no density information) in curved spacetime as shown in the cube at right, 
d ,d ,d 1x y z′ ′ ′ ≠ . 
 
of the (variable) coordinates containing a constant (informationless) energy 
density in curved space-time; consistent with the fundamental requirement that 
coordinate systems cannot affect physical reality. They label physical reality such 
that we all agree upon the points under discussion. The value 1 represents ap-
parent energy density in curved space instead of the value zero seemingly im-
plied by the equivalence principle. Thus, it is not required that energy density 
vanish, only that information about the energy density must vanish, in accor-
dance with the statement that “gravitational energy is not localizable”. So, we 
work not to get rid of physical energy density; but to get rid of energy density 
information. Energy density is normalized such that every local region in curved 
space contains exactly one unit of energy in a region bounded by d ,d ,d 1x y z′ ′ ′ ≠ . 
Defining d ix′  to accomplish this goal transfers physical density information in 
flat space to curvature information of curved space. Every flat space differential 
has unit length; no information contained in a normalized unit of the coordinate 
system. In curved space, metric intervals are defined to normalize energy density 
of the field, removing information from the energy density, transferring it to the 
curved space metric. 

6. Analyzing the Encoding Scheme 

“Gravitational energy is not localizable” if every local region (in curved space-time) 
contains a unit of energy indistinguishable from any other local region, whereas 
the local metric at any point is distinguishable from the metric at any neighbor-
ing point. This is captured by the generalized Pythagorean for curved space-time: 

2d d ds g x xµ ν
µν= .                        (25) 

Metric gµν  transforms energy density information contained in φ  into the 
local coordinate information contained in gµν . Whereas d d dx y z  coordinate 
differentials are independent of φ , the transformed coordinates are totally de-
pendent on φ , i.e., 

( ) ( ) ( )d d d d d dx y z x y zφ φ φ′ ′ ′ ′ ′ ′≡ .                 (26) 

For the most general solution we force each metric-based component to satis-
fy the relation 

( ) ( )1 d di ix xφ φ′+ =                        (27) 

in which case the key coordinate variable relation becomes 
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( ) d
d

1
i

i
x

x φ
φ

′ =
+

                         (28) 

The consequent volume element becomes 

( ) ( ) ( ) 31 2
1 2 3

dd d
d d d

1 1 1
xx xx x xφ φ φ

φ φ φ
′ ′ ′ ≡

+ + +
.              (29) 

And for any two of these dimensions, we obtain the (always positive) product: 

( ) ( )
dd

d d
1 1

ji
i j

xx
x xφ φ

φ φ
′ ′ ≡

+ +
.                    (30) 

In 3-space this is effectively a time-slice of Euclidian reality, d 0t ≡ ; using 
convention { }, 1, 2,3i j∈ , { }, 0,1, 2,3µ ν ∈ . Four dimensional spacetime con-
tributes to the difficulty of reconciling Einstein’s theory with intuitive ideas of 
time and space. We consider 3-space energy density so we begin with the Py-
thagorean relation 2d d ds g x xµ ν

µν= . From Equations (25) and (30) we see that 

( )
( ) 2

2

1 1
1

iig φ
φ

−= = +
+

.                     (31) 

Consider Wheeler’s remarks about a white dwarf star: “It is small, but not ter-
ribly small; dense, but not terribly dense. Space-time is ‘flat’ within it…” The 
term “flat” here means φ  is small, approaching zero, allowing use of the bi-
nomial expansion ( ) 21 1 2φ φ−+ ≅ − . Yilmaz, [29] derives a metric proportional 
to 2e φ−  compatible with consensus GR for which 1 2ijg φ= − . This approxi-
mation is consistent with linearized equation g hµν µν µνη= +  where µνη  is the 
Minkowski metric with signature (+, −, −, −) and 2hµν φ= − . Limiting our-
selves to 3-space ( )d 0t ≡  we obtain 

( )2 2 2 21d d d d
1 2

s x y z
φ

−
= + +

+
.                (32) 

since the binomial expansion also yields 
( )2

1 1
1 21 φφ

=
++

. Factor iih  represents  

diagonals term d di ix x . In A Primordial Space-Time Metric the gravitomagnetic 
field of the dense region of field moving in the z-direction satisfies 0xy yxh h− = . 
This angular momentum relation causes d dx y  and d dy x  terms to cancel, 
yielding Equation (32). The exact solution we’ve been considering is based on 
the mass M located at the origin where spherical symmetry implies  

0xy yxh h= =  (and cyclical iterations); also, compatible with Equation (32). The 
alternative form of Equation (32) yields ( )( )2 2 2 2d 1 2 d d ds x y zφ= − − + + . Ob-
serve that since gM rφ = −  we let 1g =  and then rewrite the equation as 

( )
1

2 2 2 22d 1 d d dMs x y z
r

−
 = − − + + 
 

              (33) 

Inspection shows that Equation (33) is identical to the 2dr  term in Schwarz-
schild metric Equation (8) when the Minkowski signatures are considered. GR 
textbooks can be consulted for derivation of the Schwarzschild metric sur-
rounding mass M at the origin. The normalizing encoding process derives ex-
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actly the three-space metric representing gravitational energy density equivalent 
information. Rindler explains the Schwarzschild metric spatial geometry in un-
derstandable terms: 

“One way to visualizing the curved 3-space like that of the Schwarzschild lat-
tice, whose metric is given by 

( )
2

2 2 2 2 2dd d sin d
1 2

rl r θ θ ϕ
φ

= + +
+

                 (34) 

is to pretend that it is really flat, but that its rulers behave strangely…” 
In (34), we consider a radial ruler, [in which case d d 0θ ϕ= = ] and note that 

the rulers shrink by factor ( )1 21 2 1φ φ+ ≈ + ; exactly the result for d ,dx y  and 
dz  that we achieved in Equation (28) by transforming from actual physical 
energy density in flat space (constant rulers) to the equivalent information en-
coded as geometry of curved space (variable metric). QED.  

By comprehending that we are encoding energy-density as geometry [30] and 
drawing a few simple diagrams we transform from flat space energy density 
(physical reality) to curved space with almost no computation and obtain the 
standard Schwarzschild space metric. What about the time-time metric, 00g ? 

7. The Time Metric Associated with Curved 3-Space 

Gravitational energy density information is banished in curved space by the 
equivalence principle, but physical information associated with the density of the 
field cannot be simply discarded—it must be transformed into the geometry of 
the variable metric coordinate systems. In this case the non-trivial solution 
represented by the Schwarzschild metric. The assumption of absolute space and 
time underlying the physics of inertial clocks is based on defining absolute time 
as universal simultaneity, hence our curved space solution holds at any time 
(slice) t with d 0t ≡ . Thus the time dimension dropped out of Schwarzschild’s 
metric solution reducing the problem to that of curved 3-space as derived in 
Section 6. Recall that the Minkowski invariant defined by Equation (2),  

2 2 2 2 2 2d d d d d 0s c t x y z= − − − =  is invariant because it does not vary with coor-
dinate systems, hence 2 2 2 2 2 2d d d d d 0s c t x y z′ ′ ′ ′ ′= − − − =  and hence  

2 2 2 2 2d 0 d d d ds t r t r′ ′= = − = − . Equation (28) expresses coordinate differentials 
as d ix  and d ix′  therefore we use 2d d ds g x xµν

µ ν= . Hence, to obtain an expres-
sion for the time-time metric we use 

2
2 2 00 00 2

0 0
dd d d d d

1 2
rt r g x x g t
φ

′ ′= = = =
+

.             (35) 

Minkowski-invariant-based energy-time theory derives from the equation of 
motion for photons 

2
2 2 2 2

2

dd d 0
d
rr c t c
t

− = ⇒ = .                   (36) 

Therefore, from Equation (35) we find ( )
2

00 2
2

d 1 2
d
r g c
t

φ= + = . The inverse  

https://doi.org/10.4236/jmp.2022.134025


E. E. Klingman 
 

 

DOI: 10.4236/jmp.2022.134025 363 Journal of Modern Physics 
 

metric 00
00 1g g=  and for 2 1c =  we obtain 00

00 1g g =  and ( )00 1 2 1g φ+ = . 
Therefore  

00 1 2g φ= +                            (37) 

which is found to be in exact agreement with the Schwarzschild time-time me-
tric, thus our flat space distribution of field energy density, ( )rφ   encodes energy 
density information as geo(metric) information of curved space and the corres-
ponding time (the conjugate of energy). 

8. Quasi-Local Mass Density in Encoded Geometry 

Having derived exactly the Schwarzschild metric solution to Einstein’s geometric 
formulation, in terms of the Heaviside equations in Euclidean space, we apply 
this to the interpretation of quasi-local energy distribution. The energy exists, 
but the density information has been normalized and now exists in the curvature 
metric: every d d dx y z′ ′ ′  cell in the geometric formulation contains one unit of 
gravitational field energy; thus, gravitational fields in flat space, with physically 
real energy density, can be formulated in curved space with normalized field 
energy. All density information of the field has been transferred to the coordi-
nate system metric, such that energy is normalized in every volume element in 
curved space. Schwarzschild’s solution to Einstein’s equations literally falls out 
of this approach, implying that Feynman, Weinberg, and others are correct in 
their claims that curved space-time is not a necessary conception of gravity. 

Heaviside’s equations derive straightforwardly from a primordial self-interaction 
principle, which, unlike the approximate equivalence principle, is an absolute 
principle of physics—Heaviside is not a weak field approximation but instead is 
valid for all field strengths. Misunderstanding this has led physicists to view 
Einstein’s curved space formulation as the true theory of gravity, and flat space 
equations as only valid when fields are weak. The two are equivalent formula-
tions but it is the misnomer “weak field approximation” that sticks in physicist’s 
minds. 

We conclude from this treatment that reality is Euclidian, not Riemannian. 
Einstein adopted a nonphysical geometric approach, even though physical grav-
ity in flat space connects geometrical gravity and curved spaces only at one 
point, the shared origin of the two coordinate systems. It is not trivial that 
Feynman claims “we have no idea how to go about writing down a proper T µν . 
Equally significant is the claim by Will and Poisson that Heaviside-based weak 
field methods work amazingly well in strong fields. 

We are thus led to a re-interpretation of quasi-local energy density. Energy 
density physically exists (how could it not?) but information contained in the 
physical field is transferred to variable coordinates as described. Local volumes 
of space are defined such that every volume contains the same energy as every 
other volume, where the volumes are defined as d d dx y z′ ′ ′  related to flat space 
volume’s d d d 1x y z =  by Equation (28). Each side of a cube in curved space is 
( )1 1 M r+  that of a corresponding cube in flat space, leading to the situation 
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shown schematically in Figure 2, which shows the density-based volumes at 10 
different equally spaced values of r. This technique is chosen because it is rea-
sonably easy to calculate and reasonably easy to visualize. An attempt to draw 
the configuration at every point in space would be far more complicated and 
would add nothing to the comprehension of the meaning of quasi-local energy 
density.  

Earlier we observed that Yau’s calculation of quasi-local mass in spherical 
symmetric space-time foliated by orbits of SU(2) [Equation (11)] compared to 
Misner and Sharp’s [and Hawking’s] definition of mass [Equation (12)] yields 
relation (13)  

2

2
Mm M

r
= − , 

such that at spacelike infinity m M= . We now rewrite this as 

1
2

m
M

φ
= + ,                         (38) 

recognizing that the equality at space-like infinity corresponds (asymptotically) 
to the flat space density, while on the apparent horizon he obtains 2M m= , we 
ignore the factor of two and consider 

1m
M

φ= + .                         (39) 

Unsurprisingly we find that quasi-local mass is formulated such that the key 
geometric encoding term ( )1 φ+  is prominent. For a concept that has resisted 
physical interpretation for 40 years, this is about as far as we wish to push things. 
 

 

Figure 2. The graphical representation of quasi-local energy density based on the density 
information encoded geometrically. Every volume element in curved space holds exactly 
one unit of field energy. That is, the curved space volume elements are distributed in flat 
space to aid visualization. This approach yields exactly the Schwarzschild solution to 
Einstein’s geometric formulation. One half of one slice through the spherical volume 
about mass M is shown, as the full 3D image would be too “busy” and add nothing to our 
understanding. 
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9. Conclusions 

The equivalence principle-based banishment of local energy density is so into-
lerable that physicists and mathematicians proposed the idea that, while energy 
density did not exist locally, it could somehow be integrated inside an appro-
priately defined curved-space boundary. Penrose proposed this concept in 1982 
but noted that several problems of interpretation remain to be solved. Thirty 
years later Yau closed his treatment saying he was still in process of deriving new 
properties of the quasi-local mass that he just introduced. A decade later Bart 
noted that currently no framework exists in which a definition of quasi-local 
energy is sufficiently understood. The approach taken by these three (and oth-
ers) consisted essentially of attempting to formulate energy density as propor-
tional to curvature, with emphasis on “quasi-local” density as the difference be-
tween local curvature and mean curvature. This was associated with “asymptotic 
symmetries at null infinity” to regain translational symmetry so that Noether’s 
theorem could be applied, and meaningful Hamiltonians introduced. The con-
glomeration of concepts, none of which are physically meaningful, produced 
mathematical results that proved nothing, but led to hope that things could be 
worked out, if only we understood the problem a little better. 

We here re-interpret gravity theory in such a way that the energy density of 
the field is physically real; its disappearance is explained by transferring density 
information from the field in information-less flat space coordinates to curva-
ture information based on the Newtonian potential, with results equivalent to 
the Schwarzschild solution. Figure 2 represents normalized curved space density 
displayed in flat space coordinates (corresponding to “null infinity”). It views 
each curved space volume element as the relevant boundary, inside of which a 
known quantity of field energy exists. The total energy is obtained by adding the 
relevant volume elements. The exact mathematical procedure to best accomplish 
this may be messy, but the physical understanding of gravitational field reality 
should be quite clear. Based upon our analysis of the gravitational field ener-
gy-momentum we concur with Feynman, Weinberg, and others: the concept of 
curved space-time is not necessary for gravity. Ontological arguments imply that 
both theories are not equally valid. 

The equivalence principle-based disappearance of energy of the gravitational 
field when curved coordinate frames appear has confused general relativists 
since Einstein proposed his geometric approach. In energy-time theory the spe-
cification of field energy density in flat space determines the physics. If this in-
formation is removed, it must be replaced by some other source of information; 
the curved coordinates supply this information. The physical gravitational field 
does not vanish; its energy density is normalized: every corresponding volume 
element in curved space coordinates, d d dx y z′ ′ ′ , contains exactly one unit of 
energy, yielding a metric exactly equal to Schwarzschild’s solution. Gravitational 
field energy does not vanish in this approach; the normalization effects the trans-
fer of gravitational field information to curved space coordinates. 
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Will and Poisson note that this flat space approach is useful for very strong 
fields, but they offer no reason for this fact. The primordial principle of self- 
interaction derives Heaviside’s equations with no weak field assumptions; the 
equations work for all field strengths and represent a complete theory of gravity. 
This radically differs from the prevailing view that only curved space-time equa-
tions are complete.  

The latest relevant paper dealing with quasi-local mass [31] illustrates the 
major issue: physicists have essentially given up on physically understanding re-
ality in favor of mathematically elaborating upon well-established problems. It 
investigates the asymptotic structure of Einstein gravity in five spacetime di-
mensions (which no one understands, other than mathematically) by focusing 
on spatial infinity and using Hamiltonian techniques.  

The implications of the primordial principle of self-interaction and of encod-
ing energy-density in geometry are that curved-space formalisms are artifacts 
and gravitational field theory in Euclidean space represents physical reality. An 
ontological shift to a density-based formalism has significant consequences. 
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Abstract 
2022 is the centennial of an event which many consider to be a basis from 
which quantum mechanics can be derived—the Stern-Gerlach experiment 
of 1922—despite that the meaning of quantum theory is today an open 
question. Key is “the measurement problem”, the need to measure quantum 
phenomena with classical equipment while the boundary separating quantum 
from classical is unknown. The mechanism of the SG-experiment is analyzed, 
and the Qubit nature normally projected onto the data is traced to quantiza-
tion of the detector, labelled a Qudet. This novel interpretation should have 
downstream consequences, such as the SG-based interpretation of Bell’s Theo-
rem.  
 

Keywords 
Qubit, Qudet, Stern-Gerlach, Inhomogeneous Field, Measurement Problem, 
Ontology, Quantum Mechanics 

 

1. Introduction 

The experiment performed by Stern and Gerlach in 1922 can be used to derive 
the theory of quantum mechanics [1] [2], but the experiment was performed a 
year before de Broglie proposed his particle-wave model, p λ=  , that is the 
basis of quantum theory. Therefore, it was not understood in the way quantum 
theory is understood today. It was performed three years before Goudsmit and 
Uhlenbeck, based on spectroscopic studies, proposed ½-integral spin existed. 
Goudsmit’s interpretation that every spin component, 1is = ± , became embed-
ded in quantum mechanics as the projection postulate, now known as the qubit. 
However, in 1928 Gordon established that the magnetic moment of the electron 
is due to the circulating flow of charge in the electron wave field; a 3D flow 
compatible with the Maxwell-Hertz field equations of classical electrodynam-
ics; the same electromagnetic field as is the basis of quantum electrodynamics 
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(QED). 
There is, a century later, still no complete quantum theoretic treatment of 

Stern-Gerlach, complicated further by Jarzynski’s Equality relating work on a 
non-equilibrium thermodynamics system to the free energy of the system [3] 
[4]. In these terms Deissler investigated the fundamental question of whether a 
magnetic field does work on an atom [5]. Work is not an observable in the stan-
dard sense [6]; it is not represented by a Hermitian operator, thus is not an or-
dinary quantum observable: the number of possible values of work f iW E E= −  
is typically larger than the dimension of the space of states; hence a Hermitian 
operator representing work cannot exist [7].  

The “qubit” nature of spin is neither derived nor proved; it is assumed. The 
radical nature of this assumption, deriving largely from Goudsmit’s Projection 
Postulate, is re-analyzed. We begin with derivation of constant classical spin 
from Poisson brackets, which spin will serve as the basis of a work-based analy-
sis of Stern-Gerlach, leading to an Energy-Exchange Theorem underlying the 
dynamics. It is shown that dynamic spin stability in an inhomogeneous field leads 
to beam-splitting only if a gradient threshold is exceeded, associating quantiza-
tion with the detector, hence Qudet. This Qudet interpretation is then contrasted 
with the standard Qubit interpretation and implications for Goudsmit’s post-
ulate are discussed.  

2. Derivation of Constant Classical Spin from Poisson  
Brackets 

The current state of understanding of particle dynamics is that the spin that 
physicists focus on is generally not observable. If spin is a rotation characterizing 
a particle, the rotating charge on the particle conceptually forms a current loop 
that induces a local magnetic moment which is the basis of indirect observation 
of particle spin. A magnetic moment traversing a nonuniform field is typically 
treated as a particle in a field. The dynamic equations of the field, expressed in 
geometric algebra, are ( )t+ ∂ =F J∇  where i= +F E B  and ρ= +J j , the 
single equation equivalent to the four Maxwell electrodynamic equations in 
standard form [8]. Particle dynamics are prescribed by Poisson brackets:  

{ }, H=x x  where { }, ,∈x r p s  and H is the Hamiltonian: 
2

2
pH
m

= − ⋅Bµ ,  

0µ= sµ . We analyze inhomogeneous magnetic field ( )B r  in the standard Stern- 
Gerlach model (Griffiths, [9]) ( ) ( )0

ˆ ˆB x i y jα α= + + −B  and in the quadrupole 
form ( ) ( )ˆ ˆy i x j= +B . Only precession can be solved for exactly. In { }, ,r p s
-representation the particle at position r  has momentum p  and spin s  and 
magnetic moment proportional to spin s : 0µ= sµ . Point-based classical physics 
led to the Poisson bracket formalism in which the time derivative of the physical 
parameters is given by the generic 

{ }, H=x x                           (1) 

where x  is the physical entity/aspect of reality and H is the Hamiltonian of the 
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system. As suggested by Kauffman we solve the equations deriving from the Ha-
miltonian in magnetic field ( )B r : 

{ }d ,
d

H
t m
= ⇒

r pr  velocity predicts position at a moment in time     (2) 

{ } ( )( )0
d ,
d

H
t

µ= ⇒ − ⋅
p p s B r∇  momentum force           (3) 

{ } ( )0
d ,
d

H
t

µ= ⇒ − ×
s s B r s  precession force (torque)         (4) 

Given the specified quadrupole B-field, ( ) ( ), ,0y xα=B r , 0 0B rβ =  we cal-
culate 

( ) ( ) ( ), , , ,0x y z x ys s s y x ys xsβ β⋅ = ⋅ = +s B  

and 

( ) ( )( ) ( ), , , ,0x y z x y y xys xs s sβ β⋅ = ∂ ∂ ∂ + =s B∇ . 

From the Poisson brackets we obtain the equation of motion: 

( ) ( )
2

0 0
2

d , ,0
d y xs s

m mt
µ µ

β= − ⋅ = −
r s B∇                 (5) 

i.e. 

0
yx s

m
µ

β= − , 0
xy s

m
µ

β= − , 0z =                  (6) 

while the first order spin equation is 

( )= ×s B r s                        (7) 

which, for the specified quadrupole field yields 

( )( )
ˆˆ ˆ

0 , ,z z y x

x y z

i j k
y x xs ys ys xs
s s s

× = = − −B s .            (8) 

The most salient fact that emerges follows from: 

( ) ( )
( )

2 2 2

0

d 2
d

2 0

x y z x x y y z z

z x z y z y z x

s s s s s s s s s
t

xs s ys s ys s xs sµ β

+ + = + +

= − + − ≡

  

              (9) 

which implies that the magnitude of spin is conserved: 

2 2d 0 constant
dt

= ⇒ =s s                   (10) 

This result derives from classical equations of motion, not quantum, although 
it implies that the spin is quantized. In addition, we see from the third spin pre-
cession Equation (6c) that zs  is conserved. To relate spin physics to reality, we 
consider the Stern-Gerlach experiment. 

3. Physics of Stern-Gerlach and Analysis of Work 

Angular momentum of particles at the quantum level is notoriously hard to meas-
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ure. Spinning charge induces a magnetic dipole proportional to angular mo-
mentum; as this dipole interacts with magnetic fields, spin experiments are 
based on measuring magnetic dipoles as a surrogate for spin. Angular momen-
tum λ  of an atom is often called an observable, but is generally unobservable; a 
magnetic dipole moment associated with charged particle motion Bµ=µ λ  
where Bµ  is the Bohr magneton, 0.927 × 10−20 erg/gauss. Erg-per-gauss relates 
to energy of a dipole in a magnetic field, and this energy, often indirectly ob-
servable via photon emission and absorption, is the physical observable. To ob-
serve λ , one must establish a reference frame, via a magnetic field, B . Jared 
Stenson, focused on representation, [10] notes that: “…the Stern-Gerlach expe-
riment has become axiomatic in modern physics… it ties together classical and 
quantum systems of thought. It seems to explain a clearly quantum result in terms 
of almost purely classical concepts.” The experiment sends neutral particles with 
a spin-based magnetic moment through magnetic fields. Two cases are signifi-
cant: particles in a constant field precess—a spin λ , moving in a constant field 
simply precesses and is not deflected. But the same particles moving through an 
inhomogeneous field are deflected by the gradient force ( )= ⋅F B∇ µ  with µ , 
the magnetic moment (proportional to λ ), represented by quantum operator 
σ̂ , and ( )B x  the magnetic field in direction b . The data are from the iconic 
postcard Stern and Gerlach sent to Bohr announcing their discovery of the spin- 
dependent “splitting”, shown in Figure 1(b). Per Messiah [11]:  

“The appearance on the screen of a more or less spread-out distribution of 
impacts indicates that the atoms are not all in the same initial condition and that 
the dynamical variables defining the initial states are statistically distributed over 
a somewhat extended domain.” 

For vertical x and horizontal z, the x-component of the magnetic field is xB  
at the south end of the dipole. The field component at the north end depends on 
the gradient and the projections of λ  on respective axes. The force exerted on 
the magnet is the sum of forces acting on each end: 

( ) ( )ˆx x xF m B B= ⋅ = ⋅ ⇒ = ⋅F B∇ ∇ ∇λ µ µ .            (11) 

 

 

Figure 1. (a) Apparatus with no gradient. (b) Stern-Gerlach apparatus with gradient. 
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The force on the dipole is proportional to magnetic dipole moment, µ , the 
gradient of  xB  and the cosine of the angle between µ  and xB∇ . In addition 
to this force on the magnetic moment due to the inhomogeneous field, the mo-
ment precesses in a homogeneous field. Magnetic force on a charged particle is 
orthogonal to the path, and hence does no work, but this is not the case for an 
uncharged magnetic dipole. The field gradient force acting on the magnetic di-
pole is exerted over a finite distance, F x⋅ , yet no work is done on the system 
(KE = kinetic energy): Normally 

( )
0

d 'work '
x

KE =∫ ,                       (12) 

but no work is done if precession energy (PE) is exchanged with (changed into) 
kinetic energy (KE) as described in the following Energy-Exchange theorem. 
Assume the particle is deflected from the z-axis (x = 0) to a distance x from the 
z-axis and precession energy PE decreases to compensate the increase in kinetic 
energy of translation until precession energy is exhausted at q. 

( ) ( )
0 0

d d 'work '
qx

KE PE E+ = ∆ =∑∫ ∫                (13) 

To show the energy exchange explicitly we break the kinetic energy integral 
from 0 to x into two integrals, from 0 to q and from q to x: 

( ) ( ) ( ) ( ) ( )
0 0 0 0

NO WORK WORK

d d d d d
q q qx x

q

KE PE KE PE KE E+ = + + ≡ ∆∫ ∫ ∫ ∫ ∫




        (14) 

Work (W E= ∆ ) is defined as the change in energy; we observe that no work 
is done from zero to q as the total energy change is zero. After the moment 
aligns with the local magnetic field at position q (where precession has ended) 
work is done from q to x. In this model no work is done while the spin is in 
process of alignment with the local field, but once aligned, the field performs 
work on the particle. The dynamics (which caused Bell to despair [12]) are even 
more complicated than Deissler assumed as there are now two phases: a phase in 
which no work is done by the field, due to internal compensation, followed by a 
phase in which the field performs work on the particle, as seen in Figure 2. 

In an SG-apparatus, a magnetic moment traverses a non-uniform magnetic 
field, experiencing a gradient-based deflecting force. Uniform magnetic fields do 
not do work on particles, and inhomogeneous magnetic fields do not do work 
on a spin-less atom, but analysis of a quasi-particle defined by electron spin, lo-
cal magnetic field, and precession energy shows that spin models of particles in 
an inhomogeneous field will exchange energy between local energy modes to 
compensate for changes in the local field. We are thus motivated to describe the 
energy transfers between eigenmodes, in which case an Energy-Exchange theo-
rem is basic. 

4. The Energy-Exchange Theorem 

In a physical system possessing two energy modes, 0M , 1M , coupled to a  
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Figure 2. The θ-dependence for small angles is shown. Shaded areas below the dashed red 
lines represent the alignment process during which the initial spin enters the field with 
angle θ and proceeds to align with the local field. After alignment the gradient force acce-
lerates all particles equally, seen as dotted blue lines. Scales have been chosen to enhance 
the different deflections. Actual scales depend upon field strength, field gradient, length 
of travel, and geometry. 
 
common variable θ , if energies of the modes are not separated by a quantum 
gap 0ε∆ > , then if the common variable changes, d d 0tθ ≠ , the modes will 
exchange energy. 

Assume that total energy is 0 1ε ε ε= +  when i iH ψ ε ψ=  and that total 
energy 0 1H H H= +  is conserved: 

0 01 1

0 1

d dd dd d d0 0 0
d d d d d d d

d d d 0
d d d

H HH HH
t t t t t

H H
t

θ θ
θ θ

θ
θ θ

= ⇒ + = ⇒ + =

 ⇒ + = 
 

         (15) 

Since d d 0tθ ≠  then 0 1d d
d d
H H
θ θ

= −  and energy flows between mode 0M  

and 1M . QED 

In the Stern-Gerlach experiment a neutral silver atom enters the inhomoge-
neous field with z-axis momentum and its intrinsic magnetic moment µ  at 
angle θ  to the local B-field in the x-direction. The force of the x-directed field 
gradient ( )= ⋅F B∇ µ  accelerates the particle in the x-direction while making 
no change to the initial z-momentum. The change in kinetic energy due to par-
ticle acceleration is compensated by the precession energy to conserve local 
energy: in outE E=  

2 2xmv− ⋅ = −B Bµ µ                      (16) 

where z-momentum energy has been canceled for both sides. The change in 
translational kinetic energy, 2 2xmv  is thus ( )2 2 1 cosxmv Bµ θ= − , where  
µ = µ , B = B . Applying the constant acceleration formula, 2 2 2f iv v ax= + , as 
an approximation, yields. ( ) ( )1 cosm ax Bµ θ≅ −  and hence an approximate θ
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-dependent component of deflection 

( )1 cosBx
ma
µ θ= − .                      (17) 

The distance x is the amount of deflection from the z-axis that a particle with 
initial angle of precession θ  experiences when the particle becomes aligned 
with the local field. The relation ( )x f θ=  is such that deflection x is deter-
mined by initial angle θ  as well as field strength and field gradient. The Ener-
gy-Exchange Principle constrains local dynamics until locally available energy is 
exhausted. A quasi-particle with internal degrees of freedom traversing a non- 
uniform field locally conserves energy over its N-degrees-of-freedom. A pre-
cessing, translating, magnetic moment has two such degrees of freedom, but fi-
nite compensation mechanisms, when exhausted, can no longer accommodate 
changes in the local field. At such time the local gradient begins delivering pow-
er. So, a local field gradient will not impart energy as work to the quasi-particle, 
either atom or precessing spin, until precession energy has been converted to 
deflection energy. If precession energy vanishes ( 0θ = ) the local gradient drives 
the translation of the particle.  

Rate of change of precession 
An unanswered question concerning a dipole in an inhomogeneous magnetic 

field is the rate at which the angle of precession changes; how long it takes for 
the angle of precession to reach zero, i.e., for the dipole to align with the local 
field. If it’s not instantaneous, the rate is a matter of geometry and field strength 
and strength of gradient. If it were instantaneous, the entire travel through the 
Stern-Gerlach device would experience the maximum force and the deflection 
would be to one spot, regardless of the initial angle; corresponding to Bell’s 
model, deflection measurements would yield ±1. A finite decay time is angle de-
pendent and the spread of deflection is a function of the initial angle. Absent 
means of calculating the decay rate of the precession angle to determine the time 
of alignment, the question is answerable experimentally; the original Stern-Gerlach 
data on the iconic postcard exhibits the spread of deflections expected from 
energy exchange. From the Energy-Exchange theorem we conclude that preces-
sion energy is exchanged with kinetic energy of translation; the particle is acce-
lerated by force ( )= ⋅F B∇ µ . While the rate of precession may be independent 
of the particle mass, the rate of acceleration is not. Since ( )m= = ⋅F a B∇ µ  
and ( ) m= ⋅a B∇ µ  acceleration is a function of the gradient of the B-field, the 
angle of precession, and the mass of the particle. Based on these dependencies 
we take the derivatives of ( )2 2 1 cosmv Bµ θ= − . Maximum energy of transla-
tion occurs when 0θ = , corresponding to maximum velocity v, thus maximum 
velocities occur for small angles θ . From 2cos 1 2θ θ≈ − +  in (17): 

( )




02 2 2

FINI INIT

2 1 cosmv B mv Bθµ θ µ θ→= − → = .          (18) 

With k mµ=  we obtain v k Bθ≈  hence 
d 1 d
d d

v
t tk B
θ
≈  where from 
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Equation (11) d ~
d
v B
t m x

µ ∂
∂

, so: 

d
d

k B
t xB
θ ∂
≈

∂
 .                      (19) 

The Asymmetric Approximation 
A finite decay rate implies a θ -dependent spread of SG deflections, in con-

trast to the single data point expected if alignment were instantaneous. The 
asymmetric treatment displays the second-order effects of the stronger and weaker 
regions of gradient. The combination of these classical effects is shown in Figure 
3 overlapping the real Stern-Gerlach data from the iconic postcard, on which we 
have overlaid the gradient-producing magnetic field geometry. We consider only 

B x∂ ∂ , i.e., vertical deflection; incompatible with Maxwell’s 0⋅ =B∇ . Inclu-
sion of a y-axis term provides the left/right displacements shown in the data but 
adds no new physics insight to the model.  

A typical asymmetric Stern-Gerlach x-deflection for random initial angle θ  
is next calculated by rewriting Equation (17) to accommodate the asymmetry via 
β  and 3β : 

1 cos 2x β θ θ= + + < π                  (20) 

( )1 3 cos 2x β θ θ= − − > π                 (21) 

The scaling value 4β =  is chosen to yield a best match to the iconic post-
card data. Actual deflection depends on the strength of the field, the strength of 
the gradient, the initial angle, the velocity, the length of the SG-magnet and the 
distance from the magnet to the detection screen. We effectively normalize the 
deflection by choosing the deflection due to the magnet-to-screen travel to be +1 
or −1. The values can be approximated via appropriate strengths and geometries. 
If we vary the spin angle θ  randomly and plot the vertical deflections based on 
Equations (20) and (21) we obtain the asymmetric distribution; the (red) calcu-
lated random data points are scaled and overlaid on the SG iconic data. The 
match between calculated data and experimental data is extremely good. 
 

 

Figure 3. The θ-based model of spin deflection in the Stern-Gerlach experiment is driven 
with random spin vectors and trajectories are calculated. The red dots representing indi-
vidual particles are overlaid on the gray SG data from the iconic postcard. The scale has 
been chosen to facilitate the overlay. The Stern-Gerlach magnets are diagrammed in yel-
low. Horizontal spreading of the red data points is for illustrative clarification and is not 
physically meaningful. 
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5. Analysis of Dynamic Spin Stability 

To address Bell’s statement about “compass needles pointing in the wrong direc-
tion” being “not dynamically sound” requires making use of Deissler’s observa-
tion about spin and precessional rotation and requires an asymmetry foreign to 
Bell’s analysis, best understood by comparison with the assumptions of first-order 
energy exchange, namely 

Symmetric

in out

in out

E E
B B

=
=

 
Asymmetric

in out

out in

E E
B B B

=

= + ∆

                   (22) 

First-order approximation energy-exchange model with instantaneous decay 
of precession leads to Bell-like measurement spectrum of ±1. Our finite decay 
model leads to a symmetric spread spectrum. A second-order gradient-based ap-
proximation yields an asymmetric energy-exchange model. To develop the asym-
metric model, we explicitly consider “spin-up” and “spin-down” cases. 

Spin down ≤π 2θ   
Dipole moment µ  is the product of electronic charge and spin, so the nega-

tive electron implies = −sµ  as shown in Figure 4 and spin-down precession 
(CCW) is opposite the rotation of the spin (CW). As the force on the dipole ac-
celerates the particle to the region of stronger B-field, B B B→ +∆ , the (CCW) 
precession frequency increases, opposing the intrinsic CW spin and decreasing 
kinetic rotational energy: 

cw ccw ccw rot. energy
spin precession

+ ∆     
+ =     ⇓     

 

As B  increases, the − ⋅Bµ  energy becomes more negative. If energy is con-
served, translational kinetic energy 2 2xmv  becomes more positive as the par-
ticle is accelerated upward. This agrees with the decrease in rotational kinetic 
energy as shown. We next consider the opposite spin. 

Spin up ≥π 2θ  
A particle with spin up is accelerated into a region of weaker local magnetic 

field so the precession frequency (energy) decreases. Since the (CCW) spin and 
(CCW) precession are in the same direction, as shown in Figure 5, the net rota-
tional energy decreases: 

ccw ccw ccw rot. energy
spin precession

− ∆     
+ =     ⇓     

 

 

 

Figure 4. Spin s  and magnetic moment µ  in inhomogeneous magnetic field B  with 
spin down. 
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Figure 5. Spin s  and magnetic moment µ  in inhomogeneous magnetic field B  with 
spin up. 
 

Thus as B  decreases the ⋅Bµ  energy becomes smaller (less positive) and 
the translational energy 2 2xmv  grows as the rotational energy decreases. Hence 
for all angles of the initial dipole with respect to the magnetic field 

2 2 energy2 2
balance

rotational translational

xI mvω   
+ =   

⇓ ⇑     

With this detailed analysis of the spin dynamics we now reanalyze the energy 
balance equation in outE E= . Since there is no change in the z-component of ve-
locity, we know that it cancels and we also assume that the incoming x-velocity 
is zero, thus we retain our energy exchange equation 2 2in x outmv− ⋅ = −B Bµ µ  
adapted from Equation (6). We again consider two cases 2θ ≤ π  and 2θ ≥ π . 
Our initial energy exchange analysis explicitly conserved energy, in outE E= , but 
simplistically assumed in outB B= . A better approximation, out inB B B= ± ∆  takes 
a necessary gradient into account. We can now explore the energy exchange spin 
dynamics in an explicit gradient formulation. It is again necessary to treat the 
spin up and spin down cases separately, as the cosθ  term yields a sign change 
between these two cases. 

For 2θ < π  the dipole experiences a positive force toward a region where 
the field is stronger. The initial angle between the spin and the local field is θ  
and the final aligned state has zero angle. Begin with local conservation of ener-
gy: in outE E=  and 2 2in x outmv Bµ− ⋅ = −Bµ . Let 

out inB B B= + ∆  where 
0

d d
d

x BB x
x

∆ = ∫                 (23) 

( )2 2x out in in inmv B B Bµ µ= − ⋅ = + ∆ − ⋅B Bµ µ            (24) 

( )2 2 1 cosx inmv B Bµ θ µ= − + ∆ .                (25) 

All terms are positive and thus the kinetic energy is positive as required. The 
Bµ∆  additive energy represents greater kinetic energy (and correspondingly 

greater deflection) than the simpler symmetric approximation. 
For 2θ > π  the dipole experiences a force toward a weaker region of the 

field. Here the cosine is negative, so ⋅Bµ  is negative and energy − ⋅Bµ  is 
therefore positive. Again in outE E=  but now ( )2 2 cosin x outmv Bµ− ⋅ = − πBµ . 
Taking signs into account, this becomes: 

2cos 2in x outmv Bθ µ= +Bµ                  (26) 
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2 2 cosx in outmv Bθ µ= −Bµ                  (27) 

But, due to the gradient, out inB B<  so out inB B B= − ∆  and thus,  

( )
( )

2 2 cos 1

cos 1

x inmv B

B B

θ µ

θ

= − + ∆

⇒ ∆ > −

Bµ
                (28) 

The term ( )cos 1θ −  is always negative, so the requirement of positive ki-
netic energy of translation 2 2xmv  demands the Bµ∆  term be sufficiently 
positive to overcome the negative term. Thus Equation (28) implies a threshold 
gradient, below which the Stern-Gerlach apparatus will not work. Equations (28) 
show the (integral of) the gradient to be a function of θ  and of translational 
velocity v: 

( )
2 2

2

11 cos 0
2 2

v mvB B
k

θ
 

∆ = − + ⇒ > 
 

             (29) 

The above analysis enables a new physical conclusion, which is the existence 
of a velocity-dependent threshold of inhomogeneity required for Stern-Gerlach 
apparatus. Below this threshold the atomic beam will not split, in accord with 
Bell’s statement that “the compass needles” would be pointing in the wrong di-
rection and hence “not dynamically sound”. Below threshold the apparatus only 
detects one beam distribution for random θ input atoms. It becomes a quantum 
detector or Qudet only when the gradient threshold is exceeded. Above the 
threshold the classical atomic beam is quantized or split into spin-dependent 
beams. 

6. The Qubit Interpretation of Stern-Gerlach 

The above analysis of Stern-Gerlach in terms of magnetic moments traversing 
inhomogeneous magnetic fields forces particles with random spin orientation to 
align with the 3D field and makes intuitive physical sense. The approximate eq-
uations derived from the analysis produce an output distribution that readily 
maps onto the iconic SG “post card” results. We compare this interpretation of 
SG with the quantum interpretation, yet according to Quantum Theory at the 
Crossroads, [13]: 

“The interpretation of quantum theory is probably as controversial as it has 
ever been … the meaning of quantum theory is today an open question.” 

We adopt the Stanford interpretation of the meaning of quantum mechanics 
presented by Stanford Physics Department head, Leonard Susskind, in his video 
lecture. Texts by Feynman, Sakurai, and Townsend say that spin in a Stern-Gerlach 
experiment leads to the quantum formalism. For Susskind qubits are funda-
mental and spin is incidental; he introduces a “qubit” or quantum bit rather than 
physical spin and defines it as a two-state system or “a bit”. In his qubit-based 
intro to quantum mechanics [14] he claims we should not expect to “under-
stand” the qubit in any classical sense: At minute 11, second 17, written [11:17], 
he states: 
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“Quantum mechanics is about things that your evolutionarily developed neural 
structure is not prepared to deal with.”  

At [21:00] “the simplest possible system in quantum mechanics… I’m going 
to call it a qubit—a system that can have two states.” It has a mathematical de-
gree of freedom, σ , and an equivalent arrow symbolism shown in Figure 6. 

At [24:05] “in addition to the system, it has an apparatus. The apparatus is a 
black box oriented with a “This side up” label, containing a window in which 
measurement data is displayed (+1 or −1) connected to a detector that senses the 
qubit. In QM, we cannot ignore the apparatus, but we don’t care how it works. 
The experiment is to measure the state of the qubit: ↑  or ↓ .”  

But from the preceding sections it is clear that “we should care how it works.” 
The physics of the Stern-Gerlach Qudet experiment is the theory of “how it 
works” and teaches us that any random spin measured by the system will align 
itself with the Qudet, or quantized detector.  

“A device that measures is also a device to prepare a system in a given state.” 
[29:10] After measurements confirm that the state is ↑  we turn the detector 
“upside down” and we find the state ↓ . We can do so repeatedly. [32:00] “by 
turning the detector over, we get the opposite answer.” What is this telling us 
about the nature of the system? “… we’re learning that whatever the system is, 
this particular qubit has a sense of directionality to it. … The qubit has spatial 
directionality associated with it. … a sense of orientation … We might begin to 
suspect that it’s a vector.” 

Thus, the idea is that we can, as stated at [34:00], “detect the value of a com-
ponent of a (spin) vector along the (vertical) direction” and then [by rotating the 
detector] “measure not the vertical component of the vector but the horizontal 
component of the vector”. But the idea that a constant spin vector with compo-
nents ,x ys s  and zs  can be measured sequentially and components ,x ys s  
and zs  determined is counterfactual to reality; the SG detector requires a non-
uniform magnetic field or else the result of the experiment is null; and in a non-
uniform magnetic field all three spin components ,x ys s  and zs  will change! 
The SG physics is such that spin will align with or against the local B-field, thus 
yielding ±1 results regardless of the original orientation of the spin.  

Key to the qubit interpretation is the implication that the same component 
can be detected multiple times. If the component in the x-direction is ↑ , then  
 

 

Figure 6. Schematic diagrams of (a) qubit and (b) qudet. 
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when measured again with the apparatus upside-down, we detect the x-component 
as ↓ . Finally, Susskind lays the Qudet on its side, and explains that, if we pre-
pare an up-state ↑  and test it using the apparatus on its side, we expect to get 
zero, but we always get ±1, in agreement with Goudsmit’s projection postulate. 
But if the apparatus causes the physical system represented by the qubit to align 
or anti-align with the detector, then the quantum (±1 on any axis) argument va-
nishes; the classical (±1 on one axis) argument prevails; the one axis being the 
current B-field direction of the SG apparatus. 

This counterfactual reasoning, based on the physically nonsensible idea that 
we can actually measure each of the spin components ,x ys s  and zs  via three 
sequential measurements, is the basis of the quantum qubit. Goudsmit inter-
preted Stern-Gerlach splitting of atomic beams as based on half-integral spin. If 
Goudsmit had simply proclaimed that 

“The projection of spin on one axis is ±1,” 〈 the B  axis 〉  this would have 
been compatible with classical physics and with the facts of the SG experiment. 
Instead, his counterfactual projection postulate “The projection of spin on any 
axis is ±1”, has led to countless apologies to the effect that viewing spin as a “lit-
tle arrow pointing in some direction” is naïve, and “any attempt to visualize it 
classically will badly miss the point.” SG-measurement of any axis affects other 
axes, rendering meaningless the “preservation of s -components” and subse-
quent comparison of such with another 3D direction. Only one axis is relevant: 
the physical B-field local axis. Irrespective of original spin, measured spin is pa-
rallel or anti-parallel to the local axis after the measurement. After exiting the 
magnetic field, spin is preserved until a next measurement, at which time the 
spin is rotated to the current local x-axis. The orthogonal axes vanish.  

7. Analysis of Classical Qudet vs. Quantum Qubit 

At [57:30] I ask Susskind about the logic of his presentation: 
“You’ve postulated a two-state system and a detector, but what would be the 

difference in logic in saying your system was a variable because your detector is a 
two-state device. It seems like you get the same output.” 

Susskind asks me to repeat the question.  
“You’ve postulated a two-state system: +1 and −1. But then you have a detec-

tor that always produces plus or minus one. If you postulated a variable [system] 
to start with, your detector still seems like it would still give you +1 or −1.” 

Susskind: (hand to ear) “Seems like what?” 
“You’re really saying your detector is a two-state system that you can orient, 

and that doesn’t seem to imply (that your system is a two-state system).” 
Susskind: “you’re absolutely right, that at some point we have to come back to 

this and say the detector is a system and it has states and understand the com-
bined system as a quantum system composed of two quantum systems.  

The standard approach is that the universe is quantum, but all measurement 
devices are treated as classical; we do not know where the boundary between 
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quantum and classical resides. Yet, from the above, we can alternatively under-
stand the entire thing as two classical systems: the classical spin and the classical 
SG apparatus. We know the apparatus to be a 1D system, the Qudet; we do not 
know that the system is 1D, a qubit; this is an assumption, not a conclusion 
based on the facts. The qubit nature of the particle is an artifact, imposed by the 
1D apparatus. 

Susskind has published a book derived from the video lecture [15]. On page 6: 
a measurement results in 1zσ = +  based on the (Qudet) apparatus pointing in 
the z-direction. When the apparatus is flipped without disturbing the previously 
measured spin the new measurement is 1zσ = − , thus “turning the system over 
changes 1σ = +  to 1σ = − . If we are convinced that spin is a vector, it has 3 
components , ,x y zσ σ σ . When the apparatus measures the x-component, we 
expect 0xσ =  but we find that 1xσ = ± .” Since the apparatus measures only 
one direction, “one simply cannot know the components of spin along the two 
different axes…” Hence, “there is something different about the state of a quan-
tum system and the state of a classical system.” 

Let us examine the state of a classical system. Assume we have a gyroscope 
pointing in an arbitrary direction in space. The gyroscope is spinning. If we 
overlay an (x,y,z)-coordinate system on the gyroscope, and assume (for simplic-
ity) that the gyro spin s  is in the xz-plane at angle θ with respect to the z-axis, 
there is no y-component of the gyro-spin, 0ys = , coszs θ= s , sinxs θ= s . 
The magnitude of spin is  

2 22 2 2 2 2sin 0 cosx y zs s s θ θ= ⋅ = + + = + + =s s s s s s . Why is this different 
from electron spin? It is different because our measurement device is the eyeball 
measuring photons reflected from the gyro-axis. The photons are quantum ob-
jects, but they do not disturb the gyro-spin axis; they are too weak. As we have 
seen the Qudet does disturb all axes, aligning the spin with the quantized appa-
ratus. So, the Qudet is responsible for the quantum aspect of the spin of the 
atom. Yet, per Susskind, “… knowing a quantum state means knowing as much 
as can be known about how the system was prepared.” However, if the system 
was prepared by a Qudet, then all we can know about the quantum state is that it 
is the state of the Qudet! 

Many authors are quite clear about the central role of the measurement appa-
ratus: [16] Amri et al. state: “In the quantum world, the measurement process 
plays a central role, as it leads to an unavoidable and strong modification of the 
system which is measured.” Similarly, Gondran and Gondran, [17] state: “The 
result of the Stern-Gerlach experiment is not the measure of the spin projection 
along the z-axis, but the orientation of the spin either in the direction of the 
magnetic field gradient, or in the opposite direction.” Devereaux (2015) argues 
that “a comparison with double slit experiments of photons or electrons is mis-
leading because in the case of SG a real energy transfer takes place which de-
stroys any superposition.” Franca (2009) proposed an explanation of the align-
ment of the magnetic moment as a purely classical phenomenon. Kauffmann 
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(2015) remarked that “… your view of measurement as a gross transformation of 
the quantum system rather than as a mere sampling of it that leaves it essentially 
undisturbed is helpful in dispelling some of that confusion.” 

Yet according to Schmidt-Bocking et al. [18], “for most physicists this was a 
“miraculous interaction” between moving atoms and the SG apparatus. … the 
physical mechanism responsible for the alignment of the silver atoms remained 
and remains a mystery. […] the trajectories of the atoms can be calculated using 
equations of motion from classical physics, but the rotation of the magnetic 
moments into well-defined orientation remain a puzzle.” Even for physicists of 
the caliber of Julian Schwinger: “it is as though the atoms emerging from the 
oven have already sensed the direction of the field of the magnet and have lined 
up accordingly… we must learn to live with it.” And Feynman: “That a beam of 
atoms whose spins would apparently be randomly oriented gets split up into 
separate beams is most miraculous… instead of trying to give you a theoretical 
explanation, we will just say that you are stuck with the result.” Bell noted that 
phenomena of the kind exhibited by Stern-Gerlach “made physicists despair of 
finding any consistent space-time picture of what goes on on the atomic and 
subatomic scale.” 

From the literature it seems that most physicists expect the atomic spin to ex-
hibit Larmor precession with fixed precession angle θ and expect the atom to 
move under the force of the inhomogeneous magnetic field. Yet per Carrega et 
al. [19] “A deep understanding … of energy exchange in strongly coupled sys-
tems … may have a profound impact … from a fundamental point of view.” Of 
this aspect, Navascues and Popescu [20] state: “Traditional descriptions of the 
measurement process and quantum mechanics typically overlook the energy 
exchange between the system under consideration and the measurement device 
carrying it.” 

8. Conclusions: Projections onto Reality 

Pusey, Barrett, and Rudolph [21] quote Jaynes: 
“Our [quantum] formalism [was] all scrambled up by Heisenberg and Bohr 

into an omelet that nobody has seen how to unscramble. …if we cannot separate 
the subjective and objective aspects of the formalism, we cannot know what 
we’re talking about; it is that simple.” 

A major conceptual part of the omelet is due to Goudsmit’s 1925 statement 
that “The projection of spin on any axis is ±1.” We cannot geometrically picture, 
hence not imagine, a physical spin or quantized entity whose projection on any 
axis is ±1. However [22]: “…when we measure a particle’s component of spin in 
a [any] particular direction in a Stern-Gerlach experiment, it is the general belief 
that we are not measuring a pre-existing property.”  

There are physical situations, such as electron spin in magnetic domains, in 
which broken symmetry causes spins to align with each other. In such cases the 
two-state formalism is useful. But if the iconic postcard data represents actual 
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physics occurring in an inhomogeneous magnetic field, our model accurately 
depicts the spin dynamics expected from the SG experiment. The energy-exchange 
model treats free energy that is not accounted for in standard quantum treat-
ments. 

Another popular approach is to interpret qubits as “quantum information” 
which can exist as both a 0 and a 1. Treatment of such is beyond the scope of this 
paper, however Siegfried ends an article on this approach by saying “So it seems 
likely that the meaning and power of quantum information, represented by the 
qubit, has yet to be fully understood and realized.” [23] 

Quantum theory is probabilistic, not predictive. What does testable by expe-
riment mean? Generally, it means that a theory can fit the data. But if our expe-
riment must yield at least two states, and the theory provides four extra states 
that only theoretically exist, how do we fit the data? Recall Fermi: “with 5 points 
I can fit an elephant.” The assumption that three spin axes can be measured, 
when, in fact, only one axis, the Qudet axis, can be measured (prepared) implies 
imaginary data that must be handled properly. This is achieved in quantum me-
chanics by probabilistically forcing the “average” measurement of the other axes 
to zero, or to cosθ  if the Qudet is rotated an angle θ with respect to the pre-
pared spin. In short, quantum theory projects non-existent spin axes onto reality 
and formalistically “fits the data”, at the cost of ending up with a theory of reality 
believed to be “beyond our evolutionarily developed neural structure”. 
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Abstract 
James Watt contributed significantly to the development of the thermody-
namics of energy conversion as a science. Several of his ideas are now integral 
part of thermodynamics, but Watt as their creator is not mentioned. This pa-
per presents some of Watt’s concepts of energy conversion, including his 
thermodynamic analysis of the Newcomen steam engine that marks the be-
ginning of thermal engineering. The analysis illuminated the causes of the 
enormously high heat losses in the installation and showed the ways for their 
reduction. This led him to a new conception of the steam engine with a sepa-
rate condenser. Not less important was Watt’s determination of some physi-
cal properties of water and steam used as the working substance. In the expe-
riments he observed the decrease of the latent heat of steam with increasing 
temperature and its disappearance at very high temperature led him to post-
ulate the existence of a thermodynamic critical state of water. He introduced 
the work associated with volume change into thermodynamics and illustrated 
it graphically. Several of Watt’s numerous ideas deserve to be included into 
the history of the thermodynamics of energy conversion but they are rarely 
mentioned in the scientific literature. Arguably the most important is the 
First Law of Thermodynamics, which he introduced in his 1769 patent and 
related works in 1774 and 1778. 
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1. Introduction 

In trying to understand the coal consumption of the Newcomen steam engine as 
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a function of its power, James Watt (1736-1819) believed that he had first to un-
derstand how the engine worked. This step was impossible, however, without an 
understanding of the processes involved in energy conversion and the know-
ledge of the physical properties of water and steam, used in the engine as the 
working substance. On pp. 7-8 [1] Watt summarized the state of knowledge re-
garding steam and the steam engine at the time he started his work on a model 
of Newcomen’s engine, sometime prior to 1765. In particular, he mentions 
steam condensation in contact with, and heat communication to, cold bodies. 
Watt knew that water can boil at temperatures below 100˚F (≈37.8˚C) and that 
evaporation causes cooling of an unheated evaporating liquid and the bodies in 
contact with it. In addition, Watt himself conducted experiments to determine 
the specific heats of some substances in relation to that of water, the quantity of 
water which could be evaporated by consumption of a given quantity of coal, the 
steam pressure at different temperatures, and so on (see also pages 311 & 395 in 
Farey [2]). Of particular importance for the modification of the engine were 
knowledge of the elasticity of steam and the steam pressure at various tempera-
tures.  

In a thermodynamic analysis of the Newcomen engine1 Watt arrived at the 
conclusion that heat losses caused useless condensation of saturated steam and 
have to be prevented in an economically conceived installation. He turned his 
attention to the boiler and especially to the steam cylinder. The steam cylinder 
was last stage in the conversion of heat into mechanical work, which served al-
ternately as a steam condenser. The heat losses of the steam cylinder were there-
fore of central importance for Watt.  

General aspects of Watt’s thermodynamics have been considered in [3], in-
cluding a discussion of why Watt has generally been excluded from the history 
of thermodynamics (as opposed to mechanical engineering). In the present pa-
per we analyze some of Watt’s ideas about the thermodynamics of energy con-
version. Many of these ideas were actually published by Watt in his patents or as 
drawings. The content of these publications has generally been ignored by those 
who did not consider technical drawings and sketches to be a means of impart-
ing knowledge. This is not the case in the present paper. To fully understand the 
meaning of Watt’s drawings our present knowledge will be involved. However, 
the paper must not be qualified as the Whig history. 

Our analysis will encompass the most important of Watt’s ideas on the con-
version of one energy form into another (particularly of heat into mechanical 
work), energy conservation, the separate condenser, the interpretation and de-
termination of physical quantities, (particularly the latent heat of steam by using 
mass and heat balances), and the work associated with change of volume (during 
the expansion of the steam within the cylinder). We also sketch his formulation 
of the First Law of Thermodynamics. In the Appendix, Conversion of me-
chanical energy in heat, the attention is focused on Robert Boyle as the pioneer 
(1675) of energy conversion. 

 

 

1When we speak of the Newcomen engine, we mean its model.  
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The topic of the present work limits its scope in a way that a comprehensive 
overview of the literature is neither necessary nor possible. In addition, James 
Watt’s science is considered prehistoric. This, however, does not justify his firm 
exclusion from the History of Thermodynamics which actually created a gap in 
the development of this science. Of many works devoted to the history of ther-
modynamics, the recently published paper by W. M. Saslow [4] discusses several 
important details. The content of the present paper is limited to the Watt’s his-
torical ideas. 

2. Watt’s Thermo-Energetic Analysis of the Steam Engine 

For much of the 18th century, the Newcomen steam engine was the main facility 
for converting heat into mechanical work. Its poor thermomechanical characte-
ristic aroused Watt’s interest in this machine. Watt thoroughly analysed the 
thermodynamics of a model of the engine and uncovered the reasons for its low 
performance. We next summarize the results Watt deduced from the analysis 
because they provide insight into the state of knowledge prior to Watt. 

2.1. Actual-to-Minimum Steam Consumption  

Watt modified the construction of the steam boiler and determined the amount 
of steam leaving it ([2], Chap. V, p. 309). This gave him the total production of 
steam. In the next step he determined the amount of steam required to run the 
engine which he assumed to be the amount of steam required to fill the cylinder 
with one stroke of the engine.  

Denoting the mass of steam leaving the boiler by S S SM Vρ=  and the steam 
quantity required for filling the cylinder by Smin S CYLM Vρ= , Watt found  

4S S

Smin CYL

M V
M V

= = ,                         (1) 

where M and V denote, respectively, the mass and volume of steam (subscript S) 
and the subscript CYL refers to the steam cylinder.  

According to Equation (1) the mass of steam generated in the boiler was 4 
times larger than the minimum mass required. In other words, only 1/4 of the 
steam leaving the boiler was effectively used to perform work while 3/4 had been 
wasted. On the basis of this relationship, Watt estimated the potential saving of 
coal or the “increase” in coal energy to be 75%. From this result he concluded 
that any useless vapour condensation had to be prevented. Being the cause of 
this condensation, heat losses in the entire engine’s installation had to be avoided. 
This insight was important, not only for the further development of steam en-
gines, but also for the economy of coal consumption. 

2.2. Causes of High Steam Losses 

1) Geometric similarity 
Watt found that the boiler of the model Newcomen engine could not supply 

the cylinder with sufficient steam to keep the engine in operation. In order to 
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understand the enormous waste of steam, Watt compared the geometries of the 
model and the real steam engine [5], p. 99. He calculated, in both cases, the ratio 
of the surface area A to the volume V of the cylinder occupied by steam. Watt 
did not state any formula he used, but his description suggests the following ex-
pression, 

( ) ( )4 2 ~ 1A V d L d= + , L d ,                   (2) 

where d is the diameter and L is the length of the cylinder. The ratio A/V may be 
viewed as the area of heat transfer surface per unit volume of steam occupying 
the cylinder. Watt’s calculation showed that the model (small d) possessed much 
larger ratio A/V than the real engine, and the two cylinders were not geometri-
cally similar. (It is not clear whether Watt actually had the geometric similarity 
criterion in mind when he compared the steam cylinders). The geometric dis-
proportion was unfavorable for the model regarding fuel (coal) economy. Tak-
ing the other parameters to be the same, a cylinder with a smaller diameter d 
provides a larger ratio A/V and withdraws more heat from the steam per unit 
volume, thus causing a relatively larger heat loss.  

2) Material properties  
In addition to the geometric disproportion, Watt also considered the effects of 

the material properties of the cylinder on the heat losses. The cylinder of the 
model was made of brass, a material with thermal conductivity, approximately 
double that of the cast iron used in large engines. Relatively larger heat losses 
across the cylinder wall of the model engine were thus unavoidable. In this con-
text the large mass density of the cylinder materials (metal) should also be men-
tioned. Watt tried to use other materials for the cylinder, like wood, but the dis-
advantages outweighed the advantages and the idea was not pursued further.  

3) Mode of operation  
In the Newcomen engine, the steam cylinder was alternately heated and 

cooled, and Watt realised that this was the main, though not the only, reason for 
the high heat losses and wasted steam condensation. In addition, he also realised 
that the heat supplied to the cylinder was partly transferred across the cylinder 
wall to ambient as a heat loss. For this reason, he enveloped the steam cylinder of 
the engine that he developed later with a layer of saturated steam. This measure 
reduced the heat losses almost completely.  

In conclusion, Watt realized the heat losses of the Newcomen engine to be de-
cisive regarding the useless consumption of fuel whereas the mechanical losses 
(friction and inertia) were of less importance for the economy of the engine. He 
tried to reduce the heat loss by insulating the engine parts, an idea that later 
proved to be very fruitful. In our terminology, Watt’s ideas on heat losses are syn-
onymous with a reduction of thermal irreversibility of the system. Sadi Carnot 
used the temperature difference in his theoretical discussion of thermal reversibil-
ity. According to Newton’s law of cooling, the heat flow (loss) across the system 
boundary is proportional to the temperature difference, so Carnot would have ar-
rived at the same results if he had worked in terms of the heat loss instead. The no-
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tion that Watt’s ideas were included in Carnot’s analysis, cannot be ruled out.  

3. Physical Properties of Water and Steam 
3.1. The Latent Heat of Steam 

The term latent heat was introduced by Joseph Black (1728-1799) who was, ap-
parently, the first to recognize that heat is consumed or released during the 
change of phase of a substance even though the temperature remains constant. 
For example, the conversion of water to steam at constant pressure consumes 
heat that cannot be detected by a thermometer but is regained when the phase 
transition is reversed and the steam condensed. With respect to temperature, the 
action of the heat remained hidden and Black referred to it as latent heat. Inde-
pendently of Black, James Watt also realized that heat consumption or produc-
tion occurred during the phase change, particularly with water evaporation and 
steam condensation. Here we discuss Watt’s understanding and his experimental 
determination of the latent heat of steam. 

Watt’s first, rather crude, experiments were performed in 1765 ([1], p. 10, 
Footnote) and these were followed by more precise measurements in 1781 ([1], 
p. 6, Experiment I). In the experiments, Watt used the method of direct conden-
sation of saturated steam in initially subcooled water of known mass and tem-
perature. He introduced into the subcooled water a stream of saturated steam 
which, according to Farey, [2], p. 312,  

… mixed with, and condensed in, that water, which received all the heat of the 
steam, till it became boiling hot, and could condense no more : the water in the 
jar was then found to have gained about one-sixth part of its weight, by the addi-
tion of the condensed steam; whence it appeared that one pound of water, in the 
state of steam, can heat six pounds of water from 52 deg. to 212 deg.  

Due to the steam condensation both the mass and the temperature of the wa-
ter increased and this allowed Watt to calculate the latent heat. Watt’s method is 
best illustrated if we neglect thermal losses in the experiments and repeat his 
evaluation. Assuming isobaric conditions in the experiments, the following 
energy balance: 

W pW WS vlm h m c T= ∆                       (3) 

holds, where m denotes the mass of initially subcooled water (subscript W) and 
saturated steam (subscript S) condensed in the water; cpW is the average specific 
heat capacity of the water in the temperature range ΔTW (52˚F to 212˚F) covered 
by the experiments, and hvl is the specific latent heat of steam condensation. 
Watt did not write the energy balance using symbols, but effectively applied Eq-
uation (3) in his calculations.  

Using Watt’s experimental data,  

6W Sm m = , ( )212 52 F 160 F 88.89 CWT∆ = − = =   , 

and the NIST (US National Institute of Standards and Technology) value2 for the 

 

 

2In [1] Watt mentions the specific heat of some metals in comparison to water; for water, he set cpW 
= 1 as a reference value, and measured the latent heat in degrees Fahrenheit. 
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specific heat capacity of water, ( )4200.0 J kg KpWc = ⋅ , Equation (3) gives, 

( ) 6 4200.0 88.89 2240.0 kJ kgW pW WSvlh m m c T= ∆ = × × = . 

This value Watt obtained 250 years ago from a simple but ingenious idea is 
only 0.77% smaller than the actual standard (NIST) value of 2257.4 kJ/kg. The 
deviation is most probably caused by heat losses to the surroundings and to the 
pan containing the water in Watt’s experiments. The remarkable agreement un-
derlines the depth of Watt’s investigative ability and the rigour of his analysis.  

Watt adopted Joseph Black’s method for expressing the latent heat of evapora-
tion (equal to latent heat of steam condensation) as the temperature rise of the 
liquid phase in degrees Fahrenheit (˚F) which would be caused by the absorption 
of that heat without evaporation. This method follows from Equation (3). Watt 
obtained a latent heat of 950 (degree F) at a saturation temperature of 212˚F and 
of 1000 (degree F) at a saturation of 70˚F ([1], pp. 6-7). Watt therefore con-
cluded that the latent heat decreases with increase of temperature. 

It is instructive to compare Watt’s method with the one used by Joseph Black. 
Three years prior to Watt’s experiments, in 1762, Black [6] conducted experi-
ments on the latent heat of evaporating water. He heated and evaporated a 
quantity of water in an open pot and measured the time required to heat the 
subcooled water from the initial to the boiling temperature and also the time 
needed to completely evaporate the saturated water. From a comparison of these 
times, he obtained the latent heat of boiling water. Black did not use any heat 
balance and his method is affected by the condition of heat transfer to the heated 
and evaporating water. Compared to Watt’s experiments of 1765 and 1781, 
Black’s method was not scientifically rigorous. This is possibly the reason why 
Watt did not use it in his experiments. Watt was therefore the first scientist to 
determine precisely the latent heat of water. 

3.2. The Total Heat of Saturated Steam 

Using the latent heat, Watt defined the total heat of steam as the sum of the 
sensible heat required to raise the water temperature from the reference value 
(e.g. 32˚F = 0˚C) to the saturation temperature at the prevailing pressure and the 
latent heat required to evaporate the water at that pressure. For an easier discus-
sion, we shall express this idea analytically.  

Denoting the total heat of saturated steam by hS, we can express Watt’s idea by 
the equation,  

( )pW RS S vlh c T T h= − +                        (4) 

where the subscripts R and S refer, respectively, to the reference and the satura-
tion state of water; (TR is usually taken to be zero, 0 CRT =  ). The first term that 
results from the temperature difference is sensible heat, since it can be detected 
by a thermometer; hvl is the latent heat. Today, Equation (4) defines the specific 
enthalpy of saturated steam. In Watt’s time Equation (4) was known as Watt’s 
law of latent heat; see e.g. [7] and [8]. Watt was inclined to believe that the total 
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heat of steam hS was independent of pressure which was an acceptable approxi-
mation given the range of pressure variation covered by his experiments.  

Watt’s Equation (3) is valid only when the originally subcooled water is heated 
up to the saturation temperature TS. Its validity can be extended to any temper-
ature 1 ST T<  by using the total heat of steam according to Equation (4). The 
mass and heat balances then give:  

( )( ) ( )1 1 ,pW W pW WS S vlm c T T h m c T T− + = −                (5a) 

or 

( )( ) ( )( )1 1 .W W pWS Svlh m m T T T T c= − − −                (5b) 

The change in the total heat of steam (left hand side of Equation (5a)) covers 
the heating of subcooled water mW from TW to T1. For 1 ST T= , Equation (5a) 
becomes identical to Equation (3). Setting 1pWc = , as Watt actually did, Equa-
tion (5a) results in Watt’s original scheme for calculating the latent heat [1], p. 7; 
in this case, Equation (5b) becomes identical to the equation Capecchi [9] de-
duced from the Watt’s calculation table. 

3.3. The Thermodynamic Critical State of Water 

The interaction of the sensible heat and latent heat as parts of the total heat of 
steam was important for Watt regarding the coexistence of the two phases 
(steam and liquid). Watt understood these components to undertake reciprocal 
alterations (at constant total heat) when the pressure is varied; an increase of 
pressure decreases the latent heat. He linked the coexistence of the phases (water 
and steam) along the saturation line with the latent heat, and from his experi-
ments he observed a decrease of latent heat with increasing pressure. At a suffi-
ciently high pressure, he expected the latent heat to disappear while water un-
derwent some remarkable changes. Accordingly, Watt specified in 1782 a new 
state of the steam-water system, today known as the thermodynamic critical 
state, [10], p. 5, see below. The temperature and pressure at which the latent heat 
becomes zero determine a point that is now known as the critical point, and 
which we might also call the Watt’s point. 

Watt stated this idea in a letter to J.-A. De Luc (Jean-André De Luc, Swiss- 
English scientist, 1727-1817), dated 13 December 1782. In an extract from this 
letter ([10], p. 4), we read: 

Dr. Priestley has made a most surprising discovery, which seems to confirm 
my theory of water’s undergoing some very remarkable change at the point 
where all its latent heat would be changed into sensible heat, which must fol-
low from the diminution of the latent heat, as the sensible heat increases, proba-
bly at or near 1200˚ of Fahrenheit. (emphasis added). 

The letter was written at a time when the composition of water was still being 
discussed. Watt was involved in this discussion and his letter, printed in Muir-
head book: Correspondence of the Late James Watt on his Discovery of the 
Theory of the Composition of Water [10], could actually be associated with the 
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constitution of water. However, based on Watt’s experiments on the “common” 
latent heat of steam that decreases as the pressure and temperature increase, the 
quotation is concerned with the vapour-liquid phase transition. Watt stated the 
total heat of steam at which the latent heat would disappear to be nearly 1200 
(degree F), independent of pressure. According to his own experiments at at-
mospheric pressure, (Watt [1], p. 7, Miller [8], Capecchi [9]), the total heat of 
steam should lie between 1134 (degree F) and 1177 (degree F) which is very near 
to the value he estimated earlier. His Equation (4), too, gives for the total heat of 
steam ( 1pWc =  and 0Rvlh T= = ) the value 1200Sh =  (degree F), approx-
imately. In 1853 Charles Siemens [11] published a review paper stating the total 
heat of water at the critical point to be 1180 (degree F), which is only 20 (degree 
F) below the value of 1200 (degree F) which Watt had estimated seven decades 
earlier, in 1782. These additions support the notion that Watt was referring to 
the critical state of the steam-water system, and not the state of thermal decom-
position of steam at much higher temperature. 

Watt explained the decrease and disappearance of latent heat in a letter of 13th 
December 1782 sent to Dr. Black, stating ([10], p. 5) 

… that, as steam parts with its latent heat as it acquires sensible heat, or is 
more compressed, that when it arrives at a certain point it will have no latent 
heat, and may, under proper compression, be an elastic fluid nearly as specifi-
cally heavy as water; at which point I conceive it will again change its state and 
become something else than steam or water. My opinion has been that it would 
then become air; … 

This quote refers to a steam-water system below the critical temperature 
where the latent heat is finite and decreases as the critical point is approached, 
whereupon it disappears. Watt’s comparison of water at this point with air could 
be interpreted as the decomposition of water into its constituents. Actually, 
however, the comparison seems to be symbolical. Watt chose air for comparison 
to emphasise the dramatic changes in the state of water at the critical point 
which, according to Watt, was neither steam nor ordinary liquid. He mentions a 
large steam elasticity which he did not expect at such a large steam density. To-
day we can express Watt’s idea on elasticity at the critical point by the relation-
ship 0p v∂ ∂ = , which implies that a small variation of pressure p causes a very 
large variation of the specific volume v. 

Some authors ascribe the detection of the critical point to Cagniard de la 
Tour, who in 1822/3 published two papers dealing with critical phenomena. 
Berche et al. [12] mention James Watt’s decrease of the latent heat with increas-
ing temperature, but not its disappearance at a certain (critical) temperature. 
Nonetheless, the above facts show conclusively that Watt’s idea on the critical 
state of water preceded the works of Cagniard de la Tour by four decades.  

Figure 1 illustrates the position of the Watt (critical) point in a T, p-diagram; 
its coordinates for water are approximately: 647.0 KCRT ≈ , 22.0 MPaCRp ≈ . 
Along the Watt-curve the two phases exist in equilibrium, while in the super-
critical region, CRT T>  and CRp p> , the system is in a kind of single-phase  
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Figure 1. Position of the thermodynamic critical (Watt’s) point of a pure fluid substance 
in the T, p-diagram. Starting at low values of p and T, the latent heat decreases along the 
curve, vanishing at the temperature CRT T= . 

 
state. In this region the system shows remarkable changes, as stated by Watt in 
1782. Watt’s experiments extended from a pressure of 0.15 inches of Hg to 22 
inches of Hg and from 30 inches of Hg to 82 inches of Hg and hence only cov-
ered a small region of the whole pressure range. 

4. Watt’s Energy Conversion Principle 
4.1. Watt’s Patent of 1769: The Separate Condenser 

With this patent Watt devised and introduced a separate condenser and sub-
stantially changed the conception of the Newcomen steam engine.3 Here we 
provide a short explanation for the need of the condenser which Watt himself 
formulated in his patent of 1769 [13] [14]. Watt states in the first paragraph of 
the patent (the letters a), b) and emphasis added): 

First, that vessel in which a) the powers of steam are to be employed to 
work the engine, which is called the cylinder in common fire engines, and 
which I called the steam vessel, must during the whole time the engine is at work 
kept b) as hot as the steam that enters it, first, by enclosing it in a case of wood 
or any other materials that transmit heat slowly; secondly, by surrounding it 
with steam or other heated bodies; and, thirdly, by suffering neither water or any 
other substance colder than the steam to enter or touch it during that time. 

According to Watt, a), the power of steam drives the engine; he does not men-
tion any heat explicitly in this context because the first energy conversion step 
has been completed by the steam production in the boiler. In addition, he was 
not convinced that the word heat alone would adequately encompass the ability 
of steam to do work. He sought to include also the pressure into considerations, 
but first without much success. Watt’s idea is understandable: a multiplication of 
the pressure by the specific volume of the fluid, shifts the physical property 

 

 

3In 1974 A. J. Pacey [15] stated the invention of the Newcomen atmospheric steam engine (1712), the 
patent of James Watt for a condenser separate from the engine’s cylinder (1769), and Watt’s further 
patent for the expansive use of steam (1782) to be the outstanding events of the eighteenth century 
for the historian of thermodynamics. These Watt patents are important for the development of 
thermodynamics as a science. 
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pressure to a higher quality, namely energy. Watt’s intuition turned out to be 
justified by his invention of the pressure indicator. 

Watt required, b), the steam cylinder to be kept at the same temperature as the 
steam entering it throughout the whole time the engine is at work. This means the 
complete thermal decoupling of the cylinder from the surroundings and the 
avoidance of all heat losses. He also specified the ways how this could be achieved. 

Watt’s patent does not allow for any temperature changes in the cylinder wall, 
neither temporally nor spatially. This condition also excludes the alternating 
heating of the cylinder (filling with saturated steam) and its cooling with water 
(steam condensation) as in Newcomen’s engine. Consequently, the whole of 
Newcomen’s conception of the steam engine collapses with the Watt’s patent.  

Watt’s formulation was not an ad hoc statement but was based on a thermo-
dynamic inspection of the Newcomen engine and a detailed analysis of the heat 
losses, starting with the boiler. According to Watt’s ideas, the first step of energy 
transformation in his cycle occurs with water evaporation in the boiler where the 
heat is mostly consumed for steam production (increase of total heat, Equation 
(4)) at constant pressure. Thence heat is partly transformed in mechanical (po-
tential) energy of steam, ( )S Lp v v− , and partly dissipated to ambient as heat 
loss. Watt seemingly understood the product Spv  as the power of the steam in 
his patent of 1769, which would justify his attempt to include the pressure in the 
thermodynamic analysis of the engine. 

According to Watt’s analysis, the latent heat of steam was irrelevant for the 
conception and introduction of the separate condenser. Consequently, unjusti-
fied are also speculations in the literature linking the role of Joseph Black and his 
doctrine of latent heat of steam with Watt’s invention. Watt’s guiding idea for 
the conception of a separate condenser was not the latent heat but the suppres-
sion of all unintended heat losses which caused useless steam condensation and 
a reduction of the power delivered.  

Figure 2 shows a drawing of the steam engine as described in Watt’s patent of 
1769. The steam cylinder (a), enveloped by a layer of steam, is connected to the 
boiler (not shown in the drawing). This construction almost completely pre-
vented heat losses to the environment. The separate condenser (h), situated be-
low the steam cylinder, is immersed in cooling water. In comparison to Newco-
men’s installation, the Watt’s arrangement increased the performance of the en-
gine substantially. The figure contains all the important details of the working 
principle of a steam engine and can be read like a book on thermodynamics. In 
this respect it is comparable to the Galileo’s book of nature. 

4.2. The Equivalence of Heat and Work 

For some 40 years, around the transition from the 18th to the 19th century, Watt’s 
steam engine was the main industrial facility for converting thermal energy 
(heat) into mechanical work. Watt practised this kind of energy conversion sev-
eral decades before the “official” development of thermodynamics began in the 
first half of the 19th century. On page 337 John Farey [2] states (see also p. 330): 
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In 1778, when Mr. Watt first established his engine, his proposals were to 
raise 500,000 cubic feet of water 1 foot high by the consumption of one hundred 
weight (=112 lbs) of Wednesbury coals. 

 

 

Figure 2. Watt’s steam engine with separate condenser (h) as described in his patent of 
1769, built 1774; the water boiler is not shown in the drawing. The drawing in Stuart’s 
book ([5], p. 114) is without text; C. Lyra, Michigan State University, presents the figure 
with text but without mentioning the author,  
https://www.egr.msu.edu/~lira/supp/steam/wattengine.htm. 
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This proposal is important for understanding the equivalence and mutual 
convertibility of different energy forms. Its greatest value consists in showing the 
profound connection between heat that disappears and reappears as work. This 
interconnection became later a pillar of the foundation of the dynamical theory 
of heat. In order to easier overview the proposal’s content, we shall reduce it to a 
relation of physical quantities, assuming the term consumption to mean the 
burning of coal and the production of heat. Watt’s proposal then expresses the 
energy balance of a set of real processes spanning three modes of energy conver-
sion (chemical energy of coal → heat → mechanical energy of steam → useful 
mechanical work), taking into account all the energy losses of the engine’s in-
stallation.  

Multiplying the mass, M, of coal consumed in the reaction by the heat of this 
reaction, H, Watt’s proposal can be cast in the quantitative energy equation: 

lossH M V g h Eρ⋅ = ⋅ ⋅ ⋅ +                      (6) 

(Heat = Work + Losses) 
(V-volume, ρ-mass density, h-elevation height of water,  
g-acceleration of gravity, Eloss-sum of all energy losses). 

Equation (6) specifies the quantity of heat (coal) required to produce a quan-
tity of mechanical work by using Watt’s steam engine. The quantity Eloss encom-
passes all losses of the energy conversion process, i.e., friction and heat losses, 
including also the heat of steam condensation in the condenser. Consequently, 
Watt’s proposal not only states the equivalence of heat and work but also meas-
ured the heat in mechanical units.4 The conversion of energy from one form into 
the other, does not contradict to the idea of its conservation, hence the Watt’s 
proposal expresses also the principle of energy conservation. On its basis Card-
well [16] guessed that a given amount of heat must correspond to a given 
amount of work. Because of the statement’s clarity, it is possible that later inves-
tigations into the mechanical equivalent of heat, such as those of Joule [17], have 
been motivated by the Watt’s proposal. 

4.3. The First Law of Thermodynamics 

Equation (6) leads to an important relationship of thermodynamics if the energy 
(heat) losses are assumed—as is usually done in publications—to arise only from 
steam condensation in the condenser and set, ClossE Q= , where QC denotes 
that wasted heat. The product H M⋅  is equal to the heat QB, the working sub-
stance receives in the boiler. Denoting, in addition, by W the elevation work, 
V gh Wρ = , Equation (6) takes the form  

B CQ W Q= + .                          (7) 

The heat QB is converted in the steam cylinder into the work W and wasted 
heat QC. This equation is well-known from literature as the First Principle of 
Thermodynamics. It’s formulation by James Watt in 1778 preceded by more 

 

 

4Equation (6) does not contain the coefficients of energy equivalence which would be necessary if the 
terms were measured in different units. 
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than 6 decades the next generation of similar works, starting with R. Mayer and 
J. P. Joule in the 1840s. Collins [18] names it the Mayer-Joule Principle. The 
meaning of the terms QB and W are mentioned in the Watt’s proposal, while the 
term QC follows from the fact that steam engine was used for energy conversion. 
In his 1769 patent, Watt described the principle of the steam engine and identi-
fied the heat of condensation of the steam QC as wasted heat [3].  

Equation (7) is suitable for quantifying the consequence of the idea that heat is 
transported from the boiler to the condenser without consumption, B CQ Q= , 
as S. Carnot and W. Thomson (Lord Kelvin) (and apparently also R. Clausius) 
originally thought; in this case no work is won, 0W = . If the work W is sup-
plied to the system instead of QB, then with 0BQ = , the Watt’s Equation (7) 
becomes 0CW Q+ = , expressing the energy balance of the Joule’s padlewheel 
experiment where QC represents the change of the internal energy of the fluid. 

For other formulations of the first law of Thermodynamics, Equation (7), 
the reader is referred to common books on Thermodynamics. Here we only 
show the version with the internal energy which was motivated by an anonym-
ous reviewer. We consider a cylinder filed with gas that is enclosed with a mova-
ble piston and take QB to be the heat supplied to the gas, W is the work done by 
the gas (expansion). Then QC is not wasted as in the steam engine but it remains 
in the gas representing the change of internal gas energy, CQ U= ∆ . Hence: 

BQ W U= + ∆ . 
Energy splitting in the steam engine: The energy splitting is an important 

step of the energy conversion process. This step is illustrated in Figure 3. It 
shows a section of Figure 2 surrounding the steam cylinder. The splitting of the 
energy QB according to Equation (7) takes place on the piston as it moves down 
the cylinder. Literally, the piston acts as a permeable device, allowing only the 
mechanical energy pdV of the steam to leave the cylinder and do the work W, 

dW p V= ∫ . 
The transfer of the work from the piston to the water pump q takes place via 

the vertical rod x, Figure 2, and the massive rocker (beam), which can perform 
small angular movements in the plane of the drawing around its suspension 
point. The heat QC leaves the cylinder mainly as latent heat of steam; after the 
condensation in the separate condenser, it becomes absorbed by cooling water 
and wasted as sensible heat.  

4.4. Flow Sheet of Watt’s Energy Conversion Process 

The drawing of Watt’s installation in Figure 2 is too complex for a quick over-
view of the whole energy conversion process. On the basis of this drawing and 
Watt’s patent of 1769, a simple flow sheet, shown in Figure 4, will be used for a 
brief description. The main elements are the water boiler, the steam cylinder, the 
separate condenser and the feed pump. These components constitute the Watt’s 
cycle. The working substance changes its potential (state) mainly in the boiler 
and in the steam cylinder; the changes in the feed pump and the condenser are  
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Figure 3. Watt’s illustration of the first law of Thermodynamics as energy splitting in the 
steam engine (supplemented section of Figure 2 surrounding the steam cylinder). 
 
not separately illustrated. With this assumption the change of potential in the 
boiler is equal and opposite to that in the steam cylinder. The term potential 
used here shall account for Watt’s idea stated in his patent of 1769 that the pow-
er of steam drives the engine [3].  

The conversion of energy in the Watt’s cycle is best illustrated by the Newton 
analogy. Newton studied the interaction of elementary particles of matter in 
terms of forces, assuming that the interaction force is repulsive at one particle 
distance but attractive at the other. The change in force is continuous as the dis-
tance changes continuously. Using his algebra, Newton said [19]: 
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… And as in Algebra, where affirmative Quantities vanish and cease, there 
negative ones begin; so in Mechanicks, where Attraction ceases, there a repulsive 
Virtue ought to succeed. … 

If we replace the positive and negative quantities in Newton’s algebra by dif-
ferent forms of energy, we can conclude that where one form of energy decreases 
and disappears, the other form of energy emerges and increases, while the total 
energy of the systems remains conserved.  

The flow sheet of the Watt’s stem engine in Figure 4 constitutes the skeletons 
of several modern energy conversion plants. For instance, replacing in Watt’s 
installation the steam cylinder by a steam turbine with an electric-generator, it 
becomes identical to the flow sheet of a contemporary power plant operating 
with saturated steam. The flow sheet (on the left) not only shows the implemen-
tation of Equation (7) but also the temperature range covered by the steam en-
gine. The steam has the highest temperature in the boiler and the lowest in the 
condenser. Watt recommends keeping the temperature in the condenser as low 
as possible (depending of cooling water). He did not limit the temperature in the 
boiler directly, but for safety reasons (boiler explosion) via the steam pressure, 
which he determined himself as a function of the temperature. Because of T = 
f(p) he clearly defined the temperature of the working substance in the boiler 
and thus also the temperature range of the steam engine. This temperature range 
Watt defined corresponds exactly to the definition that Sadi Carnot published in 
his 1824 dissertation. Carnot’s definition is known in the literature as Carnot’s 
postulate, while James Watt is never mentioned as the originator of this idea. 
Further details are given in [3]. 

4.5. Watt’s Patent of 1782: The Steam Expansion 

In this patent, titled Certain New Improvements Upon Steam Or Fire Engines…, 
Muirhead [20], we consider only the specification No. 1: 
 

 

Figure 4. Simplified flow sheet of Watt’s energy conversion process. For the meaning of 
QB, W and QC see Equation (7). 
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The use of steam on the expansive principle: together with various methods or 
contrivances, (six in number, some of them comprising various modifications), 
for equalising the expansive power.  

Preparing the reader for an easier understanding of the expansive action of 
steam in the cylinder, Watt described in the patent first the effect of a constant 
steam pressure acting on the top of the piston moving downwards. He denoted 
this effect as the power of the elastic steam force. Watt’s reasoning resulted in 
the definition of a new important quantity; the work done by the steam due to 
change of volume; next we illustrate some steps of Watt’s idea. 

1) The work due to change of steam volume at constant pressure  
Watt states that, if the power of the elastic steam force were employed to act 

upon the piston through the whole length of its stroke, and to work a pump 
connected to the stroke as is usual in steam engines, it would raise through the 
whole length of its stroke a column of water whose weight should be equal to 
several pounds per square inch of the area of the piston, besides overcoming all 
the friction and inertia of the water and the parts of the engine. Watt utilized the 
increase of volume of steam in the cylinder at constant pressure to perform 
work. The later became known as the volume work of steam. 

Following Watt’s description, the steam pressure p acting on the piston, mul-
tiplied by the piston area A determines the force F acting on the piston, 

p A F⋅ = ,                            (8) 

which, multiplied by the length L of the stroke, gives the work W performed by 
the steam,  

W F L p A L p V= ⋅ = ⋅ ⋅ = ⋅ ,                    (9) 

V A L= ⋅  being the volume of the steam in the cylinder. If the piston travels a 
small distance dL, the work done by the steam is  

d dW p V= ⋅ , d dV A L= ⋅ .                   (10) 

These expressions were known to Watt; the last one is important when calcu-
lating the work of expanding steam. Thus far the volume work of steam at con-
stant pressure according to Watt’s idea. 

2) The expansion work at constant temperature 
For calculating the work of steam expanding at constant temperature, Watt 

devised a thought experiment which consisted in cutting off the steam filling the 
cylinder at certain point, before the whole cylinder becomes full of steam, and 
allowing the supplied steam to expand in the cylinder. Figure 5 illustrates the 
core of the Watt’s idea which was included into the patent specification of 1782. 
It shows the calculated pressure distribution along the cylinder length if cutting 
off of the steam supply occurs at the steam volume occupying 1/4 of the cylinder 
volume. The supplying steam is nearly at atmospheric pressure.  

Watt showed in the patent that the specific power of the steam engine is not 
reduced if the steam admitted into the cylinder does not fill its entire volume. 
The subsequent steam expansion was described by equation of an ideal gas. The  
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Figure 5. Isothermal steam expansion according to Watt’s calculations as part of his pa-
tent specification of 1782. Pressure distribution along the cylinder when steam admission 
cut-off occurs at a steam volume in the cylinder equal to 1/4 of the cylinder volume, Farey 
[2], p. 347. 
 
curve in Figure 5 corresponds to this equation, the numbers along the curve 
represent the calculated pressure divided by the pressure of supplied steam prior 
to expansion. Every two neighboring horizontal lines symbolize circular surfaces 
which together with the cylinder circumference define an element of steam vo-
lume Vk, the index k referring to the k-th element (of total 20 identical ele-
ments). The volume work Wk of the k-th element is given by  

k k kW p V= ⋅ ,                         (11) 

which is basically the Equation (10). Since the volume Vk of the elements does 
not change along the cylinder, we can write 

k k kV l A l A const= ⋅ = ⋅ =  

https://doi.org/10.4236/jmp.2022.134027


J. Mitrovic 
 

 

DOI: 10.4236/jmp.2022.134027 402 Journal of Modern Physics 
 

( )exp k k k kW W p V l A p= = ⋅ = ⋅ ⋅∑ ∑∑              (12) 

Setting in Equation (12) l L K= , whereby K (=20) denotes the total number 
of compartments, and L the length of the stroke, Figure 5, we get the expansion 
work 

( ) CYLexp avkW L A p K V p= ⋅ ⋅ = ⋅∑                (13) 

( )av kp p K= ∑  

Equation (13) expresses the Watt’s calculation of the volume work of expand-
ing steam. Its derivation coincides with the description Watt gave in his patent. 
Of the equations reported here he mentions only the sum of pressures of ex-
panding steam, kp∑ . Obviously, Watt applied the numerical integration to 
evaluate the expansion work. Farey’s book provides some details of Watt’s cal-
culations, which are not given in the original patent of 1782, Farey [2], p. 341. 

According to Watt’s calculations the product of the average steam pressure pav 
and the volume of the cylinder VCYL is less with, than without, the steam expan-
sion. However, dividing these products with the masses of steam taken from the 
boiler gives a larger value with, than without, the steam expansion. In other 
words, the work of steam per unit of mass of steam consumed is greater with the 
steam expansion.  

Watt’s assumption of an isothermal steam expansion leads to the weakest 
pressure change and the maximum benefit of the expansion process. Watt was 
aware of this correlation and tried to realize the isothermal conditions in prac-
tice. He surrounded the steam cylinder by a layer of steam having the same 
temperature, Figure 2. As ingenious as this measure may seem with regard to 
the thermal insulation of the cylinder, it would not have been possible to achieve 
isothermal, but rather an adiabatic steam expansion. 

The benefits of steam expansion have been studied by several authors aiming 
at optimization of cutting-off point of the steam admission to the engine work-
ing expansively. As example we mention the investigations by Clark [21], pub-
lished in 1852. Figure 6 taken from Clark’s publication shows the indicator dia-
grams obtained at various process conditions. The experiment No1 provides ap-
parently the largest expansion work, corresponding to the largest indicator area.  

Watt’s patent on steam expansion (1782) is a logical extension of his patent of 
1769, where he already used steam expansion in the working step of the engine. 
By connecting the working cylinder filled with steam to the separate, empty and 
cold condenser, Figure 2, the steam expanded and enabled the piston to des-
cend. Regarding the acceptance of Watt’s steam expansion method in engineer-
ing practice and its use, particularly by Sadi Carnot, the reader is referred to the 
publication by Fox [22].  

