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Abstract 
This study focuses on the development possibilities of radiotracers used in 
PET in Senegal. This is a literature review that develops the production of 
68-Gallium (68Ga[Ga]) via a medium to low energy cyclotron. It shows the 
possibility of producing 68Ga[Ga] with a simple production reaction using a 
target of 68Zn. This reaction provides high production yields, at the end of the 
bombardment (EOB), reaching up to 80 times the activity of a generator. PET 
imaging may offer better sensitivity and spatial resolution compared to SPECT 
which is currently used in Senegal. The acquisition of this type of medium to low 
energy accelerator in Senegal may constitute an important phase in the devel-
opment of radiotracers with the objective of installing a PET imaging. However, 
solutions must be provided to minimize the presence of isotopic impurities. 
 

Keywords 
Gallium-68, PET, Radiotracers, Cyclotron, Senegal 

 

1. Introduction 

Gallium (Ga) is a chemical element belonging to the family of post-transition 
metals (group 13 of the periodic table of the elements). It is a silvery-looking 
metal with a melting point of 29.8˚C [1] [2]. Gallium has two stable isotopes, 
69Ga and 71Ga (61.1% and 39.9% of natural gallium, respectively). 68Ga [Ga] 
(physical half-life of 67.71 minutes) combines two decay modes: electron capture 
(10% to 12%) and beta + decay (88 to 90%) (Table 1) to give 68Zinc. 

The β+ type decay results in the emission of a positron allowing the formation 
of two annihilation photons, essential for PET (positron emission tomography) 
imaging [1] [3] [4]. 
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Table 1. Main emissions of 68Ga[Ga] [1] [3] [4]. 

Gallium 68 

Gamma emission ( )annihilation transition511 keV; 1077.34 keV 3.22%γ γ= =  

β+ moy max836 keV; 1899keVE Eβ β= =  

 
While PET is becoming more and more accessible, 68Ga [Ga] has the advan-

tage of being a metal and therefore of offering possibilities different from those 
of halogens, by its way of binding to other atoms (chemistry of coordination), 
which makes it more versatile. 

Currently, 68Ga [Ga] is mainly produced from a 68Ge[Ge]/68Ga[Ga] generator. 
The 68Ge[Ge]/68Ga[Ga] generator remains practical, because it guarantees the 
supply of 68Ga [Ga] for several months (68Ge[Ge] physical period: 270.82 days). 
However, the use of the generator can be limited by its activity (typically 1.85 
GBq of nominal activity when new); the minimum interval between elutions 
(typically 3 - 4 hours); the elution efficiency (~60% - 80%); and the potential for 
the parent radionuclide to be long-lived (68Ge[Ge]) crosses the column and ends 
up in the eluate (breakthrough) [5] [6] [7] [8]. 

Taking these considerations into account, Jensen and Clark [9] have devel-
oped an innovative method to meet the growing demand for 68Ga[Ga]. This me-
thod consisted in producing 68Ga[Ga] via a cyclotron with a liquid target con-
sisting of a solution of 68ZnCl2 [9]. Since then, other research groups have at-
tempted to optimize the production of 68Ga[Ga] with a liquid target [5] [10]. Al-
though the production of 68Ga[Ga] via a liquid target is facilitated by the target 
preparation process, the activity of 68Ga[Ga] available at the end of production is 
not significantly higher than that produced by the generator. To overcome the 
limitations seen with the use of a liquid target, a solid (enriched) target can dra-
matically improve the overall production of 68Ga[Ga]. Precisely, the objective of 
this bibliographical synthesis is therefore to highlight the production of 68Ga[Ga] 
via a cyclotron by the use of a solid target (nature of the target, irradiation and 
production rate, quality of the radioelement produced, various impurities ob-
served…). 

2. Ways of Producing 68Ga[Ga] from a cyclotron, Medium to  
Low Energy 

Several methods of producing 68Ga[Ga] have been developed using cyclotrons. 
Considering the type of particles typically accelerated in medium to low energy 
accelerators, four reactions can efficiently produce 68Ga[Ga], namely:  

65Cu (α, n) 68Ga on a copper target, 68Zn (p, n) 68Ga, 68Zn (d, 2n) 68Ga and 
70Zn (p, 3n) 68Ga on zinc targets [11] [12]. 

According to evaluations by Szelecsényi and al. and Sadeghi et al. [11] [13] 
based on the study of the cross section (maximum values of the cross sections: 
882.0 ± 98.5 milli-barns for 17.2 ± 1.2 MeV with α particle on 65Cu[Cu] target et 
911.3 ± 99.4 milli-barns for 12.2 ± 1.3 MeV with a proton on 68Zn target) 
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(Figure 1), the reactions 65Cu (α, n) 68Ga and 68Zn (p, n) 68Ga are the best to 
produce 68Ga[Ga] from of a medium to low energy accelerator. 

In addition, among these two nuclear reactions, the irradiation of Zn by pro-
tons (68Zn[Zn] (p, n) 68Ga[Ga]) is the preferred one (the one we have also cho-
sen) according to several studies because it leads to a higher production yield 
with less impurities and uses protons, the simplest of all cyclotron projectiles [5] 
[11] [13] [15].  

3. Production of 68Ga[Ga] via a Cyclotron Using a Solid  
Target of 68Zn[Zn] 

3.1. Nature of the Target 

Aiman H. Alnahwi et al. [16] developed an automated 68Ga[Ga] radiosynthesis 
for routine large-scale production using a squeezed 68Zn[Zn] target (target high-
ly enriched to 99.26 in 68Zn[Zn]) (Table 2). 
 

 
Figure 1. Cross sections of reactions 65Cu[Cu] (α, n) 68Ga[Ga] and 68Zn[Zn] (p, n) 
68Ga[Ga] [11] [14]. 
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Table 2. Isotopic composition of the target and impurities [16]. 

Zn (%) 64Zn (0.01) 66Zn (0.1) 67Zn (0.61) 68Zn (99.26) 70Zn (0.02)  

Impureties 
(ppm) 

Al (<1) Cu (5.3) Fe (220) Cr (20.3) Sn (170) Co (<1) Ca (<5) Cd (125) 

Pb (3.6) As (<0.1) Si (4) Mg (1.8) Mn (1.17) K (13) Na (2.7)  

 
Thus, 68Zn[Zn] pellets of different diameter and thickness were prepared (di-

ameter: 6 to 10 mm and thickness: 0.51 to 0.55 mm). The target carrier was made of 
aluminum, so it was only weakly activated by the proton beam from the cyclotron 
according to these authors. In addition, aluminum, due to its thermal conductiv-
ity properties [17] [18], allowed efficient cooling of the target during irradiation. 

In another study, Lin et al. [8] used an enriched 68Zn[Zn] target (60 - 120 mg) 
with a diameter of 7 mm. The target was electrodeposited on a platinum disc 
and then it was transferred and mounted in the cyclotron PETtrace via the mod-
ule Comecer EDS/PTS (Castel Bolognese RA, Italy).  

3.2. Target Irradiation and Production Efficiency 

Aiman H. Alnahwi et al. [16] used irradiations with a beam current between 5 
and 35 μA on the squeezed 68Zn[Zn] target with an energy ranging from 13 to 
14.5 MeV for a duration of 90 minutes. The irradiations were first carried out on 
a 6 mm target for which the production yield (corrected for the decay) was 2.6 
GBq/μA·h. The activity of 68Ga[Ga] increased when the current applied to the 
target was greater (input 1 - 3). The highest production yields were obtained 
with the 8- and 10-mm targets (entries 4 - 5). Using a current of 35 μA, 145 ± 6 
GBq (at EOB: end of bombardment) was produced (input 6) (Table 3). This 
value (145 ± 6 GBq in EOB) is superior to the values reported by Lin et al. (Lin, 
Waligorski, et Lepera 2018) which used an incident energy of 14.5 MeV proton 
beam with beam currents of 15 à 40 μA and a power equivalent to about 80 
times the activity of a generator. 