4.6. Condensation of Expanding Steam 

In addition to the improvement of the engine performance by steam expansion, 
we shall also notice an important Watt’s contribution to the foundations of  
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Figure 6. Effect of steam cut-off on the shape of the indicator diagram of expansively 
working steam engine: taken from Clark [21]. A—the point of steam admission; C—the 
point of cutting-off, or suppression; D—the point of exhaust, or release; F—the point of 
compression; also, the portion of the stroke described while the line AB is traced, is the 
period of pre-admission. 
 
thermodynamics. Watt experimentally demonstrated the condensation of ex-
panding steam in his laboratory at Soho, Birmingham. The occasion was the visit 
of Henry Cavendish and Charles Blagden on their “Philosophical Tours” in 
1785. In this context, Miller [23] cites from the Cavendish’s notebook:  

Mr. Watt mentioned, that having found that some steam is condensed in the 
cylinder of the Steam engine, tho’ surrounded with steam, he made an experi-
ment to discover what happened. He threw steam into a Glass vessel close at the 
top (By making it communicate with that part of the cylinder of this fire engine 
in which there is alternately Steam and Vacuum) and found that upon making 
the Vacuum some of the steam condensed on the sides of the Glass Vessel; and 
having heated the sides of this Vessel, so that none could condense upon them, 
he observed the condensation take place, so as to render the Steam visible in the 
middle of the Glass vessel [. . .] a cloud began to appear at each Vacuum […] 

Since the condensation requires a steam cooling, Watt was the first to realize 
that expansion of a steam causes its cooling. The condensation occurred also 
in the steam bulk, without influence of a solid surface, which is today known as 
homogeneous phase transition. Formation of viable nuclei of the new phase (ti-
ny water droplets) under such conditions requires certain metastability of 
mother-phase, which is measured in terms of steam subcooling. In 1788, three 
years after Watt’s experiments, Erasmus Darwin [24] (grandfather of Charles 
Darwin) published a paper on air cooling by expansion. Next experiments in this 
area were performed by Joule [25] in 1845, more than 5 decades after Watt’s ex-
periments. Watt’s name is neither mentioned in Darwin’s nor Joule’s paper, nor 
in any other publication on cooling of gases by expansion. 

The pressure diagram of expanding steam in Figure 5 did not satisfy its origi-
nator (Watt) because it does not provide any information on the expansion dy-
namics. The science at that time could not provide any information on this point 
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and Watt was again required to devise a measuring device, this time a device that 
should indicate the steam pressure in the cylinder as function of the piston posi-
tion. Thus, he later built and used in the experiments an instrument—the pressure 
indicator—for measurements of the pressure change in the steam cylinder. 

4.7. The Watt’s Indicator Diagram 

In 1854 Rankine [26] published a paper and in 1859 a section in his book [27] (p. 
301) on the expansive action of heat, including a p, v– diagram that corresponds 
to the famous diagram generated by the Watt’s pressure indicator. The accom-
panying Rankine’s text reads (1854): 

The first application of a geometrical diagram to represent the expansive ac-
tion of Heat was made by James Watt, when he contrived the well-known Steam- 
Engine Indicator, subsequently altered and improved by others in various ways. 
As the diagram described by Watt’s Indicator is the type of all diagrams repre- 
senting the expansive action of heat, its general nature is exhibited in Figure 1. 

Figure 7 shows the shape of Watt’s indicator diagram published as Figure 1 
by Rankine in 1854. Rankine states that the area encircled by the closed curve in 
the p, v-coordinates (Figure 7) represent the useful energy provided by steam, 
without clearly mentioning James Watt as originator of this idea, see Watt pa-
tent of 1782. Actually, Rankine is inclined to acknowledge Sadi Carnot and 
Emile Clapeyron as the originators of the p, v-diagram, but he hesitated to do 
this, because he did not accept their material notion of heat. However, Watt was 
the first to define the volume (expansion) work and to identify the encircled area 
in the p, v–coordinates as work performed by expanding steam in the cylinder, 
see Figure 5. With the p, v-diagram Watt introduced graphics into thermody-
namics and provided a possibility to look in the steam cylinder and to visualize 
the energy conversion. 
 

 

Figure 7. Rankine’s sketch of Watt’s indicator diagram (1854) supplemented by Watt’s 
equation for expansion work, Y means pressure, X means the volume. (Rankine fre-
quently stated the expression for calculating the expansion work but not clearly its origin. 
Already in his patent of 1782 Watt used such an expression, Figure 4. To show the details 
of his calculations, Watt expressed the integration by summation of elemental rectangles 
of the encircled area (numerical integration). We have included the integral form of 
Watt’s expression as written by Rankine). 
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Watt used the pressure indicator and created several p, v–diagrams; from 
these he obtained the performance of his engines long before the next generation 
of scientists (including Carnot, Rankine, …) began to work in this field. As 
quoted above, Rankine acknowledges this too. Carnot also studied Watt’s works 
and because of the clarity of Watt’s ideas called him “the famous Watt” (Gillis-
pie and Pisano [28]). Comparing Carnot’s thermodynamics with Watt’s ther-
modynamics, shown e. g. in Figure 2, we see that Carnot actually describes the 
process that Watt developed, published as drawings and used in practice for 
decades.  

Lervig [29] extensively examined Sadi Carnot’s studies of the works of James 
Watt, filling almost 50 pages. Attention was drawn to Carnot’s involvement in 
calculating the steam engine’s power. The heat of steam condensation was prob-
lematic because it wasn’t clear whether to ignore or include it in the calculations. 
This is the quantity QC in our Equation (7) which gives an unambiguous answer: 
setting 0CQ =  gives BQ W=  and the heat QB would be completely converted 
into work, which is, however, thermodynamically impossible. 

Based on Watts’s contributions in the field of thermodynamics of energy 
conversion, one would expect his name to be at, or very close to, the central po-
sition regarding the history of thermodynamics. This is far from being the case! 
Watt is not mentioned in this context, and if the unit of power does not bear his 
name, James Watt, one of the originators of thermodynamics as a science, would 
long be forgotten. 

5. Conclusions 

James Watt’s works associated with the development of the steam engines are at 
the origins of energy conversion thermodynamics. His patent of 1769, usually 
considered to be an improvement of steam engine, actually describes an energy 
conversion process of general validity. In this patent, Watt defined the range of 
steam temperature for running the engine, some 60 years prior to Sadi Carnot. 
The patent has brought thermal engineering to the scientific level. With the 
second, 1782 patent, Watt formulated and introduced the volume and expansion 
work of steam and enriched the general understanding of energy conversion.  

Watt’s works on latent heat of steam guided him to the conclusion that the la-
tent heat of steam decreases with increasing temperature, becoming zero at cer-
tain temperature while the steam-water system assumes a new state which later 
was termed the thermodynamic critical state. Besides of latent heat of steam, he 
defined the total heat of steam, today known as the enthalpy of saturated steam. 
He was the first to observe condensation of expanding steam and to visualize 
energy conversion by using diagrams.  

The most important Watt’s contribution to the development of thermody-
namics is probably his formulation of the first law of this discipline in 1778. 
However, the Watt’s formulation went unrecognized and—as far as the author is 
aware—was first described in the present paper. 
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This paper supplements the previous work [3] and demonstrates the out-
standing contributions of James Watt to understanding of the thermal processes. 
However, Watt’s works were mostly considered to be prehistorical, which ap-
parently motivated researcher to exclude him from the history of thermody-
namics.  
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Appendix: Conversion of Mechanical Energy in Heat 

The first artificial conversion of mechanical energy in thermal energy (heat) is 
thought to have been achieved with the creation of fire based on mechanical 
friction. Usually, Graf Rumford [30] (Benjamin Thompson, 1753-1814) is cre-
dited with the idea to be the first who conducted experiments in this area of 
energy conversion. In the experiments (… boring of canon in the workshops of 
the military arsenal in Munich …) conducted in 1798 he tried to answer the 
question: From whence comes the heat actually produced in the mechanical 
operation above stated?  

More than a century prior to Rumford, in 1675, Robert Boyle (1627-1691)5 
describes several methods of mechanical heat generation [31]. Despite the fact 
that Boyle’s work provides excellent insights into the kinetic nature of heat, it is 
not mentioned in relevant publication. In Sect. II, p. 40, Of the Mechanical 
Origin or Production of Heat, Boyle notes:  

… the nature of heat consists mainly, if not only, in that Mechanical affection 
of matter we call Local motion mechanically modified, … 

On page 59, the experiment VI, he discusses the production of heat: 
… when a Smith does hastily hammer a nail or such like piece of iron, the 

hammer’d metal will grow exceeding hot, and yet there appears not anything to 
make it so, save the forcible motion of the hammer which impresses a vehement 
and variously determin’d agitation of the small parts of the Iron; which being a 
cold body before becomes … exceedingly hot, … 

Boyle recognized two important properties of heat: 
1) Heat can be understood as motion of smallest parts of bodies,  
2) Heat is produced by mechanical action (hammering of iron piece).  
Consequently, heat cannot be of substantial origin, Boyle concluded, it is the 

magnitude of the process. 
Boyle’s work of 1675 precisely answers the Rumford’s question stated in 1798. 

As follows from b), mechanical action produces heat. By incorporating the prin-
ciple cause equals effect (G.W. Leibniz, 1646-1716): There is neither more nor 
less power in an effect than in its cause [32]), one arrives directly at a relation-
ship between the mechanical work and heat, and Boyle could have determined 
the heat equivalent to the mechanical work that produced it from the following 
balance: Motion of gross body (kinetic energy of hammer) generates local mo-
tion (kinetic energy) of small parts of hammered piece. Identifying the kinetic 
energy of local motion as heat results in conversion of mechanical (kinetic) 
energy in heat. 

The contacts of hammer and the piece of iron in Boyle’s experiments can be 
viewed as a succession of inelastic impacts of two bodies. This immediately al-
lows application of Leibniz’s idea of conservation of energy – vis viva of 1692 in 

 

 

5Robert Boyle was one of the founders of The Royal Society of London for Improving Natural 
Knowledge, established in 1660. The motto of the Society was: Nullius in verba, which could mean 
Don’t take anyone’s words for granted. The intention was to support experiments in scientific re-
search. 
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an inelastic impact [33]. Since one body (hammered iron piece) is at rest, its ki-
netic energy (vis viva) is zero during the impact process. Also, the kinetic energy 
of the hammer after the impact is zero, which means that its pre-impact vis viva 
is completely transformed in local motion (heat) of iron during impact. 

Actually, Leibniz assumed (in 1692) that vis viva in an inelastic collision is not 
conserved and that the apparent loss of this quantity is caused by its distribution 
among the small elements of impacting bodies, which is in agreement with the 
Boyle’s experiment published in 1675, more than two decades earlier. This loss 
of vis viva is of local character and it is limited to the actual impact. Even in this 
case there is actually not a loss of vis viva, as Leibniz says: For that which is ab-
sorbed by the minute parts is not absolutely lost for the total force of the con-
current bodies [33], p. 144). Keeton provides a detailed discussion on the mean-
ing of the terms conservation and conversion of energy [34]. 

In this context I shall mention a publication by Valenti of 1979 [35] which I 
happened to come across after the manuscript has been completed. Valenti 
states and credits Leibniz with the following balance equation: 

( )
vis viva consumed by machine

useful work height a given quantity of wateris raised
heat lost in overcoming friction
heat lost to superfluous cooling other inefficiencies

=

+
+ +

       (A1) 

The equation expresses the equivalence of vis viva of fundamental elements of 
expanding steam and work done by steam in a steam engine. According to Leib-
niz, the work required to raise a heavy body to a certain height corresponds to 
the vis viva that the body acquires when falling from rest that height (Galileo’s 
model). He suggested measuring the vis viva by the steam temperature, which 
thus also includes the vapor pressure into the balance. This equation shows the 
transformation of vis viva and its preservation (in other forms) in the whole 
process of the transformation. According to Boyle model sketched above, we can 
take the vis viva analogously to the heat of the steam; then the content of the 
Equation (A1) becomes identical to Equation (6) in the main text. However, 
Equation (A1) does not seem to exist in Leibniz’s works which are accessible to 
the author of the present paper. Its existence does not emerge from Watt’s works 
either. The actual author of Equation (A1) remains at present unknown.  
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Abstract 
The invariance of several new component electromagnetic-field vectors with 
respect to the Lorentz transformation has been demonstrated in the paper. 
The formalism of the classical relativistic mechanics has been applied in ex-
amining both the time-square variable of the field, as well as the square-values 
of the position coordinates of a moving particle. 
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1. Introduction 

The aim of the paper is to demonstrate the invariance of some new components 
of the electromagnetic field with respect to the Lorentz transformation characte-
ristic for the special relativity. Well-known results of this kind were obtained a 
time ago for the mechanical parameters (see e.g. [1]). In more recent calcula-
tions—see [2], the invariance of the difference of two coordinate squares, say 
the time t, and one of the Cartesian coordinates of position, say x, has been 
found:  

2 2 2 2t x t x′ ′− = −                          (1) 

The parameters t and x entering (1) have been coupled by the Lorentz trans-
formation giving t′  and x′ :  

21

t xt ν

ν

−′ =
−

                           (2) 
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and  

2
.

1

x tx ν

ν

−′ =
−

                          (3) 

Here  

                           (3a) 

where  is the actual velocity of the system directed along the coordinate x and 
c is a speed of light. The properties of the other coordinate transformations are  

y y′=                              (4) 

and  

.z z′=                              (5) 

In the present paper a special interest can be attributed to the electric and 
magnetic vector fields, viz.  

andE H                            (6) 

and their Lorentz transformations. A list of such transformations is given in [3]. 
Perhaps the best known results concerning E  and H  are [3]:  

invariant,EH =                         (7) 
2 2 invariant.H E− =                       (8) 

The aim of the paper is approached in two steps. In the first one—a less accu-
rate one—we identify the variables t and x examined in [2] with some special 
components of the electromagnetic fields. 

Another, more accurate calculation, makes a reference of the electromagnetic 
field vector components submitted to the motion without a reference to t and x; 
see Section 3. In this case only two pairs of field components submitted to the 
motion are examined. 

2. New Invariant Relations Presented for the Vectors E and  
H 

Relations in [3] being similar to (4) and (5) are: 

,x xE E′=                              (9) 

.x xH H ′=                            (10) 

When (9) and (10) are combined with (4) and (5), we obtain  

,x xE E y y′ ′→ = →                        (11) 

.x xH H z z′ ′→ = →                        (12) 

In the next step (see in ([3], Section 23)) we can put  
,yx H′ =                            (13) 

,yx H ′=                            (14) 

,zt E′ =                            (15) 

,zt E′=                             (16) 
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and examine transitions  

,t t′→                             (17) 

.x x′→                            (18) 

Other identifications can be  

,yH t′ =                            (19) 

,zE x′ =                            (20) 

,yH t′=                            (21) 

.zE x′=                            (22) 

A combination of the Equations (13)-(16) leads to the difference  

( ) ( )

( ) ( )

2 2

2 2 2 2

2 2

2 2

2 2

2 2 2 2 2 2
2

2 2 2 2
2

2 2 2 2

1 1

1 1
1 2 2

1
1 1 1

1
.

z y

z y y z

z z y y y z y z

z y

z y

t x x tt x E H

E H H E

E E H H H E H E

E H

E H t x

ν ν

ν ν

ν ν

ν ν

ν ν ν ν
ν

ν ν
ν

   − −′ ′− = − = −      − −   

′ ′ ′ ′− −
= −

− −

 ′ ′ ′ ′ ′ ′ ′ ′= − + − + − −

 ′ ′= − − − −
′ ′= − = −

  (23) 

A similar calculation can be done on the basis of (19) - (22): 

( ) ( )

( ) ( )

2 2

2 2 2 2

2 2

2 2

2

2 2 2 2 2 2
2

2 2 2 2
2

2 2 2 2

1 1
1

1
1 2 2

1
1 1 1

1
.

y z

y z z y

y y z z z z y y

y z

y z

t x x tt x H E

H E E H

H H E E E E H H

H E

H E t x

ν ν

ν ν

ν ν
ν

ν ν ν ν
ν

ν ν
ν

   − −′ ′− = − = −      − −   

 ′ ′ ′ ′= − − −  −

 ′ ′ ′ ′ ′ ′ ′ ′= − + − + − −

 ′ ′= − − − −
′ ′= − = −

  (24) 

In effect beyond of (7) and (8) we obtained two pairs of the electromagnetic 
field vectors which remain invariant upon the action of the Lorentz transforma-
tions:  

1) 2 2 2 2 2 2 2 2
z y z yt x E H E H t x′ ′ ′ ′− = − = − = −            (25) 

and 

2) 2 2 2 2 2 2 2 2 .y z y zt x H E H E t x′ ′ ′ ′− = − = − = −            (26) 

3. Two Components of the Electromagnetic Field Vectors  
Taken to Calculations 

Expressions (25) and (26) can be considered only as an approximate result be-
cause the dimensions of 2 2,t x′ ′  or 2 2,t x  differ from dimensions of  
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2 2 2 2, , ,z y z yE H E H′ ′  of the field counterparts. In order to get precise results we take 
into account the field components entering (25) and (26). 

On the basis of [3], Section 23 we have  

( )12 2 ,
1

y z
y

E H
E

ν

ν

′ ′+
=

−
                         (27) 

( )12 2 ,
1

y z
y

H E
H

ν

ν

′ ′−
=

−
                         (28) 

( )12 2 ,
1

z y
z

E H
E

ν

ν

′ ′−
=

−
                         (29) 

( )12 2
1

z y
z

H E
H

ν

ν

′ ′+
=

−
                         (30) 

On that basis because of (9) and (10) we obtain  

( )

( )

( )

2 2 2 2 2 2

2 2 2 2 2 2
2

2 2 2 2 2 2
2

2 2 2 2 2 2 2 2 2 2 2 2
2

2 2 2 2

12 2
1

12 2
1

1
1

.

y z y z

y y z z z y z y

y y z z z z y y

y z z y y z z y

y z y z

E E H H

E E H H E H E H

H H E E H H E E

E E H H H H E E

E E H H

ν ν ν ν
ν

ν ν ν ν
ν

ν ν ν ν
ν

− = + − −

′ ′ ′ ′ ′ ′ ′ ′= + + + − +
−

′ ′ ′ ′ ′ ′ ′ ′− − + + + +
−

′ ′ ′ ′ ′ ′ ′ ′= + + + − − − −
−

′ ′ ′ ′= + − −

E H

 (31) 

This result-together with (9) and (10) proves the invariance of the difference  
2 2−E H                            (32) 

upon the Lorentz transformation. 
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Abstract 
This article reports the results of our investigations on electronic and trans-
port properties of zinc blende gallium antimonide (zb-GaSb). Our ab-initio, 
self-consistent and non-relativistic calculations used a local density approxi-
mation potential (LDA) and the linear combination of atomic orbital formal-
ism (LCAO). We have succeeded in performing a generalized minimization 
of the energy, using the Bagayoko, Zhao and Williams (BZW) method, to 
reach the ground state of the material while avoiding over-complete basis 
sets. Consequently, our results have the full physical content of density func-
tional theory (DFT) and agree with available, corresponding experimental 
data. Using an experimental room temperature lattice constant of 6.09593Ȧ, 
we obtained a direct band gap of 0.751 eV, in good agreement with room 
temperature measurements. Our results reproduced the experimental loca-
tions of the peaks in the total density of valence states as well as the measured 
electron and hole effective masses. Hence, this work points to the capability 
of ab-initio DFT calculations to inform and to guide the design and the fa-
brication of semiconductor based devices—provided a generalized minimiza-
tion of the energy is performed. 
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1. Introduction 

Gallium antimonide (GaSb) is one of the semiconductor compounds of the III-V 
family, derived from gallium and antimony; its stable crystal structure is zinc 
blende. It is a direct gap semiconductor which has the possibility of being p- or 
n-type doped, with good mobility. It also has a significant electro-optical poten-
tial in the infrared domain [1]. GaSb has emerged in recent years as a very tech-
nologically attractive semiconductor, given its applications in high-efficiency 
thermo-photovoltaics, mid-infrared lasers, photodetectors, high-speed electronic 
devices, and non-linear optics. Such applications derive from several interesting 
properties of the material, such as the high hole mobility (850 - 10,800 cm2/Vs), 
the low carrier effective masses and the small direct band gap value [2]. The im-
portance of its technological applications makes it an extensively studied semi-
conductor, both theoretically and experimentally. 

Table 1 shows a list of results from previous DFT and other calculations of 
the electronic properties of zb-GaSb. Of the ab-initio local density approxima-
tion (LDA) calculations, the first six (6) reported negative band gaps, while the 
next five (5) found a zero gap. The following twenty-nine (29) results obtained 
with an ab-initio or ad hoc LDA potential range from 0.05 eV to 1.20 eV. Ad hoc 
potentials have no predictive capability, as the results depend on the values of 
the various parameters used in their construction. The computational approaches 
for the calculations in the table are primarily the full potential linearized aug-
mented plane wave (FP-LAPW). Some authors have used the projected aug-
mented wave (PAW), Gaussian-type orbitals (GTO) or the standard pseudopo-
tential and plane wave method. These approaches are different implementations 
of the linear combination of atomic orbitals (LCAO). 

The calculations with ab-initio, generalized gradient approximation (GGA) 
potentials follow the LDA ones in the table. The resulting, calculated band gap 
values of zb-GaSb are not satisfactory. Indeed, of the first thirteen (13) ab-initio 
GGA results for the band gap, the four (4) are negative and the remaining 9 are 
zero. The following twenty-seven (27) results in the table, obtained with GGA 
ab-initio potentials, range from 0.06 eV to 1.015 eV. Five (5) of these results 
were obtained with the Engel and Vosko GGA which tends to overestimate band 
gaps. One of these results, 0.726 eV for an indirect band gap, disagrees qualita-
tively with experiment that reports a direct band gap.  

The above ab-initio calculations are followed in the table by several calcula-
tions with ad hoc potentials. In particular, two (2) of these calculations, with an 
empirical pseudopotential approach, reported band gaps of 0.62 eV and 0.715 
eV. Two (2) of the calculations used a version of the modified Becky and John-
son potential and eight (8) used a hybrid potential HSE06 or HSE. Five (5) cal-
culations, with Green’s function and the dressed Coulomb approximation 
(GWA), were not DFT calculations. Their results are between 0.51 eV and 0.85 
eV, a wide range. The results of other types of ad hoc potentials such as TPSS, 
HISS, B3LYP and Christensen are presented in the table. We recall that the  
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Table 1. Calculated band gaps (Eg, in eV) of zinc blende GaSb, along with pertinent lat-
tice constants in Angstroms, and experimental values reported in the literature. 

Computational Formalism 
Potentials 

(DFT and others) 
a (Å) Eg (eV) 

PW-PP LDA 6.089 −0.348 [a] 

PW-PP LDA 6.043 −0.168 [b] 

FP-LAPW LDA 6.107 −0.165 [c] 

FP-LAPW LDA 6.096 −0.13 [c] 

Ab initio pseudopotential LDA 
 

−0.10 [d] 

FP-LAPW LDA 
 

−0.09 [e] 

FP-LMTO LDA 6.091 0.00 [f] 

FP-LAPW + lo LDA 
 

0.00 [g] 

FP-LAPW LDA 6.0619 0.00 [h] 

Ab initio pseudopotential LDA 6.0959 0.00 [i] 

Ab-initio-DFT in Plane wave LDA 
 

0.00 [j] 

LMTO vLB (LDA + vBL) 
 

0.05 [k] 

Hybrid exchange methodology LSDA 
 

0.09 [l] 

PAW LDA 6.065 0.13 [m] 

Hybrid functional method US-LDA 
 

0.23 [m] 

NMTO LDA 6 0.25 [k] 

Generalized density-functional theory 
(GDFT) 

LDA 6.12 0.259 [n] 

PW-PP LDA 6.08 0.398 [o] 

FP-LAPW sX-LDA + SOC 
 

0.43 [e] 

LMTO LDA 
 

0.52 [k] 

PW-PP LDA 5.981 0.547 [p] 

Ab initio pseudopotential LDA 5.938 0.5885 [i] 

FP-LAPW DOS-mBJ-LDA 
 

0.60 [q] 

Sx- FLAPW Sx-LDA 
 

0.67 [r] 

FP-LAPW + lo mBJLDA 6.2086 0.68 [s] 

Projector-augmented-wave (PAW) MBJLDA 
 

0.73 [t] 

Linear-muffin-tin orbital within 
atomic-spheres approximation (LMTO-ASA) 

LDA 
 

0.74 [u] 

Projector-augmented-wave (PAW) MBJLDA 
 

0.75 [t] 

OLCAO LDA 
 

0.80 [v] 

FLAPW LDA 6.07181 
0.80 

(indirect) 
[w] 
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Continued 

PW-PP (with correction) LDA 6.043 0.81 [b] 

Projector-augmented-wave (PAW) MBJLDAbgfit  
0.82 [t] 

FLAPW LDA 6.07181 
0.82 

(indirect) 
[w] 

FP-LAPW + lo mBJLDA 6.1268 0.90 [s] 

Generalized density-functional theory 
(GDFT) 

LDA 5.95 0.925 [n] 

FP-LAPW mBJ-LDA 
 

0.94 [q] 

NMTO vLB 6 0.94 [k] 

FP-LAPW mBJ-LDA 6.0619 1.036 [h] 

FLAPW LDA 6.07181 1.10 [w] 

FP-LAPW + lo mBJLDA 6.0449 1.20 [s] 

Projector-augmented-wave (PAW) GGA-PBE + SOC 6.203 −0.477 [x] 

Projector-augmented-wave (PAW) GGA-PBE 6.203 −0.259 [x] 

FP-LAPW Relativistic GGA 6.22 −0.35 [y] 

Projector-augmented-wave (PAW) GGA-PBE 
 

−0.11 [t] 

PAW GGA 6.228 0.00 [m] 

Hybrid functional method US-GGA 
 

0.00 [m] 

FP-LAPW WC-GGA 
 

0.00 [z] 

FP-LAPW WC-GGA 6.107 0.00 [a’] 

FP-LAPW PBEsol-GGA 
 

0.00 [h] 

FP-LAPW + lo WC-GGA 6.115 0.00 [b’] 

PAW PBE 6.237 0.00 [m] 

middle-range screened hybrid exchange 
functional 

PBE 
 

0.00 [c’] 

Projector-augmented-wave (PAW) PBE 
 

0.00 [d’] 

middle-range screened hybrid exchange 
functional 

PBEsol  
0.06 [c’] 

FP-LAPW + lo GGA 
 

0.07 [e’] 

FP-LAPW GGA-PBE 
 

0.11 [r] 

FP-LAPW GGA 6.09593 0.17 [f’] 

PAW GGA-PBE 6.22 0.20 [g’] 

PW-PP GGA-PBE 6.26 0.208 [o] 

PW-PP GGA-PW91 6.259 0.217 [o] 

FP-LAPW GGA-PBE 6.2145 0.220 [h’] 
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Continued 

PW-PP GGA-RPBE 6.26 0.236 [o] 

FP-LAPW EV-GGA 6.1231 0.35 [h] 

PW-PP GGA-TPSS 6.259 0.352 [o] 

FP-LAPW + lo EV-GGA 
 

0.361 [g] 

FP-LAPW + lo EV-GGA 
 

0.396 [b’] 

FP-LAPW GGA 6.193 0.4 [i’] 

PW-PP GGA-PBEsol 6.09 0.428 [o] 

PW-PP GGA-AM05 6.091 0.482 [o] 

NMTO PBE 6 0.51 [k] 

PW-PP GGA-RTPSS 6.09 0.513 [o] 

Hybrid functional method GGA HSE06 6.141 0.62 [m] 

PW-PP PBE-GGA 6.06 0.63 [j’] 

FP-LMTO GGA 
 

0.726 
(indirect) 

[k’] 

FP-LAPW mBJ-GGA 
 

0.734 [h’] 

FP-LAPW 
PBE-GGA 
with SOI 

6.118 0.812 [l’] 

FP-LAPW mBJ-GGA 6.1231 0.844 [h] 

FP-LAPW 
non-relativistic 

EV-GGA 
6.24 1.00 [y] 

FP-LAPW 
PBE-GGA 

without SOI 
6.118 1.008 [l’] 

PW-PP GGA-MBJ 
 

1.015 [o] 

GW method GW 
 

0.62 [n] 

semiempirical LDA 6.096 −0.38 [m’] 

middle-range screened hybrid 
exchange functional 

Tao, Perdew, 
Staroverov 

 
0.09 [c’] 

and Scuseria 
(TPSS) Potential 

FP-LAPW and LMTO 
  

0.2 [n’] 

middle-range screened hybrid exchange  
functional 

Henderson,  
Izmaylov,  

Scuseria and Savin 
(HISS) Potential 

 
0.31 [c’] 

Projector-augmented-wave (PAW) GW0-PBE 
 

0.51 [d’] 

Projector-augmented-wave (PAW) HSE06 + SOC 6.124 0.614 [x] 

Plane-wave pseudopotential 
  

0.54 [o’] 
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Continued 

Projector-augmented-wave (PAW) HSE 
 

0.68 [d’] 

middle-range screened hybrid exchange 
functional 

HSE 
 

0.70 [c’] 

Empirical pseudopotential 
Empirical 

pseudopotential 
6.118 0.715 [q’] 

Projector-augmented-wave (PAW) HSE06 
 

0.72 [t] 

Hybrid exchange methodology HSE 
 

0.72 [l] 

FP-LAPW MBJ 
 

0.763 [r’] 

Projector-augmented-wave (PAW) GWTC-TC-HSE 
 

0.77 [d’] 

Projector-augmented-wave (PAW) HSE06 6.124 0.782 [x] 

Projector-augmented-wave (PAW) GWΓ1-HSE 
 

0.80 [d’] 

semiempirical LDA + C 6.096 0.81 [m’] 

Hybrid exchange methodology B3LYP 
 

0.81 [l] 

Projector-augmented-wave (PAW) HSE06α + SOC 6.124 0.819 [x] 

Projector-augmented-wave (PAW) HSEbgfit  
0.82 [t] 

Projector-augmented-wave (PAW) G0W0TC-TC 
 

0.85 [t] 

FP-LAPW mBJ 
 

0.876 [a’] 

Projector-augmented-wave (PAW) Christensen 
 

0.88 [t] 

Experiment 

  
300 K 0.67 [r’] 

  
300 K 0.72 [3’] 

  
300 K 0.729 [t’] 

  
300 K 

0.724 
± 

0.005 
[u’] 

  
300 K 0.725 [v’] 

  
300 K 0.73 [w’, x’] 

  
Room T 0.75 [y’] 

  
Low T 0.78 [r’] 

  
Low T 0.80 [n] 

  
Low T 

0.809 
± 

0.005 
[z’’] 

  
Low T 0.81 [a’’] 
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Continued 

  
4.2 K 0.812 [b’’] 

  
Low T 0.82 [l] 

  
Low T 0.822 [v’] 

[a] Ref [3], [b] Ref [4], [c] Ref [5], [d] Ref [6], [e] Ref [7], [f] Ref [8], [g] Ref [9], [h] Ref 
[10], [i] Ref [11], [j] Ref [12], [k] Ref [13], [l] Ref [14], [m] Ref [15], [n] Ref [16], [o] Ref 
[17], [p] Ref [18], [q] Ref [19], [r] Ref [20], [s] Ref [21], [t] Ref [22], [u] Ref [23], [v] Ref 
[24], [w] Ref [25], [x] Ref [26], [y] Ref [27], [z] Ref [28], [a’] Ref [29], [b’] Ref [30], [c’] 
Ref [31], [d’] Ref [32], [e’] Ref [33], [f’] Ref [34], [g’] Ref [35], [h’] Ref [36], [i’] Ref [37], 
[j’] Ref [38], [k’] Ref [39], [l’] Ref [40], [m’] Ref [41], [n’] Ref [42], [o’] Ref [43], [p’] Ref 
[44], [q’] Ref [45], [r’]Ref [46], [s’] Ref [47], [t’] Ref [48], [u’] Ref [49], [v’] Ref [50], [w’] 
Ref [51], [x’] Ref [52], [y’] Ref [53], [z’] Ref [54], [a’’] Ref [55], [b’’] Ref [56]. 
 
calculations in this paragraph, which used ad hoc DFT potentials, have no pre-
dictive capabilities.  

The theoretical results discussed above and shown in Table 1 disagree with 
each other and with the experimental values of the band gap. Seven (7) of these 
experimental values, in the last 14 rows of Table 1, range from 0.67 eV to 0.75 
eV, for eight (8) measurements at room temperature; and seven (7) other values 
are from 0.78 eV to 0.822 eV for low temperature experiments. The apparent, 
experimental agreement on a band gap around 0.81 eV, for low temperatures, 
and around 0.73 eV, for room temperature, contrasts strongly with the case of 
theoretical studies with 24 negative values or zero for the band gap of zb-GaSb. 
The disagreement between the theoretical values of the ab-initio DFT calcula-
tions and between these values and the accepted experimental values is the main 
motivation for this work. The importance of a correct, calculated band gap re-
sides in the need to produce accurate optical and dielectric properties, densities 
of states, and effective masses. These quantities, among others, cannot be cor-
rectly calculated using an incorrect, theoretical band gap.  

Our motivation to resolve the discrepancies noted above is further supported 
by the fact that the previous works of our group accurately described or pre-
dicted properties of semiconductors, using ab-initio DFT potentials [57] [58]. 
This feat was made possible by our use of the Bagayoko, Zhao and Williams 
(BZW) method or its enhancement by Ekuma and Franklin (BZW-EF). Ba-
gayoko explained that these methods seek out and reach the ground state of a 
material without using over-completes basis sets. To our knowledge, none of the 
calculations in Table 1 used successive, self-consistent calculations, with increa-
singly large, augmented basis sets, to reach verifiably the ground state of the ma-
terial. The attainment of the ground state is required by the second DFT theo-
rem and is essential for the results of a DFT calculation to have the full, physical 
content of DFT and to be consistent with experiment [57]. 

After this introduction, focused on the importance of the material and the 
previous theoretical and experimental studies, we describe in Section 2 our me-
thod of calculation and the details relating to the replication of our work. Section 
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3 is devoted to the presentation and discussion of our results for the band struc-
ture and the band gap, as well as the total and partial densities of states, and the 
effective masses of electrons and holes. A relatively succinct conclusion is set out 
in Section 4. 

2. Computational Method 

We used in this work the local density approximation (LDA) potential of Ceper-
ley and Alder [59], as parameterized by Vosko, Wilk and Nusair [60]. We have 
applied the linear combination of atomic orbitals. Gaussian functions constitute 
the radial parts of these orbitals. We used a software package that was developed 
and refined over a decade at the US Department of Energy’s Ames Laboratory, 
Ames, Iowa [61]. Our non-relativistic calculations utilized an experimental lat-
tice constant, at room temperature. We applied the BZW method to perform the 
linear combination of atomic orbitals (LCAO). Our method allows the conco-
mitant and self-consistent solution of the two coupled equations. The first is that 
of Kohn and Sham [62] while the second equation generates the density of 
charge—using only the wave functions of the occupied states. The second equa-
tion can be considered as a constraint on the Kohn-Sham equation (KS). Many 
other details on the BZW or BZW-EF method are widely explained in the pre-
vious articles [57] [63]-[69]. We describe the generalized minimization of the 
energy below. 

Briefly, our approach uses successive and consistent computations, with basis 
augmented sets to perform a generalized energy minimization, as required by 
the second DFT theorem. If two consecutive calculations lead to the same occu-
pied energies, these energies are local minimum the next, consecutive calcula-
tions lowers some of the occupied energies. However, if the third calculation 
produces the same occupied energies as the previous two, then these occupied 
energies have reached their absolute minima, in other words, the ground state. 
The necessary and sufficient criterion for stopping the computation is to have 
three consecutive calculations that produce identical, occupied energies. 

In accordance with the above, our calculations necessarily begin with a small 
basis set which accommodate all the electrons of the system under study. Calcu-
lation II follows, with a basis set comprising that of Calculation I plus an orbital 
representing an excited state. We compare the occupied energies of the two 
self-consistent calculations: invariably, some occupied energies from calculation 
II are lower than their corresponding values from calculation I. We augment the 
basis set of calculation II, with an orbital, to perform calculation III. We com-
pare the occupied energies from calculations II and III. We continue this process 
until three consecutive calculations produce the same occupied energies, indi-
cating that we reached the ground state. Among these three (3) consecutive cal-
culations, only the first, which has the smallest basis set, provides the DFT de-
scription of the ground state of the material [57] [58] [63]-[69]. The basis set of 
this calculation is the optimal basis set. The optimal basis set, once self-consistent 
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is achieved, leads to the ground state charge density of the material. Likewise, 
basis sets which are larger than the optima one, and which contain the optimal 
one, lead to the ground state charge density upon reaching self-consistency. As 
explained by our group in the publications referenced above and others, the use 
of these larger basis sets also lowers certain unoccupied energies: these lowered 
unoccupied energies are not due to a physical interaction in the Hamiltonian 
which has not changed from its value obtained with the optimal basis set. Inci-
dentally, since the occupied energies do not change once, we reach the optimal 
basis set, the further lowering of some unoccupied energies because of using 
larger basis sets containing the optimum is one plausible explanation of the al-
most universal underestimation of band gaps and energy gaps by mainstream 
calculations [70]. Indeed, these calculations, to date, have used a single basis set 
which was deliberately chosen to be large in order to ensure completeness. Most 
often, these basis sets were over-complete for the description of the ground state 
[57]. 

Details relevant to the replication of our work follow. The crystal structure of 
GaSb is Zinc Blende [1]. We have used a measured value of the lattice constant 
at room temperature, 6.09593 Å. The self-consistent calculations for Ga3+ and 
Sb2− provided the orbitals for the solid-state calculations. Gaussian functions are 
in the radial parts of atomic wave functions. We employed a set of even-tempered 
Gaussian exponents, with a minimum of 0.148 and a maximum of 0.93061 × 105 
in atomic units, for Ga3+. Nineteen (19) Gaussian functions were used for s and p 
orbitals, and 17 for d orbitals. Likewise, to describe Sb3−, the exponents in Gaus-
sian functions ranged from 0.125 to a maximum of 0.8 × 105. The numbers of 
Gaussian functions for s and p orbitals are 22 and that of the d orbitals is 19. A 
mesh 60 k points, with appropriate weights in the irreducible Brillouin zone, was 
used in the iterations for self-consistency. The error in calculating the valence 
charge was −0.0027647 for 44 electrons, or −6.28 × 10−5 per electron. The con-
vergence criterion of the iterations is to have a difference not greater than 10−5 
between the values of the potentials for two consecutive iterations. The number 
of iterations for this convergence was around 60. With the method described 
above and the associated calculation details, we studied zb-GaSb as presented 
below. 

3. Results and Discussions 

We present the successive calculations in Table 2. Columns 1, 2 and 3 of the ta-
ble indicate respectively the number of a calculation, the valence state orbitals 
for Ga3+ and the valence state orbitals for Sb3−. Columns 4 and 5 show the total 
number of valence functions and the direct band gap calculated at the Γ point, 
respectively. In this table, the occupied energies from calculations IV, V and VI 
are identical, within our calculation uncertainty of 5 meV. Therefore, Calcula-
tion IV provides the DFT description of zb-GaSb, in accordance with the above 
description of our method. In particular, the occupied energies from this  
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Table 2. The successive, self-consistent calculations of the BZW method for zb-GaSb. 

Calculation 
number 

Trial function for 
valence states of Ga+3 

Trial function for 
valence states of Sb−3 

No. of 
functions 

Band Gap 
at Γ (in eV) 

I 3s23p63d104s24p0 4s24p64d105s25p4 52 1.629 

II 3s23p63d104s24p05s0 4s24p64d105s25p4 54 0.564 

III 3s23p63d104s24p05s04d0 4s24p64d105s25p4 64 0.421 

IV 3s23p63d104s24p05s04d05p0 4s24p64d105s25p4 70 0.751 

V 3s23p63d104s24p05s04d05p05d0 4s24p64d105s25p4 80 0.795 

VI 3s23p63d104s24p05s04d05p05d06s0 4s24p64d105s25p4 82 0.644 

 
calculation are those for the ground state of the material. The resulting charge 
density is that of the ground state of zb-GaSb.  

We show in Figure 1 the calculated electronic energy band structure of 
zb-GaSb, from calculation IV. The direct band gap calculated at the Γ point is 
0.751 eV. This value is in excellent agreement with the experimental value of 
0.75 eV, at room temperature 0.75 eV [53]. 

Various characteristics of the electronic band structure can be explained in 
more detail using the table of calculated eigenvalues at high points symmetry in 
the Brillouin zone and figures for the total and partial densities states. Figure 2 
and Figure 3 show the total state density (DOS) and the partial densities of state 
(pDOS), respectively, as derived from the bands in Figure 1. Many parts of our 
calculated density of state are very close to corresponding experimental values 
obtained by X-ray photoemission spectroscopy measurements [71]. Figure 14 of 
the paper of Ley et al. [71] reported the peak positions of HIT, I2, I1, S1, HIB, 
PII, HIIIT and PIII, respectively, at −0.8 eV, −1.7 eV, −2.1 eV, −3.4 eV, −3.7 eV, 
−6.4 eV, −9.2 eV and −10.0 eV. According to our work, the corresponding val-
ues are respectively −0.675 eV, −1.611 eV, −2.080 eV, −3.192 eV, −3.661 eV, 
−6.354 eV, −9.165 eV, and −9.809 eV. While the widths of the different groups 
of valence bands can be extracted from the total density of states, they are more 
easily derived from the contents of Table 3 which shows the calculated eigenva-
lues at high symmetry points in the Brillouin zone. 

The total valence band width is 15.862 eV. The width of the lowest laying 
group of bands is 0.106 eV. The widths of the middle and upper most groups 
valence bands are respectively 2.651 eV and 6.847 eV. These widths, derived 
from Table 3, can also be estimated using the content of the figure below for 
TDOS. A purpose of this table is to be able to make comparisons with possible 
future experimental measurements of X-ray, ultraviolet (UV) or other spectros-
copy.  

According to our calculated pDOS in Figure 3, the lowest lying group of va-
lence bands comes almost entirely from Ga d. The middle group of valence 
bands is largely from Sb s, with a small contribution from Ga s. The upper most 
group of valence bands is unmistakably dominated by Sb p, Ga p, and Ga s, with 
a very small contribution of Sb s. 
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Figure 1. Calculated, band structure of zinc blende gallium antimonide (zb-GaSb), as ob-
tained by the BZW method from Calculations IV. The calculated direct band gap is 0.751 
eV. 
 

 
Figure 2. The calculated, total density of states of zb-GaSb, obtained from the energy 
bands in Figure 1. The zero on the horizontal axis indicates the position of the Fermi lev-
el. 
 

 
Figure 3. Calculated, partial densities of states (pDOS) for zb-GaSb, as derived from the 
bands in Figure 1. The zero on the horizontal axis indicates the position of the Fermi lev-
el. 
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Table 3. Calculated, electronic energies of zb-GaSb at high symmetry points in the Bril-
louin Zone, as obtained with the optimal basis set of Calculation IV. We used the experi-
mental lattice constant of 6.09593 Å. This table is partly to enable comparisons with fu-
ture room temperature, experimental and theoretical results.  

L-point Γ-point X-point K-point 

8.836 3.053 9.612 7.590 

4.221 3.053 9.612 7.556 

4.221 3.053 1.591 4.436 

0.885 0.751 1.302 1.827 

−1.080 0.000 −2.651 −2.187 

−1.080 0.000 −2.651 −3.785 

−6.480 0.000 −6.847 −6.568 

−9.894 −11.665 −9.014 −9.110 

−15.759 −15.759 −15.756 −15.758 

−15.759 −15.759 −15.767 −15.764 

−15.814 −15.824 −15.803 −15.805 

−15.814 −15.824 −15.803 −15.806 

−15.850 −15.824 −15.862 −15.861 

 
We used the electron band structure from Calculation IV (in Figure 1) to 

calculate the effective masses of the electron, at the bottom of the conduction 
band, and of the holes, at the top of the valence band. We present our results, as 
well as other theoretical and experimental values, in Table 4. The effective 
masses of the electrons are indicated by me while those of the heavy and light 
holes are respectively noted as mhh and mlh. The first column shows the effective 
masses with the specific directions in which they are calculated. It is gratifying to 
note that our calculated effective masses are in general agreement with expe-
rience [55] [74] [75] [76], and with parts of some previously calculated ones [12] 
[26] [72] [73]. Out of the nine (9) effective masses in Table 4, the only one for 
which there is a difference between an experimental value and our result is mhh 
(Γ-L) for which we found 0.682 m0 while the experiments report from 0.24 m0 to 
0.59 m0 [74] [75] [76].  

For Reference [a], atheo and aexp indicate results obtained with a theoretical 
and an experimental lattice constant. 

The above agreement between our calculated effective masses and the corres-
ponding, experimental values indicates the correct rendering, by our calcula-
tions, of the curvatures of the bands at the conduction band minimum (CBM) 
and the valence band maximum (VBM).  

A discussion of our results, compared to previous ones, follows. We first recall 
that our main motivation for this work was the resolution of the glaring disa-
greement between measured band gaps of approximately 0.81 eV and 0.73 eV,  
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Table 4. Calculated, effective masses for zb-GaSb (in units of the free electron-mass, m0): me indicates an electron effective mass at 
the bottom of the conduction band; mhh, and mlh represent the heavy and light hole effective masses, respectively. Theo.: theory, 
expt.: experiment. 

 
Our 
work 

Theo. 
αtheo [a] 

Theo. 
αexp [a] 

Theo. 
[b] 

Theo. 
[c] 

Theo. 
[d] 

Expt. 
[e] 

Expt. 
[f] 

Expt. 
[g] 

Expt. 
[h] 

me (Γ-L) 0.041 0.036 0.008  0.045 0.045 
0.039 

average 
0.042 ± 0.001 

average 

 
0.039 ± 0.001 

average 
me (Γ-X) 0.041 0.035 0.004  0.045   

me (Γ-K) 0.040 0.035 0.006  0.045   

mhh (Γ-L) 0.682 0.646 0.747 0.551 0.710 0.55  0.40 ± 0.16 0.36 ±0.03 0.44 ± 0.15 

mhh (Γ-X) 0.280 0.272 0.219 0.231 0.247 0.38 0.250 0.29 ±0.09 0.26 ± 0.04  

mhh (Γ-K) 0.397 2.074 2.274  0.500 0.45  0.36 ± 0.13 0.38 ± 0.04  

mlh (Γ-L) 0.035 0.030 0.008 0.047 0.045    0.052 ± 0.004  

mlh (Γ-X) 0.036 0.035 0.004 0.052 0.051 0.049 0.044 0.042 ± 0.002 0.052 ± 0.005 0.038 ± 0.002 

mlh (Γ-K) 0.038 0.031 0.006  0.046    0.052 ± 0.004  

[a] Ref [11], [b] Ref [72], [c] Ref [26], [d] Ref [73], [e] Ref [55], [f] Ref [74], [g] Ref [75], [h] Ref [76]. 
 
for low and room temperatures, respectively, and the results of dozens of 
ab-initio theoretical studies that have consistently underestimated them. In par-
ticular, 24 LDA or GGA ab-initio studies reported negative numbers or zero for 
the bandgap of zb-GaSb. The section describing our method points to a reason 
that previous, ab-initio DFT calculations generally underestimated the measured 
values: none of these calculations performed a generalized minimization of the 
energy to reach the ground state in a verifiable way, as required by the second 
DFT theorem. Therefore, while the output of such a calculation is self-consistent, 
it is a stationary state among an infinite number of such states. There is an infi-
nite number of basis sets which can lead to self-consistent (i.e., stationary) re-
sults. Therefore, the chances for a single basis set calculation to produce the 
ground state energies while avoiding over-complete basis sets are practically ze-
ro. On the other hand, our calculations have explicitly reached the ground state 
and avoided the use of over-complete basis sets.  

Our results, due to our strict adherence to the conditions of validity of the 
DFT, have the entire physical content of the DFT. They agree with the available, 
corresponding, experimental data, as was the case for the band gap at room 
temperature (i.e., 0.75 eV). Our work also made it possible to obtain the experi-
mentally identified locations of the peaks in the total density of valence states.; 
This agreement points to the overall correct description of the ground state band 
structure by our calculations. In addition, this overall description of the bands is 
further indicated by our correct rendering of noted curvatures of the bands, in 
accordance with our results for the effective masses.  

The results of Reference 12 for the electron effective masses confirmed our 
contention that as the bottom of the conduction band is spuriously lowered, 

https://doi.org/10.4236/jmp.2022.134029


Y. I. Diakite et al. 
 

 

DOI: 10.4236/jmp.2022.134029 427 Journal of Modern Physics 
 

when using over-complete basis sets, the calculated electron effective masses fall 
below the corresponding, experimental ones. With band gap of 0.588 eV, these 
authors [12] found electron effective masses of 0.036, 0.035, and 0.035 m0; for 
the much smaller band gap of zero, these electron effective masses are respec-
tively 0.008, 0.004, and 0.006 m0. Both sets of values are lower than the corres-
ponding ones from our calculation.  

Our truly ground state calculations [57] did not need to invoke self-interaction 
correction of the derivative discontinuity of the exchange correlation energy in 
order for their outcomes to agree with available, corresponding, experimental 
ones. The same was true for several previous works of our group [57] [58] 
[63]-[69]. 

4. Conclusion 

We have performed ab initio, self-consistent calculations of electronic energy 
bands, total and partial densities of states and of effective masses for zb-GaSb. 
With the method of Bagayoko, Zhao and Williams (BZW), we performed a ge-
neralized minimization of the energy to reach the ground state, verifiably, with-
out using over-complete basis sets. Our work reproduced not just the correct, 
experimental room temperature band gap, but also the locations of the peaks in 
the total density of states, and the electron and holes effective masses. With this 
overall accuracy, our calculated results can inform and guide the design and fa-
brication of semiconductor based devices, as envisioned by the Materials Ge-
nome Initiatives (MGI). 
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Abstract 
Using the Hamilton-Jacobi and the Lagrange formalisms, a pair of relativistic 
quantum mechanics equations are obtained by abduction. These equations, in 
contrast with the Klein-Gordon and other relativistic quantum mechanics 
equations, have no solutions with both positive and negative kinetic energies. 
The equation with solutions with only positive kinetic energy values describes 
a spin-0 particle of mass m, which is moving at relativistic speeds in a scalar 
potential. The wavefunctions and the energies corresponding to the asso-
ciated antiparticle can be obtained by solving the other equation, which only 
has solutions with negative kinetic energy values. 
 

Keywords 
Quantum Mechanics, Relativistic Quantum Mechanics 

 

1. Introduction 

The best-known relativistic quantum mechanics equations are the Klein-Gordon 
and Dirac equations [1] [2]. Both equations have solutions corresponding to a 
particle with mass m with both positive and negative kinetic energy values [1] 
[2]. Classical particles only can have positive kinetic energy values. The same 
occurs for the Schrödinger equation, which is the best-known non-relativistic 
quantum mechanics wave equation [3] [4]. Therefore, the existence of solutions 
of relativistic wave equations, that seems to correspond to a particle with nega-
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tive kinetic energy, was a puzzle that conducted to the theoretical prediction of 
the existence of antiparticles [1] [2] [3] [4]. The existence of antiparticles is to-
day a well-known experimental fact [1] [2] [3] [4]. Today, it is well-know that 
antiparticles also have positive kinetic energy values [1] [2] [3] [4]; nevertheless, 
the concept of antiparticle remains associated to the solutions of the Klein-Gordon 
and Dirac equations corresponding to negative values of the kinetic energy [1] 
[2].  

Recently, an interesting relativistic quantum mechanics wave equation that 
does not have solutions corresponding to a particle with negative kinetic energy, 
has attracted our attention [5] [6] [7]. The authors of this work have been stud-
ying for a while the so-called general Grave de Peralta (gGP) equation [5] [6] [7] 
[8] [9]:  

2
2 1, with .

2 2
i V m

t
γµ

µ
∂ +
Ψ = − ∇ Ψ + Ψ =

∂


             (1) 

This is a Schrödinger-like, but relativistic quantum mechanics equation, that 
describes the quantum states of a particle moving in a scalar potential (V) with 
an effective mass μ > 0, which depends on the parameter γ [9]. When γ = 1, then 
μ = m, the relativistic invariant mass of the particle; thus, Equation (1) coincides 
with the Schrödinger equation [3] [4]. Equation (1) is the Grave de Peralta (GP) 
equation when γ is the classical Lorentz factor of the special theory of relativity 
[5] [6] [7] [10]: 

2

2 21 .p
m c

γ = +                         (2) 

In Equations (1) and (2), c is the speed of the light in vacuum, ℏ is the reduced 
Plank constant, and p = |p|, where p is the particle’s three-dimensional linear 
momentum. Another practical choice for the parameter γ was proposed by Po-
veda [8]:  

2 2

2 2 2 2

ˆ ˆˆ ˆ1 , with 1 .
p p

m c m c
γ γ γ

Ψ Ψ
= Ψ Ψ = + = +          (3) 

The quantum operators in Equations (1) and (3) are [1]-[9]:  

( )
2 2

2 2ˆˆ ˆ ˆˆ, , .
1 2

pi H H mc p i K
t mγ µ
∂ ′= = − = − ∇ = = − ∇
∂ +



         (4) 

In Equation (4), the energy operator (H') is associated to the total energy of 
the particle after discounting the energy associated to its mass (mc2), and the ki-
netic energy operator (K) includes the correct relativistic relation with the linear 
momentum operator [5] [6] [7] [8]. Consequently, in the Poveda’s approach, γ is 
the average value of the Lorentz factor in the quantum state Ψ [8]. Notably, Equ-
ation (1) reduces to well-known quantum wave equations in both the non-relativistic 
and ultra-relativistic limits. In the ultra-relativistic limit p mc  ( 1γ  ), Eq-
uation (1) with V = 0 reduces to the following Weyl-like equation for a free 
spin-0 particle [11]: 
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1ˆ    .i pc
t c t
∂ ∂
Ψ = Ψ ⇔ Ψ = −∇Ψ

∂ ∂
                 (5) 

Previous works has focused in stablishing the existing relationship between 
Equation (1) and the best-known relativistic quantum mechanics wave equations 
[5] [6] [7] [8] [9] [11]. Taking advantage of the formal similitude between the 
gGP and Schrödinger equations, Equation (1) have been solved, following the 
same mathematical procedures required for solving the same problems using the 
Schrödinger equation, for a free particle [7], confinement of a quantum particle 
in box [5] [6] [7] [8], reflection by a sharp quantum potential [5], tunnel effect 
[5], the harmonic oscillator [9], and the Hydrogen atom [12] [13]. This allowed 
the extension to the relativistic domain of well-known results previously ob-
tained using the Schrödinger equation [3] [4].  

In this work, the attention in focused on the relationship of Equation (1) with 
well-stablished theoretical methods. We show here, for the first time, how Equa-
tion (1) and the following equation [14]:  

( )
2

2

1
i V

t mγ
∂
Ψ = ∇ Ψ + Ψ

∂ +


                   (6) 

can be obtained by abduction using the Lagrange and Hamilton-Jacobi formal-
isms [1] [15] [16]. Equation (6) can be rewritten as Equation (1) but with μ < 0. 
Equation (6) is a complementary gGP-like equation recently reported [14]. In 
contrast with Equation (1), Equation (6) only has solutions with negative kinetic 
energy values [14]. This work is then directed to explore the theoretical founda-
tions of Equation (1) for any real value of μ.  

The rest of this paper is organized in the following way. In Section 2, for 
self-reliance purposes, a summary is presented about how Equations (1) and (6) 
can be formally obtained. Then, in Sections 3 and 4, for the first time, we present 
how these equations can be obtained by abduction using Hamilton-Jacobi and 
Lagrange formalisms. Finally, the conclusions of this work are given in Section 5. 

2. Poirier-Grave De Peralta Equations 

How to obtain Equations (1) and (6), by applying a formal first quantization 
procedure on a Lorentz-invariant equation, which involves the energy-momentum 
4-component vector (pμ), has been discussed before [8] [14]. In short, we can 
start from the following Lorentz-covariant equation, which gives the module 
square of the energy-momentum 4-component vector of a free classical particle 
with mass m, energy E, and 3-component linear momentum p [1]: 

2 2 .p p g p p m cµ µν
µ ν µ= =                       (7) 

In Equation (7), gμν is the metric tensor and pμ and pμ are the covariant and 
contravariant energy-momentum 4-component vector, respectively [1]: 

, , , , , , , , , .x x z x x z
E E E Ep p p p p p p p
c c c c

µ
µ

       = − = − − − = =       
       

p p    (8) 

The Lorentz-covariant Equation (7) can be transformed in the following Lo-
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rentz-covariant quantum wave equation: 
2

2 2 2 2
2

ˆ
ˆ ˆ ˆ ˆ ˆ .Hp p g p p g p m c

x x c
µ µν µν

µ ν µ ν µ

 ∂ ∂
Ψ = Ψ ⇔ − Ψ ⇔ − Φ = Φ  ∂ ∂  

    (9) 

by making the following formal first-quantization substitution [1]: 

ˆ ˆ, .E H i p i
t
∂

→ = → = − ∇
∂

p                   (10) 

Equation (9) is the Klein-Gordon equation for a free spin-0 particle with mass 
m [1] [2]. We can proceed in the same way for obtaining the Klein-Gordon equ-
ation for a particle moving in a scalar potential V, but we should substitute E by 
E − V and H by H − V in Equations (8) and (9), respectively. We then obtain [1] 
[2]: 

( )
2 2 2 2 4 2 2 2

2
ˆ0 .m cg H V m c c

x x
µν

ν µ

 ∂ ∂  + Φ = ⇔ − − Φ = − ∇ Φ    ∂ ∂ 




   (11) 

Due to its relative importance [1] [2] [3] [4], we will limit the scope of this 
work to study the wave equations of a spin-0 particle with mass moving in a sca-
lar potential. The general case including the presence of an external magnetic 
field will be discussed in a separated work. Equation (11) can be rewritten in the 
following way [8]: 

( ) ( )2 2 2 2ˆ ˆ ˆ  .H V mc H V mc c p   − − − + Φ = Φ               (12) 

Using the following identities [8] [9]: 

( ) ( ) ( )
2 2

2 2 2 2 2 2 2ˆˆ ˆ ˆ1 .
ˆ ˆ1 1

pK mc p c m c mc
m

γ
γ γ

= = − ∇ = − = + −
+ +

    (13) 

When ( ) 2 0K E V mc= − − > , then ( ) ( )2 21E V mc mcγ− + = + ; therefore, 
Equation (12) can be rewritten as [5]: 

( ) ( )
2

2 2ˆ .
ˆ 1

H V mc
γ

 − − Φ = − ∇ Φ  +
                (14) 

However, when ( ) 2 0K E V mc= − + < , then ( ) ( )2 21E V mc mcγ− − = − + ; 
therefore, Equation (12) can be rewritten as [14]: 

( ) ( )
2

2 2ˆ .
ˆ 1

H V mc
γ

 − + Φ = ∇ Φ  +
                 (15) 

Consequently, Equation (12) reduces to: 

( )

( )

2
2 2

2
2 2

  , if 0
ˆ 1

, if 0
ˆ 1

V mc K
i

t
V mc K

γ

γ

+ + +

±

− − −


− ∇ Φ + Φ + Φ > +∂ Φ = 

∂ + ∇ Φ + Φ − Φ < +







        (16) 

The Poirier-Grave de Peralta (PGP) equations are obtained from Equation 
(16) after introducing the wavefunctions Ψ± in the following way [8]: 
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( )

( )

2

2

2
2

2
2

, with e if 0
ˆ 1

, with e if 0
ˆ 1

i mc t

i mc t

V K
i

t
V K

γ

γ

−

+ + + +

±
+

− − − −


− ∇ Ψ + Ψ Ψ = Φ > +∂ Ψ = 

∂ + ∇ Ψ + Ψ Ψ = Φ < +











   (17) 

Using Equation (13), Equation (17) can be rewritten as: 

2

2

2 2 2 2 2

2 2 2 2 2

Ψ

ˆ , with e if 0

ˆ , with e if 0

i mc t

i mc t

i
t

p c m c V mc K

p c m c V mc K

±

−

+ + + + +

+

− − − − −

∂
∂

+ + Ψ + Ψ − Ψ Ψ = Φ >

− + Ψ + Ψ + Ψ Ψ = Φ



=

 <











 (18) 

The top equation in Equation (18) is related to the so called “spinless Salpeter” 
equation, a relativistic equation widely used to describe hadrons as bound states 
of the constituent quarks [17] [18] [19] [20]. Note the operator iℏ∂/∂t − mc2 in 
the top equation in Equation (16) is the operator H' in Equations (1) and (4). 
Different approximations may be used for substituting in Equation (17) the op-
erator γ by a parameter γ [8] [9], thus transforming Equation (17) in Equation 
(1) for any real value of μ. For instance, we could use the Poveda’s approach that 
considers γ as the average value of the operator γ in the quantum state Ψ± (Equ-
ation (3)). Alternatively, we could use the Grave de Peralta’s approach that con-
siders γ as the classical Lorent’s factor of special theory of relativity. 

The energies 2E E mc+ +′ = −  and the wavefunctions Ψ+, that can be obtained 
by solving the top equation in Equation (17), correspond to a spin-0 quantum 
particle with mas mp = m, energies pE E+′= , wavefunctions Ψp = Ψ+, and kinet-
ic energies 0pK K E V+ +′= = − >  [5] [6] [7] [8] [9] [11] [12] [13]. Assuming 
that γ is a parameter, if the particle is a charged particle with charge qa = q, and 
V is a potential produced by others charged particles surrounding the particle, 
then V change of sign when the sign of all the particles producing the potential 
change of sign (C-transformation). Consequently, the top equation in Equation 
(17) can be obtained from the bottom equation (and vice versa) by making the 
charge-parity-time (CPT) symmetry operations [1]: t → −t (T-transformation), r 
→ −r (P-transformation), and V → −V (C-transformation); i.e. [14]:  

( ) ( ) ( )

( )

2
2

2
2

1

.
1

i V
t

i V
t

γ

γ

− − −

+ + +

∂
Ψ = ∇ Ψ + − Ψ

∂ − +

∂
⇔ Ψ = − ∇ Ψ + Ψ

∂ +









               (19) 

In resemblance of the hole theory for the Klein-Gordon and Dirac equations 
[1] [14], this means that if the top equation in Equation (17) describes the states 
of a charged particle moving in a scalar potential V, which is produced by others 
charged particles surrounded the particle; then, the bottom equation in Equation 
(17) describes the states of the associated antiparticle moving in a scalar po-
tential −V, which is produced by the corresponding charged antiparticles sur-
rounded the antiparticle (matter-antimatter indistinguishability). This implies 
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that the energies 2
– –E E mc′ = +  and the wavefunctions Ψ−, that can be ob-

tained by solving the bottom equation in Equation (17), are related to the cor-
responding energies ( –aE E′= − ) and wavefunctions of the antiparticle associated 
to the spin-0 particle [14].  

3. Hamilton-Jacobi Formulation of the gGP Equations 

The relativistic Lagrangian corresponding to a classical particle of mass m mov-
ing in a scalar potential V with speed v is given by the following expression [15]: 

2 2

2 22

1, with 1 .

1

mc pV
m cv

c

γ
γ

= − − = = +
 −  
 

          (20) 

The relativistic Lagrangian defined by Equation (20) is not written in a cova-
riant form, but written in a preferred inertial frame, while V is a scalar potential 
depending only on position, which is related to a conservative force in the Lo-
rentz inertial frame under consideration [15]. The corresponding particle’s rela-
tivistic Hamiltonian, written in the preferred inertial frame, is then given by 
[15]: 

2 2 2 4 2 .H V v p c m c mc
v

γ∂
− = − = + =

∂

             (21) 

Therefore: 

( )2 2 2 2 4 .H V p c m c− = +                    (22) 

Note that Equation (22) is not equivalent to Equation (21) because Equation 
(21) gives only one of the two possible solutions of Equation (22): 

2 2 2 4 2 2

2 2 2 4 2 2

, if

, if

v p c m c mc H V mc
vH V
v p c m c mc H V mc

v

γ

γ

∂ − = + = − > ∂− =  ∂ − − = − + = − − < −  ∂ 







   (23) 

While a classical particle only can have non-negative values of the kinetic 
energy (H − V − mc2), both cases in Equation (23) are possible for quantum par-
ticles. The relativistic Hamilton-Jacobi equation for a classical particle is [16]: 

( )
2

2 2 4
2

1 0.SS V m c
tc

∂ ∇ − + + = ∂ 
                 (24) 

It can be obtained from Equation (22) using the following relations [16] [17]: 

, .SS H
t

∂
= ∇ = −

∂
p                        (25) 

In Equations (24) and (25), S is the action, which is defined by the following 
expression [16]:  

( ) ( )
( ),

,
, d .

o o

r t
o r t

S r t S t
δ

= + ∫                       (26) 

The integral in Equation (26) should be evaluated along the extremal curve δ 
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joining the initial and final positions at the initial and final times; the final and 
initial positions and the final time should be considered variables while the ini-
tial position is fixed [16]. Equation (24) can be rewritten as: 

( )22 2 2 .S SV mc V mc c S
t t

 ∂   ∂    + + − + + Φ = ∇ Φ      ∂ ∂      
         (27) 

The formal first quantization procedure described in Section 2 corresponds, in 
the Hamilton-Jacobi formalism, to the so-called Schrödinger ansatz [16]: 

( ) ( ), ,

ˆ ˆand .

S r t i Ln r t

S i H S i p
t t

= − Φ  
∂ ∂Φ

⇒ Φ = − = Φ ∇ Φ = − ∇Φ = Φ
∂ ∂



 

         (28) 

This transform Equation (24) in Equation (11) and Equation (27) in Equa-
tion (12). As it was shown in the previous Section, from Equations (11) and 
(12) follows Equation (1). We have then found how to obtain Equation (1), for 
any real value of μ, from the relativistic Lagrangian corresponding to a classic-
al particle of mass m moving in a scalar potential V (Equation (20)). A more 
heuristic analysis seems pertinent here. It has been showed above how to obtain 
the gGP equation (Equation (1)): from a proper Hamilton-Jacobi equation that 
enunciates a regularity in a classical wave’s phase (Equations (24) and (27)) to 
an ansatz expression (Equation (28)) that allows the construction of an equa-
tion for the whole quantum wave (Equations (11) and (12)), and then the 
identification of the quantum operators involved. Perhaps engineer-minded 
people would identify this heuristic path as reverse engineering, something logi-
cians prefer to call an abduction (the best possible explanation). In any case, the 
Schrödinger-like wave approach is a step back to continuousness, to a partial 
differential equation defined on the classical configuration space and abducted 
from the Hamilton-Jacobi framework that may offer a new way to approach 
complementarity, understanding it not only as a wave-particle duality but also 
as a tight-connected regularity via phase’s consistency. Notice that the same 
Schrödinger’s ansatz (Equation (28)) provides a unique bridge between classical 
mechanics and quantum mechanics independently of their relativistic or non- 
relativistic character. 

4. Lagrange Formulation of the gGP Equations 

Quantum mechanics equations can also be obtained from a Lagrange density 
that depends on the fields Ψ and Ψ* [1]. In this Section, for clarity, we will de-
note the quantum fields corresponding to the ±gGP equations as Ψ+ and Ψ–, thus 
they satisfice Equation (1) with μ+ > 0 and μ– < 0, respectively. Therefore, the 
quantum field *

±Ψ  satisfices the same equations but with i changed by −i. As-
suming that γ is a parameter, it is easy to show that the Lagrange densities cor-
responding to the ±gGP equations are given by the following expressions: 

( ) ( ) ( ) ( ) *2
* *1 1

.
2 2 2

V i
m t

γ γ +
+ + + + + +

+ + ∂Ψ
= − ∇Ψ ⋅ ∇Ψ − Ψ Ψ − Ψ

∂


     (29) 
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And:  

( ) ( ) ( ) ( )2
* * *1 1

.
2 2 2

V i
m t

γ γ −
− − − − − −

+ + ∂Ψ
= − ∇Ψ ⋅ ∇Ψ − Ψ Ψ + Ψ

∂


     (30) 

This means, the quantum fields Ψ± and *
±Ψ  must satisfice the following Eu-

ler-Lagrange (field or wave) equations [1]: 

* **

,
Ψ Ψ Ψ

.
Ψ ΨΨ

t
t

t
t

± ± ±

± ± ±

± ±

± ±±

 
   ∂ ∂ ∂∂   = −∇  ∂∂ ∂ ∇    ∂   ∂  
 
 

 ∂ ∂∂ ∂  = −∇   ∂ ∂ ∇ ∂   ∂  ∂   

  

  

              (31) 

A straight substitution of Equations (29) and (30) in Equation (31) demon-
strates that Equations (29) and (30) gives the correct Lagrange densities corres-
ponding to the ±gGP equations. For instance, substituting Equation (29) in Eq-
uation (31), we obtain:  

( ) ( )
**

0 0,

1 1
.

2 2

t
t t

i i
t t

tt

γ γ

+ +

+ +

+ + +
+

++

 
 ∂ ∂∂  = ⇒ =

∂Ψ ∂Ψ∂    ∂ ∂    ∂ ∂    
 
 + +∂ ∂ ∂Ψ∂

= − Ψ ⇒ = − 
∂ ∂∂Ψ ∂Ψ  ∂    ∂ ∂ 

 

 

 

       (32) 

( ) ( )

( )

*
*

*

1 1
2

.
1

2

,
2

i V
t

V

γ γ

γ

+ +
+

+

+
+

+ +∂ ∂Ψ
= − − Ψ

∂Ψ ∂

+∂
= − Ψ

∂Ψ






               (33) 

And:  
2 2

* 2 *

2 2
2

* *

2

.
2

,
2

2

m m

m m

+ +
+ +

+ +
+ +

 ∂ ∂
= − ∇Ψ ⇒∇ = − ∇ Ψ ∇Ψ ∇Ψ 

 ∂ ∂
= − ∇Ψ ⇒∇ = − ∇ Ψ ∇Ψ ∇Ψ 

 

 

 

 
            (34) 

Therefore:  

( )

( )

* 2
2 * *

2
2

1
,

.
1

i V
t m

i V
t m

γ

γ

+
+ +

+
+ +

∂Ψ
− = − ∇ Ψ + Ψ

∂ +

∂Ψ
= − ∇ Ψ + Ψ

∂ +









                (35) 

As expected, in the non-relativistic limit the Lagrange density corresponding 
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to the +gGP (Equation (29) with γ = 1) is also the Lagrange density correspond-
ing to the Schrödinger equation [1].  

5. Conclusion 

We presented how to obtain a pair of relativistic quantum mechanics equations 
by abduction from the Hamilton-Jacobi and Lagrange formalisms. In contrast 
with Klein-Gordon and others relativistic quantum mechanics equations, the 
+gGP equation (Equation (1) with μ > 0) has only solutions with positive kinet-
ics energies, while the −gGP equation (Equation (1) with μ < 0) has only solu-
tions with negative kinetics energies. Therefore, solving the +gGP equation al-
lows for finding the wavefunctions Ψp = Ψ+ and energies ( pE E+′= ) of a spin-0 
particle of mass m, which is moving in a scalar potential at relativistic speeds. 
Complementarily, solving the −gGP equation allows for finding information about 
the energies ( –aE E′= − ) and wavefunctions corresponding to the associated an-
tiparticle.  
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Abstract 
In 1909 the brothers E. and F. Cosserat discovered a new nonlinear group 
theoretical approach to elasticity (EL), with the only experimental need to 
measure the EL constants. In a modern language, their idea has been to use 
the nonlinear Spencer sequence instead of the nonlinear Janet sequence for 
the Lie groupoid defining the group of rigid motions of space. Following H. 
Weyl, our purpose is to compute for the first time the nonlinear Spencer se-
quence for the Lie groupoid defining the conformal group of space-time in 
order to provide the mathematical foundations of electromagnetism (EM), 
with the only experimental need to measure the EM constant in vacuum. 
With a manifold of dimension n, the difficulty is to deal with the n nonlinear 
transformations that have been called “elations” by E. Cartan in 1922. Using 
the fact that dimension 4n =  has very specific properties for the computa-
tion of the Spencer cohomology, we prove that there is thus no conceptual 
difference between the Cosserat EL field or induction equations and the 
Maxwell EM field or induction equations. As a byproduct, the well known 
field/matter couplings (piezzoelectricity, photoelasticity, streaming birefrin-
gence, …) can be described abstractly, with the only experimental need to 
measure the corresponding coupling constants. The main consequence of this 
paper is the need to revisit the mathematical foundations of gauge theory 
(GT) because we have proved that EM was depending on the conformal 
group and not on ( )1U , with a shift by one step to the left in the physical 
interpretation of the differential sequence involved.  
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Groupoids, Lie Algebroids, Conformal Group, Spencer Cohomology,  
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1. Introduction 

Let us start this paper with a personal but meaningful story that has oriented my 
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research during the last forty years or so, since the French “Grandes Ecoles” 
created their own research laboratories. Being a fresh permanent researcher of 
Ecole Nationale des Ponts et Chaussées in Paris, the author of this paper has 
been asked to become the scientific adviser of a young student in order to intro-
duce him to research. As General Relativity was far too much difficult for some-
body without any specific mathematical knowledge while remembering his own 
experience at the same age, he asked the student to collect about 50 books of 
Special Relativity and classify them along the way each writer was avoiding the 
use of the conformal group of space-time implied by the Michelson and Morley 
experiment, only caring about the Poincaré or Lorentz subgroups. After six 
months, the student (like any reader) arrived at the fact that most books were 
almost copying each other and could be nevertheless classified into three catego-
ries:  
 30 books, including the original 1905 paper ([1]) by Einstein, were at once, as 

a working assumption, deciding to restrict their study to a linear group re-
ducing to the Galilée group when the speed of light was going to infinity. It 
must be noticed that people did believe that Einstein had not been influenced 
in 1905 by the Michelson and Morley experiment of 1887 till the discovery of 
hand written notes taken during lectures given by Einstein in Chicago (1921) 
and Kyoto (1922).  

 15 books were trying to “prove” that the conformal factor was indeed re-
duced to a constant equal to 1 when space-time was supposed to be homoge-
neous and isotropic.  

 5 books only were claiming that the conformal factor could eventually de-
pend on the property of space-time, adding however that, if there was no 
surrounding electromagnetism or gravitation, the situation should be re-
duced to the preceding one but nothing was said otherwise.  

The student was so disgusted by such a state of affair that he decided to give 
up on research and to become a normal civil engineer. As a byproduct, if group 
theory must be used, the underlying group of transformations of space-time 
must be related to the propagation of light by itself rather than by considering 
tricky signals between observers, thus must have to do with the biggest group of 
invariance of Maxwell Equations ([2] [3]). However, at the time we got the solu-
tion of this problem with the publication of ([4]) in 1988 (See [5] for recent re-
sults), a deep confusion was going on which is still not acknowledged though it 
can be explained in a few lines ([6]). Using standard notations of differential 
geometry, if the 2-form 2 *F T∈∧  describing the EM field is satisfying the first 
set of Maxwell equations, it amounts to say that it is closed, that is killed by the 
exterior derivative 2 * 3 *:d T T∧ → ∧ . The EM field can be thus (locally) para-
metrized by the EM potential 1-form *A T∈  with dA F=  where * 2 *:d T T→∧  
is again the exterior derivative, because 2 0d d d= = . Now, if E is a vector 
bundle over a manifold X of dimension n, then we may define its adjoint vector 
bundle ( ) * *nad E T E= ∧ ⊗  where *E  is obtained from E by inverting the 
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transition rules, like *T  is obtained from ( )T T X=  and such a construction 
can be extended to linear partial differential operators between (sections of) 
vector bundles. When 4n = , it follows that the second set of Maxwell equations 
for the EM induction is just described by ( ) 4 * 2 4 *:ad d T T T T∧ ⊗∧ → ∧ ⊗ , in-
dependently of any Minkowski constitutive relation between field and induction. 
Using Hodge duality with respect to the volume form 1 4dx dx dx= ∧ ∧ , this 
operator is isomorphic to 2 * 3 *:d T T∧ → ∧ . It follows that both the first set and 
second set of Maxwell equations are invariant by any diffeomorphism and that 
the conformal group of space-time is the biggest group of transformations pre-
serving the Minkowski constitutive relations in vacuum where the speed of light 
is truly c as a universal constant. It was thus natural to believe that the mathe-
matical structure of electromagnetism and gravitation had only to do with such a 
group having:  

4 translations 6 rotations 1 dilatation 4 elations 15 parameters+ + + =  

the main difficulty being to deal with these later non-linear transformations. Of 
course, such a challenge could not be solved without the help of the non-linear 
theory of partial differential equations and Lie pseudogroups combined with 
homological algebra, that is before 1995 at least ([7]).  

From a purely physical point of view, these new nonlinear methods have been 
introduced for the first time in 1909 by the brothers E. and F. Cosserat for stud-
ying the mathematical foundations of EL ([8]-[14]). We have presented their 
link with the nonlinear Spencer differential sequences existing in the formal 
theory of Lie pseudogroups at the end of our book “Differential Galois Theory” 
published in 1983 ([15]). Similarly, the conformal methods have been intro-
duced by H. Weyl in 1918 for revisiting the mathematical foundations of EM 
([3]). We have presented their link with the above approach through a unique 
differential sequence only depending on the structure of the conformal group in 
our book “Lie Pseudogroups and Mechanics” published in 1988 ([4]). However, 
the Cosserat brothers were only dealing with translations and rotations while 
Weyl was only dealing with dilatation and elations. Also, as an additional condi-
tion not fulfilled by the classical Einstein-Fokker-Nordström theory ([16]), if the 
conformal factor has to do with gravitation, it must be defined everywhere but at 
the central attractive mass as we already said.  

From a purely mathematical point of view, the concept of a finite length dif-
ferential sequence, now called Janet sequence, has been first described as a foot-
note by M. Janet in 1920 ([17]). Then, the work of D. C. Spencer in 1970 has 
been the first attempt to use the formal theory of systems of partial differential 
equations that he developed himself in order to study the formal theory of Lie 
pseudogroups ([18] [19] [20]). However, the nonlinear Spencer sequences for 
Lie pseudogroups, though never used in physics, largely supersede the “Cartan 
structure equations” introduced by E.Cartan in 1905 ([21] [22]) and are different 
from the “Vessiot structure equations” introduced by E. Vessiot in 1903 ([23]) or 
1904 ([24]) for the same purpose but still not known today after more than a 
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century because they have never been acknowledged by Cartan himself or even 
by his successors.  

The purpose of the present difficult paper is to apply these new methods for 
studying the common nonlinear conformal origin of electromagnetism and gra-
vitation, in a purely mathematical way, by constructing explicitly the corres-
ponding nonlinear Spencer sequence. All the physical consequences will be pre-
sented in another paper.  

2. Groupoids and Algebroids 

Let us now turn to the clever way proposed by Vessiot in 1903 ([23]) and 1904 
([24]). Our purpose is only to sketch the main results that we have obtained in 
many books ([4] [7] [13] [15], we do not know other references) and to illustrate 
them by a series of specific examples, asking the reader to imagine any link with 
what has been said. We break the study into 8 successive steps.  

1) If X X= × , we shall denote by ( ),q q X XΠ = Π  the open sub-fibered 
manifold of ( )qJ X X×  defined independently of the coordinate system by 

( ) 0k
idet y ≠  with source projection ( ) ( ): : ,q q qX x y xα Π → →  and target 

projection ( ) ( ): : ,q q qX x y yβ Π → → . We shall sometimes introduce a copy Y 
of X with local coordinates (y) in order to avoid any confusion between the 
source and the target manifolds. In order to construct another nonlinear se-
quence, we need a few basic definitions on Lie groupoids and Lie algebroids that 
will become substitutes for Lie groups and Lie algebras. The first idea is to use 
the chain rule for derivatives ( ) ( ) ( )q q qj g f j g j f=   whenever  

( ),f g aut X∈  can be composed and to replace both ( )qj f  and ( )qj g  re-
spectively by qf  and qg  in order to obtain the new section q qg f . This kind 
of “composition” law can be written in a symbolic way by introducing another 
copy Z of X with local coordinates (z) as follows: 

( ) ( ) ( ): , , , :

, , , , , , , , , ,

q q Y q qY Z X Y X Z

z y z yy z x y x z
y x y x

γ Π × Π →Π

   ∂ ∂ ∂ ∂  →    ∂ ∂ ∂ ∂    
  

 

We may also define ( ) ( )1 1
q qj f j f− −=  and obtain similarly an “inversion” 

law. 
DEFINITION 2.1: A fibered submanifold q q⊂ Π  is called a system of fi-

nite Lie equations or a Lie groupoid of order q if we have an induced source 
projection :q q Xα → , target projection :q q Xβ → , composition  

:q q X q qγ × →   , inversion :q q qι →   and identity  
( ) :q q qj id id X= → . In the sequel we shall only consider transitive Lie grou-

poids such that the map ( ), :q q q X Xα β → ×  is an epimorphism and we 
shall denote by ( )0 1

q qid −=   the isotropy Lie group bundle of q . Also, 
one can prove that the new system ( )r q q rρ +=   obtained by differentiating r 
times all the defining equations of q  is a Lie groupoid of order q r+ .  

Let us start with a Lie pseudogroup ( )aut XΓ ⊂  defined by a system  
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q q⊂ Π  of order q. Roughly speaking, if 1, ,f g g f f −∈Γ⇒ ∈Γ  but such a 
definition is totally meaningless in actual practice as it cannot be checked most 
of the time. In all the sequel we shall suppose that the system is involutive ([4] 
[7] [13] [15] [25]) and that Γ  is transitive that is ( ), , ,x y X f y f x∀ ∈ ∃ ∈Γ =  
or, equivalently, the map ( ) ( ) ( ), : : , ,q q q qX X x y x yα β → × →  is surjective. 

2) The Lie algebra TΘ ⊂  of infinitesimal transformations is then obtained 
by linearization, setting ( )y x t xξ= + +  and passing to the limit 0t →  in 
order to obtain the linear involutive system ( )( ) ( )1

q q q qR id V J T−= ⊂  by re-
ciprocal image with ( ){ }| q qT j Rξ ξΘ = ∈ ∈ . We define the isotropy Lie  

algebra bundle ( )0 0
q qR J T⊂  by the short exact sequence 

0
00 0

q

q qR R T
π

→ → → → . 
3) Passing from source to target, we may prolong the vertical infinitesimal 

transformations ( )k
ky

y
η η ∂
=

∂
 to the jet coordinates up to order q in order to 

obtain: 

( )
2k k k

k r r s r
i i j ijk r k r s r k

i ij

y y y y y
y y y y y y y

η η ηη
   ∂ ∂ ∂ ∂ ∂ ∂

+ + + +   ∂ ∂ ∂ ∂ ∂ ∂ ∂   
  

where we have replaced ( )( )qj f x  by qy , each component being the “formal” 
derivative of the previous one . 

4) As [ ],Θ Θ ⊂ Θ , we may use the Frobenius theorem in order to find a ge-
nerating fundamental set of differential invariants ( ){ }qyτΦ  up to order q 
which are such that ( ) ( )q qy yτ τΦ = Φ  by using the chain rule for derivatives 
whenever ( )y g y= ∈Γ  acting now on Y. Specializing the τΦ  at ( )qid x  we 
obtain the Lie form ( ) ( )qy xτ τωΦ =  of q . 

Of course, in actual practice one must use sections of qR  instead of solutions 
and we now prove why the use of the Spencer operator becomes crucial for such 
a purpose. Indeed, using the algebraic bracket  

( ) ( ){ } [ ]( )1 1, , , ,q q qj j j Tξ η ξ η ξ η+ + = ∀ ∈ , we may obtain by bilinearity a diffe-
rential bracket on ( )qJ T  extending the bracket on T: 

{ } ( ) ( ) ( )1 1 1 1, , , ,q q q q q q q q qi D i D J Tξ η ξ η ξ η η ξ ξ η+ + + +  = + − ∀ ∈   

which does not depend on the respective lifts 1qξ +  and 1qη +  of qξ  and qη  in 
( )1qJ T+ . This bracket on sections satisfies the Jacobi identity and we set ([4] [7] 

[13] [25]): 
DEFINITION 2.2: We say that a vector subbundle ( )q qR J T⊂  is a system 

of infinitesimal Lie equations or a Lie algebroid if ,q q qR R R  ⊂  , that is to say 
, ,q q q q q qR Rξ η ξ η ∈ ⇒ ∈  . Such a definition can be tested by means of com-

puter algebra. We shall also say that qR  is transitive if we have the short exact  

sequence 
0

00 0
q

q qR R T
π

→ → → → . In that case, a splitting of this sequence,  

namely a map :q qT Rχ →  such that 0
q

q Tidπ χ =  or equivalently a section 
*

q qT Rχ ∈ ⊗  over *
Tid T T∈ ⊗ , is called a qR -connection and its curvature 

2 * 0
q qT Rκ ∈∧ ⊗  is defined by ( ) ( ) ( ) [ ]( ), , , , ,q q q q Tκ ξ η χ ξ χ η χ ξ η ξ η = − ∀ ∈  . 
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PROPOSITION 2.3: If ,q q qR R R  ⊂  , then , , 0q r q r q rR R R r+ + +  ⊂ ∀ ≥  .  
Proof: When 1r = , we have  

( ) ( ){ }*
1 1 1 1 1| ,q q q q q q q qR R J T R D T Rρ ξ ξ ξ+ + + += = ∈ ∈ ∈ ⊗  and we just need to 

use the following formulas showing how D acts on the various brackets (See [7] 
and [25] for more details):  

( ) { } ( ){ } ( ){ }1 1 1 1, , , ,q q q q q qi D i D i D Tζ ξ η ζ ξ η ξ ζ η ζ+ + + += + ∀ ∈  

( ) ( ) ( )
( )( ) ( )( )

1 1 1 1

1 1 1 1

, , ,q q q q q q

q q

i D i D i D

i L D i L D

ζ ξ η ζ ξ η ξ ζ η

η ζ ξ ξ ζ η

+ + + +

+ +

     = +     
+ −

 

because the right member of the second formula is a section of qR  whenever 

1 1 1,q q qRξ η+ + +∈ . The first formula may be used when qR  is formally integrable.  
  

EXAMPLE 2.4: With 1, 3,n q X= = =   and evident notations, the compo-
nents of [ ]3 3,ξ η  at order zero, one, two and three are defined by the totally un-
usual successive formulas: 

[ ], x xξ η ξ η η ξ= ∂ − ∂  

[ ]( )1 1, x x x xx
ξ η ξ η η ξ= ∂ − ∂  

[ ]( )2 2, x xx x xx x xx x xxxx
ξ η ξ η η ξ ξ η η ξ= − + ∂ − ∂  

[ ]( )3 3, 2 2x xxx x xxx x xxx x xxxxxx
ξ η ξ η η ξ ξ η η ξ= − + ∂ − ∂  

For affine transformations, [ ]( )2 20, 0 , 0xx xx xx
ξ η ξ η= = ⇒ =  and thus  

[ ]2 2 2,R R R⊂ . 
For projective transformations, [ ]( )3 30, 0 , 0xxx xxx xxx

ξ η ξ η= = ⇒ =  and thus 
[ ]3 3 3,R R R⊂ .  

THEOREM 2.5: (prolongation/projection (PP) procedure) If an arbitrary 
system ( )q qR J E⊆  is given, one can effectively find two integers , 0r s ≥  such 
that the system ( )s

q rR +  is formally integrable or even involutive.  
COROLLARY 2.6: The bracket is compatible with the PP procedure:  

( ) ( ) ( ), , , , 0s s s
q q q q r q r q rR R R R R R r s+ + +

   ⊂ ⇒ ⊂ ∀ ≥     

EXAMPLE 2.7: With 2n m= =  and 1q = , let us consider the Lie pseudo-
dogroup ( )aut XΓ ⊂  of finite transformations ( )y f x=  such that  

( )2 1 2 1 2 *,0y dy x dx x Tω= = = ∈ . Setting ( )y x t xξ= + +  and linearizing, we 
get the Lie operator ( )ξ ξ ω=   where   is the Lie derivative because it is 
well known that ( ) ( ) ( ) ( ) ( ) ( ) [ ]( ), ,ξ η ξ η η ξ ξ η= − =            in the 
operator sense. The system ( )1 1R J T⊂  of linear infinitesimal Lie equations is: 

2 1 2 1
1 20, 0x ξ ξ ξ∂ + = ∂ =  

Replacing ( )1j ξ  by a section ( )1 1J Tξ ∈ , we have:  

1 2 1
1 22

1 , 0
x

ξ ξ ξ= − =  

Let us choose the two sections:  
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{ }1 2 2 1 1 2 2
1 1 2 1 2 10, , 1, 0, 0, 0x Rξ ξ ξ ξ ξ ξ ξ= = = − = = = = ∈  

{ }1 2 2 1 1 2 2 2
1 1 2 1 2 1, 0, 0, , 0, 1x x Rη η η η η η η= = = = = − = = ∈  

We let the reader check that [ ]1 1 1, Rξ η ∈ . However, we have the strict inclu-
sion ( )1

1 1R R⊂  defined by the additional equation 1 2
1 2 0ξ ξ+ =  and thus 

( )1
1 1 1, Rξ η ∉  though we have indeed ( ) ( ) ( )1 1 1

1 1 1,R R R  ⊂  , a result not evident at all 
because the sections 1ξ  and 1η  have nothing to do with solutions. The reader 
may proceed in the same way with 2 1 1 2x dx x dx−  and compare.  

5) The main discovery of Vessiot, as early as in 1903 and thus fifty years in 
advance, has been to notice that the prolongation at order q of any horizontal  

vector field ( )i
ix

x
ξ ξ ∂
=

∂
 commutes with the prolongation at order q of any 

vertical vector field ( )k
ky

y
η η ∂
=

∂
, exchanging therefore the differential inva-

riants. Keeping in mind the well known property of the Jacobian determinant  
while passing to the finite point of view, any (local) transformation ( )y f x=  
can be lifted to a (local) transformation of the differential invariants between 
themselves of the form ( )( )( ), qu u j f xλ→  allowing to introduce a natural 
bundle   over X by patching changes of coordinates  

( ) ( )( )( ), , qx x u u j xϕ λ ϕ= = . A section ω  of   is called a geometric object 
or structure on X and transforms like ( )( ) ( ) ( )( )( ), qf x x j f xω λ ω=  or 
simply ( )( )qj fω ω= . This is a way to generalize vectors and tensors ( 1q = ) or 
even connections ( 2q = ). As a byproduct we have  

( ) ( )( ) ( ) ( ){ }1| q qf aut X j f j fω ω ω−Γ = ∈ Φ = =  as a new way to write out the 
Lie form and we may say that Γ  preserves ω . We also obtain  

( ){ }1|q q q qf f ω ω−= ∈Π = . Coming back to the infinitesimal point of view 
and setting ( ) ( ) ,tf exp t aut X Tξ ξ= ∈ ∀ ∈ , we may define the ordinary Lie de-
rivative with value in ( )( )1F Vω−=   by introducing the vertical bundle of 
  as a vector bundle over   and the formula: 

( ) ( ) ( ) ( ){ }1

0

| 0q t
t

d j f T
dt

ξ ξ ω ω ξ ξ ω−

=

= = ⇒ Θ = ∈ =    

while we have ( ) ( )k
kx x t x u u t L uτ τ τµ

µξ ξ→ + + ⇒ → + ∂ +   where  
( )1, , nµ µ µ=   is a multi-index as a way to write down the system ( )q qR J T⊂  

of infinitesimal Lie equations in the Medolaghi form: 

( )( ) ( )( ) ( ) 0k r
k rL x x

ττ τµ τ
µξ ω ω ξ ξ ωΩ ≡ ≡ − ∂ + ∂ =  

EXAMPLE 2.8: With 1n = , let us consider the Lie group of projective trans-
formations ( ) ( )y ax b cx d= + +  as a lie pseudogroup. Differentiating three 
times in order to eliminate the parameters, we obtain the third order Schwarzian 
OD equation and its linearization over y x= :  

2

3 3
3, 0
2

xxx xx

x x

y y
y y

 
⊂ Π Ψ ≡ − = 

 
  
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( )3 3 , 0xxxR J T ξ⊂ =  

Accordingly, the prolongation ( )3# η  of any ( )( )3 3J T Yη ∈  over Y such 
that 0yyyη =  becomes:  

( ) ( )

( ) ( )2 3

y x xx xxx
x xx xxx

yy x x xx
xx xxx

y y y y y
y y y y

y y y y
y y

η η

η

 ∂ ∂ ∂ ∂
+ + + ∂ ∂ ∂ ∂ 
 ∂ ∂

+ + ∂ ∂ 

 

It follows that Ψ  is a generating third order differential invariant and 3R  is 
in Lie form.  

Now, we have:  

( ) ( )
( )

2

3

, ,

3

x x x xx xx x x xx

xxx xxx x xx x xx x xxx

x x y y y y y

y y y y

ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ

= ⇒ = ∂ = ∂ + ∂

= ∂ + ∂ ∂ + ∂
 

and the natural bundle   is thus defined by the transition rules:  

( ) ( )
2

2 3,
2

xxx xx
x

x x

x x u u
ϕ ϕ

ϕ ϕ
ϕ ϕ

  ∂ ∂ = = ∂ + −   ∂ ∂  
 

The general Lie form of 3  is:  

( )( ) ( )
2

23
2

xxx xx
x

x x

y y
y y x

y y
ω ω

 
− + = 

 
 

We obtain ( )3 3R J T⊂  in Medolaghi form as follows:  

( ) ( ) ( )2 0xxx x xx xξ ω ξ ω ξ ξ ωΩ ≡ ≡ ∂ + ∂ + ∂ =  

Using a section ( )3 3J Tξ ∈ , we finally get the formal Lie derivative:  

( ) ( ) ( )3 2 0xxx x xL x xξ ω ξ ω ξ ξ ωΩ ≡ ≡ + + ∂ =  

and let the reader ckeck directly that ( ) ( ) [ ]( )3 3 3 3, ,L L Lξ η ξ η  =  ,  
( )3 3 3, J Tξ η∀ ∈ , a result absolutely not evident at first sight.  

6) By analogy with “special” and “general” relativity, we shall call the given 
section special and any other arbitrary section general. The problem is now to 
study the formal properties of the linear system just obtained with coefficients 
only depending on ( )1j ω , exactly like L.P. Eisenhart did for *

2S T=  when 
finding the constant Riemann curvature condition for a metric ω  with  

( ) 0det ω ≠  ([7], Example 10, p 246 to 256, [26]). Indeed, if any expression in-
volving ω  and its derivatives is a scalar object, it must reduce to a constant be-
cause Γ  is assumed to be transitive and thus cannot be defined by any zero 
order equation. Now one can prove that the CC for ω , thus for ω  too, only 
depend on the Φ  and take the quasi-linear symbolic form  

( ) ( ) ( )1 0xv I u A u u B u≡ ≡ + = , allowing to define an affine subfibered manifold 
( )1 1J⊂   over  . Now, if one has two sections ω  and ω  of  , the 

equivalence problem is to look for ( )f aut X∈  such that ( ) ( )1
qj f ω ω− = . 

When the two sections satisfy the same CC, the problem is sometimes locally 
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possible (Lie groups of transformations, Darboux problem in analytical mechan-
ics, …) but sometimes not ([25], p. 333). 

7) Instead of the CC for the equivalence problem, let us look for the integra-
bility conditions (IC) for the system of infinitesimal Lie equations and suppose 
that, for the given section, all the equations of order q r+  are obtained by dif-
ferentiating r times only the equations of order q, then it was claimed by Vessiot 
([23] with no proof, see [7], pp. 207-211) that such a property is held if and only 
if there is an equivariant section ( ) ( )( )1: : , , ,c x u x u v c u→ → =   where  

( )1 1 1J=    is a natural vector bundle over   with local coordinates 
( ), ,x u v . Moreover, any such equivariant section depends on a finite number of 
constants c called structure constants and the IC for the Vessiot structure equa-
tions ( ) ( )1I u c u=  are of a polynomial form ( ) 0J c = . 

EXAMPLE 2.9: Comig back to Example 2.7 first considered by Vessiot as 
early as in 1903 ([23]), the geometric object ( ) * 2 *, XT Tω α β= ∈ ⊗ ∧  must sa-
tisfy the Vessiot structure equation d cα β=  with a single Vessiot structure 
constant 1c = −  in the situation considered where 2 1x dxα =  and 1 2dx dxβ = ∧  
(See ([27]) for other examples and applications). As a byproduct, there is no 
conceptual difference between such a constant and the constant appearing in the 
constant Riemannian curvature condition of Eisenhart ([26]).  

8) Finally, when Y is no longer a copy of X, a system ( )q qJ X Y⊂ ×  is said 
to be an automorphic system for a Lie pseudogroup ( )aut YΓ ⊂  if, whenever 

( )y f x=  and ( )y f x=  are two solutions, then there exists one and only one 
transformation ( )y g y= ∈Γ  such that f g f=  . Explicit tests for checking 
such a property formally have been given in ([15]) and can be implemented on 
computer in the differential algebraic framework. 

3. Nonlinear Sequences 

Contrary to what happens in the study of Lie pseudogroups and in particular in 
the study of the algebraic ones that can be found in mathematical physics, non-
linear operators do not in general admit CC, unless they are defined by differen-
tial polynomials, as can be seen by considering the two following examples with 

1, 2, 2m n q= = = . With standard notations from differential algebra, if we are 
dealing with a ground differential field K, like   in the next examples, we de-
note by { }K y  the ring (which is even an integral domain) of differential poly-
nomials in y with coefficients in K and by { }( )K y Q K y=  the corresponding 
quotient field of differential rational functions in y. Then, if ,u v K y∈ , we 
have the two towers K K u K y⊂ ⊂  and K K v K y⊂ ⊂  of extensions, 
thus the tower ,K K u v K y⊂ ⊂ . Accordingly, the differential extension  

,K u v K  is a finitely generated differential extension. If we consider u and v 
as new indeterminates, then K u  and K v  are both differential transcen-
dental extensions of K and the kernel of the canonical differential morphism 
{ } { }KK u K v K y⊗ →  is a prime differential ideal in the differential integral 

domain KK y K v⊗ , a way to describe by residue the smallest differential 
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field containing K u  and K v  in K y . Of course, the true difficulty is to 
find out such a prime differential ideal.  

EXAMPLE 3.1: First of all, let us consider the following nonlinear system in y 
with second member ( ),u v :  

( ) ( )3 2 1 2
22 11 12 11 11

1

1 1,
3 2

u vP y y u Q y y v y
v
−

≡ − = ≡ − = ⇒ =  

The differential ideal a  generated by P and Q in { }y  is prime because 

2 1 11 1 0d Q d P y d Q+ − =  and thus { } { } [ ]1 2 11 111, , , , , ,y P Q y y y y y    is an 
integral domain.  

We may consider the following nonlinear involutive system with two equa-
tions:  

( )

( )

3
22 11

2
12 11

1 1 20
3
1 0 1
2

y y

y y

 − =

 − = •

 

We have also the linear inhomogeneous finite type second order system with 
three equations:  

3
1 2

22
1

2
1 2

12
1

1 2
11

1

1
1 23

1 1
2

1

u vy u
v

u vy v
v

u vy
v

  −
 = +  
  


 −
= + •  

 
 −

• =



 

Though we have a priori two CC, we let the reader prove, as a delicate exercise, 
that there is only the single nonlinear second order CC obtained from the bot-
tom dot:  

2
1 2 1 2

2 1
1 1

1 0
2

u v u vd d v
v v

    − − − + =        
 

EXAMPLE 3.2: On the contrary, if we consider the following new nonlinear 
system:  

( ) ( )2
22 11 12 11 11 111 2 1 1

1 , 1
2

P y y u Q y y v y y v v u w≡ − = ≡ − = ⇒ − = + − =  

we obtain successively:  

( )2 1 1 11 1111d Q d Q d P y y+ − ≡ −  

( ) ( ) ( )3
111 12 11 11 1111 2 1 1 111y d Q d Q d P y d Q d Q d P y+ − − + − =  

The symbol at order 3 is thus not a vector bundle and no direct study as above 
can be used because the differential ideal generated by ( ),P Q  is not perfect as 
it contains ( )3

111y  without containing 111y  (See [15] and [28] for more de-
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tails). The following nonlinear system is not involutive:  

( )2
22 11

12 11

1 1 20
2

0 1

y y

y y

 − =

 − = •

 

We have the following four generic nonlinear additional finite type third or-
der equations:  

222 11 1 2
11

122 11 1
11

112 1
11

111
11

1 2
1

1
1

1
1

0 1
1

wy y v u
y

wy y u
y

wy v
y

wy
y

  
− + =  − 


• − =

−

 •− = −

 − = • −

 

Though we have now a priori three CC and thus three additional equations 
because the system is not involutive, setting 11 112 2 111 11 ,y z y z y z− = ⇒ = = , 
there is only the single additional nonlinear second order equation:  

( )2
11 1 2 1 0v z w w z v w+ − + =  

Differentiating once and using the relation 1zz w= , we get:  

( ) ( ) ( )3 2
111 11 12 1 1 11 1 23 0v z w w z v w v w z w w w+ − + + + − =  

a result leading to a tricky resultant providing a third order differential poly-
nomial in ( ),u v .  

However, the kernel of a linear operator : E F→  is always taken with re-
spect to the zero section of F, while it must be taken with respect to a prescribed 
section by a double arrow for a nonlinear operator. Keeping in mind the linear 
Janet sequence and the examples of Vessiot structure equations already pre-
sented, one obtains:  

THEOREM 3.3: There exists a nonlinear Janet sequence associated with the 
Lie form of an involutive system of finite Lie equations:  

( )
1

10
0

qj I j
aut X

ω α

Φ
→ Γ→

 



     

where the kernel of the first operator ( ) ( )( ) ( ) ( )1
q q qf j f j f j f ω−→Φ = Φ =  

is taken with respect to the section ω  of   while the kernel of the second 
operator ( )( ) ( ) ( )1 xI j A Bω ω ω ω ω→ ≡ ∂ +  is taken with respect to the zero 
section of the vector bundle 1  over  . 

COROLLARY 3.4: By linearization at the identity, one obtains the involutive 
Lie operator ( )0: :T F ξ ξ ω→ →   with kernel ( ){ }| 0T Tξ ξ ωΘ = ∈ = ⊂  
satisfying [ ],Θ Θ ⊂ Θ  and the corresponding linear Janet sequence:  
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1

0 10 T F F→Θ→ → →


 

where ( )( )1
0F F Vω−= =   and ( )1

1 1F ω−=  . 
Now we notice that T is a natural vector bundle of order 1 and ( )qJ T  is 

thus a natural vector bundle of order 1q + . Looking at the way a vector field and 
its derivatives are transformed under any ( )f aut X∈  while replacing ( )qj f  
by qf , we obtain: 

( )( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )k k r k u k r k r
r u i r i rif x f x x f x f x f x x f x xη ξ η ξ ξ= ⇒ = +  

and so on, a result leading to: 
LEMMA 3.5: ( )qJ T  is associated with ( )1 1 ,q q X X+ +Π = Π  that is we can 

obtain a new section ( )1q q qfη ξ+=  from any section ( )q qJ Tξ ∈  and any sec-
tion 1 1q qf + +∈Π  by the formula: 

1= , 0
r

k k r k r k r
r rd f f f qµ µ µ µη η ξ ξ µ+≡ + + + ∀ ≤ ≤   

where the left member belongs to ( )qV Π . Similarly ( )q qR J T⊂  is associated 
with 1 1q q+ +⊂ Π . 

More generally, looking now for transformations “close” to the identity, that 
is setting ( )y x t xξ= + +  when 1t   is a small constant parameter and 
passing to the limit 0t → , we may linearize any (nonlinear) system of finite Lie 
equations in order to obtain a (linear) system of infinitesimal Lie equations 

( )q qR J T⊂  for vector fields. Such a system has the property that, if ,ξ η  are 
two solutions, then [ ],ξ η  is also a solution. Accordingly, the set TΘ ⊂  of its 
solutions satisfies [ ],Θ Θ ⊂ Θ  and can therefore be considered as the Lie alge-
bra of Γ .  

More generally, the next definition will extend the classical Lie derivative:  

( ) ( ) ( )( ) ( ) ( )1

0

.q
t

di d di j exp t
dt

ξ ω ξ ξ ω ξ ω−

=

= + =  

DEFINITION 3.6: We say that a vector bundle F is associated with qR  if 
there exists a first order differential operator ( ) :qL F Fξ →  called formal Lie 
derivative and such that:  

1) ( ) ( ) ( ) ,q q q q q q qL L L Rξ η ξ η ξ η+ = + ∀ ∈ .  
2) ( ) ( ) ( ),q q q qL f fL R f C Xξ ξ ξ ∞= ∀ ∈ ∀ ∈ .  
3) 

( ) ( ) ( ) ( ) ( ) ( ) ( ), , ,q q q q q q q q q q qL L L L L L L Rξ η ξ η η ξ ξ η ξ η   = − = ∀ ∈    
. 

4) ( )( ) ( ) ( ) ( ), ,q q q qL f fL f R f C X Fξ η ξ η ξ η ξ η∞= + ∀ ∈ ∀ ∈ ∀ ∈ .  
LEMMA 3.7: If E and F are associated with qR , we may set on E F⊗ : 

( )( ) ( ) ( ) , ,q q q q qL L L R E Fξ η ζ ξ η ζ η ξ ζ ξ η ζ⊗ = ⊗ + ⊗ ∀ ∈ ∀ ∈ ∀ ∈  

If TΘ ⊂  denotes the solutions of qR , then we may set  
( ) ( )( ) ,qL jξ ξ ξ= ∀ ∈Θ  but no explicit computation can be done when Θ  

is infinite dimensional. However, we have:  
PROPOSITION 3.8: ( )qJ T  is associated with ( )1qJ T+  if we define:  

( ) { } ( ) ( )1 1 1 1 1, ,q q q q q q q qL i D i Dξ η ξ η ξ η ξ η η ξ+ + + + + = + = +   
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and thus qR  is associated with 1qR + .  
Proof: It is easy to check the properties 1, 2, 4 and it only remains to prove 

property 3 as follows. 

( ) ( )
( ) { } ( )( ) ( ) { } ( )( )

{ }{ } { }{ } ( ){ }
( ){ } ( ) { } ( ) { }

( ) ( )( ) ( ) ( )( )

1 1

1 1 1 1 1 1 1 1

1 2 2 1 2 2 1 2

1 2 2 2 2 2

2 2

,

, ,

, , , , ,

, , ,

q q q

q q q q q q q q

q q q q q q q q

q q q q q q

q q

L L

L i D L i D

i D

i D i D i D

i D i D i D i D

ξ η ζ

ξ η ζ η ζ η ξ ζ ξ ζ

ξ η ζ η ξ ζ ξ η ζ

η ξ ζ ξ η ζ η ξ ζ

ξ η ζ η ξ ζ

+ +

+ + + + + + + +

+ + + + + + + +

+ + + + + +

+ +

  

= + − +

= − +

− + −

+ −

 

{ }{ } ( ){ } ( ){ } [ ]( )
{ } [ ]( )

2 2 1 2 1 2 1 1

1 1 1 1

, , , , ,

, , ,

q q q q q q q q

q q q q

i D i D i D

i D

ξ η ζ ξ η ζ η ξ ζ ξ η ζ

ξ η ζ ξ η ζ

+ + + + + + + +

+ + + +

= + − +

 = + 
 

by using successively the Jacobi identity for the algebraic bracket and the last 
proposition.  

  
EXAMPLE 3.9: T and *T  both with any tensor bundle are associated with 
( )1J T . For T we may define ( ) [ ] ( ) ( ){ }1 1 1 1, ,L i D jξ η ξ η η ξ ξ η= + = . We have 

( )r k s k s k k s k r k
r s s s s rξ η η ξ η ξ ξ η ξ ξ η∂ − ∂ + ∂ − = − + ∂  and the four properties of 

the formal Lie derivative can be checked directly. Of course, we find back 
( ) [ ], , , Tξ η ξ η ξ η= ∀ ∈ . We let the reader treat similarly the case of *T .  
PROPOSITION 3.10: There is a first nonlinear Spencer sequence:  

( ) ( ) ( ) ( )
1

* 2 *
1 10 ,

qj D D

q q qaut X X X T J T T J T
+ ′

+ −→ →Π → ⊗ →∧ ⊗  

with ( )1
1 1 1 1q q q q qDf f j f id χ−
+ + +≡ − =   
( ) ( ) ( ) ( ){ }, , , 0q q q qD Dχ ξ η χ ξ η χ ξ χ η′⇒ ≡ − = . Moreover, setting  

*
0 A id T Tχ = − ∈ ⊗ , this sequence is locally exact if ( ) 0det A ≠ . 
Proof: There is a canonical inclusion ( )1 1q qJ+Π ⊂ Π  defined by , 1

k k
i i

y yµ µ+=  
and the composition ( )1

1 1q qf j f−
+   is a well defined section of ( )1 qJ Π  over 

the section 1
q q qf f id− =  of qΠ  like 1qid + . The difference  

( )1
1 1 1q q q qf j f idχ −
+ += −  is thus a section of ( )*

qT V⊗ Π  over qid  and we 
have already noticed that ( )( ) ( )1

q q qid V J T− Π = . For 1q =  we get with  
1

1 1g f −= : 

( ), ,,k k l k k k k k l r l
i l i i i i j i l i j i rjg f A g f A fχ δ δ χ= ∂ − = − = ∂ −  

We also obtain from Lemma 3.5 the useful formula  

, 1 , 1
k r k r k k

r i i ir i
f f f fµ µ µ µχ χ+ ++ + = ∂ −  allowing to determine qχ  inductively. 

We refer to ([7], p 215-216) for the inductive proof of the local exactness, pro-
viding the only formulas that will be used later on and can be checked directly by 
the reader:  

( ), , , , , , , , 0k k k k r k r k
i j j i i j j i i r j j r iχ χ χ χ χ χ χ χ∂ − ∂ − + − − =          (1) 

( ), , , , , , , , , , , , 0k k k k r k r k r k r k
i l j j l i li j lj i i lr j l i r j l j r i j lr iχ χ χ χ χ χ χ χ χ χ χ χ∂ − ∂ − + − + − − =    (2) 
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(
)

, , , , , , , , , ,

, , , , , , , , , , 0

k k k k s k s k s k
i lr j j lr i lri j lrj i i lrs j r i ls j l i rs j

s k s k s k s k s k
lr i s j j lrs i r j ls i l j rs i lr j s i

χ χ χ χ χ χ χ χ χ χ

χ χ χ χ χ χ χ χ χ χ

∂ − ∂ − + − + +

+ − − − − =
       (3) 

There is no need for double-arrows in this framework as the kernels are taken 
with respect to the zero section of the vector bundles involved. We finally notice 
that the main difference with the gauge sequence is that all the indices range 
from 1 to n and that the condition ( ) 0det A ≠  amounts to ( ) 0k

idet f∆ = ∂ ≠  
because ( ) 0k

idet f ≠  by assumption.  
  

COROLLARY 3.11: There is a restricted first nonlinear Spencer sequence: 

( )
1

* 2 *
1 10

qj D D

q q qT R T J T
+ ′

+ −→ Γ→ → ⊗ →∧ ⊗  

DEFINITION 3.12: A splitting of the short exact sequence  
0

00 0
q

q qR R T
π

→ → → →  is a map :q qT Rχ′ →  such that 0
q

q Tidπ χ′ =  or  

equivalently a section of *
qT R⊗  over *

Tid T T∈ ⊗  and is called a qR -con- 
nection. Its curvature 2 * 0

q qT Rκ ′ ∈∧ ⊗  is defined by  
( ) ( ) ( ) [ ]( ), , ,q q q qκ ξ η χ ξ χ η χ ξ η′ ′ ′ ′ = −  . We notice that q qχ χ′ = −  is a connec-

tion with q qD χ κ′ ′ ′=  if and only if 0A = . In particular ( ),k k
i ijδ γ−  is the only 

existing symmetric connection for the Killing system.  
REMARK 3.13: Rewriting the previous local formulas with A instead of 0χ  

we get:  

, , 0k k r k r k
i j j i i r j j r iA A A Aχ χ∂ − ∂ − + =                (1*) 

, , , , , , , , 0k k r k r k r k r k
i l j j l i i lr j j lr i l i r j l j r iA Aχ χ χ χ χ χ χ χ∂ − ∂ − + − + =        (2*) 

( )
, , , ,

, , , , , , , , , , , , 0

k k s k s k
i lr j j lr i i lrs j j lrs i

s k s k s k s k s k s k
r i ls j l i rs j lr i s j r j ls i l j rs i lr j s i

A Aχ χ χ χ

χ χ χ χ χ χ χ χ χ χ χ χ

∂ − ∂ − +

− + + − − − =
    (3*) 

When 21, 0q g= =  and though surprising it may look like, we find back ex-
actly all the formulas presented by E. and F. Cosserat in ([10], p 123). Even more 
strikingly, in the case of a Riemann structure, the last two terms disappear but 
the quadratic terms are left while, in the case of screw and complex structures, 
the quadratic terms disappear but the last two terms are left. We finally notice 
that q qχ χ′ = −  is a qR -connection if and only if 0A = , a result contradicting 
the use of connections in physics. However, when 0A = , we have ( )0χ ξ ξ′ =  
and thus:  

( )( ) ( ) ( ) ( ) ( )( ) ( ) ( )( )( )
( ) ( ) [ ]( )
( ) ( ) [ ]( )( )

( )

1 1 1 1, ,

, ,

, ,

,

q q q q q q

q q q

q q q

q

D D i D i Dχ χ ξ η χ ξ χ η ξ χ η η χ ξ

χ ξ χ η χ ξ η

χ ξ χ η χ ξ η

κ ξ η

+ + + +′  = − + − 

 = − − 

′ ′ ′ = − − 
′= −

 

does not depend on the lift of qχ .  
COROLLARY 3.14: When ( ) 0det A ≠  there is a second nonlinear Spencer 

sequence stabilized at order q: 
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( ) ( ) ( )
1 2

1 20
qj D D

qaut X C T C T→ →Π → →  

where 1D  and 2D  are involutive and a restricted second nonlinear Spencer 
sequence: 

1 2

1 20
qj D D

q C C→Γ→ → →  

such that 1D  and 2D  are involutive whenever q  is involutive. 
Proof: With qµ =  we have ( ), 1r

k k r l
i l ig A f terms order qµ µχ += − + ≤ . Setting 

, ,
k r k

i i rAµ µχ τ= , we obtain ( ), 1r

k k l
r lg f terms order qµ µτ += − + ≤  and  

( )*
1: q qD T J T+Π → ⊗  restricts to ( )1 1: qD C TΠ → .  

Finally, setting 1
0A B id τ− = = − , we obtain successively: 

( ) ( ), , 1 , 1 , 0
r r

k k r k r k
i j j i q i j j iterms A Aµ µ µ µχ χ χ χ χ+ +∂ − ∂ + − − =  

( ) ( ) ( ), , 1 , 1 , 0
r s

i j k k k k
r s i j j i q s rB B termsµ µ µ µχ χ χ τ τ+ +∂ − ∂ + − − =  

We obtain therefore ( )1 0q qD termsτ τ+ + =  and  
( ) ( )* 2 *

1: q qD T J T T J T−′ ⊗ → ∧ ⊗  restricts to ( ) ( )2 1 2:D C T C T→ .  
In the case of Lie groups of transformations, the symbol of the involutive sys-

tem qR  must be 0qg =  providing an isomorphism 1 1q q q qR R+ +⇒    
and we have therefore *r

r qC T R= ∧ ⊗  for 1, ,r n=   like in the linear Spencer 
sequence.  

  
REMARK 3.15: In the case of the (local) action of a Lie group G on X, we may 

consider the graph of this action, that is the morphism  
( ) ( )( ): , , ,X G X X x a x y f x a× → × → = . If q is large enough, then there is an 

isomorphism ( ) ( )( ): , ,q q qX G x a j f x a× → ⊂ Π →  obtained by eliminating 
the parameters and *r

r qC T R= ∧ ⊗ . If { }τθ  with ( )1 dim Gτ≤ ≤  is a basis of 
infinitesimal generators of this action, there is a morphism of Lie algebroids over 
X, namely ( ) ( ) ( ):q qX R x x jτ τ

τλ λ θ× → →  when q is large enough and the  

linear Spencer sequence 
31 2* 2 *

DD D

q q qR T R T R→ ⊗ →∧ ⊗ →  is locally exact because  

it is locally isomoprphic to the tensor product by   of the Poincaré sequence 
0 * 1 * 2 *

d d d
T T T∧ →∧ →∧ →  where d is the exterior derivative ([7]).  
We may also consider similarly 1dy dax daa y−= =  and  

1 1dx dbb dx a dax− −= = − , depending on the choice of the independent variable 
among the source x or the target y.  

Surprisingly, in the case of Lie pseudogroups or Lie groupoids, the situation is 
quite different. We recall the way to introduce a groupoid structure on  

( ),1 1q qJΠ ⊂ Π  from the groupoid structure on qΠ  when ( )( ) 0k
idet f x∆ = ∂ ≠ , 

that is how to define ( ) ( ) ( ) ( )1 1 1 1q q q q qj h j g f j g j f= =  . We get successively 
with ( )y f x= :  

( ) ( )( ) ( )( ) ( ) ( )( ) ( )
r r k

r r k
i k ii k i

h g fh x g f x g f x h x g f x f x
x y x

∂ ∂ ∂
= = ⇒ = ⇒ =

∂ ∂ ∂
  
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( ) ( )( ) ( ) ( ) ( )( ) ( )

r r kl
k ri k i

i kj l j j

r r k l r k
ij kl i j k ij

h g fff g
x y x x

h x g f x f x f x g f x f x

∂ ∂ ∂∂
= +

∂ ∂ ∂ ∂

⇒ = +

 

r l kr k ru u
ij j ijk l r l k k rki i k

i j kl j i ij ks u s s s u s s

h f fg f gf ff f g f f f g
x y x x x y x x

 ∂ ∂ ∂∂ ∂ ∂∂ ∂
= + + + +  ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ 

 

( )r r k l u r k l k l r u k r k
ijs klu i j s kl is j i js ku s ij k ijsh g f f f g f f f f g f f g f⇒ = + + + +  

and so on with more and more involved formulas.  
Now, if we want to obtain objects over the source x according to the non- 

linear Spencer sequence, we have only two possibilities in actual practice, name-
ly:  

( ) ( )

( ) ( )

1 *
1 1 1

1 *
1 1 1

q q q q q

q q q q q

f j f id T J T

j f f id T J T

χ

χ

−
+ +

−

+ +

= − ∈ ⊗

↔ = − ∈ ⊗





 

As we have already considered the first, we have now only to study the second. 
In ( )1 qJ Π , we have:  

( ) ( )
( )

1 , , 1 , ,, , , and , , ,

over , , ,0,

k k k k k k
q q r i r ij r q q r i r ij rid A id A

x x

χ χ χ χ χ χ

δ
+ ++ = + = 



 

LEMMA 3.16: qχ  is a quasi-linear rational function of qχ , 0q∀ ≥ . With 
more details, when 0q = , we have 0 A idχ = −  and 0 A idχ = −  with  

1A A B−= =  and when 1q ≥ , we have q qAχ χ= − , that is to say q qχ τ= − . 
Proof: In the groupoid framework, we have:  

( ) ( ) ( )1 1 1 1q q q q q qid id id Jχ χ+ + ++ + = ∈ Π  

Doing the substitutions:  

, ,, ,
r rr

r r rk kl
k k l kl uk l u

g gg A
y y y

χ χ
∂ ∂∂

→ → →
∂ ∂ ∂

 

, ,, ,
kkk

ijk k ki
i i j ij si j s

fff A
x x x

χ χ
∂∂∂

→ → →
∂ ∂ ∂

 

while using the fact that , 0,k k k
i i ijf fδ= =   and , 0,r r r

k k klg gδ= =  , we obtain 
at once:  

, , , ,, 0, 0,r k r r l k r u r
k i i k l j i j ij u s ij sA A A Aδ χ χ χ χ= + = + =   

Proceeding by induction, we finally obtain:  

, , 0k r k
r s iAµ µχ χ+ =  

that is to say , , 0k k
i iµ µχ τ+ =  because ( )0 0det A∆ ≠ ⇒ ≠ , thus q qAχ χ= −  

or, equivalently, q qχ τ= − .  
  

REMARK 3.17: The passage from qχ  to qτ  is exactly the one done by E. 
and F. Cosserat in ([10], p 190), even though it is based on a subtle misunders-
tanding that we shall correct later on. 

REMARK 3.18: According to the previous results, the “field” must be a sec-
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tion of the natural bundle   of geometric objects if we use the nonlinear Janet 
sequence or a section of the first Spencer bundle 1C  if we use the nonlinear 
Spencer sequence. The aim of this paper is to prove that the second choice is by 
far more convenient for mathematical physics.  

4. Variational Calculus 

It remains to graft a variational procedure adapted to the previous results. Con-
trary to what happens in analytical mechanics or elasticity for example, the main 
idea is to vary sections but not points. Hence, we may introduce the variation 

( ) ( )( )k kf x f xδ η=  and set ( )( ) ( )( )k i k
if x f x xη ξ= ∂  along the “vertical 

machinery” but notations like i ixδ ξ=  or k kyδ η=  have no meaning at all.  
As a major result first discovered in specific cases by the brothers Cosserat in 

1909 and by Weyl in 1916, we shall prove and apply the following key result:  
THE PROCEDURE ONLY DEPENDS ON THE LINEAR SPENCER OPER- 

ATOR AND ITS FORMAL ADJOINT.  
In order to prove this result, if 1 1 1 1, ,q q q qf g h+ + + +∈Π  can be composed in 

such a way that 1 1 1 1 1q q q q qg g f f h+ + + + +′ = =  , we get: 

( ) ( )
( ) ( ) ( )

1 1 1
1 1 1 1 1 1 1 1 1 1

1 1 1
1 1 1 1 1 1 1 1 1

( )q q q q q q q q q q

q q q q q q q q q

Dg f g j g j f id f Dg j f Df

h f j f j h id h Df j h Dh

− − −
+ + + + + + +

− − −
+ + + + + +

′ = − = +

= − = +

    

    

 

Using the local exactness of the first nonlinear Spencer sequence or ([25], p 
219), we may state:  

LEMMA 4.1: For any section 1 1q qf + +∈ , the finite gauge transformation: 

( )* 1 *
1 1 1q q q q q q q qT R f j f Df T Rχ χ χ−
+ +′∈ ⊗ → = + ∈ ⊗   

exchanges the solutions of the field equations 0qD χ′ = . 
Introducing the formal Lie derivative on ( )qJ T  by the formulas: 

( ) { } ( ) ( )1 1 1 1 1, ,q q q q q q q qL i D i Dξ η ξ η ξ η ξ η η ξ+ + + + + = + = +   

( )( )( )( ) ( ) ( )( ) [ ]( )1 1 1 ,q q q q qL j Lξ χ ζ ξ χ ζ χ ξ ζ+ += −  

LEMMA 4.2: Passing to the limit over the source with 1 1 1q q qh id tξ+ + += + +  
for 0t → , we get an infinitesimal gauge transformation leading to the infinite-
simal variation:  

( )( )1 1 1q q q qD L jδχ ξ ξ χ+ += +                    (3) 

which does not depend on the parametrization of qχ . Setting  
( )1 1 1q q qξ ξ χ ξ+ + += + , we get: 

{ }1 1 1,q q q qDδχ ξ χ ξ+ + += −                    (3*) 

LEMMA 4.3: Passing to the limit over the target with 1q qDfχ +=  and 

1 1 1q q qg id tη+ + += + + , we get the other infinitesimal variation where 1qDη +  is 
over the target: 

( )1
1 1 1q q q qf D j fδχ η−
+ +=                       (4) 

which depends on the parametrization of qχ . 
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EXAMPLE 4.4: We obtain for 1q = :  

( ) ( )
( ) ( )

, , , ,

, ,

k k k r k k r r k
i i i r i r i i r

k k k r r k
i i r i i r

δχ ξ ξ ξ χ χ ξ χ ξ

ξ ξ χ ξ χ ξ

= ∂ − + ∂ + ∂ −

= ∂ − + −
 

( ) ( )
( ) ( )

, , , , , ,

, , , ,

k k k r k k r k r r k r k
j i i j ij r j i j r i r i j j i r i jr

k k k r k r r k r k
i j ij rj i r i j j i r i jr

δχ ξ ξ ξ χ χ ξ χ ξ χ ξ χ ξ

ξ ξ χ ξ χ ξ χ ξ χ ξ

= ∂ − + ∂ + ∂ + − −

= ∂ − + + − −
 

Introducing the inverse matrix 1B A−= , we obtain therefore equivalently:  
k r k k r r k i r i r i i r
i r i r i i r k r k k r r kA A A A B B B Bδ ξ ξ ξ δ ξ ξ ξ= ∂ + ∂ − ⇔ = ∂ − ∂ +  

both with:  

( ) ( ), , , , ,
k k r k r k k r k r r k
j i i j i jr r j i j r i r i j j i rAδχ ξ ξ ξ χ χ ξ χ ξ χ ξ= ∂ − + ∂ + ∂ + −  

For the Killing system ( )1 1R J T⊂  with 2 0g = , these variations are exactly 
the ones that can be found in ([10], (50) + (49), p 124 with a printing mistake 
corrected on p 128) when replacing a 3 × 3 skew-symmetric matrix by the cor-
responding vector. The last unavoidable Proposition is thus essential in order to 
bring back the nonlinear framework of finite elasticity to the linear framework of 
infinitesimal elasticity that only depends on the linear Spencer operator. 

For the conformal Killing system ( )1 1R̂ J T⊂  (see next section) we obtain:  

( ) ( ), , , ,
r r r r s s r s r
r i i r ri r s i s r i i rsδχ ξ ξ ξ χ χ ξ χ ξ= ∂ − + ∂ + ∂ −  

but ( ),
r i
r i x dxχ  is far from being a 1-form. However, ( ) * *

, ,
k k s
j i js i T T Tχ γ χ+ ∈ ⊗ ⊗  

and thus ( ) *
, ,

r r s
i r i rs i Tα χ γ χ= + ∈  is a pure 1-form if we replace ( ), ,,r r

r i iχ χ  by 
( ),0iα . Hence, ( )α ζ  is a scalar for any Tζ ∈  and we have  
( ) ( )( ) [ ]( ) ( )1 , r r i

r i r iL ξ α ζ α ξ ζ α ξ ξ α ζ− = ∂ + ∂ . As we shall see in section V.A, 
we have ( )( )2

k k
ijij

L ξ γ ξ=  for any section ( )2 2J Tξ ∈  and we obtain therefore 
successively:  

( ) ( )r r r r
i i r ri r i r iδα ξ ξ α ξ ξ α= ∂ − + ∂ + ∂  

( ) ( )r r r r r
ij i j j i ij j ri i rj rj i ir j r ijϕ α α δϕ ξ ξ ϕ ξ ϕ ξ ξ ϕ= ∂ − ∂ ⇒ = ∂ − ∂ + ∂ + ∂ + ∂  

These are exactly the variations obtained by Weyl ([3], (76), p. 289) who was 
assuming implicitly 0A =  when setting 0r r i

r r iξ ξ α ξ= ⇔ = −  by introducing 
a connection. Accordingly, r

riξ  is the variation of the EM potential itself, that is 
the iAδ  of engineers used in order to exhibit the Maxwell equations from a 
variational principle ([3], p. 26) but the introduction of the Spencer operator is 
new in this framework. 

The explicit general formulas of the two lemma cannot be found somewhere 
else (The reader may compare them to the ones obtained in [19] by means of the 
so-called “diagonal” method that cannot be applied to the study of explicit ex-
amples). The following unusual difficult proposition generalizes well known 
variational techniques used in continuum mechanics and will be crucially used 
for applications:  

PROPOSITION 4.5: The same variation is obtained whenever  
( )( )1q q q qfη ξ χ ξ+= +  with 1q qDfχ += , a transformation only depending on  
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( )1 qj f  and invertible if and only if ( ) 0det A ≠ . 
Proof: First of all, setting ( )q q qξ ξ χ ξ= + , we get ( )Aξ ξ=  for 0q = , a 

transformation which is invertible if and only if ( ) 0det A ≠ . In the nonlinear 
framework, we have to keep in mind that there is no need to vary the object ω  
which is given but only the need to vary the section 1qf +  as we already saw, us-
ing ( )q qR Yη ∈  over the target or q qRξ ∈  over the source. With ( )1q q qfη ξ+= , 
we obtain for example:  

k k k r
r

k k u k r k r
i u i r i ri
k k u v k u k r k r k r k r

ij uv i j u ij r ij ri j rj i rij

f f

f f f f

f f f f f f f f

δ η ξ

δ η ξ ξ

δ η η ξ ξ ξ ξ

= =

= = +

= + = + + +

 

and so on. Introducing the formal derivatives id  for 1, ,i n=  , we have:  

( ) 1,
r

k k k k u k r k r
q q u rf f d f f fµ µ µ µ µ µδ ζ η η η ξ ξ+= = = + = + +   

We shall denote by ( ) ( ) ( )# ,k
q q q qky V

yµ
µ

η ζ η ∂
= ∈

∂
  with k kζ η=  the cor-

responding vertical vector field, namely:  

( ) ( ) ( )( )

( ) ( )( )

# 0 k k u
q u ii k k

i

k u v k u
uv i j u ij k

ij

y y y
x y y

y y y y y
y

η η η

η η

∂ ∂ ∂
= + +

∂ ∂ ∂

∂
+ + +

∂


 

However, the standard prolongation of an infinitesimal change of source coor-
dinates described by the horizontal vector field ξ , obtained by replacing all the 
derivatives of ξ  by a section q qRξ ∈  over Tξ ∈ , is the vector field:  

( ) ( ) ( )( )

( ) ( ) ( )( )

0i k r
q r ii k k

i

k r k r k r
r ij rj i ri j k

ij

x y x
x y y

y x y x y x
y

ξ ξ ξ

ξ ξ ξ

∂ ∂ ∂
= + −

∂ ∂ ∂

∂
− + + +

∂




 

It can be proved that ( ) ( ) ( ), , , ,q q q q q q qRξ ξ ξ ξ ξ ξ ′ ′ ′ = ∀ ∈      over the source, 
with a similar property for ( )# .  over the target ([25]). However, ( )qξ  is not 
a vertical vector field and cannot therefore be compared to ( )# qη . The solu-
tion of this problem explains a strange comment made by Weyl in ([3], p 289 + 
(78), p 290) and which became a founding stone of classical gauge theory. In-
deed, r

rξ  is not a scalar because k
iξ  is not a 2-tensor. However, when 0A = , 

then qχ−  is a qR -connection and ,
r r r i

r r r iξ ξ χ ξ= +  is a true scalar that may be 
set equal to zero in order to obtain ,

r r i
r r iξ χ ξ= − , a fact explaining why the 

EM-potential is considered as a connection in quantum mechanics instead of 
using the second order jets r

riξ  of the conformal system, with a shift by one step 
in the physical interpretation of the Spencer sequence (See [4] for more histori-
cal details). 

The main idea is to consider the vertical vector field ( )( ) ( ) ( )q q qT f Vξ ξ− ∈   
whenever ( )q qy f x= . Passing to the limit 0t →  in the formula q q q qg f f h=  , 
we first get ( ) ( )( ) ( )( )g f f h f x t f x f x t xη ξ= ⇒ + + = + +    . Using the 
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chain rule for derivatives and substituting jets, we get successively:  

( ) , ,k r k k r k k r
r i r i r i

k r k k r k r k r
ij r ij rj i ri j r ij

f x f f f f

f f f f f

δ ξ δ ξ ξ

δ ξ ξ ξ ξ

= ∂ = ∂ +

= ∂ + + +
 

and so on, replacing 1r

r kfµξ +  by r k
r fµξ ∂  in ( )1q q qfη ξ+=  in order to obtain:  

( )1 1i r

k k r i k k k r k r
r i rf f f f f fµ µ µ µ µ µδ η ξ ξ ξ+ += + = ∂ − + + + 

 

where the right member only depends on ( )1 qj f  when qµ = .  
Finally, we may write the symbolic formula  

( ) ( ) ( )*
1 1 1 1q q q q q qf j f f Df T Vχ+ + += − = ∈ ⊗   in the explicit form: 

, 1 , 1r i

k r k r k k
r i i if f f fµ µ µ µχ χ+ ++ + = ∂ −  

Substituting in the previous formula provides ( )( )1q q q qfη ξ χ ξ+= +  and we 
just need to replace q by 1q +  in order to achieve the proof.  

Checking directly the proposition is not evident even when 0q =  as we 
have:  

( ) ( ), ,

k
k u k r r s r r s
u i r i i i s s iu f f

y
η η ξ ξ χ ξ χ ξ

 ∂  − ∂ = ∂ − − −   ∂ 
 

but cannot be done by hand when 1q ≥ .  
  

For an arbitrary vector bundle E and involutive system ( )q qR J E⊆ , we may 
define the r-prolongations ( ) ( ) ( ) ( )( )r q q r r q q r r qR R J R J E J J Eρ + += = ∩ ⊂  and 
their respective symbols ( )q r r qg gρ+ =  defined from *

q qg S T E⊆ ⊗  where 
*

qS T  is the vector bundle of q-symmetric covariant tensors. Using the Spencer 
δ-map, we now recall the definition of the Spencer bundles:  

( )
( ) ( ) ( )

* 1 *
1

* 1 * *
1

r r
r q q

r r
q q r

C T R T g

T J E T S T E C E

δ

δ

−
+

−
+

= ∧ ⊗ ∧ ⊗

⊆ ∧ ⊗ ∧ ⊗ ⊗ =
 

and of the Janet bundles:  

( ) ( )* * 1 * *
1

r r r
r q q qF T J E T R T S T Eδ −

+= ∧ ⊗ ∧ ⊗ + ∧ ⊗ ⊗  

When qD j= Φ  , we may obtain by induction on r the following fundamen-
tal diagram I relating the second linear Spencer sequence to the linear Janet se-
quence with epimorphisms 0 , , nΦ = Φ Φ :  

( ) ( ) ( ) ( )

31 2

31 2

31 2

0 1 2

0 1 2

0 1 2

0 1 2

0 0 0 0

0 0

0 0

0 0

0 0 0 0

q n

q n

n

j D DD D

n

j D DD D

n

n

n

C C C C

E C E C E C E C E

E F F F F

↓ ↓ ↓ ↓

→ Θ → → → → → →
↓ ↓ ↓ ↓

→ → → → → → →
↓Φ ↓ Φ ↓ Φ ↓ Φ

→ Θ → → → → → → →
↓ ↓ ↓ ↓









  

 

https://doi.org/10.4236/jmp.2022.134031


J.-F. Pommaret 
 

 

DOI: 10.4236/jmp.2022.134031 462 Journal of Modern Physics 
 

Chasing in the above diagram, the Spencer sequence is locally exact at 1C  if 
and only if the Janet sequence is locally exact at 0F  because the central se-
quence is locally exact (See [7] [13] [25] for more details). In the present situa-
tion, we shall always have E T= . The situation is much more complicate in the 
nonlinear framework and we provide details for a later use. 

Let ω  be a section of   satisfying the same CC as ω , namely ( )( )1 0I j ω = . 
As   is a quotient of qΠ , we may find a section q qf ∈Π  such that:  

( )
( ) ( ) ( ) ( )( ) ( )( ) ( )

1

1 1
1 1 1 1 1 1

q q

q q q

f f

j f j f j j f j

ω ω

ρ ω ω ω

−

− −

Φ ≡ =

⇒ Φ ≡ = =





 

Similarly, as   is a natural bundle of order q, then ( )1J   is a natural 
bundle of order 1q +  and we can find a section 1 1q qf + +∈Π  such that:  

( ) ( )( ) ( )1
1 1 1 1 1q qf f j jρ ω ω−

+ +Φ ≡ =  

and we are facing two possible but quite different situations:  
 Eliminating ω , we obtain:  

( ) ( )( ) ( )( )

( )( ) ( )( ) ( ) ( )

1 1
1 1 1 1

11
1 1 1 1 0

q q

q q q

j f j f j

f j f j j L

ω ω

ω ω σ ω

− −
+

−
−

+

=

⇒ − = =

 

and thus ( ) 11 *
1 1 1q q q q qDf T R f j fσ χ −−
+ += ∈ ⊗ = −    over the target if we set 

( )1
1 1 1 1q q q q qDf f j f idχ −
+ + += = −  over the source, even if 1qf +  may not be a sec-

tion of 1q+ . As qσ  is killed by D′ , we have related cocycles at   in the 
Janet sequence over the source with cocycles at *

qT R⊗  or 1C  over the target. 
 Eliminating ω , we obtain successively:  

( )( ) ( )( ) ( )

( )( ) ( )( ) ( )( ) ( )

( )( ) ( )

1
1 1 1 1

11 1
1 1 1 1 1 1

1
1 1

q q

q q q q

q q q

f j f j j

f j f f j f j j

f j f L

ω ω

ω ω

χ ω

−
+

−− −
+ +

−
+

−

 = − −  

= −



 



 

where we have over the source:  

( ) ( )( ) ( )( ) *
, , 0

k r
q i k i i rL L x x T Fτ τµ τ

µχ ω ω χ χ ω= Ω ≡ − + ∂ ∈ ⊗  

However, we know that 0F  is associated with qR  and is thus not affected by 

( )1
1 1q qf j f−
+   which projects onto 1

q q qf f id− = . Hence, only *T  is affected by 
( )1

1 1f j f A− =  in a covariant way and we obtain therefore over the source:  

( )( ) ( )( ) ( ) ( ) ( )1
1 1 1 1 0q q q qf j f j j BL Lω ω χ ω τ ω−
+ − = − = − =

 

where 1B A−= . It follows that ( )*
q qT Rχ ω∈ ⊗  with 0qD χ′ =  in the first 

non-linear Spencer sequence for ( ) ( )q qR J Tω ⊂ .  
We invite the reader to follow all the formulas involved in these technical re-

sults on the next examples. Of course, whenever q  is formally integrable and 

1 1q qf + +∈  is a lift of q qf ∈ , then we have ω ω=  and *
q qT Rξ ∈ ⊗  be-
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cause ( )q qR Rω = . 
EXAMPLE 4.6: In the case of Riemannian structures, we have *

2S T∈  be-
cause we deal with a non-degenerate metric ( ) *

2ij S Tω ω= ∈  with ( ) 0det ω ≠  
and may introduce ( )1

2
ij S Tω ω− = ∈ . We have by definition  

( )( ) ( ) ( ) ( )k l
kl i j ijf x f x f x xω ω=  that we shall simply write  
( ) ( )k l

kl i j ijf f f xω ω=  and obtain therefore:  

( ) ( ) ( ) ( ) 0l k k l k l ukl
kl j r i kl i r j i j r r ijuf f f f f f f f f f x

y
ω

ω ω ω
∂

∂ + ∂ + ∂ − ∂ =
∂

 

Our purpose is now to compute the expression:  

( ) ( ) ( ) ( ) 0l k k l k l ukl
kl j ir kl i jr i j r r ijuf f f f f f f f f f x

y
ω

ω ω ω
∂

+ + − ∂ ≠
∂

 

In order to eliminate the derivatives of ω  over te target we may multiply 
the first equation by B and substract from the second while using the fact that 

( ) ( ) i j
kl ij k lf x g gω ω=  with 0 0 0T TA id B id Bχ τ χ= − ⇒ = = −  in order to get:  

( ) ( )( ), , , 1 ,
s s s

sj i r is j r r s ij ij r
Lω τ ω τ τ ω τ ω− + + ∂ = −  

These results can be extended at once to any tensorial geometric object but the 
conformal case needs more work and we let the reader treat it as an exercise. He 
will discover that the standard elimination of a conformal factor is not the best 
way to use in order to understand the conformal structure which has to do with 
a tensor density and no longer with a tensor.  

In the non-linear case, the non-linear CC of the system q  defined by 

( ) ( )qy xωΦ =  only depend on the differential invariants and are exactly the 
ones satisfied by ω  in the sense that they have the same Vessiot structure con-
stants whenever q  is formally integrable, in particular involutive as shown in 
Example 2.7. Accordingly, we can always find 1qf +  over qf . In the linear case, 
the procedure is similar but slightly simpler. Indeed, if 0:T F→  is an invo-
lutive Lie operator, we may consider only the initial part of the fundamental di-
agram I:  

( ) ( ) ( )

1 2

1 2

1

0 1 2

0 1 2

0 1

0 1

0 0 0

0

0

0

0 0

q

q

j D D

j D D

C C C

T C T C T C T

T F F

↓ ↓ ↓

→ Θ → → →

↓ ↓ ↓

→ → → →

↓Φ ↓ Φ

→ Θ → → →

↓ ↓




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( )

1

1

1 1

*
1

1

0 0

0 0

0

0

0 0

q

q

q q

j D

q q

j D

q

g g

R T R

R C

δ
δ

+

−

+ +

+

↓ ↓

→ → →

↓ ↓

→ Θ → → ⊗
↓ ↓

→ Θ → →
↓ ↓



 

and study the linear inhomogeneous involutive system ξ = Ω  with 0FΩ∈  
and 1 0Ω = . If we pick up any lift ( ) ( )0q qC T J Tξ ∈ =  of Ω  and chase, we 
notice that ( )1 1 1 1qX D C C Tξ= ∈ ⊂  is such that 2 1 0D X = .  

EXAMPLE 4.7: In the Example 2.7, using the involutive system  
( ) ( )1

1 1 1 1R R R J T′ = ⊂ ⊂ , we have 2, 1m n q= = =  and the fundamental diagram 
I:  

1 1 2

1 1 2

1

0 1

0 0 0

0 3 5 2 0

0 2 6 6 2 0

0 2 3 1 0

0 0

j D D

j D D

↓ ↓ ↓

→ Θ → → → →
↓ ↓

→ → → → →
↓Φ ↓ Φ ↓

→ Θ → → → →
↓ ↓







 

with fiber dimensions:  

2

1 1

0 0

0 1 1 0

0 4 6

0 3 5

0 0

j D

j D

δ−

↓ ↓

→ → →
↓ ↓

→ Θ → →
↓ ↓

→ Θ → →
↓ ↓



 

It is important to point out the importance of formal integrability and involu-
tion in this case. For this, let us start with a 1-form ( )1 2,α α α= , denote its var-
iation by ( )1 2,A A A=  and consider only the linear inhomogeneous system 
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( ) Aξ ξ α= =   with no CC for A. If the ground differential field is  

( )1 2,K x x=   with commuting derivations ( )1 2,d d , let us choose  

( )2 1 2 ,0x dx xα = = , ( )2 1,A x x= . As a lift ( )1 1J Tξ ∈  of A, we let the reader 
check that we may choose in K:  

1
1 2 1 1 2 2

1 2 1 220, 0, 1, , 0, 0x
x

ξ ξ ξ ξ ξ ξ= = = = = =  

Using one prolongation, we have:  
2 1 2 2 1 1 2

1 1 11 1 2 1 12 1 2
2 1 2 1 1

1 2 12 2 2 22 2

0, 1,

1, 0

d A x d A x

d A x d A x

ξ ξ ξ ξ ξ

ξ ξ ξ

≡ + = ≡ + + =

≡ = ≡ + =
 

If 1 2d dx dxβ α= − = ∧ , we may denote its variation by B and get at once 
1 2

2 1 1 2 1 2 0B d A d A ξ ξ= − ≡ + = . Such a result is contradicting our initial choice 
1 0 1+ =  and we cannot therefore find a lift 2ξ  of ( )1j A . Hence, we have to 
introduce the new geometric object ( ),ω α β=  with ( ),A BΩ =  and CC 

0dα β+ =  leading to 1 2 2 1 0d A d A B− + =  while using the previous diagrams. 
We can therefore lift ( ),A BΩ =  to ( )1 1J Tξ ∈  by choosing in K:  

1
1 2 1 1 2 2

1 2 1 220, 0, 1, , 0, 1x
x

ξ ξ ξ ξ ξ ξ= = = = = = −  

However, we have now to add:  
1 2 1 2

1 11 12 2 12 220, 0d B d Bξ ξ ξ ξ≡ + = ≡ + =  

and lift ( )1j Ω  to ( )2 2J Tξ ∈  over ( )1 1J Tξ ∈  by choosing in K:  

( )
1

1 1 1 2 2 2
11 12 22 11 12 222 2 22

1 10, , , 0, 0,x
x xx

ξ ξ ξ ξ ξ ξ= = = − = = = −  

The image of the Spencer operator is ( )1 2 1 1 2X D jξ ξ ξ= = −  that is to say:  
1

1 1 2 2
,1 ,2 ,1 ,221, , 0, 1,xX X X X

x
= − = − = =  

1 1 1 1 2 2 2 2
1,1 2,1 1,2 2,2 1,1 2,1 1,2 2,22 2

1 10, 0, , 0, 0, 0, 0,X X X X X X X X
x x

= = = − = = = = =  

and we check that *
1 1X T R∈ ⊗ , namely:  

2 1 2 1 1 2
1, , 2, 1, 2,0, 0, 0, 1, 2i i i i ix X X X X X i+ = = + = ∀ =  

a result which is not evident at first sight and has no meaning in any classical 
approach because we use sections and not solutions.  

Now, if 1 1 1,q q qf f+ + +′ ∈Π  are such that ( )( ) ( )( ) ( )1 1
1 1 1 1 1q qf j f j jω ω ω− −
+ +′= = , it 

follows that ( ) ( )( ) ( )1
1 1 1 1 1 1q q q qf f j j gω ω−
+ + + +′ = ⇒ ∃ ∈   such that  

1 1 1q q qf g f+ + +′ =   and the new 1
1q qDfσ −
+′ ′=  differs from the initial 1

1q qDfσ −
+=  

by a gauge transformation. 
Conversely, let 1 1 1,q q qf f+ + +′ ∈Π  be such that 1 1

1 1q q q qDf Dfσ σ− −
+ +′ ′= = = . It fol-

lows that ( )1
1 1 0q qD f f−
+ +′ =  and one can find ( )g aut X∈  such that  
( )1 1 1q q qf f j g+ + +′ =   providing  

( ) ( )( ) ( ) ( ) ( )( ) ( ) ( )1 1 11 1
q q q q q qf f j g j g f j gω ω ω ω ω

− − −− −′ ′= = = = . 
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PROPOSITION 4.8: Natural transformations of   over the source in the 
nonlinear Janet sequence correspond to gauge transformations of *

qT R⊗  or 

1C  over the target in the nonlinear Spencer sequence. Similarly, the Lie deriva-
tive ( ) 0Fξ ξ ω= ∈   in the linear Janet sequence corresponds to the Spencer 
operator *

1q qD T Rξ + ∈ ⊗  or 1 1qD Cξ ∈  in the linear Spencer sequence. 
With a slight abuse of language 1 1f f f f f fδ η δ η δ ξ− −= ⇔ = ⇔ =    

when ( )( )T fη ξ=  and we get ( ) ( ) ( ) ( )1 1
q qj f j f fω ω δ ω ω δω− −= ⇒ + = +  

that is ( )( ) ( ) ( )
11

qj f f fδ ω ω δω δω ξ ω
−− + = + ⇒ =   and  

( )( ) ( ) ( ) ( )( ) ( )( )1 111 1
q q qj f f f f j f j f f fδ ω δ ω

− −−− −+ = +  
  

( ) ( )( )1
qj fδω η ω−⇒ =  . 

Passing to the infinitesimal point of view, we obtain the following generaliza-
tion of Remark 3.12 which is important for applications.  

COROLLARY 4.9:  
( ) ( )( ) ( ) ( ) ( )( )11

q q q qL f L j fδω ξ ω η ω δω ξ ω η ω−−Ω = = = ⇒ = =  . 
Recapitulating the results so far obtained concerning the links existing be-

tween the source and the target points of view, we may set in a symbolic way:  
( ) ( ) ( )1q q qf f

q q q qf
χ

δ η ξ ξ
+

↔ ↔ ↔  

In order to help the reader maturing the corresponding nontrivial formulas, 
we compute explicitly the case 1, 1,2n q= =  and let the case n arbitrary left to 
the reader as a difficult exercise that cannot be achieved by hand when 3q ≥ :  

EXAMPLE 4.10: Using the previous formulas, we have ( ) ( )( )f x f xδ η= , 
( ) ( )( ) ( )x y xf x f x f xδ η=  and:  

( ) ( )( ) ( ) ( )(
( )( ) ( ) ( ) ( ) ( ) ( ))

1 2 1 ,x

y x x x xx

f f x f x x

f x f x f x x f x x

η ξ η ξ

η ξ ξ

= ⇒ =

= +
 

The delicate point is that we have successively:  

, ,
11 1,x x

x x x x x xx
x x x

f f
A f f

f f f
χ χ

 ∂ ∂
= − = − = ∂ − 

 
 

( ), ,,

,

x
x x x x x

x

x x
x y x

x

f
A

f
f

f
f

ξ ξ χ ξ ξ ξ ξ ξ χ ξ

η ξ η ξ ξ

∂
= + = = = +

∂
⇒ = ∂ = +

 

( )2
xx x xx xx

x yy xx x x x
x x x

f f f
f f

f f f
η ξ ξ ξ

 ∂ = + + − ∂
 
 

 

When ( ) ( ) ( )( ) ( ),z g y y f x z g f x h x= = ⇒ = = , we obtain therefore the 
simple groupoid composition formulas ( ) ( )( ) ( )x y xh x g f x f x=  and thus:  

,x y y x

y y y y x x x x
z y x x x

y y x x

h g g f

g g f h
f

g g f h

ζ ξ η ξ

ζ η η ξ ξ ξ ξ

= ∂ = ∂ = ∂ ∂

 ∂ ∂ ∂ ∂
= + = + ∂ + = +  

 
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Using indices in arbitrary dimension, we get successively:  

( )( )
,

,

k k r k u k r k r k
r u i r i ri

k r k k u k s s u t u r k t r
r u i s i u r i r ti ti r

f f f f

f f f g f A f f A

η ξ η ξ ξ η

η ξ η ξ ξ ξ

= = +

⇒ = ∂ = + ∂ − +
 

k i k s r i k k r r i u
u u s i u r i k r u r ig f g f g fη ξ ξ η ξ ξ= + ∂ ⇒ = + ∂  

As a very useful application, we obtain successively: 

( ) ( )( ) ( )=
k

k r r r
i r r rkx det f x

y
ηδ ξ ξ ξ∂

∆ = ∂ ⇒ ∆ ∆ = ∆∂ + ∂ ∆ = ∂ ∆
∂

 

( ) ( ) ( )( ) ( )
k

k r r r
k r r rkdet A det A det A det A

y
ηδ η ξ ξ ξ

 ∂
= − = ∂ − + ∂ ∂ 

 

where sections of jet bundles are used in an essential way, and the important 
lemma:  

LEMMA 4.11: When the transformation ( )y f x=  is invertible with inverse 
( )x g y= , we have the fundamental identity over the source or over the target:  

( ) ( )( )

( )( ) ( )( )

0,

1 0,

i

i k

k

k i

gx f x x X
x y

f g y y Y
y xg y

 ∂ ∂
∆ ≡ ∀ ∈ ∂ ∂ 
 ∂ ∂

⇔ ≡ ∀ ∈  ∂ ∂∆ 

 

EXAMPLE 4.12: We proceed the same way for studying the links existing 
between 1q qDfχ +=  over the source, 1 1

1q q qDfχ σ− −
+= =  over the target and the 

nonlinear Spencer operator. First of all, we notice that:  

( ) ( )( ) ( )
( )

11 1
1 1 1 1 1 1 1 1

1
1 1

q q q q q q q q q

q q q

f j f id f id f j f j f

f j f

σ

χ

−− −
+ + + + +

−

+

= − = −

= −

  

 

 

and the components of qσ  thus factor through linear combinations of the 
components of qχ . After tedious computations, we get successively when  

1m n= = :  

( ),
11 1x

x x x
x x

f
A f f

f f
χ

∂
= − = − = ∂ −  

( )
( )

( ), 2

1 1x xx
x x x x xx x x xx x x

x x x x

f f
f f f f f f

f f f f
χ

 ∂
= ∂ − = ∂ − − ∂ − 

 
 

( )

( )
( )

( ) ( )
( ) ( )

( )

, 2

2

2 3 2

1 2

1 2 2

x xx x
xx x x xx xxx x x xx

x x xx

xxxx xxx
x xx xxx x x xx x x

x x x x

f f f
f f f f

f f ff

ff f
f f f f f f

f f f f

χ
   ∂ ∂

= ∂ − − ∂ −   
   

 
 = ∂ − − ∂ − + − ∂ −
 
 

 

These formulas agree with the successive constructive/inductive identities:  

,

, ,

, , ,2

x x x x

x x x x xx x x xx

xx x x x x xx x xxx x xx xxx

f f f
f f f f
f f f f f

χ

χ χ

χ χ χ

 = ∂ −


+ = ∂ −
 + + = ∂ −
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showing that qχ  is linearly depending on 1qDf +  and we finally get:  

( )

( )

( )
( )

( )
( )

( ) ( )
( )
( )

, ,

, , ,

, 2 3

2

, , ,2 2 3

1 11

1 1 1

1 1

1 1

x
y x x x x

x x x

xx
y y x x xx x x x

x x x x

xx
yy y x xx xxx x x xx

xx x

xxxx xxx
xx x x x x

x xx x x

f
f f f

f f f

f
f f

f f f f

f
f f f f

ff f

ff f
f ff f f

σ χ

σ χ χ

σ

χ χ χ

 = − ∂ − = − = − ∂ ∂ ∂
  

= − ∂ − = − +  ∂ ∂  

  

  = − ∂ − − ∂ −
  ∂  
  
  = − + + −

   ∂  





 

while using successively the relations 1y xg f = , 1y xg f∂ ∂ = ,  
( )2 0yy x y xxg f g f+ =  and so on when ( )x g y=  is the inverse of ( )y f x= , in 

a coherent way with the action of 3f  on ( )2J T  which is described as follows:  

( ) ( )
( )
( )

2

2 2 3

1

x

xx
y x

x

xxxx xxx
yy xx x

x x x x

f
f
f

ff f
f f f f

η ξ

η ξ ξ

η ξ ξ ξ

=

 = +

  
  = + + −

   

 

Restricting these formulas to the affine case defined by 0 0xx xxy ξ= ⇒ = , we 
have thus 0, 0 0, 0xx xxx xx xxxy y f f= = ⇒ = = . It follows that  

1, , 0x y x yy xx
x

f
f

η ξ η ξ η ξ= = = =  on one side and , ,0 0xx x yy yχ σ= ⇔ =  in a  

coherent way. It is finally important to notice that these results are not evident, 
even when 1m n= = , as soon as second order jets are involved.  

We shall use all the preceding formulas in the next example showing that, 
contrary to what happens in elasticity theory where the source is usually iden-
tified with the Lagrange variables, in both the Vessiot/Janet and the Cartan/ 
Spencer approaches, the source must be identified with the Euler variables without 
any possible doubt.  

EXAMPLE 4.13: With *1, 1,n q T= = =  and the finite OD Lie equation 
( ) ( )xy y xω ω=  with *Tω∈  and corresponding Lie operator  

( ) ( ) ( )x xx xξ ξ ω ω ξ ξ ω≡ = ∂ + ∂   over the source, we have:  

( )( ) ( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )2,x xx y x xf x f x x f x f x f x f x xω ω ω ω ω= + ∂ = ∂  

Differentiating once the first equation and substracting the second, we obtain 
therefore:  

( )( )( ) ( )( ), , 1 1 1 0y y y y x x x xx x x x yf f f f f fωσ σ ω ω ω+ ∂ ≡ − ∂ − ∂ + ∂ − ∂ =  

whenever ( )y f x= . Finally, setting ( )( ) ( ) ( )xf x f x xω ω∂ = , we get over the 
target:  

( )( ) ( ) ( ) ( )( ) ( )x x xf x f x f x f x f
y y
η ωδω ω η η ω∂ ∂

= ∂ + ∂ = ∂
∂ ∂

  
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Differentiating x fη ξ= ∂  in order to obtain ( )x xx xf f
y
η ξ ξ∂
= ∂ + ∂ ∂

∂
, we 

get over the source:  

( )x xδω ω ξ ξ ω ξ ω= ∂ + ∂ =   

We may summarize these results as follows:  

( )
( )( )

( )
1j f

x fδω ξ ω δω η ω= → = ∂   

We invite the reader to extend this result to an arbitrary dimension 2n ≥ .  
EXAMPLE 4.14: The case of an affine stucture needs more work with  

1, 2n m q= = = . Indeed, let us consider the action of the affine Lie group of 
transformations y ay b= +  with ,a b cst=  acting on the target y Y∈  consi-
dered as a copy of the real line X. We obtain the prolongations up to order 2 of 
the 2 infinitesimal generators of the action:  

, 0 0x xx
x xx x xx

a y y y b
y y y y y y
∂ ∂ ∂ ∂ ∂ ∂

→ + + → + +
∂ ∂ ∂ ∂ ∂ ∂

 

There cannot be any differential invariant of order 1 and the only generating 
one of order 2 can be xx xy yΦ ≡ . When ( )x xϕ=  we get successively  

x x xy y ϕ= ∂ , ( )2
xx xx x x xxy y yϕ ϕ= ∂ + ∂  and Φ  transforms like  

xx
x

x

u u
ϕ

ϕ
ϕ

∂
= ∂ +

∂
 a result providing the bundle of geometric objects   with  

local coordinates ( ),x u  and corresponding transition rules. For any section γ , 
we get the Vessiot general system 2 2⊂ Π  of second order finite Lie equations  

( ) ( )xx
x

x

y
y y x

y
γ γ+ =  which is already in Lie form and relates the jet coordi-

nates ( ), , ,x xxx y y y  of order 2. The special section is 0γ =  and we may con-

sider the automorphic system ( )xx

x

y
x

y
γΦ ≡ =  obtained by introducing any  

second order section ( ) ( ) ( ) ( )( )2 , ,x xxf x f x f x f x= , for example ( )2 2f j f=  
providing ( ) ( ) ( )( ), ,x xxf x f x f x∂ ∂ . It is not at all evident, even on such an 
elementary example, to compute the variation δγΓ =  induced by the previous 
formulas and to prove that, like any field quantity, it only depends on γ  on the  

condition to use only source quantities. For this, setting ( )
( ) ( )xx

x

f x
x

f x
γ= , varying 

and substituting, we obtain:  

( )2
xx xx

x x yy xx x x
x x

f f
f f

f f
δ

δγ δ η ξ γξ ξ γΓ = = − = = + + ∂  

Now, linearizing the preceding Lie equation over the identity transformation 
y x= , we get the Medolaghi equation:  

( ) ( ) ( ) ( )2 2 2 20,xx x xL x x R J Tξ γ ξ γ ξ ξ γ ξ≡ + + ∂ = ∀ ∈ ⊂  

and the striking formula ( )2Lδγ ξ γΓ = =  over the source for an arbitrary 
( )2 2J Tξ ∈ . We finally point out the fact that, as we have just shown above and 
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contrary to what the brothers Cosserat had in mind, the first order operators 
involved in the nonlinear Spencer sequence have strictly nothing to do with the  
operators involved in the nonlinear Janet sequence whenever 2q ≥ . For exam-

ple, in the present situation, , 1x
x

x

f
f

χ
∂

= −  has nothing to do with xx

x

f
f

Φ ≡ .  

Similarly, using the comment before example 4.7 in the linear framework, we 
have the first order Spencer operator ( ) ( )1 : , ,x x x x xD ξ ξ ξ ξ ξ→ ∂ − ∂  on one side 
and the second order Lie operator : xxξ ξ→ ∂  on the other side.  

The next delicate example proves nevertheless that target quantities may also 
be used.  

EXAMPLE 4.15: In the last example, depending on the way we use ( )xγ  on 
the source or ( )yγ  on the target, we may consider the two (very different) 
Medolaghi equations:  

( ) ( ) ( ) ( )0 0xx x x yy y yx x y yξ γ ξ ξ γ η γ η η γ+ + ∂ = ↔ + + ∂ =  

Now, starting from the single OD equation ( )xx

x

f
x

f
γ=  in sectional nota-

tions, we may successively differentiate and prolongate once in order to get:  

( )
( ) ( )

2

2
x xx xx xxx xx

x x x x
x x xx

f f f f
f x x

f f ff
γ γ

 ∂
− ∂ = ∂ ↔ − = ∂ 

 
 

Substracting the second from the first as a way to eliminate γ , we obtain a 
linear relation involving only the components of the nonlinear Spencer operator 
in a coherent way with the theory of nonlinear systems, namely:  

( )
( )

( )2

1 0xx
x xx xxx x x xx

x x

f
f f f f

f f
∂ − − ∂ − =  

At first sight it does not seem possible to know whether we have a linear com-
bination of the components of 2χ  or of the components of 2σ . However, if we 
come back to the original situation ( )1

qf ω ω− = , we have eliminated ( )1j γ  
over the source and we are thus only left with ( )1j γ  over the target. Hence it 
can only depend on 2σ  and we find indeed the striking relation:  

( )
( )

( ) ,2

1 1 1 0xx
x xx xxx x x xx yy y

x x xx

f
f f f f

f f ff
σ

 
 − ∂ − − ∂ − = =

∂  
 

provided by the simple second order Medolaghi equation 0 0yyγ η= ⇒ =  over 
the target. It is essential to notice that no classical technique can provide these 
results which are essentially depending on the nonlinear Spencer operator and 
are thus not known today.  

EXAMPLE 4.16: The above methods can be applied to any explicit example. 
The reader may treat as an exercise the case of the pseudogroup of isometries of 
a non degenerate metric which can be found in any textbook of continuum me-
chanics or elasticity theory, though in a very different framework with methods 
only valid for tensors. With the previous notations, let *

2S Tω∈  with ( ) 0det ω ≠  
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and consider the following nonlinear system  
( )( ) ( ) ( ) ( )k l

kl i j ijf x f x f x xω ω∂ ∂ =  with 1 , , ,i j k l n≤ ≤ . One obtains there-
fore: 

u u
r u r k l u kl

ij rj i ir i r ij i j ul kuk l uf f
y y y

ωη ηδω ω ξ ω ξ ξ ω ω ω η
 ∂∂ ∂

= ∂ + ∂ + ∂ = ∂ ∂ + + ∂ ∂ ∂ 
 

and thus the same recapitulating formulas linking the source and target varia-
tions:  

( )
( )( )

( )( )
1j f

k l
i j kl
f fδω ξ ω δω η ω= → = ∂ ∂   

It is also difficult to compute or compare the variational formulas over the 
source and target in the nonlinear Spencer sequence, even when 1m n= =  and 

0,1q =  ([29]).  
EXAMPLE 4.17: Let us prove that the explicit computation of the gauge 

transformation is at the limit of what can be done with the hand, even when 
1, 1m n q= = = . We have successively:  

, ,
11,x x

x x x x x xx
x x x

f f
f f

f f f
χ χ

 ∂ ∂
= − = ∂ − 

 
 

( ) ( )( ) ( )2,x y x xx yy x y xxf x g f x f g f f g f g f′ ′ ′= ⇒ = = +  

and thus:  

( ), , ,1 1 1 1 1y xx x x x
x y y

x y x x x x

g ff f f f
f g f f f f

χ χ χ
∂ ∂′  ∂ ∂ ∂ ∂′ = − = − = + − = + − ′  

 

( )( ) ( )( )

( ) ( )

( )

,

2

2 2

, ,2

1

1

1

1

x
x x x x xx

x x

y x
y y x x y x x yy x y xx

y x y x

y x yy y x xxx x
y y x

y x y xy

x xx x
x y y y x x xx

x xx

f
f f

f f
g f

g f f g f g f g f
g f g f

g fg g fff
g f

g f g fg

ff f
f f f

f ff

χ

χ χ

′ ∂′ ′ ′= ∂ − ′ ′ 
∂ ∂

= ∂ ∂ + ∂ − +

∂ ∂ ∂ ∂∂
= ∂ ∂ + − −

   ∂ ∂ = ∂ − + ∂ −     

 

Setting 2 2 2f id tξ= + +  and passing to the limit when 0t → , we finally 
obtain:  

( ) ( )
( ) ( )

, , , ,

, , , ,

x x x x x x x x x

x x x x xx x x x x x x x xx

δχ ξ ξ ξ χ χ ξ χ ξ

δχ ξ ξ ξ χ χ ξ χ ξ

= ∂ − + ∂ + ∂ −

= ∂ − + ∂ + ∂ −
 

If we use the standard euclidean metric 1 0ω γ= ⇒ = , we may thus intro-
duce the pure 1-form , ,x x xα χ γχ= + . We should consider the defining formula 

( )1
1 2 1 1 1 2f j f Dfχ χ−′ = +   and have to introduce the additional term ( )1

2 ,xf γ χ−  
which is only leading to the additional infinitesimal term ( )( )2 , ,x xx xL ξ γ χ ξ χ=  
because 0γ = . We finally obtain:  
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( ) ( ), , ,x x xx x x x x xx x xδα δχ ξ χ γδχ ξ ξ ξ α α ξ= + + = ∂ − + ∂ + ∂  

and this result can be easily extended to an arbitrary dimension with the formu-
la:  

( ) ( ) ( ), ,
r s r r r r r

i r i sr i i r ri r i r iiα χ γ χ δα ξ ξ ξ α α ξ= + ⇒ = ∂ − + ∂ + ∂  

Comparing this procedure with the one we have adopted in the previous ex-
ampes, we have:  

( ), , 2

11 1x x x
x x x y x

x x xx

f f f
A f f

f f f yf
δ ηχ δχ δ η

∂ ∂ ∂  ∂
= − = − ⇒ = − = − ∂ ∂ 

 

However, taking into account the formulas x fη ξ= ∂  and x x
y x

x

f
f

η ξ ξ
∂

= + , 

we also get:  

( )
( )

( )

( )
( ) ( )

, 2

,

, , ,

1 x
x x x xx x x x x

x x

x x x x

x x x x x x x x

f
f f f f

f f

A

δχ ξ ξ ξ ξ

ξ ξ ξ χ

ξ ξ ξ χ χ ξ χ ξ

∂
= ∂ ∂ + ∂ − + ∂

= ∂ − + ∂

= ∂ − + ∂ + ∂ −

 

Working over the target is more difficult. Indeed, we have successively ( care 
to the first step):  

( ) ( )
,

, , 2 21 yx x x x
y y x y

x x x x

f f f f
f

f y f yf f

σ δ ησ δσ η δ η
∂  ∂

= − ⇒ + = − ∂ = − − ∂ ∂ ∂ ∂∂ ∂  
 

,
,

,
, ,

yx
y y

x

y
y y y y

f
f y y

y y y

σηδσ η η

ση ηη η σ σ η

∂  ∂
= − − +  ∂ ∂ ∂  

 ∂   ∂ ∂
= − − + + −   ∂ ∂ ∂     

 

More generaly, we let the reader prove that the variation of qσ  over the tar-
get (respectively the source) is described by “minus” the same formula as the 
variation of qχ  over the source (respectively the target). In any case, the reader 
must not forget that the word “variation” just means that the section 1qf +  is 
changed, not that the source is moved. Accordingly, getting in mind this exam-
ple and for simplicity, we shall always prefer to work with vertical bundles over 
the source, closely following the purely mathematical definitions, contrary to 
Weyl ([3], §28, formulas (17) to (27), p 233-236). The reader must be now ready 
for comparing the variations of ,x xχ  and ,y yσ .  

In order to conclude this section, we provide without any proof two results 
and refer the reader to ([7]) for details.  

PROPOSITION 4.18: Changing slightly the notation while setting 1q qDσ χ− ′= , 
we have:  

( ) ( )1 1
1 1 1 1 1 1q q q q q q qf j f Df f j fχ χ σ σ− −
+ + − −′ ′= + ⇒ =     

where 1
qf
−  acts on ( )1qJ T−  and ( )1j f  acts on 2 *T∧ . It follows that gauge 

transformations exchange the solutions of D′  among themselves. 
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COROLLARY 4.19: Denoting by ( )  the cyclic sum, we have the so-called 
Bianchi identity:  

( ) ( ) ( ) ( ){ }1 1 1, , , , , , 0q q qDσ ξ η ζ ξ η ζ σ ξ η χ ζ− − −+ =  

5. Applications 

Before studying in a specific way electromagnetism and gravitation, we shall 
come back to Example 4.10 and provide a technical result which, though looking 
like evident at first sight, is at the origin of a deep misunderstanding done by the 
brothers Cosserat and Weyl on the variational procedure used in the study of 
physical problems (Compare to [14]).  

Setting 1 ndx dx dx= ∧ ∧  for simplicity while using Lemma 4.11 and the 
fact that the standard Lie derivative is commuting with any diffeomorphism, we 
obtain at once:  

( ) ( )( ) ( )k
iy f x dy det f x dx x dx= ⇒ = ∂ = ∆  

( ) ( ) ( ) ( )( )
( ) ( ) r

y x r

T f dy x dx

div div

η ξ η ξ

δ η ξ ξ

= ⇒ = ∆

⇒ ∆ = ∆ = ∆ + ∂ ∆

 
 

The interest of such a presentation is to provide the right correspondence be-
tween the source/target and the Euler/Lagrange choices. Indeed, if we use the 
way followed by most authors up to now in continuum mechanics, we should 
have source = Lagrange, target = Euler, a result leading to the conservation of 
mass 0dm dy dx dxρ ρ= = =  when 0ρ  is the original initial mass per unit vo-
lume. We may set 0 1ρ =  and obtain therefore ( )( ) ( )1f x xρ = ∆ , a choice 
leading to:  

( )
2

1
kk r

k k
k k k r ky y y x y

ρηρ η ρ ξδρ η δ δρ ρ η ρ δρ
∂∂ ∂ ∂ ∂

+ = − ∆ ⇒ = − − = − ⇒ = −
∂ ∆ ∂ ∂ ∂ ∂

 

but the concept of “variation” is not mathematically well defined, though this 
result is coherent with the classical formulas that can be found for example in 
([4] [9]) or ([3], (17) and (18) p 233, (20) to (21) p 234, (76) p 289, (78) p 290) 
where “points are moved”. 

On the contrary, if we adopt the unusual choice source = Euler, target = La-
grange, we should get ( ) ( )x xρ = ∆ , a choice leading to δρ δ= ∆  and thus:  

( )
k r

r r
r rk ry x

η ξδρ ρ ρ ξ ρ ρξ∂ ∂
= = + ∂ = ∂

∂ ∂
 

which is the right choice agreeing, up to the sign, with classical formulas but 
with the important improvement that this result becomes a purely mathematical 
one, obtained from a well defined variational procedure involving only the 
so-called “vertical” machinery. This result fully explains why we had doubts 
about the sign involved in the variational formulas of ([4], p. 383) but without 
being able to correct them at that time. We may finally revisit Lemma 4.11 in 
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order to obtain the fundamental identity over the source: 

( ) ( )( ) 0,
i

i k

gx f x x X
x y
 ∂ ∂
∆ ≡ ∀ ∈ ∂ ∂ 

 

which becomes the conservation of mass when 4n =  and 4k = .  
In addition, as many chases will be used through many diagrams in the sequel, 

we invite the reader not familiar with these technical tools to consult the books 
([30] [31]) that we consider as the best references for learning about homological 
algebra. A more elementary approach can be found in ([32]) that has been used 
during many intensive courses on the applications of homological algebra to 
control theory. As for differential homological algebra, one of the most difficult 
tools existing in mathematics today, and its link with applications, we refer the 
reader to the various references provided in ([33]). 

Finally, for the reader interested by a survey on more explicit applications, we 
particularly refer to ([2] [34] [35] [36]) for analytical mechanics and hydrody-
namics, ([5] [37] [38]) for coupling phenomenas, ([36] [39] [40]) for the foun-
dations of Gauge Theory, ([36] [41]) for the foundations of General Relativity.  

A) POINCARE, WEYL AND CONFORMAL GROUPS  
When constructing inductively the Janet and Spencer sequences for an invo-

lutive system ( )q qR J E⊂ , we have to use the following commutative and exact 
diagrams where we have set ( )0 q qF J E R=  and used a diagonal chase:  

( )

( ) ( ) ( )

( )

1 * *
1

1 * * *
1

* 1 * * *
1 0

0 0 0

0 0

0 0

0 0

0 0 0

r r
q q r

r r
q q r

r r r
q q r

T g T R C

T S T T T J E C E

T R T S T E T F F

δ

δ

δ

−
+

−
+

−
+

↓ ↓ ↓

→ ∧ ⊗ → ∧ ⊗ → →

↓ ↓ ↓

→ ∧ ⊗ ⊗ → ∧ ⊗ → →

↓ ↓ ↓

→ ∧ ⊗ + ∧ ⊗ ⊗ → ∧ ⊗ → →

↓ ↓ ↓



 

It follows that the short exact sequences ( )0 0
r

r r rC C E F
Φ

→ → → →  are al-
lowing to define the Janet and Spencer bundles inductively. If we consider two 
involutive systems ( )ˆ0 q q qR R J E⊂ ⊂ ⊂ , it follows that the kernels of the in-
duced canonical epimorphisms ˆ 0r rF F→ →  are isomorphic to the cokernels 
of the canonical monomorphisms ( )ˆ0 r r rC C C E→ → ⊂  and we may say that 
Janet and Spencer play at see-saw because we have the formula  

( ) ( ) ( )( )r r rdim C dim F dim C E+ = . 
When dealing with applications, we have set E T=  and considered systems 

of finite type Lie equations determined by Lie groups of transformations. Accor-
dingly, we have obtained in particular ( )* *

2 2
ˆˆr r

r r rC T R T R C C T= ∧ ⊗ ⊂ ∧ ⊗ = ⊂  
when comparing the classical and conformal Killing systems, but these bundles 
have never been used in physics. However, instead of the classical Killing sys-
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tem ( )1 1R J T⊂  defined by the infinitesimal first order PD Lie equations 
( ) 0ξ ωΩ ≡ =  and its first prolongations ( )2 2R J T⊂  defined by the infini-

tesimal additional second order PD Lie equations ( ) 0ξ γΓ ≡ =  or the con-
formal Killing system ( )2 2R̂ J T⊂  defined by ( ) ( )2A xξ ω ωΩ ≡ =  and 

( ) ( ) ( ) ( )( ) *
2

k k ks
i j j i ij sA x A x A x S T Tξ γ δ δ ω ωΓ ≡ = + − ∈ ⊗  but we may also 

consider the formal Lie derivatives for geometric objects:  

( )( )1 0r r r
ij rj i ir j r ijij

L ξ ω ω ξ ω ξ ξ ωΩ ≡ ≡ + + ∂ =  

( )( )2 0
kk k k r k r r r r k

ij ij rj j ir j ij k r ijij
L ξ γ ξ γ ξ γ ξ γ ξ ξ γΓ ≡ ≡ + + − + ∂ =  

We may now introduce the intermediate differential system ( )2 2R J T⊂  de-
fined by ( ) ( )2A xξ ω ω=  and ( ) 0ξ γΓ ≡ = , for the Weyl group obtained 
by adding the only dilatation with infinitesimal generator i

ix ∂  to the Poincaré 
group. We have the relations 1 1 1

ˆR R R⊂ =  and the strict inclusions 2 2 2
ˆR R R⊂ ⊂  

when ( )2 1 1R Rρ= , ( )2 1 1R Rρ=  , ( )2 1 1
ˆ ˆR Rρ=  but we have to notice that we 

must have 0i iA A∂ − =  for the conformal system and thus 0iA A cst= ⇒ =  
if we do want to deal again with an involutive second order system ( )2 2R J T⊂ . 
However, we must not forget that the comparison between the Spencer and the 
Janet sequences can only be done for involutive operators, that is we can indeed 
use the involutive systems 2 2R R⊂   but we have to use 3R̂  even if it is iso-
morphic to 2R̂ . Finally, as *

2ĝ T  and 3ˆ 0, 3g n= ∀ ≥ , the first Spencer oper-
ator 

1 *
2 2

ˆ ˆ
D

R T R→ ⊗  is induced by the usual Spencer operator  

( ) ( )*
3 2

ˆ ˆ : 0,0, , 0 0, 0 , 0
D

r r r r
rj rij i ri i rjR T R ξ ξ ξ ξ→ ⊗ = → ∂ − ∂ −  and thus projects by co-

kernel onto the induced operator * * *T T T→ ⊗ . Composing with δ , it projects 
therefore onto * 2 * :

d
T T A dA F→∧ → =  as in EM and so on by using the fact 

that 1D  and d are both involutive or the composite epimorphisms  

( )* * * * 1 *
2 2 2

ˆ ˆ ˆ ˆr r r r
r r rC C C T R R T g T T T

δ
+→ ∧ ⊗ ∧ ⊗ ∧ ⊗ →∧ 

   . The main  

result we have obtained is thus to be able to increase the order and dimension of 
the underlying jet bundles and groups as we have ([29]):  

POINCARE GROUP WEYL GROUP CONFORMAL GROUP⊂ ⊂  

that is 10 11 15< <  when 4n =  and our aim is now to prove that the mathe-
matical structures of electromagnetism and gravitation only depend on the 
second order jets.  

With more details, the Killing system ( )2 2R J T⊂  is defined by the infinite-
simal Lie equations in Medolaghi form with the well known Levi-Civita iso-
morphism ( ) ( )1, jω γ ω

 for geometric objects:  

0

0

r r r
ij rj i ir j r ij

k k r k r r k r k
ij rj i ir j ij r r ij

ω ξ ω ξ ξ ω

γ ξ γ ξ γ ξ ξ γ

Ω ≡ + + ∂ =

Γ ≡ + − + ∂ =

 

We notice that ( ) ( )2 2 , ,R R a a cstω ω ω ω γ γ= ⇔ = = =  and refer the reader 
to ([27]) for more details about the link between this result and the deformation 
theory of algebraic structures. We also notice that 1R  is formally integrable and 
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thus 2R  is involutive if and only if ω  has constant Riemannian curvature 
along the results of L. P. Eisenhart ([26]). The only structure constant c appear-
ing in the corresponding Vessiot structure equations is such that c c a=  and 
the normalizer of 1R  is 1R  if and only if 0c ≠ . Otherwise 1R  is of codimen-
sion 1 in its normalizer 1R  as we shall see below by adding the only dilatation. 
In all what follows, ω  is assumed to be flat with 0c =  and vanishing Weyl 
tensor.  

The Weyl system ( )2 2R J T⊂  is defined by the infinitesimal Lie equations:  

( )2

0

r r r
rj i ir j r ij ij

k k r k r r k r k
ij rj i ri j ij r r ij

A xω ξ ω ξ ξ ω ω

ξ γ ξ γ ξ γ ξ ξ γ

 + + ∂ =


+ + − + ∂ =
 

and is involutive if and only if 0i A A cst∂ = ⇒ = . Introducing for convenience 

the metric density ( )( )
1

ˆ n
ij ij detω ω ω= , we obtain the Medolaghi form for 

( )ˆ ,ω γ  with ( )ˆ 1det ω = : 

2ˆ ˆ ˆ ˆ ˆ 0

0

r r r r
ij rj i ir j ij r r ij

k k k r k r r k r k
ij ij rj i ri j ij r r ij

n
ω ξ ω ξ ω ξ ξ ω

ξ γ ξ γ ξ γ ξ ξ γ

Ω ≡ + − + ∂ =

Γ ≡ + + − + ∂ =

 

Finally, the conformal system ( )2 2R̂ J T⊂  is defined by the following infi-
nitesimal Lie equations:  

( )
( ) ( ) ( )

2r r r
rj i ir j r ij ij

k k r k r r k r k k k kr
ij rj i ri j ij r r ij i j j i ij r

A x

A x A x A x

ω ξ ω ξ ξ ω ω

ξ γ ξ γ ξ γ ξ ξ γ δ δ ω ω

 + + ∂ =


+ + − + ∂ = + −
 

and is involutive if and only if 0i iA A∂ − =  or, equivalently, if ω  has vanish-
ing Weyl tensor. 

However, introducing again the metric density ω̂  while substituting, we ob-

tain after prolongation and division by ( )( )
1
ndet ω  the second order system  

( )2 2R̂ J T⊂  in Medolaghi form and the Levi-Civita isomorphim  
( ) ( )1, jω γ ω

 restricts to an isomorphism ( ) ( )1ˆ ˆ ˆ, jω γ ω
 if we set:  

( ) ( )( )1ˆ ˆ ˆ0 0k k k r k r ks r r
ij ij i rj j ri ij rs ri tr

n
γ γ δ γ δ γ ω ω γ γ γ= − + − ⇒ = =  

( )

2ˆ ˆ ˆ ˆ ˆ 0 0

1ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ 0 0

r r r r ij ij
ij rj i ir j ij r r ij

k k k r k r kr s k r k r r k r k r
ij ij i rj j ri ij rs rj i ri j ij r r ij ri

n

n

ω ξ ω ξ ω ξ ξ ω ω

ξ δ ξ δ ξ ω ω ξ γ ξ γ ξ γ ξ ξ γ

Ω ≡ + − + ∂ = ⇒ Ω =

Γ ≡ − + − + + − + ∂ = ⇒ Γ =


 

Contracting the first equations by ˆ ijω  we notice that r
rξ  is no longer va-

nishing while, contracting in k and j the second equations, we now notice that 
r
riξ  is no longer vanishing. It is also essential to notice that the symbols 1ĝ  and 

2ĝ  only depend on ω  and not on any conformal factor.  
The following Proposition does not seem to be known:  
PROPOSITION 5.A.1: ( )ˆ,id γ−  is the only symmetric 1R̂ -connection with 

vanishing trace. 
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Proof: Using a direct substitution, we have to study:  
2ˆ ˆ ˆ ˆ ˆ ˆ ˆr r r

ir jt rj it ij rt t ijn
ω γ ω γ ω γ ω− − + + ∂  

Multiplying by ( )( )
1
ndet ω , we have to study:  

( )( )
12ˆ ˆ ˆ ˆr r r n

ir jt rj it ij rt t ijdet
n

ω γ ω γ ω γ ω ω− − + + ∂  

or equivalently: 

( )( ) ( )( )12 1ˆ ˆ ˆr r r
ir jt rj it ij rt t ij ij tdet det

n n
ω γ ω γ ω γ ω ω ω ω

−
− − + + ∂ − ∂  

that is to say:  
2ˆ ˆr r s

ir jt rj it t ij ij stn
ω γ ω γ ω ω γ− − + ∂ −  

Now, we have:  

( )1 1 1 1r r s r s ru s r s s s
ir jt j st t sj jt su ir jt ij st it sj jt sin n n n

ω γ δ γ δ γ ω ω γ ω γ ω γ ω γ ω γ − − + − = − + + − 
 

 

Finally, taking into account that ( ),id γ−  is a 1R -connection, we have:  

0r r
ir jt rj it t ijω γ ω γ ω− − + ∂ =  

Hence, collecting all the remaining terms, we are left with 2 2 0s s
ij st ij stn n

ω γ ω γ− = . 