Other authors like Sadeghi et al. [13] obtained interesting yield values for the 
68Zn[Zn] (p, n) 68Ga[Ga] nuclear reaction using a solid target of Zn enriched to 
97% in 68Zn[Zn]. Their EOB yield reached 5.032 GBq/μAh at 15 MeV with the 
use of a target of 52 μm thick; with an irradiation time of 0.25 h and a beam cur-
rent of 150 μA. Szelecsényi et al. [11] reported that their values, calculated with 
the cross sections (5.809 GBq/μAh), were in agreement with these data. 

3.3. Dissolving the Target 

After facilitated transport via magnetic media (Automated Target Transfer Sys-
tem [12]), immediate dissolution of the target should be performed for rapid 
transfer to the purification column. 7N nitric acid HNO3 can be used for target 
dissolution. Another particularly interesting method for extracting radioisotopes 
of gallium from zinc targets is the thermal diffusion method described by Tol-
machev and Lundqvist [19]. A similar method was also employed by Zeisler et 
al. [20]. 
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Table 3. Production yields [8] [16]. 

Entry 
Pressed target 

diameter 
(mm) 

Energy Ep 
(MeV) 

Maximum 
current on 
target (μA) 

Activity 
(GBq)b 

Production 
yield 

(GBq/μA·h) 

Saturation 
yield 

(GBq/μA) 

1 6 14 5 7.2 2.6 5.1 

2 6 14 12 17.0 2.2 4.3 

3 6 14 25 32.8 2.6 5.0 

4 8 14 15 36.6 4.8 9.0 

5 10 14 30 68.6 4.6 8.7 

6 10 13 35c 144.8 ± 6.4 2.7 ± 0.1 6.8 ± 0.1 

7 (Lin) 7 14.5 30 60.9 ± 1.8 2.7 ± 0.1 5.6 ± 0.2d 

aThe proton beam energies were calculated by Monte Carlo simulation using SRIM. Ir-
radiation time was fixed at 30 min. bTotal recovered activity, corrected at EOB. cIrradia-
tion time was 90 min. dSaturation yield estimated from results reported by Lin et al. [8]. 
Entries 1 - 5, n = 1; entry 6, n = 2. 

3.4. Purification of 68Ga[Ga] 

The automated purification process implemented by Aiman H. Alnahwi et al. 
[16] used a hydroxamate resin. 0.01 N HCl solution (50 mL) was required to 
remove 68Zn[Zn]. The 68Ga[Ga] was then eluted from the hydroxamate resin 
with 0.75 N HCl as [68Ga] GaCl3. This provides 68Ga[Ga] with a high radiochem-
ical yield and a lead time of the dissolution and purification method of less than 
10 - 12 min (20 min for Lin et al. [8]). The last purification step, carried out with 
the CUBCX resin [21], has already been validated internally. 

3.5. Metallic and Isotopic Impurities 

Aiman H. Alnahwi et al. [16] described the presence of metal impurities after 
purification. For all batches tested, metallic impurities were below the general 
limit of 10 ppm and 20 ppm for heavy metals (USP and Ph. Eur.). The concen-
trations of impurities of antimony, barium, beryllium, bismuth, cadmium, chro-
mium, cobalt, lead, lithium, molybdenum, selenium, silver, tin, titanium, vana-
dium were <0.5 ppm. The elements Al, Fe, Mg, Zn and Cu were <4 ppm. 

The main isotopic impurities were identified by gamma spectrometry (29, 50 
and 72 h post purification) and consisted of 67Ga[Ga] (physical period: 3.26 
days) and 66Ga[Ga] (physical period: 9.45 h), as indicated previously by Al-Saleh 
et al. [22] [23] and their total combined amount was less than 2% at 6 h after ir-
radiation (Energy 13 MeV). 67Ga[Ga] can be produced via the reactions 67Zn[Zn] 
(p, n) 67Ga[Ga] and 68Zn[Zn] (p, 2n) 67Ga[Ga] with incident proton energy of 2 - 
26 MeV and 13 - 29.5 MeV, respectively. 66Ga[Ga] can be produced via 66Zn[Zn] 
(p, n) 66Ga[Ga] and 67Zn[Zn] (p, 2n) 66Ga[Ga] with incident particle energy of 6 - 
26 MeV and 15 - 26 MeV, respectively [24]. According to the experimental mea-
surements reported by Alves et al. [5], the amounts of 67Ga[Ga] and 66Ga[Ga] 
can be kept below 2% using a particle energy of 13 MeV. For example, the 
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68Ga[Ga] purities may be 99.97% and 99.99% at EOB for particle energies of 14 
and 13 MeV respectively. These values were confirmed by Lin et al. [8] who ob-
served a small fraction (≤0.2%) of 67Ga[Ga] when the target was irradiated for up 
to 90 min with 14.5 MeV protons. 

3.6. Target Recovery 

Many authors have not performed a target recovery process, believing it to be 
more expensive than buying a new target. However, according to an IAEA 
document [12], 68Zn[Zn] can easily be recovered provided no impurities (e.g. iron) 
are present. Thus, simple multiple drying with nitric acid can be performed as 
described below. The procedure includes: 1) dry evaporation; 2) Dilution in 
concentrated nitric acid (>10 M); 3) Repeat the evaporation; 4) Dilution in 10 
mM nitric acid; and 5) Evaporation to dryness or preparation of a ready-to-use 
solution. >90% recovery of the 68Zn isotope of Zinc is expected. All reagents used 
must be of high quality, traces of metal. 

Buying a new target is worth more than this long and tedious target recovery 
process. 

4. Conclusion 

The acquisition of a medium to low energy cyclotron can be a huge opportunity 
for developing African countries including Senegal. The production technique is 
quite accessible. Obtaining gallium could initiate the development of new PET 
radiotracers hitherto unused, particularly 68Ga[Ga]-PSMA (prostate specific 
membrane antigen), now essential in the diagnosis of prostate cancer. The ob-
jective of developing these radiotracers and the installation of a PET are today 
major challenges and issues for Senegal. Thus, the production of 68Ga[Ga] via a 
cyclotron therefore constitutes an innovative and interesting method with high 
production yields. However, it must be optimized to reduce or even eliminate 
isotopic impurities. 
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Abstract 
Researches in the field of low-energy nuclear reactions (LENR) have shown a 
wide variety of manifestations of these phenomena. They appear in metals 
with hydrogen dissolved in them, in plasma, in gas discharge, in electrolysis, 
and even in biological systems. In addition to energy release, which far ex-
ceeds the capabilities of chemical reactions, LENR is characterized by a huge 
variety of emerging chemical elements. This report provides examples of ap-
pearance of many initially missing elements in different LENR installations. 
For example, in the nickel-hydrogen LENR reactor created in our laboratory, 
which worked for 7 months, Ca, V, Ti, Mn, Fe, Co, Cu, Zn, Ga, Ba, Sr, Yb, Hf  
were found. Moreover, new elements were found not only in the “fuel” but 
also in the surrounding matter. The huge variety of chemical elements that arise 
can be explained by the fact that in the processes of LENR, the interaction 
covers several atoms at once. The article discusses approaches to explaining 
the phenomena discovered in the process of LENR researches. 
 

Keywords 
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1. Introduction 

This article gives special attention to an important feature of LENR: huge variety 
of emerging new nuclides. In the experiments of M. Fleischmann and S. Pons, 
which began intensive research in the field of LENR, tritium and helium were 
presumably formed during the fusion of deuterium nuclei. But soon it was dis-
covered that cold nuclear transformations are not limited only to the fusion of 
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light nuclides. This paper provides a few examples of the various nuclear trans-
formations found in various numerous experiments.  

2. Examples of Huge Variety of Emerging New Nuclides 

Experiments by I.B. Savvatimova, A.B. Karabut and Y.R. Kucherov [1] [2] began 
almost immediately after the publication by M. Fleischmann and S. Pons. In 
these experiments, the effect of a glow discharge in a medium of deuterium and 
other gases on palladium and other metals was investigated. Release of excess 
energy and many initially absent chemical elements were found. For instance, 
Sc, Ti, V, Ag, Cd, In, P, Cl, Br, Ge, As, Kr, Sr, Y, Ru, Xe were found in Pd. In 
some elements an unusual ratio of isotopes was found. In addition, gamma and 
neutron radiation was detected, as well as the appearance of radioactivity in the 
irradiated targets. However, detected radiation intensity and radioactivity were 
very weak. Thus, already in these early studies, many important properties of 
LENR were identified. 

At the same time, in Magnitogorsk State Technical University, Anatoly Va-
chaev created an installation called “Energoniva” [3]. In this installation, water 
flowed between tubular electrodes, between which a special type of electric dis-
charge was created. As a result, many elements that were initially absent ap-
peared in the water, from lithium to lead. Most of all, iron appeared. In addition, 
heavy and superheavy water accumulated in the water, i.e. deuterium and tri-
tium appeared. Vachaev’s installation was reproduced in several laboratories. 
The appearance of many initially absent nuclides occurred everywhere. 

Many initially absent nuclides from boron to lead were recorded in the well- 
known experiments of Leonid Urutskoev with exploding metal foils [4]. A 
change in the isotopic composition of titanium after an electric explosion was 
detected. In addition, in these experiments, “strange radiation” was detected, 
which formed unusual tracks in the photo emulsion and on the surfaces of vari-
ous detectors [4] [5]. 

In the experiments of Ubaldo Mastromatteo [6] and Jean-Paul Biberian [7], 
palladium foils were subjected to prolonged laser irradiation in an atmosphere of 
hydrogen and deuterium. In the field of irradiation, many new chemical ele-
ments (N, O, Na, Mg, Al, S, Ca, Fe, Ni, Zn, Mo) and a significant decrease in the 
content of palladium were detected. 

In our laboratory, various substances were exposed to incandescent lamps [8] 
[9]. Release of excess heat and changes in the elemental composition in the sub-
stances surrounding the lamp were detected. In one of the experiments, the 
tube-shaped incandescent lamp was wrapped in a lead-tin alloy ribbon. In order 
to prevent the alloy from melting, running water was used. Many elements ranging 
from lithium to bismuth were reliably detected.  

It is important to note the following. Many attempts to explain LENR include 
hydrogen or deuterium as a necessary element of the process. In the lead-tin al-
loy ribbon experiment, nuclear transmutations occur in the complete absence of 
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hydrogen. This indicates the need for approaches to explain LENR that do not 
require the mandatory presence of hydrogen. 

Many nickel-hydrogen reactors have been tested in our laboratory [10]. In 
some of them, elemental and isotopic composition of both the nickel-hydrogen 
core and the surrounding matter was analyzed. Many initially absent elements 
were always detected, not only in the core, but also in the surrounding matter.  

One of our reactors (M7) ran continuously for 7 months, generating up to 1000 
watts of excess power [11]. Figure 1 and Figure 2 show what new elements ap-
peared in different parts of the reactor after the end of its operation. New ele-
ments (K, Ca, V, Cr, Ti, Mn, Fe, Zn, Ga, Sr, Ba, Yb, Hf) appeared in all parts of 
the reactor located near the core, even in the outer ceramic tube. Analysis was 
made of the isotopic composition of nickel, which, along with hydrogen, was con-
sidered as “fuel”. Contrary to expectations, even after a long stay in a working 
reactor, it almost did not change. The isotopic composition of nickel remained  
 

 
Figure 1. M7 reactor after shutdown. Many elements that had been initially all but absent 
in the fuel were found in the fuel and in the reactor structure and calcium in especially 
significant quantities. In the inner ceramic tube the calcium content reached 23% with an 
initial content of about 1%.  
 

 
Figure 2. Cross section of M7 reactor inner tube.  
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almost unchanged in our other nickel-hydrogen reactors. This indicates that 
LENR processes (heat generation, transmutations) occur not so much in the hot 
nickel-hydrogen core, but in surrounding matter. 

3. Important features of LENR 

Numerous diverse experiments allow us to highlight a number of important 
features of LENR:  

1) huge variety of nuclides appears not only in the “fuel”, but also in sur-
rounding matter, and, in general, nuclides that do not have radioactivity appear; 

2) energy is released far beyond the capabilities of chemical reactions; 
3) neutrons and gamma radiation are emitted during the LENR process. 

However, the radiation intensity is many orders of magnitude lower than in 
“normal” nuclear reactions;  

4) a dense medium (solid, liquid, dense plasma) is required; 
5) unusual tracks appear near the reactors. 

4. Attempts to Explain the LENR Phenomenon 

Many attempts have been made to explain the LENR phenomenon. Numerous 
hypotheses can be divided into several groups:  
● proton (deuteron) overcomes the “Coulomb barrier” and merges with the 

nucleus;  
● proton turns into a neutron, for which there is no “сoulomb barrier”. This 

neutron generates a chain of nuclear transformations;  
● LENR processes involve a catalyst;  
● An atom enters a compact state with the release of high energy. In addition, 

an atom in a compact state overcomes the “Coulomb barrier” more easily. 
But so far, it has not been possible to explain all the features of LENR, or at 

least some of them without contradicting the rest. Basically, the search went in 
the direction of finding ways to overcome the “Coulomb barrier”, which pre-
vents a sufficiently close approach of the nuclei. An example of this approach is 
the well-known Widom-Larsen theory [12], which allows possibility of convert-
ing protons into neutrons. Resulting neutrons react with the nuclei of surrounding 
matter, forming new chemical elements. However, in reality, experiments did 
not detect the intense radiation of neutrons and hard gamma rays, which in-
evitably occur when neutrons are captured by nuclei. This alone refutes this type 
of hypothesis. Similar inconsistencies are typical for other approaches. It should 
be emphasized that none of the above approaches provide an explanation for the 
huge variety of nuclides that arise. 

5. Assumption of Energy-Efficient Rearrangements of  
Nucleons Located in More Atoms 

The problem of the appearance of huge variety of emerging nuclides can be 
solved by the assumption that they appear as a result of energy-efficient rear-
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rangements of nucleons located in two or more atoms [13] [14]. To do this, they 
must be exposed to action that covers several atoms at the same time. Indeed, if 
one assumes the multi-nucleated nature of the transformations, the appearance 
of numerous diverse nuclides becomes possible. Papers [15] [16] describe results 
of computer calculations of the simplest variant of multicore transformations: 
exothermic transformations of one or two stable nucleons into one or two stable 
nucleons with or without the participation of electrons. A computer calculation 
revealed more than a million variants in this simplest type of multicore trans-
formation.  