As for the unicity, it comes from a chase in the commutative and exact dia-
gram:  

* 2 *
2 1

* * * 2 *
2

0 0 0

ˆ ˆ0 0

0 0

0

g T g T T

S T T T T T T T

δ δ

δ δ

↓ ↓ ↓

→ → ⊗ → ∧ ⊗ →
↓ ↓

→ ⊗ → ⊗ ⊗ → ∧ ⊗ →
↓

  

obtained by counting the respective dimensions with  
( ) ( )( ) ( )2

1ˆ 1 2 1 2 2dim g n n n n= − + = − +  and ( )2ˆdim g n=  while checking 
that ( ) ( )2 22 1 2 0n n n n n n− + − + − − = . The lower sequence splits because the 
short exact δ-sequence * * * 2 *

20 0S T T T T
δ δ

→ → ⊗ →∧ →  splits and the upper 
sequence also splits because we have a composite monomorphism  

2 * * *
1 1ˆT T T g T g∧ ⊗ ⊗ → ⊗

.  
  

COROLLARY 5.A.2: The 1R -connection ( ),id γ−  is also a 1R̂ -connection.  
Proof: This result first follows from the fact that ( ) *

1,id T Rγ− ∈ ⊗  is over 
*id T T∈ ⊗  and 1 1

ˆR R⊂ . However, we may also check such a property directly.  

Indeed, mutiplying 2ˆ ˆ ˆ ˆr r r
rj it ir rt ij rt t ijn

ω γ ω γ ω γ ω− − + + ∂  by ( )( )
1
ndet ω  as in the 
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last Proposition, we obtain:  

2 ˆ 0r r r r r
rj it ir jt ij rt t ij rj it rj jt t ijn

ω γ ω γ ω γ ω ω γ ω γ ω− − + + ∂ = − − + ∂ =  

because ( ),id γ−  is a 1R -connection.  
  

REMARK 5.A.3: If one is using ( ),id γ− , then ( )( )2
k k

ijij
L ξ γ ξ  when 0γ =  

locally and we have ( ) ( ) ( )r r r r
i r ri r i ri iδα ξ ξ α ξ ξ α= ∂ − + ∂ + ∂ −  as the simplest  

variation. However, we have ( )1
2f γ γ γ− = ≠  and we cannot thus split the 

Spencer operator over the target by means of a pull-back. Nevertheless, if one is 
using ( )ˆ,id γ− , then ( )2 ˆ 0L ξ γ =  when 2 2R̂ξ ∈  and the variation ( )iδα  con-
tains an additional term ,

s r
sr iξ χ  but ( )1

2 ˆ ˆf γ γ− =  and one can split the Spencer 
operator over the source and over the target with the help of γ̂  but we have to 
point out that ˆ0 0γ γ= ⇒ =  locally.  

  
We let the reader exhibit similarly the finite Lie forms of the previous equa-

tions that will be presented when needed. We have to distinguish the strict in-
clusions ( )ˆ aut XΓ ⊂ Γ ⊂ Γ ⊂  with:  
 The Lie pseudogroup ( )aut XΓ ⊂  of isometries which is preserving the me-

tric *
2S Tω∈  with ( ) 0det ω ≠  and thus also γ .  

 The Lie pseudogroup Γ  which is preserving ω̂  and γ .  
 The Lie pseudogroup Γ̂  of conformal isometries which is preserving ω̂  

and thus also γ̂  with:  

( ) ( ) ( )( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( ) ( ) ( )

k l l r s
l ij rs i j

k k k k kr
ij ij i j i j ij r

g x f x f x f x f x

x x a x a x x x a x

γ

γ γ δ δ ω ω

+

= = + + −
 

where ( ) *i
ia x dx T∈  and thus * *

2 2ĝ S T T Tγ γ− ∈ ⊂ ⊗ ⊗ .  
B) ELECTROMAGNETISM  
The key idea, still never acknowledged, is that, even if we shall prove that 

electromagnetism only depends on the elations of the conformal group which 
are clearly non-linear transformations, we shall see that electromagnetism has 
“by chance” a purely linear behaviour. 

Indeed, setting as we already did 0 A idχ = −  and defining , ,
k s k
lr j j lr sAχ τ= , we 

may rewrite the defining equation of the second non-linear Spencer operator 
D′  in the form:  

( )
( )

, , , ,

, , , , , , , , , ,

k k r k r k r s k k
i j j i i r j j r i i j r s s r

k k r k r k r k r k r s k k
i l j j l i l i r j l j r i i lr j j lr i i j lr s ls r

A A A A A A

A A A A

χ χ τ τ

χ χ χ χ χ χ χ χ τ τ

∂ − ∂ = − = −

∂ − ∂ − + = − = −

 

Hence, contracting in k and l, the quadratic terms in χ  disappear and we 
get:  

( ), , , ,
r r r s k k

i r j j r i i j kr s ks rA Aχ χ τ τ∂ − ∂ = −  

By analogy with EM it should be tempting to introduce ,
r

i r iα χ=  and denote 
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by ijϕ  the right member of the last formula but the relation i j j i ijα α ϕ∂ − ∂ =  
thus obtained has no intrinsic meaning because α  is far from being a 1-form 
while ϕ  is far from being a 2-form.  

REMARK 5.B.1: The target “y” could be called “hidden variable” as it is just 
used in order to construct objects over the source “x”. As a byproduct, the 
changes of local coordinates are of the form ( ) ( ),x x y yϕ ψ= =  but the second 
one does not appear through the implicit summations over the target because 
the first order transition rules are:  

( ) ( ) ( )( ) ( ) ( )( ) ( )
j l j l

l k l k
j i j ii k i ky x y y f x x f x f x

x y x y
ϕ ψ ϕ ψϕ∂ ∂ ∂ ∂

= ⇒ =
∂ ∂ ∂ ∂

 

It follows therefore that *A T T∈ ⊗  indeed and is thus a well defined object 
over the source.  

LEMMA 5.B.2: The short exact δ-sequence * * * 2 *
20 0S T T T T

δ δ
→ → ⊗ →∧ →  

admits a canonical splitting, that is a splitting coherent with the tensor nature of 
the vector bundles involved.  

Proof: The splitting of the above sequence is obtained by setting  

( ) ( )* * *
, , , 2

1
2i j i j j iT T S Tτ τ τ ∈ ⊗ → + ∈ 

 
 in such a way that  

( ) ( )*
, , 2

1
2i j j i ij ij ji ijS Tτ τ τ τ τ τ= = ∈ ⇒ + = . 

Similarly, ( ) 2 * * *1
2ij ji ijT T Tϕ ϕ ϕ = − ∈∧ → ∈ ⊗ 

 
 and  

( ) 2 *1 1
2 2ij ji ij Tϕ ϕ ϕ − = ∈∧ 

 
.  

  
We shall revisit the previous results by showing that, in fact, all the maps and 

splittings existing for the Killing operator are coming from maps and splittings 
existing for the conformal Killing operator, though surprising it may look like. 
As these results are based on a systematic use of the Spencer δ-map, they are 
neither known nor acknowledged.  

We now recall the commutative diagrams allowing to define the (analogue) of 
the first Janet bundle and their dimensions when 4n = :  

* *
3 3 2 0 1

* * * * *
2 2 0

2 * 2 * * 2 *
1 0

3 * 3 *

0 0 0

0 0

0 0

0 0

0 0

0 0

g S T T S T F F

T g T S T T T T F

T g T T T T F

T T T T

↓ ↓ ↓
→ → ⊗ → ⊗ → →

↓ ↓ ↓
→ ⊗ → ⊗ ⊗ → ⊗ ⊗ →

↓ ↓ ↓
→ ∧ ⊗ → ∧ ⊗ ⊗ → ∧ ⊗ →

↓ ↓ ↓
→ ∧ ⊗ = ∧ ⊗ →

↓ ↓
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0 0

0 80 100 20 0

0 160 160 0

0 36 96 60 0

0 16 = 16 0

0 0

↓ ↓
→ → → →

↓ ↓
→ → →

↓ ↓
→ → → →

↓ ↓ ↓
→ →

↓ ↓

 

PROPOSITION 5.B.3: Recalling that we have ( ) ( )2 2
1 1 1F H g Z g= =  in the 

Killing case and ( ) ( )2 2
1 1 1
ˆ ˆ ˆF H g Z g= ≠  in the conformal Killing case, we have 

the unusual commutative diagram:  

( ) ( ) ( )2 2 2 * *
1 1 2

2 * 2 * 2 * * * *
1 1

3 * 3 * 3 * 2 *

0 0 0 0

ˆ0

ˆ0

0

0 0 0 0

Z g Z g Z T T S T

T g T g T T T T T

T T T T T T T

δ

δ δ δ δ

↓ ↓ ↓ ↓

→ → ⊂ ⊗ →

↓ ↓ ↓ ↓
→ ∧ ⊗ → ∧ ⊗ ⊂ ∧ ⊗ ⊗ → ⊗

↓ ↓ ↓ ↓
→ ∧ ⊗ = ∧ ⊗ = ∧ ⊗ → ∧

↓ ↓ ↓ ↓

 

Proof: First of all, we must point out that the surjectivity of the bottom δ in 
the central column is well known from the exactness of the δ-sequence for *

3S T  
and thus also after tensoring by T. However, the surjectivity of the bottom δ in 
the left column is not evident at all as it comes from a delicate circular chase in 
the preceding diagram, using the fact that the Riemann and Weyl operators are 
second order operators. Then, setting ,

r
ij r ij jiϕ ρ ϕ= = −  and ,

r
ij i rj jiρ ρ ρ= ≠ , we  

may define the right central horizontal map by ,
1
2

k
l ij ij ijρ ρ ϕ→ −  and the right  

bottom horizontal map by ( )iω ξ ξ ω⊗ → −  by introducing the interior prod-
uct ( )i . We obtain at once:  

( ), , ,
1 1
2 2

r r r
r ij i jr j ri ij ij ji ij ij ji jiρ ρ ρ ϕ ρ ρ ρ ϕ ρ ϕ   − + + = − + − = − − −   

   
 

and the right bottom diagram is commutative, clearly inducing the upper map. If 
we restrict to the Killing symbol, then 0ijϕ =  and we obtain  

( ) *
20ij ji ij ji S Tρ ρ ρ ρ− = ⇒ = ∈ , that is the classical contraction allowing to 

obtain the Ricci tensor from the Riemann tensor but there is no way to go back-
wards with a canonical lift. A similar comment may be done for the conformal  

Killing symbol and the 1
2

 coefficient.  

  
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Using the previous diagram allowing to define both ( ) ( )2 2
1 1 1F H g Z g= =  if 

we use ω  or ( ) ( ) ( )2 2 *
1 1 1 2
ˆ ˆ ˆ ˆF H g Z g T gδ= = ⊗  if we use ω̂  while taking 

into account that ( )1 1ˆ 1dim g g =  and *
2ĝ T , we obtain the crucial theorem 

which is in fact only depending on ω :  
THEOREM 5.B.4: We have the commutative and exact “fundamental dia-

gram II”: 

( ) ( )

( ) ( )

*
2

2 2
1 1

* 2 2
2 1 1

* * * 2 *
2

0

0

0 0

ˆ ˆ ˆ0 0

0 0

0 0

S T

Z g H g

T g Z g H g

S T T T T

δ

δ δ

↓

↓ ↓
→ → →

↓ ↓ ↓

→ ⊗ → → →
↓ ↓ ↓

→ → ⊗ → ∧ →
↓ ↓

 

The following theorem will provide all the classical formulas of both Rieman-
nian and conformal geometry in a totally unusual framework not depending on 
any conformal factor:  

THEOREM 5.B.5: All the short exact sequences of the preceding diagram 
split in a canonical way, that is in a way compatible with the underlying tensorial 
properties of the vector bundles involved. With more details:  

( ) ( ) ( ) ( )
( ) ( )

* * * 2 * 2 2 * 2 2 *
2 1 1 2 1

2 2 *
1 1 2

*
1 1 2

ˆ ˆ

ˆ
ˆ

T T S T T Z g Z g T g Z g T

H g H g S T

F F S T

δ⊗ ⊕∧ ⇒ + ⊗ ⊕∧

⇒ ⊕

⇒ ⊕

  





 

Proof: First of all, we recall that:  

{ }*
1

*
1

| 0

2ˆ | 0

k r r
i rj i ir j

k r r r
i rj i ir j ij r

g T T

g T T
n

ξ ω ξ ω ξ

ξ ω ξ ω ξ ω ξ

= ∈ ⊗ + =

 ⊂ = ∈ ⊗ + − = 
 

 

{ }*
2 2 2ˆ0 |k k k r k r ks r

ij ij i rj j ri ij rsg g S T T nξ ξ δ ξ δ ξ ω ω ξ⇒ = ⊂ = ∈ ⊗ = + −  

Now, if ( ) *
, 2ˆk

li j T gτ ∈ ⊗ , then we have:  

, , , ,
k k r k r ks r
li j l ri j i rl j li rs jnτ δ τ δ τ ω ω τ= + −  

and we may set , , ,
r
ri j i j j iτ τ τ= ≠  with ( ) *

,i j T Tτ ∈ ⊗  and such a formula does 
not depend on any conformal factor. Taking into account Proposition 4.B.5, we 
have:  

( ) ( ) ( ) ( ) ( )2 2
, , , , 1 1ˆ ˆk k k k

li j li j lj i l ij B g Z gδ τ τ τ ρ= − = ∈ ⊂  

with:  
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( ) ( ) ( ){ }2 2 *
1 , 1 , ,ˆ ˆ | 0 0k k r

l ij l ij ij r ijZ g T gρ δ ρ ϕ ρ= ∈∧ ⊗ = ⇒ = ≠  

( ) ( )( ) 3 *
, , , , ,, ,
k k k k k
l ji l ij l ij i jl j lil i j T Tδ ρ ρ ρ ρ ρ= = + + ∈∧ ⊗  

 The splitting of the central vertical column is obtained from a lift of the epi-
morphism ( )2 2 *

1ˆ 0Z g T→∧ →  which is obtained by lifting ( ) 2 *
ij Tϕ ∈∧  to 

* *1
2 ij T Tϕ ∈ ⊗ 

 
, setting ,

1
2

r
ri j ijτ ϕ=  and applying δ to obtain  

( ) ( )2 2
, , 1 1

1 1 ˆ ˆ
2 2

r r
ri j rj i ij ji ij B g Z gτ τ ϕ ϕ ϕ − = − = ∈ ⊂ 

 
. 

 Now, let us define ( ) * *
, , ,

r
i j i rj j i T Tρ ρ ρ= ≠ ∈ ⊗ . Hence, elements of ( )2

1Z g  
are such that:  

( ) *
, , , , , 20, 0r

ij r ij ij i j j i ij i j j i ji S Tϕ ρ ϕ ρ ρ ρ ρ ρ ρ= = − + = ⇒ = = = ∈  

while elements of ( )2
1ˆZ g  are such that:  

( ) 2 *
, , , , , 0r

r ij ij i j j i i j j i Tρ ϕ ρ ρ τ τ= = − = − ≠ ∈∧  

Accordingly, *
, , 2

1 1
2 2i j ij j i ji S Tρ ϕ ρ ϕ − = − ∈ 

 
. More generally, we may con-

sider ( ), , ,
k k k
l ij li j lj iρ τ τ− −  with ,

1
2

r
ri j ijτ ϕ= . Such an element is killed by δ  and  

thus belongs to ( )2
1ˆZ g  because each member of the difference is killed by δ. 

However, we have ( ), , , 0r r r
r ij ri j rj i ij ijρ τ τ ϕ ϕ− − = − =  and the element does belong 

indeed to ( )2
1Z g , providing a lift ( ) ( )2 2

1 1ˆ 0Z g Z g→ → .  
 Of course, the most important result is to split the right column. As this will 

be the hard step, we first need to describe the monomorphism  
( )* 2

2 10 S T H g→ →  which is in fact produced by a north-east diagonal 
snake type chase. Let us choose ( ) * * *

, , 2ij i j j i ji S T T Tτ τ τ τ= = = ∈ ⊂ ⊗ . Then, 
we may find ( ) *

, 2ˆk
li j T gτ ∈ ⊗  by deciding that , , , ,

r r
ri j i j j i rj iτ τ τ τ= = =  in 

( )2
1ˆZ g  and apply δ in order to get , , , ,

k k k
l ij li j k lj iρ τ τ= −  such that , 0r

r ij ijρ ϕ= =  
and thus ( ) ( ) ( )2 2

, 1 1
k
l ij Z g H gρ ∈ = . We obtain:  

( )
( ) ( )

, , , , , ,
k k r k r k r k r ks r r
l ij l ri j l rj i i rl j j rli li rs j lj rs i

k k ks
i lj j li li sj lj si

nρ δ τ δ τ δ τ δ τ ω ω τ ω τ

δ τ δ τ ω ω τ ω τ

= − + − − −

= − − −
 

Contracting in k and i while setting simply ( ) ( ),ij ij
ij ijtr trτ ω τ ρ ω ρ= = , we 

get:  

( ) ( ) ( )
( ) ( ) ( )

2

2 1
ij ij ij ij ij ij ij jin n tr n tr n

ntr n tr

ρ τ τ τ ω τ τ ω τ ρ

ρ τ

= − − + = − + =

⇒ = −
 

Substituting, we finally obtain 
( )( ) ( )

2 2 1 2ij ij ij
n n tr

n n n
τ ρ ω ρ= −

− − −
 and thus 

the tricky formula:  

( ) ( )( )

( )( ) ( ) ( )

,
1

2
1

1 2

k k k ks
l ij i lj j li li sj lj si

k k
i lj j li

n

tr
n n

ρ δ ρ δ ρ ω ω ρ ω ρ

δ ω δ ω ρ

= − − −
−

− −
− −
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Contracting in k and i, we check that ij ijρ ρ=  indeed, obtaining therefore 
the desired canonical lift ( )2 *

1 2 , ,0 : k r
i lj i rj ijH g S T ρ ρ ρ→ → → = . Finally, using 

again Proposition 3.4, the epimorphism ( ) ( )2 2
1 1ˆ 0H g H g→ →  is just de-

scribed by the formula:  

( ) ( )( )

( )( ) ( ) ( )

, ,
1

2
1

1 2

k k k k ks
l ij l ij i lj j li li sj lj si

k k
i lj j li

n

tr
n n

σ ρ δ ρ δ ρ ω ω ρ ω ρ

δ ω δ ω ρ

= − − − −
−

+ −
− −

 

which is just the way to define the Weyl tensor. We notice that , , 0r r
r ij r ijσ ρ= =  

and , 0r
i rjσ =  by using indices or a circular chase showing that  

( ) ( ) ( )2 2 *
1 1 2ˆ ˆZ g Z g T gδ= + ⊗ . This purely algebraic result only depends on the 

metric ω  and does not depend on any conformal factor. In actual practice, the 
lift ( )2 *

1 2H g S T→  is described by , ,
k r
l ij i rj ij jiρ ρ ρ ρ→ = =  but it is not evident 

at all that the lift ( ) ( )2 2
1 1ˆH g H g→  is described by the strict inclusion 

, , ,
k k k
l ij l ij l ijσ ρ σ→ =  providing a short exact sequence as in Proposition 3.4 be-

cause , , 0r r
ij i rj i rjρ ρ σ= = =  by composition. 

  
PROPOSITION 5.B.6: We have the following commutative and exact dia-

gram made by splitting sequences according to a circular chase in the right up-
per commutative square:  

*
2

*
2 2

1 1

0 0

ˆ0 0

ˆ0 0

ˆ0 0

0 0

g T

R R T

R R

↓ ↓
→ → →

↓ ↓

→ → → →
↓ ↓ ↓

→ = →
↓ ↓







 

This diagram is thus leading to the short exact sequence:  
* * * *

2 2
ˆ0 0T R T R T T→ ⊗ → ⊗ → ⊗ →  

with a canonical splitting * * * 2 *
2T T S T T⊗ ⊕∧

.  
Proof: According to the definition of the Christoffel symbols γ  for the me-

tric ω , we have:  

2 0k k k
rk ij i rj j ri r ij kj ir ik jr r ijω γ ω ω ω ω γ ω γ ω= ∂ + ∂ − ∂ ⇔ + −∂ =  

It follows that γ−  ( care) is the unique symmetric 1R -connection, that is a 
map 1T R→  considered as an element of *

1T R⊗  projecting onto *
Tid T T∈ ⊗ . 

Accordingly, any ( )*
1 1T J Tχ ∈ ⊗  provides ( ) * *

, ,
k k r
j i jr i T T Tχ γ χ+ ∈ ⊗ ⊗  and 

thus a true 1-form ( ) *
, , ,

r r s
i r i r s i Tα χ γ χ= + ∈ . However, such an approach cannot  

be extended to higher orders and we prefer to consider half of the morphism de-

fining the Killing operator, namely the morphism ( ) ( )*
1 2 1 1

1:
2

J T S T Lξ ξ ω→ → , 
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tensor it by *T  and contract it by 1ω−  in order to get:  

( ), , , , ,
1 1
2 2

st r r r r r st
rt s i sr t i i r st r i i r st iω ω χ ω χ χ ω χ χ ω ω α+ + ∂ = + ∂ =  

where we notice that: 

( )( ) ( ) ,2 1 0r st r r
ri r st i i rj j r idet detγ ω ω ω ω γ γ= ∂ = ∂ ⇒ ∂ −∂ =  

Similarly, there is a well defined map ( ) ( )*
2 2 2 2:J T S T T Lξ ξ γ→ ⊗ →  that 

can be tensored by *T  and restricted to *
2

ˆT R⊗  in order to obtain a well de-
fined map * * *

2 2
ˆT R T S T T⊗ → ⊗ ⊗  that can be contracted to * *T T⊗  ac-

cording to the following local formulas:  

, , , , , ,

, , , ,

k k k u k u u k u k
lr s lr s ur l s lu r s lr u s s u lr

k k k u u k
kr s kr s ku r s s u kr

β τ γ τ γ τ γ τ τ γ

β τ γ τ τ γ

= + + − + ∂

= + + ∂
 

We can “twist” by A and apply * * 2 * *
2:T S T T T T Tδ ⊗ ⊗ → ∧ ⊗ ⊗  that can 

be contracted to 2 *T∧  according to the following local formulas:  

( ) ( ), , , , , ,
k r s k k r r s k k
l ij i j lr s ls r ij r ij i j kr s ks rA A A Aϕ β β ϕ ϕ β β= − ⇒ = = −  

  
As 2 *Tϕ ∈∧  though *

2 2
ˆT Rχ ∈ ⊗ , we obtain the following crucial theorem 

([4] [8]):  
THEOREM 5.B.7: The non-linear Spencer sequence for the conformal group 

of transformations projects onto a part of the Poincaré sequence for the exterior 
derivative according to the following commutative and locally exact diagram:  

2 1 2* 2 *
2 2 2

* 2 * 3 *

ˆ ˆ ˆˆ0

0

j D D

d d

T R T R

T T T
d dα α ϕ ϕ

→ Γ → → ⊗ → ∧ ⊗
↓ ↓ ↓

→ ∧ → ∧
= =





 

Accordingly, this purely mathematical result contradicts classical gauge 
theory.  

Proof: Substituting the previous results in the last formula, we obtain succes-
sively:  

( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( )

, , , , , ,

, , , , , ,

, , , , , ,

r s k k k r s u u r s u k u k
ij i j kr s ks r ku i j r s s r i j s u kr r u ks

r r r u u r r s k s s r k
i r j j r i ru i j j i i i j r ks j j i s kr

r r r s s s r s r
i r j j r i rs i j j i j i rs i j rs

A A A A A A

A A

ϕ τ τ γ τ τ τ γ τ γ

χ χ γ δ χ χ γ δ χ χ γ

χ χ γ χ χ χ γ χ γ

= − + − + ∂ − ∂

= ∂ − ∂ + ∂ − ∂ + + ∂ − + ∂

= ∂ − ∂ + ∂ − ∂ + ∂ − ∂

= i j j iα α∂ − ∂

 

because 0r r
i rj j riγ γ∂ − ∂ = . It follows that 2 *d Tα ϕ= ∈∧  and thus 0dϕ = , that 

is 0i jk j ki k ijϕ ϕ ϕ∂ + ∂ + ∂ = , has an intrinsic meaning in 3 *T∧ . It is important to 
notice that the corresponding EM Lagrangian is defined on sections of 1Ĉ  
killed by 2D  but not on 2Ĉ , contrary to gauge theory. Finally, the south west 
arrow in the left square is the composition:  
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( )2
1 1* * *

2 2 2 2 1 1
ˆ ˆ ˆ

D

f T R T R T
γπ

χ χ α∈ → ∈ ⊗ → ∈ ⊗ → ∈  

Accordingly, though α  is a potential for ϕ , it can also be considered as a 
part of the field but the important fact is that the first set of (linear) Maxwell eq-
uations 0dϕ =  is induced by the (nonlinear) operator 2D . The linearized 
framework will explain this point.  

One of the most important but difficult result of this paper will be the follow-
ing direct proof of the existence of the right square in the previous diagram. 

Supposing for simplicity that ω  is a (locally) constant metric (in fact the 
Minkowski metric!) and thus 0γ = . When we are considering the conformal 
group of space-time, it first follows that the jets of order three vanish and the 
Formula (3*) can be now written:  

( ), , , , , , , , , , , , , , 0k k s k s k s k s k s k s k
i lr j j lr i r i ls j l i rs j lr i s j r j ls i l j rs i lr j s iχ χ χ χ χ χ χ χ χ χ χ χ χ χ∂ − ∂ − + + − − − =  

Contracting in k l u= =  and replacing r by t, we obtain the simple formula:  

, , , , , , 0u u s u s u
i ut j j ut i t i us j t j us iχ χ χ χ χ χ∂ − ∂ − + =  

Multiplyig by t
kA  the two last terms and replacing χ  by τ , we get for 

these terms only:  

( ), , , ,
r s t v u v u
i j k t s uv r t r uv sA A A τ τ τ τ−  

Now, denoting by ( ), ,i j k  the cyclic sum on the permutation  
( ) ( ) ( ), , , , , ,i j k j k i k i j→ →  and proceeding in this way on the last formula, we 
obtain easily:  

( ) ( ), , ,, , r s t v v u
i j k t s s t uv ri j k A A A τ τ τ−  

or, equivalently:  

( )( ) ( )( ), , , , , ,, , , ,r s t v v u r s t v v u
i j k t s s t uv r i j k s r r s uv tA A A r s t A A A r s tτ τ τ τ τ τ− = −   

Let us now similarly consider only the two first terms. After multiplication by 
t
kA  and integration by part, we get for the first:  

( )( ) ( ), , ,
t s u s t u s u t
k i j ut s i j k ut s j ut s i kA A A A A Aτ τ τ∂ = ∂ − ∂  

Applying the same procedure to the second term and considering the sum 
( ), ,i j k  while rearranging the six terms of the summation two by two, we ob-

tain:  

( ) ( )( ), , , ,, , t s u t r u t u r t u r
k j i ut s i j ut r k ur t j i k ut r i ji j k A A A A A A A Aτ τ τ τ∂ − + ∂ − ∂  

Exchanging the dumb indices between themselves, we finally obtain:  

( ) ( )( ) ( )( ), , ,, , r s u u t u r r
k i j us r ur s k ur t i j j ii j k A A A A Aτ τ τ∂ − + ∂ − ∂  

that is to say, taking into account the Equations (1*) and changing the signs:  

( )( ) ( ) ( )( ), , ,, , , , r s t v v u
k ij i j k r s s r uv ti j k i j k A A Aϕ τ τ τ∂ − −   

or, equivalently:  
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( )( ) ( )( ), , ,, , , ,r s t v v u
k ij i j k r s s r uv ti j k A A A r s tϕ τ τ τ∂ − −   

Collecting all the results, we are only left with ( )( ), , 0k iji j k ϕ∂ =  as we 
wished.  

  
COROLLARY 5.B.8: The linear Spencer sequence for the conformal group of 

transformations projects onto a part of the Poincaré sequence for the exterior 
derivative according to the following commutative and locally exact diagram:  

2 1 2* 2 *
2 2 2

* 2 * 3 *

ˆ ˆ ˆ ˆ0

0

j D D

d d

R T R T R

T T T
A dA F dF

→ Θ → → ⊗ → ∧ ⊗
↓ ↓ ↓

→ ∧ → ∧
= =



 

Accordingly, this purely mathematical result also contradicts classical gauge 
theory because it proves that EM only depends on the structure of the conformal 
group of space-time but not on ( )1U .  

Proof: Considering ω  and γ  as geometric objects, we obtain at once the 
formulas: 

( )2e a x r r
ij ij ri ri iaω ω γ γ= ⇒ = + ∂  

Though looking like the key Formula (69) in ([3], p 286), this transformation 
is quite different because the sign is not coherent and the second object has 
nothing to do with a 1-form. Moreover, if we use 2n =  and set ( ) 2Aξ ω ω=  
for the standard euclidean metric, we should have ( )11 22 0A∂ + ∂ = , contrary to 
the assumption that A is arbitrary which is only agreeing with the following jet 
formulas improving the ones already provided in ([29] [36] [40]) in order to 
point out the systematic use of the Spencer operator:  

( ) ( ) ( )( )1 2 2 2
ˆ2 , ,

rr r i
r ri iri

L A nA L nA Rξ ω ω ξ γ ξ ξ γ ξ= ⇒ + = = ∀ ∈  

Now, if we make a change of coordinates ( )x xϕ=  on a function 0 *a T∈∧ , 
we get: 

( )( ) ( )
j

j i i

a aa x a x
x x x

ϕϕ ∂ ∂ ∂
= ⇒ =

∂ ∂ ∂
 

We obtain therefore an isomorphism ( )0 * 0 * *
1 XJ T T T∧ ∧ ×

, a result lead-
ing to the following commutative diagram:  

( )0 *
2 2 1

* * *
1 1

ˆ0 0

ˆ0 0

R R J T

D D D

T R T R T

→ → → ∧ →

↓ ↓ ↓

→ ⊗ → ⊗ → →

 

where the rows are exact by counting the dimensions. The operator  
( ) ( ): , i i iD A A A A→ ∂ −  on the right is induced by the central Spencer operator, 

a result that could not have been even imagined by Weyl and followers. This re-
sult provides a good transition towards the conformal origin of electromagnet-
ism.  
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As the nonlinear aspect has been already presented, we restrict our study to 
the linear framework. A first problem to solve is to construct vector bundles 
from the components of the image of 1D . Using the corresponding capital letter 
for denoting the linearization, let us introduce:  

( ) ( )* * *
, , , ,
k k k s r
l i l i ls i r i iB X X T T T B B Tγ= + ∈ ⊗ ⊗ ⇒ = ∈  

( )
( )

* *
, , , , , , 2

2 *
, ,

k k k s k s s k r k
lj i lj i sj l i ls j i lj s i i r lj

r r
ri j rj i ij

B X X X X X T S T T

B B F T

γ γ γ γ= + + − + ∂ ∈ ⊗ ⊗

⇒ − = ∈∧
 

We obtain from the relations r r
i rj j riγ γ∂ = ∂  and the previous results:  

( )
( ) ( )

, , , , , , , ,

, , , , , ,

, , , ,

r r r r r s r s r s r s
ij ri j rj i ri j rj i rs i j rs j i j r si i r sj

r r r s s r s r s
i r j j r i rs i j j i j i sr i j sr

r r s r r s
i r j rs j j r i rs s i

i j j i

F B B X X X X X X

X X X X X X

X X X X

B B

γ γ γ γ

γ γ γ

γ γ

= − = − + − + ∂ − ∂

= ∂ − ∂ + − + ∂ − ∂

= ∂ + − ∂ +

= ∂ − ∂

 

Now, using the contracted formula r r s s r
ri rs i s ri inAξ γ ξ ξ γ+ + ∂ =  from section A, 

we obtain:  

( ) ( )

( )
( )

r r r s s
i i r ri rs i i

r r s s r
i r rs i s ri i

r r s
i r rs i

i i

B

nA

nA

n A A

ξ ξ γ ξ ξ

ξ γ ξ ξ γ

ξ γ ξ

= ∂ − + ∂ −

= ∂ + ∂ + ∂ −

= ∂ + −

= ∂ −

 

and we finally get ( )ij j i i jF n A A= ∂ − ∂  which is no longer depending on A, a 
result fully solving the dream of Weyl. Of course, when 4n =  and ω  is the 
Minkowski metric, then we have 0γ =  in actual practice and the previous 
formulas become particularly simple.  

It follows that dB F ndA F= ⇔ − =  in 2 *T∧  and thus 0dF = , that is 
0i jk j ki k ijF F F∂ + ∂ + ∂ = , has an intrinsic meaning in 3 *T∧ . It is finally impor-

tant to notice that the usual EM Lagrangian is defined on sections of 1Ĉ  killed 
by 2D  but not on 2Ĉ . Finally, the south west arrow in the left square is the 
composition:  

( )
( ) ( )

2
1 1* * * *

2 2 2 2 1 1 2 2
ˆ ˆ ˆ ˆ

D

i iR X T R X T R B T R nA T
γπ

ξ ξ∈ → ∈ ⊗ → ∈ ⊗ → ∈ ⇔ ∈ → ∈  

Accordingly, though A and B are potentials for F, then B can also be consi-
dered as a part of the field but the important fact is that the first set of (linear) 
Maxwell equations 0dF =  is induced by the ( linear) operator 2D  because we 
are only dealing with involutive and thus formally integrable operators, a fact 
justifying the commutativity of the square on the left of the diagram.  

  
REMARK 5.B.9: Taking the determinant of each term of the non-linear 

second order PD equations defining Γ̂ , we obtain successively:  

( ) ( )( )( ) ( ) ( ) ( )( ) ( )2 2e ena x na xk k
i idet det f x det det f xω ω= ⇒ =  
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in such a way that we may define ( )( ) ( ) ( ) ( )( )b f x a x b y a g y= ⇔ =  and set 
( ) ( )e 0b yy −Θ = >  over the target when caring only about the connected com-

ponent 0 1→ →∞  of the dilatation group. The problem is thus to change at 
the same time the numerical value of the section and /or the nature of the geo-
metric object cosifered, passing therefore from a (metric) tensor to a (metric) 
tensor density, exactly what also happens with the contact structure when it was 
necessary to pass from a 1-form to a 1-form density ([4] [7]). In a more specific 
way, the idea has been to consider successively the two non-linear systems of fi-
nite defining Lie equations:  

( ) ( ) ( )( ) ( )
2

ˆ ˆk l k l k n
kl i j ij kl i j i ijy y y x y y det y xω ω ω ω

−

= → =  

Now, with 0γ =  we have ( ),
r s k r k
r i k i s i rsg f A fχ = ∂ −  and:  

( )( ) ( ) ( )1 ,s k k k s k
k i s i i i i k rs rg f det f det f n a g f na x∂ = ∂ = ∂ =  

Finally, we have the jet compositions and contractions:  

( ) ( ) ( )( )

r k r r k r k l
k i i k ij kl i j

s k k l r k
i k is i r kl i k

g f g f g f f

na x g f f f g n f x b f x

δ= ⇒ = −

⇒ = = − = −
 

It follows that ( ) ( )( )r
i i i rn a x A a xα = ∂ −  but we may also set  

( ) ( ) ( )( )k
i i ka x f x b f x=  in order to obtain k

i k ik

bn b f
y

α
 ∂

= − ∂ ∂ 
 as a way to 

pass from source to target. We have:  
PROPOSITION 5.B.10: EM does not depend on the choice between source 

and target.  
Proof: Replacing the groupoid by its inverse in each formula, we may intro-

duce:  

( ) ( ) ( ), ,i r k
i i i i r k k kk

bx dx n a A a y dy n b
y

α α α β β β
 ∂

= = ∂ − ⇔ = = − ∂ 
 

and compare:  

( ) ( ), ,
a b

x yα ϕ β ψ→ ⇔ →  

while setting l k
kl k ly y

β β
ψ

∂ ∂
= −
∂ ∂

. We have successively:  

( ) ( )( )
( ) ( )( )

s r
ij i j j i i j s j i r

l k
i l j j k i

k ll k
i jk l

k ll k
i jk l

k l
kl i j

n A a A a

n b f b f

b b
n f f

y y

f f
y y

f f

ϕ α α

β β

ψ

= ∂ − ∂ = − ∂ − ∂

= − ∂ ∂ − ∂ ∂

 ∂ ∂
= − − ∂ ∂ ∂ ∂ 
 ∂ ∂

= − ∂ ∂ ∂ ∂ 
= ∂ ∂

 

and we notice that ϕ  does not depend any longer on a while ψ  does not de-
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pend any longer on b. Accordingly, we have the equivalences:  

( ) ( )0 0 0 0r rl k
i j r j i rk l

b b
NO EM A a A a

y y
ϕ ψ

∂ ∂
⇔ = ⇔ = ⇔ − = ⇔ ∂ −∂ =

∂ ∂
 

  
REMARK 5.B.11: If we use only the conformal group, we must use the metric 

density ω̂  instead of the metric ω . However, if we can define ω̂  from ω   

by setting ( )( )
1

ˆ n
ij ij detω ω ω= , we cannot recover ω  from ω̂ . The way to  

escape from such a situation is to notice that:  
( ) ( ) ( ) ( )

( )

2e a x k k k k kr
ij ij i j j i ij r

r r
ri ri i

a x a x a x

n a x

ω ω γ γ δ δ ω ω

γ γ

→ ⇒ → + ∂ + ∂ − ∂

⇒ → + ∂
 

a result showing that the conformal symbols 1ĝ  and 2ĝ  do not depend on any 
conformal factor.  

REMARK 5.B.12: In fact, our purpose is quite different now though it is also 
based on the combined use of group theory and the Spencer operator. The idea 
is to notice that the brothers are always dealing with the same group of rigid mo-
tions because the lines, surfaces or media they consider are all supposed to be in 
the same 3-dimensional background/surrounding space which is acted on by the 
group of rigid motions, namely a group with 6 parameters (3 translations + 3 
rotations). In 1909 it should have been strictly impossible for the two brothers to 
extend their approach to bigger groups, in particular to include the only addi-
tional dilatation of the Weyl group that will provide the virial theorem and, a 
fortiori, the elations of the conformal group considered later on by H. Weyl 
([29]). In order to explain the reason for using Lie equations, we provide the ex-
plicit form of the n finite elations and their infinitesimal counterpart with 
1 , ,r s t n≤ ≤ :  

( ) [ ]
2

2
2 2

1 , , 0
21 2

t r r t
s s st r r s st s t

x x by x x x n x
bx b x

θ ω θ ω θ θ−
= ⇒ = − ∂ + ∂ ⇒ ∂ = =

− +
 

where the underlying metric is used for the scalar products 2 2, ,x bx b  involved. 
It is easy to check that *

2 2S T Tξ ∈ ⊗  defined by ( ) ( ) ( )k s k
ij ij sx x xξ λ θ= ∂  be-

longs to 2ĝ  with s
i siA ω λ= . In view of these local formulas, we understand 

how important it is to use “equations” rather than “solutions”. 
REMARK 5.B.13: Setting ( )2 *

1 1q q qD T J Tσ χ− −′= ∈∧ ⊗ , we let the reader 
prove, as an exercise, that the following so-called Bianchi identities hold ([7], p 
221):  

( ) ( ) ( ) ( ){ }1 1 1, , , , , , 0, , ,q q qD Tσ ξ η ζ ξ η ζ σ ξ η χ ζ ξ η ζ− − −+ = ∀ ∈  

In the nonlinear conformal framework, it follows that the first set of Maxwell 
equations has only to do with D′  in the nonlinear Spencer sequence and thus 
nothing to do with the Bianchi identities, contrary to what happens with ( )1U  
in classical gauge theory. Similarly, in the linear conformal framework, the first 
set of Maxwell equations has only to do with 2D  and thus nothing to do with 
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3D  in the linear Spencer sequence. Indeed, the EM potential A is a section of 

0Ĉ  while the EM field F is a section of 1Ĉ  killed by 2D . This “shift by one step 
to the left” is the most important result of this section and could not be even 
imagined with any other approach.  

6. Conclusions 

This paper is part of the achievement of a lifetime research work on the common 
conformal origin of electromagnetism and gravitation. Roughly speaking, the 
Cosserat brothers have only been dealing with the 3 translations and 3 rotations 
of the group of rigid motions of space with 6 parameters while Weyl has only 
been dealing with the dilatation and the 4 elations of the conformal group of 
space-time having now 4 6 1 4 15+ + + =  parameters ([29]). Among the most 
striking results obtained from this conformal extension, we successively notice:  
 The generating nonlinear first order (care) compatibility conditions (CC) for 

the Cosserat fields are exactly described by the first order nonlinear second 
Spencer operator 2D . Accordingly, there is no conceptual difference be-
tween these nonlinear CC and the first set 2 * 3 *: : 0d T T F dF∧ → ∧ → =  
of Maxwell equations where d is the exterior derivative, which is parame-
trized by * 2 *: :d T T A dA F→∧ → = . However, the classical CC of elastici-
ty are described by the nonlinear second order (care) Riemann operator ex-
isting in the nonlinear Janet sequence but this different canonical nonlinear 
differential sequence could not explain the existence of field-matter couplings 
like piezzoelectricity, photoelasticity or even streaming birefringence ([5] 
[37]). On the contrary, in the conformal approach, it is essential to notice 
that the elastic and electromagnetic fields are both specific sections of 

*
1 2

ˆ ˆC T R= ⊗  killed by 2D  and parametrized by 1D . They can thus be 
coupled in a natural way but cannot be associated to the concept of curvature 
described by 2Ĉ . Meanwhile, we insist on the fact that the phenomenologi-
cal laws of these quoted couplings have been discovered by… Maxwell him-
self. This shift by one step to the left, even in the nonlinear framework, can 
be considered as the main novelty of this paper.  

 The linear Cosserat equations are exactly described by the formal adjoint 
( )1ad D  of the linear first Spencer operator 1 0 1

ˆ ˆ:D C C→  which is a first 
order operator ([38]). Accordingly, there is no conceptual difference between 
these equations and the second set ( )ad d  of Maxwell equations where 

* 2 *:d T T→∧ . This result explains why the Cosserat equations are quite dif-
ferent from the Cauchy equations which are described by the formal adjoint 
of the Killing operator in the Janet sequence used in classical elasticity, that is 

( )Cauchy ad Killing=  in the language of operators. It follows that the elas-
tic and electromagnetic inductions are both specific sections of  

4 * * 3 * *
1 2

ˆ ˆT C T R∧ ⊗ ∧ ⊗
, independently of any constitutive relation. The spe-

cific use of the 1-dimensional dilatation subgroup allows to understand the 
mathematical origin of thermoelectricity and the so-called virial theorem 
through the trace of the Cauchy tensor ([36] [40]). 
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 Combining the two previous comments, respectively related to “geometry” 
and to “physics” according to H. Poincaré ([34]), there is no conceptual dif-
ference between the elastic constitutive constants of elasticity and the mag-
netic constant µ  or rather 1 µ  of electromagnetism in the case of homo-
geneous isotropic materials on one side ( space) or between the mass per unit 
volume and the dielectric constant ε  on the other side ( time), a result con-
firmed by the speeds of the various elastic or electromagnetic existing waves 
([5] [37]). In general one has 2 2c nεµ =  where n is the index of refraction 
but in vacuum we have 2

0 0 1cε µ =  and we have thus only one electromag-
netic constant involved in the corresponding Minkowski constitutive law of 
vacuum ([2]).  

 As for gravitation and the possibility to exhibit a conformal factor defined 
everywhere but at the origin, we may simply say that we needed 25 years in 
order to correct the result we already obtained in 1994 ([7] [41]). Such a pos-
sibility highly depends on the new mathematical tools involved in the con-
struction of the Janet or Spencer nonlinear differential sequences for the 
conformal group of space-time because, in this case, the Spencer δ-cohomology 
has very specific properties for the dimension 4n =  only. This will be the 
subject of a forthcoming companion paper (arXiv: 2007.01710).  

We end this paper with the French proverb “AUTRES TEMPS, AUTRES 
MOEURS” adapted from the famous Latin sentence “AUT TEMPORA, AUT 
MORES” as we do believe that a modern scientific translation could be “NEW 
MATHEMATICS, NEW PHYSICS”.  
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Abstract 
It is shown that the approximation of a strong Coulomb interaction between 
electrons results in a new model of the atom with a spatial quantization of 
electrons accompanied by their quantization in energy. This model implies 
that electrons rotate in circular orbits centered outside the atomic nucleus 
and only orbit axes pass through it. The Coulomb interaction between elec-
trons leads to a spherically symmetric distribution of their orbits on the sur-
faces of equipotential spheres of a spherically symmetric electrostatic field of 
the nucleus. The distribution is similar to “inscribing” electron orbits into 
faces of regular nucleus-centered polyhedra so each polyhedron corresponds 
to a certain electron state (s, p, d, f), and a certain set of polyhedra corres-
ponds to a certain period of the Mendeleev Table. It is shown that a spheri-
cally symmetric distribution of electron orbits gives rise to the formation of 
electron pairs in which electron orbits with a common axis are located sym-
metrically with respect to the nucleus and the orbital magnetic moments of 
the electrons are oppositely directed. The physical meaning of the electron 
spin concept becomes clear. The spin turns out to be related to the orbital 
magnetic moment of an electron and reflects the fact that two electrons of a 
pair rotate in opposite directions relative to their common axis. So the spin is 
one of characteristics of the electron state in the atom associated with electron 
rotation in the orbit centered outside the nucleus. The atomic model gives an 
insight into the periodicity of changes in the atomic properties with increas-
ing nuclear charge and the reasons for an electron double energy quantization 
associated with different states and periods. The model shows that the atomic 
structure and properties can be explained by using concepts of classical me-
chanics and classical electrodynamics which regard the electron as a particle.  
 

Keywords 
Correlated Electron State, Electron Shell Structure, Electron Energy  
Quantization, Electron Pairing, Electron Spin, Magnetic Dipole-Dipole  

How to cite this paper: Krasinkova, M.V. 
(2022) Coulomb Interaction between Elec-
trons and a New Concept of Atom. Journal 
of Modern Physics, 13, 495-508. 
https://doi.org/10.4236/jmp.2022.134032 
 
Received: March 23, 2022 
Accepted: April 22, 2022 
Published: April 25, 2022 
 
Copyright © 2022 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/   

  
Open Access

https://www.scirp.org/journal/jmp
https://doi.org/10.4236/jmp.2022.134032
https://www.scirp.org/
https://doi.org/10.4236/jmp.2022.134032
http://creativecommons.org/licenses/by/4.0/


M. V. Krasinkova 
 

 

DOI: 10.4236/jmp.2022.134032 496 Journal of Modern Physics 
 

Interaction, Closed System 

 

1. Introduction 

The studies of the π electron state in a flat carbon monolayer (graphene) [1] in-
cluded some assumptions which were helpful for the understanding of this car-
bon modification. The assumptions concerned, first, the role of Coulomb inte-
raction between neighboring electrons, which resulted in an alternating distribu-
tion of electrons on both sides of the carbon frame and the formation of two- 
dimensional electron crystals from them. Second, it was supposed that the for-
mation of three resonating π bonds by one electron resulted from a pz electron 
rotation in the orbit in the plane parallel to the carbon frame plane. The orbit 
was in the limits of the 2pz state. It is important that the center of the pz electron 
orbits in this case was not the carbon atom nucleus, only the rotation axis passed 
through the nucleus. Third, to compensate for the orbital magnetic momenta of 
electrons, opposite directions of pz electron rotation (clockwise and counter-
clockwise) on opposite sides of the carbon frame were assumed. It turned out 
that the difference in the directions of electron rotation could replace the differ-
ence in the spin directions of the electrons forming π bonds. This result was un-
expected and interesting because a physical understanding of the spin concept is 
still lacking. The spin is interpreted either as a purely quantum phenomenon 
that has no analogue in classical mechanics or as some inherent magnetic mo-
ment of the electron itself, i.e., as its property. 

Since all of the above assumptions, which allowed explanation of the origin of 
graphene specific features concerned the behavior of electrons in the 2 pz state of 
carbon atoms, it was supposed that they could be useful for the consideration of 
the electron state in the atom as well. First of all, the influence of Coulomb inte-
raction between electrons on their spatial distribution and also the relationship 
between the spin and the orbital magnetic moment of electron attracted atten-
tion. 

This paper is devoted to the consideration of the atom in the approximation 
of a strong Coulomb interaction between electrons.  

At first, a few words on the history of this research subject should be said. The 
development of quantum mechanics in the early 20th century sparked a serious 
scientific debate in the scientific community because it meant a change in the 
scientific approach and the transition from the consideration of real phenomena 
within the framework of classical mechanics to the consideration of real phe-
nomena probabilities, i.e., moving from a deterministic approach to a non- 
materialized one. As a result of these disputes, the view prevailed that quantum 
mechanics completely solves the atomic problem. However, questions such as 
the reason for the periodic changes in the atomic properties with an increase in 
the nuclear charge; the atomic ability to form directional bonds and the me-
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chanism of electron transition from the wave state into the particle one remain 
unresolved. Therefore, attempts to explain atomic properties within the frame-
work of classical mechanics continued and continue [2] [3] [4] [5]. 

2. Coulomb Interaction between Electrons and Spherically  
Symmetric Distribution of Electron Orbits 

Let us consider the influence of Coulomb interaction between electrons on their 
state in the atom by using the analogy with its influence on pz electrons in gra-
phene [1]. Let us assume, first, that electrons in the atom rotate in circular orbits 
centered outside the nucleus, and only the rotation axis passes through the nuc-
leus. Second, all electron orbits in the same state are located on one equipotential 
surface of the nucleus electrostatic field. In the case of the atom, this surface is an 
equipotential sphere. In the presence of Coulomb interaction between electrons 
their orbits on such a sphere must lie at equal distances from each other. To keep 
this distance constant as electrons rotate, the electron rotation must be syn-
chronous, with the same velocity and in the same direction relative to the sphere 
surface. In other words, the electron state on the equipotential surface must be 
strongly correlated. 

It is possible to achieve a uniform distribution of electron orbits on a spherical 
surface by “inscribing” a regular polyhedron into the sphere. In this case the po-
lyhedron center must be in the atomic nucleus and the number of its faces must 
be equal to the number of electrons in a given state. In this case each electron 
orbit will be on a separate face of the polyhedron and each electron state will 
have its own polyhedron. The discussion below will show that the number of 
regular polyhedra really specifies the number of electron states in the atom, and 
the number of faces of regular polyhedra specifies the number of electrons in 
each state. 

Five regular polyhedra are known. However, only those the opposite faces of 
which are parallel to each other were found to be useful for the electron distribu-
tion in the atom. These are a hexahedron, an octahedron, a dodecahedron, and 
an icosahedron. It is natural to assume that a hexahedron corresponds to the s 
and p states, a dodecahedron corresponds to the d state and an icosahedron cor-
responds to the f state. 

It turned out that difficulties in the description of the spatial distribution of 
electron orbits by using polyhedra arise primarily with electrons in the s state. 
There are only two of them, and the smallest number of faces in regular polyhe-
dra with the face parallelism is six (hexahedron). Therefore, s electrons can fill 
their hexahedron only partially, occupying only two faces out of six (Figure 1). 

The atomic structure which consists of polyhedra and also possible variants of 
polyhedron coalescence when the nuclear charge increases are shown schemati-
cally in Figure 2. It shows, as an example, completely filled electron shells of 
noble gases. The sequence of polyhedra for other atoms is the same, only the 
outer polyhedron remains incompletely filled. 
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Figure 1. Two 1s electron orbits with radius ro inscribed into two opposite faces of hex-
ahedron with edge a (He atom). 
 

 

Figure 2. Electron shells of noble gases shown by a sequence of polyhedra: incompletely 
filled hexahedron of s electrons (square brackets), completely filled hexahedron of p elec-
trons (a square), octahedron (a regular triangle), dodecahedron (a regular pentagon), 
icosahedron (a circle). Incompletely filled icosahedra are shown by open circles. 7s + 7d 
dodecahedron is still incomplete. The octahedra formed by coalescence are shown by the 
dashed line. Replacement of the 3d state by 4d in the fourth period will be discussed in 
Section 4. 
 

Figure 2 shows that the electron shell of each noble gas atom consists of a 
certain sequence of alternating polyhedra, each of which corresponds to a defi-
nite distribution of electron orbits in the spherically symmetric electrostatic 
nuclear field. Such a distribution can be regarded as a spatial quantization of 
electron orbits in the atomic shell. 

Since each electron state in the atomic model corresponds to a definite poly-
hedron, a limited number of states is associated with a limited number of regular 
polyhedra. 

3. On the Fine Structure of Electron Energy Levels 

Before proceeding to a detailed discussion of the consequences of spatial quan-
tization of electron orbits, some words should be said about regular polyhedra. It 
is known [6] that three spheres are associated with each regular polyhedron: a 
sphere circumscribed around the polyhedron and passing through all its vertices; 
a sphere inscribed into the polyhedron and passing through the midpoints of its 
faces; and a median sphere passing through the midpoints of its edges. There are 
certain relations between the polyhedron edge length and the radii of these three 
spheres, so if you know the edge length or the radius of one of the spheres, you 
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can find all the others. 
The median sphere is of greatest interest for the consideration of the electron 

state in the atom because it is the equipotential sphere on the surface of which 
electron orbits are located and which determines the electron energy. The me-
dian sphere also gives important information about the electron orbits them-
selves. So, the polyhedron face which cuts off a spherical segment from the me-
dian sphere determines the orbit plane, its orientation relative to the atomic 
nucleus, and its maximum possible radius (Figure 3). In regular polyhedra a 
perpendicular from the polyhedron center to the face passes through the face 
center. This means that the electron rotation axis must pass through the atomic 
nucleus because the polyhedron is centered by the nucleus.  

It can be seen from Figure 3 that the electron orbit radius ro = ρsinϑ, i.e. it is 
determined by the radius of the median sphere ρ (which is also the electron ra-
dius-vector relative to the nucleus) and the angle ϑ between this radius and the 
rotation axis. The distance between the orbit center and the nucleus will be de-
fined by the radius r of the sphere that can be inscribed into the same hexahe-
dron. 

Angle ϑ for a hexahedron is 45 degrees. For other polyhedra it is smaller and 
decreases when the number of faces increases. It follows that the largest radius is 
for the orbit inscribed into the hexahedron face, i.e. for the electrons of the s and 
p states. 

Since each electron state corresponds to a specific polyhedron, and the me-
dian spheres of these polyhedra are different, it becomes clear that the electron 
energies in different states of the same period of the Mendeleev Table must also 
be different. This means that the electron distribution over different polyhedra 
leads to a quantization of electrons in energy. It is possible that the difference in 
energies in such a quantization is insignificant as compared with the difference 
in electron energies between neighboring periods of the Mendeleev Table, but 
the difference must exist. In other words, each energy level corresponding to any  
 

 

Figure 3. An electron in orbit with radius ro lying on the surface of the median sphere 
with radius ρ. The orbit is inscribed into a hexahedron face. 
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period of the Mendeleev Table must have sublevels corresponding to different 
electron states. Perhaps this is the reason for the fine structure of atomic spectra 
observed experimentally [7]. 

4. Specific Features of Polyhedron Filling, Electric Field  
Changes with Increasing Nuclear Charge and Quantization  
of Electrons in Energy Associated with Periods of the  
Mendeleev Table 

A detailed consideration of the sequence of filling of electron states (polyhedra) 
presented in the general form in Figure 2 allowed us to identify a number of 
features in the formation of an atomic electron shell. 

First, there is a certain sequence of polyhedra filling which is seen in Figure 2. 
However, it is important that the set of polyhedra specific for each period of the 
Mendeleev Table is not just a set, but a set of interconnected polyhedra, because 
starting from the hexahedron of s electrons each subsequent polyhedron is in-
scribed into the median sphere of the previous one. As a result, each set of poly-
hedra is a sequence of polyhedra consistently inscribed into each other. This way 
of formation of the set brings the median spheres, on which the electron orbits 
of different states are located, closer. Thus, the difference in energies between 
different states in each set is reduced. 

Second, it seems that a weak Coulomb interaction between two s electrons 
makes their state unstable. Therefore, the s electrons either combine with p elec-
trons under certain conditions to form an octahedron (e.g.: 2s and 3s electrons) 
or help d electrons to fill their dodecahedron (4s, 5s, 6s, 7s electrons). The only 
exception is the 1s state, which is closest to the nucleus, and perhaps it remains 
unchanged in all atoms for this reason. However, despite its instability, the s 
state is important for the atomic structure formation, because it is the first in 
each period of the Mendeleev Table and its equipotential sphere determines the 
energy of different electron states in the period. (A dodecahedron and then the 
other polyhedra are inscribed consistently into the median sphere of its hexahe-
dron). In addition, the hexahedron of s electrons which becomes empty after the 
transition of s electrons into the d state is later filled with p electron orbits. 
Therefore, the hexahedron of p electrons is located at a larger distance from the 
nucleus and encloses each period of the Mendeleev Table. 

Third, as long as any state, i.e., the polyhedron, is filled, the energy of the elec-
trons filling it remains the same for all electrons despite the increase in the nuc-
lear charge during this process. This electron energy equality is apparently 
maintained by compensation of a stronger electron attraction to the nucleus by 
an increasing Coulomb repulsion from the increasing number of electrons in the 
polyhedron which they fill. This is possible only under conditions of a spherical-
ly symmetric arrangement of electrons, when each electron is repelled from all 
other electrons in the same state. 

Fourth, a periodic appearance of noble gas atoms at the end of each period of 
the Mendeleev Table is accompanied by a sharp change in the electric field 
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strength at the atomic surface. The inertness of noble gases means the absence of 
electric field at their surfaces, i.e., a complete shielding of the nuclear charge by 
the electron shell (by a set of polyhedra ending with a hexahedron of p-electrons). 
As the nuclear charge increases further, the electric field at the atomic surface 
appears again, but its strength is no longer determined by the point nuclear 
charge. It is determined by the charge of a charged sphere with the radius equal 
to the radius of the noble gas atom preceding the given period of the Mendeleev 
Table. The nucleus remains a point charge only for the electrons of periods I and 
II. Therefore, for other periods the field strength at the atomic surface is deter-
mined by not only the nuclear charge, but also by the charged sphere radius: E = 
K ∙ Ze/(Ra + x)2, where K is a known 1/4πεo constant, Ze is the nuclear charge, Ra 
is the noble gas atom radius in the preceding period of the Mendeleev Table, and 
x is the distance to the charged sphere surface. 

Finally, in addition to a certain sequence of filling, the filling of each next po-
lyhedron begins only after a preceding polyhedron is filled. Deviations from this 
rule are observed only in atoms with f electrons. Perhaps that is why these atoms 
have a high chemical activity, which is also true for gas Rn, which occupies the 
position of a noble gas in the Mendeleev Table. 

In Section 3 we discussed the energy quantization of electrons associated with 
the distribution of electron orbits over different polyhedra. A small difference in 
the energies of different states was assumed. The sequence of polyhedra filling 
considered above confirmed that the difference in energies of the states should 
really be low, since the polyhedra are consistently inscribed into the median 
sphere of the previous polyhedron. Let us call this quantization a small-scale 
quantization in comparison with the quantization associated with different pe-
riods, the nature of which becomes obvious from the consideration of the elec-
tron shell structure of the atom, which consists of sets of polyhedra. 

Indeed, the Mendeleev Table shows that each new period begins after the 
nuclear charge changes by a strictly defined number of units: 8, 8, 18, 18, 32, 32. 
This means that the filling of each new set of polyhedra begins at the field 
strength quite different from the previous one. It has been shown above that the 
field strength depends on the nuclear charge and on the charged sphere radius. 
Since both the charged sphere radius and the field strength at which each new 
set of polyhedra begins to be filled are discrete, there must be discrete energies 
which the electrons can have. It is obvious that energy quantization of electrons 
associated with different periods of the Mendeleev Table (different sets of poly-
hedra) takes place already with a much larger difference in energies than quan-
tization associated with different electron states in each period. This is a large- 
scale quantization. 

Thus, the Coulomb interaction between electrons, which distributes electrons 
in a certain manner in the space around the nucleus (Figure 4), leads to two dif-
ferent scales of their energy quantization, i.e., quantization associated with state 
and period. 
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Figure 4. Sequence of equipotential spheres on which electron orbits are in an atomic 
shell (after the s electron transition into d states). Atomic shell compression when the 
nuclear charge is increased is ignored. 
 

Note, that 3d electrons in Figure 4 are absent because the model does not 
imply electron transitions between the polyhedron sets with different energies in 
the cases when the electrons are not affected by an external factor (such as an 
external strong electric field, for instance). Therefore, the designation 3d for d 
electrons in period IV of the Mendeleev Table is not entirely correct. They, ap-
parently, should be 4d electrons. This also applies to d electrons of other periods 
and also to f electrons. 

5. Specific Features of the Electron State in a Circular Orbit  
Centered Outside a Nucleus 

Let us consider, as an example, the forces acting on an electron in a circular orbit 
in the spherically symmetric field of the nucleus by using a He atom in which, as 
already noted, two electron orbits are on opposite sides of the hexahedron 
(Figure 1) Figure 5.  

One can see from Figure 5 that two forces act on the electron I: the force of 
attraction to the nucleus Fa and the force of repulsion between electrons (I and 
II) Fr. The total force FΣ equal to FΣ = Fa − Fr is directed at angle ϑ to the electron 
rotation axis. 

Let us decompose FΣ into two components, i.e., F⊥ directed perpendicularly to 
the orbit plane and Fc lying in the orbit plane and directed towards its center. 
The momentum of force Ʈ created by force F⊥ and defined as the vector product 
Ʈ = [ro F⊥], where ro is the electron radius-vector relative to the orbit center, 
must be perpendicular to ro and F⊥ and directed tangentially to the orbit in the 
direction from the reader. This direction of the force momentum Ʈ determines 
the direction of the electron linear velocity Ʋ in the orbit and also the direction 
of the electron angular velocity ω directed always along the rotation axis and 
away from the nucleus in this case. Normally, the presence of a force momentum 
Ʈ entails a change in angular velocity ω and hence impulse moment L [8]. How-
ever, if a stationary rotation axis along which the angular velocity is directed is  
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Figure 5. Forces acting on an electron in a circular orbit in the nuclear field in the He 
atom and resolution of the total force into two components. 
 
chosen as the origin (and this case is of interest to us) the projection of force 
moment Ʈ on this axis is zero, since Ʈ lies in the orbit plane perpendicular to the 
axis. This means that the force moment Ʈ does not change the angular velocity ω 
in this case. Thus, ω = Const and L = Const.  

As known, this is the case when the force acting on the particle perpendicular 
to the trajectory of its motion does not do the work [8].  

The second component Fc of the total force FΣ acting on the electron is the 
centripetal force, which provides a centripetal acceleration ac, depending on the 
angular velocity and electron radius-vector relative to the orbit center, i.e. ac = 
−ω2ro. This centripetal acceleration changes only the direction of electron linear 
velocity in the orbit (or the position of the radius-vector rо on the orbital plane). 

Thus, the total force FΣ acting on the electron determines its rotation in a cir-
cular orbit in a certain direction with a constant angular velocity ω, linear veloc-
ity Ʋ equal to the vector product Ʋ = [roω], centripetal acceleration ac = −ω2ro 
and constant kinetic energy Ek = 1/2 mro

2ω2. 
Note that the Coulomb repulsion force in the He atom is determined by the 

interaction between two electrons alone. In the states where there are more elec-
trons and where each electron under the condition of the spherically symmetric 
distribution is repelled simultaneously from all electrons in the same state, the 
contribution of the repulsive force to the total force is greater. Therefore, the 
Coulomb interaction between electrons in the atom can be considered to be 
strong. 

Note also that it is the Coulomb repulsion force between electrons that en-
sures a stable position of the electron in the circular orbit centered outside a 
nucleus. The lack of such a force in hydrogen, apparently, explains the instability 
of its electron in the circular orbit and the impossibility of existence of hydrogen 
in the atomic state. It is known that hydrogen exists only in the form of a mole-
cule H2 or a positively charged ion in compounds with other elements. The dis-
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sociation constant of the hydrogen molecule is only 2.56 * 10−34 at 300 K and 
1.22 * 10−3 at 2000 K, dissociation energy is large 436 kJ/mole [9].Therefore, 
consideration of the atom structure should begin with the He atom rather than 
hydrogen. 

6. Electron Pairs and Physical Meaning of the Spin Concept 

A spherically symmetric distribution of electron orbits on faces of regular poly-
hedra which are characterized by opposite face parallelism leads to the electron 
pair formation in any state, i.e., electron pairing. The electrons of each pair are 
arranged symmetrically with respect to the nucleus. This means that the elec-
trons of the pair have a common rotation axis passing through the nucleus, but 
they are on opposite sides of the nucleus (Figure 5). Thus, the nucleus is the 
nodal point of any electron state in the atom. The electrons in such pairs have 
opposite directions of impulse momenta and angular velocities, and also of or-
bital magnetic momenta. This is not surprising, since the vectors of impulse 
moment and orbital magnetic moment are not true vectors. They are only 
pseudo-vectors which reverse their direction under mirror reflection [8]. Thus, 
the feature manifested itself in conditions of a spherically symmetric distribution 
of electrons in the atom. 

Opposite directions of the electron impulse and orbital magnetic momenta in 
a pair mean that these electrons rotate in opposite directions relative to their 
common axis, while they rotate in the same direction relative to the surface of 
the equipotential sphere on which their orbits are located. This direction (rela-
tive to the surface) is the counterclockwise one always and is governed by the 
direction of the force moment acting on the electron in the orbit. In an atom, 
therefore, the impulse momenta of all the electrons are directed away from the 
nucleus, and their orbital magnetic momenta are directed towards the nucleus. 

The fact that electrons in a pair have opposite directions of the orbital mag-
netic moment changes the concept of electron spin [10] [11] [12]. The spin turns 
out to be related to the orbital magnetic moment and to its direction. It essen-
tially reflects the fact that electrons of each pair having the same axis passing 
through the nucleus are rotating in opposite directions relative to their axis. 
Since only two directions (clockwise and counterclockwise) are possible in the 
orbital plane, the spin has only two directions (spin up, spin down). Thus, spin is 
neither a property peculiar to the electron itself nor a purely quantum pheno-
menon. It is only one of the characteristics of electron state in the nuclear spher-
ically symmetric field. 

It follows from the above that we can still speak about the electron spin only 
when the electron is in one of the atomic states. Outside the atom, the concept of 
spin loses its meaning and only the orbital magnetic moment of the rotating 
electron remains. 

It should be noted in this connection that the O. Stern and W. Gerlach expe-
riment [13] which was explained by using the spin concept was successful only 
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because the investigation was carried out with individual Ag atoms containing 
one unpaired electron, i.e., one electron of the pair. In this case the electrons re-
mained in the atomic 5s state and could rotate clockwise in one atom and coun-
terclockwise in another (relative to their rotation axis in each atom and relative 
to the direction of the outer magnetic field which deflected the Ag atoms). 

7. Magnetic Dipole-Dipole Interaction in the Atom 

Let us consider another kind of interaction between electrons in the atom con-
nected with the electron rotation in circular orbits. In Section 6 we mentioned 
the electron orbital magnetic moment which depends, as known, on the current 
created by the electron rotation and the orbital area covered. Such a rotating 
electron can be regarded as a small magnetic dipole. This means that a magnetic 
dipole-dipole interaction must exist between neighboring electrons in the atom. 
Since the dipole-dipole interaction strength depends on the cosine of the angle 
between the dipole directions, it is maximal when the neighboring dipole direc-
tions are parallel (repulsion) or antiparallel (attraction) to each other, and is zero 
when their directions are perpendicular. 

It follows from the geometry of polyhedra that the angle between neighboring 
dipole directions in the atom is 2ϑ, where ϑ is the angle between the electron ra-
dius-vector ρ relative to the nucleus and orbital axis (Figure 3). Since both the 
angle ϑ and radius r0 are different for electrons of different states, the dipole- 
dipole interaction strength will also be different. For example, if the angle be-
tween the directions of neighboring dipoles for p electrons is 90˚, there will be 
no magnetic dipole-dipole interaction between them. This fact distinguishes 
the p state from all other electron states in the atom, since the magnetic dipole- 
dipole interaction between neighboring electrons in the s, d and f states must ex-
ist. 

The lower the angle ϑ or the shorter the distance between the dipoles, the 
stronger the magnetic interaction. 

Since all orbital magnetic momenta (magnetic dipoles) in the atom are di-
rected towards the nucleus, the dipole-dipole interaction between them is repul-
sive, i.e., it acts on the electrons just as the Coulomb repulsion does. 

Despite the fact that the magnetic dipole-dipole interaction between electrons 
is much weaker than the Coulomb interaction, it may affect the atomic proper-
ties and, above all, its chemical activity. This is evidenced by the absence of 
chemical activity of noble gases where the magnetic dipole-dipole interaction 
between neighboring dipoles is absent. 

Since each electron in the atom that creates its magnetic field is also influ-
enced by magnetic fields of other electrons of the same state, we may conclude 
that the electron in the atom is in a spherically symmetric electromagnetic field 
which, like the electric field, varies periodically along the atomic radius. There-
fore, the resulting force acting on the electron in an atom and including both 
electric and magnetic components should be regarded as the Lorentz force. 
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8. Noble Gas Atoms as Examples of Closed Systems 

As it is known, atoms of noble gases differ from other atoms in that their outer 
electron shell is a completely filled p shell. When all states are completely filled, 
all p electrons are paired. In the case of a spherically symmetric distribution of 
electron orbits this means that the vector sums of angular momenta of all elec-
trons, as well as their orbital magnetic momenta, are zero. The sum of all charges 
is also zero. In addition, there is no magnetic dipole-dipole interaction between 
neighboring electrons in the outer shell. At the same time there are strong inte-
ractions in the atomic system itself. However, they do not manifest themselves 
outside the system, remaining inside it. Such systems are typically referred to as 
closed systems which interact neither with other external systems nor among 
themselves [14]. Therefore, the atoms in question exist in the gaseous phase and 
as single-atomic gases. 

It should be emphasized once more that the specific feature of the atomic 
structure is a periodic repetition (with increasing nuclear charge and number of 
electrons) of the atomic state as a closed system, accompanied by periodic 
changes in the electric and magnetic fields in the atomic shell and periodic 
changes in the atomic properties. All this is due to a periodic spatial electron 
distribution in the electron shell (Figure 4) or, speaking more generally, due to a 
limited number of regular polyhedra. 

9. Conclusions 

It has been shown that the electron shell of the atom is spatially structured and 
an important role in this is played by the Coulomb interaction between elec-
trons. First, it ensures a stable rotation of electrons in the orbits centered outside 
the nucleus and, second, it distributes these orbits on the equipotential surfaces 
in a spherically symmetrical manner. This distribution is similar to “inscribing” 
the orbits into faces of regular polyhedra centered by the atomic nucleus. In 
other words, in each state the electrons are distributed so that planes of electron 
orbits form a regular polyhedron by crossing each other. Therefore, the number 
of possible electron states in an atom corresponds to the number of regular po-
lyhedra, excluding the tetrahedron, and the number of electrons in each state is 
equal to the number of faces of the polyhedron corresponding to the given state, 
excluding the s and f states. 

It has been shown that the description of the electron orbit distribution using 
regular polyhedra permits determination of the equipotential surfaces on which 
the orbits are located, the orientation of their planes and rotation axes relative to 
the nucleus, and also their maximum possible radius in each state. 

It has been shown that a spherically symmetric distribution of electron orbits 
is also associated with specific features of electron states in the atom, in particu-
lar, the formation of electron pair having a common rotation axis passing 
through the nucleus, but with oppositely directed impulse and orbital magnetic 
momenta. This makes the concept of spin questionable. The spin appears to be 
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related to the electron orbital magnetic moment or rather to the direction of the 
orbital rotation of the electrons in pair relative to its rotation axis passing 
through the nucleus. Thus, the spin seems to be one of characteristics of the 
electron state in the spherically symmetric field of the atom rather than a prop-
erty inherent in the electron itself or a purely quantum phenomenon. 

It has also been shown that the spherically symmetric distribution of electron 
orbits, similar to the distribution of faces in regular polyhedra, gives an insight 
into basic properties of the atomic system as a whole, i.e., a periodic change in 
the properties of atoms with increasing nuclear charge, a periodic formation of 
closed atomic systems and also the origin of the double quantization of electrons 
in energy. 

To summarize, the electron shell structure of the atom and its properties are 
determined by the Coulomb interaction between electrons under conditions of a 
spherical symmetry of the nuclear field. Under these conditions, electrons be-
have as particles obeying the laws of classical mechanics and classical electrody-
namics. 
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Abstract 
Based on the Harmonitor theory of field in PCFs in which the second order 
differential to the transmission distance is included, and by the Darboux so-
lution, the dispersion effect on the field is re-discussed. The results can be 
used in the dispersion parameter design of photonics crystal fibers. The field 
will expand and split faster than that in common fibers so that (as the de-
scription of Harmonitor theory) the higher-order dispersion should be taken 
into account. The high-order dispersion can also induce pulse compression 
while its pre-order dispersion values are zeroes. The dispersion coefficient 
changes with distance. 
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1. Introduction 

With the development of nanophotonic technologies, it is available to engineer 
waveguides with the complex dispersion profiles. This is not adequately de-
scribed by a simple second-order term in the expansion of the wave number 
with frequency [1]. Similarly, the nonlinear Schrodinger equation cannot de-
scribe fast modulations adequately because it is based on a Taylor expansion in 
the frequency domain and only several dispersion items are taken into account 
[2]. Therefore, the influence of the modulation of optical fiber dispersion on so-
liton propagation has attracted a lot of attentions recently.  

More dispersion items have been included [2]. In [3], authors studied the ef-
fects of the entire modal dispersion curve and the frequency dependence of the 
nonlinear coefficients on the formation of modulation instabilities by using the 
harmonic analysis. New regions of modulation for the dispersion-flattened fibers 
were found and characterized by this approach [4]. In the strongly dispersion fi-
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ber, the chirped Gaussian pulse, as in a linear superposition of the Hermite- 
Gaussian harmonics and as the zeroth harmonic, presented a periodically vary-
ing modulation width [5]. The multipeak modulation instability spectrum was 
observed in the dispersion oscillating optical fibers [6]. 

In the fiber with a periodic dispersion, by the variation approach, the stochas-
tic decay of pulses was predicted [7]. Also, the finite-energy Airy waves may en-
dlessly retain their shapes and follow the pre-engineered temporal trajectories 
[8].  

With an appropriately designed dispersion profile, the chirped pulses can be 
retrieved through the chirp reversal [9] [10]. In this case, of the nonlinear 
Schrödinger equation with designed group velocity dispersion, variable nonli-
nearity, and gain or loss, had been demonstrated that the chirp reversal is crucial 
for the pulse reproduction [9]. A wave suffered the strong modulation of disper-
sion and then it resulted in a significant chirp development. The periodic mod-
ulation of dispersion led to the radiation damping [11] [12], the existence of vi-
brating solitons [13] and splitting of solitons [14]. 

Pulse evolution is highly sensitive to the input pulse profile [15]. It was found 
that light pulses with Gaussian input profile produced less radiation in the fiber 
system than that hyperbolic-secant or raised-cosine pulses could do.  

In this paper, based on our established theory on the field in PCFs[16] which 

contained both the second order differential to the transmission distance (
2

2

A
z

∂
∂

)  

and the higher-order dispersion items, we will re-discuss the dispersion effect on 
pulse. These discussions include the various pulses with profiles of Gauss, chirped 
Gauss, super-Gauss and hyperbolic functions (the common features of pulse 
profile). It also presents a Darboux state description for the field in a dispersion 
medium [17].  

2. Theory on the Dispersion Effect in PCFs 

In Micro-fibers (the PCFs in Figure 1), the transmission equation of field should 
include the second-order differential to transmission distance. It is [16]: 
 

 

Figure 1. Scanning electron microscope image of the cross-section of the PCFs [18]. 
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( )
2

2
2 2 2A Ai i A

zz
β β β β∂ ∂

+ = − ∆ − ∆
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                   (1) 

Generally, for the discussion of field in fibers, people adopt the nonlinear 

Schordinger equation which ignores the item 
2

2

A
z

∂
∂

 because of the suppose of  

the slow-varying envelope. But in PCFs, the envelope of field varies very fast. 
Thus, the field equation should be (1).  

And the dispersion item β  should include many orders of its Taylor expan-
sion or be the entire β  coefficient curve.  

Then only taking the dispersion effect into account ( 0β∆ = ), we get: 
2

2 2 0A Ai
zz

β∂ ∂
+ =

∂∂
                         (2) 

The field is:  

( ) ( ) ( )
( )
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2
0 1 2

, 0, exp 2 2

2 2

A z A iz

i

ω ω β β ω β ω

β β ω β ω

 = − + + + ⋅⋅⋅ 
 − + + + ⋅⋅⋅ 

          (3) 

From the view of the quantum theory, in the phase-amplitude representation, 
the system’s Hamiltonian operator is [17]: 

( )ˆ tanhSH a a iω β ββ+′ ′= −                      (4) 

In [18], we have derived the (4). In the Darboux space, the lax pair is:  

( )2
2 2

0 2

ln
2

A
z

β β
∂

= +
∂

                       (5) 

( ) ( )
( ) ( )

2
0

0

A A z
A A

z A

β β
β

β
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= −

∂
                   (6) 

The simulation results based on (6) are the same as those on (3).  

3. Validation 

In this section, we will compare the simulations of this theory with those of [19] 
[20] [21] [22] to prove the correction of our theory. The simulation procedure is 
shown in Figure 2.  
 

 

Figure 2. The simulation procedure. 
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For the Gauss pulse, there is: 

( ) ( ) 2 2
00, exp 1 2A T C T T = − +                   (7) 

( ) ( )10, 0, e d
2

i TA A T Tωω
+∞ −

−∞π
= ∫                  (8) 

( ) ( ){
( ) [ ]}
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zi i T

ω ω β β ω β ω
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−∞
 = − + + + ⋅⋅⋅ 

 − + + + ⋅⋅⋅ 

∫
    (9) 

We simulate the Gauss pulse evolution in Figure 3 to prove the corrections of 
(3) and (6).  

Although the form of (3) is completely different from the equations in [19] 
[20], the pulse evolution is the same in the following points: 

1) The time axis values minus 1zβ . It is 1T t zβ= − . The whole pulse envelope 
is moved at the velocity of 11 β ; 

2) The second order dispersion 2β  causes the pulse broaden;  
3) The compressed chirped pulse (when C = 0.5 and Z = 0.1LD, LD is the dis-

persion length [23]) is shown in subfigure (c). 
And differences as follow: 
1) The second order dispersion 2β  causes the symmetrical fluctuations at the 

pulse edges (high frequency brims); 
2) When the chirped pulse is compressed, as subfigure (c), the edge fluctua-

tions turn severer; 
3) The item ( )2

0 1 22 2zi β β ω β ω+ + + ⋅⋅⋅  in phase will cause the fluctuations 
in the envelopes of pulse. 

These differences occur in our simulation, are not apparently shown in [19] 
[20].  

Figure 4 is the demonstration of hyperbolic Secant pulse, 
 

 

Figure 3. The evolution of Gauss pulse, only including the zero-, first- and the second-order dispersion items. ( )1 mWPP = , 

( )70 cmL = , ( )0 300 fsT = , ( )0.1 W mγ = , ( )2
2 4.22 ps kmβ = − , ( )2 3

3 9.9 10 ps kmβ −= × , ( )780 nmλ = . 
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Figure 4. The evolution of the hyperbolic Secant pulse. Parameters are the same as Figure 3. (a) The initial pulse; (b)-(d) The 
results of [19], the fields in common fibers; and (e)-(f) The results of (3), the fields in PCFs. 
 

( )
2

0 0

0, sech exp
2

T iCTA T
T T
   

= −   
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. 

By a transmission, this pulse is broadened due to the second-order dispersion 
according to the Formula (3). The fluctuations are more evident than those in 
Figure 3, and even the pulse splittings occur. The simulations based on our 
theory exhibit more severe pulse expandings and splittings (e)-(g) than those in 
[19] [21]. This is consistent with the experiment result that in PCFs [2], and we 
have observed strong super-continuum spectrum which is not induced in the 
common fibers.  

The same results are obtained from Figure 5 for the super-Gauss pulse. 

( )
210, exp

2

miC TA T
T

 +  = −  
   

. There are fluctuations in the pulse edges and the  

pulses will split with increase of the distance [19] [22]. These phenomena are 
more evident than those occurred in a Gauss-pulse.  

4. Expanding Results by the Darboux State Description 
4.1. The Compression of Pulse 

We can get a very interesting result that from (3). The Harmonitor is repro-
duced at some situations and at some frequency components. Actually, it is very 
difficult to observe this state (reproduced pulse) for the pulse expands very fast. 
This can be realized by limiting the second-order dispersion (regarded as 0), 
while the third-order dispersion is taken into account. Then the symmetry is 
broken. We simulate this case in Figure 6. In the figure, the forward of “C” pulse 
is compressed and the backward keep unchanged. 
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Figure 5. The evolution of super-Gauss pulse. (a) and (b) The initial pulses; (c)-(h) The results of [19] [22], the fields in common 
fibers; and (i)-(n) The results of (3), the fields in PCFs. Parameters are the same as Figure 3. 

4.2. The Dispersion Coefficient ( )β ω  

In Figure 7, we plot the entire dispersion coefficient. It complete differs from the 
Fourier serious results [19]. At the different places, it has different values, and 
the discrepancies are apparent. These exhibit another property of PCFs [4]. 
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Figure 6. The pulse compression by the β3. “O”, “C” and “E” refer to the origin pulse, the 
compressed pulse, and the expanded pulse respectively. 
 

 

Figure 7. The dispersion curve (a) and (b) at z = 0.2LD; and (c) and (d) at z = 2LD. EHz: 
1015 (Hz). 

4.3. The Impacts of Birefringence and Confinement Loss in PCF  
Structure 

If there are asymmetric and twist in the PCFs, these will result in the birefrin-
gence. The frequency component is much and will lead to more kinds of split 
and more induced waves [24] [25] [26].  

The impact of confinement loss can be discussed by:  
22

02
0

2 2cl
cl

A Ai A A
zz

α
β βα β

β
 ∂ ∂

+ = − ∂∂  
               (10) 

The first item of right side brings a gain or a loss on the field. The second item 
results in a phase shift along the transmission. The confinement loss value (<10−7 
dB/km compared the fiber loss 10−3 dB/km) is very small, so both the impacts on 
amplitude and phase are enough small to be ignored.  

5. Conclusions 

By resolving the transmission equation of field in PCFs, the dispersion effect is 
re-discussed. Although the second order differential to the transmission distance 
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( 2 2A z∂ ∂ ) is taken into account, the first-order (β1) and second-order disper-
sion (β2) effects have the same influences as those of the nonlinear Schordinger 
equation, which cause the envelope of pulse move and pulse broadened, respec-
tively. Additionally, the second-order dispersion also brings the fluctuations in 
the pulse edges, and with the increase of distance, even results in the pulse split-
tings. 

But by our calculation, the third-order dispersion (β3) will also induce pulse 
compression while the second-order dispersion is assumed as zero. The disper-
sion coefficient ( )β ω  alters with the distance. 
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Abstract 
The work is devoted to the demonstration of the possibility of applying the 
formulas of information handling obtained in the theory of non-force inte-
raction for the natural language processing. These formulas were obtained in 
computer experiments in modelling the movement and interaction of materi-
al objects by changing the amount of information that triggers this move-
ment. The hypothesis, objective and tasks of the experimental research were 
defined. The methods and software tools were developed to conduct the ex-
periments. To compare different results of the simulation of the processes in 
a human brain during speech production, there was a range of methods pro-
posed to calculate the estimate of sequence of fragments of natural language 
texts including the methods based on linear approximation. The experiments 
confirmed that the formulas of information handling obtained in the theory 
of non-force interaction reflect the processes of language formation. It is 
shown that the offered approach can successfully be used to create systems of 
reactive artificial intelligence machines. Experimental and, presented in this 
work, practical results constitute that the non-force (informational) interac-
tion formulae are generally valid.  
 

Keywords 
Non-Force Interaction, Non-Force Interaction Method, Computer  
Linguistics, Mechanical Movement, Special Relativity 

 

1. Introduction 

Information is the basis of a human life. Can it be that it is the source of the 
Universe’s existence? Can the Universe be digital, computable? Today there is a 
range of theories that declare this variant of world formation, particularly, the 
computer simulation hypothesis of Nick Bostrom [1], or the research of the laws 

How to cite this paper: Teslia, I. (2022) 
Experimental Verification of the Theory of 
Non-Force (Information) Interaction. Jour-
nal of Modern Physics, 13, 518-573. 
https://doi.org/10.4236/jmp.2022.134034 
 
Received: March 10, 2022 
Accepted: April 26, 2022 
Published: April 29, 2022 
 
Copyright © 2022 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution-NonCommercial 
International License (CC BY-NC 4.0). 
http://creativecommons.org/licenses/by-nc/4.0/ 

 
Open Access

https://www.scirp.org/journal/jmp
https://doi.org/10.4236/jmp.2022.134034
https://www.scirp.org/
https://doi.org/10.4236/jmp.2022.134034
http://creativecommons.org/licenses/by-nc/4.0/


I. Teslia 
 

 

DOI: 10.4236/jmp.2022.134034 519 Journal of Modern Physics 
 

of physics as a cellular automaton by Stephen Wolfram and Nobel laureate 
Gerard’t Hooft [2] [3]. But, unfortunately, these, as well as other similar theories, 
have not been proven experimentally yet. 

One of these theories is the non-force interaction theory (NFIT). It is based on 
a computer model in which the source of movement is information that triggers 
the movement [4] [5] [6], not only at social, biological or technical level of the 
matter existence, but also the mechanical movement of any material objects. If 
information is the basis of the Universe’s existence, it should definitely manifest 
itself in mechanical movement as movement is a general form of the existence of 
matter. The NFIT is built on the information-probabilistic interpretation of 
movement. There are formulae received that correspond to Newton’s classical 
and Einstein’s relativistic mechanics with one addition that the source of move-
ment is the information. Therefore, during interaction informational contents 
changes first, which then leads to changes in movement (speaking about me-
chanical movement, it leads to changes in the direction and speed of movement). 

The research purpose of the work is to confirm the hypothesis of the theory of 
non-force interaction, which claims that all interactions in nature are based on 
informational reasons and are described by the same formulas. For this purpose, 
it is offered to verify the correspondence of the formulae received in the theory 
of non-force interaction to informational processes of speech production in a 
human brain by the means of computer experiments. The main question the 
answer to which is given in the article through experimental research is that 
probabilities of sequence of letter combinations in the texts in different lan-
guages can be received from the formulae of non-force interaction, which in 
their turn were received from information-probabilistic interpretation of me-
chanical movement. 

If we can confirm it, it will mean that, when forming natural language texts, 
the processes of interaction in a human brain correspond to the formulae re-
ceived in the theory of non-force interaction. This, therefore, will prove the uni-
versality of these formulae, and therefore, the validity of the results received 
from the theory of non-force interaction. Moreover, the main aspect is that this 
will significantly prove the hypothesis of the theory that all interactions in the 
Nature are caused by informational reasons.  

2. Primary Research Materials 
2.1. General Information about Non-Force Interaction Theory 

The theory of non-force (information) interaction gives information-probabilistic 
interpretation of the laws that describe mechanical movement and immediate 
interaction of material objects. To do this, one more parameter was introduced 
into the non-force interaction theory: information that triggers the movement. 
On the basis of this, the formulae of transformation of information contents of 
the objects during their interaction were received from the known laws of phys-
ics. These formulae were obtained based on the following logical conclusions: 
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1) The theory of non-force interaction is based on the thesis that each object 
has a memory that contains information about previous interactions and that 
motivates it to move. Geometrically, memory is represented by the areas of de-
termining the direction of movement of the object (Figure 1). The greater the 
difference in the amount of information that triggers the movement of two ob-
jects, the greater the relative velocity of the objects. 

2) In the non-force interaction theoryphysical fields [7] provide information 
that triggers the movement. Field is not physical, but informational category. It 
is important what information the field can transfer rather than how it is done. 
Physical field is the carrier of information and not the source of forceful ac-
tion. 

3) The movement of objects is determined not by physical laws, but by their 
“ability to react correctly” to the existence of other objects and which was 
formed during 13.8 billion years. In almost 13.8 billion years the matter learned 
to react to other objects exactly as it does when it changes the direction and ve-
locity of movement during interaction. Physics explains the movementby the 
constant physical laws of the Nature. However, in the non-force interaction the-
ory the movementis information.  

4) We provide information to other people through speech. This information 
changes (complements) their available information. Such changed information 
triggers changes in the “movement” (actions) of people. Now, let us use the 
method of analogies. Physical fields “provide” information to the objects about 
the existence of other objects. The changed amount of information that triggers 
the movement, triggers the changes in mechanical movement (direction and ve-
locity). 

5) During the interaction of material objects, their amount of information that 
triggers the movement changes first, which then leads to the changes in their 
movement. 

6) From the known “physical laws” there can be received the laws of change of 
the amount of information that triggers the movement, during interaction. 

7) In the non-force interaction theory, the movement of the object is inter-
preted by shifts in possible directions (one quantum of space per one quantum 
of time). The probability of the shift is determined by the amount of information 
that triggers the movement [4] [5]. For a one-dimension movement in direction 
Z (Figure 1) [5]. 
 

 
Figure 1. Information-probabilistic model of mechanical movement. 

https://doi.org/10.4236/jmp.2022.134034


I. Teslia 
 

 

DOI: 10.4236/jmp.2022.134034 521 Journal of Modern Physics 
 

8) On Figure 1, the formulae that are proposed in the non-force interaction 
theory [4] are stated to calculate the probability of a shift. 

; .i ip p
i i i i

+ −
+ −

− + − += =
+ +

                      (1) 

They are based on the geometrical representation of the ranges of definition of 
the object movement, that are in the object’s memory (Figure 1). 

9) In the NFIT, the difference in the size of the ranges is called the amount of 
information that triggers the movement and the addition is the awareness: 

- the amount of information that triggers the movement;

- awareness.

d i i
i i i

+ −

+ −

= −

= +
    (2) 

10) The amount of information that triggers the movement  ≡ information 
about movement direction collected in interactions = non-force (information) 
influence on the object as to the choice of this exact movement direction. 

11) Awareness ≡ information about movement direction collected in interac-
tions  = non-force (information) influence on the object as to possible move-
ment directions. 

12) Expected drift velocity (or just velocity) of an object (see Figure 1) [5] 

( ) ( )2 1 ,p p p+ − += − ⋅ = ⋅ − ⋅V c c                   (3) 

where V is expected drift velocity of an object; c is the speed of light in vacuum. 
13) The drift velocity of one object regarding the drift velocity of another ob-

ject is the relative movement velocity. 
14) Relative velocity from the formula of relativistic addition of velocities [7] 

in the information-probabilistic interpretation of mechanical movement looks as 
follows (using Formula (3)) [5]: 

( ) ( )
( ) ( )

2 1 1 22 1

1 2 2 1 1 2
2

1 1
,

1 11

p p p p
p p p p

⋅ − − ⋅ −−
∆ = → ⋅

⋅ ⋅ − + ⋅ −−

V VV c
V V
c

            (4) 

where ∆V  is relative velocity of some object R2 in relation to the object R1; 2p  
is probability of the shift of object R2 in the direction in relation to which the 
difference in velocities is measured; 1p  is probability of the shift of object R1 in 
the direction in relation to which the difference in velocities is measured; c is the 
speed of light in vacuum. 

However, from (3) it follows: 

( )2 1 ,p∆ = ⋅ ∆ − ⋅V c                        (5) 

where ∆p is probability of the shift of object R2 in relation to object R1 in the di-
rection, in relation to which the difference in velocities is measured. 