Possible nuclear transformations in corundum (Al2O3) are shown below as an 
example. Corundum is substance that has been widely used in our reactors. Even 
when considering the interactions of only two aluminum nuclei, many new he-
lium-to-iron nuclides can arise:  

27Al + 27Al → 54Fe + 21.242 MeV  27Al + 27Al → 50Cr + 4He + 13.428 MeV  
27Al + 27Al → 42Ca + 12C + 4.137 MeV 27Al + 27Al → 38Ar + 16O + 5.058 MeV  
27Al + 27Al → 34S + 20Ne + 5.058 MeV 27Al + 27Al → 30Si + 24Mg + 3.971 MeV  
27Al + 27Al → 29Si + 25Mg + 0.688 MeV 27Al + 27Al → 28Si + 26Mg + 3.308 MeV  

Additional nuclides can arise from interactions of two oxygen nuclei and nuc-
lei of oxygen and aluminum:  

16O + 16O → 32S + 16.539 MeV  16O + 16O → 31P + 1H + 7.673 MeV  
16O + 16O → 28Si + 4He + 9.594 MeV 16O + 27Al → 42Ca +1H + 9.312 MeV  
16O + 27Al → 39K + 4He + 9.438 MeV 16O + 27Al → 31P + 12C + 2.502 MeV  

Thus, in corundum H, He, C, O, Ne, S, Ar, Mg, Si, P, Ca, Cr, Fe may appear. 
Many of these new elements were discovered by analyzing the corundum tubes 
that worked in our reactors. 

It should be noted that such transformations cannot occur through the chan-
nel of strong interactions due to the “Coulomb barrier”. But nothing prevents, in 
principle, such transformations from occurring through the channel of weak 
nuclear interactions. In this case, a neutrino or antineutrino must be present in 
the equations of nuclear reactions. 

It is important to note that transformations involving an ensemble of a large 
number of nuclei occur mainly without the formation of the radioactive nuclides 
and excited nuclei that cause gamma radiation. This is due to the fact that in a 
system of a large number of interacting nuclei, there are many options for the 
formation of products with stable and unstable isotopes, with excited and unex-
cited nuclei. In accordance with the Ziegler principle, a non-equilibrium system 
develops in such a way as to maximize entropy production under given external 
constraints [17]. Entropy production in the formation of stable and unexcited 
nuclides is higher than in the formation of unstable and excited ones, so their 
formation is more likely. 

As already mentioned, for the implementation of multi-core interactions, a 
mechanism covering several atoms is necessary. Here are a few hypothetical 
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ways to implement multinucleated transformations: 
● Magnetic monopoles [4] [5] [17] [18] [19] [20] [21]; 
● “Capsules” with transatoms [22]; 
● Magneto-toro-electric clusters [23]; 
● High density Charge Clusters [24]; 
● Ultra-low-energy neutrinos [8] [25].  

Let us consider the last of the listed approaches, as it allows one without con-
tradiction to explain the main features of LENR and without involving “new 
entities” devoid of experimental confirmation. 

6. Hypothesis of Low-Energy Neutrinos Participation in  
Nuclear Transformations 

Theoretical works on the interaction of neutrinos with matter at very low ener-
gies give an extremely low probability of interaction [26] [27]. But a number of 
experiments indicate that, in fact, neutrinos at low energies interact with matter 
quite noticeably [28] [29]. 

It is important to note that approaches mastered by high-energy neutrino 
physics are unsuitable for very low-energy neutrinos (of the order of 1 eV and 
below). The difference in energy is about the same as between that of gamma 
quanta and light photons. Photons manifest themselves in a completely different 
and much more diverse way than gamma quanta. Apparently, neutrinos at very 
low energies also have many important but unexplored properties. But some-
thing is quite clear. The large de Broglie wavelength, which is many times greater 
than the interatomic distances, leads to the fact that the interaction covers a huge 
number of atoms. Of very low energy neutrinos interact with matter macros-
copically, i.e. they are refracted, reflected at the boundaries of media, scattered 
on inhomogeneities. Streams of such neutrinos experience interference and dif-
fraction. In these processes, there is practically no energy exchange between 
neutrinos and matter. 

In addition, neutrinos work in nuclear transformations involving the weak 
interaction. Unlike other types of interactions, the role of the weak nuclear inte-
raction is not in attraction or repulsion, but in the transformation of neutrons 
into protons or protons into neutrons with the participation of electrons or po-
sitrons and antineutrinos and neutrinos. At the same time, in addition to fulfil-
ling the laws of conservation of energy, momentum, angular momentum, baryon 
and electric charge, the lepton charge must be preserved. Neutrinos or antineu-
trinos act as a kind of key that resolves nuclear reactions of weak interaction. In 
addition, they can contribute additional energy. For example, the well-known 
nuclear reaction ν~ + p → e+ + n is possible when the neutrino energy is greater 
than 1806 keV. But if the energy balance of the nuclear conversion is positive, no 
additional energy is required, only the presence of neutrinos. For example, the 
reverse beta decay of ν + 60Co → 60Ni + e− + 2.823 MeV can occur at an arbitrarily 
low neutrino energy. However, such nuclei have spontaneous beta radioactivity, 
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therefore this reaction must be observed against the background of spontaneous 
decays. A noticeable effect can be at a sufficiently high neutrino flux density. 
This is achieved, for example, in the focus of a parabolic mirror in which a small 
beta source is located [28] [29]. When scanning the celestial sphere, bursts of 
60Co activity were observed, many times exceeding the background of sponta-
neous radioactivity (sometimes by 1000 times). It is assumed that the increase in 
the decay rate of the beta source is caused by concentrated flows of very low-energy 
neutrinos—the dark matter component. 

As noted above, a lot of nuclear transformations are, in principle, possible 
when two or more nuclei are converted into two or more other nuclei with a 
positive energy balance [8] [15] [16]. The Coulomb barrier does not allow the 
nuclei to get close enough for the strong nuclear interaction to work. But in the 
presence of a neutrino that “includes” the weak interaction covering both nuclei, 
nothing prevents the reactions from occurring, for example: 

ν + 27Al + 27Al + e− → 53Cr + 1H + 13.594 MeV 

ν + 27Al + 27Al → 50Cr + 4He + 13.428 MeV + ν' 

The neutrino on the left side of the equations can have an arbitrarily low 
energy. The neutrino on the right side of the second equation has a high energy 
and flies away, carrying away a significant part of the released energy. 

Currently, there is no exact data on the rest mass of the electron neutrino (an-
tineutrino). Direct experiments show that it is less than 0.8 eV [30]. Estimates 
based on astronomical observations give a mass value less than 0.28 eV [31]. 
Studies of neutrino oscillations indicate a neutrino mass value less than 0.05 eV 
[32]. If it is true that the mass of an electron neutrino and an antineutrino is so 
small, then neutrino-antineutrino pairs can be formed as a result of inelastic col-
lisions of particles of matter (electrons, ions, neutral atoms) during their thermal 
motion. The energy of colliding particles must be more than twice the mass of 
the particles being born. Figure 3 shows the fraction of particles of matter with 
thermal motion energy greater than 0.1 and 0.5 eV at temperatures up to 10000˚C 
[8] [25]. It can be seen that the formation of neutrino-antineutrino pairs is possi-
ble in matter at a temperature above a threshold, which depends on the mass of 
neutrinos and antineutrinos (about 100˚C if the mass is 0.05 eV and about 
1000˚C if the mass is 0.25 eV). Note that the production of excess heat in nick-
el-hydrogen LENR reactors requires heating to a temperature of at least 1100˚C 
[10] [11]. 

Especially often, electrons collide with atoms in metals: in 1 cm3, there are 
about 1036 collisions per second [8] [25]. Such a high frequency of collisions leads 
to the appearance of huge number of neutrinos and antineutrinos, even with a 
very small probability of their formation. Resulting neutrinos and antineutrinos 
can interact with the nuclei of surrounding matter. In addition, neutrinos and 
antineutrinos can appear from light photons, since their energy is sufficient to 
form a pair of neutrinos-antineutrinos. 
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Figure 3. Fraction of matter particles with a thermal motion energy greater than 0.1 and 0.5 eV.  

 
It is important to note that de Broglie wavelength λ = h/p (h: Planck constant, 

p: momentum) of emerging neutrinos and antineutrinos is about 1 micron. This 
means that region of interaction covers a huge number of atoms, and this makes 
transformations involving many atoms and nuclei possible, as a result of which 
even unlikely processes become significant [28] [29] [33]. 

Figure 4 shows dependence of the de Broglie wavelength, i.e., the size of the 
interaction region, on neutrino or antineutrino energy. It can be seen that at 
energies of the order of 10 keV and higher, only one nucleus can be covered by 
the interaction. At energies of several keV, the interaction already covers several 
atoms. And neutrinos and antineutrinos, which arise from thermal collisions of 
atoms of matter with an energy of less than 1 eV, cover many billions of atoms 
by their interaction. 

Here are some examples of possible nuclear transformations of two nuclei, 
electron and neutrino or antineutrino. In nickel and in nickel with participation 
of hydrogen, iron, cobalt, copper, and helium may appear: 

ν~ + 58Ni + 61Ni + e− → 63Cu + 56Fe + 1.736 MeV  
ν~ + 58Ni + 64Ni + e− → 65Cu + 57Fe + 0.113 MeV  

ν~ + 58Ni + 61Ni + e− → 59Co + 60Ni + 2.252 MeV  
ν~ + 60Ni + 61Ni + e− → 59Co+ 62Ni + 0.276 MeV  

ν + 61Ni + 64Ni → 65Cu + 60Ni + e− + 0.409 MeV  
ν + 61Ni + 64Ni → 63Cu + 62Ni + e− + 0.995 MeV  

ν~ + 60Ni + 1H + e− → 61Ni + 7.041 MeV   
ν~ + 61Ni + 1H + e− → 62Ni + 9.808 MeV  

ν~ + 60Ni + 1H + e− → 4He + 57Fe + 0.569 MeV  
ν~ + 61Ni + 1H + e− → 4He + 58Fe + 2.794 MeV  

ν + 61Ni + 1H → 4He + 58Ni + e− + 0.865 MeV   
ν + 64Ni + 1H → 4He + 61Ni + e− + 1.98 MeV  
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Figure 4. Dependence of de Broglie wavelength of neutrino or antineutrino (size of the inte-
raction region) on the neutrino energy. Indicates how many atoms of solid or liquid matter are 
in the neutrino interaction region at a given energy.  

 
Indeed, iron, cobalt and copper were found as impurities in nickel-hydrogen 

reactors that had been operated. 
Appearance of iron from water in the Energoniva reactor [3] becomes clear. 

Combination of the nucleons contained in three water molecules and four elec-
trons gives the iron nucleus: 

4ν~ + 3H2O + 4e− → 54Fe26 + 87.81 MeV 

Finally, it is possible to explain the paradoxical phenomenon discovered by 
Louis Kervran [34]: in the absence of calcium in chicken feed, hens managed to 
produce calcium from potassium: 

39K19 + 1Н1 → 40Ca20 + 8.337 MeV   

This transformation cannot occur through strong interaction channel due to 
“Coulomb barrier”. And if it could, huge release of energy in this nuclear reac-
tion would have incinerated the animal.  

However, if the same transformation goes through the channel of weak inte-
ractions involving neutrinos, both of these problems are solved: 

ν + 39K19 + 1Н1 → 40Ca20 + ν' + 8.337 MeV 

Triggering this transformation low energy neutrinos can be generated during 
cellular metabolism. As a result of the nuclear reaction, two particles arise: cal-
cium nuclei and neutrinos. Since in a system of two particles, energy is distri-
buted inversely to mass, almost all the energy is carried away by neutrino, with-
out leaving it in the chicken. 

7. Conclusions 

Unlike many other hypotheses, hypothesis of low-energy neutrinos participation 
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in nuclear transformations allows us to explain many features of LENR: 
● the appearance of a large variety of nuclides not only in “fuel”, but also in 

surrounding matter; 
● the need to heat or give matter particles energy in another way; 
● the need for a sufficiently dense environment; 
● no (or very low intensity) of hard nuclear radiation. 

It is important to note that there is no “Coulomb barrier problem” in nuclear 
transformations involving neutrinos. 
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Abstract 
Several parameters of a commercial Si-based Schottky barrier diode (SBD) 
with unknown metal material and semiconductor-type have been investigated 
in this work from dark forward and reverse I-V characteristics in the temper-
ature (T) range of [274.5 K - 366.5 K]. Those parameters include the reverse 
saturation current (Is), the ideality factor (n), the series and the shunt resis-
tances (Rs and Rsh), the effective and the zero bias barrier heights (ΦB and 
ΦB0), the product of the electrical active area (A) and the effective Richardson 
constant (A**), the built-in potential (Vbi), together with the semiconductor 
doping concentration (NA or ND). Some of them have been extracted by using 
two or three different methods. The main features of each approach have been 
clearly stated. From one parameter to another, results have been discussed in 
terms of structure performance, comparison on one another when extracted 
from different methods, accordance or discordance with data from other 
works, and parameter’s temperature or voltage dependence. A comparison of 
results on ΦB, ΦB0, n and NA or ND parameters with some available data in li-
terature for the same parameters, has especially led to clear propositions on 
the identity of the analyzed SBD’s metal and semiconductor-type. 
 

Keywords 
SBD, Dark Forward and Reverse I-V-T Characteristics, Different Parameters 
Extraction Methods, Identification of the Structure’s Metal and  
Semiconductor-Type 

 

1. Introduction 

Rectifying metal-semiconductor (MS) contacts, also known as Schottky barrier 
diodes (SBDs), have received an increasing attention due to their applications in 
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photovoltaic solar cells [1] [2] [3] [4], field effect transistors (FETs) [5], infrared 
high-speed detectors, electronic switching and other high-frequency devices [6] 
[7] [8] [9]. Many reports on SBDs physical properties have been proposed in 
order to better understand the performance of those structures and related de-
vices. The four SBD’s key parameters are the reverse saturation current (Is), the 
ideality factor (n), the series resistance (Rs) and the effective Schottky barrier 
height (SBH, ΦB) [10]. Together with the SBH at zero bias (or the asymptotic 
SBH) (ΦB0), the electrical active area (A), the effective Richardson constant (A**) 
and the semiconductor doping concentration (NA or ND), those parameters can 
be extracted by using different methods based on current-voltage (I-V) charac-
teristics [11]-[28]. Besides this first group of methods, capacitance-voltage (C-V) 
techniques are used to extract majority carrier concentration (NA or ND), activa-
tion energy (EA), densities (nis) and energy levels (Eis) of interface states. In addi-
tion, photo-response measurements, which involve various spectroscopic tech-
niques, are implemented in order to extract parameters such as band-gap, im-
purity and doping concentration, layer thickness, surface roughness and texture 
[29] [30]. Methods from those three groups are combined in some reports [4] 
[31]-[37].  