Then, the probability of the shift of object R2 which would be “measured” by 
the observer who is in object R1 (shift in the direction “away from the observer”) 
from (4) and (5) is [1] 

( )
( ) ( )

2 1

2 1 1 2

1
.

1 1
p p

p
p p p p

⋅ −
∆ =

⋅ − + ⋅ −
                  (6) 
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15) In the non-force interaction theory [4], it is shown that the implementa-
tion of mechanical movement according to Formula (6) is possible only under 
the condition that the ratio of quantity of actual shifts of all objects one in rela-
tion to another will be equal to the ratio of the sizes of definition rangesof mo-
tion (see Figure 1). However, it is only possible in the situation: 

.i i const+ −⋅ =  

Based on the commonly used representation of formulae in relativistic me-
chanics [7], it is convenient to accept that [4]: 

0.25.i i+ −⋅ =                           (7) 

Then from (1), (2) and (7) the connection between the probability of shift in 
direction (p), the amount of information that triggers the movement (d) and 
awareness as to the directions of shift (i) in one-dimensional virtual space is de-
fined by the following formulae [1]: 

( )
1 ;

2 1
i

p p
=

⋅ −
                          (8) 

2 1;i d= +                             (9) 
2 1;d i= ± −                           (10) 

10.5 2, 0.5
1

10.5 2, 0.5
1

p p p
p p

d
p p p

p p

 −
⋅ + − ≥

−= 
−− ⋅ + − < −

                (11) 

0.5 .
2
dp
i

= +                           (12) 

2.2. Velocity and Momentum in Non-Force Interaction Theory 

In the core of the non-force interaction theory, there is a computer model of 
mechanical movement in which the shift of objects one in relation to another is 
explained by the difference in the amount of information that triggers the 
movement, as it is shown in Sub-section 2.1. In essence, the non-force interac-
tion theory interprets mechanical movement of material objects “in a new way”. 
Physical categories, such as velocity and momentum, are interpreted through the 
information that triggers the movement. Accordingly, physical formulae that in-
clude these values are represented in a new way, through the amount of infor-
mation that triggers the movement. Thus, such their interpretation creates pos-
sibility to find analogies and check for conformity with informational interaction 
of people. Let us look at the following interpretation: 

1) Representation of physical formulae through the amount of information 
that triggers the movement: 

a) Applying in (12) Formula (3), new representation of velocity formula: 

.d
i

= ⋅V c                            (13) 

https://doi.org/10.4236/jmp.2022.134034


I. Teslia 
 

 

DOI: 10.4236/jmp.2022.134034 523 Journal of Modern Physics 
 

b) Relativistic mass [7] 

0

2

2

,

1

m
m =

−
V
c

                       (14) 

where 0m  is the mass in the state of rest. 
Applying in (14) Formula (13), information-probabilistic interpretation of 

relativistic mass is obtained [1]. 

0 0 0
02 2 2 2 2

2 2 2

.

1 1

m m m i
m m i

d i d
i

⋅
= = = = ⋅

⋅ −
− −

⋅
V c
c c

           (15) 

c) The law of conservation of momentum (quantity of movement). It charac-
terizes mechanical interaction of material objects. It determines that in a closed 
system the total momentum of all bodies is preserved [8]: 

,j
j

const=∑ P                           (16) 

where iP  is momentum. 

j j jm=P V ,                         (17) 

where jm  is mass; jV  is velocity. 
Applying in (17) Formulae (13) and (15), it is obtained 

0 0 ,j
j j j j

d
m i m d

i
= ⋅ ⋅ = ⋅ ⋅P c c  

where 0 jm  is rest mass; jd  is the amount of information that triggers the 
movement. 

Hence, information-probabilistic interpretation of the law of conservation of 
momentum can be stated [4]: 

0 .j j j
j j

m d const= ⋅ ⋅ =∑ ∑P c  

Out of the fact that in a closed system the total rest mass does not change, the 
“law of conservation of the amount of information that triggers movement” 
arises [4]: 

.j
j

d const=∑                        (18) 

d) The difference in velocity is a consequence of the difference in the amount 
of information that triggers the movement. In the work [4] it is shown that if 
(13) 

1
1

1

;
d
i

= ⋅V c  

2
2

2
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d
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where 1V  is the drift velocity of object R1; 2V  is the drift velocity of object R2; 

2d  is the amount of information that triggers the movementof object R2; 1d  is 
the amount of information that triggers the movementof object R1; 1i  is 
awareness of object R1, then from Formulas (2) - (4) it is possible to obtain [4] 

2 1 1 2 ,d d i d i∆ = −                        (19) 

where ∆d is the difference in determination of objects R2 and R1 in relation to 
the movement in direction Z. 

Having 1d  and ∆d known, it is possible to determine 2d . See this from (9) 
2

1 1 1;i d= +  

2
2 2 1;i d= +  

2 1,i d∆ = ∆ +  

where i∆  is the difference in the amount of information that triggers the move-
ment of objects R1 and R2. 

Then, from (9) it follows 

2 1 1 .d d i i d= ∆ + ∆                       (20) 

2) The change in the amount of information that triggers the movement with 
direct (contact) interaction of objects. When examining this question, the mass 
of interacting objects will not be looked at, as the change of velocity during di-
rect (contact) interaction depends on the mass and is considered in the calcula-
tions provided. Additionally, there is considered a closed system of three objects 
the mass of which is constant. 

a) Assuming there is object R … 
­ … moving in direction Z with velocity VR (13) 

,R
R

R

d
i

=V c  

where RV  is the drift velocity of object R in direction Z until collision; Rd  is 
the amount of information that triggers the movement of object R in direction Z 
until collision; Ri  is awareness of object R about movement until collision; 
­ … will collide with object X and its velocity will become VRX. The change of 

the amount of information that triggers the movement will correspond to the 
change of velocity. As it follows from Formula (19) 

,RX RX R R RXd d i d i∆ = −  

where RXd∆  is the change of the amount of information that triggers the 
movement of object R in direction Z after collision with object X; RXi  is 
awareness of object R about movement after collision with object X; RXd —the 
amount of information that triggers the movementof object R in direction Z af-
ter collision with object X; 
­ … will collide with object Y and its velocity will become VRY. The change of 

determination will correspond to the change of velocity. As it follows from 
Formula (19) 
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,RY RY R R RYd d i d i∆ = −  

where RYd∆  is the change of the amount of information that triggers the 
movement of object R in direction Z after collision with object Y; RYi  is aware-
ness of object R about movement after collision with object Y; RYd —the 
amount of information that triggers the movementof object R in direction Z af-
ter collision with object Y; 
­ … will collide with both objects X and Y and its velocity will become VRXY. 

From the Formula (19) there follows a new amount of information that trig-
gers the movement 

,RXY RXY R R RXYd d i d i∆ = −                     (21) 

where RXYd∆ —is the change of the amount of information that triggers the 
movementof object R in direction Z after collision with objects X and Y; RXYi — 
is awareness of object R about movement after collision with object X and Y; 

RXYd —the amount of information that triggers the movementof object R in di-
rection Z after collision with objects X and Y. 

b) Out of information-probabilistic interpretation of the law of conservation 
of momentum (18) it follows that if two objects interact, the total value of the 
change of momentum of these objects should equal 0. Only in this case the total 
momentum does not change. Hence, it can be written 

0;

0,

RX XR

RY YR

d d

d d

∆ + ∆ =

∆ + ∆ =
                      (22) 

where XRd∆  is the change of the amount of information that triggers the 
movement of object X in direction Z after colliding with object R; YRd  is the 
change of the amount of information that triggers the movementof object Y in 
direction Z after colliding with object R. 

Then, for the case of collision of object R with objects X and Y; taking into 
account (18), it can be written as 

0.RXY XR YRd d d∆ + ∆ + ∆ =  

Using (22), it can be obtained: 

.RXY XR YR RX RYd d d d d∆ = −∆ − ∆ = ∆ + ∆               (23) 

From (20) it follows 

,RXY R RXY R RXYd d i i d= ∆ + ∆                    (24) 

where XRYi∆  is the change of awareness of object R about the movement after 
collision with objects X and Y. 

From (9) it follows 

2 1,XRY XRYi d= +  

where XRYi  is awareness of object R about the movement after collision with 
objects X and Y. 

c) New probability of shift of object R in direction Z (12) 

https://doi.org/10.4236/jmp.2022.134034


I. Teslia 
 

 

DOI: 10.4236/jmp.2022.134034 526 Journal of Modern Physics 
 

0.5 ,
2

XRY
XRY

XRY

dp
i

= +
⋅

                     (25) 

where XRYp  is the probability of shift of object R in direction Z after colliding 
with objects X and Y. 

If the presented model of transformation of probabilistic movement is really 
implemented in mechanical movement, its formulae may depict some general-
laws of our Nature. What if the same formulae are used to transform the infor-
mation in a human brain? What if they are generally valid? It is the answer to 
this question that should be found in experiments. To do this, let us first simplify 
the information-probabilistic interpretation of mechanical movement to the 
form which makes it possible to solve other problems connected to the existence 
of on-force interaction. 

2.3. Non-Force Interaction Method 

The non-force interaction method (NFIM) allows to move from the operation 
“the amount of information that triggers the movement (mechanical)” to the 
operation of the amount of information that triggers the reaction (manifesta-
tion) (in social, biological or “technical” form of motion of matter). 

In the subject field, there are objects that react to non-force influence. There 
are objects and processes that influence this reaction. The reaction itself can in-
fluence the reaction of objects. For instance, the result of a football match is in-
fluenced by referees, players, the field condition, audience, etc. However, the re-
sult of previous matches also influences the result (through the psychology of 
players). 

The steps of the method: 
1) The calculation of the amount of information that triggers the reaction of 

objects of subject field when non-force influences are absent 

, ,i ij jR R r R∀ ∈ ∃ ∈  

where ijr  is the possible reactions of object Ri; Ri is the object; R is the multi-
tude of objects of subject field. 

( ) ( )0 11, ,jij ijp r p r< =< ∑  

where ( )ijp r  is the unconditional probability of reaction ijr . 
Out of (11) it follows: 

( )

( )
( )

( )
( ) ( )

( )
( )

( )
( ) ( )

1
0.5 2, 0.5

1

1
0.5 2, 0.5

1

ij ij
ij

ij ij

ij

ij ij
ij

ij ij

p r p r
p r

p r p r
d r

p r p r
p r

p r p r

 − ⋅ + − ≥
 −= 
 −

− ⋅ + − <
−

 

where ( )ijd r  is the amount of information that triggers the reaction ijr . 
Out of (8) it follows: 
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( )
( ) ( )( )

1 ,
2 1

ij

ij ij

i r
p r p r

=
⋅ −

 

where ( )iji r  is the awareness about the reaction ijr . 
2) The calculation of determination and awareness of reactions of objects of 

subject field to which the non-force influences are applied 

( ) ( ) ,, , :k i ij i ij k ijw W R R r R p r w p r∈ ∈ ∈∀ ∃ ≠  

where kw  are influences; ( )ij kp r w  is conditional probability of reaction ijr  
if to the object Ri influence kw  is applied. 

Out of (11) it follows: 

( )

( ) ( )
( ) ( )

( )
( )

( )
( ) ( )

, , :

1
0.5 2, 0.5

1 ( / )

1
0.5 2, 0.5

1

k i ij i

ij k ij k
ij k

ij k ij k

ij k

ij k ij k
ij k

ij k ij k

w W R R r R

p r w p r w
p r w

p r w p r w
d r w

p r w p r w
p r w

p r w p r w

∈ ∈ ∈∀ ∀ ∀

 − ⋅ + − ≥
 −= 
 −

− ⋅ + − <
−

 

where ( )ij kd r w  is the determination of the reaction ijr  under the conditional 
that to the object Ri the influence kw  is applied. 

Out of (8) it follows: 

( )
( ) ( )( )

1, , : ,
2 1

k i ij i ij k

ij k ij k

w W R R r R i r w
p r w p r w

∀ ∀ =
⋅ −

∈ ∈ ∈∀  

where ( )ij ki r w  is the awareness of the object Ri about the reaction ijr  under 
the condition that to it the influence kw  is applied. 

3) The calculation of total non-force influence to the objects from (19) and 
(23) 

( ) ( ) ( ) ( ) ( ), , : ,
k

k i ij i ij ij k ij ij ij k
w

w W R R r R d r W d r w i r d r i r w∀ ∀ ∀ ∆ ⋅ ⋅∈ = −∈ ∈ ∑  

where ( )ijd r W∆  is the value of non-force influence on the reaction ijr  of 
object Ri that equals to the change in the amount of information that triggers the 
reaction. 

Additional awareness that equals to non-force influences (9) 

( ) ( )( )2
, , : 1,k i ij i ij ijw W R R r R i r W d r W∀ ∀ ∀ ∆ = ∆∈ +∈ ∈  

where ( )iji r W∆  is additional awareness about non-force influence on the re-
action ijr  of object Ri that corresponds to additional non-force influence. 

4) The calculation of a new (after influences) amount of information that 
triggers the reaction of objects of subject field (24) 

( ) ( ) ( ) ( ) ( ), : ,i ij i ij ij ij ij ijR R r R d r W d r W i r d r i r W∀ ∀ = ⋅ ⋅ ∆∈ ∆ +∈   (26) 

where ( )ijd r W  is a new (after all influence) amount of information that trig-
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gers the reaction ijr  of object Ri. 
Additional awareness that corresponds to new amount of information that 

triggers the reaction (9) 

( ) ( )( )2
, : 1,i ij i ij ijR R r R i r W d r W∀ =∈∀ +∈  

where ( )iji r W  is new (after all influences) awareness about the reaction ijr  of 
object Ri. 

5) The estimate of combined conditional probability of reactions of objects of 
subject field (12) 

( ) ( )
( )

ˆ, : 0.5 ,
2

ij
i ij i ij

ij

d r W
R R r R p r W

i r W
∀ = +

⋅
∈∀∈  

where ( )ˆ ijp r W  is the estimate of combined conditional probability of reaction 

ijr  after all influences. 
The initial data of the method are unconditional and individual conditional 

probabilities of reactions of objects to non-force influences. The resulting data 
are the estimate of combined conditional probability of reactions. Therefore, the 
question arises. Why the estimate and not the probability itself? Considering that 
out of information-probabilistic interpretation of mechanical movement it fol-
lows that the result of calculation is the probability of the shift of objects itself. 
However, in this case the scheme of calculations for any stochastic subject fields 
is proposed. Thus, these fields can be characterized by such connection between 
objects and processes when their combinations can have synergetic effect. 

Hence, it refers to the estimate of combined conditional probability of reac-
tions and not to the probability itself. 

3. Related Works 

Wernicke’s and Broca’s areas are responsible for the speech processes in a hu-
man brain. Wernicke’s area, which is also called Wernicke’s speech area, is one 
of the two parts of cerebral cortex connected to speech, the other is Broca’s area. 
Wernicke’s area takes part in processing written and spoken language in contrast 
to Broca’s area, which is responsible for speech production [9]. 

Wernicke’s area supports an important component of speech production 
which is called phonological search where phonemes subject to articulation and 
their time order are represented mentally. This process is necessary for all the 
tasks of speech production including repetition, search of words (for instance, 
during spontaneous speaking or naming) and reading aloud. Repetition of lan-
guage means entering the system of phonological search through the system of 
auditory comprehension of phonemes. Similar mechanism supports reading 
aloud, except the fact that the entrance to the system of phonological search is 
through the system of visual perception of letters in ventral occipitotemporal 
area. The production of communicative speech includes the step of phonological 
search, during which the concept depicting what the speaker wants to say is re-
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ceived. Then the search of words is made through the reflection of these mean-
ings of words in phonological representations. Thus, in contrast to repetition or 
reading, entrance to the system of phonological search in these tasks is made 
through internal semantic system (the meaning of word). This semantic proc-
essing network is widely-spread in the cortexes of associations of higher level in 
temporal, parietal and frontal lobes. The processing of language provides the re-
flection of the sequences of phonemes (they are perceived in the system of per-
ception of auditory phoneme) in the meanings on words (represented in the se-
mantic system) [10]. 

Today the researches of the speech production processes are mainly dedicated 
to the determination of neurobiological features of information interaction in a 
human brain. For instance, in the work “The Brain Basis of Language Processing: 
From Structure to Function” [11] the structural and functional neural system 
that is the basis of sentence processing and how this process evolves with time 
when the sentence is perceived is described. The authors conduct the overview 
of short outline of timeline of different subprocesses that constitute the process 
of sentence processing. Then, the general networking function of speech, which 
is in the brain cortex, and its neuroanatomical architecture are determined. On 
the basis of this there were described different processes that happen during 
processing, such as acoustic and phonological analysis as well as syntax and se-
mantic processes. Also, authors [12] [13] argued that speech production includes 
sensory systems in posterior upper temporal lobe of the left hemisphere and that 
the interface between perception and movement systems are supported by sen-
sorimotor circuit for the actions of voice routes that is really similar to sensori-
motor systems found in the parietal part of primates, and that verbal short-term 
memory can be understood as integral feature of this sensorimotor circle. 

From the position of simulating of speech production processes in a human 
brain with the aid of mathematical apparatus and computer technologies, 
nowadays most of the researches are aimed at speech synthesis [14]. The tech-
nology of speech synthesis has become the centre of researches in the sphere of 
intelligent computer. For almost 50 years, the studying of speech synthesis has 
had considerable development as an interdisciplinary approach [15]. The exam-
ple of speech synthesis research is the work [16] where there are described con-
cepts of automatic formation of personal digital template of voice to solve the 
following issues on its basis: computer speech synthesis, continuous speech rec-
ognition and identification of a person by voice (three main branches of lan-
guage technologies). As well as that there is an article [17] where the authors 
implement and compare the models of identification of spoken language on the 
basis of deep learning. The authors also use two most modern and popular 
methods of speech recognition, such as Wav2Vec and SpecAugment, in their 
classifiers and verify if they are also used in the sphere of speech identification. 
Among the models that are implemented by authors the classifier of the deep 
data networks on the basis of X-vector is given the highest rank F1 - 0.91 where 
target set is composed of five languages. SpecAugment data augmentation 
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method, as it happens, improves the accuracy of classification when it is applied 
to input mel-spectrograms of CRNN architecture. Even though they receive the 
accuracy of classification lower than some other methods, Wav2Vec linguistic 
representations also provide rather promising results. 

The researches provided give the answer to the questions how the brain works 
when it forms or processes the speech. However, despite the considerable num-
ber of researches dedicated to the problems of speech production and processing 
in a human brain, in the process of analysis of modern scientific works not de-
tected were the works that could give the answer to a more important question: 
why the brain works in this way in the first place? What information laws are in 
the basis of brain development and structures? How do they function in the 
process of speech production and processing? If the underlying hypothesis of the 
NFIT is correct, then in both mechanical movement and the process in a human 
brain the same laws of non-force (information) interaction should be manifested. 
Thus, the formulae received from the information-probabilistic interpretation of 
the mechanical movement should also reflect the processes that are present in a 
human brain including the ones during speech production and processing. 
Moreover, in the studied works the correspondence of the existing formulae to 
the information processes in a human brain connected to speech was not veri-
fied, hence the hypothesis of the present research is neither confirmed nor re-
futed, therefore it requires experimental verification. 

4. Hypothesis and Objective of Experimental Research 

The hypothesis of research: The hypothetical model of non-force interaction 
created out of the laws of mechanical movement corresponds to the informa-
tional processes in a human brain, connected to speech. This is the indication of 
the laws’ general validity. 

Scientific objective of the experiment: is to prove the general validity of the 
non-force interaction formulae through demonstrating the applicability of the 
formulae received from information-probabilistic interpretation of mechanical 
movement in relation to the processes of speech production in a human brain. 

The practical objective of the experiment: is to demonstrate the effective-
ness of the method of non-force interaction in relation to the processing of 
natural language texts, which allows to create scientific-practical tools in the 
form of methods and algorithms of creation of the artificial intelligence systems 
that can develop reflexes to non-force influences in the functional environment. 

Language is the manifestation of informational processed in a human brain. 
The idea of experiments is to show through the language that informational 
processes in a human brain run according to the formulae received in the 
non-force interaction theory. In fact, the objective of the experiments is to 
demonstrate the fact that the formulae obtained out of the physical laws “work” 
at the level of human intellectual activity as well. Particularly, in language. In the 
experiments it will be checked if it is possible to evaluate combined conditional 
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probability by individual conditional probabilities and unconditional probability 
of text fragment sequence. Mathematically p (O/XY) needs to be evaluated by p 
(O), p (O/X), p (O/Y). As it is provided in Subsection 2.3 applied to natural lan-
guage texts. 

Such formulation of the problem has also practical value, and in essence it re-
flects the mechanism of reacting to events (reflexes) of living creatures. In the 
process of life, each living creature learns how to react to fluences so that ensure 
its own life-sustaining activity in the best possible way. There is a rule in the core 
of the reflexes, which says that if X happened, action A is needed. Whereas if Y 
happened, action B is needed. What is both X and Y happened? In this case, the 
ability to evaluate combined conditional probability by individual ones can be 
useful. 

If numerical values of speech creation correspond to the formulae received in 
the theory of non-force interaction, it will mean that intellectual apparatus of a 
human also uses them when producing speech (and maybe not only speech). In 
its turn, it means that they most probably are generally valid for the interaction 
processes in the Nature. Therefore, they can be used to create artificial intelli-
gence systems as well. Is this true? Let us first conduct the experiments, and then 
look for the answer to this question. 

5. Methodology of Experimental Research 

All information on experiments is in the database [18]. 
There are natural language texts in different languages selected. They are the 

works of William Shakespeare [19] (“English” base), the epic novel of Lev Tol-
stoy “War and Peace) [20] [21] [22] [23] (“Russian” base), the works of Frie-
drich Nietzsche, Johann Wolfgang Goethe and Franz Kafka [24] [25] [26] 
(“German” base) and the works of Ukrainian poets [27] [28] [[29] (“Ukrainian” 
base). 

1) In every sentence, all symbols are rejected except the letters of the corre-
sponding alphabet (the fragments of the such texts are provided in Figure 2). 
 

 
Figure 2. The fragments of texts prepared for experiments. 
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2) Each sentence is divided into consecutive letter combinations (fragments) 
with the length of L letters (L = 1, L = 2).  

3) The statistical probability of the order of each fragment is calculated, as well 
as the probability of appearance of a fragment between two other fragments. For 
the text: 1 2 1 1, , , , , , ,i i i na a a a a a− +  , the probability 

( ) ( )
1

,i
i

n a
p a

N
=  

where ( )in a  is the number of times fragment ia  appears between other 
fragments in the text sentences; 1N  is the total number of fragment combina-
tions present in the sentences of a text; ( )ip a  is the statistic unconditional 
probability of the sequence of text fragment ia . 

( ) ( )
( )

1 1
1 1

1 1

, ,
,

,
i i i

i i i
i i

n a a a
p a a a

n a a
− +

− +
− +

=  

where ( )1 1, ,i i in a a a− +  is the number of times a fragment combination 1 1, ,i i ia a a− +  
appears in the sentences of a text; ( )1 1,i in a a− +  is the number of times fragment 
combination 1 1, ,i ia a− +  appears in the sentences of a text; ( )1 1i i ip a a a− +  is 
the statistical unconditional probability of the sequence of text fragment ia  if 
the previous text fragment is 1ia − , and the following is 1ia + . 

4) The statistical probability of sequence of each fragment after another frag-
ment is calculated: 

( ) ( )
( )

1
1

1

,
,i i

i i
i

n a a
p a a

n a
−

−
−

=  

where ( )1,i in a a−  is the number of times fragment combination 1, ,i ia a−   
appears in the sentences of a text; ( )1in a −  is the number of times a fragment 

1,ia −   appears in the sentences of a text; ( )1i ip a a −  is the statistic condi-
tional probability of sequence of the text fragment ia  if the previous text frag-
ment is 1ia − . 

5) The statistical probability of sequence of each fragment before another 
fragment is calculated: 

( ) ( )
( )

1
1

1

,
,i i

i i
i

n a a
p a a

n a
+

+
+

=  

where ( )1,i in a a +  is the number of times the combination of fragments 1, ,i ia a +  
appears in the sentences of a text; ( )1in a +  is the number of times fragment 

1, ia +  appears in the sentences of a text; ( )1i ip a a +  is the statistical condi-
tional probability of sequence of text fragment ia  if the next fragment is 1ia + . 

6) В All the combinations of fragments for which ( )1, 0i ia a− >  or  
( )1, 0i in a a + >  (even if ( )1 1, , 0i i in a a a− + = ) are recorded in the database. 
7) Methods Μs of determination of combined conditional probability are 

chosen. The value received by such methods will be called estimate of sequence 
of the text fragments. 

( )1 1 ,s i i ip a a a− +  
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where ( )1 1s i i ip a a a− +  is the estimate of combined conditional probability of 
sequence of text fragment ia  by method Μs; s the number of a method. 

8) The estimate of combined conditional probability is calculated by using the 
chosen methods Μs. 

9) The chosen methods are assessed by the deviation of the estimates of com-
bined conditional probability of sequence of text fragment ia  by method Μs 
from the conditional probabilities themselves. 

10) The results are analysed. If the results are received by the method of 
non-force interaction are found to be better, it can be stated that the objective of 
the experiments is achieved. 

6. Experimental Methods 

For each combination of fragments, the combined conditional probability esti-
mate is calculated by 9 different methods: 

1) By unconditional probability: 

( ) ( )1 1 1 ,i i i ip a a a p a− + =  

where ( )1 1 1i i ip a a a− +  is the estimate of combined conditional probability of 
sequence of text fragment ia  by its unconditional probability. 

2) By conditional probability of the previous fragment: 

( ) ( )2 1 1 1 ,i i i i ip a a a p a a− + −=  

where ( )2 1 1i i ip a a a− +  is the estimate of combined conditional probability of 
sequence of text fragment ia  by conditional probability of its appearance if the 
previous text fragment is 1ia − . 

3) By conditional probability of the following fragment: 

( ) ( )3 1 1 1 ,i i i i ip a a a p a a− + +=  

where ( )3 1 1i i ip a a a− +  is the estimate of combined conditional probability of 
sequence of text fragment ia  by conditional probability of its appearance if the 
following text fragment is 1ia + . 

4) By the average value of individual conditional probabilities: 

( ) ( ) ( )1 1
4 1 1 ,

2
i i i i

i i i

p a a p a a
p a a a − +

− +

+
=  

where ( )4 1 1i i ip a a a− +  is the estimate of combined conditional probability of 
sequence of text fragment ia  by the average value of conditional probabilities 
of its appearance if the previous text fragment is 1ia −  and the following text 
fragment is 1ia + . 

5) By weighted sum of individual conditional probabilities (the approximation 
by linear function using the method of least squares) (hereinafter, Method 1) 

( ) ( ) ( )5 1 1 1 1 2 1 3 ,i i i i i i ip a a a p a a p a a− + − ++⋅ ⋅= +α α α         (27) 

under the condition that 

( ) ( )( )
1 1

2
5 1 1 1 1

, ,
min,

i i i
i i i i i i

a a a
p a a a p a a a

− +

− + − +− →∑          (28) 
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where ( )5 1 1i i ip a a a− +  is the estimate of combined conditional probability of 
sequence of text fragment ia  by linear approximation of conditional probabili-
ties of its appearance: if the previous text fragment is 1ia − ; the following text 
fragment is 1ia + ; 1 2 3, ,α α α  are approximation coefficients. 

6) Taking into account the values of individual conditional probabilities 
(hereinafter, Method 2). Also, the approximation by linear function with mini-
mizing of deviation is done: 

( ) ( ) ( )( )

( ) ( )( )
6 1 1 1 1 1

2 1 1 3

max ,

min , ,

i i i i i i i

i i i i

p a a a p a a p a a

p a a p a a

− + − +

− +

= ⋅

+ ⋅ +

β

β β
      (29) 

under the condition that 

( ) ( )( )
1 1

2
6 1 1 1 1

, ,
min,

i i i
i i i i i i

a a a
p a a a p a a a

− +

− + − +− →∑         (30) 

where ( )6 1 1i i ip a a a− +  is the estimate of conditional probability of sequence of 
text fragment ia  comparing to the values of individual conditional probabili-
ties: if the previous text fragment is 1ia − ; the following text fragment is 1ia + ; 

1 2 3, ,β β β  are approximation coefficients. 
7) Taking into account the deviation of the second conditional probability 

from unconditional (hereinafter, Method 3): 

( ) ( ) ( ) ( )( )7 1 1 1 1 2 1 3 ,i i i i i i i ip a a a p a a p a a p a− + − +⋅= + −⋅ +γ γ γ     (31) 

under the condition that 

( ) ( )( )
1 1

2
7 1 1 1 1

, ,
min,

i i i
i i i i i i

a a a
p a a a p a a a

− +

− + − +− →∑           (32) 

where ( )7 1 1i i ip a a a− +  is the estimate of conditional probability of sequence of 
text fragment ia  by linear approximation of deviation of the second condi-
tional probability from unconditional: if the previous text fragment is 1ia − ; the 
following text fragment is 1ia + ; 1 2,γ γ  are approximation coefficients. 

8) Taking into account the deviation of smaller conditional probability from 
unconditional (hereinafter Method 4). Let us assume that max

ip  is maximum. 
Accordingly, min

ip  is the smallest of these two values. Then,  

( ) ( )( )max min
8 1 1 1 2 3 ,i i i i i ip a a a p p p a− + ⋅= −⋅+ +δ δ δ          (33) 

under the condition that 

( ) ( )( )
1 1

2
8 1 1 1 1

, ,
min,

i i i
i i i i i i

a a a
p a a a p a a a

− +

− + − +− →∑           (34) 

where ( )8 1 1i i ip a a a− +  is the estimate of conditional probability of text frag-
ment ia  sequence by linear approximation of deviation of a small conditional 
probability from an unconditional one: if the previous text fragment is 1ia − ; the 
following text fragment is 1ia + ; 1 2,δ δ  are approximation coefficients. 

It is possible to invent the multitude of heuristic methods of calculating the 
estimate of combined conditional probability, not only the ones presented in pp. 
5-8. The theory of non-force interaction started from the search of such heuris-
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tics that could give the best result when processing natural language texts (the 
experiments were conducted with the aim to create the system of natural speech 
access to databases in the basis of which was not time-consuming process of 
syntax, morphological, semantic machine analysis of a text, but rather a reaction 
to the fragments of texts [30]. Thus, when there was chosen heuristics which 
could provide the best result, the search of the answer to the question: “why it is 
like this?” has begun. The solution was found through information-probabilistic 
interpretation of mechanical movement [4] [5]. 

It is this solution that was put in the basis of the non-force interaction theory. 
9) Using the method of non-force interaction, proposed in the theory of 

non-force interaction (see Subsection 2.3). By “reaction” we mean “fragment of 
text”. Regarding the language, in the method the following steps of calculation of 
non-force influences on the process of text formation and determination of 
probabilities of sequence of its fragments are implemented: 

a) The calculation of the influence size. Let us determine the amount of in-
formation that triggers a piece of text (11) 

( ) ( ) ( )1 10 1; 0 1; 0 1i i i i ip a p a a p a a− +< < < < < < : 

( )

( )
( )

( )
( ) ( )

( )
( )

( )
( ) ( )

1
0.5 2, 0.5

1

1
0.5 2, 0.5

1

i i
i

i i
i

i i
i

i i

p a p a
p a

p a p a
d a

p a p a
p a

p a p a

 −
 ⋅ + − ≥

−= 
−

− ⋅ + − < −

 

( )

( )
( )

( )
( ) ( )

( )
( )

( )
( ) ( )

1 1
1

1 1
1

1 1
1

1 1

1
0.5 2, 0.5

1

1
0.5 2, 0.5

1

i i i i
i i

i i i i
i i

i i i i
i i

i i i i

p a a p a a
p a a

p a a p a a
d a a

p a a p a a
p a a

p a a p a a

− −
−

− −

−

− −
−

− −

 −
 ⋅ + − ≥

−= 
−

− ⋅ + − < −

 

( )

( )
( )

( )
( ) ( )

( )
( )

( )
( ) ( )

1 1
1

1 1
1

1 1
1

1 1

1
0.5 2, 0.5

1

1
0.5 2, 0.5

1

i i i i
i i

i i i i
i i

i i i i
i i

i i i i

p a a p a a
p a a

p a a p a a
d a a

p a a p a a
p a a

p a a p a a

+ +
+

+ +

+

+ +
+

+ +

 −
 ⋅ + − ≥

−= 
−

− ⋅ + − < −

 

where ( )id a  is the amount of information that triggers a piece of text ia ; 
( )1i id a a −  is the amount of information that triggers a piece of text ia  after 

fragment 1ia − ; ( )1i id a a +  is the amount of information that triggers a piece of 
text ia  before fragment 1ia + . 

b) Let us calculate the difference in the determination (amount of information) 
by applying Formula (9) in (19) 

( ) ( ) ( ) ( ) ( )2 2
1 1 11 1i i i i i i i id a a d a a d a d a d a a− − −∆ = ⋅ + − ⋅ + ; 

( ) ( ) ( ) ( ) ( )2 2
1 1 11 1i i i i i i i id a a d a a d a d a d a a+ + +∆ = ⋅ + − ⋅ + , 

where ( )1i id a a −∆  is the size of influence which appears in the process of 
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production of fragment 1ia −  on the probability of fragment ia  as the follow-
ing fragment (non-force influence of a human brain on the presence of fragment 

ia  when creating fragment 1ia − ); ( )1i id a a +∆  is the size of influence which 
appears in the process of production of fragment 1ia +  on the probability of 
production of fragment ia  as the previous fragment (the non-force influence of 
a human brain on the presence of fragment ia  when creating fragment 1ia + ). 

c) The non-force influence on the appearance of text fragment ia  (23): 

( ) ( ) ( )1 1 1 1 ,i i i i i i id a a a d a a d a a− + − +∆ = ∆ + ∆  

where ( )1 1i i id a a a− +∆  is a combined additional influence that appears in the 
process of production of fragments 1ia −  and 1ia +  and which influences the 
possibility of fragment ia  being formed next. 

d) New determination of the amount of information that triggers a piece of 
text ia  (from Formulae (9) and (26)): 

( ) ( ) ( )( ) ( ) ( )( )2 2
1 1 1 1 1 11 1,i i i i i i i i i i id a a a d a d a a a d a a a d a− + − + − += ∆ + + ∆ +⋅ ⋅

 
where ( )1 1i i id a a a− +  is the amount of information that triggers a piece of text 

ia  taking into account non-force influence. 
e) The estimate of probability of fragment ia  presence (after both influences) 

(12): 

( ) ( )
( )( )

1 1
9 1 1 2

1 1

0.5 ,
2 1

i i i
i i i

i i i

d a a a
p a a a

d a a a

− +
− +

− +

= +
+⋅

          (35) 

where ( )9 1 1i i ip a a a− +  is the estimate of conditional probability of text frag-
ment ia  sequence, through non-force influence on the possibility of fragment 

ia  production, which appears in the process of producing fragments 1ia −  and 

1ia + . 

7. Methods’ Effectiveness Evaluation Criteria 

The effectiveness of the methods is to be evaluated by the following criteria: 
1) Standard deviation of the estimate of combined conditional probability, re-

ceived by method Μs from statistical combined conditional probability of text 
fragment sequence: 

( ) ( )( )2
1 1 1 11 ,

sN
s i i i i i ii

s
s

p a a a p a a a
N

− + − +=
−

=
∑σ           (36) 

where sN  is quantity of text fragments about which the estimate of combined 
conditional probability is calculated by method Μs; ( )1 1s i i ip a a a− +  is estimate 
of combined conditional probability of text fragment sequence calculated by 
method Μs; ( )1 1i i ip a a a− +  is combined conditional probability of text frag-
ment sequence; sσ  is standard deviation of estimate of combined conditional 
probability of text fragment sequence received by method Μs from statistical 
combined conditional probabilities. 
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The advantage of non-force interaction method over the other will be calcu-
lated by dividing the difference between deviation of NFIM and the smallest de-
viation of other methods by deviation of NFIM and multiplying by 100%: 

9 1 8

9

max
100%,

iiY ≤ ≤
−

= ⋅σ

σ σ

σ
                   (37) 

where Yσ  is the advantage of non-force interaction method in standard devia-
tion of estimate of combined conditional probability of text fragment sequence. 

2) The percentage of correctly predicted text fragments: 

( ) ( )( )
( )

1 1

1 1

1 1 1 1

1 1

| max
100%,ii i

i i

i i i a s i i ia a
s

i ia a

n a a a p a a a

n a a
− +

− +

− + − +

− +

  = ⋅
∑

∑
µ      (38) 

where mµ  is percentage of correct predictions of text fragment sequence made 
by Мs; ( )1 1s i i ip a a a− +  is estimate of combined conditional probability of text 
fragment ia  sequence made by method Мs; ( )1 1i i in a a a− +  is the quantity of 
letter combinations where the combination of fragments 1 1i i ia a a− +  is present; 

( )1 1i in a a− +  is the quantity of letter combinations where the combination of 
fragments 1ia −  < any fragment > 1ia +  is present. 

The advantage of non-force interaction method over the others will be calcu-
lated by diving the difference between the percentage (quantity) of correctly 
predicted text fragments, made by NFIM and the biggest percentage (quantity) 
of text fragments predicted correctly by other methods by percentage (quantity) 
of text fragments predicted correctly by NFIM and multiplying by 100%: 

9 1 8

9

max
100%,

iiY ≤ ≤
−

⋅=µ

µ µ

µ
                    (39) 

where Yµ  is the advantage of non-force interaction method in predicting text 
fragments appearance. 

3) Standard deviation of the rank of estimate of combined conditional prob-
ability received by method Ms from the range of nonzero statistical combined 
conditional probability of text fragment sequence: 

( ) ( )( )2
1 1 1 11 ,

sN
s i i i i i ii

s
s

u a a a u a a a
V

N
− + − +=

−
= ∑            (40) 

under the condition that 

( )1 1 0,i i ip a a a− + >  

where sV  is standard deviation of the rank of estimate of combined conditional 
probability of text fragment sequence from the rank of statistical conditional 
probability in method Мs; ( )1 1s i i iu a a a− +  is rank of estimate of combined con-
ditional probability of text fragment sequence received by method Мs;  

( )1 1i i ip a a a− +  is combined conditional probability of text fragment sequence; 
( )1 1i i iu a a a− +  is rank of combined conditional probability of text fragment se-

quence. 
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As a rank, an ordinate number in the ordered range of probabilities of text 
fragment sequence is understood. For the sequence: 

( ) ( ) ( ) ( )1 21 1 1 1 1 1 1 1 ,
f ki i i i i i i i i i i ip a a a p a a a p a a a p a a a− + − + − + − +> > > > >   

the rank of conditional probabilities will be the following: 

( )1 1 1 1i i iu a a a− + = ; 

( )2 1 1 2i i iu a a a− + = ; 

  

( )1 1fi i iu a a a f− + = ; 

  

( )1 1ki i iu a a a k− + = . 

For the sequence received by method Мs: 

( ) ( ) ( ) ( )1 21 1 1 1 1 1 1 1 ,
r ks i i s i i s i i s ij j j ijp a a a p a a a p a a a p a a a− + − + − + − +> > > > >   

the rank of estimates of combined conditional probabilities will be the following: 

( )1 1 1 1s i iju a a a− + = ; 

( )2 1 1 2s i iju a a a− + = ; 

  

( )1 1rs i iju a a a r− + = ; 

  

( )1 1ks i iju a a a k− + = . 

This criterion is chosen because the estimate of combined conditional prob-
ability received by any method and the probability itself do not coincide. This is 
caused, in the first place, by the synergetic effect. That is by one more direction 
of evaluation was chosen the ranking of probability estimates and probabili-
ties themselves of text fragments. How each method allows to rank fragments 
correctly according to the frequency of their appearance in a natural text. As well 
as the criterion of prediction, this one is really important and often used in arti-
ficial intelligence systems. 

The advantage of non-force interaction method over the others will be calcu-
lated by diving the difference between the deviation of NFIM and the smallest 
deviation of other methods by the deviation of NFIM and multiplying by 100%: 

9 1 8

9

max
100%,

ii
V

V V
Y

V
≤ ≤

−
= ⋅                     (41) 

where VY  is the advantage of non-force interaction method in standard devia-
tion of the rank of estimate of combined conditional probability from the rank 
of combined conditional probability of text fragment sequence. 
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Methods provided in pp. 5-8 can form the estimate of combined conditional 
probability which is more than 1. To eliminate this, the author used the normal-
izing, which is division by the biggest value of result. However, the experiments 
showed that in this case the deviation of combined conditional probability esti-
mates from the conditional probability of text fragment sequence itself has in-
creased. In order not to be “blamed” in lowering the results of approximation 
methods, below there are non-normalized values of approximation methods are 
compared to non-force interaction method. 

As to the criteria of the best prediction and the deviation in ranks, normaliz-
ing does not influence the result. Since for predicting the highest estimate is 
chosen (and normalizing does not change this choice), and ranking decides on 
the estimate sequence (normalizing does not change it either). 

8. Software Tools 

To implement the methodology stated in Section 5, there was developed a pro-
gram “Experiments on NFIT” in VBA Access. It contains the interpreter of the 
texts (implements pp. 1-2 of Section 5), statistics formation module (pp. 3-5 of 
Section 5), module to calculate estimates of combined conditional probability by 
different methods (pp. 6-8 of Section 5), module of results analysis and display 
(pp. 9-10 of Section 5). 

Time spent on conduction of experiments connected with the application of 
provided methodology to four natural language texts on a desktop computer (PC) 
is approximately 200 hours. Generalized algorithm of calculation of estimates of 
combined conditional probabilities of text fragment sequence includes the fol-
lowing points: 

1) Transformation of the text into the set of 1- and 2-letter sequenced frag-
ments. 

2) Calculation of statistical characteristics of a text (unconditional and condi-
tional probabilities of text fragment sequence). 

3) Setting of the parameters of calculation (random or input text, with or 
without reference to unconditional probability of current text fragment sequence, 
with division of the text into educating and check samples, merger of texts, etc.) 

4) Calculation of coefficients in approximation equations. 
5) Calculation of estimates of combined conditional probability by all meth-

ods. 
6) Evaluation of results and formation of reports. 
7) Display of results. 
To make the algorithm of calculation more understandable, let us consider the 

example of calculation of estimates of combined conditional probability by dif-
ferent methods. 

9. The Example of Calculation (Fragment of “English” Base) 

Let us consider three two-letter fragments: 1 abia − = “ ” ; leia = “ ” ; 1 inia + = “ ” . 
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( )le 0.006458;p =“ ”  

( )le ab 0.233333;p =“ ” “ ”  

( )le in 0.002379;p =“ ” “ ”  

( )le ab in ?p −“ ” “ ”“ ”  

For each combination of fragments, the calculation of estimate of combined 
conditional probability is made by the methods provided above. The results are 
summarized in Table 1. What conclusions can be made: 

1) The best method for this combination of fragments if the one based on the 
results received in the non-force interaction theory. 

2) None of the methods gives exact value of combined conditional probability. 
If the intellectual apparatus of a human had also developed for 13.8 billion years, 
the regularity in formation of text fragments would exactly correspond to the 
formulae interpreted from the laws of mechanical movement?! 

It is a joke, of course. The peculiarity of human intellectual apparatus is the 
implementation of synergistic features of a language. The combination of frag-
ments, by contents, is considerably bigger than their total sum! However, the 
fact that the non-force interaction theory provides the biggest approximation 
even in this example requires a more serious confirmation, as it is wrong to 
judge by one fragment. Within the experiment, there were processed the statis-
tics by all fragments in the selected works of writing [19]-[29]. Let is consider 
the results of the conducted experiments. 

10. Results of Experiments 

Having set input texts (Section 5) for the developed program (Section 8) and 
calculated unconditional and conditional probabilities of appearance of frag-
ments (letter combinations) of texts of one- and two-letter length, there were 
formed statistical tables, in accordance to the chosen criteria (Section 7). 

Unconditional statistical probabilities for 1-letter fragments are shown in Ta-
bles 2-5. For 2-letter fragments such tables contain 941 records (“Russian” base), 
609 (“English base”), 956 (“Ukrainian” base), 709 (“German” base). 

Let us consider the results received. 
Experiment 1. Calculation of approximation coefficients. 
For each text, there are determined approximation coefficients that corre-

spond to conditions (28), (30), (32), and (34). Approximation coefficients are 
stated in Table 6. As it can be seen from Table 6, these coefficients are different 
enough for the texts in different languages. This means that it is impossible to 
find such linear approximation which will be optimal for different texts in dif-
ferent languages. 

Experiment 2. Determination of standard deviation of combined condi-
tional probability estimate from statistical combined conditional probability 
of text fragment sequence. 

Evaluation criterion: standard deviation (36). 
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Table 1. Results of estimating of combined conditional probability of appearance of fragment “le” with neighbouring fragments 
“ab” and “in” in “English” base made by different methods. 

№ Name of method Formula Value 
Difference from 

actual value 
0.192308 

Difference 
rank 

1. 
By unconditional 

probability 
( )lep “ ”  0.006458 −0.18585 8 

2. 
By conditional 

probability 
of a previous fragment 

( )le abp “ ” “ ”  0.233333 0.041025 5 

3. 
By conditional 

probability 
of a following fragment 

( )le inp “ ” “ ”  0.002379 −0.189929 9 

4. By mean probability ( ) ( )le ab le in
2

p p+“ ” “ ” “ ” “ ”
 0.117856 −0.07445 7 

5. 
Method 1. Coefficients: 

1 0.664=α ; 2 0.714=α ; 

3 0.001= −α . 
( ) ( )1 2 3le ab le inp p⋅ + ⋅ +α α α“ ” “ ” “ ” “ ”  0.155632 −0.03668 4 

6. 
Method 2. Coefficients: 

1 0.484=β ; 2 3.562=β ; 

3 0.002= −β . 
( ) ( )1 2 3le ab le inp p⋅ ⋅+ +β β β“ ” “ ” “ ” “ ”  0.119407 −0.0729 6 

7. 
Method 3. Coefficient: 

1 0.707=γ ; 2 0.743=γ ; 

3 0.001=γ . 
( ) ( ) ( )( )1 2 3le ab le in lep p p⋅ + ⋅ − +γ γ γ“ ” “ ” “ ” “ ”  0.167734 −0.02457 3 

8. 
Method 4. Coefficient: 

1 0.682=δ ; 2 1.990=δ ; 

3 0.004=δ . 
( ) ( ) ( )( )1 2 3le ab le in lep p p⋅ + ⋅ − +δ δ δ“ ” “ ” “ ” “ ”  0.167867 −0.02444 2 

9. 

Non-force interaction 
method 

a) Calculation of  
influence size 

( )led “ ”  

( )le abd∆ “ ” “ ”  

( )le ind∆ “ ” “ ”  

b) Combined additional 
influence 

( )le ab ind∆ “ ” “ ”“ ”  

c) New quantity of 
information about the 
presence of fragment “le” 

( )le ab ind “ ” “ ”“ ”  

d) Estimate of probability 
of fragment ia  presence 
(after both influences). 

 
 
 
 
 
 
 
 

( ) ( )le ab le ind d+∆ ∆“ ” “ ” “ ” “ ”  
 
 

( ) ( )( )

( ) ( )( )

2

2

le le ab in 1

le ab in le 1

d d

d d

⋅ +

+ ⋅∆ +

∆“ ” “ ” “ ”“ ”

“ ” “ ”“ ” “ ”
 

 
( )
( )( )2

le ab in
0.5

2 le ab in 1

d

d
+

⋅ +

“ ” “ ”“ ”

“ ” “ ”“ ”
 

 
 
 

−6.161437 
3.348290 

−0.522639 
 
 

2.825651 
 
 
 

−0.830304 
 
 
 

0.180596 

−0.01171 1 
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Table 2. Frequency of appearance of Russian alphabet letters in “Russian” base. 

Fragment Frequency Probability 

а 175,827 0.083292 

б 37,245 0.017644 

в 98,741 0.046775 

г 42,105 0.019946 

д 65,559 0.031056 

е 176,940 0.083819 

ж 23,074 0.010931 

з 37,060 0.017556 

и 145,085 0.068729 

й 23,616 0.011187 

к 71,762 0.033995 

л 108,142 0.051229 

м 63,055 0.029870 

н 138,196 0.065466 

о 248,121 0.117539 

п 56,211 0.026628 

р 95,332 0.045160 

с 114,635 0.054304 

т 125,962 0.059670 

у 57,720 0.027343 

ф 4385 0.002077 

х 18,300 0.008669 

ц 7694 0.003645 

ш 20,128 0.009535 

щ 6390 0.003027 

ъ 923 0.000437 

ы 41,442 0.019632 

ь 41,546 0.019681 

э 6409 0.003036 

ю 12,849 0.006087 

я 46,515 0.022035 

 
Table 3. Frequency of Latin letter appearance in “English” base. 

Fragment Frequency Probability 

a 284,554 0.07714 

b 58,963 0.015984 
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Continued 

c 84,602 0.022935 

d 143,045 0.038778 

e 433,237 0.117446 

f 77,559 0.021025 

g 65,513 0.01776 

h 233,002 0.063164 

i 250,734 0.067971 

j 4347 0.001178 

k 32,997 0.008945 

l 165,938 0.044984 

m 107,653 0.029184 

n 238,352 0.064615 

o 311,075 0.084329 

p 54,977 0.014904 

q 3090 0.000838 

r 232,522 0.063034 

s 238,711 0.064712 

t 319,496 0.086612 

u 127,585 0.034587 

v 36,926 0.01001 

w 86,719 0.023509 

x 5223 0.001416 

y 90,381 0.024501 

z 1616 0.000438 

 
Table 4. Frequency of appearance of German alphabet letters in “German” base. 

Fragment Frequency Probability 

a 49,004 0.050259 

ä 4965 0.005092 

b 17,785 0.018241 

c 36,940 0.037886 

d 44,264 0.045398 

e 149,403 0.15323 

f 17,020 0.017456 

g 30,778 0.031566 
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Continued 

h 61,621 0.063199 

i 76,184 0.078135 

j 2546 0.002611 

k 11,361 0.011652 

l 39,694 0.040711 

m 27,415 0.028117 

n 92,783 0.09516 

o 26,590 0.027271 

ö 3229 0.003312 

p 7638 0.007834 

q 283 0.00029 

r 65,295 0.066968 

s 64,256 0.065902 

ß 3486 0.003575 

t 60,144 0.061685 

u 37,803 0.038771 

ü 6380 0.006543 

v 7429 0.007619 

 
Table 5. Frequency of appearance of Ukrainian alphabet letters in “Ukrainian” base. 

Fragment Frequency Probability 

а 35,710 0.09545 

б 7862 0.02101 

в 16,595 0.04436 

г 6644 0.01776 

д 12,866 0.03439 

е 20,693 0.05531 

є 2333 0.00624 

ж 3885 0.01038 

з 7913 0.02115 

и 25,255 0.06750 

і 15,511 0.04146 

ї 1914 0.00512 
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Continued 

й 6100 0.01630 

к 12,404 0.03315 

л 17,528 0.04685 

м 12,277 0.03281 

н 20,282 0.05421 

о 36,527 0.09763 

п 9957 0.02661 

р 15,599 0.04169 

с 16,822 0.04496 

т 21,300 0.05693 

у 12,561 0.03357 

ф 120 0.00032 

х 4285 0.01145 

ц 1831 0.00489 

ч 5345 0.01429 

ш 2862 0.00765 

щ 1806 0.00483 

ь 6855 0.01832 

ю 4348 0.01162 

я 8146 0.02177 

 
Processing of texts by the program “Experiments by NFIT” allowed to receive 

the integral values of deviation of calculated combined conditional probability 
estimates (36) (Table 7). As it can be seen from Table 7, non-force interaction 
method gives smaller deviation of probability estimate from its statistical value 
than other methods in all the texts except “Russian” base (one-letter fragments). 

Having applied Fisher distribution to values stated in Table 7, it is received a 
confirmation of statistical hypotheses about exceedance of variance of other 
methods over the variance of non-force interaction method [31] (excluding Rus-
sian text with singular length of fragments) with significance level of α = 0.01 
(Table 8). In Table 8, for comparison it is considered the deviation variance of 
combined conditional probability estimate from combined conditional probabil-
ity itself received by NFIM and the smallest deviation variance of combined 
conditional probability estimate from combined conditional probability itself 
received by other methods. The confirmation of these hypotheses indicates that 
for other methods (which have a bigger deviation with the same degrees of free-
dom) they will be confirmed too. 
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Table 6. Coefficients in approximation methods that provide the minimum standard deviation of combined conditional probabil-
ity estimate from combined conditional probability of text fragment sequence (fulfilment of conditions of Formulas (28), (30), (32) 
and (34)). 

Base L 
Method 1 Method 2 Method 3 Method 4 

α1 α2 α3 β1 β2 β3 χ1 χ2 χ3 δ1 δ2 δ3 

“Russian” 
1 0.613 0.588 −0.006 0.292 1.592 −0.005 0.741 0.669 0.008 0.663 1.085 0.018 

2 0.663 0.673 −0.001 0.472 4.293 −0.002 0.692 0.689 0.000 0.644 2.367 0.004 

“German” 
1 0.785 0.527 −0.011 0.529 1.130 −0.011 0.915 0.684 0.003 0.815 1.006 0.010 

2 0.723 0.708 −0.002 0.496 3.017 −0.002 0.777 0.760 0.000 0.720 1.948 0.003 

“Ukrainian” 
1 0.720 0.618 −0.011 0.374 1.419 −0.007 0.857 0.786 0.004 0.746 1.226 0.016 

2 0.782 0.813 −0.002 0.498 4.516 −0.002 0.829 0.851 0.000 0.741 3.074 0.004 

“English” 
1 0.769 0.600 −0.014 0.521 1.186 −0.015 0.914 0.715 0.003 0.809 1.040 0.012 

2 0.664 0.714 −0.001 0.484 3.562 −0.002 0.707 0.743 0.001 0.682 1.990 0.004 

 
Table 7. Standard deviation of combined conditional probability estimates from statistical combined conditional probability of 
text fragment sequence. 

Base L 
By 

unconditional 
probability 

By 1st 
fragment 

By 2nd 
fragment 

By mean 
probability 

Method 1 Method 2 Method 3 Method 4 NFIM 

Advantage 
of NFIM 

(%) 
(37) 

“Russian” 
1 0.09457 0.08879 0.09018 0.08228 0.08170 0.07842 0.08182 0.08117 0.08090 −3.05 

2 0.04313 0.04236 0.04227 0.04121 0.04107 0.04028 0.04106 0.04073 0.03951 1.96 

“German” 
1 0.10891 0.09320 0.10388 0.08973 0.08714 0.08690 0.08559 0.08596 0.08142 5.12 

2 0.05479 0.05296 0.05322 0.05148 0.05110 0.05019 0.05102 0.05058 0.04839 3.71 

“Ukrainian” 
1 0.08289 0.07339 0.07588 0.06849 0.06694 0.06486 0.06544 0.06455 0.06204 4.06 

2 0.04803 0.04731 0.04715 0.04662 0.04637 0.04561 0.04634 0.04589 0.04491 1.56 

“English” 
1 0.10037 0.08645 0.09298 0.08129 0.07845 0.07769 0.07768 0.07787 0.07466 4.05 

2 0.04393 0.04292 0.04265 0.04149 0.04127 0.04049 0.04124 0.04092 0.03948 2.55 

Note: The best results are highlighted. 
 
Table 8. Verification of hypothesis about exceedance of the smallest standard deviation received by different methods over the 
standard deviation received by non-force interaction method using Fisher criterion. 

Base L 9
min

i i≠
σ  

9σ  2

9
min ii≠

σ  2
9σ  

2

9
; 2

9

min ii
n nF ≠=

σ

σ
 n 0,01; ;n nF  Confirmed 

hypothesis 

“Russian” 
1 0.07842 0.0809 0.00615 0.006545 1.064249* 32,758 1.02604 2 2

99
min ii≠

<σ σ  

2 0.04028 0.03951 0.001622 0.001561 1.039357 65,238,532 1.00058 2 2
99

min ii≠
>σ σ  

“German” 
1 0.08596 0.08142 0.007389 0.006629 1.11463 23,349 1.03092 2 2

99
min ii≠

>σ σ  

2 0.05019 0.04839 0.002519 0.002342 1.075779 21,284,121 1.00101 2 2
99

min ii≠
>σ σ  
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Continued 

“Ukrainian” 
1 0.06455 0.06204 0.004167 0.003849 1.082552 32,178 1.02628 2 2

99
min ii≠

>σ σ  

2 0.04561 0.04491 0.00208 0.002017 1.031416 42,253,549 1.00072 2 2
99

min ii≠
>σ σ  

“English” 
1 0.07768 0.07466 0.006034 0.005574 1.082536 16,783 1.03657 2 2

99
min ii≠

>σ σ  

2 0.04049 0.03948 0.001639 0.001559 1.05182 40,791,720 1.00073 2 2
99

min ii≠
>σ σ  

* - there is a hypothesis considered about exceedance of standard deviation received by non-force interaction method over the 
smallest standard deviation received by other methods. 

 
However, there is one exception, which is the Russian text. As it is shown in 

the results of additionally conducted experiments with other texts in Russian 
(“Anna Karenina” by Lev Tolstoy and “Master and Margarita” by Mikhail Bul-
gakov), this regularity is preserved. There was a separate research conducted, 
which showed that the main reason is four words that happen often and contain 
letter which almost do not appear in other combinations. Thus, in the word 
“всё” the probability of letter “c” being the predecessor of “ё” is 0.962389. The 
letter combination “сё” has significant synergetic effect as the probability of ap-
pearance of letter “c” equals 0.05327, whereas for letter “ё” it is 0.0004175. There-
fore, for all letter combinations “асё”, “бсё”, …, “ясё” the combined conditional 
probability estimate p9 (“с”/“аё”), p9 (“с”/“бё”), …, p9 (“с”/“яё”) is calculated by 
deviation 0.962389 from 0.05327 (because letter “ё” provides the probability al-
most equal to 1 of the fact that there will be letter combination with letter “c” in 
it). However, in reality in the text, letter combinations “асё”, “бсё”, …, “ясё” 
(except “всё”) did not appear (probability equals 0). The same case is for words 
“эт[о, а, у]”. In these words, letter “э” appears with probability 0.90176. 

Synergetic effect and restriction of choices in letter combinations for the 
stated words gives the difference in standard deviation which equals 0.00302. 
This exceeds common difference in deviations (0.00248, see Table 7, columns 
“Method 2” and “NFIM”). Without words “всё” and “это” the values of devia-
tions are completely different (Table 9).  

The verification showed that in other languages there are no such frequently 
used words that form total high probability of appearance of certain letters. 

Experiment 3. Calculation of standard deviation of combined conditional 
probability estimate from statistical combined conditional probability of 
sequence of fragments of one part of texts using the approximation coeffi-
cients of the other texts. 

Evaluation criterion: standard deviation (36). 
As it was shown in experiment 1, there is a problem with using the methods 

which are based on approximation. Coefficients that give the biggest approxima-
tion of linear equation to the values of combined conditional probability in one 
text are not optimal for other texts. For example, coefficients of method 2 (see 
Table 7) for one-letter fragments of the Russian texts, which provide result even 
better than NFIM, were not the best for other texts. There were the experiments  
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Table 9. Standard deviation of combined conditional probability estimates from statistical combined conditional probability of 
text fragment sequence in “Russian” base. 

Base L 
By 

unconditional 
probability 

By 1st 
fragment 

By 2nd 
fragment 

By mean 
probability 

Method 1 Method 2 Method 3 Method 4 NFIM 

Advantage 
of NFIM 

(%) 
(37) 

All words 1 0.09457 0.08879 0.09018 0.08228 0.08170 0.07842 0.08182 0.08117 0.08090 −3.05 

Without 
words “всё” 
and “это” 

1 0.095 0.08781 0.08957 0.08204 0.08112 0.07844 0.08079 0.08021 0.0779 0.7 

Note: the best results are highlighted. 
 
conducted which showed the increase of standard deviation if substituting coef-
ficients of one part of texts with coefficients from the other texts (Table 10). 

Taking into account the results provided in Table 10, it is possible to state 
once again that method which is based on the model of non-force interaction is 
universal (is suitable for different texts without changes in coefficients), while 
methods based on approximation can work effectively only with those texts for 
which the formula is developed (for example, only this piece of writing or, 
probably, works of only one writer). 

Comment to experiments 2 and 3. It has already been said that with set ini-
tial data (unconditional and certain conditional probabilities) it is impossible to 
calculate combined conditional probability. However, it can be evaluated. As it is 
seen from Tables 7-10, the biggest approximation to combined conditional 
probability is provided by non-force interaction method. Moreover, in methods 
that are based on approximation the calculation of coefficients was made from 
the position of minimum deviation from combined conditional probability 
(Formulas (28), (30), (32) and (34)). Nevertheless, non-force interaction method 
is still the best. 

Undoubtedly, any method, including the stated one, does not allow to calcu-
late combined conditional probability precisely. The deviation of non-force in-
teraction method is explained by the structure of natural language where a word 
is more than just the sum of letters, but also contents, because letters do not have 
contents, and a word has. 

This is a synergetic effect of natural language. Earlier (in comments to Table 9) 
it was explained how words “всё” and “это” influence the statistics. Indeed, if 
one letter from the text is taken, let it be “c”, it speaks about nothing. There are a 
lot of possible words with this letter. For two letters “ст” the probability of ap-
pearance of any word containing letters “ст” is higher than probability of ap-
pearance of a word with letter “т” or “c”. Let us add one more letter “ста”. It is 
even higher. If we add letter “н”, for this combination of letters (a word “стан” – 
“condition” in Ukrainian), the probability is almost 1. Therefore, for more “in-
formative” letter combinations the probability tends to 1, and for non-informative 
it tends to 0. This creates a deviation when using any other method. However,  
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Table 10. Standard deviation of estimates from probability of text fragment sequence by non-force interaction method and ap-
proximation methods with different coefficients. 

Base 
Base from which 

coefficients are taken 
L 

Approximation methods Non-Force 
Interaction Method Method 1 Method 2 Method 3 Method 4 

“Russian” 

“Russian” 
1 0.08170 0.07842 0.08182 0.08117 0.08090 

2 0.04107 0.04028 0.04106 0.04073 0.03951 

“German” 
1 0.08226 0.07937 0.08243 0.08181 0.08090 

2 0.04109 0.04039 0.04109 0.04078 0.03951 

“German” 

“German” 
1 0.08714 0.08690 0.08559 0.08596 0.08142 

2 0.05110 0.05019 0.05102 0.05058 0.04839 

“English” 
1 0.08727 0.08698 0.08561 0.08597 0.08142 

2 0.05112 0.05024 0.05104 0.05059 0.04839 

“Ukrainian” 

“Ukrainian” 
1 0.06694 0.06486 0.06544 0.06455 0.06204 

2 0.04637 0.04561 0.04634 0.04589 0.04491 

“Russian” 
1 0.06723 0.06500 0.06595 0.06489 0.06204 

2 0.04642 0.04562 0.04640 0.04596 0.04491 

“English” 

“English” 
1 0.07845 0.07769 0.07768 0.07787 0.07466 

2 0.04127 0.04049 0.04124 0.04092 0.03948 

“Ukrainian” 
1 0.07854 0.07831 0.07787 0.07825 0.07466 

2 0.04134 0.04060 0.04131 0.04120 0.03948 

Note: the best results are highlighted. 
 
the fact that the non-force interaction method gives the smallest deviation from 
statistical combined conditional probability confirms that in the mechanisms of 
speech production (human intellectual apparatus) the processes of interaction 
can be based on the algorithms which result from the information-probabilistic 
interpretation of mechanical movement. 

It is no wonder, probably, that in the basis of different processes of interaction 
(on micro- and macro-levels of matter existence) there are same laws. It would 
be strange if this did not happen. Thus, it can be used in many situations, in-
cluding the development of artificial intelligence systems. 

One of the tasks connected to such systems is the task of predicting. To create 
a reliable forecast in stochastic subject fields, it is not really crucial which is the 
probability of occurrence of all events, the most important is which event has the 
highest probability. There were conducted experimental researches that allow to 
determine the most probable text fragment by the highest estimate of combined 
conditional probability using different methods. Let us consider the results. 

Experiment 4. Forecasting of text fragment sequence 
Evaluation criterion: the percentage of correctly predicted text fragments (38) 
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The forecast is based on the choice of the biggest combined conditional prob-
ability estimate (38). As a result of processing of the texts results stated in Table 
11 were obtained. 

As it can be seen in Table 11, the advantage of the non-force interaction 
method is rather substantial. Among the methods which are based on linear ap-
proximation the best is the one that uses the difference between the smallest 
conditional probability and unconditional probability (33). Moreover, it is more 
effective than the approximation methods that are oriented at conditional prob-
abilities only. However, it is the deviation of conditional probability from un-
conditional one that interprets relative velocity of objects and is in the basis of 
the Formula (19). This, once again, confirms that in a human brain the value of 
non-force (information) action is represented by the deviation of conditional 
probability of certain reaction (in experiments it was language) from uncondi-
tional one. Returning to NFIM, it gives the best result even without aiming at the 
selection of the biggest conditional probability (which is dictated with the for-
mulas 29, 33). 

Experiment 5. Ranking of estimates of combined conditional probability 
of text fragment sequence. 

Criterion of evaluation: deviation in ranks (40) 
Within experiments, there was made ranking of probability estimates with 

comparison with the ranks of the probabilities themselves. The deviation of 
ranks of combined conditional probability estimates received by different methods 
from the rank of statistical combined conditional probability was evaluated. The 
deviation in ranks by Formula (40) for different methods is provided in Table 
12. 

The received distribution of ranks states even bigger advantage of non-force 
interaction method in comparison with others provided in this paper. With the  
 

Table 11. Forecasting of text fragment sequence by different methods. 

Base L 

By 
unconditional 

probability 
(μ1) 

By 1st 
fragment 

(μ2) 

By 2nd 
fragment 

(μ3) 

By mean 
probability 

(μ4) 

Method 1 
(μ5) 

Method 2 
(μ6) 

Method 3 
(μ7) 

Method 4 
(μ8) 

NFIM 
(μ9) 

Advantage 
of NFIM 

(%) 
(39) 

“Russian” 
1 11.54 19.37 19.17 22.92 22.88 25.61 25.22 26.19 27.98 6.40 

2 1.77 12.58 12.88 20.06 20.04 26.45 20.15 25.08 28.02 5.60 

“German” 
1 16.05 26.97 26.64 34.27 33.25 35.80 35.22 36.76 38.44 4.37 

2 3.63 15.83 13.89 22.90 22.89 26.28 23.43 26.62 30.25 12.00 

“Ukrainian” 
1 9.21 17.30 17.72 21.77 21.42 24.28 23.36 25.21 25.83 2.40 

2 1.34 9.12 9.63 15.38 15.38 19.93 15.44 19.94 22.48 11.30 

“English” 
1 11.79 22.35 21.93 28.11 27.86 29.21 28.66 29.25 30.39 3.75 

2 3.19 12.61 12.36 19.44 19.33 23.35 19.89 23.06 25.61 8.82 

Note: the best results are highlighted. 
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help of this method, it is possible to determined more exactly which of the varia-
tions of forecast can be counted upon and which cannot. 

Experiment 6. The graph of deviation of combined conditional probabil-
ity estimate received by the non-force interaction method from statistical 
combined conditional probability of text fragment sequence. 

The deviations of values of combined conditional probability received by the 
non-force interaction method from statistical combined conditional probability 
of text fragment sequence in “English” base which were received in the process 
of experiments are provided in Table 13. According to these data, the graph was 
created (Figure 3) 
 

 
Figure 3. Distribution of deviation of combined conditional probability estimate received 
by non-force interaction method from its statistical value in “English” base (one-letter 
fragments). 
 

Table 12. Standard deviation of ranks of combined conditional probability estimates and the rank of conditional probability of 
text fragment sequence. 

Base L 

% of correct prediction of text fragment sequence Advantage 
of 

NFIM (%) 
(41) 

By 
unconditional 

probability 

By 1st 
fragment 

By 2nd 
fragment 

By mean 
probability 

Method 
1 

Method 
2 

Method 
3 

Method 
4 

Non-force 
interaction 

method 

“Russian” 
1 37.74 25.71 24.19 19.62 19.65 16.38 17.28 19.18 11.48 42.62 

2 21.88 14.63 14.59 11.80 11.81 11.27 10.89 11.17 8.98 21.30 

“German” 
1 24.10 18.11 13.11 12.47 12.99 11.61 10.85 10.70 7.60 40.85 

2 20.02 14.17 12.11 11.18 11.20 10.15 10.11 9.78 7.52 30.03 

“Ukrainian” 
1 41.62 27.53 25.18 23.81 23.91 18.28 19.76 17.09 10.07 69.78 

2 3.27 2.07 2.15 1.84 1.84 1.74 1.73 1.62 1.50 8.03 

“English” 
1 30.99 19.32 18.52 14.78 14.87 13.40 12.43 13.02 8.74 42.21 

2 63.06 42.61 41.05 32.79 32.79 31.63 29.96 31.07 24.62 21.69 

Note: the best results are highlighted. 
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Table 13. The deviation of combined conditional probability estimate received by non- 
force interaction method (“English” base) from statistical combined conditional prob-
abilities. 

Deviation Quantity 

≤−0.60 32 

−0.59 1 

−0.57 2 

−0.56 3 

−0.55 4 

−0.54 1 

−0.53 1 

−0.52 2 

−0.51 1 

−0.5 5 

−0.49 5 

−0.48 3 

−0.47 3 

−0.46 6 

−0.45 1 

−0.44 2 

−0.43 5 

−0.42 6 

−0.41 8 

−0.4 6 

−0.39 6 

−0.38 12 

−0.37 9 

−0.36 6 

−0.35 10 

−0.34 6 

−0.33 14 

−0.32 8 

−0.31 13 

−0.3 12 

−0.29 10 

−0.28 5 
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Continued 

−0.27 13 

−0.26 15 

−0.25 16 

−0.24 19 

−0.23 12 

−0.22 21 

−0.21 29 

−0.2 20 

−0.19 18 

−0.18 24 

−0.17 30 

−0.16 29 

−0.15 35 

−0.14 38 

−0.13 43 

−0.12 43 

−0.11 46 

−0.1 52 

−0.09 75 

−0.08 77 

−0.07 98 

−0.06 151 

−0.05 141 

−0.04 177 

−0.03 250 

−0.02 403 

−0.01 762 

0 6471 

0.01 2015 

0.02 724 

0.03 427 

0.04 298 

0.05 212 

0.06 135 

0.07 99 
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Continued 

0.08 105 

0.09 89 

0.1 78 

0.11 52 

0.12 36 

0.13 38 

0.14 39 

0.15 27 

0.16 39 

0.17 25 

0.18 26 

0.19 26 

0.2 19 

0.21 15 

0.22 13 

0.23 12 

0.24 11 

0.25 17 

0.26 14 

0.27 7 

0.28 8 

0.29 5 

0.3 9 

0.31 5 

0.32 4 

0.33 3 

0.34 2 

0.35 9 

0.36 2 

0.37 4 

0.38 3 

0.39 4 

0.4 5 

0.41 2 

0.42 5 
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Continued 

0.43 3 

0.45 1 

0.46 2 

0.47 1 

0.48 2 

0.49 1 

0.5 1 

0.51 1 

0.54 1 

0.55 1 

0.56 1 

0.59 1 

≥0.60 5 

 
As it can be seen from the graph, the received combined conditional probabil-

ity estimates differ slightly from combined conditional probabilities themselves 
and form the peak of distribution in point “0” (deviation is absent). 

To confirm the received results, there were conducted additional experiments 
which did not characterise the accuracy of determination of text structure, but 
rather show the versatility of methods developed in the non-force interaction 
theory. 

11. Additional Experimental Researches 

As it can be seen from the tables stated in Section 10, the best result is provided 
by the method based on the non-force interaction theory, even though, from the 
point of view of probabilistic approach, the approximation-based methods 
should be better, as coefficients for equations are chosen in such a way that they 
should give the smallest deviation square, thus the biggest approximation to the 
probabilities themselves. 

Thus, a question arises. What if non-force interaction method does not oper-
ate the information part of the text production, but rather uses only the devia-
tions of probabilities as a characteristics of fragment sequence appearance in a 
text? In this way, the information-probabilistic interpretation of mechanical 
movement is not reflected in a human brain during text production? In order to 
verify or deny this, the following experiment was conducted.  

Experiment 7. Research of random texts with even distribution of the let-
ters of alphabet. 

Evaluation criterion: all stated in Section 7. 
There were texts generated, the sizes of which were equal to those used in ex-
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periments, but they had equal distribution of letter sequence. Of course, when 
increasing the size of text indefinitely there would be received the following 
value of probabilities: 

( ) ( ) ( ) ( )1 1 1 1 .i i i i i i i ip a a a p a a p a a p a− + − +≈ ≈ ≈  

Therefore, all methods used in this paper would give the same result! 
When the size of the text is limited, it is highly likely that there will be devia-

tions of values of conditional probabilities from unconditional ones. In this case, 
the results of predicting of text fragment sequence and standard deviation of 
probability estimates made by different methods will be different. 

In total, for each language, there were generated 40 random texts equal by the 
size to the texts of bases used. Standard deviations of combined conditional 
probability estimates from combined conditional probabilities of text fragment 
sequence of a random text are shown in Table 14. Mean values of the forecast of 
text fragments made by different methods are shown in Table 15. The deviations 
in ranks are in Table 16. In contrast to the experiments with real texts, here only 
one-letter fragments were used, as even distribution is the same for both one- 
and two-letter fragments. Moreover, for one-letter pieces, each fragment appears 
more often. Therefore, the statistics is better. 
 

Table 14. Standard deviation of estimates from fragment sequence probabilities for the texts with even distribution of the letters 
of alphabet (σ ∙ 102). 

Text by base 
size 

By 
unconditional 

probability 

By 1st 
fragment 

By 2nd 
fragment 

By mean 
probability 

Method 1 Method 2 Method 3 Method 4 NFIM 

Advantage 
of NFIM 

(%) 
(37) 

“Russian” 0.323559 0.318828 0.318831 0.316438 0.314176 0.314174 0.314028 0.314026 0.314028 −0.000695 

“German” 0.461893 0.454350 0.454352 0.450529 0.446929 0.446920 0.446682 0.446675 0.446677 −0.000373 

“Ukrainian” 0.686833 0.676246 0.676257 0.670897 0.665845 0.665828 0.665501 0.665487 0.665485 0.000275 

“English” 0.195578 0.192050 0.192052 0.190263 0.188596 0.188591 0.188458 0.188453 0.188459 −0.003413 

Note: highlighted are the results which are better than those received by the non-force interaction method. 
 
Table 15. Average number of correctly determined text fragments by 40 random generation of text with even distribution of the 
letters of alphabet. 

Text by 
base size 

By 
unconditional 

probability 

By 1st 
fragment 

By 2nd 
fragment 

By mean 
probability 

Method 1 Method 2 Method 3 Method 4 NFIM 

Advantage 
of NFIM 

(%) 
(39) 

“Russian” 78999.1 81436.3 81426.3 82665.6 82664.8 82659.4 82691.9 82691.1 82688.9 −0.003659 

“German” 42545.5 44295.3 44271.9 45212.1 45213.0 45213.4 45228.9 45236.5 45235.5 −0.002155 

“Ukrainian” 20153.7 21463.4 21477.5 22175.2 22176.6 22184.0 22170.3 22172.4 22177.1 −0.030888 

“English” 183095.9 185953.9 185933.2 187219.2 187214.9 187241.0 187277.4 187267.9 187,278.7 0.000674 

Note: highlighted are the results which are better than those received by the non-force interaction method. 
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Table 16. Deviation in ranks of estimates and probabilities of fragment sequence for the texts with even distribution of the letters 
of alphabet. 

Text by 
example of 

base 

% correct prediction of text fragment sequence 
Advantage 
of NFIM 

(%) 

By 
unconditional 

probability 

By 
1st 

fragment 

By 
2nd 

fragment 

By 
mean 

probability 
Method 1 Method 2 Method 3 Method 4 NFIM 

“Russian” 164.760 139.896 139.819 130.470 130.486 130.485 130.215 130.206 130.210 −0.00769 

“German” 134.129 112.559 112.505 104.600 104.623 104.611 104.378 104.364 104.373 −0.01375 

“Ukrainian” 146.245 121.950 121.923 114.341 114.372 114.365 114.105 114.098 114.106 −0.01675 

“English” 104.389 88.326 88.238 81.159 81.169 81.158 80.918 80.913 80.923 −0.03079 

Note: highlighted are the results which are better than those received by the non-force interaction method. 
 

As it can be seen from Tables 14-16, method based on the non-force interac-
tion theory is inferior by almost all points comparing to the methods which use 
the approximation of probabilities. It means that it is the content part of the text, 
the processes of interaction that form what the method “processes”, and not just 
probabilities. However, for “random” text, it is not better than the methods of 
approximation, as it should be according to classical mathematical principles. 

In Table 14, it can be seen that the more the size of the text is, the smaller is 
standard deviation. This complies with the idea that for “indefinite” sizes of 
random texts all probability estimates will be equal to probabilities themselves. 

The non-force interaction method is the best only for small sizes of texts 
(“Ukrainian” base) (see Table 14). However, even in this case, the advantage is 
minimum (0.000275%). Such exception only confirms the rule that the 
non-force interaction method works best with the objects that include the idea 
(meaning). This, in its turn, once more proves the important role of the 
non-force (informational) interactions when producing a text. Moreover, it also 
proves that processes of text production in a human brain correspond to the 
non-force interaction model which was received from information-probabilistic 
interpretation of mechanical movement and is the basis of the non-force interac-
tion theory. 

The NFIM was worse than other methods at ranking probability estimates 
(see Table 16). Comparing with Table 12, it is possible to reiterate that the 
non-force interaction method is effective only for “sensible” (intelligent) rather 
than random texts. This characterizes the level of influence of mechanics of 
natural text creating in a human brain (including forming of words) which is 
recognized by the non-force interaction method. Therefore, this means it is the 
contextual part of language that it operates with. Thus, this part of language 
functions according to the laws which are depicted in the non-force interaction 
method, that is movement and direct (contact) interaction in the informa-
tion-probabilistic interpretation. Hence, what if it is not an interpretation but 
rather a reality? 
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Furthermore, what can happen if all texts are combined into one? There was 
an experiment with the text conducted which includes all four bases: Russian, 
German, Ukrainian and English. 

Experiment 8. The research of a combined text 
Criterion of evaluation: all stated in Section 7. 
There were the rates of effectiveness developed for the combined text: stan-

dard deviation from combined conditional probability (Table 17) and quantity 
of correctly predicted text fragments (Table 18). Apart from that, the deviation 
of probability estimate rank from combined conditional probability rank was 
evaluated for the combined text (Table 19). 

What can be seen from Tables 17-19? All rates of the NFIM are much higher 
than for other methods! Even if compared with linear approximation. By the 
way, the author tried using linear approximation, that is deviation square of 
conditional probability from an unconditional one. Of course, it does not elimi-
nate the possibility of that someone will discover such an equation which will  

 
Table 17. Standard deviation of estimates from probabilities of text fragment sequence of combined text. 

L 
By 

unconditional 
probability 

By 1st 
fragment 

By 2nd 
fragment 

By mean 
probability 

Method 1 Method 2 Method 3 Method 4 NFIM 

Advantage 
of NFIM 

(%) 
(37) 

1 0.09561 0.08543 0.08991 0.08024 0.07874 0.07693 0.07800 0.07765 0.07508 2.46 

2 0.04628 0.04535 0.04527 0.04423 0.04404 0.04324 0.04401 0.04365 0.04230 2.22 

Note: the best results are highlighted. 
 
Table 18. Quantity of correctly predicted fragments of combined text. 

L 
By 

unconditional 
probability 

By 1st 
fragment 

By 2nd 
fragment 

By mean 
probability 

Method 1 Method 2 Method 3 Method 4 NFIM 
Fragment 

total 

Advantage 
of NFIM 

(%) 
(39) 

1 894,574 1,617,312 1,595,614 2,001,922 1,992,145 2,136,515 2,083,939 2,165,393 2,260,531 7,456,824 4.21 

2 201,116 957,000 946,025 1,479,064 1,476,830 1,826,359 1,498,931 1,794,563 1,991,002 7,456,816 8.27 

Note: the best results are highlighted. 
 
Table 19. Deviations in estimate ranks from ranks of fragment sequence probability of combined text. 

L 
By 

unconditional 
probability 

By 1st 
fragment 

By 2nd 
fragment 

By mean 
probability 

Method 1 Method 2 Method 3 Method 4 NFIM 

Advantage 
of NFIM 

(%) 
(41) 

1 35.10 23.62 21.33 18.65 18.79 15.80 15.93 15.79 9.79 61.27 

2 34.80 23.54 22.64 18.36 18.36 17.60 16.80 17.53 13.72 22.47 

Note: the best results are highlighted. 
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give bigger approximation to combined conditional probability than the NFIM 
for some text. As in “Russian” base, where there are one-letter fragments (see 
Table 7). However, whether this equation will fit other texts it unknown. Ac-
cording to the results stated in Table 10, it is highly unlikely. 

As it can be seen from the provided tables (see Table 11 and Table 18), the 
approximation method which operates with deviations of conditional probabil-
ity from an unconditional one (33) is not bad for forecasting, which Method 4. 
Therefore, the question arises. What if this difference is replaced with the 
non-force action value received in NFIT (which is also based on the difference 
between unconditional and conditional probability), how will the forecast 
change? 

Experiment 9. Comparison of the effectiveness of the methods which are 
based on the deviation of conditional probability from an unconditional one 
and the value of non-force influence. 

Criterion of evaluation: the percentage of correctly predicted text fragments 
(38). 

Since method 4 is quite effective for predicting text fragment sequence, it is 
proposed to replace the difference between conditional and unconditional prob-
ability with the value of non-force influence (in the basis of which there is also a 
deviation of conditional probability from an unconditional one) (19), and the 
deviation of estimate from probability is replaced by achievement of the maxi-
mum results in predicting of the texts: 

( ) ( )( )max min
8 1 1 1 2 3.i i i i i ip a a a p p p a− + ⋅= −⋅+ +δ δ δ  

Let us apply Formula (9) in Formula (19) and “improve” Formula (33), re-
placing the difference in probabilities with non-force influence value 

( ) ( ) ( ) ( )22max min min
10 1 1 1 2 31 1 ,i i i i i i i ip a a a p d d a d a d− +

 = ⋅ + ⋅ ⋅ + − ⋅ + + 
 

δ δ δ

(42) 

under the condition that 

( ) ( )
1 1

8 1 2 1 1, max;
i i

i i
a a

n a a
− +

− +⋅ →∑µ δ δ              (43) 

( ) ( )
1 1

10 1 2 1 1, max,
i i

i i
a a

n a a
− +

− +⋅ →∑µ δ δ              (44) 

where ( )8 1 2,µ δ δ  is the percentage of correct predictions of text fragment se-
quence by method 4; ( )10 1 2,µ δ δ  is the percentage of correct predictions of text 
fragment sequence by method 5; ( )10 1 1i i ip a a a− +  is the estimate of conditional 
probability of sequence of text fragment ia  by linear approximation of non-force 
influence of the fragment with the smallest conditional probability: if the previ-
ous text fragment is 1ia − ; if the following text fragment is 1ia +  (Method 5); 

1 2,δ δ  are approximation coefficients; min
id  is the amount of information that 

triggers the reaction, which is calculated by Formula (11) with argument min
ip ; 

( )id a  is the amount of information that triggers the reaction, which is calcu-
lated by Formula (11) with argument ( )ip a . 
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The results of predicting made by such combined method (method 5) are 
provided in Table 20. The result once again confirms higher descriptiveness of 
non-force interaction method regarding calculation of combined conditional 
probability, for example, the actions of artificial intelligence systems, and its 
higher “usefulness” in solving problems of predicting. 

Experiment 10. Using instead of unconditional probability the condi-
tional one, which excludes the cases when previous and subsequent frag-
ments are the current ones. 

Criterion of evaluation: all stated in Section 7. 
To calculate the values of influence, it would be necessary to use conditional 

probability which would not include those cases when previous fragment was 

1ia −  and the following was 1ia + . Then the non-force value itself would exactly 
reflect the appearance of these fragments. However, the research has shown 

( ) ( )1 ;i i ip a p a a −≈  

( ) ( )1 ,i i ip a p a a +≈  

where ( )1i ip a a −  is statistical conditional probability of the sequence of frag-
ment ia  when the previous fragment was not 1ia − ; ( )1i ip a a +  is statistical 
conditional probability of the sequence of fragment ia  when the following 
fragment is not 1ia + . 

This was verified in the selected texts. The results are provided in Table 21. 
 
Table 20. Comparison of approximation methods oriented at predicting of combined text 
fragments. 

L 
Quantity of correctly determined text fragments 

Method 4 Method 5 

1 2,242,440 2,259,673 

2 1,985,547 2,000,457 

Note: the best results are highlighted. 
 
Table 21. Deviation of unconditional probabilities from conditional probabilities with 
exclusion of reviewed fragments. 

Base L 
Deviation of probability % deviation 

Mean Maximum Mean Maximum 

“Russian” 
1 0.000746 0.003368 2.460 11.115 

2 0.000002 0.000022 0.147 2.083 

“German” 
1 0.000887 0.004520 2.662 13.560 

2 0.000003 0.000073 0.195 5.257 

“Ukrainian” 
1 0.000830 0.002823 2.655 9.034 

2 0.000002 0.000016 0.145 1.500 

“English” 
1 0.001045 0.003581 2.717 9.310 

2 0.000003 0.000064 0.199 3.923 
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Nevertheless, in order to avoid doubts regarding the objectivity of the received 
results, there were conducted experiments using provided conditional probabili-
ties ( )1i ip a a − , ( )1i ip a a +  instead of unconditional ( )ip a . The results are 
stated in Tables 22-24. 

As it can be seen in Tables 22-24, the non-force interaction method remains 
the best of all others. 

Experiment 11. Consideration of the combinations of fragments in which 
both conditional probabilities of appearance of a text fragment are not equal 
to zero ( ( )1 0i ip a a − > , ( )1 0i ip a a + > ). 
 

Table 22. Standard deviation of combined conditional probability estimates from statistical combined conditional probability of 

text fragment sequence using conditional probabilities ( ) ( )1 1,i i i ip a a p a a− +  instead of unconditional probabilities. 

Base L 
By 

unconditional 
probability 

By 1st 
fragment 

By 2nd 
fragment 

By mean 
probability 

Method 1 Method 2 Method 3 Method 4 NFIM 
Advantage 
of NFIM 

(%) 

“Russian” 
1 0.09545 0.08880 0.09019 0.08228 0.08170 0.07843 0.08176 0.08120 0.08107 −3.26 

2 0.04314 0.04236 0.04227 0.04121 0.04107 0.04028 0.04106 0.04074 0.03952 1.94 

“German” 
1 0.11050 0.09320 0.10388 0.08973 0.08715 0.08690 0.08565 0.08617 0.08233 4.03 

2 0.05481 0.05296 0.05323 0.05148 0.05110 0.05019 0.05102 0.05058 0.04838 3.73 

“Ukrainian” 
1 0.08394 0.07339 0.07588 0.06849 0.06694 0.06486 0.06543 0.06469 0.06223 3.95 

2 0.04804 0.04731 0.04715 0.04662 0.04637 0.04561 0.04634 0.04589 0.04490 1.58 

“English” 
1 0.10177 0.08646 0.09298 0.08130 0.07845 0.07769 0.07775 0.07808 0.07504 3.53 

2 0.04394 0.04292 0.04265 0.04149 0.04127 0.04049 0.04124 0.04093 0.03948 2.55 

Note: the best results are highlighted. 
 
Table 23. Predicting of text fragment sequence by different methods using conditional probabilities ( ) ( )1 1,i i i ip a a p a a− +  in-

stead of unconditional probabilities. 

Base L 

By 
unconditional 

probability 
(μ1) 

By 1st 
fragment 

(μ2) 

By 2nd 
fragment 

(μ3) 

By mean 
probability 

(μ4) 

Method 1 
(μ5) 

Method 2 
(μ6) 

Method 3 
(μ7) 

Method 4 
(μ8) 

NFIM 
(μ9) 

Advantage 
of NFIM 

(%) 
(39) 

“Russian” 
1 11.54 19.37 19.17 22.92 22.88 25.61 25.36 26.17 27.66 5.39 

2 1.77 12.58 12.88 20.06 20.04 26.45 20.16 25.04 27.84 4.99 

“German” 
1 16.05 26.97 26.64 34.27 33.25 35.80 35.28 36.65 37.39 1.98 

2 3.31 15.83 13.89 22.90 22.89 26.28 23.45 26.59 30.00 11.37 

“Ukrainian” 
1 6.62 17.30 17.72 21.77 21.42 24.28 23.79 25.15 25.60 1.76 

2 0.74 9.12 9.63 15.38 15.38 19.93 15.45 19.90 22.40 11.03 

“English” 
1 11.79 22.35 21.93 28.11 27.86 29.21 28.64 29.26 29.86 2.01 

2 3.19 12.61 12.36 19.44 19.33 23.35 19.89 23.01 25.43 8.18 

Note: the best results are highlighted. 
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Table 24. Standard deviation of ranks of combined conditional probability estimates from ranks of statistical combined condi-

tional probabilities of text fragment sequence using conditional probabilities ( ) ( )1 1,i i i ip a a p a a− + . 

Base L 

% of correct prediction of text fragment sequence Advantage 
of NFIM 

(%) 
(41) 

By 
unconditional 

probability 

By 1st 
fragment 

By 2nd 
fragment 

By mean 
probability 

Method 1 Method 2 Method 3 Method 4 
Non-force 
interaction 

method 

“Russian” 
1 40.32 25.71 24.19 19.62 19.65 16.38 17.44 19.52 11.43 43.33 

2 22.72 14.63 14.59 11.80 11.81 11.27 10.90 11.17 9.05 20.38 

“German” 
1 26.12 18.11 13.11 12.47 12.99 11.61 10.90 10.94 7.64 42.61 

2 21.07 14.17 12.11 11.18 11.20 10.15 10.12 9.84 7.61 29.22 

“Ukrainian” 
1 44.41 27.53 25.18 23.81 23.91 18.28 19.63 17.30 10.14 70.61 

2 3.37 2.07 2.15 1.84 1.84 1.74 1.73 1.62 1.50 7.78 

“English” 
1 33.74 19.32 18.52 14.78 14.87 13.40 12.61 13.28 8.91 41.42 

2 65.33 42.61 41.05 32.79 32.79 31.63 29.99 31.10 24.75 21.15 

Note: the best results are highlighted. 
 

Criterion of evaluation: all stated in Section 7. 
One more experiment was connected to the decision accepted in the method-

ology of experimental research. It is to consider combinations of fragments for 
which at least one probability is not equal to zero (pp.6 of Section 5): ( )1, 0i in a a− > , 
or ( )1, 0i in a a + > . Since, under the condition that ( )1, 0i in a a− =  or  

( )1, 0i in a a + = , combined conditional probability estimate calculated by the 
non-force interaction method will also be equal to zero, this does not create ad-
ditional advantage to it comparing with others. 

However, from the point of view of the development of artificial intelligence 
systems this approach is correct. As it is not improbable that when increasing 
the statistics, zero probability will become not equal to zero. Hence, these cases 
should be considered, too. 

Results are provided in Tables 25-27. 
As it can be seen from Tables 25-27, the change of methodology does not 

violate previous result, when the non-force interaction method is the most effec-
tive (according to the criteria stated in Section 7) of all others. 

For artificial intelligence systems, it is highly important to have consistency of 
received results under different conditions. Usually, to verify any methods, sam-
plings are divided into training and control ones. Probabilities received in train-
ing samplings and coefficients of approximation equations are applied to the 
control sampling. Within experimental research, the results of which are pro-
vided in this article, there also was such an experiment. 

Experiment 12. Research of the text divided into training and control 
samplings. 

Criterion of evaluation: all stated in Section 7. 
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To have objective results, especially those concerning approximation methods, 
all the texts were divided randomly into two samplings, each having 50% the size 
of the text: training and control. By the training sampling, approximation coeffi-
cients and unconditional probabilities of text fragment appearance were calcu-
lated. In the control sampling, according to the criteria described in Section 7, 
the effectiveness of provided methods was verified. The results are stated in Ta-
bles 28-30. 

As it is seen from Tables 28-30, there has nothing changed. The NFIM is the 
best and its advantage over the other methods in some cases even increased (see 
Table 7, Table 11, Table 12). 
 

Table 25. Standard deviation of combined conditional probability estimates from statistical combined conditional probability of 
text fragment sequence under the condition: ( )1 0i ip a a − >  and ( )1 0i ip a a + > . 

Base L 
By 

unconditional 
probability 

By 1st 
fragment 

By 2nd 
fragment 

By mean 
probability 

Method 1 Method 2 Method 3 Method 4 NFIM 

Advantage 
of NFIM 

(%) 
(37) 

“Russian” 
1 0.10384 0.09712 0.09882 0.09044 0.08966 0.08653 0.08974 0.08894 0.08943 −3.24 

2 0.08976 0.08699 0.08672 0.08522 0.08404 0.08312 0.08395 0.08301 0.08237 0.78 

“German” 
1 0.12585 0.10803 0.11927 0.10399 0.10074 0.10063 0.09885 0.09900 0.09507 3.98 

2 0.12943 0.12273 0.12361 0.12064 0.11757 0.11694 0.11714 0.11610 0.11469 1.23 

“Ukrainian” 
1 0.08782 0.07757 0.08030 0.07262 0.07083 0.06888 0.06924 0.06826 0.06601 3.40 

2 0.10761 0.10501 0.10463 0.10401 0.10212 0.10141 0.10194 0.10088 0.10076 0.12 

“English” 
1 0.10856 0.09373 0.10035 0.08808 0.08480 0.08405 0.08407 0.08413 0.08111 3.61 

2 0.08147 0.07850 0.07817 0.07652 0.07534 0.07451 0.07521 0.07446 0.07341 1.43 

Note: the best results are highlighted. 
 
Table 26. Predicting of text fragment sequence by different methods under the condition: ( )1 0i ip a a − >  and ( )1 0i ip a a + > . 

Base L 
By 

unconditional 
probability (μ1) 

By 1st 
fragment 

(μ2) 

By 2nd 
fragment 

(μ3) 

By mean 
probability 

(μ4) 

Method 1 
(μ5) 

Method 2 
(μ6) 

Method 3 
(μ7) 

Method 4 
(μ8) 

NFIM 
(μ9) 

Advantage 
of NFIM 

(%) 
(39) 

“Russian” 
1 11.56 19.42 19.17 22.95 22.98 25.50 25.27 26.39 27.98 5.68 

2 2.66 15.51 15.49 21.72 21.69 26.46 21.85 27.11 28.02 3.25 

“German” 
1 16.19 27.02 26.85 34.32 33.32 35.70 35.98 36.79 38.44 4.29 

2 5.42 19.08 17.73 24.86 24.86 26.49 25.52 28.40 30.25 6.12 

“Ukrainian” 
1 9.42 17.41 17.73 21.78 21.50 24.15 23.40 25.21 25.83 2.40 

2 2.47 12.56 13.04 17.95 17.94 20.62 18.18 21.86 22.48 2.76 

“English” 
1 11.89 22.36 21.95 28.11 27.75 29.07 28.63 29.31 30.39 3.55 

2 4.18 14.23 13.82 20.26 20.20 23.15 20.75 24.22 25.61 5.43 

Note: the best results are highlighted. 
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Table 27. Standard deviation of ranks of combined conditional probability estimates from the ranks of statistical combined condi-
tional probabilities of text fragment sequence under the condition: ( )1 0i ip a a − >  and ( )1 0i ip a a + > . 

Base L 

% of correct prediction of text fragment sequence 
Advantage 
of NFIM 

(%) 

By 
unconditional 

probability 

By 1st 
fragment 

By 2nd 
fragment 

By mean 
probability 

Method 1 Method 2 Method 3 Method 4 NFIM 

“Russian” 
1 37.74 25.71 24.19 19.62 19.66 16.51 17.26 19.75 11.48 43.77 

2 21.88 14.63 14.59 11.80 11.81 11.22 10.90 11.48 8.98 21.34 

“German” 
1 24.10 18.11 13.11 12.47 12.89 11.84 10.72 10.86 7.60 41.09 

2 20.02 14.17 12.11 11.18 11.20 10.48 10.10 9.84 7.52 30.90 

“Ukrainian” 
1 41.62 27.53 25.18 23.81 23.91 18.62 19.76 17.05 10.07 69.32 

2 3.27 2.07 2.15 1.84 1.84 1.75 1.73 1.63 1.50 8.71 

“English” 
1 30.99 19.32 18.52 14.78 14.88 13.48 12.42 13.27 8.74 42.06 

2 63.06 42.61 41.05 32.79 32.79 31.43 29.96 31.91 24.62 21.66 

Note: the best results are highlighted. 
 
Table 28. Standard deviation of combined conditional probability estimates from statistical combined conditional probability of 
text fragment sequence in control text sampling. 

Base L 
By 

unconditional 
probability 

By 1st 
fragment 

By 2nd 
fragment 

By mean 
probability 

Method 1 Method 2 Method 3 Method 4 NFIM 

Advantage 
of NFIM 

(%) 
(37) 

“Russian” 
1 0.09627 0.09058 0.09147 0.08388 0.08189 0.07887 0.08181 0.08116 0.08217 −4.01 

2 0.04718 0.04629 0.04623 0.04518 0.04478 0.04387 0.04477 0.04435 0.04324 1.45 

“German” 
1 0.11047 0.09504 0.10505 0.09139 0.09011 0.08998 0.08863 0.08908 0.08278 7.06 

2 0.05956 0.05748 0.05777 0.05601 0.05537 0.05436 0.05526 0.05473 0.05256 3.42 

“Ukrainian” 
1 0.08554 0.07608 0.07845 0.07129 0.06995 0.06790 0.06857 0.06772 0.06470 4.66 

2 0.05486 0.05398 0.05385 0.05325 0.05256 0.05155 0.05252 0.05187 0.05116 0.78 

“English” 
1 0.10079 0.08688 0.09318 0.08161 0.07838 0.07742 0.07758 0.07769 0.07487 3.41 

2 0.04686 0.04571 0.04552 0.04437 0.04407 0.04327 0.04403 0.04368 0.04222 2.47 

Note: the best results are highlighted. 
 
Table 29. Predicting of fragment sequence of control text sampling made by different methods. 

Base L 
By 

unconditional 
probability (μ1) 

By 1st 
fragment 

(μ2) 

By 2nd 
fragment 

(μ3) 

By mean 
probability 

(μ4) 

Method 1 
(μ5) 

Method 2 
(μ6) 

Method 3 
(μ7) 

Method 4 
(μ8) 

NFIM 
(μ9) 

Advantage 
of NFIM 

(%) 
(39) 

“Russian” 
1 11.57 19.37 19.19 23.11 23.20 25.54 25.37 26.24 28.05 −4.01 

2 1.79 12.61 12.94 20.16 20.16 26.59 20.24 25.55 28.44 1.45 
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Continued 

“German” 
1 16.00 26.92 26.64 34.28 33.56 35.73 35.24 36.72 38.44 7.06 

2 3.64 15.87 13.98 22.87 22.85 26.30 23.40 26.83 30.53 3.42 

“Ukrainian” 
1 9.24 17.39 17.72 21.66 21.65 24.22 23.75 25.47 25.98 4.66 

2 1.38 9.22 9.82 15.82 15.81 20.91 15.91 21.25 23.67 0.78 

“English” 
1 11.79 22.34 21.90 28.13 27.66 29.22 28.64 29.25 30.41 3.41 

2 3.20 12.62 12.36 19.40 19.38 23.39 19.91 23.10 25.70 2.47 

Note: the best results are highlighted. 
 
Table 30. Standard deviation of ranks of combined conditional probabilities estimates from ranks of statistical combined condi-
tional probabilities of fragment sequence from control text sampling. 

Base L 

% of correct prediction of text fragment sequence 
Advantage 
of NFIM 

(%) 

By 
unconditional 

probability 

By 1st 
fragment 

By 2nd 
fragment 

By mean 
probability 

Method 1 Method 2 Method 3 Method 4 NFIM 

“Russian” 
1 35.62 24.32 22.82 18.64 18.65 15.56 16.06 17.26 10.87 43.15 

2 9.97 6.59 6.54 5.37 5.37 5.09 4.98 4.94 4.13 19.61 

“German” 
1 21.45 16.25 12.07 11.40 11.86 10.58 10.08 9.88 6.97 41.75 

2 11.78 8.25 6.97 6.61 6.62 6.03 6.00 5.66 4.55 24.40 

“Ukrainian” 
1 35.60 23.27 21.60 20.50 20.58 15.66 16.74 14.11 8.65 63.12 

2 1.22 0.72 0.75 0.66 0.66 0.61 0.63 0.57 0.54 5.56 

“English” 
1 29.85 18.37 17.77 14.17 14.28 12.78 11.71 12.22 8.33 40.58 

2 34.04 22.67 22.16 17.55 17.56 16.92 16.13 16.46 13.40 20.37 

Note: The best results are highlighted. 

12. Summary 

When verifying theorems automatically, their validity can be proven by going 
through all constant cases. The first person to highlight this was Jacques Her-
brand [32]. In the logic of predicates of the first order in far-away 1930, he pro-
posed the procedure of verification based on the theorem which states: a range 
of disjuncts S is impossible when and only when there is finite impossible range 
of fundamental examples (i.e. constant cases) of disjuncts with S. 

The proof of the theorem is called the answer to the question whether some 
formula B logically follows out of the stated range of formulae 1 2 , ,, nf f f : 

1 2 , ,, nf f f B→  is the verification of general validity of the formula. 
It is much easier to prove the unprovability of the formula: 

1 2 ,, , nf f f B→ ¬ —refutation procedure. 
As for the question that is being considered in this article, it means that it is 

important to find such method of determination of combined conditional prob-
ability by unconditional and certain conditional ones which gives a better result 
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than that offered in the non-force interaction theory. Moreover, it should be true 
for any texts. 

The author did not manage to do this, despite doing his best. There is the last 
point, though. It seems that if from one text there are taken fragments  

( )text 1
1i ip a a −  and ( )text 1

1i ip a a + , and the equivalent values of them are 
found in the other text 

( ) ( )text 2 text 1
1 1 ;i i i ip a a p a a− −=  

( ) ( )text 2 text 1
1 1 ,i i i ip a a p a a+ +=  

then the value ( )text 1
1 1i i ip a a a− +  will be closer to ( )text 2

1 1i i ip a a a− +  than those 
received by listed methods. For example, if: 

( ) ( )text 1 text 2
1 1 0.7;i i i ip a a p a a− −= =  

( ) ( )text 1 text 2
1 1 0.3;i i i ip a a p a a+ += =  

( )text 1
1 1 0.8,i i ip a a a− + =  

then 

( )text 2
1 1 0.8.i i ip a a a− + ≈  

Otherwise, if the value of combined conditional probability is different for the 
same values of certain conditional probabilities, the question arises. Is it at all 
possible to find the method which orients itself at probabilities and will provide 
a better result than the non-force interaction method? 

There was an experiment conducted. In “English” base, the input conditional 
probabilities are determined. In “Russian” base, the conditional probabilities 
equal to them are found. Certainly, finding all the probabilities in “English” base 
correspondent to each conditional probability of text fragments in “Russian” 
base failed (the deviation within 0.0005 was allowed). There was found K = 
15,307 one-letter fragments where probabilities match. 

By these fragments using least square method there was calculated the devia-
tion dispersion of probability ( )English

1 1i i ip a a a− +  from probability  
( )Russian

1 1i i ip a a a− + , and probability ( )Russian
9 1 1i i ip a a a− +  from probability  

( )Russian
1 1i i ip a a a− + . 

Here is the answer: 

( ) ( )( )2English Russian
1 1 1 11 0.0031873;

K
i i i i i ii

p a a a p a a a

K
− + − +=

−
≈

∑  

( ) ( )( )2Russian Russian
9 1 1 1 11 0.0017463,

K
i i i i i ii

p a a a p a a a

K
− + − +=

−
≈

∑  

under the condition that 

( ) ( )English Russian
1 1 0.0005;i i i ip a a p a a− −− <  

( ) ( )English Russian
1 1 0.0005,i i i ip a a p a a+ +− <  

where K is the quantity of matches in the values of probabilities of “English” and 
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“Russian” bases; ( )Russian
9 1 1i i ip a a a− +  is estimate of combined conditional prob-

ability of sequence of text fragment ia  by the non-force interaction method in 
“Russian base”; ( )Russian

1 1i i ip a a a− +  is combined conditional probability of 
sequence of text fragment ia  in “Russian” base; ( )English

1 1i i ip a a a− +  is com-
bined conditional probability of sequence of text fragment ia  in “English” base; 

( )Russian
1i ip a a −  is conditional probability of sequence of text fragment ia  in 

“Russian” base if the previous fragment is 1ia − ; ( )Russian
1i ip a a +  is conditional 

probability of sequence of text fragment ia  in “Russian” base if the following 
fragment is 1ia + ; ( )English

1i ip a a −  is conditional probability of sequence of text 
fragment ia  in “English” base if the previous fragment is 1ia − ; ( )English

1i ip a a +  
is conditional probability of sequence of text fragment ia  in “English” base if 
the following fragment is 1ia + . 

Deviation dispersion of the probability calculated by the non-force inter-
action method is almost two times smaller than the dispersion of the prob-
ability deviation taken from the other text! 

Therefore, the main conclusion of the experiments is the following: the method 
based on the non-force interaction theory is better when analysing natural lan-
guage texts as it does not just operate probabilities, but rather reflects informa-
tion interactions in a human brain while producing speech (letter combinations, 
words, sentences). Moreover, these interactions are described with the same 
formulae that are used in the description of mechanical movement and direct 
(contact) interaction of material objects if they are given information-proba- 
bilistic interpretation. In the author’s opinion, this states that there is the corre-
spondence of the processes of information interaction in a human brain when 
producing natural language texts (the second signal system) to the processes of 
interaction at the microlevel of the Nature, which speaks about the general va-
lidity of the received non-force interaction formulae. 

13. Discussion 

Is the information the basis of our Nature? Is it the foundation of all interactions? 
The results received make it very high that the probability of the fact that infor-
mation also determines the processes of interaction on a physical level (interac-
tions of different physical nature). Moreover, information processes in a human 
brain correspond to the non-force interaction model received from informa-
tion-probabilistic interpretation of the laws of physics. 

This direction is relevant and promising, open to work with for many 
scientists of different countries. Of course, the author is the advocate of the 
development in this direction. Furthermore, like nobody else, he is inter-
ested in that other scientists tried to refute this statement through other ex-
periments. Then, if they fail to do so, this will be the confirmation of the 
non-force interaction theory (here is one more reference to Herbrand [32]). 

14. Practical Implementation 

If the consistent patterns in estimating combined conditional probability by the 
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non-force interaction method are preserved in different subject fields, this cre-
ates a possibility to develop artificial intelligence systems, in which by the devia-
tion of conditional probabilities from unconditional ones the value of the non- 
force influence of various factors will be calculated. Then, the total of these in-
fluences will determine the most probable reaction of the system. This will allow 
to create simple, cheap and… effective artificial intelligence systems in which 
accumulated statistic information will be in the basis of reflexes (development of 
the most probable reactions to external influences). Allow us to illustrate. 

Let us assume that in the process of previous training the adequate reactions 
of the system to external influences were determined. The training process was 
in consistent exposure on the system showing adequate reactions: 

Training sampling 1: 
1 1k iW R→ ; 

Training sampling 2: 
2 2k iW R→ ; 

  
Training sampling j: 

j jk iW R→ ; 
  
Training sampling N: 

N Nk iW R→ ,  
where 

jkW W⊆  is a subrange of the factors of influence on the system at j-th 
step of training; 

jiR R∈  is an adequate reaction of the system at j-th step of 
training; W is the range of factors of influence; R is the range of reactions. 

Let us assume that at the moment of time t, the system is exposed to the in-
fluences that are included in the subrange 0sw W∈ . 

( )0, : .i s i sR R w W p R w∀ ∈ ∀ ∈  

Of course, if in the system memory, the reaction to all this subrange of influ-
ences is determined,  

( )0: 1,q qR R p R W∃ ∈ =  

the task of decision making is trivial. The decision is reaction qR . However, 
usually there are so many influences that it is impossible to accumulate statistics 
for all these combinations. In this case, the non-force interaction method can 
become useful. As it is possible to calculate the value of the influence on the re-
action by deviation of ( )i sp R w  from ( )ip R . Then, the reaction with the 
highest combined conditional probability estimate ( )9 0qp R W  can be chosen 
and implemented (see Section 6). 

As it was shown in the experiments and practice, the combined conditional 
probability estimate of the reaction calculated by the non-force interaction 
method allows to choose correct reactions in different subject fields in 99% of 
cases [4] [6] [30] [33]. At the moment, on the basis of the non-force interaction 
method the systems of reactive artificial intelligence machines that produce 
adequate reactions to the influences of the multitude of factors have been and 
are being developed. The author and his students have created the systems of: 
predicting the results of sport games, evaluation of investment proposals in de-
velopment, access the databases using natural language, automatic abstracting of 
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texts, automatic message forwarding, voice control of TV and phone, etc. [4]. 
The main advantage of these systems is not even the fact that they are more ef-
fective than others, but rather in the fact that the expenses on their development 
are minimum. 

How do they work and why are they called the systems of a reactive type? The 
work started from the creation of the system of access to the database of the 
construction of Southern Ukrainian Nuclear Power Station using natural lan-
guage [30]. It was developed the automated system which included almost all 
data necessary for construction: drawings (specifications), budget estimates, 
plans, scopes of conducted works, material and technical resources. Most of 
the workers had low level of computer skills (it was in 80s of the 20th cen-
tury). Therefore, they were offered a system KET (“компилятор естественно- 
языковых текстов” in Russian, “natural language compiler” in English) which 
had single window where a user wrote their request in natural language. For 
example, “What scope of works was made last month in reactor department by 
subdivision PROM-1”. There were standard reactions entered in the system. 
They were fulfilled by database management system КВАНТ-M: 
­ Tasks: planned scopes of works, planned cost of works, performance of 

works, need for resources; 
­ Construction objects: reactor department, generator hall, etc. (more than 100 

objects); 
­ Performers (people responsible) (more than 100 organisations and subdivi-

sions); 
­ And other. 

During the training, the teacher entered a random sentence and chose corre-
sponding reaction. In essence, the reflex to a request was developed. The reflex 
was created in the following way: 

1) Input text was divided into fragments (from 2 to 10 symbols). 
2) For each fragment, statistical probability of choice of each reaction (condi-

tional probability) was calculated. 
3) For each reaction, its statistical probability of choice (unconditional prob-

ability) was calculated. 
4) The difference between conditional and unconditional probabilities for 

each reaction of each fragment was treated as a value of non-force (information) 
influence on this reaction by this fragment. 

The reaction with the biggest sum of non-force influences from the user’s re-
quest was chosen. 

The use of the system showed its high reliability when processing users’ re-
quests. The probability of correct reaction for non-programming professionals 
(engineers, skilled workers, foremen) exceeded 95%. The most importantly, the 
system did not need to perform morphological, syntax, semantic analysis of the 
text as it is done by similar systems. The non-force interaction method is a really 
simple and reliable method of creation of the systems of natural language! 

One more similar system was depicted in the publication [6]. This is the sys-
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tem of TV voice control. The principles, method and algorithm are the same as 
described in the system of access to databases. However, at the input it is not the 
text that is entered, but phonemes of a language. The probability of correct reac-
tion in this system is close to 0.99. 

The system of predicting the results of sport matches [1] works in a slightly 
different way. As an influenced object, there is a result of a match (win, draw, 
loss). As influencing objects there are various factors: the result of a previous 
match, what were the previous results of the matches between the same com-
petitors, on whose field the game is, how many goals are scored and missed in 
previous matches. Factors like weather, referee, availability of a stronger team, 
etc. can be added. In this case, the unconditional probability of each result (win, 
draw, loss) of each team is chosen from the statistics, as well as conditional 
probabilities of these results, but only if the selected influence factors exist. The 
non-force influence, which is calculated as it is described in Subsection 2.3, 
characterises many factors that in total give a different value of result probability. 
Taking into account many factors gives probable result of a match. The statistics 
of predicting leading championships of European countries and matches of rep-
resentative teams has been accumulated for 10 years. The probability of correct 
predicting of results in different championships varies from 0.55 to 0.65 (English 
championship is the most difficult to predict), and it reaches 0.7 for the matches 
of representative teams. 

In the system of evaluation of investment proposals in development, the val-
ues of various parameters of projects (location, destination, cost, etc.) were cal-
culated. This system is unique because in the process of experimental research it 
gave 100% match of parameter values to the ones given by experts [33]. 

15. Conclusions 

The confidence of the author in the validity of the non-force interaction theory, 
its versatility, is based on computer experiments and practical implementation of 
the systems created with the use of the results receive in the non-force interac-
tion theory [4] [6] [30] [33]. The theory was received from computer experi-
ments in the basis of which it was the assignment of information content to ob-
jects (see Figure 1) and modelling of their mechanical movement and interac-
tion during collision (the law of conservation of momentum) [4]. The informa-
tion-probabilistic interpretation of mechanical movement was the result of these 
experiments. The next step of work on any theory is its experimental verification 
and practical implementation. 

This work is dedicated to experimental verification of the general validity of 
the formulae of dealing with the information content of interacting objects, 
which were received from the information-probabilistic interpretation of me-
chanical movement. Specifically, its correspondence to the interaction processes 
happen in a human brain during producing natural language texts. All computer 
experiments, the results of which are provided in this article definitely show that 
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the non-force interaction theory formulae allow to describe statistical consistent 
patterns in the texts of different languages more exactly than other methods se-
lected for the experiments. In its turn, this allows to state that there is a high 
probability of the interactions at both micro- and macro-levels of the Nature 
are informational (non-force) ones and are describes with the same formu-
lae. 

However, it is also possible that it is not the information-probabilistic inter-
pretation of mechanical movement that is primary, and it is not the one to be 
taken as the foundation of the research of natural language texts. It is possible 
that the existence of the systems in which the information lies in the basis of 
their life-sustaining activity, and their development, training and self-development, 
and their reflexes were the basis of the creation of “informational laws” of me-
chanical movement. Moreover, it is these laws that we research in the computer 
simulation that we call the Universe [1] [34] [35] [36] [37]… 
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Abstract 
Two concepts of phenomenological optics of homogeneous, anisotropic and 
dispersive media are compared, the younger and more general concept of 
media with spatial dispersion and the older concept of (bi)-anisotropic media 
with material tensors for electric and magnetic induction which only depend 
on the frequency. The general algebraic form of the polarization vectors for 
the electric field and their one-dimensional projection operators is discussed 
without the degenerate cases of optic axis for which they become two- 
dimensional projection operators. Group velocity and diffraction coefficients 
in an approximate equation for the slowly varying amplitudes of beam solu-
tions are calculated. As special case a polariton permittivity for isotropic me-
dia with frequency dispersion but without losses is discussed for the usual 
passive case and for the active case (occupation inversion of two energy levels 
that goes in direction of laser theory) and the group velocity is calculated. For 
this active case, regions of frequency and wave vector with group velocities 
greater than that of light in vacuum were found. This is not fully understood 
and due to large diffraction is likely only to realize in guided resonator form. 
The notion of “negative refraction” is shortly discussed but we did not find 
agreement with its assessment in the original paper. 
 

Keywords 
Spatial and Frequency Dispersion, Bi-Anisotropic Media, Uniaxial Media, 
Passive and Active Media, Negative Refraction, Operator Invariants,  
Complementary Operator, Group Velocity 

 

To the Notations 

Three-dimensional vectors: bold letters, e.g., , , ,a b c , 

How to cite this paper: Wünsche, A. 
(2022) Two Concepts in Optics of Aniso-
tropic Dispersive Media and Polariton Case 
in Coordinate-Invariant Way. Journal of 
Modern Physics, 13, 574-619. 
https://doi.org/10.4236/jmp.2022.134035 
 
Received: February 21, 2022 
Accepted: April 26, 2022 
Published: April 29, 2022 
 
Copyright © 2022 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/   

  
Open Access

https://www.scirp.org/journal/jmp
https://doi.org/10.4236/jmp.2022.134035
https://www.scirp.org/
https://doi.org/10.4236/jmp.2022.134035
http://creativecommons.org/licenses/by/4.0/


A. Wünsche 
 

 

DOI: 10.4236/jmp.2022.134035 575 Journal of Modern Physics 
 

ab  scalar products, [ ],a b  vector products, [ ], ,a b c  volume products, ⋅a b  
dyadic products, 

AB  operator products, ,a aA A  products of operators with vectors, a aA  bi-
linear (and quadratic) forms. 

In Euclidean spaces with a symmetric metric tensor ijg , the dual tensor 

ik ijk jb b≡   to a vector jb  ( ijk  Levi-Cicita symbol) can be also seen as anti-
symmetric operator and in coordinate-invariant form we can write this anti-
symmetric operator as [ ]b  with the advantage that vector and also volume 
products can be written only by displacement of the squared brackets, e.g., 
[ ] [ ],≡a b a b , [ ] [ ],≡b c b c , [ ] [ ] [ ] [ ], , , ,≡ ≡ ≡a b c a b c a b c a b c .  
In mathematical texts I write three-dimensional operators by serif-less Capital 

letters. In physical texts this makes sometimes difficulties because one cannot 
reasonably write all operators with physical meaning by Capital letters and all 
vectors with physical meaning by small letters. Furthermore, in case of Greek 
letters, “Latex” (and also printing) does not provide serif-less letters. In these 
cases I write operators as a compromise by bold letters, e.g., ,ε µ  such as vec-
tors to distinguish them, in particular, from scalars. This means that in present 
physical text one must know which kind of quantities one has: scalars, vectors or 
operators. 

1. Introduction 

There are two concepts of phenomenological macroscopic optics of the linear 
constitutive equations for anisotropic dispersive media. The first and younger 
concept is spatial dispersion in the first time mainly developed by Russian phy-
sicist in the fiftieths, in particular, Ginzburg and Agranovich [1], Ginzburg [2], 
Silin and Rukhadze [3] and in shorter form considered in a new chapter in the 
new edition of vol. 8 of the course of Landau and Lifshits [4]. 

The second and much older concept is to use two material equations for the 
electric and magnetic induction in dependence on the electric and magnetic field 
using tensors of second and sometimes in addition of third rank (optic activity) 
depending on frequency only (dispersion) and now often called “bi-anisotropic 
media” (including also electrical anisotropy only). Three representative mono-
graphs of the many possible possible ones are that of Tamm [5], that from 
Sommerfeld [6] and that of Born and Wolf [7] and in addition the comprehen-
sive encyclopedic article from Szivessy [8]. We cite here also the most basic 
works of Fyodorov, the initiator of coordinate-invariant methods, and his fol-
lowers from Minsk [9] [10] [11] who in addition to this concept use last me-
thods and where the monograph [11] contains beside theory also experimental 
material to different media and crystals and by impression was mainly written 
by Filippov. Coordinate-invariant methods do not only write the starting equa-
tions in vector or tensor form but work from beginning up to the results only 
with vectors, operators and tensors which have a relation to the problem but not 
with arbitrary coordinate representations and which are mostly of advantage 
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compared with often voluminous coordinate representations but with more so-
phisticated algebra. We also apply in this article widely coordinate-invariant 
methods where it is possible and used them also long ago in the past, e.g., [12] 
[13] [14] [15]. 

As a special case we discuss in detail a permittivity which we call polariton 
permittivity and which is related to phenomenological theory of excitons, e.g., in 
addition to [1] [2] [3] [4] by Knox, Agranovich, Davydov, Galanin and Pekar 
[16] [17] [18] [19] [20]. It admits to consider two essentially different special 
cases called the passive and the active case. The active case is connected with 
occupation inversion of at least two energy levels in the medium and is described 
in certain parts of frequency or connected wave vectors by amplification and 
leads into the neighborhood to laser theory. It contains also a very interesting 
phenomenon of propagation of excitations with velocities faster than light that is 
not fully understood. 

In connection with my article [21] the notion of “negative refraction” of Pen-
dry [22] came into the focus of my considerations1. I never have used it and 
likely never would use the notion “negative refraction” in connection with my 
own results in this field. In Section 11 and in Appendix D I try to represent my 
imaginations to the content of this notion which seems to me as incorrect ones. 

Sections 2-8 are devoted to general characterization and comparison of both 
concepts including calculation of group velocities with and without taking into 
consideration the dispersion and Section 9 and Section 10 to the most simple 
model of a polariton permittivity. Section 11 was made to prepare short remarks 
to the notion of “negative refraction” in Appendix D. 

2. The Concept of Spatial Dispersion 

In this more general concept compared with the bi-anisotropic concept consi-
dered in next Section we write the equations of macroscopic electrodynamics in 
the form  

( ) ( ) ( )

( ) ( ) ( )

1, , , , , 0,

1, , , , , 0,

t t t
c t

t t t
c t

∂
+ = =   ∂

∂
− = =   ∂

E r B r B r

B r D r D r

0

0

∇ ∇

∇ ∇
             (2.1) 

where ( ), tE r  is the macroscopic electric and ( ), tB r  the macroscopic mag-
netic field2 The linear constitutive equation for spatially and temporally homo-
geneous but, in general, anisotropic dispersive media are written in the form  

( ) ( ) ( )3 ˆ, d d , , .i ij jD t r t t t E tε′ ′ ′ ′ ′ ′= ∧ − −∫r r r r              (2.2) 

We now make a Fourier transformation for ,E B  and D  according to the 

 

 

1Long ago I visited a lecture of U. Leonhardt about this which I did not fully understand but also did 
not trace the original paper to this time. However, it seemed to me that U.L. assessed this paper very 
positively and as correct. 
2Sometimes called magnetic induction but in this concept B  and H  are identical (see next Sec-
tion) and ( ), tD r  is the electric induction. 
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scheme  

( )
( )

( ) ( )

( ) ( ) ( )

i3
4

i3

1, d d , e ,
2

, d d , e ,

t

t

t k

r t t

ω

ω

ω ω

ω

−

− −

= ∧

= ∧

π
∫

∫

kr

kr

E r E k

E k E r
              (2.3) 

we find the transformed constitutive relation in the form  

( ) ( ) ( ), , , ,i ij jD Eω ε ω ω=k k k                    (2.4) 

with the definition of the general permittivity tensor ( ),ijε ωk   

( ) ( ) ( )i3 ˆ, d d , e .ij ij
ωτε ω ρ τ ε τ − −≡ ∧∫ kk ρρ                (2.5) 

In general, this tensor is non-symmetric. 
After Fourier transformation of (2.1) these equations take on the form  

( ) ( ) ( )

( ) ( ) ( )

, , , , , 0,

, , , , , 0,

c

c

ωω ω ω

ωω ω ω

− = =  

+ = =  

k E k B k kB k

k B k D k kD k

0

0
             (2.6) 

By elimination of B  from these equations and using the constitutive Equa-
tion (2.4) we find the following operator equation for the Fourier components of 
the electric field (in case of 0ω ≠ )  

( ) ( ) ( ) ( ) ( )
2

2
2 , , , , .c ω ω ω ω

ω
 

= ⋅ − + ≡ 
 

k k k k E k k E k0 εI L        (2.7) 

From this equation follows equivalently to the vanishing of the divergence of 
( ), tD r   

( ) ( ) ( ) ( ) ( )0 , , , , , .ω ω ω ω ω= = =k k E k k k E k kD kεL         (2.8) 

Equation (2.7) is an operator equation for the Fourier transforms of the elec-
tric field to the eigenvalue “zero” which in the original form can be written  

( ) ( ) ( )
2

2
2

2

i , i , i , i , ,c t t
t t

t

 
 ∂ ∂    = ⋅ − + − ≡ −    ∂ ∂∂     
 ∂ 

E r E r0 εI L∇ ∇ ∇ ∇ ∇    (2.9) 

with the differential operator (or integral operator in case of ε )  

( )
2

2
2

2

i , i i , i .c
t t

t

∂ ∂   − ≡ ⋅ − + −   ∂ ∂∂   
∂

εL I∇ ∇ ∇ ∇ ∇          (2.10) 

For the solution of these operator equations it is favorable to consider some 
algebra of the operators before this. 

The operator ( ),ωkL  in the wave Equation (2.7) is defined by  

( ) ( ) ( )
2

2
2, , .cω ω

ω
≡ ⋅ − +k k k k kεL I              (2.11) 

The invariants of the operator ( ),ωkL  are ( ( ),ω≡ kε ε ) 
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( ) ( ) ( )

( ) ( ) ( ) [ ]

( )

4 2
2 2

4 2

4 222 2
4 2

2
2

2

, ,

, ,

, 2 ,

c c

c c

c

ω
ω ω

ω
ω ω

ω
ω

= − − +

= − + +  

= − +

k k k k k k k k

k k k k k

k k

ε ε ε ε ε

ε ε ε

ε

L

L

L

        (2.12) 

which are involved in the Cayley-Hamilton identity [ ]3 2 0− + − =L L L L L L I  
for the operator ( ),ω≡ kL L  (see (A.1) in Appendix A). 

The vanishing of the determinant of ( ),ωkL   

( ), 0,ω =kL                          (2.13) 

is the dispersion equation and describes a three-dimensional (hyper)-surface in 
the four-dimensional space of variables ( ),ωk . In the specialization to only 
frequency dispersion ( ( ) ( ),ω ω=kε ε ) it is identical in content but not in form 
with the Fresnel Equation (e.g., [6] [7]). 

For the complementary operator ( ),ωkL  to ( ),ωkL  we find (see Appen-
dix A)  

( ) [ ]

( ) ( )( )

2

4 2
2

4 2

,

,c c

ω

ω ω

≡ − +

= ⋅ − ⋅ − ⋅ − ⋅ + +

k

k k k k k k k k k k kε ε ε ε ε

L L L L L I

I
 

( ) ( ) [ ] ( ) 11, , , , , , .ω ω −−= = = = =  k k εε ε ε ε ε ε ε ε ε
ε

L L  (2.14) 

The complementary operator ( ),ωkL  to ( ),ωkL  plays an important role 
in optics of anisotropic media. If the determinant of L  is vanishing, i.e., [ ] 0=L  
then the squared complementary operator 2L  is proportional to L , more pre-
cisely3 

( ) [ ]2
0 : , ,= ⇒ = =L L L L L L               (2.15) 

and Π  according to the following definition  

[ ]
2, , 1,Π ≡ = ⇒ Π = Π Π =

L L
LL

             (2.16) 

is projection operator to the eigenvalue 0λ =  of L . If a  and a  are arbi-
trary vectors then non-vanishing vectors aL  are right-hand eigenvector and 
non-vanishing vectors aL  left-hand eigenvector of L  to the eigenvalue  

0λ = , i.e.  

0, , 0 : 0, 0.= ≠ ≠ ⇒ = = = =a a a a a a  0L L L LL L LL L    (2.17) 

This follows from the Cayley-Hamilton identity. Arbitrary right-hand eigen-
values aL  are proportional to possible solutions for the Fourier transform of 
the electric field according to the Equation (2.7). One may introduce mutually 

 

 

3In the general case of three-dimensional operators if 0≠L  we have according to (A.5) the relation 

[ ] ( )2 = + −L L L L L L I  as can be straightforwardly calculated from the definitions using the Cay-

ley-Hamilton identity. 
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normalized “polarization” vectors e  and e  to the electric field by the condi-
tion  

2, 1, ,Π = ⋅ Π = = Π = ⋅ = Πe e ee e e    

( ) ( ), , 0, 0,Π = Π = ⇒ = =k k e e k e e k k e e k  ε ε ε ε ε ε     (2.18) 

where in dependence on the symmetries of the operator ( ),ωkL  the “co-vectors” 
e  can be often specialized, for example, to *=e e  for operators  
( ) ( )( ) ( )

** * *, , ,ω ω ω= ≡k k kL L L . 
Thus the explicit for of the projection operators for the determination of pola-

rization vectors of the electric field are ( ( ),ω≡ kε ε )  

( ) ( )
( )

( ) ( )( )

( ) ( ) [ ]

4 2
2

4 2

4 222 2
4 2

,
,

,

,

c c

c c

ω
ω

ω

ω ω

ω ω

Π =
  

⋅ − ⋅ − ⋅ − ⋅ + +
=

− + +

k
k

k

k k k k k k k k k k k

k k k k

ε ε ε ε ε

ε ε ε

L
L

I  

( ) ( )( ) ( )2
, 1, , , .ω ω ωΠ = Π = Πk k k              (2.19) 

The degenerate case ( ) ( ) ( ), 0 , , 0ω ω ω= ⇒ = =  k k kL L L  (but not true 
in inverse order) is the case of optic axes which we do not consider in present ar-
ticle in detail. However, isotropic media where all axes are “optic” axes also be-
long to this case. 

In coordinate-invariant calculations of polarization vectors by means of the 
projection operator (2.19) as vectors a  should be taken only vectors which 
possess a physical meaning of the considered system. According to (2.17) we 
have a great selection of possible choice of vectors a  and a  for determination 
of such polarization vectors but not all are advantageous. According to 0=k eε  
the right-hand polarization vectors e  are perpendicularly to the vector kε  
and one should not choose vectors which form a very small angle with this vec-
tor kε  as, for example, the vector k  since then in limiting cases →k kε  it 
becomes undetermined. It seems to be favorable to choose for this purpose vec-
tor products of the vectors kε  or of k  with other vectors where the last 
choice is favorable since in this case the most terms in the numerator of the pro-
jection operator (2.19) are canceled. We choose first the vector product [ ],k kε  
for which we find as (non-normalized) right-hand eigenvectors of the operator 
( ),ωkL  to the eigenvalue 0λ =   

( )[ ]
( ) [ ]

( ) ( ) [ ]

( )[ ]

( ) ( ) [ ]

2

2

4 222 2
4 2

2
2

2

4 222 2
4 2

,
, ,

, ,
,

c

c c

c

c c

ω
ω

ω ω

ω

ω ω

 
− 

 Π =
− + +

  + 
=

− + +

k k k k
k k k

k k k k

k k k k k k

k k k k

ε ε ε
ε

ε ε ε

ε ε ε ε

ε ε ε

I

     (2.20) 

https://doi.org/10.4236/jmp.2022.134035


A. Wünsche 
 

 

DOI: 10.4236/jmp.2022.134035 580 Journal of Modern Physics 
 

where the identity (B.6) was applied. This choice becomes inappropriate in li-
miting or other cases when [ ], =k k 0ε  that means if they become parallel. 

If we directly choose as vector a  one of the vectors vectors 2, ,k k kε ε  then 
we find as (non-normalized) polarization vectors of the electric field  

( )
( ) ( ) [ ]

( )
( ) ( )

( ) ( ) [ ]

( )
( ) [ ] ( )

( )

2 2
2 2

2 2

4 222 2
4 2

4 2
2 2

4 2

4 222 2
4 2

2 2 2 2
2 2 2 2 2

2 2 2 2
2

4
2

4

, ,

, 0,

,

c c

c c

c c

c c

c c c c

c

ω ω
ω

ω ω

ω ω
ω

ω ω

ω ω ω ω
ω

ω

  
− + +     Π =

− + +

 
− − + 

 Π = =
− + +

   
− + + + −   

   Π =

k k k k k
k k

k k k k

k k k k k k k k
k k

k k k k

k k k k k k k k k k k k k
k k

k

ε ε ε

ε ε ε

ε ε ε ε ε
ε

ε ε ε

ε ε ε ε ε ε ε ε ε
ε

( ) [ ]
22 2
2

.
c
ω

− + +k k kε ε ε

 (2.21) 

where kε  is inappropriate since it provides the zero vector and expresses that 
polarization vectors of the electric field are perpendicularly to kε . One may 
check that 0Π =k aε  (2.18) in all cases. 

Favorable representations of polarization vectors one may often find if we use 
in addition the vectors to optic axes in the representation of the permittivity 
tensor in principal axes form, most generally  

1 1 1 2 2 2 3 3 3 , ,i j ijε ε ε δ= ⋅ + ⋅ + ⋅ =c c c c c c c c   ε             (2.22) 

where all involved vectors and scalars may or may not depend on wave vector 
and frequency depending on the symmetry of the medium. In lossless case we 
have the simplification *

i i=c c  and under additional symmetry of the permit-
tivity tensor ε  for homogeneous waves (real wave vector and frequency) 

*=i ic c . One may choose as vectors a  for the determination of polarization 
vectors the vectors of the optic axes ( ), 1, 2,3i i =c  themselves or the vector 
products [ ], ik c . 

Another possible approach is via the vector field of the electric induction. 
From (2.7) using the representation (A.3) for the inverse operator ε  one may 
derive the following wave equation for the electric induction ( ),ωD k   

( ) ( )( ) ( ) ( ) ( ) ( )
2

2
2 , , , , .

,
c ω ω ω ω

ω ω

  = ⋅ − + ≡ 
  

Dk k k k D k k D k
k

0 ε
ε

I I L  (2.23) 

where we define the operator ( ),ωD kL  by  

( )
( ) ( )( ) ( ) ( )

( ) ( )
2

2
2

,
, , , , 0.

,,
c ω

ω ω ω
ωω ω
⋅

≡ ⋅ − + − =D Dk k
k k k k k k k

k k kk
ε

ε
εε

L I I L
 

(2.24) 

We have substituted taking into account 0=kD  the three-dimensional unit 
operator I  by a two-dimensional unit operator (or projection operator) ′I  
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2, , 2,⋅′ ′ ′ ′≡ − = =
k k
k k
ε
ε

I I I I I                  (2.25) 

in such a way the operator DL  possesses the properties  

( ) ( ) ( ), , , , .ω ω ω= =D Dk k k k k0 0εL L              (2.26) 

It is now a two-dimensional operator by multiplication from the left in the 
plane perpendicular to k  and from right in the plane perpendicular to kε . 
Landau and Lifshits [4] prefer for the treatment of some problems more directly 
the electric induction D  but, clearly, without formalizing this with introduc-
tion of an operator DL . The use of D  instead of E  possesses advantages 
(orthogonality to k ) but also disadvantages and we do not consider this. 

3. The Concept of Bi-Anisotropic Constitutive Equations 

The concept of bi-anisotropic media with the special case of bi-isotropic media 
is more specially than the concept of spatial dispersion discussed in last Section. 
The basic equations of macroscopic optics are written in this concept in the fol-
lowing way for the Fourier transforms  

( ) ( ) ( )

( ) ( ) ( )

, , , , , 0,

, , , , , 0,

c

c

ωω ω ω

ωω ω ω

− = =  

′ ′+ = =  

k E k B k kB k

k H k D k kD k

0

0
          (3.1) 

where by definition  

( ) ( ) ( ) ( ) ( ) ( ), , 4 , , , , 4 , ,ω ω ω ω ω ω′ π+ π′≡ ≡ −D k E k P k H k B k M k   (3.2) 

and where ′P  is the polarization in a narrow sense and M  the magnetization 
and with constitutive equations of the following form for the Fourier transforms  

( ) ( ) ( ) ( ) ( ) ( ), , , , , ,ω ω ω ω ω ω′ = =D k E k B k H kε µ       (3.3) 

where we do not assume that ( )ωε  and ( )ωµ  are symmetric tensors (e.g., 
magneto-optic effects). Usually, H  is called the magnetic field and B  the 
magnetic induction also B  is the averaged microscopic magnetic field [4]. 
These notions are made for the symmetries between E H  and D B  in 
the field equations but this may be confusing. 

In considered case it is favorable to introduce the notion of refraction vectors 
n  by the definition ( 0ω ≠ )  

.c
ω

≡n k                        (3.4) 

The basic equations for the Fourier transforms of fields (3.1) simplify the 
slightly and are  

[ ]
[ ]

, , 0,

, , 0,

− = =

′ ′+ = =

n E B nB

n H D nD

0

0
                (3.5) 

together with the constitutive equations 
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, ,′ = =D E B Hε µ                       (3.6) 

where we omitted to write the arguments in the fields and in the material tensors, 
e.g., ( ),ω ≡E k E , ( )ω ≡ε ε . 

From (3.5) follow for a given refraction vectors n  the orthogonalities  

[ ] [ ], 0, , 0.′= = = − =BE n E E D H n H H              (3.7) 

It is also important to mention here that the Equations (3.5) together with 
(3.6) remain unchanged under the simultaneous permutations  

, , , ,′↔ ↔ ↔ ↔ −E H D B n nε µ               (3.8) 

but, clearly, all this is well known. 
First, we derive a wave equation for the Fourier components E  of the elec-

tric field. For this purpose we use the formula (A.3) for the inverse operator and 
the mathematical identity (B.6) and, furthermore, the transposition of the appli-
cation of an operator to a vector T=x xA A  where TA  is the transposed oper-
ator to A  and find  

[ ] [ ] [ ]

( )

1

T T T T T T

, , , ,
, ,

, ,
.

−
       ′ ′ ′ ′= + = + = + = + 

     ⋅ −    ′= + = + 
  

n n E n n E
n H D n B D D D

n n E n n n n
D E

0
µ µ µ

µ
µ µ

µ µ µ µ µ µ
ε

µ µ

 (3.9) 

We write this Equation ( ,
c
ω ω ≡  
 

E E n )  

( ) ( ), 0,= ⇒ = =E En E n n E n E0 εL L              (3.10) 

with an operator ( )E nL  defined by  

( )
( )T T T T

.
⋅ −

≡ +E
n n n n

n
µ µ µ µ

ε
µ

L                 (3.11) 

Due to symmetry (3.8) in the starting Equations (3.5) and (3.6) one may im-
mediately write down an analogous equation for H   

( ) ( ), 0,= ⇒ = =H Hn H n n H n H0 µL L              (3.12) 

with an operator ( )H nL  defined by  

( )
( )T T T T

.
⋅ −

≡ +H
n n n n

n
ε ε ε ε

µ
ε

L                 (3.13) 

Both operators ( )E nL  and ( )H nL  possess the form of the operator L  dis-
cussed in Appendix C with the following substitutions in case of ( )E nL  which 
we consider now  

T , , .→ → = →x x nµ εA B                    (3.14) 

According to (C.7) and (C.10) its invariants are ( ) ( ),ω ω≡ ≡µ µ ε ε  
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( )

( )
( ) ( )( ) [ ]

( )
( )( ) ( )

2

2 T 2 T T

T T T

,

,

.

− +
=

− − − + +
  = 

− + +
=

E

E

E

n n n n
n

n n n n n n n n n
n

n n n n n n n n
n

µ µ µ µ ε
µ

µ µ ε µ ε µ ε µ µ εµ µ ε

µ

µ ε µ ε µ µ εµ µ ε

µ

L

L

L

 

(3.15) 

We wrote here the general case T≠µ µ  (and T≠ε ε ) but it was not neces-
sary to write the sign “T” at µ  for transposition in all cases because, e.g., 

T =n n n nµ µ  and for all invariants holds, e.g., T =µ µ  (however, e.g., 

( )TT T=µ ε ε µ )4. The complementary operator ( )E nL  obtainable from (C.11) 
is fairly complicated and we do not write it down. 

The dispersion equation for a bi-anisotropic medium is  

( ) 0,=E nL                          (3.16) 

or equivalently the analogous equation for the operator ( )H nL . Polarization 
vectors e  together with left-hand eigenvectors e  to the operator ( )E nL  for 
the electric field can be obtained by the projection operators  

( ) ( )
( )

( )
( )

( ), 1,Π = = = ⋅ Π = =
  

E E
E E

EE

n n
n e e n ee

nn
 

L L
LL

     (3.17) 

but this is complicated and we will it only do for the special case of bi-anisotropic 
uniaxial media in next Section. 

4. Bi-Anisotropic Media as Special Case of Spatial Dispersion 

The approach to the linear optics of media by spatial dispersion is much more 
general than the approach by bi-anisotropic media which is mainly interesting 
for its symmetries between electric and magnetic quantities and I am not a fan of 
the last for reason which will become clear in the following. Spatial dispersion is 
often discussed with expansion of the tensor ( ),ijε ωk  into powers of the wave 
vector as follows [1] [2] [3] [4]  

( ) ( ) ( ) ( )
2

2, i ,ij ij ijk k ijkl k l
c ck k kε ω ε ω γ ω α ω
ω ω

= + + +k   

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )( ) ( )

2
1 1

2

1 1 1

2
1 1 1

2

, = i

i

.

ij ij ijk k ijkl k l

ij im mnk nj k

im mnkl mpk pq qnl nj k l

c ck k k

c k

c k k

ε ω ε ω δ ω β ω
ω ω

ε ω ε ω γ ω ε ω
ω

ε ω α ω γ ω ε ω γ ω ε ω
ω

− −

− − −

− − −

+ + +

= −

− + −

k 



 

(4.1) 

 

 

4All these problems could be removed if one defines =B Hµ  instead of (3.6) but this possesses the 
danger to cause some confusion. 
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The concept of bi-anisotropic media with the constitutive Equations (3.3) can 
be expressed as a special case of the concept of spatial dispersion with the fol-
lowing dependence of tensor ( ),ijε ωk  on the wave vector k   

( ) ( ) ( )

( ) ( )( )

2

2

2
1

2

,

.

ij ij ijkl k l

ij ikm jln mn mn k l

c k k

c k k

ε ω ε ω α ω
ω

ε ω δ µ ω
ω

−

= +

= + −

k

 
           (4.2) 

This can be expressed in a representation without indices in the form of Equa-
tion (2.7) with the general permittivity ( ),ωkε  by ( TA  means transposition  

of A ; definition 
c
ω

≡k n  would shorten the following representation) 

( ) ( ) ( ) ( )
T T T2

2
2, .cω ω

ω

 ⋅ −
= + − ⋅ −  

 

k k k k
k k k k

µ µ µ µ
ε ε

µ
I       (4.3) 

In the general concept of spatial dispersion a bi-anisotropic medium appears 
as second-order effect in the expansion of the general tensor ( ),ijε ωk  in pow-
ers of the wave vector k . It does, however, not possess the general form of a 
tensor of forth rank ( )ijklα ω  with only symmetry in the last both indices 
( ),k l  and, furthermore, sum terms which are linear in the wave vector k  are 
completely absent (e.g., optic gyrotropy). The reason that the tensor ( )ijklα ω  
does not possess in the concept of bi-anisotropy the general form of such a ten-
sor comes from the neglect of electric quadrupole terms and also of higher elec-
tric and magnetic multipole terms in the expansion of the general polarization 
( ),ωP k  in powers of the wave vector k . Apart from the first term ( )ωP  

which mostly provides the greatest contribution and is uniquely defined the 
higher contributions are difficult to separate from each other since in multipole 
expansions only the first multipole moment which is non-vanishing is uniquely 
defined whereas the others depend on the chosen origin of the multipole expan-
sion. The magnitude of the different terms from the multipole effects is difficult 
to assess but one has to assume that within terms of the same order they should 
be comparable. 

The concept of bi-isotropy with ( )ε ω  and ( )µ ω  as scalars in the constitu-
tive equations is old and goes back under other names to the development of 
macroscopic electrodynamics by the Maxwell equations and its generalization to 
bi-anisotropy by transition to second-rank tensors ( )ijε ω  and ( )ijµ ω  is nat-
ural. However, the last leads usually to very complicated formulae if one calcu-
lates propagation and reflection and refraction problems (amplitudes included), 
moreover, if this is made by coordinate methods. The most comprehensive and 
unrivaled representation was given by Szivessy [8] and long ago I thought that it 
remains the last which works mainly with coordinate methods. However, more 
than in most other sources in this respect is made in the book of Fyodorov [9] 
with coordinate-invariant methods which he initiated and developed. In the 
book [10] of the same author the concept of bi-anisotropy (Fyodorov calls it 
“crystals with electric and magnetic anisotropy”) is extended to inclusion of op-
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tic gyrotropy that even by coordinate-invariant treatment leads as a rule to very 
complicated formulae. The last chapter in this book contains linear algebra in 
three-dimensional Euclidean space in a form which is very useful for the appli-
cation of coordinate-invariant calculations in three-dimensional spaces (chap. 
IV, pp. 362-450)5. 

An extended concept of bi-anisotropy in the basic equations is maintained, in 
particular, in the very versatile monograph of de Groot [23] and in nonlinear 
optics by Bloembergen [24] (called the “Netherland school” in [14] with inclu-
sion of some other authors). Furthermore, there are articles to the calculation of 
the dyadic Green functions to the Huygens principle for bi-anisotropic media 
([15] [25] and, e.g., Weiglhofer [26] with many citations published in: [27]). 

It is necessary to report here also about an unprecedented scientific plagiarism 
in form of a book from 1983 by Hollis C. Chen, a professor of the Ohio Univer-
sity in U.S.A, about which I was informed by Fyodor Ivanovich Fyodorov in the 
middle of the eighties. This book and papers of Chen cannot be cited in normal 
way under references and I make some remarks to this case in the following 
footnote6. 

 

 

5For inclusion of higher than second-rank tensors the concept of coordinate-invariant treatment 
without using tensor indices fails but in three-dimensional case also third-rank tensors which are 
anti-symmetric in two indices can be included since they may be mapped onto second-rank pseu-
do-tensors. 
6In the beginning of the eighties I sent my papers with application of coordinate-invariant methods 
(about 10) to Fyodorov who as it proved did not know them. Since this time we were in loose cor-
respondence up to the end of the eighties and I used a big Optics Conference in Minsk in the eigh-
ties especially to meet him there personally and this took place in the main building of Academy of 
Sciences of Belarus on the main boulevard in Minsk. Once in the eighties I received a letter from 
Fyodorov about an unprecedented plagiarism in a book of H. C. Chen “Theory of Electromagnetic 
Waves, A Coordinate-Free Approach” from McGraw-Hill (1983). Fyodorov is not cited there and all 
is made to camouflage the real authorship of these methods. When I tried to see this book I could 
not find it and, as usual in such cases, a search programme in the libraries of GDR was started. It was 
not found in GDR and then in such cases it could be searched in West-Germany. In West-Berlin 
(about 15 km airline from me but unreachable that time) it was found in the Library of the Technical 
University and I got it for one month. Altogether, it lasted almost three quarters of a year to get it. 
All what Fyodorov said turned out to be true. The main part of Chen’s book is almost a free transla-
tion of main chapters of the book of Fyodorov [9]. However, what Fyodorov obviously did not know 
was that two chapters of Chen’s book are a plagiarism of my paper [15] to Huygens principle. Ob-
viously also that Chen did not know my paper [25]. This journal was hardly known in the world and 
ceased to exist after the turn in GDR and he also did not use my papers to amplitude relations for 
reflection and refraction at anisotropic media in “Ann. d. Physik”, likely because my notations were 
too different from that of Fyodorov and were more adapted to Landau and Lifshits [4]. When I tried 
to inform a branch office of McGraw-Hill in Hamburg (FRG) by a letter about this and to get an 
exemplar without payment (I could not pay to this time West-German currency) my chief at this 
time Witlof Brunner demanded to write not about the “plagiarism” that was not acceptable for me 
and I renounced to send this letter. Later, after the turn in GDR, I found this same exemplar of the 
book of Chen which I earlier have had for a month in the reading room of the Library of the Tech-
nical University in West-Berlin and made a copy. Obviously, to this time it was already taken from 
market (I tried earlier to get it through a colleague, H. Haake, from Essen in West Germany whom I 
met at a Workshop in Poland but he wrote me then that it was impossible to order). Fyodorov and 
his scientific colleagues reached that in scientific media in the West and in Russian newspapers was 
written about the plagiarism. Weiglhofer [26] (see [27]) and also some others did not know all this 
and cite the fraud of Chen instead of the genuine authors (but in [26] a book of Chen from 1992 is 
cited which obviously later could appear in U.S.A.). My chief to this time, W. Brunner, was indiffe-
rent and uninterested in all this and was not ready to support me. 
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5. Optic Uniaxial Bi-Anisotropic Media 

We consider now the special case of optic uniaxial bi-anisotropic media which is 
determined by the following tensors ε  and µ   

( ) ( ) ( )( )
( ) ( ) ( )( ) ( )2

,

, 1 .

e o

e o

ω ε ω ε ω

ω µ ω µ ω

= ⋅ + − ⋅

= ⋅ + − ⋅ =

c c c c

c c c c c

ε

µ

I

I
            (5.1) 

where the tensors ε  and µ  considered as operators are symmetric and com-
mute (as consequence of axial symmetry with the same axes for the electric and 
magnetic properties)  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )T T, , .ω ω ω ω ω ω ω ω= = =µ µ ε ε µ ε ε µ       (5.2) 

With c  we have denoted a unit vector in direction of the common optic axis 
of the permittivity tensor ε  and the permeability tensor µ  of the uniaxial 
bi-anisotropic medium (notations of Fyodorov [9]) and ,e oε ε  and ,e oµ µ  
(upper indices “e” and “o” stand for “extraordinary” and “ordinary”) are fre-
quency depend material scalars. The complementary operators and the inva-
riants, for example, for ( )ω≡ε ε  are (similarly, ( )ωµ )  

( )( )
[ ] ( ) ( )2

,

2 , 2 , .

o o e

e o o e o e o

ε ε ε

ε ε ε ε ε ε ε

= ⋅ + − ⋅

= + = + = =

c c c cε

ε ε ε ε

I
      (5.3) 

Using this together with ( )E nL  in (3.15) and ( )H nL  in (3.13) one may 
specialize this determinant to  

( ) ( ) ( )( ) ( ) ( )
2 2

.e o o e o o e o e oµ µ ε µ µ µ ε ε ε ε= − − =E Hn n n n n nµ εL L    (5.4) 

The dispersion equation that means the vanishing of the determinants 
( )E nL  or ( )H nL  decomposes into a product of two separate equations as 

follows  

( ) [ ]

( ) [ ]

22

22

,
0 1,

,
0 1,

o e o
o o o e

o e o
o o o e

ε µ µ
ε µ ε µ

µ ε ε
µ ε µ ε

= − ↔ + =

= − ↔ + =

n cnc
n n

n cnc
n n

µ

ε

             (5.5) 

which for real positive parameters , , ,o e o eε ε µ µ  represent two rotation ellip-
soids with axes lengths which are the square roots of the denominators in (5.5) 
and with equal axis length in direction of the optic axis. This means that the two 
rotation ellipsoids touches in axis direction. The determination of polarization 
vectors via projection operators as described in Section 2 seems to be too tedious 
and we choose a more special approach. Due to 0=n Εε  polarization vectors 
of the electric field have to be perpendicular to the vector nε  and are therefore 
representable by the vector product of nε  with a vector which possesses a 
component in the plane perpendicular to nε . 

We consider this for the first dispersion equation o e oε µ µ=n nµ  in (5.5). 
Using this equation a (non-normalized) polarization vector ′e  for the electric 
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field with the proposition [ ],′ =e n cµ  according to (3.5) and (3.6) has to satisfy 
the equation  

( ) ( )( )[ ]

( )
[ ] ( )( ) [ ]

[ ]

2

,

, ,

,

o e o o
e o o

oe o

o o

ε µ µ ε µ µ µ
µµ µ

ε µ

⋅ − ⋅ −  ′ ′= + = + 
  

′= − + = − ⋅ + − ⋅ +

′= − +

n n n n n cn n n n
e e

n c e c c c c n c e

n c e

0
µ µ µ µ µµ µ µ µ

ε ε
µ µ

µ µ ε ε

ε

I  (5.6) 

from which follows  

[ ] ( ) [ ]

[ ] [ ]

1 1 1, ,

, , .

o o o o
e o

o
o

o

ε µ ε µ
ε ε

µµ
ε

−  ′ = = ⋅ + − ⋅ 
 

= =

e n c c c c c n c

n c n c

ε

ε

I
          (5.7) 

For a (non-normalized) polarization vector ′h  of the magnetic field follows 
then from (3.5) using (5.7) and in addition the first of the Equations (5.5)  

[ ] ( ) [ ]

[ ] ( ) [ ] ( ) [ ]

1 1

2

1 1, , ,

1, , , , , .

o
e o

o
o o

e e

µ
µ µ

µ ε µ
µ µ

− −  ′ ′ ′  = = = ⋅ + − ⋅   
 

   = − + = − =   

h b n e c c c c n n c

n c c nc c n c nc n c n n c

µ µ

µ

I
   (5.8) 

To get the analogous relations for the second dispersion equation o e oµ ε ε=n nε  
in (5.5) one has only to apply the symmetry relations (3.8). Thus we find in this 
case a (non-normalized) polarization vector h   

[ ] [ ], , ,
o

o
o

εε
µ

′ = =h n c n cµ                      (5.9) 

and a (non-normalized) polarization vector e   

( ) [ ]1 , , .o o
eµ ε

µ
′  = − =  e nc n c n n cε                 (5.10) 

For non-normalized polarization vectors scalar factors are unimportant and 
can be omitted. 

We now give preference to (non-normalized) polarization vectors of the elec-
tric field and omit there the unfavorable factors. Then we have for the first dis-
persion equations  

[ ] [ ] [ ] ( )( )
:

, , , , , ,

o e o

o o
o o o

e o o

ε µ µ

ε εε ε µ
µ µ µ

=

 = = = = − 

n n

e n c n c h n n c nc n c

µ

ε µ
  (5.11) 

and for the second dispersion equation  

[ ] ( )( ) [ ] [ ]

:

, , , , , .

o e o

e o
e o o e o

o

µ ε ε

ε εε µ ε ε ε
µ

=

 = = − = = 

n n

e n n c nc n c h n c n c

ε

ε µ
  (5.12) 

It is not difficult to make normalization of the polarization vectors. We left 
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the factors in such a way that to each dispersion Equations (5.11) and (5.12) 
separately the vector h  follows from e  without changing a factor. It is also 
easy to make a transition to normalized polarization vectors that we do not write 
down. 

The transition to the special case of “only electrically” uniaxial media can be 
made by definition in (5.13) by the substitution  

( ) ( ) ( )( ) ( ) ( ) ( ), , 1.e o e oω ε ω ε ω ω µ ω µ ω= ⋅ + − ⋅ = → = =c c c cε µI I (5.13) 

The two dispersion equations become asymmetric to each other and are the 
first for ordinary and the second for extraordinary waves  

( ) [ ]

( ) [ ]

22 2
2

22

,
0 1,

,
0 1.

o
o o

e o
o e

ε
ε ε

ε ε
ε ε

+
= − ↔ = =

= − ↔ + =

nc n c nn

n cnc
n nε

            (5.14) 

The (non-normalized) polarization vectors for the electric and magnetic field 
(5.11) and (5.12) become for ordinary waves  

[ ] [ ] [ ] ( )( )
2 :

, , , , , ,

o

o o o o

ε

ε ε ε ε

=

 = = = = − 

n

e n c n c h n n c nc n cε
    (5.15) 

and for extraordinary waves  

[ ] ( )( ) [ ]
:

, , , , .

e o

e o e o

ε ε

ε ε ε ε

=

 = = − = 

n n

e n n c nc n c h n c

ε

ε
       (5.16) 

Thus (electrically) ordinary waves are polarized perpendicular to the axis 
plane spanned by the axis vector c  and the refraction vector n  and extraor-
dinary waves within this plane. Amplitude relations for reflection and refraction 
at the boundary between an isotropic and a uniaxial medium can be found, e.g., 
in [9], in [11] (a little too complicated) and in [13]. 

6. Group Velocity and Diffraction Coefficients 

In a preliminary summary about the two discussed concepts one can say that 
spatial dispersion is the more general concept but the concept of bi-anisotropy 
leads to interesting symmetries between the electric and magnetic properties of 
media and is up to now often the only concept represented in excellent mono-
graphs, e.g., [7]. However, in the last concept it is difficult to include some phe-
nomena such as, for example, natural optical activity although this is tried to 
make in the book [10] of Fyodorov. The concept of bi-anisotropy is used in the 
whole work of the Minsk Group [9] [10] [11]. Practically, in all older works 
about classical optics the concept of bi-anisotropy is used but not under this 
name and this development is comprehensively represented in the encyclopedic 
article of Szivessy [8]. One cannot be sure that all terms of a same level of spatial 
dispersion in a certain order in the wave vectors are included in this more sym-
metric bi-anisotropic concept or are included in doubled way. In every case one 
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has to calculate anew such quantities as the group velocity in comparison to the 
classical optics with only one frequency-dependent permittivity tensor ( )ωε  
with and without taking into account frequency dispersion and this is mostly not 
easy. 

We now consider the concept of spatial dispersion with the permittivity tensor 
( ),ωkε  in the wave Equation (2.7) with the operator ( ),ωkL  given in (2.11) 

together with their invariants in (2.12). The dispersion equation that is the va-
nishing of the determinant of ( ),ωkL  can be resolved in a function ( )ω ω= k  
with different possible branches and if we insert this function into the dispersion 
equation one obtains identities of the form  

( ) ( )0 , , ,ω ω ω= ⇒ =k kL                 (6.1) 

where ( )( ),ωk kL  depends only on the wave vector k . We introduce two 
important notions and prepare its calculation for specialized cases. If we diffe-
rentiate the identity (6.1) one and two times with respect to k  according to 
(we abbreviate ( )( ),ω≡ k kL L )  

2 2 2 2 2

2

0 ,

0 .

i i

i j i j j i i j

k k

k k k k k k k k

ω
ω

ω ω ω
ω ω ω

∂ ∂ ∂
= +
∂ ∂ ∂

∂ ∂ ∂ ∂∂ ∂ ∂
= + + +
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂∂

L L

L L L L
          (6.2) 

We define the group velocity  

,i
i

i

k
v

k
ω

ω

∂
∂∂

≡ = −
∂∂
∂

L

L
                        (6.3) 

and in addition the symmetric diffraction coefficients  
2 2 2

2

2

2

2 2

2

2

2

1 ,

i j i j j i
ij

i j

i j j i
ji

i j

k k k k k k
W

k k

k k k k
W

k k

ω ω
ω ωω

ω

ω ω

ωω

∂ ∂ ∂∂ ∂
+ +

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂∂
≡ = −
∂ ∂ ∂

∂
 ∂ ∂ ∂ ∂

+ ∂ ∂ ∂ ∂ ∂ ∂∂ = − − = ∂∂ ∂∂  
 ∂∂  

L L L

L

L L L L
L

LL

        (6.4) 

where ij jiW W=  is a symmetric bilinear form. Both become important for the 
beam propagation in second-order approximation. 

The formula for the group velocity in (10.1) using (2.18) can be written  

*

*

*
, ,i i

i

k k
v

ωω

∂ ∂
∂ ∂

= − = − ∝ ⋅
∂∂
∂∂

e e
e e

e e

L LL
LLLL

               (6.5) 
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where is taken into account that L  is proportional to the dyadic product of (in 
general, non-normalized) polarization vectors *⋅e e  of the electric field (see 
(2.18); *=e e  since we consider the lossless case). We find  

( )

( )

2

2

2
2

3

2 ,

2 ,

kl kl
k il ik l i kl

i i

kl kl
k l kl

L c k k k
k k
L c k k

ε
δ δ δ

ω

ε
δ

ω ωω

∂ ∂
= + − +

∂ ∂

∂ ∂
= − − +

∂ ∂
k

              (6.6) 

from which follows  

( ) ( )( )

( ) [ ]

2

2

2
2

3

2 ,

2 ,

ii i
i i

c k
k k

c

ω

ω ωω

∂ ∂
= + − +

∂ ∂

∂ ∂
= − − + =

∂ ∂

k k

k k k

ε

ε

LL L L L L

LL L L L L L
          (6.7) 

Neglect of spatial dispersion means that we do not take into account the term 

ik
∂
∂
εL  in the numerator and neglect of frequency dispersion the term 

ω
∂
∂
εL  in the denominator of the formula for the group velocity (6.5). 

Under neglect of dispersion one finds from ( ),ωkL  explicitly given in 
(2.12)  

( ) ( )( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( )( )

2
2 2 2

2

2
2 2

2

2
.

2 2

ii i i i i i
i

c k
v

c
ωω

ω

+ + − + + +
=

 
− + 

 

k k k k k k k k k

k k k k k k k

ε ε ε ε ε ε ε ε

ε ε ε ε
 (6.8) 

From this follows after scalar multiplication with ik  follows, e.g., [4] [9]  

, 1,ωω
ω
∂

= ⇒ ≡ =
∂

kkv ns
k

                   (6.9) 

with definition of the refraction vector n  and of the ray vector s  by (nota-
tions as in [4])  

, .c
cω

≡ ≡
k vn s                        (6.10) 

One should not forget that the relation (6.9) is derived under neglect of the 
dispersion of the permittivity tensor ( ),ωkε  and the differences between ray 
vector and group velocity in regions near to resonance frequencies or zeros of 
the permittivity tensor can become very important and even the direction of the 
group velocity can be changed by this additional terms. 

7. Electrically and Magnetically Isotropic Media and Group  
Velocity 

The constitutive equations for bi-isotropic or electrically and magnetically iso-
tropic media are  
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( ) ( ) ( ) ( ) ( ) ( ), , , , , ,ω ε ω ω ω µ ω ω= =D k E k B k H k          (7.1) 

with scalar functions ( )ε ω  and ( )µ ω . The equation for the electric field 
(3.10) in the concept of bi-anisotropy with the specialized operator (3.11) after 
multiplication with ( )µ ω  becomes  

( ) ( ) ( ) ( ){ }2, ,
c c
ω ωµ ω ω ε ω µ ω ω   = = ⋅ − +   
   

0 E n E n n n n E nL I I    (7.2) 

or equivalently by transition to the more general concept of spatial dispersion 
with ( ) ( ) ( ),ω ε ω µ ω=kε I   

( ) ( ) ( ) ( ) ( ) ( )
2

2
2, , , .cω ω ε ω µ ω ω

ω
 

= = ⋅ − + 
 

0 k E k k k k E kL I I      (7.3) 

The dispersion equation for transversal waves polarized for both E  and B  
in the plane perpendicular to wave vector k   

( ) ( ) ( )
2

2 2
2 , , 0,c ε ω µ ω ω

ω
≡ = =k n kE k               (7.4) 

and for longitudinal waves  

( ) ( ) ( ) ( )0, , 0.ε ω µ ω ω ω= ≠ =0E B                (7.5) 

The longitudinal waves correspond in present approximation to pure tempor-
al oscillations of the electric field with arbitrary possible direction of polarization 
(since = 0k ). We are interested here merely in the transversal waves. 

The dispersion Equation (7.4) for transversal waves can be resolved in the 
form ( )ω ω= k  (6.1) with different branches for ( )ω k . In Sections 9 and 10 
we will consider in detail an example where the dispersion Equation (7.4) can be 
explicitly resolved in the form (6.1) with different branches, the permittivity for 
polaritons. By differentiation of the dispersion equation in the form (6.1) with 
respect to the wave vector k  one may derive a general formula for the group  

velocity ω∂
≡
∂

v
k

 for bi-isotropic media and also for higher coefficients 
2

i jk k
ω∂

∂ ∂
  

and so on which play a role in higher approximations of propagation of beam- 
like waves in such media (diffraction). For the group velocity v  one finds the 
general formula ( 22 =k k )  

( ) ( )( ) ( ) ( ) ( ) ( )( )

2

2

2 .

2

cc cω
ωω ε ω µ ω ω ε ω µ ω ε ω µ ω

ω ω

∂
≡ = =

∂ ∂∂  + ∂ ∂ 

kk kv
k k

 (7.6) 

Without taking into account the frequency dispersion of the permittivities we 
find  

( ) ( ) ( ) ( ) ( ) ( ) ( )

2

2

2 .
cc ccω

ωε ω µ ω ε ω µ ωε ω µ ω ω
ω

∂′ ≡ = = =
∂∂
∂

kk k kv
k k k

  (7.7) 

One may introduce a dispersion factor ( )dispα ω  by 
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( )
( ) ( ) ( )

( ) ( )( )
( ) ( )

( ) ( ) ( ) ( )( )

2

disp
2

.

2

ε ω µ ω ω
ωα ω

ω ε ω µ ω
ω

ε ω µ ω
ωε ω µ ω ε ω µ ω

ω

∂
∂≡

∂
∂

=
∂

+
∂

             (7.8) 

From (7.7) follows using the dispersion Equation (7.4)  

( ) ( ) ( ) ( )( )

( ) ( )( )( )
( )disp

2

1

1
2

1 ,
log

2

ω
ωω ε ω µ ω

ε ω µ ω ω

α ω
ω ω ε ω µ ω

ω

∂
=

∂∂ +
∂

= ≡
∂
∂

k
k

            (7.9) 

where we have given also a representation of the dispersion coefficient ( )dispα ω  
by a logarithmic derivative (useful or not?). Under neglect of dispersion that 
means if we do not take into account the first derivative of ( ) ( )ε ω µ ω  with 
respect to frequency ω  we have ( s  is called ray vector, e.g., [4], §97, or [9] 
( ) ( ), ,→n s m p )  



( )disp1, 1.
c

ω α ω
ω

≡

∂
≡ = ⇒ =

∂
s

k vn
k

               (7.10) 

Therefore, the dispersion coefficient ( )dispα ω  says by which factor one has 
to modify the group velocity in comparison to neglect of dispersion if one take it 
into account. It goes also into some other formulae as, for example, the energy of 
the wave solution. On this very general level of treatment we cannot say whether 
or not ( )dispα ω  is in every case positive for possible real-valued functions 
( ) ( )ε ω µ ω . In last case of negative ( )dispα ω  the genuine group velocity and 

the ray vector would have even opposite directions. The introduction of ray vec-
tors s  in addition to the refraction vectors n  is appropriate to formulate 
duality (or symmetry) relations between electric and magnetic quantities which 
leave invariant the basic equations of macroscopic optics [4], (§ 97) such as (for 
( )ω =µ I )  

1, , ,ij ijε ε −↔ ↔ ↔E D n s                   (7.11) 

but one should not forget that these are only approximate relations and are only 
true under neglect of dispersion of the permittivities. 

A second coefficient which we will consider is the relation of the modulus v  
of the group velocity v  to the light velocity c for which one derives from (7.7) 
the relation  

( ) ( )

( ) ( ) ( ) ( )( )
( ) ( ), 0 ,

2
c

ε ω µ ω
β ω ω

ωε ω µ ω ε ω µ ω
ω

= = >
∂

+
∂

v k k
k k

    (7.12) 
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with definition  

( )
( ) ( )

( ) ( ) ( ) ( )( )
( )

( ) ( )
disp .

2
c

ε ω µ ω α ω
β ω

ω ε ω µ ωε ω µ ω ε ω µ ω
ω

≡ = =
∂

+
∂

kv
k

    (7.13) 

For negative or complex ( ) ( )ε ω µ ω  it becomes imaginary or complex and 
is then not to interpret in easy way. 

Let us write down at this opportunity the general form of the second-order 

coefficients 
2

i jk k
ω∂

∂ ∂
 for bi-isotropic media which are  

( ) ( )( )
( ) ( )( )

( ) ( )( )

( ) ( ) ( ) ( )( )

( ) ( )( )

2
2 2

2 2

2

2

2

2
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2

2 2 2
2

2

2

2
1 .
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i j i j
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c v v
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δ ω ε ω µ ωω ω

ω ε ω µ ω
ω

ω ε ω µ ω
ω

ω ε ω µ ω ω ε ω µ ω
ωδ

ω ε ω µ ω
ω

∂
−∂ ∂=
∂∂ ∂
∂

=
∂
∂
  ∂  
 ∂ ⋅ − + −  ∂      ∂   

k k

 (7.14) 

As was to expect they are a linear combination of 2
i j

ij

k k
δ −

k
 and 2

i jk k

k
 the  

only second-rank symmetric tensors which can be built from vectors k  alone 
and which are covariant under transformations of the rotation group ( )3SO . 
The group velocity and the diffraction coefficients are involved in the expansion 
of the equation for the slowly varying amplitudes of beams with respect to spa-
tial and temporal derivatives. We will shortly consider the corresponding equa-
tions in next Section. 

8. Approximate Beam Equations for Homogeneous Isotropic  
Media 

We consider an isotropic medium with permittivity ( )ε ω  and for simplicity 
with ( ) 1µ ω = . The wave equation for the electric field with the involved oper-
ator ( ),ωkL  in such a medium is  

( ) ( ) ( ) ( )
2

2
2i , i , , , .ct

t
ω ε ω

ω
∂ = − ≡ ⋅ − + ∂ 

0 E r k k k kL L I I∇        (8.1) 

The necessary equation for solutions is the vanishing of the determinant  

( )i , i , .t
t
∂ = − ∂ 

0 E rL ∇                      (8.2) 

We make now the proposition of slowly varying amplitudes ( )0 , tE r   

( ) ( ) ( ) ( ) ( )0 0 0 0i i
0 0, , e , e .t tt t tω ω− − −∗= +k r k rE r E r E r              (8.3) 
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Inserting this into (8.2) we find first  

( ) ( )

( ) ( )

0 0

0 0

i
0 0 0

i
0 0 0

e i , i ,

e i , i , ,
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t

t
t

t
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−

− − ∗

∂ = − + ∂ 
∂ + − − − ∂ 

0 k r

k r

k E r

k E r

L

L

∇

∇
           (8.4) 

We suppose that both sum parts are separated in a way that we can set them 
equal to zero independently. For example, we may think that we include into 
one part all frequencies 0 ω< < +∞  and into the other part all frequencies 

0ω−∞ < < . With this assumption we have the equation  

( )

( )

0 0 0

2

0
0 0 0

2 2 2

02 2
00

i , i ,

1i
2

2 , ,

i j
i j
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ω ω
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   ∂ ∂ ∂ ∂     = − − − ∇ ∇        ∂ ∂ ∂ ∂ ∂      

   ∂ ∂ ∂ ∂ − ∇ + +     ∂ ∂ ∂ ∂ ∂    

0



k E r

k

E r

L

L L LL

L L

∇

∇        (8.5) 

where we wrote the first terms in an expansion in powers of the differential op-
erators. From this equation follows as necessary condition for all components of 
the solutions ( )0 , tE r  the vanishing of the determinant and with the analogous 
expansion as in (8.5)  

( )

( )

0 0 0

2

0
0 0 0

2 2 2

02 2
0 0

i , i ,
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2 , ,
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     ∂   ∂  ∂∂ = − ∇ − − ∇ ∇          ∂ ∂ ∂ ∂ ∂       
   ∂ ∂∂ ∂ − ∇ + +        ∂ ∂ ∂ ∂ ∂      

0



k E r

E r

L

L L L
L

L L

∇

      (8.6) 

plus the corresponding complex conjugate equation. With the general formula 

for the differentiation of the determinant 
λ λ
∂ ∂

=
∂ ∂

A A A  of an operator A   

with respect to a parameter λ  this equation may be also written (we do not in-
sert a more complicated formula for the second derivative of a determinant with 
respect to two parameters which also exists)  

( )

2

0 0
00 0

2 2 2

02 2
0 0

1i
2

2 , .

i i j
i i j

i
i

k t k k

t
k t t

ω

ω ω

    ∂ ∂ ∂ ∂    = − ∇ − − ∇ ∇         ∂ ∂ ∂ ∂ ∂      
   ∂ ∂∂ ∂ − ∇ + +        ∂ ∂ ∂ ∂ ∂      

0

 E r

LL LL L

L L
    (8.7) 

with  

( )0 0 0, 0,ω≡ =kL L                      (8.8) 

and where index 0 means that the derivatives are to take at ( ) ( )0 0, ,ω ω=k k . By 
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division of this equation with 0
0ω

∂ 
 ∂ 

LL  one finds  

( )

0
0

0
0

2 2 2 2

2 2
0 00

0

0
0

0 i

2
1 , .
2

i
i

i j i
i j i
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k k k t t
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ω

ω ω

ω

   ∂   ∂  ∂  
= − ∇  ∂ ∂      ∂  

     ∂ ∂ ∂∂ ∂
∇ ∇ − ∇ +          ∂ ∂ ∂ ∂ ∂ ∂ ∂     − + 

∂  
  ∂  

 E r

LL

LL

L L L

LL

  (8.9) 

The dispersion equation ( ), 0ω =kL  can be resolved in the form ( )ω ω= k  
for the different branches of the solution. In application to the slowly varying 
amplitudes with average wave vector 0k  and frequency 0ω ω=  this means the 
resolution  

( ) ( )

( ) ( )( )

0 0 0

0 0 0 0 0 0

i i ,

1i , , ,
2

t
t

t
t

ω ω

ω ω

∂ = + − − 
∂ 

 ∂  = + + + =  ∂  

0



k E r

v E r kW

∇

∇ ∇ ∇

     (8.10) 

with the group velocity 0v  and the quadratic form 0W  defined by  
2 2

0 0 0,
0 0 0

, , or .ij
i j

W
k k

ω ω ω   ∂ ∂ ∂   ≡ ≡ ≡       ∂ ∂ ⋅∂ ∂ ∂      
v

k k k
W       (8.11) 

Obviously (8.9) and (8.10) are identical and one may find the correspon-
dences. 

We define the polarization vectors 0e  and *
0e  which are right-hand and 

left-hand eigen-vectors to the operator 0L  to eigenvalue 0 according to  
* *

0 0 0 0 0 0 0 00 , 0 , 0, 0.= = = =e e k e e kL L                (8.12) 

By comparison of (8.9) with (8.10) we find for the group velocity 0v   

*
0 0 0

00 0
0,

*0
0 00

000

,ii i
i

i

kk k
v

k
ω

ωωω

  ∂  ∂  ∂
    ∂∂ ∂ ∂     ≡ = − = − = −  ∂∂  ∂   ∂        ∂ ∂∂   

e e

e e

L L LL

LL LL
      (8.13) 

where we applied *
0 0 0∝ ⋅e eL  meaning that 0L  is proportional to the dyadic 

product of the polarization vectors 0e  and *
0e  (see also formulae (2.18) and 

(2.19)). 
The beam solutions in their Fourier decomposition contain components to 

wave vectors and frequencies around the average wave vectors and frequency 
( )0 0,ωk  and therefore the solution cannot possess solution which are exactly 
proportional to polarization vector 0e . Therefore we make now the following 
proposition for solutions of the beam Equation (8.5) 
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( ) ( ) ( )0 0 0 0, , , , ,t A t t′= +   E r e r e A r               (8.14) 

where ( )0 0 ,A te r  is the main part with polarization 0e  and ( )0 , , t′  e A r  a 
small additional part with polarization perpendicular to 0e . Both parts have to 
satisfy Equation (8.5) that means for the main part the following approximate 
scalar equation up to second-order derivatives of the slowly varying amplitude 

( )0 ,A tr   

( ) ( )0 0 0 0 0,
10 i , , .
2 i ij jA t W

t
 ∂  = + + ≡ ∇ ∇  ∂  

v rW W∇ ∇ ∇ ∇ ∇     (8.15) 

The additional part ( )0 , , t′  e A r  of the beam solution is not independent of 
the main part ( )0 0 ,A te r . Inserting both parts into Equation (8.5) we get ap-
proximately using 0 0 = 0eL   

( ) ( )( )

( ) ( )

0 0 0 0 0
0 0

0 0 0 0 0
0 0

i , , ,

, , i , ,

A t t
t

t A t
t

ω

ω

  ∂ ∂ ∂     ′= − − + +         ∂ ∂ ∂      
  ∂ ∂ ∂    ′= − − +        ∂ ∂ ∂      

0 



e r e A r
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e A r e r
k

L LL

L LL

∇

∇

  (8.16) 

that has to be resolved to ( )0 0, , t′  e A r . As approximation we use only the two 
explicitly written sum terms in the second line. First we find using the dispersion  

equation 
2

2
0 02

0

c ε
ω

=k   

( ) ( ) ( )

( )
( )

2
2

0 0 0 0 0 0 0 0 02
0

2
0 0 0 0

0 0 0 0 02 2
0 0

, , , ,

, , ,
, , , ,

ct t

tc t

ε
ω

ε
ω

 
′ ′= ⋅ − +       

 
′ ⋅  ′= ⋅ =  

e A r k k k e A r

k e A r k
k e A r k

k

L I I
  (8.17) 

that is proportional to the average wave vector 0k . Furthermore follows for the 
operator part of the second sum term in (8.16) which acts onto ( )0 ,A tr  and 
here written with indices  

( ) ( )

0,
0 0

2 3
2

0, 0, 0, 0, 0, 0 0,2 3
0 0

2

0, 0 0, 02
00

2 2

2 .

ij ij
k j

k

ik j i jk k ij k i j ij j

i i

L L
e

k t

c ck k k k k e
t

c ck e
t

ω

δ δ δ δ
ω ω

ωω

 ∂ ∂    ∂ ∇ −    ∂ ∂ ∂     
 ∂ = + − ∇ + − 

∂  
  ∂ = − +  ∂   

k

e k∇ ∇

    (8.18) 

This possesses two sum terms proportional to the vector 0k  and to the main 
polarization 0e  and shows a typical difficulty consisting in the correct neglect 
of terms deriving equation for additional components with no contradictions. 
The second sum term is proportional to the polarization 0e  of the main com-
ponent and has to be neglected. If we do so we find from (8.17) and (8.18) the 
following formula for the additional component in direction of 0k   

( ) ( ) ( )0 0 0 0 0, , , i , .t A t′ =  k e A r e r∇                 (8.19) 
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In special case of vacuum we have 0
0

0

c=
k

v
k

 and 0 0
0 2

0 0

c  ⋅ = −
 
 

k k
k k

W I  

and Equation (8.15) for the main component becomes  

( )0 0 0
0 02

0 0 0

0 i , .
2

cc A t
t

    ⋅∂  = + + −     ∂     

k k k
e r

k k k
I∇ ∇ ∇        (8.20) 

In Section 9 we derive a more complicated case for media with the polariton 
permittivity. 

Thus the approximate equations for beam solutions taking into account dif-
fraction in first order consists of the Equation (8.15) for the main part of the 
slowly varying amplitude plus the Equation (8.19) for a “small” additional part 
in direction of 0k  which can be determined alone from the main part by diffe-
rentiations. We wanted to show how the group velocity and the diffraction coef-
ficients are involved in approximate beam equations but a detailed consideration 
of these equations and of the solution of (8.15) requires much place and is here 
not intended. 

9. Permittivity to Polariton Dispersion in Isotropic Media 

We consider in this Section the following special permittivity ( )ε ω  and per-
meability ( )µ ω  of an isotropic medium with two real parameters lω  and tω  
(or λ  and tω ) called polariton permittivity, e.g., [6] (§17, 18)  

( )

( )( )

2 2

2 2 2 2

2 2
2 2

2 2

1 11 1 1
2

, 1 , ,

l t

t t tt t

l
l t

t

ω ωλ λε ω
ω ω ω ω ωω ω ω ω

ω ω
µ ω λ ω ω

ω ω

  −
= − = − − = − − +− − 

−
= = ≡ −

−

       (9.1) 

where for ( ) tω ω≈ ≥  the second sum term in round brackets can be neglected. 
In Figure 1 this permittivity is illustrated for the two principal cases with differ-
ent properties which we call the passive case l tω ω≥  and the active case t lω ω>  
(occupation inversion) and which are also characterized by (for 0ω > ) 

( ) ( )

( ) ( )

0, : 0, passive case ,

0, : 0, active case .

l t

l t

ελ ω ω ω
ω
ελ ω ω ω
ω

∂
> > >

∂
∂

< < <
∂

            (9.2) 

The indices “ l ” and “t” in (9.1) mean “longitudinal” and “transversal”. Pola-
ritons (or real excitons) are a mixing of excitons in a medium and of photons in 
the vacuum (e.g., [1] [2] [17]) and correspond to the possible real light excita-
tions in a medium. In this simple model tω  is the frequency to a transition be-
tween two energy levels in the medium or a lattice oscillation and 2 2

l tλ ω ω= −  
is beside other parameters proportional to the difference of the occupation of the 
two involved levels. For models of the medium in thermal equilibrium with 
temperature 0T ≠  the permittivity ( )ε ω  has to be generalized (see general 
form of the permittivity of an isotropic medium, e.g., in [4] chap XII, [3]). With  
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Figure 1. Polariton permittivity ( )ε ω  for l tω ω>  (passive case) and for l tω ω<  (active case). Apart from the jump from plus 

infinity to minus infinity (or vice versa) all derivatives of ( )ε ω  with respect to frequency are positive ( ) 0ε ω
ω
∂

≥
∂

 in the passive 

case and negative in the active case ( ) 0ε ω
ω
∂

≤
∂

 (for 0ω >  right half-plane. 

 
respect to the propagation of light beams in such a medium it is equivalent to a 
medium which possesses the right-hand form for the product ( ) ( )ε ω µ ω  in-
stead for ( )ε ω  alone and can be included into the last case. 

One may think that the distinction in passive and active case in (9.2) corres-
ponds in certain way to the usual distinction in normal and anomalous disper-
sion but beside analogies there are also essential differences. Normal dispersion 
is usually discussed for the passive case alone and appears for real frequencies if 
one adds in the denominators for ( )ε ω  in (9.1) an imaginary part to take into 
account losses in the medium and if we consider then the real part of arising 
permittivity and is present in (small) parts between the (main) regions of normal 
dispersion. In the model (9.1) these regions are reduced to the points 2 2

tω ω=  
and normal dispersion is present in the whole region with exclusion of these 
points. In contrast, in the active case we have in the whole region “anomalous” 
dispersion also with exclusion of the points 2 2

tω ω=  only and imaginary parts 
in the denominator do not play a role. This picture can change in some way for 
thermal equilibrium but the distinction in (9.2) is meant without losses. The oc-
cupation inversion in active case corresponds in some sense to a negative abso-
lute temperature (notion occasionally used in second half of last century) but a 
thermal equilibrium in this case is only possible for a finite number of energy 
levels. 

For l pω ω≡  and 0tω =  we have the permittivity of a cold isotropic plasma  

( )
2 2

2

4
, 0 : 1 , ,p e

l p t p
e

n e
m

ω
ω ω ω ε ω ω

ω
π

≡ = ⇒ = − ≡        (9.3) 
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with pω  the plasma frequency given here for an electron plasma (indices “e”; 
, ,e ee n m  mean electron charge, electron density, electron mass and electron 

charge). This is again idealized for temperature 0T = . 
Longitudinal waves are in the idealized form (9.1) of the permittivity only 

possible for the frequency lω   

,lω ω=                           (9.4) 

and are pure oscillations with no dispersion. Our main interest concern trans-
versal waves which we now consider. The dispersion relation for transversal 
waves (7.4) specialized for the polariton case (9.1) becomes  

( ) ( )
2 22 2

2
2 2 2 2 ,l

tc c
ω ωω ωε ω µ ω
ω ω

−
= =

−
k                (9.5) 

and depends only on the product ( ) ( )ε ω µ ω . For such waves the relation be-
tween the energy flow density S  and the energy density w in the lossless case 
for quasi-plane and quasi-monochromatic waves and in the transition to the li-
miting case of plane monochromatic waves with real wave vector k  and real 
frequency ω  (homogeneous waves)  

,w=S v                             (9.6) 

remains in every case the same and depends only from the dispersion relation 
( v  is group velocity; see next Section). However, the splitting of the energy 
density w in (9.6) into a part from the electric field and into a part from the 
magnetic field depends on ( )ε ω  and ( )µ ω  separately and therefore also the 
calculation of the corresponding energy flow density S  which can be made 
from the energy density w by (9.6). As illustrated in Figure 1 it is interesting to 
extend the permittivity (9.1) to 2 2 0l tλ ω ω= − <  which corresponds to a model 
medium with inverse occupation density of the two involved levels. The condi-
tion l tω ω>  in the form of the permittivity (9.1) which belongs to the passive 
case is satisfied for taking into account only one transition with frequency tω  
between two energy levels and for sufficiently low temperatures. It may be con-
verted into l tω ω<  for pumping to a higher energy level of a laser medium to 
get inversion of occupation but to keep their difference 2 2

t lω ω−  constant can 
be only a very rough approximation for the laser action near the threshold. Such 
a permittivity falls under the active case (not to be confused with notion (natural) 
optical activity!). By far, not all consequences for the active case are clear and are 
well understood. 