While several methods from those groups are analytical ones, numerical tech-
niques are also used [1] [2] [9] [38] [39] [40] [41] [42]. Moreover, as shown in 
some review reports [43] [44] [45] [46], from one method to another, two or 
several parameters can be simultaneously extracted; dc or ac, static or dynamic, 
fixed or varying frequency and temperature operation’s conditions can be ap-
plied; different current transport mechanisms may be taken into account; results 
can be temperature or voltage dependent; and they may be compared one another 
when different methods are combined.  

The SBD analyzed in this work is a commercial Si-based one from ST Micro-
electronics, for which neither the metal nor the semiconductor-type (p- or n-) 
were specified in the relevant catalog. By using dark forward and reverse cur-
rent-voltage (I-V) characteristics at different temperatures, together with differ-
ent approaches, our objective was three-fold: firstly to extract different parame-
ters of that structure, secondly to discuss our results, and thirdly to especially 
come to identify the SBD’s metal and semiconductor-type. 

2. Experimental Details 

The SBD sample of this analysis is shown magnified in Figure 1 and has the fol-
lowing actual specifications: blue color, BAT 48 as trade mark, diameter and 
length of the central part equal to 0.15 cm and 0.3 cm, respectively, diameter and 
length of each of the two terminal’s wires equal to 0.7 mm and 3.0 cm, respec-
tively. 

Reverse and forward I-V-T characteristics of the diode were measured in dark 
conditions over bias voltage and temperature ranges of [−2.5; +0.5] V and [274.5; 
336.5] K, respectively. A common experimental arrangement of simple equipments  
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Figure 1. Magnified view of the SBD of this study. 

 
has been used for that purpose. These include notably a power supply with d.c 
emf fixed to a maximum value E0 = 2.5 V; a rheostat mounted with the power 
supply in such a way to vary the emf, an ammeter and a voltmeter for I-V mea-
surements; an ice bath and an electrical heater to change thermal conditions of 
the sample, and a thermometer for temperature measurements. 

3. Extracted Parameters, Used Methods, Results and  
Discussion 

3.1. Rsh from Reverse I-V Plots 

The complete representation of a real diode’s I-V characteristic is given by Equ-
ation (1) [47]: 

( )
exp 1s s

s
B sh

q V R I V R I
I I

nK T R
  − − = − +  
   

                 (1) 

where Is, n, Rs and Rsh are the diode’s reverse saturation current, ideality factor, 
series resistance and shunt resistance, respectively, while q is the absolute value 
of the electronic charge and KB is the Boltzmann’s constant. The first term of the 
sum in Equation (1) represents the diode current and the second term describes 
the current through the shunt resistance (Ip). The simplest way to extract Rsh or 
the related shunt conductance (Gp) consists in determining the slope of the 
straight line representing the reverse I-V characteristic. That slope is given by 
Equation (2) [48]: 

1 p
p

sh

I
G

R V
∆

= =
∆

                         (2) 

For the considered temperature range, the obtained SBD’s reverse I-V lines 
(Figure 2 is the plot of such a line at T = 286.5 K) were so merged that they have 
led to an almost constant shunt resistance: Rsh = (4.93 ± 0.07) × 104 Ω. This has 
been a proof of the scarcity of crystal irregularities or defects in the bulk and at 
the edges of our SBD, through which current losses could occur. 

3.2. Is, Rs and n from Forward lnId-V Plots 

With the assumption of thermoionic emission (TE) as the prevailing charge 
transport mechanism in the SBD, the forward diode’s I-V characteristic is given 
by [19] [47] [49]  
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Figure 2. Plot of reverse I-V data for the SBD at 286.5 K.  

 

exp 1d s
B

qVI I
nK T

  
= −  

   
                     (3) 

In Equation (3), the reverse saturation current (Is) is expressed as  

** B
s

B

I AA
K T

 −Φ
=  

 
                        (4) 

where T is the diode’s absolute temperature, A is the junction’s electrically active 
area, **A  is the effective Richardson constant and BΦ  is the effective Schottky  

barrier height (SBH). When the forward bias 3 BK TV
q

> , Equation (3) is given 

by [50] 

expd s
B

qVI I
nK T

 
=  

 
                       (5) 

According to Equation (5), n and Is parameters can be, respectively, extracted 
from the slope and the intercept of the linear region (diffusion line) in the plot of 
the experimental lnId-V data. Nevertheless, the presence of a parasitic series re-
sistance affects the I-V characteristic mostly at high voltages. To account for this, 
Equation (5) is re-arranged to become 

( )
exp s

d s
B

q V R I
I I

nK T
 −

=  
 

                    (6) 

Using Equation (6) and following the Cowley and Sze method (ref. no. 2 in 
[43]), one extracts Rs from the gap ∆V (on the V-axis) between the actual lnId vs 
V curve and the diffusion line. Figure 3 is the plot of that curve for our SBD at 
one fixed temperature. On that plot, as different Rs are obtained at different Id in 
the related region, a mean Rs-value is extracted. 

Values of n, Is and Rs determined according to the previous methodology are 
summarized in Figure 4. 

n(T) data from Figure 4 exhibit a somehow wavy trend, while results from 
other works state a slight decrease of the ideality factor with increasing temper-
ature [19] [22] [36] [51]. Nevertheless, values of n for our SBD are higher than 
those commonly observed for c-Si solar cells [44]. Moreover, the ideality factor 
of our sample has values in good agreement with those of other investigated 
Si-based SBDs, e.g.: 1.2 2.7n< <  for Pt/p-Si [16].  
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Figure 3. Plot of lnId-V data for the SBD of this study at T = 317 K. 

 

 
Figure 4. Plots of n, Is and Rs vs T data for the SBD of this study. 

 
The average series resistance (Rs) of our SBD is much higher than Rs-values 

commonly observed for c-Si solar cells [43]. This is likely due to high resistivity 
(ρ) of Si-based SBDs (e.g.: ρ is equal to 15 Ω cm for Tb/p-Si; 8 Ω cm for Ru/n-Si 
and 1 Ω cm for Pt/n-Si) [52], compared to resistivity of p-Si and n-Si materials 
(and thus of p-n Si junctions). As examples, ρ lies in the ranges [4 × 10−4; 3 × 
10−2] Ω cm and [10−4; 6 × 10−2] Ω cm for n-Si and p-Si, respectively, when the 
doping concentration decreases from 10+21 cm−3 to 10+18 cm−3 [6].  

At its side, the reverse saturation current (Is) may increase with increasing tem-
perature according to Equation (4). That theoretical trend is not well evidenced 
by results of Figure 4. Nevertheless, those results do not depart too much from 
Is-values observed elsewhere for some Si-based SBDs in the same temperature 
and voltage ranges. As examples, Is is equal to 7 × 10−5 A for a Cr Si2/n-Si junc-
tion at 300 K and for V є [0.12; 0.35] V [53], and to 4 × 10−4 A for an epitaxial 
CoSi2/n-Si diode with an area of 0.61 mm2, at 292 K and V є [0.2; 0.5] V [51]. 