Let us begin with a general consideration to dispersion equations in a homo-
geneous isotropic and infinitely extended medium. The general case is that both 
wave vector k  and frequency ω  are complex quantities. For the vacuum 
with the dispersion equation 2 2 2c ω=k  with the splitting of wave vector and 
frequency in real and imaginary parts  

i , i ,ω ω ω′ ′′ ′ ′′= + = +k k k                     (9.7) 

this leads to a complex equation with the following separation into a real and 
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imaginary part 

( ) ( )
( ) ( )

2 22

2 2 2 2 2 2

i i ,

, .

c

c c

ω ω

ω ω ω ω

′ ′′ ′ ′′+ = + ⇒

′ ′′ ′ ′′ ′ ′′ ′ ′′− = − =

k k

k k k k
            (9.8) 

These are 2  scalar equations for 5 real variables (for example,  

( ), , cos , ,ϕ ω ω
′ ′′

′ ′′ ′ ′′≡
′ ′′
k kk k
k k

) that restricts the number of free variables to 3  

real variables. It is impossible to represent this in a single graphical representa-
tion and one has to make compromises. For example, for real frequency  
( , 0ω ω ω′ ′′= = ) we find from (9.8) the orthogonality 0′ ′′ =k k  of real to im-
aginary part of the wave vector k . It is known that such waves are generated in 
the vacuum under total reflection within an isotropic medium with ′k  parallel 
to the boundary plane and with ′′k  in direction of the normal vector to the 
boundary plane corresponding to exponential decrease. Such waves are called 
inhomogeneous waves (not to confuse with inhomogeneous media!). All this is 
well known and understood. Which of the components ( ), , ,ω ω′ ′′ ′ ′′k k  are in-
volved into a process can be only determined if one knows the boundary togeth-
er with the boundary conditions. If we apply this to the polariton permittivity 
(9.1) with the complex dispersion Equation (9.5) we find the following equation  

( ) ( )
2 2 2

2 2 2 2 2
2 2 2

i2
i2 i2 .

i2
l

t

c
ω ω ω ω ω

ω ω ω ω
ω ω ω ω ω
′ ′′ ′ ′′− − +′ ′′ ′ ′′ ′ ′′ ′ ′′− + = − +
′ ′′ ′ ′′− − +

k k k k   (9.9) 

Separated into real and imaginary part this leads to the two equations  

( ) ( )( )
( )( ) ( )( )

( ) ( )( )
( )( ) ( )
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0

,

t

l t

t

l t

c

c

c

c

ω ω ω ω ω

ω ω ω ω ω ω ω ω

ω ω ω ω ω

ω ω ω ω ω ω ω ω

′ ′′ ′ ′′ ′ ′′= − − − − −

′ ′′ ′ ′′ ′ ′′ ′ ′′− − − − −

′ ′′ ′ ′′ ′ ′′= − − −

′ ′′ ′ ′′ ′ ′′ ′ ′′+ − − − − −

k k

k k

k k

k k

      (9.10) 

which are of forth degree with respect to the real components of wave vector and 
frequency. Both equations have to be satisfied at the same time. This means that 
we have different possibilities of two-dimensional graphical representations for 
inhomogeneous waves and this is relatively complicated in such generality. 

If we choose real wave vectors as free variable then the dispersion Equation 
(9.5) leads to a bi-quadratic equation for the frequency ( )ω ω= k  in depen-
dence on the modulus k  of the wave vector as follows ( 22 ≡k k )  

( )4 2 2 2 2 2 2 20 ,l tc cω ω ω ω= − + +k k                (9.11) 

which resolved provides two branches of squared solutions  

( ) ( )

( ) ( )

22 2 2 2 2 2 2 2 2 2

22 2 2 4 2 2 2 2 2 2

1 4
2
1 2 2 ,
2

l l t

l l l t

c c c

c c c

ω ω ω ω

ω ω ω ω

±
 = + ± + − 
 
 = + ± + − + 
 

k k k k

k k k
   (9.12) 
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or of frequency solutions7 

( ) ( ) ( ) { }
( ) ( ) ( ){ }

2 22 2 2 2

2 22 2 2 2

1 2 2
2
1 .
2

l t l t

t l t t l t

c c c c

c c

ω ω ω ω ω

ω ω ω ω ω ω

±
± = ± + + ± − +

= ± + + − ± − + −

k k k k k

k k
   (9.13) 

This means that we have to given k  two different solutions for ( )
2ω ±  signi-

fied by the upper indices “(±)” where one has to pay attention mainly to the two 
different lower signs “±” to the two sum terms with square roots. In the hatched 
region the solution (9.13) for the frequency in dependence on the modulus of 
the wave vector becomes complex and can be better represented in the form  

( ) ( ) ( ) ( ) ( ) ( ){ }2 22 2 2 21 .
2 t t l t l tc i cω ω ω ω ω ω ω±

± = ± + − − ± − − −k k k   (9.14) 

Figure 2 represents the different branches of solutions ( )ω ω= k  in depen-
dence on the modulus k  of the wave vector for the both principal cases 

l tω ω>  and l tω ω< . The left-hand picture is well known mostly in form of the 
right upper quadrant (see, e.g., [17], chap. III, Figure 8 or [2], chap. 11, Figure 11.4).  
 

 

Figure 2. Frequencies in dependence on real wave vector for ( )
2 2

2 2
l

t

ω ωε ω
ω ω

−
=

−
, ( ) 1µ ω =  for l tω ω>  and l tω ω< . The con-

tours of the hatched parts in the right-hand picture are imaginary and describe amplification. For the figures we have chosen the 
values 1.05, 0.95l tω ω= =  in passive case (to the left) and 0.95, 1.05l tω ω= =  in active case (to the right). 

 

 

7A bi-quadratic equation of the form ( )4 2 2 * * 22 0, , , 0 ,z pz q p p q q q− + = = = ⇒ ≥  with real p 

and q and therefore non-negative q2 possesses 4 solutions which may be written in the following 

form ( ) ( ) ( ) ( )1 2 ,
2

qz p q p q
p q p q

±
± = ± + ± − = ±

+ −

 with only real or imaginary sum 

terms p q± . Clearly, these solutions are also true in general case but usually then do not provide 

separation into real and imaginary parts.  
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Asymptotically, for large k  we have in both cases a branch cω = ± k  the 
same as for light beams in vacuum and a branch with constant tω ω= ±  where 

tω  is the resonance frequency to the energy difference of the considered two 
levels. The case 0l tω ω− >  corresponds to lower occupation of higher level in 
comparison the lower level and the case 0t lω ω− >  to inverse occupation. The 
last case can be achieved by pumping this level and as was to expect it possesses 
properties of amplification in a certain region of wave vectors. This is exactly 
separated by the two sum terms with square roots in the solutions in the form 
(9.13) or (9.14). We have hatched the imaginary parts inside their contours. 
Their real parts are in the figure to find over, respectively, under the hatched 
contours and look like straight lines but are such only in the limiting case 

0t lω ω− →  as follows from the first sum term in (9.14). 
In Figure 3 the case t lω ω>  is presented enlarged for the right upper qua-

drant of Figure 2 in two numerical cases which show the dependence on the pa-
rameters tω  and lω  and, in particular, on the difference 2 2

t lω ω− . Micro-
scopic models for the permittivity (9.1) show that the difference 2 2

t lω ω−  is 
among other parameters as factors of the active transition levels proportional to 
the density occupation inversion 2 2

t lσ ω ω λ∝ − ≡ −  of these levels. This means 
that in our idealized model the product of height h with width w of the amplifier 
contour (see Figure 2) is proportional to the square root of the density of inverse 
occupation of the considered active levels whereas h and w themselves are pro-
portional to its square root. In laser theory to our knowledge the height h is  
 

 

Figure 3. Function ( )ω ω= k  for ( )
2 2

2 2
l

t

ω ωε ω
ω ω

−
=

−
, ( ) 1µ ω =  with l tω ω<  (amplification) in two numerical cases. The 

left-hand figure is practically the right upper quadrant of Figure 2 but amplified for better visibility and for making a comparison 
with a similar figure with other parameters. For the figures we have chosen the values 1.05, 0.95t lω ω= =  and  

1.25, 0.75t lω ω= = . 
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usually assumed or calculated as direct proportional to the density of inverse 
occupation whereas for its width are made complicated considerations about 
natural line width and its enlargement. 

For application to laser theory it is necessary to add feedback by a resonator. 
The unspecific losses of the involved resonator modes in the concerning region 
cut off an upper part of the amplification contour and thus lower it whereas their 
frequencies are determined mainly from the real part (first sum term in (9.14))  

( ) ( ) ( )

( ) ( ) ( )

( )

2 2 2
Re

2 2 2 2

2 22 2

2 2 2 2

1
2

3
1 ,

2 4 33

.

t t l

t l t t l
t t

t lt l

t t l t t l

k c

c c

c

ω ω ω ω

ω ω ω ω ω
ω ω

ω ωω ω

ω ω ω ω ω ω

= + − −

 + − = + − − − +
 ++  

− − ≤ ≤ + −



k

k k

k

 (9.15) 

For a long resonator in comparison to the transverse dimensions only the 
longitudinal modes without reflection at the side wands play a role. For such a 
resonator with ideal mirrors at the end the field at the mirrors has to be vanish-
ing and the possible resonator modes have to possess a multiple m of the half the  

wavelengths λ , ( 2
λ
π

≡k ), which fit into the resonator length L. Thus for the  

possible wave vectors and frequencies we find in this idealized case ( 0 minm m≡ )  

( ) ( )

( )

2
2 2

Re

2 2 2 2
0 0 max

1, ,
2

, , 1, , .

t t l

t t l t t l

cm k m
L L

cm m m m m
L

ω ω ω ω

ω ω ω ω ω ω

π  = = + π − − 
 

− − ≤ π ≤ + − = + 

k
  (9.16) 

The resonator losses as said lower the amplification contour and therefore 
narrow the possible values for m and change also a little the relation (9.15) for 
the possible wave vectors and frequencies. With losses both the wave vectors and 
frequencies may become slightly complex. The imaginary part of the frequency  

determines also a line width by only classical considerations. For 
2 2

2 1t l

t

ω ω
ω
−

≤   

one finds in approximation from (9.15)  

( ) ( )
2 2

Re2

11: ,
2

t l
t t

t

c
ω ω

ω ω ω
ω
−

≤ ≈ + −k k             (9.17) 

and the density of possible frequencies in the corresponding frequency interval 
is doubled in comparison to the density within a resonator with vacuum. If we 
assume that there is a process (pumping) which keeps constant the density of the 
inverse occupation then it may be considered as a very simple and idealized clas-
sical model of laser action, at least, near the threshold. However, this model 
cannot provide information at which level of occupation inversion the equili-
brium between pumping and radiation is reached. In this sense it is similar to 
thermal equilibrium where without additional information it cannot be said how 
it was reached. Clearly, quantum-mechanical generalization makes further mod-
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ifications also to the line widths.8 
Generalizations of the permittivity (9.1) in different directions are possible 

and interesting, for example, by an additional constant sum term on the 
right-hand side taking into account summarily the contribution of all other re-
sonances of two levels or taking into account losses by imaginary terms in the 
denominator. We consider now shortly the case of taking into account two re-
sonance frequencies ,1tω  and ,2tω  leading to a permittivity of the form [6] (§18, 
Equation (6))  

( ) 1 2
2 2 2 2

,1 ,2

1 ,
t t

λ λ
ε ω

ω ω ω ω
= − −

− −
                 (9.18) 

with two further parameters 2λ  and ,2tω  which determine the strength of a 
second resonance. This can be also written in the following form  

( )
( )( )
( )( )

2 2 2 2
, ,

2 2 2 2
,1 ,2

,l l

t t

ω ω ω ω
ε ω

ω ω ω ω
− +− −

=
− −

                 (9.19) 

with the definitions  

( )22 2 2 2 2
, ,1 1 ,2 2 ,1 1 ,2 2 1 2

1 4 ,
2l t t t tω ω λ ω λ ω λ ω λ λ λ±
 ≡ + + + ± + − − + 
 

    (9.20) 

where 2
,lω 

 is real-valued or may become even complex-to complex-conjugate- 
valued and where ,lω −  and ,lω +  cannot be properly assigned to ,1tω  and ,2tω . 
The dispersion Equation (7.4) resolved to an equation for 2ω  in dependence on 
the squared wave vector 2k  becomes a bi-cubic equation in k  which is al-
ready difficult to solve for ω  and to discuss. In dependence on the 4 parame-
ters ,1 ,2,t tω ω  and 1λ  and 2λ  one would have to distinguish many principal 
cases. 

10. Group Velocity to the Polariton Permittivity in Passive  
Case and Group Velocities Faster Than Light Velocity in  
Active Case 

We now consider the group velocity of transversal waves for the polariton per-
mittivity (9.1). By differentiation of the dispersion Equation (9.5) with respect to  

k  we calculate for the group velocity in direction k
k

 of the wave vector and  

in dependence of its modulus on the frequency ω  only  

 

 

8Sometime in the eighties I asked H. Paul from our Institute to discuss with me the polariton model 
and he agreed. My first aim was to see did he know whether or not this model or something similar 
was already discussed in literature since I did not find neither theoretical considerations nor experi-
mental hints for some results. He also did not know something and likely nothing existed. Thank! 
My second aim was to show him that the height as well as the width of the amplification contours in 
form of ellipses are proportional to the square root of the inverse occupation density and I made a 
drawing of this contour but nothing of the kind of the more general and complicated figures made 
by computer and presented here. I could not expect that we may discuss the formulae in detail 
(more than the permittivity he did not want to see) and soon H. Paul finished the discussion saying 
approximately: I believe you only if you have also the nonlinear terms in the equations. This, how-
ever, was not my intention, my possibility and my official task at that time. 
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It possesses in this model in every case the direction of the wave vector also if 
it is complex-valued with different directions of real and imaginary part but the 
frequency-dependent coefficients ( )ϕ ω  can also become complex-valued (for 
real values of ω ) due to presence of the square root. Without taking into ac-
count the dispersion of ( )ε ω  at the considered frequency ω  (setting  

( )
0

ε ω
ω

∂
→

∂
) it is  

( ) ( ) ( ) ( ) ( )

2 22

2 2
2

2 ,t

l

cc c cc c c
ω ω

ωε ω ωε ω ω ωε ωε ω ω
ω

−′ = = = = =
∂ −
∂

kk k k k kv
k k k

(10.2) 

but the dispersion cannot be switched off. For such points where ( )ε ω  pos-

sesses a minimum (or maximum) the derivative vanishes (i.e., ( ) ( ) 0
ε ω

ω
ω

∂
=

∂
)  

and the group velocity with and without taking into account the dispersion are 
equal. The dispersion factor ( ) ( )dispα ω α ω≡  is  
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Due to an extremum of ( )ε ω  for 0ω =  its derivative with respect to fre-
quency vanishes there and the dispersion factor becomes ( )0 1α ω = = . 

One may distinguish 2 different cases and a limiting case between them 
represented by  

( )
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v         (10.4) 

which in relation to the light velocity obviously are determined by different 
properties. In last case of l tω ω<  the group velocity can even be opposite to the 
direction of the wave vector in certain regions of the frequency. 

If one wants to have the full dependence ( )≡v v k  of the group velocity on 
the wave vector one has to distinguish the 4 branches in (9.13) or in (9.14) and 
finds by differentiation with respect to k  
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which we have written in two favorable representations for the passive case 

l tω ω>  and the active case t lω ω> . 
The calculation of the second-order coefficients ijW  in the Equation (8.15) 

for beam propagation in isotropic media can be calculated, for example, from 
the principal structure of the group velocity  

( ) ( )
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by further differentiation with respect to variables jk . Using  
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and due to ( )ω ω≡ k  and (10.7)  
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we find the general structure  
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and, finally, with the special function ( )ϕ ω  in (10.6)  
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This result was checked by a slightly modified calculation which I do not 

present here. It possesses two sum terms proportional to the tensors 2
i j

ij

k k
δ −

k
 

and 2
i jk k

k
 describing transversal and longitudinal diffraction (or diffusion) of 

the light beam during propagation. 
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In the special case of an isotropic cold plasma with the permittivity  

( )
2

21 pω
ε ω

ω
= −  setting , 0l p tω ω ω= =  the formulae (10.1) for the group veloc-

ity and (10.10) for the diffraction coefficients simplify to  
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that due to taking into account the frequency dispersion does not agree with 
(6.9). For the diffraction coefficients one finds  
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k k k kcW
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                   (10.12) 

and it contains also a term proportional to 2
i jk k

k
 leading to a diffusion in lon-

gitudinal direction of the beam. 
Without taking into account the dispersion we would obtain from (10.2)  

( )

2

2 ,i j
ij ij

k kcW δ
ε ω

 
′  = −

 
 k

                    (10.13) 

that is without a “longitudinal” contribution proportional to 2
i jk k

k
. 

In Figure 4 we represent the permittivity ( )ε ω  (blue curves) together with 
the group velocity in relation to the light velocity without taking into account 
dispersion of the permittivity ( ) ( )( )dispα ω α ω≡  (yellow curves) and  

with taking it into account as ( )
c

β ω ≡
v

 (red curves) for the passive ( l tω ω> ,  

to the left) and the active case ( t lω ω>  to the right). In the passive case we see 
that the group velocity remains smaller than the light velocity in every case and 
that it is real-valued in regions where ( )ε ω  is positive and that taking into ac-
count the dispersion the deviations in comparison to neglect of dispersion are 
important, in particular, in the neighborhood of the resonance frequency tω  
and in the neighborhood of the “(longitudinal)” frequency lω . In addition, the 
group velocity possesses in every case the same direction as the wave vector. In 
the region t lω ω ω≤ ≤  no relation of group velocity to light velocity (red) is 
drawn because the group velocity is there imaginary. All is so as expected. How-
ever, the same picture for the active case (to the right) contains an unexpected 
surprise. 

In the active case l tω ω≤  (right-hand picture in Figure 4) the group velocity 
is here in certain regions of frequency larger than the light velocity or it is in 
opposite direction to the wave vector. The regions of ω  where it is larger than 
the light velocity but in direction of the wave vector k  are  

0 , .ω ω ω ω− +< < < < ∞                 (10.14) 
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Figure 4. Polariton permittivity ( ) ( )( )
2 2

2 2 , 1l

t

ω ωε ω µ ω
ω ω

−
= =

−
, ( )α ω  and ( )

c
β ω =

v
 for l tω ω>  and for l tω ω< . In regions 

t lω ω ω< <  for l tω ω>  and l tω ω ω< <  for l tω ω<  the relation of the group velocity to the light velocity (red curves 

with and purple without dispersion) becomes imaginary that is not drawn. In passive case l tω ω>  wave vector and group veloci-
ty possess in every case the same direction and the last is smaller than the light velocity. In active case l tω ω<  the group velocity 
is greater than the light velocity in the regions 0 ω ω−< <  and ω ω+ <  but is in the same direction as the wave vector. In the 
region tω ω ω+< <  it is even in the opposite direction to the corresponding light velocity but only with taking into account the 
dispersion. The difference between ( )β ω  (red) and ( )β ω′  (purple is that last is calculated under neglect of the frequency dis-

persion of the permittivity. We have chosen for the pictures 1.25, 0.75l tω ω= =  in passive case and 0.75, 1.25l tω ω= =  in ac-
tive case, the same as in Figure 1. 

 
We will not come here with a quick physical explanation of this phenomenon 

although we considered the polariton permittivity with frequency l tω ω ω< <  
already much earlier mainly with respect to its description of amplification in a 
certain region of wave vectors and frequencies. This phenomenon of group ve-
locity greater than light velocity may likely come from a correlation within all 
parts of the medium by preparation of the occupation inversion of a level which 
is made already before it gets this property. The diffraction coefficients ijW  ac-
cording to (10.10) possess the same zeros (ω±  in (10.3) and in Figure 4)) in the 
denominators as the group velocity iv  in (10.1) and can become very large. It is 
possible that the expansion (8.15) in the equation for the slowly varying ampli-
tude (8.15) does not converge and that this equation is not applicable but a more 
general treatment should not change this basically. A practical use is likely very 
difficult to make and far from now. The most chances has its use for guided 
waves in long resonators and, in principle, such use due to the amplification 
properties of these similar media is already realized by lasers but not due to 
group velocity larger than light velocity as subsidiary effect. On the other side we 
cannot fully exclude that this phenomenon is already known and somewhere 
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discussed in literature. Hypothetical particles in free space which move with a 
velocity greater than that of light are called tachyons and were occasionally con-
sidered from the sixtieths on, in detail, e.g., by Terletski [28] (Chapters V. and 
VI.) and by others but in our case they may be only quasi-particles within an ac-
tive medium with occupation inversion if we associate them with the group ve-
locity greater than that of light. It is known that the existence of tachyons with 
imaginary mass is not excluded by the Relativity theory but experimentally such 
are not found. However, in our case they cannot exist as such which usually 
form beams due to very large diffraction and in this sense they are not the same 
as were discussed as tachyons. 

There is a second fully unexpected phenomenon. In the regions lω ω ω− < <  
and tω ω+<  the group velocity v  is in opposite direction to the direction of 
the wave vector k  but only if we take into account the dispersion of the per-
mittivity that let us believe at first in an error of signs but all was calculated with 
the same reliable formulae as in the passive case and the formula (10.3) for the 
dispersion factor does not involve square roots where the sign is unclear. It 
seems that this opposite group velocity to refraction vector violets the causality 
but we cannot exclude an explanation by the established correlation between 
different parts of the medium. So the described phenomenon requires further 
attention. 

In search for references to the unexpected phenomena I came via the inter-
esting book of Vaas [29] (part II, Section 7, e.g., p. 145, 146) to the reference of 
authors Nimtz and Haibel [30]. In [30] it is claimed that G. Nimtz (together with 
H. Aichmann, p. 111) transmitted in 1994 a symphony using the tunneling effect 
through a sub-dimensioned wave guide (full length about 12 cm) with approx-
imately the five-fold velocity of the light velocity in vacuum9. In the transmission 
of information (e.g. music) the frequency modulation of a signal is used and has 
to be detected from it. Despite the large spatial distortion of a beam via the 
propagation the frequency is more stable and not very distorted over longer 
length of a beam that may explain some results. All this is a challenging theme 
and one has to wait for further clarification. 

11. Remark to Reflection and Refraction of Beams at  
Isotropic and Bi-Isotropic Media 

The following considerations concern only passive cases which are not very 
problematic with respect to basic discussions. In reflection and refraction prob-
lems of beams at a boundary between isotropic and (or) bi-isotropic media 
maximum 4 different beams with the same average frequency ω  can be related 
to each other since they must possess the same tangential component of the  

 

 

9Long ago I heard or saw in popular sources something about experiments of G. Nimtz but did not 
take the super-luminal velocities seriously and did not try to find the original papers. Now, when I 
find as it seems to me by reliable mathematics such possibilities of group velocities greater than light 
velocity in vacuum I changed my opinion and look for physical explanations. However, I have to 
emphasize that I cannot support by own calculation the effects concerning tunneling and the condi-
tions for them since I did not make such. 
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average wave vectors ,i r
νk  or refraction vector , ,i r i rc

ν νω
≡n k  (lower indices “1”  

and “2” stand for the both media and upper indices “i” for incident and “r” for 
reflected or refracted wave. The group velocities of the corresponding beams are 
calculated in (7.6). This is represented in Figure 5 on the left-hand picture and 
the corresponding beam propagation on the right-hand picture. If N  is a 
normal unit vector to the boundary at the considered point of beam reflection 
and refraction then the tangential component of all refraction vectors is  

[ ] ( )2, , , 1 , ≡ = − ⋅ = n N n N n nN N N              (11.1) 

where for n  an arbitrary of the involved refraction vectors can be inserted. 
Nothing changes in this picture if the refraction vectors in one or both media sa-
tisfy a dispersion equation ( ) ( )2 ε ω µ ω=n  in comparison to ( ) 1µ ω = . Also 
in the active case of isotropic media the group velocities v  are in every case 
parallel to the corresponding refraction vectors n  although we found that in 
this case the possibility exists that they are in opposite direction to the refraction 
vectors and may possess super-luminal velocities that is not yet fully understood 
and affirmed. Mostly one has only an incident beam from one side of the two 
media and only three waves (incident, reflected and refracted) are coupled at the 
boundary. All this is necessary to take into account if one discusses the work of 
Pendry [22] (see Appendix D). 
 

 

Figure 5. Refraction vectors n  with equal tangential components and group velocities v  at a boundary. The two media possess 
the lower indices 1 and 2 where medium 2 may possess an electric permittivity and a magnetic permeability. The upper indices “i” 
and “r” mean “incident” and “reflected or refracted” waves seen from the different sides of the boundary. It does not play a role 
whether a positive product 2 2ε µ  is obtained from both positive or both negative values of 2ε  and 2µ . All refraction vectors 
n  possess the same tangential component n  to the boundary 0=Nr  and only their normal components are different in gen-
eral case. For isotropic media the directions of the refraction vectors n  and the corresponding group velocities v  are the same. 
With respect to polarization of the 4 waves one may distinguish the two cases of polarization perpendicular and within the inci-
dence plane spanned by the normal unit vector N  to the boundary plane and an arbitrary of the refraction vectors n . 
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The normal components ( ) ⋅nN N  of all involved refraction vectors n  can 
be obtained from the dispersion equations ( )2

1 1ε ω=n  and ( ) ( )2
2 2 2ε ω µ ω=n , 

respectively  

( ) ( ) ( ), 2 , 2
1 1 2 2 2, .i r i rε ω ε ω µ ω= ± − = ± −n N n n N n      (11.2) 

Furthermore, in Figure 5 two case of polarizations are possible, with the elec-
tric field polarized in the incidence plane spanned by vectors N  and n  and 
perpendicular to it. The discussion of the amplitude relations for the involved 
wave is not necessary here for the intended purpose. 

12. Conclusion 

We compared two concepts of representing the constitutive equations in classic-
al macroscopic optics of homogeneous anisotropic media, first the more general 
concept of spatial dispersion and then the more special concept of bi-anisotropic 
media with two constitutive equations for the electric and the magnetic induc-
tion and made this in coordinate-invariant way. Then this was specialized to 
uniaxial and, finally, to isotropic media where a possible equation for quasi- 
plane and quasi-monochromatic beam propagation in approximation with the 
first two terms of an expansion of the slowly varying beam amplitudes with re-
spect to derivatives in space and time was derived taking into account diffrac-
tion. This was then applied for the isotropic case to the polariton permittivity 
(9.1) with a detailed discussion of the passive and the active case. The active case 
is obtained from the passive case by changing a sign in the susceptibility and de-
scribes amplification in certain regions of the frequency that somehow goes 
connected with feedback in resonators in direction of (a prestep of) laser action 
in the stationary regime. Losses in form of imaginary parts in the permittivity, 
we did not include for more simplicity and calculability of the formulae. 

When we calculated the group velocity for beams in the active case we found 
as a surprise for some regions of frequency the possibility of velocities faster than 
the light velocity in vacuum and as a yet greater surprise the possibility of an 
opposite direction to the direction of the wave vectors (but different signs with 
and without taking into account dispersion). A certain physical explanation is 
possibly by the preparation of occupation inversion in establishing the active 
case and therefore a correlation between all parts of the medium which is not 
contained in the equations. We found after this that it is not fully unknown from 
literature. We have to think furthermore about these phenomena and have to 
find access to more literature about this. 

In the process of working with the topics into our viewpoint came also the no-
tion of “negative refraction” but we could not find some positive aspects and the 
possibility of its realization in isotropic media and make a few remarks to this in 
the text and in Appendix D. 

Primarily, I intended to include also such peculiar cases as inhomogeneous 
waves (for example, total reflection) and, in particular, the cases of optic axes 
with calculation of the two-dimensional projection operators for the electric 
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field and the conical approximation of the dispersion surface in the neighbor-
hood of optic axes in coordinate-invariant treatment. However, for extent and 
necessary time hoping to realize it we move this to a possible later time. 
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Appendix A. Some Important Relations for  
Three-Dimensional Operators 

The most important relation for general three-dimensional operators A  is the 
Cayley-Hamilton identity  

[ ]3 2 0,− + − =A A A A A A I                    (A.1) 

with the invariants with respect to similarity transformations which are the trace 
j
jA≡A , the second invariant [ ]A  and the determinant A  according to (for 

spaces with metric tensor ij jig g=  we may set j
ik ij kA g A≡ )  

[ ] ( ) ( )2 32 2 31 1, , 3 2 .
2 6iiA≡ ≡ − ≡ − +A A A A A A A A A  (A.2) 

As consequence of the Cayley-Hamilton identity the inverse operator to an 
arbitrary operator A  can be represented by  

[ ]1 2, , ,− ≡ ≡ − + ⇒ = =
AA A A A A A I AA AA A I
A

       (A.3) 

where A  is the so-called complementary (or associated) operator to A . The 
invariants of this operator are  

[ ] 2, , , = = = A A A A A A A                (A.4) 

and it possesses the properties  

[ ] ( ) ( )2 , .= + − ≡ =
AA A A A A A I A A
A

             (A.5) 

All relations in (A.3), (A.4) and (A.5) are general relations for arbitrary 
three-dimensional operators A . 

For the invariants of the sum of two operators A  and B  one derives the 
following identities (the complementary operators A  to operator A  we de-
fine later)  

[ ] [ ] [ ]
,

,

.

+ = +

+ = + − +

+ = + + +

A B A B
A B A A B AB B

A B A AB AB B

                (A.6) 

Special cases are β=B I   

[ ] [ ]
[ ]

2

2 3

3 ,

2 3 ,

.

β β

β β β

β β β β

+ = +

+ = + +

+ = + + +

A I A
A I A A
A I A A A

                (A.7) 

The complementary operator of the sum of two operators is  

( ) ( ) .+ ≡ + + + − + + −A B A AB BA B B A A B A B AB I      (A.8) 

The projection operator Π  for determination of eigenvectors of an operator 
A  to non-degenerate eigenvalue α  is  

( ) [ ]( )
[ ]

2 2
2

2 , .
2 3

α α αα
α αα

− − + − +−
Π = = Π = Π

− +−

A A A A A IA I
A AA I

   (A.9) 
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For the differentiation of a determinant A  of an operator A  with respect 
to a parameter λ  we find from (A.2) and (A.3) the identity  

1 ,
2λ λ λ

∂ ∂ ∂
= =

∂ ∂ ∂
A A AA A                   (A.10) 

where the complementary operator A  to operator A  is defined in (A.3). 

Appendix B. Identities for Vector and Volume Products in  
Connection with Operators 

We derive here mathematical identities for volume and vector products in con-
nection with operators which are almost unknown or less known in case that 
they are already somewhere published. A part of them is used in the main text of 
our considerations. 

We consider the volume product [ ], ,x y z  of three vectors , ,x y z  and apply 
now to each vector the same operator A  that means we consider the volume 
product [ ], ,x y zA A A . Due to complete antisymmetry of the volume product 
with respect to permutations of neighbored vectors the volume product  
[ ], ,x y zA A A  is proportional to the volume product [ ], ,x y z  with a proportio-
nality factor which we denote by A  and call the determinant of A  that 
means  

[ ] [ ], , , , .=x y z x y zA A A A                     (B.1) 

One may convince oneself that this is really a good possibility to define the 
determinant of a three-dimensional operator. Now we write the chain of identi-
ties for a general volume product  

[ ] [ ] [ ] [ ] [ ], , , , , , , ,= = = =x y z x y z x y z x y z x y zA A A A A A A A AA     (B.2) 

where we substituted the determinant A  according to → =A A I AA  with 
A  the complementary operator to A  (see also (A.3)). Since z  is an arbi-
trary vector we may omit zA  in the identity (B.2) and obtain the identity for 
vector products  

[ ] [ ] [ ] [ ], , , , , .= ⇔ =x y x y x y x yA A A A A A A            (B.3) 

From this also follows almost immediately  

[ ]( ) [ ] ( )( ), , , , .  = = ≡ = x y x y x yA A A A A A A A A         (B.4) 

If we let act the operator A  onto vectors , ,  x y z  to the left then from  

[ ] [ ], , , , ,=    x y z x y zA A A A                    (B.5) 

follows in analogous way  

[ ] [ ] [ ] [ ], , , , , .= ⇔ =       x y x y x y x yA A A A A A A           (B.6) 

If we substitute in (B.1) according to α→ −A A I  with arbitrary scalar α  
and use for determinants  

[ ] 2 3 ,α α α α− = − + −A I A A A                 (B.7) 

then by collecting on both sides of the obtained identity the terms to equal pow-
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ers of α  we find in addition to (B.1) two further identities of the form  

[ ] [ ] [ ] [ ][ ]
[ ] [ ] [ ] [ ]

, , , , , , , , ,

, , , , , , , , .

+ + =

+ + =

x y z x y z x y z x y z

x y z x y z x y z x y z

A A A A A A A
A A A A A

         (B.8) 

If we remove from (B.8) the vector z  or make the substitution α→ −A A I  
in the identity (B.3) using  

( ) 2 ,α α α− = − − +A I A A I A I                  (B.9) 

and collect all terms on both sides to equal powers of α  we find in addition to 
(B.3) the identities  

[ ] [ ] [ ]( ) [ ][ ]
[ ] [ ] [ ] [ ]

, , , , ,

, , , , ,

+ + =

+ + =

x y x y x y x y

x y x y x y x y

A A A A A A
A A A A

           (B.10) 

or equivalently to the last  

[ ] [ ] [ ]( ), , , .+ = −x y x y x yA A A I A              (B.11) 

All these mathematical identities may be also derived by means of the Le-
vi-Civita pseudo-tensors. It is also clear that analogous identities can be derived 
for the action of operators onto the vectors to the left similar to (B.4) and (B.5) 
which we do not write down here. 

We make a short remark to vector and volume products. It is very convenient 
to define [ ]y  as an antisymmetric covariant second-rank pseudo-tensor to the 
contravariant vector y . Then one can use identities for vector and volume 
products by displacement of the squared brackets such as10 

[ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ]

, , , ,

, , , , .

= =

= = =

y z y z x y x y

x y z x y z x y z x y z
             (B.12) 

The second line written with contra- and covariant indices and with the Le-
vi-Civity pseudo-tensor jklε  written is for example  

[ ] ( ) [ ] [ ] [ ], , , , ,j k l j k l j l j l
jkl jkl jl j lx y z x y z x z x zε ε= = = = =x y z y y z x y   (B.13) 

and [ ] k
jkljl yε≡y  is the antisymmetric pseudo-tensor to vector ky . An “anti-

symmetric” operator [ ]ily  which transforms vectors (or pseudo-vectors, de-
pending on the kind of y ) can be made from [ ] jky  only for Euclidean or 
pseudo-Euclidean spaces which possess a symmetrical metric tensor  

( ), ij i
jk kj jk kg g g g δ= =  by [ ] [ ]i ij

l jlg≡y y . With all this which may be pre-
sented in more precise form I made good experience for a long period of scien-
tific work. 

Appendix C. Algebra to a Special Operator for Bi-Anisotropic  
Media 

We consider the algebra to the following three-dimensional operator L  which 

 

 

10This is likely also the intention when Fyodorov writes instead of my [ ]y  the form ×y  with the 

consequence for the vector product “ [ ] ×=yz y z ” (similar to “ ×y z ” (Gibbs); besides, F. writes vec-

tor products also with squared brackets but without a comma between the vectors) however, with 
the disadvantage that it works only to the right onto vectors.  
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we need to obtain, in particular, to the calculation of the determinant of the op-
erator for a general bi-anisotropic medium  

( )
,

⋅ −
≡ + ≡ +

 x x x xA A A A
L B M B

A
               (C.1) 

where A  and B  are general three-dimensional operators. It is a little more 
general than we need it since, in principal, we use in the main text only the spe-
cial case of equality =x x  of the vectors x  and x . With M  we abbreviate 
the operator  

( )
.

⋅ −
≡

 x x x xA A A A
M

A
                   (C.2) 

The determinant L  of the operator L  can be calculated by  

,= + + +L M MB MB B                   (C.3) 

where overlining an operator means the transition to the complementary opera-
tor (see Section 2). This formula is known [9] [10] and surely some others and is 
easily to obtain by coordinate-invariant calculation. Thus we have first to con-
sider some algebra of the more complicate part M  in (C.1). 

First we have to calculate the powers 2M  and 3M  and their traces that is 
straightforward to make and that we do not write down. In particular, we find 
for the invariants of M   

[ ] ( )

2

,

,

0,

−
=

=

=

 

 

x x x x

x x xx

A A A
M

A
A

M
A

M

                   (C.4) 

that means the determinant of M  is vanishing which simplifies the application 
of the formula (C.3). That the determinant M  is vanishing follows also be-
cause the operator M  possesses the eigenvalue 0µ =  to right-hand eigen-
vector x  and to left-hand eigenvector x . For the complementary operator 
M  to M  using (A.3) we find then  

( ) [ ] ( )
, ,

⋅
= = =
   x x x x x x xxA A

M M M
A A

            (C.5) 

and, furthermore, it is easy to check  

0.= = =MM MM M I                     (C.6) 

Now, according to the formula (C.3) with the explicit form (C.5) of M  and 
0=M  we find  

( )( ) ( )

( )( ) ( )
.

− + +
=

− − +
=

   

  

x x x x x x x x

x x x x x x

A B AB A ABA A B
L

A

A B AB A ABA AB
A

        (C.7) 
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This agrees with the unessentially more special results of Fyodorov [9] (Equa-
tions (36.9), (36.10)) which, however, were calculated for the operator 1−B L  (in 
our notation) from multiple vector products which brings an additional factor 
B  into the denominator of (C.7) but since he applies this immediately to the 

wave equation for which the determinant has to vanish he can omit this factor 
AB  in the denominator in Equation (36.10). The numerator in (C.7) is sym-

metric with respect to permutation of the operators A B . This can be achieved 
using a general operator identity from which results the following equivalent re-
presentation  

( )( ) [ ] [ ] [ ] [ ][ ]( )( )
,

− + − − + − +
=
  x x x x x xA B AB BA AB I A B B A A B I AB

L
A

(C.8) 

which though a little longer in the numerator but shows this property. The men-
tioned operator identity is  

[ ] ( )

( ) [ ]

2

2 ,

= + + − − +

+ − +

A B ABAB AB A BABA B ABA AB AB BA

AB B AB A AB I
      (C.9) 

and can be derived from a more general operator identity with 3 operators A , 1 
operator B  and 1 operator C  in each sum term and in symmetric way which 
generalizes the Cayley-Hamilton identity by substitutions and specialization 
=C B . A derivation by means of the Levi-Civita pseudo-tensors is also possible. 

Since it is long we do not derive it here but hope to find opportunity to do this in 
future. Finally, we give here the other two invariants of L  which are  

( )

[ ]
( )( ) ( )( ) [ ]

2

2

,

,

− +
=

− − + − +
=

 

    

x x x x

x x xx x x x x x x

A A A A B
L

A

A ABA B A A B AB A A B
L

A

 (C.10) 

which are not symmetric in A  and B  and the complementary operator to L  
is  

( ) ( ){

( ) ( )
( )( ) } [ ]

2

2

1

, .

= ⋅ + ⋅ + ⋅ − +

− ⋅ + + −

− − + − + =

    

  

  

x x x x x x x x x x

x x x x x x

x x x x x x

L A A AB BA A A AB BA
A

B A A A B A A B A B

ABA B A A B AB A I B L L

  (C.11) 

Appendix D. Is the Notion “Negative Refraction” Useful in  
Geometric and Wave Optics? 

In connection with the paper of Pendry [22] and the mass of reactions to it I will 
express here also my thoughts though I did not follow this development from 
the beginning and cannot exclude that similar thoughts are already discussed in 
literature. 

In wave optics in the treatment of beams we have a mean value 0k  of the 
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wave vector and a mean value 0ω  of the frequency and both together with the 
complex conjugate part but well separated are involved in the main factors 

( )0 0ie tω± −k r . From the wave vector one may form the refraction vector n  by the 
definition  

2 2, , ,
c c
ω ω

≡ = ⇒ = =
n nk n n n k n k
n n

           (D.1) 

where both signs of n  (refraction index; in general it is complex) can be cho-
sen without something changing at the wave. Only the direction described by the  

unit vector n
n

 in connection with the product =
nk k
n

 is invariant but not  

one of the two factors alone. If one change the sign of only one factor then one 
describes a wave propagating in the opposite direction and for isotropic media 
in no other than of these directions. 

The second important fact is that under reflection and refraction of a beam at 
a surface a=Nr  with the normal unit vector N  the tangential components 

[ ], ≡  k N k N  of all coupled wave vectors k   

[ ] ( )2, , , 1 , = + ⋅ ≡ + ⋅ = k N k N kN N k kN N N         (D.2) 

in both media have to be the same and only the normal components ( )kN N  
can be different with both possible signs and the same is true for the refraction 
vectors n . Even both signs of the normal component of the wave vector in the 
second medium are possible one as the refracted beam from the incident beam 
in the first medium and the second as an incident beam in the second medium 
which generates the refracted beam in the first medium which is identical in its 
direction with the reflected beam from the incident beam in the first medium. 
Both these beams possess a group velocity for isotropic media in the same direc-
tion as the wave vector independent on positive or negative signs of the electric 
permittivity and the magnetic permeability and whether or not the wave vectors 
are real or complex quantities. This excludes the possibility of refraction as 
drawn in Figure 1 in [22]. Only in case that the group velocity is in opposite di-
rection to the wave or refraction vector in second medium we have in our Fig-
ure 5 a right-hand picture which is somehow similar to mentioned of Pendry. 
This, however, is not connected with negative ( )ε ω  and ( )µ ω  but merely 
with an active medium with all its problems as discussed (e.g., super-luminal 
velocities, super-diffraction of beams) and is hardly realizable. The situation 
changes but not basically if the medium is anisotropic and, obviously, this is not 
meant. 

Wave vectors and equally refraction vectors possess only a modulus and a 
certain direction in space but not a certain sign of each separately and the notion 
in the heading seems to me not being really useful. 
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Abstract 
Our recent arXiv preprints and published papers on the solution of the Rie-
mann-Lanczos and Weyl-Lanczos problems have brought our attention on 
the importance of revisiting the algebraic structure of the Bianchi identities in 
Riemannian geometry. We also discovered in the meantime that, in our first 
GB book of 1978, we had already used a new way for studying the compatibil-
ity conditions (CC) of an operator that may not be necessarily formally in-
tegrable (FI) in order to construct canonical formally exact differential se-
quences on the jet level. The purpose of this paper is to prove that the 
combination of these two facts clearly shows the specific importance of the 
Spencer operator and the Spencer δ-cohomology, totally absent from mathe-
matical physics today. The results obtained are unavoidable because they only 
depend on elementary combinatorics and diagram chasing. They also provide 
for the first time the purely intrinsic interpretation of the respective numbers 
of successive first, second, third and higher order generating CC. However, if 
they of course agree with the linearized Killing operator over the Minkowski 
metric, they largely disagree with recent publications on the respective num-
bers of generating CC for the linearized Killing operator over the Schwarz-
schild and Kerr metrics. Many similar examples are illustrating these new 
techniques, providing in particular a few resolutions in which the orders of 
the successive operators may go “up and down” surprisingly, like in the con-
formal situation for various dimensions.  
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1. Introduction 

The present study is mainly local and we only use standard notations of diffe-
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rential geometry. For simplicity, we shall also adopt the same notation for a vec-
tor bundle ( ), ,E F   and its set of sections ( ), , ,ξ η ζ  . Now, if X is the 
ground manifold with dimension n and local coordinates ( )1, , nx x  and E is a 
vector bundle over X with local coordinates ( ),x y , we shall denote by ( )qJ E  
the q-jet bundle of E with local coordinates ( ), qx y  and sections qξ  trans-
forming like the q-derivatives ( )qj ξ  of a section 0ξ ξ=  of E. If F with section 
η  is another vector bundle over X and ( ): qJ E FΦ →  is an epimorphism 
with kernel the linear system ( )q qR J E⊂ , we shall associate the differential 
operator : :qj E F ξ η= Φ → →  and set ( )kerΘ =  . All the operators 
considered will be locally defined over a differential field K with n derivations 
( )1, , n∂ ∂  and we shall indicate the order of an operator under its arrow. It is 
well known and we shall provide many explicit examples, that, if we want to 
solve, at least locally the linear inhomogeneous system ξ η= , one usually needs 
compatibility conditions (CC) of the form 1 0η =  defined by another diffe-
rential operator 1 0 1: :F F F η ζ= → →  that may be of high order in general 
but still locally defined over K. However, two types of “phenomena” can arise for 
exhibiting such CC but, though they can be quite critical in actual practice, we 
do not know any other reference on the possibility to solve them effectively be-
cause most people rely on the work of E. Cartan. 

1) As shown in ([1], Introduction) or ([2]) with the Janet system  

( )2
33 11 220, 0xξ ξ ξ− = =  over the differential field ( )K x=   and in ([3]), it 

may be possible to find no CC of order one, no CC of order two, one CC of or-
der three, then nothing new but one additional CC of order six and so on with 
no way to know when to stop. For the fun, when we started computer algebra 
around 1990, we had to ask a special permit to the head of our research depart-
ment for running the computer a full night and were not even able after a day to 
go any further on. Hence, a first basic problem is to establish a preliminary list of 
generating CC and know their maximum order.  

2) Once the previous problem is solved, we do know a generating 1  of or-
der 1q  and may start anew with it in order to obtain a generating 2  of order 

2q  and so on as a way to work out a differential sequence. Contrary to what can 
be found in the Poincaré sequence for the exterior derivative where all the suc-
cessive operators are of order one, things may not be so simple in actual practice 
and “jumps” may appear, that is the orders may go up and down in a apparently 
surprising manner that only the use of “acyclicity” through the Spencer coho-
mology can explain. As we shall see with more details in the case of the confor-
mal Killing operator of order 1, the successive orders are ( )1,3,1  when 3n = , 
( )1,2,2,1  when 4n = , ( )1,2,1,2,1  when 5n =  ([4]).  

A we have shown in our seven books, the only possibility to escape from these 
two types of problems is to start with an involutive operator   and construct 
in an intrinsic way two canonical differential sequences, namely the linear Janet 
sequence ([5], p. 185, 391 for a global definition):  

11 2

0 1 11 1 1 1
0 0

n n

n nq
E F F F F

−

−→ Θ→ → → → → → →

  
            (1) 
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and the linear Spencer sequence ([5], p. 185 for a global definition):  
3 11 2

0 1 2 11 1 1 1 1
0 0

q n nj D D DD D

n nC C C C C
−

−→ Θ→ → → → → → →             (2) 

As in both cases, the central operator is the Spencer operator but not the exte-
rior derivative, contrary to what is done in ([6] [7] [8]) and the corresponding 
references, in particular ([6], Ref. [8]), we do not agree on the effectivity of their 
definition of “involutivity” ([6], pp. 1608-1609). In fact, the most important 
property of theses two sequences is that they are formally exact on the jet level as 
follows. Introducing the (composite) r- prolongation by means of the formal de-
rivatives id :  

( ) ( ) ( )( ) ( ) ( ) ( )0: : , , ,0r q r r q r q rJ E J J E J F x y x z d rν νρ ν+ +Φ → → → = Φ ≤ ≤  

with kernel ( ) ( ) ( ) ( )( )q r r q r q q r r qR R J R J E J J Eρ+ += = ∩ ⊂ , we have the long 
exact sequences:  

( ) ( )00 q r q r rR J E J F+ +→ → →                   (3) 

( ) ( ) ( )
1 1 1 0 10 q q r q q r q r rR J E J F J F+ + + + +→ → → →             (4) 

( ) ( ) ( ) ( )
1 2 1 2 1 2 20 1 20 q q q r q q q r q q r q r rR J E J F J F J F+ + + + + + + + +→ → → → →    (5) 

and so on till the similar ones stopping at ( ) , 0r nJ F r∀ ≥ . As shown by the 
counterexample exhibited in ([9], p. 119-126), all these sequences may be abso-
lutely useful till the last one. We shall also define the symbol *

q q qg R S T E= ∩ ⊗  
and its r-prolongations ( )q r r qg gρ+ =  only depends on qg  in a purely alge-
braic way, that is no differentiation is involved. On the contrary, we shall say 
that qR  or   is formally integrable (FI) if q rR +  is a vector bundle 0r∀ ≥  
and all the epimorphisms ( ) ( ) ( ) ( )1

1 1: : , ,q r
q r q r q r q r q rJ E J E x y x yπ + +
+ + + + + + +→ →  

are inducing epimorphisms 1q r q rR R+ + +→  of constant rank 0r∀ ≥ , which is a 
true purely differential property.  

Of course, for people familiar with functional analysis, the definition of Θ  
could seem strange and uncomplete as it is not clear where to look for solutions. 
In our opinion (See [10] and review Zbl 1079.93001) it is mainly for this reason 
that differential modules or simply D-modules have been introduced but we 
shall explain why such a procedure leads in fact to a (rather) vicious circle as 
follows. Working locally for simplicity with ( )dim E m= , ( )dim F p= , we 
may turn the definition backwards by introducing the non-commutative ring  

[ ] [ ]1, , nD K d d K d= =  of differential polynomials ( ), ,P Q   with coefficients 
in K. Then, instead of acting on the “left” of column vectors of sections by diffe-
rentiations as in the previous differential setting, we shall use the same operator 
matrix still denoted by   but now acting on the “right” of row vectors by 
composition. Introducing the canonical projection onto the residual module M, 
we obtain the exact sequence 0p m

q
D D M→ → →


 of differential modules also 

called “free resolution” of M because mD  and pD  are clearly free differential 
modules. However, as D is filtred by the order of operators, then  

( ) mI im D= ⊂  is filtred too and, as we shall clearly see on the motivating 
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examples, the induced filtration of mM D I=  can only been obtained in any 
applications if and only if qR  or   is FI. Accordingly, all the difficulty will be 
to use the following key theorem (For Spencer cohomology and acyclicity or in-
volutivity, see [1] [2] [5] [9]-[14]):  

THEOREM 1.1: There is a finite Prolongation/Projection (PP) algorithm 
providing two integers , 0r s ≥  by successive increase of each of them such that 
the new system ( ) ( )s q r s

q r q r q r sR Rπ + +
+ + + +=  has the same solutions as qR  but is FI 

with a 2-acyclic or involutive symbol and first order CC. The order of a generat-
ing 1  is thus bounded by 1r s+ +  as we used r s+  prolongations.  

EXAMPLE 1.2: In the Janet example we have ( ) ( ) ( )1 2 2
2 3 4 5R R R R→ → →  with 

8 11 12 12< < =  and ( ) ( )12 0K Ddim M rk M= ⇒ = . The final system is trivial-
ly involutive because it is FI with a zero symbol, a fact highly not evident a 
prori because it needs 5 prolongations and the maximum order of the CC is 
thus equal to 3 2 1 6+ + = . We obtain therefore a minimum resolution of the 
form 

2 12 2

4 6 2
0 0D D D D M→ → → → → →

  
 (See the introduction of [1] or [2] for 

details).  
When a system is FI, we have a projective limit  

1 0qR R R R R∞= → → → → →  . 
As we are dealing with a differential field K, there is a bijective correspon-

dence:  

( ) ( ), ,q K q q K qM hom R K R hom M K= ⇔ =              (6) 

and we obtain the injective limit 0 10 qM M M M M∞⊆ ⊆ ⊆…⊆ ⊆ ⊆ =  pro-
viding the filtration of M. We have in particular 1i q qd M M +⊆  and qM DM=  
for 0q . 

THEOREM 1.3: ( ),KR hom M K=  is a differential module for the Spencer 
operator.  

Proof: As the ring D is generated by K and { }|i i
iT a d a K= ∈ , we just need to 

define:  

( )( ) ( )( ) ( )
( )( ) ( )( ) ( )

,

, , , ,i i i i

af m a f m f am

d f m f m f d m a K m M d T f R

= =

= ∂ − ∀ ∈ ∀ ∈ ∀ ∈ ∀ ∈
 

and obtain i i id a ad a= + ∂  in the operator sense. Choosing m M∈  to be the 
residue of k kd y yµ µ=  and setting ( ) ( ): k k

q qf y f y Kµ µξ ξ= = ∈ , we obtain in 
actual practice exactly the Spencer operator: *: : i

id R T R f dx d f→ ⊗ → ⊗  
with ( ) 1i

k k k
i id f µ µµ

ξ ξ += ∂ −  or ( )1 1 1q q qd jξ ξ ξ+ += −  or simply d δ= ∂ −  with a 
slight abuse of language. We notice that a “section” q qRξ ∈  has in general, par-
ticularly for the non-commutative case (See [4] for examples), nothing to do 
with a “solution”, a concept missing in ([6] [7] [8]). 

 
As we shall see in the motivating examples, once a differential module M or 

the dual system ( ),KR hom M K=  is given, there may be quite different diffe-
rential sequences or quite different resolutions and the problem will be to choose 
the one that could be the best in the application considered. During the last 


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world war, many mathematicians discovered that a few concepts, called exten-
sion modules, were not depending on the sequence used in order to compute 
them but only on M. A (very) delicate theorem of (differential) homological al-
gebra even proves that no others can exist ([15]). Let us explain in a way as sim-
ple as possible these new concepts.  

As a preliminary crucial definition, if P a d Dµ
µ= ∈ , we shall define its (for-

mal) adjoint by the formula ( ) ( )1ad P d aµ µ
µ= −  where we have set  

1 nµ µ µ= + +  whenever ( )1, , nµ µ µ=   is a multi-index. Such a definition 
can be extended by linearity in order to define the formal adjoint ( )ad   to be 
the transposed operator matrix obtained after taking the adjoint of each element. 
The main property is that  

( ) ( ) ( ) ( ) ( ) ( )1 1, ,ad PQ ad Q ad P P Q D ad ad ad= ∀ ∈ ⇒ =     . 
EXAMPLE 1.4: With 2 1

22 12,ξ η ξ η∂ = ∂ =  for  , we get 2 1
1 2η η ζ∂ − ∂ =  

for 1 . Then ( )1ad   is defined by 2 1
1 2,µ λ µ λ= −∂ = ∂  while ( )ad   is 

defined by 1 2
12 22ν µ µ= ∂ + ∂  but the CC of ( )1ad   are generated by  

1 2
1 2ν µ µ′ = ∂ + ∂ . In the operator framework, we have the differential sequences: 

( ) ( )

1

1ad ad

ξ η ζ

ν µ λ

ν

→ →

← ←

′




 

                     (7) 

where the upper sequence is formally exact at η  but the lower sequence is not 
formally exact at µ .  

Passing to the module framework, we obtain the sequences:  

( ) ( )

1

1

2

2

0
ad ad

D D D M

D D D

→ → → →

← ←

 

 
               (8) 

where the lower sequence is not exact at 2D . The “extension modules” have 
been introduced in order to study this kind of “gaps”. 

Therefore, it may be important or useful to prove that certain extension mod-
ules vanish, that is ( )ad   generates the CC of ( )1ad   whenever 1  gene-
rates the CC of  . Such a problem is even essential for checking controllability 
in control theory ([2]) but we also remind the reader that it is not so easy to ex-
hibit the CC of the Maxwell or Morera parametrizations when 3n =  and that a 
direct checking for 4n =  should be strictly impossible ([16]). It has been 
proved by L. P. Eisenhart in 1926 (Compare to [5]) that the solution space Θ  
of the Killing system has ( )1 2n n +  infinitesimal generators { }τθ  linearly 
independent over the constants if and only if ω  had constant Riemannian 
curvature, namely zero in our case. As we have a Lie group of transformations 
preserving the metric, the three theorems of Sophus Lie assert than  

, cτρ σ ρσ τθ θ θ  =   where the structure constants c define a Lie algebra  . We 
have therefore τ

τξ ξ λ θ∈Θ⇔ =  with cstτλ = . Hence, we may replace the 
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Killing system by the system 0i
τλ∂ = , getting therefore the differential se-

quence:  

0 * 1 * *0 0
d d d

nT T T→Θ→ ∧ ⊗ →∧ ⊗ → →∧ ⊗ →            (9) 

which is the tensor product of the Poincaré sequence for the exterior derivative 
by the Lie algebra  . Finally, as the extension modules do not depend on the 
resolution used and that most of them do vanish because the Poincaré sequence 
is self adjoint (up to sign), that is ( )ad d  generates the CC of ( )ad d  at any 
position, exactly like d generates the CC of d at any position. We invite the 
reader to compare with the situation of the Maxwell equations in electromagnet-
ism ([13]). However, we have proved in ([17] [18] [19] [20]) why neither the Ja-
net sequence nor the Poincaré (de Rham in USA!) sequence can be used in 
physics and must be replaced by another resolution of Θ  called Spencer se-
quence (See [14] for details and compare to [21]).  

We are now in a position to tell about the unpleasant story that has motivated 
such a paper. In October 23-27, 2017, I was invited to lecture at the Albert Eins-
tein Institute (AEI, Potsdam/Berlin). Though the series of lectures was already 
planned and written (arXiv: 1802.09610 published in [18]), the day before the 
first lecture the group leader decided that I should lecture on compatibility con-
ditions (CC). I suddenly understood that General Relativity (GR) at AEI was no 
longer a Science but became a Religion that does not admit any criticism by lec-
turing visitors, with a similar comment for Gauge Theory (GT) ([1] [13] [14]). 
The following elementary example will explain the title of this paper and the 
problems raised by its content in such a framework.  

With 2n = , ( )[ ]1 2,D a d d=  , y an indeterminate and a an arbitrary con-
stant parameter, let us consider the second order system ( )2 2R J E⊂  defined 
by the PD equations 22 0y = , 12 1 0y ay+ = . When 0a = , we have the involu-
tive system 22 0y = , 12 0y =  defined over [ ]1 2,D d d=   and the minimum 
resolution 2

1 2
0 0D D D M→ → → → →  already considered with one first order 

CC.  
However, if 0a ≠ , after a few crossed derivatives, we may obtain the succes-

sive strict inclusions ( ) ( )2 1
2 2 2R R R⊂ ⊂  providing first the intermediate subsys-

tem 22 0y = , 12 0y = , 1 0y =  and then the final involutive subsystem 22 0y = , 

12 0y = , 11 0y = , 1 0y = . Not only the final subsystem is surprisingly no longer 
depending on the parameter but the corresponding minimum resolution, name-
ly 2

2 2
0 0D D D M→ → → → → , is quite different as it now involves one second 

order CC because ( ) ( )12 1 22 22 12 1 0d ad d d d ad+ − + = . One can also consider the 
linear inhomogeneous second order system 22y u= , 12y v aw= − , 11 1y w= , 

1y w=  with 2
1 2a w u v av= − +  and discover that the 4 canonical CC deter-

mined by the corresponding Janet tabular are in fact generated by a single 
second order CC (See [1] [3] and [5] for other more sophisticated explicit exam-
ples).  

As a kind of training exercise, I solved the PP problem for the linearized Kill-
ing operator over the Minkowski and Schwarzschild (S) metrics with parameter 
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(a) in ([22]) and over the Kerr (K) metric with parameters ( ),a m  in ([23]). As 
I hope to have convinced the reader that the previous example is exactly similar, 
my claim in this paper is that the search for CC has nothing to do with GR and is 
a purely mathematical problem of “Formal Integrability”. 

After this long introduction, the content of the paper will become clear:  
In Section 2 we provide the mathematical tools from homological algebra and 

differential geometry needed for finding the generating CC of various orders.  
Then, Section 3 will provide motivating examples in order to illustrate these 

new concepts.  
They are finally applied to the Killing systems for the S and K metrics in Sec-

tion 4 in such a way that the results obtained, though surprising they are, cannot 
be avoided because they will only depend on diagram chasing and elementary 
combinatorics. They largely disagree with ([6] [7] [8]) because the techniques 
used in these papers are not intrinsic. As the final involutive systems do not de-
pend any longer on the S or K parameters like in the above example, the worst 
conclusion concerns the physical usefulness of solving such a problem but… this 
is surely another story! 

2. Mathematical Tools 

A) HOMOLOGICAL ALGEBRA 
We now need a few definitions and results from homological algebra ([2] [10] 

[15]). In all that follows, , , ,A B C   are modules over a ring or vector spaces 
over a field and the linear maps are making the diagrams commutative. We in-
troduce the notations rk rank= , nb number= , dim dimension= , ker kernel= , 
im image= , coker cokernel= . When : A BΦ →  is a linear map (homomor-
phism), we may consider the so-called ker/coker exact sequence where  

( ) ( )coker B imΦ = Φ :  

( ) ( )0 0ker A B coker
Φ

→ Φ → → → Φ →  

In the case of vector spaces over a field k, we successively have:  

( ) ( )( ) ( )( ) ( ) ( )
( )( ) ( ) ( )

, ) ,rk dim im dim ker dim A rk

dim coker dim B rk

Φ = Φ Φ = − Φ

Φ = − Φ
 

with ( )( ) ( )dim coker nb compatibility conditionsΦ = . We obtain thus by sub-
straction:  

( )( ) ( ) ( ) ( )( ) 0dim ker dim A dim B dim cokerΦ − + − Φ =  

In the case of modules, using localization, we may replace the dimension by 
the rank and obtain the same relations because of the additive property of the 
rank. The following result is essential: 

SNAKE THEOREM 2.A.1: When one has the following commutative dia-
gram resulting from the two central vertical short exact sequences by exhibiting 
the three corresponding horizontal ker/coker exact sequences: 
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0 0 0

0 0

0 0

0 0

0 0 0

K A A Q

L B B R

M C C S

↓ ↓ ↓
′→ → → → →
′↓ ↓ Φ ↓ Φ ↓

′→ → → → →
′↓ ↓ Ψ ↓ Ψ ↓

′→ → → → →
↓ ↓ ↓

       (10) 

then there exists a connecting map M Q→  both with a long exact sequence:  
0 0.K L M Q R S→ → → → → → →  

Proof: We start constructing the connecting map by using the following suc-
cession of elements:  

0

0

a a q

b b

m c

′ →
↓
′→

↓
→



 







 

Indeed, starting with m M∈ , we may identify it with c C∈  in the kernel of 
the next horizontal map. As Ψ  is an epimorphism, we may find b B∈  such 
that ( )c b= Ψ  and apply the next horizontal map to get b B′ ′∈  in the kernel 
of ′Ψ  by the commutativity of the lower square. Accordingly, there is a unique 
a A′ ′∈  such that ( )b a′ ′ ′= Φ  and we may finally project a′  to q Q∈ . The 
map is well defined because, if we take another lift for c in B, it will differ from b 
by the image under Φ  of a certain a A∈  having zero image in Q by compo-
sition. The remaining of the proof is similar and left to the reader as an exercise. 
The above explicit procedure will not be repeated.  

 
We may now introduce cohomology theory through the following definition: 

DEFINITION 2.A.2: If one has any sequence A B C
Φ Ψ
→ → , then one may  

introduce ( ) ( )coboundary im ker cocycle B= Φ ⊆ Ψ = ⊆  and the cohomology 
at B is the quotient cocycle/coboundary. 

THEOREM 2.A.3: The following commutative diagram where the two central 
vertical sequences are long exact sequences and the horizontal lines are ker/ 
coker exact sequences:  

0 0 0

0 0

0 0

0 0

0 0

0 0 0

K A A Q

L B B R
cut

M C C S

N D D T

↓ ↓ ↓
′→ → → → →
′↓ ↓ Φ ↓ Φ ↓

′→ → → → →
′↓ ↓ Ψ ↓ Ψ ↓

′→ → → → →
′↓ ↓ Ω ↓ Ω ↓

′→ → → → →
↓ ↓ ↓

       

   (11) 


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induces an isomorphism between the cohomology at M in the left vertical col-
umn and the kernel of the morphism Q R→  in the right vertical column. 

Proof: Let us “cut” the preceding diagram into the following two commutative 
and exact diagrams by taking into account the relations ( ) ( )im kerΨ = Ω , 

( ) ( )im ker′ ′Ψ = Ω : 

0 0 0

0 0

0 0

0

0 0

K A A Q

L B B R

cocycle im im

↓ ↓ ↓
′→ → → → →
′↓ ↓ Φ ↓ Φ ↓

′→ → → → →
′↓ ↓ Ψ ↓ Ψ
′→ → Ψ → Ψ

↓ ↓

 

0 0 0

0

0

0

0 0

cocycle ker ker

M C C

N D D

↓ ↓ ↓
′→ → Ω → Ω

↓ ↓ ↓
′→ → →
′↓ ↓ Ω ↓ Ω

′→ → →
↓ ↓

 

Using the snake theorem, we successively obtain:  

( )
( )

0

0 0

K L cocycle Q R exact

coboundary cocycle ker Q R exact

cohomology at M ker Q R

Ψ
⇒ ∃ → → → → →

⇒ ∃ → → → → →

⇒ →

 

 
B) DIFFERENTIAL GEOMETRY  
Comparing the sequences obtained in the previous examples, we may state:  
DEFINITION 2.B.1: A differential sequence is said to be formally exact if it is 

exact on the jet level composition of all the prolongations involved. A formally 
exact sequence is said to be strictly exact if all the operators/systems involved are 
FI (See [1] [5] [11] [14] [24] [25] for more details). A strictly exact sequence is 
called canonical if all the operators/systems are involutive. Forty years ago, we 
did provide the link existing between the only known canonical sequences, 
namely the Janet and Spencer sequences ([5], See in particular the pages 185 and 
391).  

With canonical projection ( ) ( )0 0: q q qJ E J E R FΦ = Φ ⇒ = , the various 
prolongations are described by the following commutative and exact “introduc-
tory diagram” often used in the sequel:  



https://doi.org/10.4236/jmp.2022.134036


J.-F. Pommaret 
 

 

DOI: 10.4236/jmp.2022.134036 629 Journal of Modern Physics 
 

( )

( )
( )

( )

( )
( )

( )

1

1

* *
1 1 1 0 1

1 1 1 0 1

0

0 0 0

0 0

0 0

0 0

0 0 0

r

r

r

q r q r r r

q r q r r r

q r q r r r

g S T E S T F h

R J E J F Q

R J E J F Q

σ

ρ

ρ

+

+

Φ

+ + + + + +

Φ

+ + + + + +

Φ

+ +

↓ ↓ ↓

→ → ⊗ → ⊗ → →
↓ ↓ ↓ ↓

→ → → → →
↓ ↓ ↓ ↓

→ → → → →
↓ ↓ ↓

 (12) 

Chasing along the diagonal of this diagram while applying the standard “snake” 
lemma, we obtain the useful “long exact connecting sequence” also often used in 
the sequel:  

1 1 1 10 0q r q r q r r r rg R R h Q Q+ + + + + + +→ → → → → → →         (13) 

which is thus connecting in a tricky way FI (lower left) with CC (upper right).  
We finally recall the “fundamental diagram I” that we have presented in many 

books and papers, relating the (upper) canonical Spencer sequence to the (lower) 
canonical Janet sequence, that only depends on the left commutative square 

qj= Φ   with 0Φ = Φ  when one has an involutive system ( )q qR J E⊆  over 
E with ( )dim X n=  and ( ):q qj E J E→  is the derivative operator up to or-
der q while the epimorphisms 1, , nΦ Φ  are successively induced by Φ :  

( ) ( ) ( )

1 2

1 2

1 2

0 1

0 1

0 1

0 1

0 0 0

0 0

0 0

0 0

0 0 0

q n

q n

n

j DD D

n

j DD D

n

n

n

C C C

E C E C E C E

E F F F

↓ ↓ ↓

→ Θ → → → → →
↓ ↓ ↓

→ → → → → →
↓Φ ↓ Φ ↓ Φ

→ Θ → → → → → →
↓ ↓ ↓









 

 

(14) 

This result will be used in order to compare the M, S and K metrics when 
4n =  but it is important to notice that this whole diagram does not depend any 

longer on the parameter (m) of S or on the parameters ( ),a m  of K ([22] [23]).  
PROPOSITION 2.B.2: If ( )q qR J E⊂  and ( )1 1q qR J E+ +⊂  are two sys-

tems of respective orders q  and 1q + , then ( )1 1q qR Rρ+ ⊂  if and only if 

( )1
1

q
q q qR Rπ +

+ ⊂  and *
1q qdR T R+ ⊂ ⊗ .  

Proof: First we notice that necessarily we must have ( )1
1

q
q q qR Rπ +

+ ⊂  because, 
as ( )1 qRρ  may not project onto qR , it is nevertheless defined by (maybe) 
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more equations of strict order q than qR . Now, if ( )1 1 1q q qR J Eξ + + +∈ ⊂  is such 
that *

1q qd T Rξ + ∈ ⊗ , then ( ) ( )1 1q q q qR j J Rξ ξ∈ ⇒ ∈ . As ( )1 qJ R  is an affine 
bundle over qR  modelled on *

qT R⊗  (or simply ( )*
1q qT R J R⊗ ⊂ ) and 

( ) ( )( )1 1q qJ E J J E+ ⊂ , we have thus  

( ) ( ) ( ) ( )1 1 1 1 1 1q q q q q qj d J R J E Rξ ξ ξ ρ+ + += − ∈ ∩ = . 
The converse way is similar.  

 
The next key idea has been discovered in ([5]) as a way to define the so-called 

Janet bundles and thus for a totally different reason.  
DEFINITION 2.B.3: Let us “cut” the preceding introductory diagram by 

means of a central vertical line and define ( )( ) ( )0r r rR im J Fρ′ = Φ ⊆  with  

0 0R F′ = . Chasing in this diagram, we notice that ( ) ( )1
1:r

r r rJ E J Eπ +
+ →  in-

duces an epimorphism 1
1: , 0r

r r rR R rπ +
+′ ′→ ∀ ≥ . However, a chase in this dia-

gram proves that the kernel of this epimorphism is not ( )( )1rim σ + Φ  unless 

qR  is FI (care). For this reason, we shall define it to be exactly 1rg +′ .  
THEOREM 2.B.4: ( )1 1r rR Rρ+′ ′⊆  and ( )( ) ( )1 1r rdim R dim Rρ +′ ′−  is the 

number of new generating CC of order 1r + .  
Proof: First of all, we have the following commutative and exact diagram ob-

tained by applying the Spencer operator to the top long exact sequence:  

( ) ( )

( ) ( )

1 1 1 0 1

* * * *
0

0 0

0 0

q r q r r r

q r q r r r

R J E J F Q
d d d d

T R T J E T J F T Q

+ + + + + +

+ +

→ → → → →
↓ ↓ ↓ ↓

→ ⊗ → ⊗ → ⊗ → ⊗ →
 

“Cutting” the diagram in the middle as before while using the last definition, 
we obtain the induced map *

1

d

r rR T R+′ ′→ ⊗  and the first inclusion follows from 
the last proposition. Such a procedure cannot be applied to the top row of the 
introductory diagram through the use of δ  instead of d because of the com-
ment done on the symbol in the last definition.  

Now, using only the definition of the prolongation for the system and its 
symbol, we have the following commutative and exact diagram:  

( )
( )

( ) ( )
( )

( )

( )

1

1

* *
1 1 0 1

1 1 0 1 1

0

0 0 0 0

0 0

0 0

0 0

0 0 0

r r r

r r r

r r r

g S T F T Q Q

R J F J Q Q

R J F Q

σ

ρ

ρ

ρ

Ψ

+

Ψ

+

Ψ

↓ ↓ ↓ ↓

′ ′→ → ⊗ → ⊗ → →

↓ ↓ ↓

′ ′→ → → → →

↓ ↓ ↓ ↓

′→ → → →

↓ ↓ ↓



 

and obtain the following commutative and exact diagram:  


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( )

( )

1 1

1 1

0 0 0

0 0

0 0

0 0

0 0

r r

r r

r r

g g A

R R A

R R

ρ

ρ

+

+

↓ ↓ ↓
′ ′→ → → →
↓ ↓
′ ′→ → → →
↓ ↓ ↓
′ ′→ = →
↓ ↓



 

The computation of ( ) ( )( ) ( )1 1r ry dim A dim R dim Rρ +′ ′= = −  only depends on 
( )1x dim Q′=  and is rather tricky as follows (See the motivating examples):  

( ) ( ) ( )( ) ( )( )0r q r r q rdim Q dim R dim J F dim J E+ += + −  

( )( ) ( )( ) ( )( )1 1 0 1r r rdim R dim J F x dim J Qρ +′ = + −  

( ) ( )( ) ( )1 1 1r q r q rdim R dim J E dim R+ + + + +′ = −  

As we shall see with the motivating examples and with the S or K metrics, the 
computation is easier when the system is FI but can be much more difficult 
when the system is not FI.  

However, the number of linearly independent CC of order 1r +  coming 
from the CC of order r is ( )( )1 rdim J Q x−  while the total number of CC of or-
der 1r +  is:  

( ) ( ) ( )( ) ( )( )
( )( ) ( )

1 1 1 0 1

1 0 1

r q r r q r

r r

dim Q dim R dim J F dim J E

dim J F dim R
+ + + + + +

+ +

= + −

′= −
 

The number of new CC of strict order 1r +  is equal to y because  
( )( )1 0rdim J F+  disappears by difference. For a later use in GR, we point out the 

fact that, if the given system ( )q qR J E⊂  depends on parameters that must be 
contained in the ground differential field K (only (m) for the S metric but 
( ),a m  for the K metric), all the dimensions considered may highly depend on 
them even if the underlying procedure is of course the same.  

As an alternative proof, we may say that the number of CC of strict order 
1r +  obtained from the CC of order r is equal to  

( ) ( )( )*
1 0 1r rdim S T F dim gρ+ ′⊗ −  while the total number of CC of order 1r +  

is equal to ( ) ( )*
1 0 1r rdim S T F dim g+ +′⊗ − . The number of new CC of strict order 

1r +  is thus also equal to ( )( ) ( )1 1r ry dim g dim gρ +′ ′= −  because  

( )*
1 0rdim S T F+ ⊗  also disappears by difference. However, unless qR  is FI, we 

have in general ( )( )r rg im σ′ ≠ Φ  and it thus better to use the systems rather 
than their symbols.  

 
COROLLARY 2.B.5: The system ( )0r rR J F′ ⊂  becomes FI with a 2-acyclic 

or involutive symbol and ( ) ( )1 1 1 0r r rR R J Fρ+ +′ ′= ⊂  when r is large enough.  
Proof: According to the last diagram, we have ( )1 1r rg gρ+′ ′⊆  and 1rg +′  is 


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thus defined by more linear equations than ( )1 rgρ ′ . We are facing a purely al-
gebraic problem over commutative polynomial rings and well known noetherian 
arguments are showing that ( )1 1r rg gρ+′ ′=  or, equivalently, 0y =  when r is 
large enough. Chasing in the last diagram, we obtain therefore ( )1 1r rR Rρ+′ ′=  
for r large enough and rR′  is a vector bundle because because q rR +  is a vector 
bundle. If we denote by M ′  the differential module obtained from the system 

( )0r rR J F′ ⊂  exactly like we have denoted by M the differential module ob-
tained from the system ( )q qR J E⊂ , we have the short exact sequence  
0 0mM D M′→ → → → . Accordingly, mM I D′ ⊂  is a torsion-free diffe-
rential module and there cannot exist any specialization as an epimorphism 

0M M′ ′′→ →  with ( ) ( )D Drk M rk M′ ′′=  because the kernel should be a tor-
sion differential module and thus should vanish. This comment is strengthening 
the fact that the knowledge of M and thus of I can only be done through Theo-
rem 1.1. Therefore, if ( ),r s  are the ones produced by this theorem, then the 
order of the CC system must be 1r s+ + . We obtain 3 2 1 6+ + =  for the Janet 
system with systems rR′  of successive dimensions 2, 8, 20, 39, 66, 102, 147 and 
ask the reader to find ( )7 202dim R′ =  (Hint: [1]).  

 
We are now ready for working out the generating CC 1 0 1:D F F→  and start 

afresh in a simpler way because this new operator is FI (Compare to [5], Propo-
sition 2.9, p 173). However, contrary to what the reader could imagine, it is pre-
cisely at this point that troubles may start and the best example is the conformal 
Killing operator. Indeed, it is known that the order of the generating CC for a 
system of order q which is FI is equal to 1s +  if the symbol q sg +  becomes 
2-acyclic before becoming involutive. This fact will be illustrated in a forth-
coming motivating example but we recall that the conformal Killing symbol 

*
1ĝ T T⊂ ⊗  is such that 2ĝ  is 2-acyclic when 4n ≥  while 3ˆ 0g = , a fact ex-

plaining why the Weyl operator is of order 2 but the Bianchi-type operator is al-
so of order 2, a result still neither known nor even acknowledged today ([4] [9]). 

3. Motivating Examples 

We now provide three motivating examples in order to illustrate both the use-
fulness and the limit of the previous procedure.  

EXAMPLE 3.1: With 1, 3,m n K= = =  , we revisit the nice example of Ma-
caulay ([26]) presented in ([3]), namely the homogeneous second order linear 
system ( )2 2R J E⊂  defined by 33 0ξ = , 13 2 0ξ ξ− =  which is far from being 
formally integrable. We let the reader prove the strict inclusions  

( ) ( ) ( )2 1
2 2 2 2R R R J E⊂ ⊂ ⊂  with successive dimensions 6 7 8 10< < < . The re-

spective symbols are involutive but only the final system ( )2
2R  is involutive. It 

follows that the generating CC of the operator defined by 2R  are at most of or-
der 3 but there is indeed only one single generating second order CC ([3]). Ele-
mentary combinatorics allows to prove the formulas ( )2 4rdim g r+ = + ,  

( )2 4 8rdim R r+ = + , 0r∀ ≥ . We have the short exact sequences: 


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( )2 2 00 0, 0 8 10 2 0R J E F→ → → → → → → →  

( ) ( )3 3 1 00 0, 0 12 20 8 0R J E J F→ → → → → → → →  

and the following commutative diagram:  

( ) ( ) ( )

( ) ( )

* * *
5 5 3 0 1

5 5 3 0 1 1

4 4 2 0 1

0 0 0 0

0 0

0 0

0 0

0 0 0

g S T E S T F T F

R J E J F J F

R J E J F F

↓ ↓ ↓ ↓

→ → ⊗ → ⊗ → ⊗ →

↓ ↓ ↓
→ → → → →

↓ ↓ ↓ ↓
→ → → → →

↓ ↓ ↓



 

0 0 0 0

0 7 21 20 3 0

0 20 56 40 4 0

0 16 35 20 1 0

0 0 0

↓ ↓ ↓ ↓
→ → → → →

↓ ↓ ↓ ↓
→ → → → →

↓ ↓ ↓ ↓
→ → → → →

↓ ↓ ↓

 

First of all, we have 0 0R F′ = , ( )1 1 0R J F′ = , ( )2 35 16 19dim R′ = − = ,  
( )3 56 20 36dim R′ = − = .  

It follows that we have successively:  
( )( ) ( )1 0 1 8 8 0dim R dim Rρ ′ ′− = − = ⇒  0 CC of order 1.  
( )( ) ( )1 1 2 20 19 1dim R dim Rρ ′ ′− = − = ⇒  1 new CC of order 2.  
( )( ) ( )1 2 3 36 36 0dim R dim Rρ ′ ′− = − = ⇒  0 new CC of order 3 and so on with: 

( ) ( )( ) ( ) ( )( )( ) ( )3 5 5 6 7 8 6 4 20r r rdim R dim J E dim R r r r r+ + +′ = − = + + + − +  

( )( ) ( )( ) ( )( )
( )( )( ) ( )( )( )

1 2 3 0 1 1

2 4 5 6 6 2 3 4 6
r r rdim R dim J F dim J F

r r r r r r

ρ + + +′ = −

= + + + − + + +
 

and check that ( ) ( )( ) ( )( )2
3 1 2 4 17 54 6r rdim R dim R r r rρ+ +′ ′= = + + + , 0r∀ ≥ .  

Then, counting the dimensions, it is easy to check that the two prolongation 
sequences are exact on the jet level but that the upper symbol sequence is not 
exact at *

3 0S T F⊗  with coboundary space of imension 21 7 14− = , cocycle 
space of dimension 20 3 17− =  and thus cohomology space of dimension  
17 14 3− =  that is ( )( )1

4 4dim R R  as we check that 7 20 16 3 0− + − = . The 
reader may use the snake theorem to find this result directly through a chase not 
evident at first sight.  

We have then ( )( ) ( ) ( )1
2 3 3 3 7r r rdim R dim R dim g r+ + += − = +  and similarly 
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( )( )1
2 3rdim g r+ = +  leading to ( )( ) ( )( ) ( )( )2 1 1

2 3 3 2 6r r rdim R dim R dim g r+ + += − = +  with 

( )( )2
2 2rdim g + = , 0r∀ ≥ . This result is of course coherent with the fact that the  

involutive system with the same solutions as 2R  is ( )2
2R  which is defined by 

33 0ξ = , 23 0ξ = , 22 0ξ = , 13 2 0ξ ξ− = .  
EXAMPLE 3.2: With 1, 3, 2,m n q K= = = =   and the commutative ring 

[ ]1 2 3, ,D K d d d=  of PD operators with coefficients in K, we revisit another 
example of Macaulay ([26]), namely the homogeneous second order formally 
integrable linear system ( )2 2R J E⊂  defined in operator form by  

33 0Pξ ξ≡ = , 23 11 0Qξ ξ ξ≡ − = , 22 0Rξ ξ≡ =  and an epimorphism  
( )2 1 0R J E→ → . As for the systems, we have ( )2 7dim R = , ( )3 8rdim R + = , 

0r∀ ≥ . As for the symbols, we have ( )2 3dim g = , ( )3 1dim g = , 4 0rg + = ,  
0r∀ ≥ . This finite type system has the very particular feature that 3g  is 

2-acyclic but not 3-acyclic (thus involutive) with the short exact δ-sequence:  

2 * 3 *
3 23 1 3 1 3 0 0T g T g

δ
× = = × ⇒ → ∧ ⊗ →∧ ⊗ →  

and we have the three linearly independent equations:  

11,123 111,23 112,31 113,12 111,23

12,123 112,23 122,31 123,12 111,12

13,123 113,23 123,31 133,12 111,31

ξ ξ ξ ξ ξ

ξ ξ ξ ξ ξ

ξ ξ ξ ξ ξ

 = + + =


= + + =
 = + + =

 

Collecting these results, we get the two following commutative and exact dia-
grams:  

( ) ( )

( ) ( )

* *
4 2 0 1

4 4 2 0 1

3 3 1 0

0 0 0

0 0

0 0

0 0

0 0 0

S T E S T F F

R J E J F F

R J E J F

↓ ↓ ↓
→ ⊗ → ⊗ → →

↓ ↓ ↓
→ → → → →

↓ ↓ ↓ ↓
→ → → →

↓ ↓ ↓



 

( ) ( ) ( )

( ) ( )

* * *
5 3 0 1

5 5 3 0 1 1

4 4 2 0 1

0 0 0

0 0

0 0

0 0

0 0 0 0

S T E S T F T F

R J E J F J F

R J E J F F

↓ ↓ ↓
→ ⊗ → ⊗ → ⊗ →

↓ ↓ ↓ ↓
→ → → → →

↓ ↓ ↓ ↓
→ → → → →

↓ ↓ ↓ ↓

 

We obtain from these diagrams ( ) *
1 1 0 1 0R J F g T F′ ′= ⇒ = ⊗ ,  

( ) ( ) ( )1 1 2 0 2 1 1R J F R Rρ ρ′ ′ ′= ⇒ ⊂  with a strict inclusion because 27 30<  and 
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we have at least 30 27 3− =  generating second order CC. However, from the 
second diagram, we obtain ( )( ) ( )1 2 360 12 48 56 8dim R dim Rρ ′ ′= − = = − =  and 
thus ( )3 1 2R Rρ′ ′= , a result showing that there are no new generating CC of or-
der 3.  

As ( ) 1dim E = , we have * *
q qS T E S T⊗   and the commutative diagram of 

δ-sequences:  

* * * 2 * * 3 * *
6 5 4 3

* 2 * 3 *
4 3 2 1

0 0 0

0 0

0 0

0 0 0 0

S T T S T T S T T S T

g T g T g T g

↓ ↓ ↓
→ → ⊗ → ∧ ⊗ → ∧ ⊗ →

↓
′ ′ ′ ′→ → ⊗ → ∧ ⊗ → ∧ ⊗ →
↓ ↓ ↓ ↓

  
 

Using the fact that the upper sequence is known to be exact and  
( ) ( )*

1 39 10dim g dim S T′ = < = , an easy chase proves that the lower sequence 
cannot be exact and thus 2g ′  cannot be 2-acyclic.  

The generating CC of 1  is thus a second order operator 2 1 2: F F→  
where 2F  is defined by the long exact prolongation sequence:  

( ) ( ) ( )6 6 4 0 2 1 20 0R J E J F J F F→ → → → → →  

or by the long exact symbol sequence (by chance if one refers to the previous 
example!): 

* * *
6 4 0 2 1 20 0S T E S T F S T F F→ ⊗ → ⊗ → ⊗ → →  

showing that  
( ) ( ) ( ) ( )* * *

2 6 4 23 3 28 45 18 1dim F dim S T dim S T dim S T= − + = − + =  in a cohe-
rent way with ([9] [14]).  

We have thus obtained the following formally exact differential sequence 
which is nevertheless not a Janet sequence because 2R  is FI but not involutive 
as 2g  is finite type with 4 0g = :  

1 2

0 1 22 2 2
0 0E F F F→Θ→ → → → →

 
 

2
0 1 3 3 1 0→Θ→ → → → →  

3 30 0
p

D D D D M→ → → → → →  

Surprisingly, the situation is even quite worst if we start with ( )3 3R J E⊂  
which has nevertheless a 2-acyclic symbol 3g  which is not 3-acyclic (thus in-
volutive because 3n = ). Indeed, we know from the second section or by re-
peating the previous procedure for this new third order operator   that the 
generating CC are described by a first order operator 1 . However, the symbol 
of this operator is only 1-acyclic but not 2-acyclic (exercise). Hence, one can 
prove that the corresponding CC are described by a new second order operator 

2  which is involutive… by chance, giving rise to a Janet sequence with first 
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order operators as follows 3 4 5, ,    ([9], p 119-125):  
3 51 2 4

3 1 2 1 1 1
0 1 12 21 46 72 48 12 0→Θ→ → → → → → → →

   
 

One could also finally use the involutive system ( )4 4R J E⊂  in order to 
construct the canonical Janet sequence and consider the first order involutive 
system ( )5 1 4R J R⊂  in order to obtain the canonical Spencer sequence with 

*
4

r
rC T R= ∧ ⊗  and dimensions ( )8,24,24,8 :  

34 1 2

0 1 2 31 1 1
0 0

Dj D D

C C C C→Θ→ → → → →  

To recapitulate, this example clearly proves that the differential sequences ob-
tained largely depend on whether we use 2 3,R R  or 4R  but also whether we 
look for a sequence of Janet or Spencer type.  

We invite the reader to treat similarly the example 33 11 0ξ ξ− = , 23 0ξ = , 

22 11 0ξ ξ− = .  
EXAMPLE 3.3: In our opinion, the best striking use of acyclicity is the con-

struction of differential sequences for the Killing and conformal Killing opera-
tors which are both defined over the ground differential field K =   for the 
Minkowski metric in dimension 4 or the Euclidean metric in dimension 5. We 
have indeed ([9] [20]):  

31 2

1 2 1 1
0 4 10 20 20 6 0→Θ→ → → → → →

 
 

with *
0 2,E T F S T= =  and, successively, the Killing, Riemann and Bianchi op-

erators acting on the left of column vectors. The differential module counterpart 
over [ ]D K d=  is the resolution of the differential Killing module M:  

3 2 16 20 20 10 4

1 1 2 1
0 0

p
D D D D D M→ → → → → → →

   
 

with the same operators as before but acting now on the right of row vectors by 
composition.  

The conformal situation for 4n =  is quite unexpected with a second order 
Bianchi-type operator: 

31 2

1 2 2 1
0 4 9 10 9 4 0→Θ→ → → → → →

 
 

3 2 14 9 10 9 4

1 2 2 1
0 0

p
D D D D D M→ → → → → → →

   
 

The conformal situation for 5n =  is even quite different with the conformal 
differential sequence:  

31 2 4

1 2 1 2 1
0 5 14 35 35 14 5 0→Θ→ → → → → → →

  
 

Though these results and “jumps” highly depend on acyclicity, in particular 
the fact that the conformal symbol 2ĝ  is 2-acyclic for 4n =  but 3-acyclic for 

5n ≥ , and have been confirmed by computer algebra, they are still neither 
known nor acknowledged ([4] [9]). 
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4. Applications 

Considering the classical Killing operator ( ) *
2 0: S T Fξ ξ ω→ = Ω∈ =   

where ( )ξ  is the Lie derivative with respect to ξ  and *
2S Tω∈  is a non-

degenerate metric with ( ) 0det ω ≠ . Accordingly, it is a lie operator with 
[ ]0, 0 , 0ξ η ξ η= = ⇒ =    and we denote simply by TΘ ⊂  the set of so-

lutions with [ ],Θ Θ ⊂ Θ . Now, as we have explained many times, the main 
problem is to describe the CC of 0Fξ = Ω∈  in the form 1 0Ω =  by intro-
ducing the so-called Riemann operator 1 0 1: F F→ . We advise the reader to 
follow closely the next lines and to imagine why it will not be possible to repeat 
them for studying the conformal Killing operator. Introducing the well known 
Levi-Civita isomorphism ( ) ( ) ( )1 , ,xj ω ω ω ω γ= ∂   by defining the Christoffel  

symbols ( )1
2

k kr
ij i rj j ir r ijγ ω ω ω ω= ∂ + ∂ − ∂  where ( )rsω  is the inverse matrix of  

( )ijω  and the formal Lie derivative, we get the second order system ( )2 2R J T⊂ : 

( )( ) ( ) ( ) ( )

( )( ) ( ) ( ) ( ) ( ) ( )

1

2

0

0

r r r
ij rj i ir j r ijij

kk k k r k r k r r k r k
ij ij rj i ir j ir j ij r r ijij

L x x x

L x x x x x

ξ ω ω ξ ω ξ ξ ω

ξ γ ξ γ ξ γ ξ γ ξ γ ξ ξ γ

Ω ≡ = + + ∂ =


Γ ≡ = + + + − + ∂ =

 

with sections ( ) ( ) ( )( )2 : , ,k k k
i ijx x x xξ ξ ξ ξ→  transforming like  

( ) ( ) ( ) ( )( )2 : , ,k k k
i ijj x x x xξ ξ ξ ξ→ ∂ ∂ . The system ( )1 1R J T⊂  has a symbol 

2 * *
1g T T T∧ ⊂ ⊗  depending only on ω  with ( ) ( )1 1 2dim g n n= −  and is 

finite type because its first prolongation is 2 0g = . It cannot be thus involutive 
and we need to use one additional prolongation. Indeed, using one of the main 
results to be found in ([1] [5] [9] [10] [14]), we know that, when 1R  is FI, then 
the CC of   are of order 1s +  where s is the number of prolongations needed 
in order to get a 2-acyclic symbol, that is 1s =  in the present situation, a result 
that should lead to CC of order 2 if 1R  were FI. However, it is known that 2R  
is FI, thus involutive, if and only if ω  has constant Riemannian curvature, a 
result first found by L.P. Eisenhart in 1926 which is only a particular example of 
the Vessiot structure equations discovered b E. Vessiot in 1903 ([27]), though in 
a quite different setting (See [1] [5] [9] [14] for an explicit modern proof and 
compare to the references ([22] [23]) of ([6]).  