3.3. ΦB and AA** from the Activation Energy Method 

From Equations (4) and (5), assuming n ≈ 1, the SBD’s forward I-V characteris-
tic is expressed as 

** 2 exp B

B

qVI AA T
K T

  Φ −
= −  

   
                    (7) 

and thus  
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( ) ( )2 ** 1ln ln B

B

qVI T AA
K T

 Φ −
= −  

 
                 (8) 

The activation energy method is based on the plot of experimental ln(I/T2)-(1/T)  

data at a given voltage bias 3 BK TV
q

> . From such an Arrhenius (or Richardson)  

plot, the effective Schottky barrier height (ΦB) and the AA** product (of the con-
tact’s electrically active area and the effective Richardson constant) can be de-
rived from the negative slope and the intercept of the expected resulting straight 
line, respectively. Based on experimental forward I-V-T data on the SBD of this 
analysis, results of such a determination are shown in Figure 5. 

The SBHs in Figure 5 are estimates of actual ΦB since too many approxima-
tions are used in the present method. Moreover, experimental data points have 
been found scattered in each ln(I/T2)-(1/T) plot. Nevertheless, a clear increase of 
the SBH with increasing bias voltage is noticed in agreement with theory (e.g. in 
Section 3.4). 

The AA** mean product is equal to 2.35 × 10−6 A/K2. Using that result and the 
effective Richardson constants of 12 and 32 × 104 A·m−2·K−2 for n-Si and p-Si, 
respectively [6] [52], one finds the contact’s electrically active area A of the SBD 
equal to 2.23 μm2 and 7.81 μm2 for n-Si and p-Si, respectively. Those values cor-
respond to diameters of 1.69 μm and 3.15 μm, respectively, which are clearly 
lower than the measured diameter (=0.7 mm) of each terminal’s wire. 

3.4. ΦB0 from the SBH’s Bias Dependence Behavior 

The basic equation used to estimate the SBH within the TE theory is obtained by 
combining Equations (3) and (4): 

** 2 exp exp 1B
d

B B

qVI AA T
K T K T

    −Φ
= −    

     
                (9) 

 

 
Figure 5. Results of ΦB and AA** obtained from Richardson’s plots. 
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As the SBH is strongly dependent on the electrical field in the depletion region 
and thus on the applied bias, ΦB is commonly expressed as [16] [19] 

0B B VβΦ = Φ +                          (10) 

where ΦB0 is the barrier height at zero bias (or the asymptotic barrier height) and 
β is assumed to be a positive constant over the region of measurement. That 
means an increase of the SBH with increasing bias voltage. This trend is experi-
mentally observed from results in Figure 5. If the ideality factor in defined as in 
Equation (11) 

1 1
n

β= −                             (11) 

then the forward I-V characteristic of Equation (9) becomes: 

0 exp 1 expd
B B

qV qVI I
nK T K T

    −
= −    

     
                (12) 

where  

** 2 0exp B
d

B

I AA T
K T

 −Φ
=  

 
                     (13) 

For bias voltage 3 BK TV
q

> , Equation (12) reduces in the following simple form 

0 expd
B

qVI I
nK T

 
≈  

 
                      (14) 

From Equation (13), the SBH at zero bias is expressed as: 

( )** 2
0 0lnB BK T AA T IΦ =                   (15) 

where I0 is the reverse saturation current extrapolated at zero bias. Equation (15) 
offers a way to determine ΦB0 using AA** data from Figure 5 and Is-values from 
Figure 4 ( 0 sI I≈  since extrapolated at zero bias). The results of such a deter-
mination are shown in Figure 6. 

In accordance with Equation (10), values of ΦB0 are lower than those of ΦB 
from Figure 5. Nevertheless, ΦB0-T data exhibit a wavy trend whereas results 
from other works state that the SBH and its value at zero bias slightly increase 
with increasing temperature [19] [54]. 

3.5. n, Rs and ΦB from the Auxiliary Cheung’s Functions 

In this method, firstly Equation (6) (with Id = I) is re-arranged as  

ln ln s
s

B B

qR IqVI I
nK T nK T

= + −                      (16) 

and thus       

ln lnB B
s s

nK T nK TV I R I I
q q

= + −                   (17) 

Differentiating Equation (17) provides:  
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Figure 6. Results of ΦB0 vs T data for the SBD of this study. 
 

( )d d ln dB
s

nK TV I R I
q

= +                      (18) 

and thus  

( )
d

d ln
B

s
nK TV R I

I q
=                        (19) 

Equation (19) shows that, from experimental forward I-V data at a given tem-
perature, the curve ( )d d ln -V I I    is a straight line from which Rs and nKBT/q 
can be extracted as the slope and the intercept, respectively.  

Secondly, combining Equations (4) and (6) (with Id = I) yields 

** 2ln
 

B
s

B B B

I q qV R I
K T K nT K nTA A T
Φ  + = − 

 
             (20) 

Equation (20) is re-arranged to become 

( ) s BH I R I n= + Φ                        (21) 

where 

 ( ) ** 2lnBnK T IH I V
q AA T

 = −  
 

                  (22) 

Equations (19), (21) and (22) are the three auxiliary Cheung’s functions [14]. 
Using the AA** mean value of Figure 5 and experimental forward I-V data at a 
given temperature, allows one to get H(I) data from Equation (22). The plot of 
those H(I) data (Equation (21)) leads to a straight line from which Rs and nΦB 
can be extracted as the slope and the intercept, respectively. Figure 7 shows a 
curve of [dV/d(lnI)]-I data at a fixed temperature. Its points are quite scattered,  

whereas H(I) data present a good linear behaviour at bias voltages 3 BK TV
q

>  

as illustrated in Figure 8.  
The values of n, Rs and ΦB derived by using the previous procedure are pre-

sented in Figure 9. 
It is shown that values of the ideality factor obtained from [dV/d(lnI)]-I plots 

(average n = 1.65) are quite lower than those extracted from lnId-V plots (in  
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Figure 7. Plot of [dV/d(lnI)]-I data for the SBD of this study at T = 295 K. 

 

 
Figure 8. Plot of H(I) data for the SBD of this analysis at T = 299.5 K. 

 

 
Figure 9. Results of n, Rs and ΦB extracted from the auxiliary Cheung’s functions. 
 
Figure 4, average n = 2.04). Moreover, while n(T) data from Figure 4 show a 
wavy trend, n(T) results of the present method ([dV/d(lnI)]-I plots) seem to in-
crease with increasing temperature. 

A comparison of Rs-results of Figure 4 and Figure 5 shows that [dV/d(lnI)]-I 
plots yield higher values (mean Rs = 0.56 Ω), followed by data from H-I plots 
(mean RS = 0.45 Ω), lnId-V plots leading to lower results (mean Rs = 0.30 Ω).  
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The auxiliary Cheung’s functions method leads also to lower SBHs (mean ΦB 
= 0.198 eV) than the activation energy method (in Figure 5, mean ΦB = 0.325 
eV). Moreover, a mean trend of SBH data from the Cheung’s method is a de-
crease with increasing temperature and with increasing ideality factor. This is in 
accordance with statements from other works [14] [16] [49] [51]. 

3.6. Vbi from the Maximum Forward Current Method 

At a given temperature, the SBD’s maximum forward current (Id = Imax) is rec-
orded at bias voltage V equal to the junction’s built-in potential (Vbi), for which 
Equation (14) becomes [19]  

max 0 exp bi

B

qV
I I

nK T
 

≈  
 

                       (23) 

or 

max 0
1ln ln bi

B

qV
I I

nK T
≈ +                        (24) 

Therefore, in the experimental I-V characteristics at different temperatures, ac-

counting only for data corresponding to Imax, one gets a plot of max
1ln -I
T

. On  

the expected resulting straight line, the Vbi and 0 sI I≈  parameters are ex-
tracted from the slope and intercept, respectively. Estimates obtained by using 
that procedure and n-values of Figure 9, for the SBD and temperature range of 
this analysis, have been: Vbi = 0.496 V and Is = 0.34 × 10−4 A, respectively. 