We may introduce the (formal) linearization *
2S T TΓ∈ ⊗  of the Christoffel 

symbols by linearizing the relations ( )1
2

k
kr ij i rj j ir r ijω γ ω ω ω= ∂ + ∂ − ∂  in such a 

way that 0 0Ω = ⇒ Γ =  with:  

( )1
2

k k
kr ij i rj j ir r ij ij krd d dω γΓ = Ω + Ω − Ω − Ω  

We may also introduce the Riemann tensor ,
k
l ijρ  and its (formal) lineariza-

tion:  

( )( ), 1 , , , , ,,

kk s k k s k s k s r k
l ij l ij s s ij l l sj i l is j r l ijl ij

R L ξ ρ ρ ξ ρ ξ ρ ξ ρ ξ ξ ρ≡ = − + + + + ∂  

in order to obtain the Ricci tensor ,
r

ij i rj jiρ ρ ρ= =  and its linearization:  

,
r r r r

ij i rj rj i ir j r ij jiR R Rρ ξ ρ ξ ξ ρ= = + + ∂ =  
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allowing to introduce the Einstein tensor 1 1
2 2

rs
ij ij ij rs ij ijρ ω ω ρ ρ ω ρ= − = −  

with linearization:  

( )( )1
1 1 1
2 2 2

rs ru sv
ij ij ij rs ij ij rs uvij

E L R Rξ ω ω ρ ω ω ω ρ≡ = − − Ω + Ω  

and we must notice (care) that the linearization of rs
rsρ ω ρ=  is  

rs ru sv
rs rs uvR Rω ρ ω ω= − Ω . 

These formulas become particularly simple when ω  is a solution of Einstein 
equations in vacuum, that is when 0 0 0ij ijε ρ ρ= ⇔ = ⇒ = .  

LEMMA 4.1: When 4n =  and the fixed euclidean metric for simplicity, we 
have the useful formula:  

( )00 12,12 13,13 23,23E R R R= − + +  

Proof: We have ( ) ( )00 00 00 11 22 33 00 11 22 332 2E R R R R R R R R R= − + + + = − + +   
and ( )00 10,10 20,20 30,30R R R R= + + . However, we have also:  

11 01,01 21,21 31,31

22 02,02 12,12 32,32

33 03,03 13,13 23,23

R R R R
R R R R
R R R R

= + +

= + +

= + +

 

Summing, we obtain  
( ) ( ) ( )11 22 33 01,01 02,02 03,03 12,12 13,13 23,232R R R R R R R R R+ + = + + + + + . It follows that 

( )00 12,12 13,13 23,23E R R R= − + +  and the three other iiE  are obtained by circular 
permutations of ( )0,1,2,3 . We let the reader treat the general situation as an 
exercise.  

 
A) MINKOWSKI METRIC:  
We have considered this situation in many books or papers and refer the 

reader to our arXiv page or to the recent references ([22] [28]). All the operators 
are first order between the vector bundles E T= , * *

0 1 2F T T g S T= ⊗  , 
( )2

1 1F H g= , ( )3
2 1F H g= , ( )4

3 1F H g=  that are only depending on 1g  
with dimensions 4, 10, 20, 20, 6 when 4n =  and Euler-Poincaré characteristic 

( ) 4 10 20 20 6 0Drk M = − + − + = . The case of an arbitrary n, provided in ([20]), 
depends on various chases in commutative diagrams that will be exhibited later 
on for comparing the respective dimensions. This is not a Janet sequence be-
cause 1R  is FI but 1g  is not involutive. 

B) SCHWARZSCHILD METRIC:  
With the standard Boyer-Lindquist local coordinates  

( )0 1 2 3, , ,x t x r x xθ φ= = = =  and a constant parameter m, we may introduce 
the field of constants ( )k m=   and all the systems or differential modules 
considered in the sequel will be defined over the ground differential field  

( ) ( )( ), ,sin ,cosK k t r θ θ=  with differential structure obtained by setting  
( ) ( )2 sin cosθ θ∂ = , ( ) ( )2 cos sinθ θ∂ = −  together with ( ) ( )2 2sin cos 1θ θ+ =  

instead of using the so-called “rational coordinates” ([23]). With speed of light 
1c =  and 1 mA

r
= − , we shall introduce the diagonal Schwarzschild metric  

( ) ( ) ( )( )2 2 2, 1 , , sinA r A r r rω θ= − − −  with ( ) ( )4 2sindet rω θ= − . Following 


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closely the motivating examples already presented, our challenge is to prove that 
the purely mathematical formal study of the corresponding Killing system 

( )1 1R J T⊂  can be achieved as a simple exercise of formal integrability, with no 
extra physical technical tool, contrary to ([6] [7] [8]). As the computations will 
be explicitly done, the numbers of CC obtained will bring serious doubts about 
the validity of the results obtained in the above references, later confirmed with 
the K metric. First of all we obtain easily the following 10 first order Killing equ-
ations ( )mod Ω :  

( )

( )

( )

( )

( )

3 1 2
33 3

2 2 3
23 3 2

1 2 2 3
13 3 1

2
0 2 3

03 3 0

2 1
22 2

1 1
1 2 2

12 2 1

2
0 2

02 2 0

1 1
11 1 2

1 2 0
01 0 1

0 1
00 0 2

1 cot 0

sin 0

sin 0

sin 0

1 0

0

0

0
2

0

0
2

r

Ar

r
A

rR J T
Ar

r
A
m
Ar

A

m
Ar

ξ ξ θ ξ

ξ θ ξ

ξ θ ξ

ξ θ ξ

ξ ξ

ξ ξ

ξ ξ

ξ ξ

ξ ξ

ξ ξ

Ω → + + =

Ω → + =

Ω → + =

Ω → − =


Ω → + =⊂ 
Ω → + =


Ω → − =

Ω → − =

Ω → − =

Ω → + =












 

where we have framed the leading jets.  
This is a finite type system because we get 0k k

ij ijξΓ ≡ + =  with only one 
prolongation!  

The only 9 non-zero Christoffel symbols on 40 are:  

( ) ( ) ( ) ( )

1 0 1
00 01 112 2 2

2 3 1
12 13 22

3 1 2 2
23 33 33

, ,
2 2 2
1 1, , ,

cot , sin , sin cos

mA m m
r Ar Ar

Ar
r r

Ar

γ γ γ

γ γ γ

γ θ γ θ γ θ θ

= = = −

= = = −

= = − = −

 

We obtain for example:  

( ) ( ) ( )

1 1 1
22 22

1 1 1 2 1
33 33 2

31 0,
2

3sin cos 1 sin 0
2

m
r

m
r

ξ ξ

ξ θ θ ξ θ ξ

 Γ ≡ + − = 
 

 Γ ≡ + + − = 
 

 

( ) ( ) ( ) ( )1 2 1 1 1 2 1
33 22 33 2 22sin sin cos sin 0θ ξ θ θ ξ θ ξ⇒ Γ − Γ ≡ + − =  

after only one prolongation (care).  
Then, using r as a summation index, we shall see that we have in general for 
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the linearization of the Riemann and Ricci tensors:  

, , , , , , 0r r r r r
kl ij rl ij k kr ij l kl rj i kl ir j r kl ijR ρ ξ ρ ξ ρ ξ ρ ξ ξ ρ≡ + + + + ∂ ≠  

0r r r
ij rj i ir j r ijR ρ ξ ρ ξ ξ ρ≡ + + ∂ ≠  

The only 6 non-zero components of the Riemann tensor are:  

( )

( ) ( )

2

01,01 02,02 03,033

2
2

12,12 13,13 23,23

sin
, ,

2 2
sin

, , sin
2 2

mAm mA
r rr

mm mr
Ar Ar

θ
ρ ρ ρ

θ
ρ ρ ρ θ

= + = − = −

= + = + = −

 

but we must not forget hat we have indeed 0ijρ =  for the 10 components of 
the Ricci tensor, in particular 0iiρ =  for the diagonal components with  

0,1,2,3i = . We have in particular:  

( )

0 1 3
22 2,02 2,12 2,32

02,02 12,12 23,232 2

1 1
sin

0
2 2

A
A r

m m m
r r r

ρ ρ ρ ρ

ρ ρ ρ
θ

= + +

= − −

= − − + =

 

We also obtain ( )mod Ω :  

( ) ( )0 1 1
01,01 01,01 0 1 01,01 1 01,01

1 1
01,01 4

2

3 0 0

r
rR

mR
r

ρ ξ ξ ξ ρ ξ ρ

ξ ξ

≡ + + ∂ = ∂

⇒ ≡ − = ⇒ =
 

and similarly:  

1 2 1 1
01,02 01,01 2 02,02 1 01,02 2 23

3 0 0
2

r
r

mR
r

ρ ξ ρ ξ ξ ρ ξ ξ≡ + + ∂ = = ⇒ =  

( )1 0 1 2 0
02,12 12,12 0 02,02 1 02,12 0 1 0

2
r

r
mR A
rA

ρ ξ ρ ξ ξ ρ ξ ξ≡ + + ∂ = − =  

( )

1 3
23,12 21,12 3 23,32 1 23,12

1 2 3
3 1

1
3

sin
2
3 0
2

r
rR

m mr
rA
m
rA

ρ ξ ρ ξ ξ ρ

ξ θ ξ

ξ

≡ + + ∂

= − +

= − =

 

1
01,03 3 23,123 2

3
2

m AR R
r r
ξ⇒ = = −  

( )0 1 2 3
01,23 01,23 01,23 0 1 2 3 01,230 0r

rRρ ρ ξ ξ ξ ξ ξ ρ= ⇒ = + + + + ∂ =  

and so on, in order to avoid using computer algebra. However, the main conse-
quence of this remark is to explain the existence of the 15 second order CC. In-
deed, denoting by “~” a linear proportional dependence ( )mod Ω , we have the 
successive three cases:  
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( )

( )
( )
( )
( )

( )

1
00 11 22 33 01,01 02,02 03,03 12,12 13,13 23,23

1
12 01,02 13,23 2

1
13 01,03 12,23 3

0
02 01,12 03,23 2

0
03 01,13 02,23 3

01 23 01,23 02,03 02,12 02,13 03,13

, , , 0

0

0

0

0

, 0, 0, 0, 0, 0

R R R R R R R R R R

R R R

R R R

R R R

R R R

R R R R R R R

ξ

ξ

ξ

ξ

ξ

→ =

→ =

→ =

→ =

→ =

→ → → → →

    









12,13, 0R →

 

as a way to obtain the 5 equalities to zero on the right and thus a total of 
20 5 15− =  second order CC obtained by elimination. However, the present 
partition 15 5 4 6= + +  is quite different from the partition 15 10 5= +  used by 
the authors quoted in the Introduction which is obtained by taking into account 
the vanishing assumption of the 10 components of the Ricci tensor. As such a 
result questions once more the mathematical foundations of general relativity, in 
particular the existence of gravitational waves, we provide a few additional tech-
nical comments. 

The main point is a tricky formula which is not evident at all. Indeed, using 
the well known properties of the Lie derivative, we have the following geometric 
objects (not necessarily tensors) and their linearizations (generally tensors):  

* *
2 2, ,k k

ij ij ij ijS T S T Tω γ→Ω ∈ →Γ ∈ ⊗  

2 * * 3 * *
, , , ,,kl ij kl ij kl ijr kl ijrR T T T B T T Tρ β→ ∈∧ ⊗ ⊗ → ∈∧ ⊗ ⊗  

Then, using r as a summation index, we shall see that we have in general:  

, , , , , , 0r r r r r
kl ij rl ij k kr ij l kl rj i kl ir j r kl ijR ρ ξ ρ ξ ρ ξ ρ ξ ξ ρ≡ + + + + ∂ ≠  

, , , , , , ,
r r r rs rs t

kl ij kr l ij kl ij kr l ij l ij kr ri sj ij i rj stR R R Rρ ω ρ ω ρ ω ω ρ= ⇒ = + Ω ⇒ = + Ω  

, , ,
r r rs

ij i rj ij i rj ri sjR R Rρ ρ ω= ⇒ = ≠  

We prove these results using local coordinates and the formal Lie derivative 
obtained while replacing ( )1j ξ  by 1ξ  (See [1] [5] [9] [14] for details). First of 
all, from the tensorial property of the Riemann tensor and the Killing equations 

k k r
us ku s ks u r usω ξ ω ξ ξ ωΩ = + + ∂ , we have:  

( )( ), 1 , , , , ,,

kk s k k s k s k s r k
l ij l ij s s ij l l sj i l is j r l ijl ij

R L ξ ρ ρ ξ ρ ξ ρ ξ ρ ξ ξ ρ≡ = − + + + + ∂  

( ) ( ), , , , , ,

, , ,

s k r s s k r s r k s
ku v ij s r v ij v ij ks u r us v ij ku r v ij v ij su

s r s
sv ij u r uv ij v ij su

ω ρ ξ ξ ρ ρ ω ξ ξ ω ρ ω ξ ρ ρ

ρ ξ ξ ρ ρ

− + ∂ = + ∂ + ∂ − Ω

= + ∂ − Ω
 

and thus , , ,
k s

ku v ij uv ij v ij suR Rω ρ= − Ω .  

( )
1 0 2 3
1,11 11 1,01 1,21 1,31 01,01 12,12 13,132 2 2

1 1 10 0
sinA r r

ρ ρ ρ ρ ρ ρ ρ ρ
θ

= ⇒ = + + = − − =  
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We have for example, in this particular case:  

( )( )

0
1,01 01,01 3

00 0 1 1 0 1 1
1,01 1,01 1 1 1,01 1 13 31,01

1

22

m
A Ar

m mR
Ar Ar

ρ ρ

ξ ρ ρ ξ ξ ρ ξ ξ

= =

 ⇒ = = + ∂ = + ∂  
 


 

The only use of 01,01R  is allowing to get 1 0ξ =  in the previous list, but we 
have also exactly:  

( )
11 2

1, 2 01,02 31,32 12 12 1,12 12 122 2 3

1 1 0
sin 2

rs
r s

mR R R R R
A r r

ω ω ρ
θ

= − = − Ω = + Ω ⇒ =  

The use of 01,02R  or 13,23R  is allowing to get 1
2 0ξ =  in the previous list 

with:  

0 3
1,02 1,2 12 1,32 1,2 123 3 3 3

3 3,
2 2 2

m m m mR R
r r r r
ξ ξ= − + Ω = + − Ω  

and thus also exactly: 

11 22 0 3
1, 2 12,12 12 12 12 1,02 1,32 123 3 0

2 2
rs t

r st
m mR R R
r r

ω ρ ω ω ρΩ = − Ω = − Ω ⇒ = + + Ω =  

It follows that the 4 central second order CC of the list successively amounts 
to 12 13 02 030, 0, 0, 0R R R R= = = = , a result breaking the intrinsic/coordinate- 
free interpretation of the 10 Einstein equations and the situation is even worst 
for the other components of the Ricci tensor. Indeed, 01R  and 23R  only de-
pend on the vanishing of 02,12 03,13,R R  and 02,03 12,13,R R  among the bottom CC 
of the list, while the diagonal terms 00 11 22 33, , ,R R R R  only depend, as we just 
saw, on the 6 non zero components of the Riemann tensor. We have thus ob-
tained the totally unusual partition 10 4 4 2= + +  along the successive blocks of 
the former list with:  

{ } { } { } { }00 11 22 33 12 13 02 03 01 23, , , , , , ,ijR R R R R R R R R R R= + +  

Finally, we notice that 01,23 02,31 03,120, 0 0R R R= = ⇒ =  from the identity in 
3 * *T T∧ ⊗ :  

01,23 02,31 03,12 0R R R+ + =  

and there is no way to have two identical indices in the first jets appearing 
through the (formal) Lie derivative just described. As for the third order CC,  

setting ( )1 1
1 22

A j
A

ξ ξ
′

= ∈ Ω , we have at least the first prolongations of the pre-

vious second order CC to which we have to add the three new generating ones:  

1 1 1 1 1 1
1 1 2 2 3 30, 0, 0d d dξ ξ ξ ξ ξ ξ− = − = − =  

provided by the Spencer operator, leading to the crossed terms 1 1 0i j j id dξ ξ− =  
for , 1, 2,3i j =  because the Spencer operator is not FI.  

Setting now 1 1 1 0 0
2 2 3 3 2 2 3 3, , , ,U V V W Wξ ξ ξ ξ ξ= = = = =  with ( ) ( )2, ,U V W j∈ Ω , 

we have to look for the CC of the system ( )1
1 1R R=  already presented, then the 

system ( )2
1R  with ( )( )2

1 5dim R =  and finally ( )3
1R  with ( )( )3

1 4dim R =  which 
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is formally integrable but not involutive because it is of finite type. Beside the 
only zero order equation 1 Uξ = , we have the following 15 first order ones:  

( ) ( )

( ) ( )

0 0 0 0
0 1 0 2 2 3 32

1 1 1 1
0 0 1 2 2 3 3

2 2 3 3
0 2 1 2 0 3 1 32 2 2 2 2 2

2 2 2 3 3 2
2 3 2 3

1, , , ,
2

, , , ,
2

1 1, , , ,
sin sin

1 1, sin 0, cot

A U d U W W
A A

Ad U U V V
A

A AW V W V
r Ar r Ar

U U
r r

ξ ξ ξ ξ

ξ ξ ξ ξ

ξ ξ ξ ξ
θ θ

ξ ξ θ ξ ξ θ ξ

′
= − = = =

′
= = = =

= = − = = −

= − + = + = −

 

Among the CC we must have 2 3 3 2 0d V d V− =  which is among the differen-
tial consequences of the Spencer operator as we saw but we must also have 

2 3 3 2 0d W d W− =  and both seem to be new third order CC, together with the CC 
obtained by eliminating 2ξ  and 3ξ  from the three last equations after two 
prolongations as in ([23]):  

( ) ( ) ( ) ( )2 2
3 3 2 2 2sin cos sin 2sin 0d V V d V Uθ θ θ θ+ + + =  

However, things are not so simple, even if we have in mind that ( ) ( )2,V W j∈ Ω , 
because the central sign in the previous formula is opposite to the sign found af-
ter one prolongation in the formula:  

( ) ( ) ( )1 1 2 1
33 2 22sin cos sin 0ξ θ θ ξ θ ξ+ − =  

and it is at this moment that we need introduce new differential geometric me-
thods! 

First of all, we have:  

,
k k k r k r k
l ij i lj j li lj ri li rjρ γ γ γ γ γ γ= ∂ − ∂ + −  

and thus, because *
2S T TΓ∈ ⊗  is a tensor::  

( ) ( )
( ) ( )

,
k k k r k r k k r k r
l ij i lj j li lj ri li rj ri lj rj li

k r k k r k r k k r
i lj li rj ri lj j li lj ri rj li

k r k r k k r k r k r k k r
i lj li rj ji lr ri lj j li lj ri ij lr rj li

k k
i lj j li

R d d

d d

d d

γ γ γ γ

γ γ γ γ

γ γ γ γ γ γ

= Γ − Γ + Γ − Γ + Γ − Γ

= Γ − Γ + Γ − Γ − Γ + Γ

= Γ − Γ − Γ + Γ − Γ − Γ − Γ + Γ

= ∇ Γ −∇ Γ

 

by introducing the covariant derivative ∇ . We recall that 0, , ,r ij r i jω∇ = ∀  or, 
equivalently, that ( ) ( ) 1, : ,k k k r

i irid T Rγ ξ ξ ξ γ ξ− ∈ → = − ∈  is a 1R -connection 
with s s

sj ir is jr r ijω γ ω γ ω+ = ∂ , a result allowing to move down the index k in the 
previous formulas (See [9] for more details).  

We may thus take into account the Bianchi identities implied by the cyclic 
sums on ( )ijr   

( ), , , , 0 0kl ijr r kl ij i kl jr j kl ri cycl
β ρ ρ ρ β ρ γρ≡ ∇ +∇ +∇ = ⇔ ≡ Σ ∂ − =  

and their respective linearizations , 0kl ijrB =  as described below. We shall see 
later on that β  and B are sections of the vector bundle 2F  defined by the 
short exact sequence:  
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3 * 4 *
2 10 0F T g T T

δ
→ → ∧ ⊗ →∧ ⊗ →  

with 
( ) ( )( )( ) ( )( ) ( )( )( )( )

( )( )
2

2 2

1 2 6 1 2 1 2 3 24

1 2 24

dim F n n n n n n n n n n

n n n

= − − − − − − −

= − −
 

because ( ) ( )1 1 2dim g n n= −  for any nondegenerate metric, that is  
24 4 20− =  when 4n = .  

Such results cannot be even imagined by somebody not aware of the δ-acy- 
clicity ([1] [9] [13]).  

We have the linearized cyclic sums of covariant derivatives both with their 
respective symbolic descriptions, not to be confused with the non-linear corres-
ponding ones:  

( )

( )

( ) ( )

, , , , 0

0

kl rij r kl ij i kl jr j kl ri

cycl

cycl cycl

B R R R mod

dR R

B R

γ ρ

ρ

≡ ∇ +∇ +∇ = Γ

⇔ Σ − − Γ =

⇔ ≡ Σ ∇ = Σ Γ

 

In order to recapitulate these new concepts obtained after one, two or three 
prolongations, we have successively ω γ ρ β→ → →  and the respective linea-
rizations R BΩ→Γ→ → .  

The 24 Bianchi identities are related by the 4 linear relations like  

01,023 02,013 03,012 0B B B− + =  when 4n =  because 00,123 0B = . These relations are 
existinging between the 24 components of the Lanczos tensor because  

( )2B F ker δ∈ ⊂  in the previous short exact sequence ([20]).  
With more details, we number the 20 linearly independent Bianchi identities 

as follows:  

01,012 01,013

02,123 02,012 02,013 02,023

03,123 03,012 03,013 03,023

12,123 12,012 12,013 12,023

13,123 13,012 13,013 13,023

23,123 23,023

1 , 2 ,

3 , 4 , 5 , 6 ,

7 , 8 , 9 , 10 ,

11 , 12 , 13 , 14 ,

15 , 16 , 14 , 18 ,

19 , 20

B B

B B B B

B B B B

B B B B

B B B B

B B

 

to which we add the 4 linearly dependent:  

01,123 01,023 23,012 23,01321 , 22 , 23 , 24B B B B  

We successively study a few situations without any, with one or with two va-
nishing linearized Riemann components, taking into account that the four Eins-
tein equations are described by:  

12 , 17 , 20  for the index 0, 4 , 9 , 19  for the index 1, 1 , 10 , 
15  for the index 2, 2 , 6 , 11  for the index 3.  

BIANCHI 1 : ( )0 1
01,012 0 01,12 1 01,20 2 01,01 02 123

3
2

mB R R R
r

≡ ∇ +∇ +∇ = − Γ + Γ . 
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First of all, we have 0
01,12 23

3
2

mR
r
ξ= − , 1

01,02 23

3
2

mR
r
ξ= , 1

01,01 4

3mR
r

ξ= −  and 

obtain:  

0 0
0 01,12 02 01 01,023

0 1
02 23 2

0
023

3
2
3
2 2
3
2

mR R
r
m m
r Ar
m
r

ξ γ

ξ ξ

∇ = − −

 = − + 
 

= − Γ

 

( )1 1 0 1 2
1 01,20 12 2 01 11 12 01,203 4

1 1 1
12 2 23 2 4

1 1
12 23 4

3 9 2
2 2

3 6
2 2
3 6
2

m mR R
r r

m m m
r Ar r
m m
r r

ξ ξ γ γ γ

ξ ξ ξ

ξ

 ∇ = − + − + + 
 

 = − − + 
 

= − Γ +

 

1 2
2 01,01 2 12 02,014

1 1
2 24 3

1
24

3 2

3 2 3
2

6

mR R
r
m m

rr r
m

r

ξ γ

ξ ξ

ξ

∇ = − −

= − −

= −

 

and we notice that ( )0 1 0 1 0 1
02 12 02 12 2 0 1 01,0120 0d Bξ ξ ξ ξΓ + Γ = + = + = ⇒ = . As a by-

product, we have 0 2 22 0
2

md W V
Ar

+ = , 1 2 2 1 2 0 22 0 0
2

md V V d V d W
Ar

− = ⇒ + = .  

BIANCHI 3 : 0
02,123 1 02,23 2 02,31 3 02,12 13

3
2
mAB R R R
r

≡ ∇ +∇ +∇ = Γ .  

First of all, we have 0
02,23 3

3
2
mAR
r
ξ= , 02,31 0R = , 02,12 0R = , 0

01,31 33

3
2

mR
r
ξ=  

and obtain:  

1 02,23 1 02,23 01 2,23 12 0 ,23 12 02, 3 13 02,2

2
0 0 0

13 3 01 02,233 2

2
0 0

13 32 3

0 0
13 32

3 3 3 3
2 2 2

3 12 27
2 2 4

3 9
2 2

r r r r
r r r rR d R R R R R

mA m mA R
r rr r

mA m m
r r r

mA mA
r r

γ γ γ γ

ξ ξ γ

ξ ξ

ξ

∇ = − − − −

   = + − − −   
  

 
= − − 

 

= Γ −

 

( )

2 02,31 02 2,31 22 0 ,31 23 02, 1 12 02,3

01,31 02,31 02,32

0 0
3 32 2

0
32

0
1cot

3 3
2 2
3

r r r r
r r r rR R R R R

ArR R R
r

mA mA
r r
mA
r

γ γ γ γ

θ

ξ ξ

ξ

∇ = − − − −

= − −

= +

=
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3 02,12 03 2,12 23 0 ,12 13 02, 2 23 02,1

3 3 3
23 03,12 13 02,32 23 02,13

0
32

0

3
2

r r r r
r r r rR R R R R

R R R
mA
r

γ γ γ γ

γ γ γ

ξ

∇ = − − − −

= − − −

=

 

and we may use the fact that  

0 0 0
13 13 3 1 3 3

1 3 1 31 0 1 0
2 2
m md W W

Ar r Ar r
ξ ξ   Γ ≡ − − = ⇒ − − =   

   
.  

BIANCHI 4 : 1
02,012 0 02,12 1 02,20 2 02,01 223

3
2

mB R R R
r

≡ ∇ +∇ +∇ = Γ .  

First of all we have 02,12 0R = , 1
02,02 2

3
2
mAR
r

ξ= , 1
02,01 23

3
2

mR
r
ξ= ,  

1
12,12 2

3
2

mR
Ar

ξ= −  and obtain:  

0 02,12 0 02,12 00 2,12 02 0 ,12 01 02, 2 02 02,1

1 0
00 12,12 01 02,02

1 1
2 2 2 2

0

3 3
2 2 2 2

0

r r r r
r r r rR d R R R R R

R R

mA m m mA
r Ar Ar r

γ γ γ γ

γ γ

ξ ξ

∇ = − − − −

= − −

     = − − −     
     

=

 

1
1 02,20 1 01 2,20 12 0 ,202

1 1 0 2
1 1 01 02,02 12 02,022 2

2
1 1 1 1

12 2 2 4 3

2 2 2
1

4 3 4 3 4

3 2 2
2

3 3 2 2
2 2
3 3 3 3
2 2 2 2

3 3 3 3 3
4

r r
r r

mAR d R R
r

mA mA R R
r r
mA m mA m mA
r Ar r r r

m m m m m
r r r r r

ξ γ γ

ξ ξ γ γ

ξ ξ ξ ξ

ξ

 ∇ = − − − 
 

 = − − ∂ + + 
 

    = − − ∂ + +    
    

 
= − + − + −

 
1

2
1 1

3 4

6 27
4

m m
r r

ξ

ξ ξ



= −

 

1
2 02,01 22 02 2,01 22 0 ,01 02 02, 1 12 02,03

1 1 2
22 22 01,01 12 02,023

1 1
223 3

2
1 1 1
223 3 4

3
2
3
2
3 9
2 2
3 6 27
2 4

r r r r
r r r r

mR R R R R
r
m R R
r
m mA
r r
m m m
r r r

ξ γ γ γ γ

ξ γ γ

ξ ξ

ξ ξ

∇ = − − − −

= − −

= −

= Γ − +

 

This delicate checking proves that  

1
02,012 22 2 23

3 30 1 0
22

m mB d V U
rr

 ≡ Γ = ⇒ + − = 
 

 is a differential consequence of 

02,12 0R = . We let the reader prove as an exercise that  

( ) ( ) ( )1 2
03,013 33 3 3 23

3 30 sin cos 1 sin 0
22

m mB d V V U
rr

θ θ θ ≡ Γ = ⇒ + + − = 
 

 in order 

to recover 19  by eliminating U.  
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BIANCHI 6 : 0
02,023 0 02,23 2 02,30 3 02,02 03

3
2
mAB R R R
r

≡ ∇ +∇ +∇ = Γ .  

First of all, we have 0
02,23 3

3
2
mAR
r
ξ= , 02,30 0R = , 1

02,02 2

3
2
mAR
r

ξ=  and obtain:  

0 02,23 0 02,23 00 2,23 02 0 ,23 02 02, 3 03 02,2

1
0 02,23 00 12,23

2
0 1
03 33

0
03

3 3
2 4

3
2

r r r r
r r r rR d R R R R R

d R R

mA m
r r

mA
r

γ γ γ γ

γ

ξ ξ

∇ = − − − −

= −

= +

= Γ

 

1
2 02,30 22 01,30

01,30

1
32

0

3
2

R R
ArR

mA
r

γ

ξ

∇ = −

=

= −

 

1
3 02,02 32

3
2
mAR
r

ξ∇ =  

where 0 0 1 0 1
03 03 3 3 02 2 0

2 2
m md
Ar Ar

ξ ξ ξ ξ Γ ≡ + = + = 
 

 and 1
12,23 3

3
2

mR
Ar

ξ= − ,  

1
01,03 33

3
2

mR
r
ξ= .  

Again, only this final result proves that  
0

02,023 03 0 3 32

3 0
2 2
mA mB d W V
r Ar

≡ Γ ⇒ + =  is a differential consequence of  

02,03 0R = .  

BIANCHI 12 : 0
12,012 0 12,12 1 12,20 2 12,01 223

3
2

mB R R R
r

≡ ∇ +∇ +∇ = − Γ .  

First of all, 0 0 1
22 22 0

r
A

ξ ξΓ ≡ + , 1
12,12 2

3
2

mR
Ar

ξ= − , 12,20 0R = , 0
12,01 23

3
2

mR
r
ξ= −  

and we obtain:  

0 12,12 0 12,12 01 2,12 02 1 ,12

0
0 12,12 01 02,12

1
02

2 2

2
3

2

r r
r rR d R R R

d R R
m

Ar

γ γ

γ

ξ

∇ = − −

= −

= −

 

( )1 2 0
1 12,20 11 12 01 12,20

2
12 12,20

0 2

2
0

R R

R

γ γ γ

γ

∇ = − + +

= −

=

 

0 2
2 12,01 22 12 12,023

0
223

0 1
22 03 2

3
2
3
2
3 3
2 2

mR R
r
m
r
m m
r Ar

ξ γ

ξ

ξ

∇ = − −

= −

= − Γ +
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a result leading to 2 2 0 0rd W d U
A

+ = . Again, only the final sum has an intrinsic 

mathematical meaning with 0
12,012 223

3
2

mB
r

= − Γ .  

BIANCHI 22 : 01,023 0 01,23 2 01,30 3 01,02 0B R R R≡ ∇ +∇ +∇ =   

First of all, we have 01,23 0R = , 1
01,03 33

3
2

mR
r
ξ= , 1

01,02 23

3
2

mR
r
ξ= , 02,03 0R =  

and, as 23 0Ω = :  

( )( ) ( )
( )

1 1 1 3 1 2 3 1
23 23 33 2 22 3 23 3

1 2 2 3 1
23 3 2 3

1 1
23 3

sin cot

cot

Ar

ξ γ ξ γ ξ γ ξ

ξ ξ θ ξ θ ξ

ξ θ ξ

Γ ≡ + + −

= − + −

= −

 

( )
( ) ( )

2 2 2 2
13 13 3 1 1 3 13

2 2 3 2 3 2
13 33 1 12 13 3

2 3
13 1sin cos

r r r
r rξ γ ξ γ ξ γ

ξ γ ξ γ γ ξ

ξ θ θ ξ

Γ ≡ + + −

= + + −

= −

 

( )
( )

3 3 3 3 3
12 12 2 1 1 2 12

3 3 3 3 2 3
12 23 1 13 12 2

3 3
12 1cot

r r r
r r rξ γ ξ γ ξ γ ξ

ξ γ ξ γ γ ξ

ξ θ ξ

Γ ≡ + + −

= + + −

= +

 

0 01,23 0 01,23 00 1,23 01 0 ,23 02 01, 3 03 01,2

1 0
0 01,23 00 01,23 01 00,13

0

r r r r
r r r rR d R R R R R

d R R R

γ γ γ γ

γ γ

∇ = − − − −

= − −

=

 

( )

( )( )

2 3
2 01,30 2 01,30 12 02,30 23 01,30

1 1
23 33 3

1 1
23 33

1
233

3 3 cot
2 2
3 cot
2
3
2

R d R R R
m m
r r
m
r
m
r

γ γ

ξ θ ξ

ξ θ ξ

∇ = − −

= − +

= − −

= − Γ

 

( )

( )( )

3 3
3 01,02 3 01,02 13 03,02 23 01,03

1 1
23 33 3

1 1
23 33

1
233

3 3 cot
2 2
3 cot
2
3
2

R d R R R
m m
r r
m
r
m
r

γ γ

ξ θ ξ

ξ θ ξ

∇ = − −

= −

= −

= Γ

 

We could also say that ( )1 1
2 01,03 2 3 23 233 3

3 3
2 2

m md R d V
r r

ξ ξ= − +  and obtain there-

fore finally the formula 01,023 2 3 3 20 0B d V d V= ⇒ − =  is a differential conse-
quence of 01,23 0R = .  

We also check in particular:  

0 01,23 1,23 00 0 ,23 01 01, 3 02 01,2 03

0

r r r r
r r r rR ρ ρ ρ ρ∇ ⇒ Γ + Γ + Γ + Γ

⇒
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( )

( ) ( )

2 01,30 1,30 02 0 ,30 12 01, 0 23 01,3 02

3 1
03,30 12 01,10 23

2 3 1
12 233

2 3 1 1
12 3 233 3

sin
2

sin cot
2 2

r r r r
r r r rR

mA m
r r

mA m m
r r r

ρ ρ ρ ρ

ρ ρ

θ

θ ξ θ ξ

∇ ⇒ Γ + Γ + Γ + Γ

⇒ Γ + Γ

⇒ Γ − Γ

⇒ − − Γ

 

              

( ) ( ) ( )

( )

( )( )

1 3 1
2 3 1 33 3

1 1
3 233 3

1 1 1
23 3 233 3

1
233

sin cos cot
2

cot
2

cot
2 2
3
2

m mA md
rr r

m m
r r
m m
r r
m
r

ξ θ θ ξ θ ξ

θ ξ

ξ θ ξ

 ⇒ − − + 
 

− − Γ

⇒ − − − Γ

⇒ − Γ

 

3 01,02 1,02 03 0 ,02 13 01, 2 03 01,0 23

2 1
02,02 13 01,01 23

2 1
13 2332

r r r r
r r r rR

mA m
r r

ρ ρ ρ ρ

ρ ρ

∇ ⇒ Γ + Γ + Γ + Γ

⇒ Γ + Γ

⇒ − Γ + Γ

 

     

( ) ( )( )

( )( )

2 2 3 1
13 1 233

1 1 1
23 3 233 3

1
233

sin cot
2

cot
2
3
2

mA m
r r

m m
r r
m
r

ξ θ θ ξ

ξ θ ξ

⇒ − − + Γ

⇒ − + Γ

⇒ Γ

 

As a tricky exercise too, we advise the reader to treat similarly the case of 
13 16+  or 21  in order to obtain 01,123 2 3 3 20 0B d W d W= ⇒ − =  because  

01,23 0R =  and 03,12 0R =  (care).  
REMARK 4.B.1: Though a few conditions like 2 3 3 2 0d V d V− =  22  or  

2 3 3 2 0d W d W− =  21  look like to be third order CC for Ω , we have thus 
proved that they come indeed from the first prolongations of the second order 
CC. The same comment is also valid for a few other striking CC. Using previous 
results, we have successively 6  other relations:  

( )1 0 1 0
12 02 2 1 0 1 2 0 20 0 1d d V d Wξ ξ ξ ξ+ = + = ⇒ + =  

( )1 0 1 0
13 03 3 1 0 1 3 0 30 0 2d d V d Wξ ξ ξ ξ+ = + = ⇒ + =  

( ) ( ) ( )
( ) ( ) ( )

1 1 2 1
33 2 22

2
3 3 2 2 2

sin cos sin 0

sin cos sin 0 19d V V d V

ξ θ θ ξ θ ξ

θ θ θ

+ − =

⇒ + − =
 

( ) ( ) ( )
( ) ( ) ( )

0 0 2 0
33 2 22

2
3 3 2 2 2

sin cos sin 0

sin cos sin 0 20d W W d W

ξ θ θ ξ θ ξ

θ θ θ

+ − =

⇒ + − =
 

because 2 2 0 0rd W d U
A

+ =  12  and  

https://doi.org/10.4236/jmp.2022.134036


J.-F. Pommaret 
 

 

DOI: 10.4236/jmp.2022.134036 650 Journal of Modern Physics 
 

( ) ( ) ( )2
3 3 2 0sin cos sin 0rd W W d U

A
θ θ θ+ + =  17   

( )1 2 0 1 2 0 2
02 12 2 0 1 0 2 1 20 0 24A d A d V A d Wξ ξ ξ ξ− = − = ⇒ − =  

( )1 2 0 1 2 0 2
03 13 3 0 1 0 3 1 30 0 23A d A d V A d Wξ ξ ξ ξ− = − = ⇒ − =  

From the 24 B, we have thus used 8 of them and are left with 24 8 16− =  ex-
pressions involving the 4 4 16× =  different first derivatives of the 4 functions 
( ),V W , namely B 3  to B 18 . Now, we notice that, among these 24 B, only 4 
of them do contain three components ,kl ijR  that are not vanishing for the 
S-metric, namely 1 , 2 , 19  and 20 . They are providing the terms r rrd E  
for 0,1, 2,3r =  in the divergence type condition for the linearized Einstein eq-
uations implied by the linearized Bianchi identities over the Schwarzschild me-
tric. Accordingly, it does not seem possible to obtain any other third order CC 
apart from these 4 divergence conditions.  

It remains to apply these results to the successive prolongations of the Killing 
equations, as we know from the intrinsic study achieved in ([22] [23]) that we 
have the successive Lie algebroids:  

( ) ( ) ( ) ( ) ( )4 3 2 1
1 1 1 1 1 1R R R R R J T= ⊂ ⊂ = ⊂  

with respective dimensions 4 4 5 10 10 20= < < = <  and ( )3
1R  does not depend 

any longer on the S-parameter m.  
The challenge will be to prove that… the only knowledge of these numbers is 

sufficient! 
In an equivalent way as 2 20 0, 0rg g r+= ⇒ = ∀ ≥ , we obtain successively:  

( ) ( )( ) ( )*
1 1 2 20 10 10,dim R dim J T dim S T= − = − =  

( ) ( )( ) ( )( )*
2 2 1 2 60 50 10,dim R dim J T dim J S T= − = − =  

( ) ( ) ( ) ( ) ( )3 2 4 4 35 5 1 4rdim R dim R dim R dim R dim R+= − = ⇒ = = − =  

and shall use these results from now on.  
First of all, using the introductory diagram when 1, 1q r= = , we may apply 

the Spencer δ-map to the symbol top row in order to obtain the diagram:  

* *
3 2 0 2

* * * *
2 0

2 * 2 * * 2 *
1 0

3 * 3 *

0 0

0 0

0 0

0 0

0 0

0 0

S T T S T F h

T S T T T T F

T g T T T T F

T T T T

↓ ↓

→ ⊗ → ⊗ → →

↓ ↓
→ ⊗ ⊗ → ⊗ ⊗ →

↓ ↓

→ ∧ ⊗ → ∧ ⊗ ⊗ → ∧ ⊗ →

↓ ↓ ↓
→ ∧ ⊗ = ∧ ⊗ →

↓ ↓
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Using the Spencer δ-cohomology ( ) ( ) ( )1 1 1
r r rH g Z g B g=  at  

*
1

r T g→ ∧ ⊗ →  , we obtain:  
PROPOSITION 4.B.2: ( ) ( ) ( )2 2 2

2 1 21 2 ( ) 1 12h H g n n dim Q n n⇒ + ≤ ≤ −  
whenever 3n ≥ .  

Proof: As there cannot be any CC of order one and thus 1 0Q = , we have the 
long exact connecting sequence 3 2 2 20 0R R h Q→ → → → →  and counting 
the dimensions with *

0 2F S T= , we have:  

( ) ( ) ( ) ( ) ( )* * * 2 2
2 2 2 2 3 1 12dim Q dim h dim S T S T dim S T T n n≤ = ⊗ − ⊗ = −  

This result is confirmed by a circular chase proving that the left bottom δ-map 
is an epimorphism and a snake chase in the last diagram providing the short ex-
act sequence:  

2 * 3 *
2 10 0, 0 20 36 16 0h T g T T

δ
→ → ∧ ⊗ → ∧ ⊗ → → → → →  

Indeed, as ( ) 0det ω ≠  we may use the metric for providing an isomorphism 

( ) ( )* : r r
i riT T ξ ξ ω ξ→ =  in such a way that 2 *

1g T∧  is defined by  

, , 0i j j iξ ξ+ =  for both the M, S and K metrics.  
However, introducing the conformal Killing system of infinitesimal Lie equa-

tions with symbol 1ĝ  defined by the ( )( )1 2 1n n + −  linear equations  
2 0r r r

rj i ir j ij rn
ω ξ ω ξ ω ξ+ − =  that do not depend on any conformal factor, we have 
the fundamental diagram II ([1] [12]):  

( ) ( )

( ) ( )

*
2

2 2
1 1

* 2 2
2 1 1

* * * 2 *
2

0

0

0 0

ˆ ˆ ˆ0 0

0 0

0 0

S T

Z g H g

T g Z g H g

S T T T T

δ

δ δ

↓

↓ ↓
→ → →

↓ ↓ ↓

→ ⊗ → → →
↓ ↓ ↓

→ → ⊗ → ∧ →
↓ ↓

 

showing that we have the splitting sequence ( ) ( )* 2 2
2 1 1ˆ0 0S T H g H g→ → → →  

providing a totally unusual interpretation of the successive Ricci, Riemann and 
Weyl tensors and the corresponding splitting. However, it must be noticed that 
the Weyl-type operator is of order 3 when 3n =  because  

( ) ( ) ( )( )( )2 2 1 12 1 2 1 2 3 12n n n n n n n n− − + = + + −  but of order 2 for 4n ≥  
([4] [9]). Similar results could be obtained for the Bianchi-type operator as we 
shall see.  

 
Using now the same procedure for the introductory diagram with 2r = , we 

get the diagram: 


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* *
4 3 0 3

* * * * *
3 2 0 2

2 * * 2 * *
2 0

3 * 3 * * 3 *
1 0

4 * 4 *

0 0 0

0 0

0 0

0 0

0 0

0 0

0 0

S T T S T F h

T S T T T S T F T h

T S T T T T F

T g T T T T F

T T T T

↓ ↓ ↓

→ ⊗ → ⊗ → →
↓ ↓ ↓

→ ⊗ ⊗ → ⊗ ⊗ → ⊗ →

↓ ↓

→ ∧ ⊗ ⊗ → ∧ ⊗ ⊗ →
↓ ↓

→ ∧ ⊗ → ∧ ⊗ ⊗ → ∧ ⊗ →

↓ ↓ ↓

→ ∧ ⊗ = ∧ ⊗ →
↓ ↓



 

Using a snake chase and Theorem 3.2.3, we obtain the short exact sequence:  

( )* 3
3 2 10 0, 0 60 80 20 0h T h H g→ → ⊗ → → → → → →  

A chase around the upper south-east arrow on the right is leading to the fol-
lowing corollary where *

2 2 0g S T F′ ⊂ ⊗  is the symbol of the system ( )2 2 0R J F′ ⊂  
which is the image of ( )3J T  and 1Q′  is the cokernel of the central bottom 
map:  

COROLLARY 4.B.3: There is a long exact connecting diagram:  

( )

( )

* * * 3
4 3 0 2 1

* *
1 2 3 0 2 1

0 0

0 0

0 0

0 0 0

S T T S T F T h H g

g S T F T Q Qρ

↓ ↓

→ ⊗ → ⊗ → ⊗ → →
↓ ↓ ↓
′ ′→ → ⊗ → ⊗ → →

↓ ↓ ↓



 

allowing to use the Bianchi identities as ( )3
2 1B F H g∈   and we have  

( ) ( )( )3
1 1dim Q dim H g′ ≤ .  

Proof: Using the notations of the introductory diagram and the fact that 

1 0Q = , we have the following two commutative and exact diagrams obtained by 
choosing 1 2F Q=  for the first, then 1 3F Q=  for the second and so on, in a 
systematic manner as in the motivating examples:  

( )

( ) ( ) ( )

( )

* *
1 2 3 0 2 1

1 2 3 0 1 2 1

2 2 0 2

0 0 0 0

0 0

0 0

0 0

0 0 0

g S T F T Q Q

R J F J Q Q

R J F Q

ρ

ρ

↓ ↓ ↓ ↓
′ ′→ → ⊗ → ⊗ → →

↓ ↓ ↓
′ ′→ → → → →

↓ ↓ ↓ ↓
′→ → → →

↓ ↓ ↓

 
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First, we have the short exact sequence ( ) ( )2 2 1 00 0R J T J F→ → → →  with 
10 60 50 0− + =  and get 0 0R F′ = , ( )1 1 0R J F′ =  and  

( )( ) ( )1 0 1 0dim R dim Rρ ′ ′− = , that is no CC of order 1.  
Now, using the long exact sequence:  

( ) ( )3 3 2 0 20 0R J T J F Q→ → → → →  

( ) ( )( ) ( )
( )( ) ( ) ( )

2 1 1 1 1 0 2 0

1 1 2 2150 135 15

R R J F J F

dim R dim R dim Q

ρ ρ

ρ

′ ′⊂ = =

′ ′⇒ − = − = =
 

because ( ) ( )( ) ( )2 3 3 140 5 135dim R dim J T dim R′ = − = − =  and there are 15 
second order CC.  

  
Then, with ( )1dim Q x′ = , we obtain by counting the dimensions:  

( )( ) ( )( ) ( )( )1 2 3 0 1 2 350 75 275,dim R dim J F x dim J Q x xρ ′ = + − = + − = +  

( ) ( )( ) ( ) ( )( ) ( )3 4 4 3 0 3 276dim R dim J T dim R dim J F dim Q′ = − = − =  

( )( ) ( )1 2 3 275 276 1y dim R dim R x xρ ′ ′⇒ = − = + − = −  

that is 3y ≥  because 4x ≥  and thus 4 3x y= ⇒ =  if we only take into ac-
count the 4 divergence condition of the Einstein equations. The situation will be 
worst for the Kerr metric with 6y = .  

After one prolongation, we get:  

( )

( ) ( ) ( )

( )

* *
1 3 4 0 3 1

1 3 4 0 1 3 1

3 3 0 3

0 0 0 0

0 0

0 0

0 0

0 0 0

g S T F T Q Q

R J F J Q Q

R J F Q

ρ

ρ

↓ ↓ ↓ ↓
′ ′→ → ⊗ → ⊗ → →

↓ ↓ ↓
′ ′→ → → → →

↓ ↓ ↓ ↓
′→ → → →
↓ ↓ ↓



 

From this second diagram we obtain the commutative and exact diagram:  

( )

( ) ( ) ( )

4 4 0 4

1 3 4 0 1 3 1

0 0

0 0

0 0

0

R J F Q

R J F J Q Qρ

↓ ↓
′→ → → →
↓ ↓
′ ′→ → → → →

↓


 

Indeed, setting again ( )1dim Q x′ = , we obtain now similarly:  

( )( ) ( )( ) ( )( )1 3 4 0 1 3 700 370 330,dim R dim J F x dim J Q x xρ ′ = + − = + − = +  

( ) ( )( ) ( ) ( )( ) ( )4 5 5 4 0 4 500dim R dim J T dim R dim J F dim Q′ = − = − =  

https://doi.org/10.4236/jmp.2022.134036


J.-F. Pommaret 
 

 

DOI: 10.4236/jmp.2022.134036 654 Journal of Modern Physics 
 

( )( ) ( )1 3 4 330 500 170y dim R dim R x xρ ′ ′⇒ = − = + − = −  

that is 0 170y x= ⇔ = . We find exactly ( )2 170dim F =  like in ([22], p. 1996) 
and the condition 0y =  just means that the CC of order 4 are generated by the 
CC of order 3, but we have only ( )4 1 3R Rρ′ ′⊆  in general.  

With one more prolongation, applying again the δ-map to the top symbol se-
quence, we get the following commutative diagram:  

* *
6 5 0 5

* * * * *
5 4 0 4

2 * * 2 * * 2 *
4 3 0 3

3 * * 3 * * 3 *
3 2 0 2

4 * * 4 * *
2 0

0 0 0

0 0

0 0

0 0

0 0

0 0

0 0

S T T S T F h

T S T T T S T F T h

T S T T T S T F T h

T S T T T S T F T h

T S T T T T F

δ δ

δ δ

δ δ

δ δ

↓ ↓ ↓
→ ⊗ → ⊗ → →

↓ ↓ ↓
→ ⊗ ⊗ → ⊗ ⊗ → ⊗ →

↓ ↓ ↓
→ ∧ ⊗ ⊗ → ∧ ⊗ ⊗ → ∧ ⊗ →

↓ ↓ ↓
→ ∧ ⊗ ⊗ → ∧ ⊗ ⊗ → ∧ ⊗ →

↓ ↓ ↓
→ ∧ ⊗ ⊗ → ∧ ⊗ ⊗ →

↓ ↓

 

where the right exact vertical column is 0 224 504 360 80 0→ → → → → . It 
just remains to replace in the two upper right epimorphisms 5h  by *

4T Q⊗  
and 4h  by 4Q  along with the following commutative diagram where we have 
chosen 1 4F Q= :  

5

* *
4 4

0 0

0

h

T h T Q

↓

↓
→ ⊗ → ⊗





 

in order to obtain the long exact sequence * * *
6 5 0 40 S T T S T F T Q→ ⊗ → ⊗ → ⊗ . 

Finally, chasing in the following commutative and exact introductory dia-
gram:  

( )

( )
( )

( ) ( )

( )
( )

( )

5

5

4

* * *
6 5 0 4 1

6 6 5 0 1 4 1

5 5 4 0 4

0 0 0 0

0 0

0 0

0 0

0 0 0 0

S T T S T F T Q Q

R J T J F J Q Q

R J T J F Q

σ

ρ

ρ

Φ

Φ

Φ

↓ ↓ ↓ ↓

′→ ⊗ → ⊗ → ⊗ → →
↓ ↓ ↓ ↓

′→ → → → → →
↓ ↓ ↓ ↓ ↓

→ → → → →
↓ ↓ ↓ ↓


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we deduce that ( )5 1 4R Rρ′ ′=  is involutive with ( )5 840 4 836dim R′ = − =  and 
symbol *

5 6g S T T′ ⊗ .  
Unhappily, the reader will check at once that a similar procedure cannot be 

applied in order to prove that ( )4 1 3R Rρ′ ′= . Indeed, if we still have a mono-
morphism 4 40 h Q→ →  we do not have a monomorphism 3 3h Q→  because 
now this map has a kernel of dimension equal to ( )( )1

3 3 5 4 1dim R R = − =  ac-
cording to the corresponding long exact connecting sequence.  

IT IS THUS NOT POSSIBLE TO PROVE THAT THERE ARE ONLY 
SECOND AND THIRD ORDER GENERATING CC IN A SIMPLE INTRINSIC 
WAY.  

However, like in the first motivating example in which we should be waiting 
for third order CC but a direct computation was proving that only second order 
ones could be used, we have: 

THEOREM 4.B.4: The CC of the first order operator 0:D T F→  are gener-
ated by a third order operator 1 0 1 3:D F F Q→ =  and we have thus ( )4 1 3R Rρ′ ′= . 

Proof: With *
0 2F S T=  and 1 3F Q=  while applying the Spencer operator, 

we obtain the following commutative diagram in which the two central vertical 
columns are locally exact ([1] [5]):  

( ) ( )

( ) ( )

( )

1

0 1

4 4 3

4 4 3 0 1

* * *
3 3 2 0

2 * 2 *
2 2

0 0 0
,

0

0 0

0

0

T F F

j j j
R J T J F F

d d d

T R T J T T J F

d d
T R T J T

↓ ↓ ↓

→ Θ → → →

↓ ↓ ↓
→ → → → →

↓ ↓ ↓

→ ⊗ → ⊗ → ⊗

↓ ↓
→ ∧ ⊗ → ∧ ⊗

 



 

Chasing in this diagram by using the Snake lemma of the second section, we 
discover that the local exactness at 0F  of the top row is equivalent to the local 
exactness at *

3T R⊗  of the left column.  
Now, we have the commutative diagram:  

( )( ) ( )( )

5

4

* 2 *
5 4 3

* 2 *
4 3 2

1 1* 2 *
3 3 2 2

0 0 0

0

0

0

0 0

j d d

j d d

d

R T R T R

R T R T R

T R R T R R

↓ ↓ ↓

→ Θ → → ⊗ → ∧ ⊗
↓ ↓ ↓

→ Θ → → ⊗ → ∧ ⊗

↓ ↓ ↓

→ ⊗ → ∧ ⊗

↓ ↓



 

https://doi.org/10.4236/jmp.2022.134036


J.-F. Pommaret 
 

 

DOI: 10.4236/jmp.2022.134036 656 Journal of Modern Physics 
 

The top row is known to be locally exact as it is isomorphic to a part of the 
Poincaré sequence according to the commutative diagram with 4 5 6R R R  : 

6

5

* 2 *
6 5 4

* 2 *
5 4 3

0 0 0

0

0

0 0

j d d

j d d

R T R T R

R T R T R

↓ ↓ ↓

→ Θ → → ⊗ → ∧ ⊗
↓ ↓ ↓

→ Θ → → ⊗ → ∧ ⊗
↓ ↓


 

The bottom row is purely algebraic as it is induced by the exact sequence ob-
tained by applying the Spencer operator to the long exact connecting sequence 
and chasing along the south west diagonal:  

* 2 * 4 *
4 3 2 10 0h T h T h T g

δ δ
→ → ⊗ → ∧ ⊗ → ∧ ⊗ →  

0 126 240 120 6 0→ → → → →  

Changing the confusing notations used in ([24]), we prove that the bottom 
Spencer operator is injective. Indeed, we have the following representative pa-
rametric jets for the various Lie equations:  

( ) { }0 1 2 3 1 0 0 1 1 2
2 0 2 3 2 3 310 , , , , , , , , ,dim R ξ ξ ξ ξ ξ ξ ξ ξ ξ ξ= ⇒  

( ) { } ( ) { }0 2 3 1 2 0 2 3 2
3 0 3 4 35 , , , , , 4 , , ,dim R dim Rξ ξ ξ ξ ξ ξ ξ ξ ξ= ⇒ = ⇒  

( )( ) { } ( )( ) { }1 11 1 1 1 0 0
3 3 0 2 2 2 3 2 31 , 5 , , , ,dim R R dim R Rξ ξ ξ ξ ξ ξ= ⇒ = ⇒  

We also recall the definition of the Spencer operator  
( ) ( )* 2 *

1: q qd T J T T J T+⊗ → ∧ ⊗ : 

( ) ( ), , , , 1 , 1 ,j i

k k k k k k
i ij i j j i i jν µ µ µ µ µξ ξ ξ ξ ξ ξ+ +→ = ∂ − ∂ + −  

Accordingly, we may choose local coordinates ( )1
0,iξ  for a representative and 

a representative of the image by d is for example ( )1 1 1
,0 0, ,0i i iξ ξ ξ= − . Now, as 

( )( )1
3 3 4 3 1dim R R = − = , we may introduce the four local coordinates 1

0,iξ  and 
0

1,iξ  such that 1 2 0
0, 1, 0i iAξ ξ− = , 0,1,2,3i∀ = . We may also use the 6 5 30× =  

local coordinates ( )1 1 1 0 0
, 2, 3, 2, 3,, , , ,ij ij ij ij ijξ ξ ξ ξ ξ  in order to describe ( )( )12 *

2 2T R R∧ ⊗ . 
In the kernel of d, we have in particular  

1 1 1 1 1
,0 0, ,0 0, ,00 0, 1,2,3i i i i i iξ ξ ξ ξ ξ= − = ⇒ = = ∀ =  because 1 1

1 22
m
Ar

ξ ξ=  in 1R  but  

also 0 0 0 0 1
,01 0,1 1,0 1,0 0,00 0 0ξ ξ ξ ξ ξ= − = ⇒ = ⇒ =  because { }0ξ  is among the pa-

rametric jets of 3R  and thus 1
0, 0, 0,1, 2,3i iξ = ∀ = . The bottom Spencer opera-

tor is thus injective and the bottom sequence is thus exact. A circular chase ends 
the proof: If *

3b T R∈ ⊗  is killed by d, then its projection ( )( )1*
3 3c T R R∈ ⊗  is 

also killed by d and is such that 0c = . Accordingly, *
4a T R∃ ∈ ⊗  with image 

b under the monomorphism * *
4 3T R T R⊗ → ⊗  and such that 0da = . We 

may thus find 5e R∈  and 4f R∈  because 5 4R R  with a de b df= ⇒ = . 
  
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Like in the second motivating example, the sequence constructed in the pre-
vious theorem may have “jumps” in the order of the successive operators and we 
have therefore (Compare to [1]):  

COROLLARY 4.B.5: The symbol of 1  is not 2-acyclic and the CC operator 

2  is thus of order 2. Accordingly, if one does want a formally exact canonical 
Janet sequence, the only possibility is to use the involutive operator 1  of order 
4 defined by ( )4 1 3R Rρ′ ′= .  

Proof: Recapitulating the results so far obtained, we have successively 
( )1 1r rR Rρ+′ ′⊆  with:  

( ) ( )( ) ( )
( ) ( ) ( )

0 0 1 2 2

1 1 0 1 1 2 0

, 60 10 50

,

R F dim R dim J T dim R

R J F R J Fρ

′ ′= = − = − =

′ ′⇒ = =
 

( ) ( )( ) ( )
( )( ) ( )

2 3 3

1 1 2

140 5 135,

150 135 = 15

dim R dim J T dim R

dim R dim Rρ

′ = − = − =

′ ′− = −
 

( ) ( )( ) ( )
( )( ) ( )

3 4 4

1 2 3

280 4 276,

3,

dim R dim J T dim R

dim R dim Rρ

′ = − = − =

′ ′− ≥
 

( ) ( )( ) ( ) ( )4 5 5 4 1 3504 4 500, ,dim R dim J T dim R R Rρ′ ′ ′= − = − = =  

( ) ( )( ) ( ) ( )5 6 6 5 1 4840 4 836, .dim R dim J T dim R R Rρ′ ′ ′= − = − = =  

the long exact sequence: ( ) ( ) ( )1 2 3 0 1 2 10 0R J F J Q Qρ ′ ′→ → → → →  with  
( )1 4dim Q x′ = ≥  because of the divergence CC condition for Einstein equations 

implied by the Bianchi identities. 
It also follows that:  

( )
( )

*
1 0 1

*
3 2 2

40,

80 135 50 85,

g T F dim g

S T T g dim g

′ ′⊗ ⇒ =

′ ′⊗ ⊂ ⇔ < = − =



 

* *
4 3 5 4140 141 276 135, , 0r rS T T g S T T g r+ +′ ′⊗ ⊂ ⇔ < = − ⊗ ∀ ≥  

and we have the basic commutative and exact “defining diagram” of the system 
( )2 2R J T⊂ :  

( ) ( )

( )

* *
2 0

2 2 1 0

1 1 0

0 0

0 0

0 0

0 0

0 0 0

S T T T F

R J T J F

R J T F

↓ ↓
→ ⊗ → ⊗ →

↓ ↓ ↓
→ → → →

↓ ↓ ↓
→ → → →

↓ ↓ ↓

 

allowing to obtain the central vertical short exact sequence  

1 1 90 0g R F′ ′→ → → → . 
Now, it is known that a symbol qg  of finite type is involutive if an only if it is 

vanishing ([1] [5] [10]). Using a similar proof, let us consider the commutative 
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diagram of δ-sequences:  

* * 3 * * 4 * *
6 5 4

* 3 * 4 *
5 4 3

0 0 0

0

0

0 0

T S T T T S T T T S T T

T g T g T g

↓ ↓ ↓
→ ⊗ ⊗ → ∧ ⊗ ⊗ → ∧ ⊗ ⊗ →

↓ ↓ ↓

′ ′ ′→ ⊗ → ∧ ⊗ → ∧ ⊗ →

↓ ↓





 

Using the fact that the upper sequence is known to be exact as a δ-sequence 
and that we have ( ) ( )*

4 3140 141dim S T T dim g ′⊗ = < = , an easy chase proves 
that the lower sequence cannot be exact and thus 3g ′  cannot be involutive after 
counting the dimensions. The corollary follows from the fact that  

( ) *
4 1 3 5g g S T Tρ′ ′= ⊗  is indeed 3-acyclic one step ahead by chasing and even 

involutive.  
Finally, with vector bundles ,A B  such that ( ) 1dim A = , ( ) 5dim B = , we 

have the commutative diagram of δ-sequences in which we recall that  
*

1 0g T F′ ⊗ : 

* * 2 * * 3 * * 4 * *
5 4 3 2

* 2 * 3 * 4 *
4 3 2 1

2 * 3 *

0 0 0 0

0

0

0 0

0 0

T S T T T S T T T S T T T S T T

T g T g T g T g

T A T B

↓ ↓ ↓ ↓
⊗ ⊗ → ∧ ⊗ ⊗ → ∧ ⊗ ⊗ → ∧ ⊗ ⊗ →

↓ ↓ ↓ ↓

′ ′ ′ ′⊗ → ∧ ⊗ → ∧ ⊗ → ∧ ⊗ →

↓ ↓ ↓ ↓
→ ∧ ⊗ → ∧ ⊗ →

↓ ↓

 

Taking into account that the top row is exact and proceeding as in the last 
theorem with similar local coordinates, we get:  

1 1 1 1
,123 1,23 2,31 3,12 0 0 0 0ξ ξ ξ ξ= + + = + + =  

always.  
1 1 1 1 1 1 1
,012 0,12 1,20 2,01 0,12 0,12 0,0 0 0 0 0, , 1, 2,3ij i jξ ξ ξ ξ ξ ξ ξ= + + = + + = ⇒ = ⇒ = ∀ =  

0 0 0 0 0 0 1
,10 1,0 0, 1 ,01 1,0 1,0 0,00 0 0 0 0, 2,3i i i i i i i iξ ξ ξ ξ ξ ξ ξ= + + = + + = ⇒ = ⇒ = ∀ = . 

We are thus only left with 1
0,01ξ  that may not vanish though  

1 1 1
0,01 0,10 1,00 0ξ ξ ξ+ + =  in any case and the bottom map δ is not injective.  
Let us prove that 3g ′  is not 2-acyclic because the central δ-sequence cannot 

be exact at 2 *
3T g ′∧ ⊗ . Indeed, if it were, let 2 *c T A∈∧ ⊗  be killed by δ. Then, 

we may lift c to 2 *
3b T g ′∈∧ ⊗  such that 3 * *

3b f T S T Tδ = ∈∧ ⊗ ⊗  and ob-
tain by commutativity 0fδ =  because the last vertical downarrow on the right 
is an isomorphism, thus a monomorphism. As the upper row is an exact se-
quence, we may thus find 2 * *

4a T S T T∈∧ ⊗ ⊗  such that f aδ= . Chasing 
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circularly, it follows from the exactness assumption at 2 *
3T g ′∧ ⊗  that we can 

find * * *
4 5e T g T S T T′∈ ⊗ ⊗ ⊗  such that 2 * *

4b a e a T S T Tδ ′= + = ∈∧ ⊗ ⊗ . 
It should follow that 0c =  and a contradiction, that is 3g ′  cannot be 2-acyclic.  

As we know from ([1] [5] [10]) that the order of the generating CC for 1  is 
equal to 1s +  if one needs s prolongations in such a way that ( )3 3s sg gρ +′ ′=  
becomes 2-acyclic. As we already know that ( ) * *

4 1 3 5g g T S T Tρ′ ′= ⊗ ⊗  is 
involutive, we get 1s =  and the generating CC 2  of 1  are of order 2. We 
have just a “jump” in the order and, for the details, refer the reader to the quite 
delicate Example 3.14 of ([9], p 119-125) in which it is already difficult to dis-
cover how many new second order CC should be introduced though the initial 
system is trivially FI with coefficients in  . Such a result could not even be 
imagined while using the methods of ([6] [7] [8]). 

 
There are “natural” reason for which we do not believe that these results could 

be useful in physics. Indeed, considering like in the previous reference the long 
exact sequence of jet bundles allowing to define 2F  when 1 3F Q= , namely:  

( ) ( ) ( )6 6 5 0 2 1 21 3 2
0 0R J T J F J F F→ → → → → →  

1 3 2
0 4 840 1260 1110 686 0→ → → → → →  

and the large values of these dimensions need no comment for any application.  
 

C) KERR METRIC:  
We now write the Kerr metric in Boyer-Lindquist coordinates:  

( )

( ) ( )

22 2
2 2 2 2 2

2 2

2 2
2 2 2 2

2

2 sin
d d d d d d

sin
sin d

amrmrs t r t

mra
r a

θρ ρ ρ θ φ
ρ ρ

θ
θ φ

ρ

−
= − − −

∆

 
− + +  
 

 

where we have set 2 2r mr a∆ = − + , ( )2 2 2 2cosr aρ θ= +  as usual and we 
check that we recover the Schwarschild metric when 0a = . We notice that t or 
φ  do not appear in the coefficients of the metric. We shall change the coordi-
nate system in order to confirm theses results by using computer algebra and the 
idea is to use the so-called “rational polynomial” coefficients as follows:  

( )( ) ( )

( ) ( )

0 1 2 3 2

22 2 2

, , cos , d sin d

d 1 d

x t x r x c x x

x c

θ φ θ θ

θ

= = = = = ⇒ = −

⇒ = −
 

We obtain over the differential field ( )( ) ( )( ), , , , ,K a m t r c a m xφ= =  :  

( ) ( )
( )

( )
( )( )

( )( ) ( )
( )( )

( )

21 2
2 1 2 22 2 22 0 1 2 0 3

2 2 22

22 1 2
2 2 22 1 2 3

2

2 1
d d d d d d

1

1
1 d

amx xmxs x x x x x
x

ma x x
x x a x

ρ ρ ρ
ρ ρ

ρ

−−
= − − −

∆ −

 − 
− − + + 

 
 

 




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with now ( )21 1 2 2 2x mx a r mr a∆ = − + = − +  and  

( ) ( )2 22 1 2 2 2 2 2x a x r a cρ = + = + . For a later use, it is also possible to set  

( ) ( ) ( )( )( ) ( )22 2 2 2 2 2 2 2 2 2
33 1 1c r a a c a mr r r a cω = − − + − − − + +  and we have 

( ) ( )22 2 2det r a cω = − + . Framing the leading derivatives, we obtain:  

( )

( )

( )

3 0
33 33 3 03 3 33

3 0 2
23 33 2 03 2 22 3

2
22 22 2 22

3 0 1
13 33 1 03 1 11 3

2 1
12 22 1 11 2

1 1 1
11 11 1 11

3 0 3 0
03 33 0 03 0 3 00 3 03

2 0
02 22 0 00 2 03 2

2 0

0

2 0

0

0

2 0

0

R J T

ω ξ ω ξ ξ ω

ω ξ ω ξ ω ξ

ω ξ ξ ω

ω ξ ω ξ ω ξ

ω ξ ω ξ

ω ξ ξ ω

ω ξ ω ξ ξ ω ξ ξ ω

ω ξ ω ξ ω ξ

Ω ≡ + + ∂ =

Ω ≡ + + =

Ω ≡ + ∂ =

Ω ≡ + + =

Ω ≡ + =
⊂

Ω ≡ + ∂ =

Ω ≡ + + + + ∂ =

Ω ≡ + +

( )

3

1 0 3
01 11 0 00 1 03 1

0 3
00 00 0 03 0 00

0

0

2 0

ω ξ ω ξ ω ξ

ω ξ ω ξ ξ ω

















=

Ω ≡ + + =

Ω ≡ + + ∂ =


 

Now, we know that if ( )q qR J T⊂  is a system of infinitesimal Lie equations, 
then we have the algebroid bracket and its link with the prolongation/projection 
(PP) procedure ([1] [2] [5] [10]):  

( ) ( ) ( ), , , , , 0s s s
q q q q r q r q rR R R R R R q r s+ + +

   ⊂ ⇒ ⊂ ∀ ≥     

As ( ) ( )1 2
1 1 2 1R R Rπ= = , it follows that ( ) ( )2 3

1 1 3R Rπ=  is such that  
( ) ( ) ( )2 2 2
1 1 1,R R R  ⊂   with ( )( )2

1 20 16 4dim R = − =  because we have obtained a 
total of 6 new different first order equations. Using the first general diagram of 
the Introduction, we discover that the operator defining 1R  has 10 4 14+ =  
CC of order 2, a result obtained totally independently of any specific GR tech-
nical object like the Teukolski scalars or the Killing-Yano tensors introduced in 
([6] [7] [8]).  

Like in the case of the S metric, two prolongations allow to obtain 6 additional 
equations (instead of 5) that we set on the left side in the following list obtained 

( )( )2mod j Ω :  
We have on sections (care) the 16 (linear) equations ( )( )2mod j Ω  of ( )2

1R  
as follows ([23]): 

( ) ( )
( )
( )

1 2 0 3 1 1 2
00 1 03 1 11 0 1 2

1 2
2 1

1 1 2 0 3 1
3 0 0 03 1 33 1 11 32

1 1 1
2 1 2 0 3 2
3 0 0 00 2 03 2 22 0

0 3 2
03 2 33 2 22 3

0 3 0 3
3 0 0 3

0, 0 0, 0, 0

0 0

, 0 0

, 0 0,

0

0 0, 0, 0

lin
R R J T

lin

ξ ξ ω ξ ω ξ ω ξ ξ ξ

ξ ξ

ξ ξ ξ ω ξ ω ξ ω ξ

ξ ξ ξ ω ξ ω ξ ω ξ

ω ξ ω ξ ω ξ

ξ ξ ξ ξ

 = = ⇒ + + = = =

 = ⇒ =

 + = ⇒ + + =⊂ ⊂ 

+ = ⇒ + + =

 + + =

= ⇒ = = =


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The coefficients of the linear equations lin  involved depend on the Riemann 
tensor as in ([23]). Accordingly, we may choose only the 2 parametric jets 

( )1 2
0 0,ξ ξ  among ( )1 1 2 2

0 3 0 3, , ,ξ ξ ξ ξ  to which we must add ( )0 3,ξ ξ  in any case as 
they are not appearing in the Killing equations.  

The system is not involutive because its symbol is finite type but non-zero.  
Using one more prolongation, all the sections (care again) vanish but 0ξ  and 

3ξ , a result leading to ( )( )3
1 2dim R =  in a coherent way with the only nonzero 

Killing vectors { },t φ∂ ∂ . We have indeed:  
1 2 1 2 0 0 0 3
0 0 3 3 1 1 2 20 , 0 0, 0 0, 0, 0, 0ξ ξ ξ ξ ξ ξ ξ ξ= = ⇒ = = ⇒ = = = =  

Taking therefore into account that the metric only depends on  
( )( )1 2, cosx r x θ= =  we obtain after three prolongations the first order system: 

( ) ( ) ( ) ( )

3
3
2
3
1
3
0
3
3
2
2
2
1
2
0
2
3

3 2 1 1
1 1 1 1 1 2

1
1
1
0

1
3
0
2
0
1
0
0
0
2

1

0 1 2 30
0 1 2 30
0 1 2 30
0 1 2 30
0 1 20
0 1 20
0 1 20
0 1 20
0 10
0 10
0 10
0 10
00
00
00
00

0
0

R R R R J T

ξ
ξ
ξ
ξ
ξ
ξ
ξ
ξ
ξ
ξ
ξ
ξ
ξ
ξ
ξ
ξ
ξ
ξ

 =


=
 =


=
 •=

•=
 •=
 •=
 • •=⊂ ⊂ = ⊂  • •=
 • •=


• •=
 • • •=

• • • =
 • • •=
 • • •=


•=
 =

• • •
• • • •  

Surprisingly and contrary to the situation found for the S metric, we have now 
an involutive first order system with only solutions  

( )0 1 2 3, 0, 0,cst cstξ ξ ξ ξ= = = =  and notice that ( )3
1R  does not depend any 

longer on the parameters ( ),m a K∈ . The difficulty is to know what second 
members must be used along the procedure met for all the motivating examples. 
In particular, we have again identities to zero like 1 1

0 0 0d ξ ξ− = , 2 2
0 0 0d ξ ξ− =  

and thus at least 6 third order CC coming from the 6 following components of 
the Spencer operator, namely:  

1 1 1 1 1 1
1 1 2 2 3 3

2 2 2 2 2 2
1 1 2 2 3 3

0, 0, 0,

0, 0, 0

d d d

d d d

ξ ξ ξ ξ ξ ξ

ξ ξ ξ ξ ξ ξ

− = − = − =

− = − = − =
 

a result that cannot be even imagined from ([6] [7] [8]). Of course, proceeding 
like in the motivating examples, we must substitute in the right members the  
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values obtained from ( )2j Ω  and set for example 1
1 11

11

1
2

ξ ξ ω
ω

= − ∂  while  

replacing 1ξ  and 2ξ  by the corresponding linear combinations of the Rie-
mann tensor already obtained for the right members of the two zero order equa-
tions.  

We have the fundamental diagram I no longer depending on ( ),m a  with fi-
ber dimensions:  

31 1 2 4

31 1 2 4

31 2 4

0 0 0 0 0

0 2 8 12 8 2 0

0 4 20 40 40 20 4 0

0 4 18 32 28 12 2 0

0 0 0 0 0

Dj D D D

Dj D D D

↓ ↓ ↓ ↓ ↓

→ Θ → → → → → →
↓ ↓ ↓ ↓ ↓

→ → → → → → →
↓ ↓ ↓ ↓ ↓

→ Θ → → → → → → →
↓ ↓ ↓ ↓ ↓



  

 

providing the Euler-Poincaré characteristic 4 18 32 28 12 2 0− + − + − = . How-
ever, the only intrinsic concepts associated with a differential sequence are the 
“extension modules” that only depend on the Kerr differential module but not 
on the differential sequence and it follows that ([23]):  

THE ONLY IMPORTANT CONCEPT IS THE GROUP INVOLVED, NOT 
THE SEQUENCE.  

In an equivalent way as 2 20 0, 0rg g r+= ⇒ = ∀ ≥ , we obtain successively:  

( ) ( )( ) ( )*
1 1 2 20 10 10,dim R dim J T dim S T= − = − =  

( ) ( )( ) ( )( )*
2 2 1 2 60 50 10,dim R dim J T dim J S T= − = − =  

( ) ( )
( ) ( ) ( )

3 2

4 4 3

6 4

2 4 2 2r

dim R dim R

dim R dim R dim R+

= − =

⇒ = = − = − =
 

and shall use these results from now on.  
According to a cut of the preliminary diagram with now 4m n= = , 1q = , 

( ),K m a=  , we obtain the following commutative and exact diagrams:  

( )

( ) ( ) ( )

( )

* *
1 2 3 0 2 1

1 2 3 0 1 2 1

2 2 0 2

0 0 0 0

0 0

0 0

0 0

0 0 0

g S T F T Q h

R J F J Q Q

R J F Q

ρ

ρ

↓ ↓ ↓ ↓
′ ′→ → ⊗ → ⊗ → →

↓ ↓ ↓ ↓
′ ′→ → → → →

↓ ↓ ↓ ↓
′→ → → →
↓ ↓ ↓
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0 0 0 0

0 144 200 56 0

0 280 350 70 0

0 136 150 14 0

0 0 0

x x

x x

↓ ↓ ↓ ↓
→ + → → → →

↓ ↓ ↓
→ + → → → →

↓ ↓ ↓ ↓
→ → → →

↓ ↓ ↓



 

Denoting as before by y the number of additional CC of strict order 3 and by x 
the number ( ) ( )1 1dim h dim Q′ ′= , we discover from the above diagram that the 
sum of the number of second order CC (that is 14) and the number of differen-
tially independent third order CC obtained by one prolongation of these second 
order CC is equal to 70 x− . As now ( )3 72dim Q = , we obtain therefore 
72 70y x− = −  and thus 2y x= + . However, as 4x ≥  because of the 4 di-
vergence conditions implied on the Einstein tensor by the 20 Bianchi identities, 
we must have 6y ≥ . As we have already found effectively only 6 CC of order 3, 
we must have indeed 4x =  effectively and, in any case, we cannot have 4y =  
as claimed in ([6] [7] [8]). 

From the short exact sequence:  

( ) ( )4 4 3 0 30 0R J T J F Q→ → → → →  

0 2 280 350 72 0→ → → → →  

we obtain the commutative and exact diagrams:  

( )

( )

4 4 3

3 3 2

0

0 0

0 0

0 0

R J T R

R J T R

↓
′→ → → →

↓ ↓ ↓
′→ → → →

↓ ↓

 

0

0 2 280 278 0

0 4 140 136 0

0 0

↓
→ → → →

↓ ↓ ↓
→ → → →

↓ ↓

 

As a byproduct, we have the commutative and exact diagrams:  

( )

( )

3 1 2

3 1 2

2 2

0 0

0

0

0 0

0 0

g g

R R

R R

ρ

ρ

↓ ↓
′ ′→ →
↓ ↓
′ ′→ →
↓ ↓
′ ′→ = →
↓ ↓

 

0 0 0

0 142 144 0

0 278 280 0

0 136 136 0

0 0

x y

x y

↓ ↓ ↓
→ → + → →

↓ ↓
→ → + → →

↓ ↓ ↓
→ = →

↓ ↓



 

leading thus to the strict inclusions ( ) ( )3 1 2 3 1 2g g R Rρ ρ′ ′ ′ ′⊂ ⇔ ⊂  and to the 
formula 2y x= + .  
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We obtain therefore the following most useful diagram with symbolic nota-
tions:  

( )

( ) ( ) ( )

( )

3 3 0 3

1 2 3 0 1 2 1

1 2 3

0

0 0

0 0

0 0

0

0 0

y

R J F Q

R J F J Q Q

R R x

ρ

ρ

↓

↓ ↓ ↓
′→ → → →
↓ ↓
′ ′→ → → → →

↓ ↓ ↓
′ ′

↓ ↓


 

finally showing that ( )1x dim Q′= ,  
( )( ) ( )( ) ( )1 2 3 1 2 3y dim R R dim R dim Rρ ρ′ ′ ′ ′= = − , a result leading to the long exact 

connecting sequence of vector bundles:  

( ) ( )3 1 2 3 1 2 10 0.R R Q J Q Qρ′ ′ ′→ → → → → →  

in agreement with the main theorem of Section 2. We have the following dimen-
sions:  

0

0 0 6

0 278 350 72 0

0 284 350 70 4 0

6 0 4

0 0

↓

↓ ↓ ↓
→ → → →

↓ ↓ ↓
→ → → → →

↓ ↓ ↓

↓ ↓

 

Prolonging once while taking into account that 5 4R R  with common di-
mension 2, namely the dimension of the Kerr algebra generated by { },t φ∂ ∂ , we 
obtain the following commutative and exact diagram in which 2Q  and 3Q  are 
replaced by 3Q  and 4Q :  

( )

( )

*
4 4 0 4

4 4 0 4

3 3 0 3

0 0 0

0 0

0 0

0 0

0 0 0.

g S T F h

R J F Q

R J F Q

↓ ↓ ↓
′→ → ⊗ → →
↓ ↓ ↓
′→ → → →
↓ ↓ ↓
′→ → → →
↓ ↓ ↓
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showing that *
4 5g S T T′ ⊗  with ( )4 504 2 502dim R′ = − =  and  

( )4 700 502 198dim Q = − = . It follows that ( )4 1 3R Rρ′ ′=  is an involutive fourth 
order system allowing to construct a formally exact Janet sequence following the 
Killing operator as in ([22]), namely (exercise!!):  

1 4 1 1 1 1
0 4 10 198 568 652 348 72 0→Θ→ → → → → → → →  

Of course, such a sequence is quite far from being minimum. However, as the 
Killing operator for the Kerr metric is not formally integrable as we saw, the 
corresponding free resolution of the Kerr differential module, namely:  

72 348 652 568 198 10 4

1 1 1 1 4 1
0 0

p
D D D D D D D M→ → → → → → → → →  

is not strictly exact though we have indeed: 

( ) 4 10 198 568 652 348 72 0Drk M = − + − + − + =  

As the maximum size of the matrices involved is ( )( ) ( )( )4 3198 568dim J dim J× , 
that is 13860 19880× , we hope to have convinced the reader that there is no 
hope for using computer algebra.  

As ( )3 1 2R Rρ′ ′⊂  with a strict inclusion, the only possibility to escape from 
the above difficulty is to use only 3R′  and third order CC. However, as we have 
the strict inclusion *

4 3S T T g ′⊗ ⊂  with a strict inclusion because 140 142< . 
As for the S metric, we have the crucial theorem:  

THEOREM 4.C.1: The operator ( )
3

1 0 3 0 1 3:
j

F J F F Q→ → =  generates the 
CC of ( )

1

1 0:
j

T J T F→ → .  
Proof: First of all, as 3R′  is strictly contained into ( )1 2Rρ ′ , we have at least 

one third order generating CC but we already know that we have the six 

( )1 1 2 20, 0i i i id dξ ξ ξ ξ− = − =  for 1,2,3i = .  
Collecting the previous results and applying the Spencer operator, we obtain 

the following commutative diagram in which the two central columns are 
known to be locally exact ([1] [5]):  

( ) ( )

( ) ( )

( ) ( )

0

4 4 3 1

4 4 3 0 3

* * * *
3 3 2 0 2

2 * 2 * 2 *
2 2 1 0

0 0 0

0

0 0

0 0

0 0

T F
j j j

R J T J F Q
d d d

T R T J T T J F T Q

d d d
T R T J T T J F

↓ ↓ ↓

→ Θ → →
↓ ↓ ↓

→ → → → →
↓ ↓ ↓ ↓

→ ⊗ → ⊗ → ⊗ → ⊗ →

↓ ↓ ↓ ↓
→ ∧ ⊗ → ∧ ⊗ → ∧ ⊗ →






 

Chasing around the right upper commutative triangle, it follows from Theo-
rem 2.A.3 that a section 0FΩ∈  with 1 0Ω =  is such that there exists Tξ ∈  
with ξ = Ω  if and only if the left vertical Spencer sequence is locally exact at 

*
3T R⊗ .  
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However, one has isomorphisms 4 5 6R R R   because they have the same 
dimension equal to 2 and the map 4 3R R→  is a monomorphism because 

( )3 4dim R =  with parametric jets ( )0 3 1 2
0 0, , ,ξ ξ ξ ξ  and 4 0g = . Accordingly, as 

the Spencer sequence for the Killing algebroid is locally exact as it is isomorphic 
to the tensor product of the Poincaré sequence by a Lie algebra of dimension 2, it 
is locally exact. We have therefore the commutative diagram with exact columns:  

( )( ) ( )( )

5

4

* 2 *
5 4 3

* 2 *
4 3 2

1 1* 2
3 3 2 2

0 0 0 0

0

0

0 0

0 0

j d d

j d d

d

R T R T R

R T R T R

T R R T R R

↓ ↓ ↓ ↓

→ Θ → → ⊗ → ∧ ⊗
↓ ↓ ↓

→ Θ → → ⊗ → ∧ ⊗

↓ ↓ ↓ ↓

→ ⊗ → ∧ ⊗

↓ ↓



 

in which the upper row is locally exact. Chasing in this diagram, we discover that 
the central row is locally exact at *

3T R⊗  if the lower Spencer operator d is in-
jective. 

Indeed, we have the following representative parametric jets:  

( ) { }0 1 2 3 1 2 0 1 1 2
2 0 0 3 2 3 310 , , , , , , , , ,dim R ξ ξ ξ ξ ξ ξ ξ ξ ξ ξ= ⇒  

( ) { } ( ) { }0 3 1 2 0 3
3 0 0 44 , , , , 2 ,dim R dim Rξ ξ ξ ξ ξ ξ= ⇒ = ⇒  

( )( ) { } ( )( ) { }1 11 2 1 2 0 1 1 2
3 3 0 0 2 2 3 2 3 32 , , 6 , , , , ,dim R R dim R Rξ ξ ξ ξ ξ ξ ξ ξ= ⇒ = ⇒  

Accordingly, we may choose local coordinates ( )1 2
0, 0,,i iξ ξ  for a representative 

and a representative of the image by d is for example  

( )1 1 1 2 2 2
,0 0, ,0 ,0 0, ,0,i i i i i iξ ξ ξ ξ ξ ξ= − = − . In the kernel of d, we have  

( )1 1 2 2
0, ,0 0, ,0, , 1, 2,3i i i i iξ ξ ξ ξ= = ∀ =  but the situation is more tricky than for the S 

metric.  
For 1i = , we have 1 1 2 2 1

1 2 1 2 0,0, 0, 0, 0 0iξ ξ ξ ξ ξ= = = = ⇒ =  and similarly  
2
0, 0, 1, 2i iξ = ∀ = . 
Then, as { }0 3,ξ ξ  are among the parametric jets of 3R , we have  

0 0 0 0 0
,13 1,3 3,1 1,3 3,10 0ξ ξ ξ ξ ξ= − = ⇒ = =  and similarly 3 3

1,3 3,1 0ξ ξ= = . Using the Lie 
Equations of ( )2

1R  we obtain successively:  
0 3 1 1

00 1,3 03 1,3 11 0,3 0,3

0 3 1 1
03 1,3 33 1,3 11 3,3 3,3

0 0,

0 0

ω ξ ω ξ ω ξ ξ

ω ξ ω ξ ω ξ ξ

+ + = ⇒ =

+ + = ⇒ =
 

Exchanging 1 and 2, we obtain similarly with the two other framed Lie equa-
tions the two relations 2 2

0,3 3,30, 0ξ ξ= = . Hence, when 3i = , it follows that  

( )1 1 1 2
0,3 3,0 0,0 0,0, 0linξ ξ ξ ξ= = =  and ( )2 2 1 2

0,3 3,0 0,0 0,0, 0linξ ξ ξ ξ= = = , a result leading 
to 1 2

0,0 0,00, 0ξ ξ= =  on one side and 1 2
0,3 0,30, 0ξ ξ= =  on the other side because 
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1
0ξ  and 2

0ξ  are linearly independent jet coordinates, that is finally  
1 2
0, 0,0, 0, 0,1, 2,3i i iξ ξ= = ∀ = .  

 
Like in the example of the S metric, the sequence constructed in the previous 

theorem for the K metric have the same “jumps” in the order of the successive 
operators. Indeed, using the same proof but now with  

( ) ( )*
3 4 2 142dim g dim S T T′ = ⊗ + = , ( ) 2dim A = , ( ) 6dim B = , we have:  

COROLLARY 4.C.2: The symbol of 1  is not 2-acyclic and the CC operator 

2  is of order 2.  
Following closely the procedure used for all the motivating examples, we have 

thus transformed the search for the generating CC of the Killing operator into a 
purely mathematical problem of formal integrability and diagram chasing, quite 
far away from any physical background ([28]).  

5. Conclusions 

To end this paper with a rather personal story, let me come back 60 years ago 
when I was preparing the competition for the French “Grandes Ecoles” at the 
State College Louis le Grand in Paris which is famous for one of his former stu-
dent Evariste Galois. To give a few statistics, let us say that, for the one I had in 
mind, 30,000 students were trying, 3000 were selected after the written exam and 
300 were only elected after oral exam! This college was known to have the max-
imum number of success in France and the teachers were carefully selected for 
that purpose, in particular in the best class room where I was. Once, this teacher 
was writing on the board the text of the problem we had to solve for the next day 
about what is now called “Desargues theorem”. Roughly, if you consider in a 
plane two triangles ( ) ( ),ABC A B C′ ′ ′  that are not flat and such that the 3 
straight lines , ,AA BB CC′ ′ ′  have a common origin O (Center of perspective), 
then the intersection P of BC  and B C′ ′ , Q of AC  and A C′ ′ , R of AB  
and A B′ ′  are on a straight line (Axis of perspective). Though I knew nothing 
about this result at that time, I suddenly “saw” the figure as a volume in space 
and shouted “ , ,P Q R  are on a straight line”, even before the teacher had been 
asking the question in front of the astonished students. Surprisingly, and I will 
never forget, the teacher said “Pommaret, this is true but how did you find it”. 
When I said “Well, Sir, I have seen in space that the common line is the intersec-
tion of the two planes containing the triangles” (the reader may draw the picture 
for fun), his only comment has been “Better don’t do that on the day of the 
competition”. I replied “Sir, a result is important but the way you find it may 
even be more important”. As a byproduct he never asked me any question dur-
ing the full academic year and became a “private enemy” in my scholar life dur-
ing 10 years till he retired.  

In a similar way, I point out the fact that during a visit for lecturing at the Al-
bert Einstein Institute (AEI, Berlin/Postdam) in October 23-27, 2017 ([18], ar-
Xiv: 1802.02430), I discovered that the members of the inviting research team 


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were not interested about the new tools I had developed in the many books or 
papers already quoted, in particular the link existing between the Spencer oper-
ator and the bracket of Lie algebroids. I also claim that the few references they 
quote for defining involutive systems are not the best ones as it happens that I 
have been regularly lecturing in Aachen during more than fifteen years and I 
know that the authors involved are only using Janet, Gröbner or Pommaret 
bases for computer algebra packages but are unable to deal with acyclicity in 
general. The situation met in the case of the Lie pseudogroup of conformal 
transformations is a good example (See [4] and [9]). As a byproduct, it became a 
personal challenge to clarify the CC for the Killing operators over the Schwarz-
schild and Kerr metrics without using any of their tedious computations. The 
surprise is that, if I found again the 15 second order CC for the S metric and the 
14 second order CC for the K metric, I also found explicitly 3 third order CC for 
the S metric and 6 third order CC for the K metric. All the formulas can be writ-
ten and framed within less than one line provided one uses these new methods 
from differential homological algebra that have never been introduced in GR up 
to now. The main reason is that they also prove that Einstein equations cannot 
be parametrized by a potential like Maxwell equations ([4] [19]) as such a result 
deeply questions the existence of gravitational waves… but this is surely another 
story! 
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