3.7. NA or ND from Reverse I-V-T Data 

In forward bias conditions, the SBH increases with increasing bias voltage as 
shown in Figure 5 (Section 3.3) and Section 3.4. At the opposite, in reverse bias 
case, the main effect is the lowering of the SBH with the applied bias voltage V . 
In that case, the reverse current is expressed as [19] 

1 2

0 exp
4R

B s

q qEI I
K T ε

  
 =  π   

                   (25)      

where I0 is the reverse current at zero bias and the E quantity is given by 
1 2

2 B
bi

s

K TqNE V V
qε

  
= + −  

  
                  (26) 

with εs the semiconductor’s dielectric constant. If B
eff bi

K TV V V
q

= +  , then 

Equation (25) becomes 

( )1 4
0 expR effI I Vα≈                        (27) 

where the α parameter is expressed as 
1 2 1 4

2
4B s s

q q qN
K T

α
ε ε

   
=    π   

                   (28) 
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Equation (27) may be also written as 
1 4

0ln lnR effI I Vα≈ +                       (29) 

According to Equation (29), by using experimental reverse I-V data at a given 
temperature, together with the biV -value stated in section 3.6, 011.9sε ε=  for 
Si [19], and 2

0
1 18.854 10 F mε − −= × ⋅  [55], one gets a plot of 1 4ln -R effI V  data, 

which is expected to yield a straight line, and of which 0 sI I≈  and α (thus N = 
NA or ND) parameters can be extracted from the intercept and the slope, respec-
tively. An example of such a plot is shown in Figure 10. The N and 0 sI I≈  re-
sults obtained by following that procedure are given in Figure 11. 

A comparison of our SBD reverse saturation current’s results shows that the 
reverse I-V-T data method leads to slightly lower values (Figure 11, mean Is = 
1.31 × 10−4 A) than those from the forward. 

lnId-V plots (Figure 4, mean Is = 1.7 × 10−4 A). Moreover, the reverse I-V-T 
data method appears to be better than the lnId-V one for Is-parameter extraction, 
since its results clearly exhibit an increase of reverse saturation current with in-
creasing temperature, in accordance with theory. 

Furthermore, for the SBD and the temperature range of this analysis, the semi-
conductor (Si)’s average doping concentration is found equal to 6.06 × 1018  
 

 

Figure 10. Plot of ln RI  vs 1 4
effV  data points for the SBD of this study at T = 299. 

 

 
Figure 11. Results of NA or ND and Is obtained from reverse I-V-T data. 
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Table 1. Synthesis of the obtained results and the used methods for SBD’s parameters extraction in this analysis. 

N˚ Parameter mean value Extraction method Comments 

1 Rsh (4.93 ± 0.07) × 104 Ω Slope of reverse I-V plots Not temperature dependent 

2 n 
2.04 lnId-V plots Temperature (T) dependent 

1.65 [dV/d(lnI)]-I plots Increases with increasing T 

3 Rs 

0.30 Ω lnId-V plots Increases with increasing T 

0.56 Ω [dV/d(lnI)]-I plots Temperature dependent 

0.45 Ω Cheung’s H-I plots Temperature dependent 

4 Is 
1.7 × 10−4 A lnId-V Plots Increases with increasing T 

0.34 × 10−4 A Imax-(1/T) plots ---- 

5 ΦB 
0.325 eV Arrhenius plots Increases with increasing V 

0.198 eV Cheung’s H-I plots Decrease with increasing T 

6 AA** 2.35 × 10−6 A·K−2 Arrhenius plots Increases with increasing V 

7 ΦB0 0.191 V V dependence of ΦB Temperature dependent 

8 Vbi 0.496 V Imax-(1/T) plots ---- 

9 NA or ND 6.06 × 10+18 cm−3 Reverse I-V-T data Decreases with increasing T 

 
cm−3. This indicates that, either n- or p-type, the actual Si material has a resistiv-
ity ρ of about 10−2 Ω cm [6]. 

3.8. Results Summary 

For the SBD and the temperature range of this analysis, Table 1 shows in syn-
thesis the obtained parameters’ mean values and the extraction methods imple-
mented so far.  

3.9. Device Materials Identification 

On one hand, the following data on some SBDs are reported amongst others in 
literature: 1) ΦB = (0.272 ± 0.005) eV and ΦB0 = (0.196 ± 0.008) eV for a typical 
PtSi/p-Si structure, whereas [ ]0.847;0.868 eVBΦ ∈  for a Pt Si/n-Si diode at 
room temperature [16]; 2) ΦB = 0.25 eV for an Au/p-Si (chem.) contact, and ΦB = 
0.20 eV for a PtSi/p-Si (back sputtering) diode from I-V data [6]; 3) [ ]1.2;2.7n∈  
for Pt/p-Si [16]; 4) with a doping concentration of 10+18 cm−3, the resistivity, ρ = 
3 × 10−2 Ω cm and 6 × 10−2 Ω cm for n-Si and p-Si materials, respectively [6]. On 
the other hand, the parameters’ results obtained for the SBD and the tempera-
ture range of this study are presented in Table 1. A comparison of results on the 
same parameters in those two sets of data, allows one to certify that the SBD of 
this analysis is either Pt Si/p-Si or Au/p-Si. 

4. Conclusion 

As shown in the synthesis of Table 1, from I-V-T measurements and the use of 
different methods, up to nine parameters have been extracted on a Si-based MS 

https://doi.org/10.4236/jmp.2022.133020


M. Bashahu et al. 
 

 

DOI: 10.4236/jmp.2022.133020 297 Journal of Modern Physics 
 

contact with unknown metal and semiconductor-type materials. Two of those 
parameters, i.e. the shunt resistance (Rsh) and the semiconductor doping con-
centration (NA or ND), have been derived from reverse I-V-T data. All the re-
maining seven parameters have been determined from forward I-V-T data. 
Those are the ideality factor (n), the series resistance (Rs), the reverse saturation 
current (Is), the effective Schottky barrier height (SBH, ΦB), the SBH at zero bias 
(ΦB0), the product of the contact’s electrical active area (A) and the effective 
Richardson constant (A**), and the built-in potential (Vbi). Some of those seven 
parameters have been extracted by using two or three different approaches. The 
main features of each approach, including prevailing current transport mechan-
ism, operation conditions and other assumptions, have been clearly stated. From 
one parameter to another, results have been discussed in terms of structure per-
formance, parameter’s temperature or voltage bias dependence, accordance or 
discordance with data from other works, and comparison on one another of re-
sults obtained from different methods. Furthermore, a comparison of results on 
the n, ΦB, ΦB0, and NA or ND parameters of Table 1 with some available data on 
the same parameters in literature, has led to state that the analyzed SBD is either 
Pt Si/p-Si or Au/p-Si. 
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Abstract 
Assuming the Dirac wavefunction describes the state of a single particle. We 
propose that the relation derived by Schrödinger, which contains the Zitter-
bewegung term, is a position equation for an amplitude modulated wave. 
Namely, the elementary constituents are amplitude modulated waves. Indeed, 
we surmise that a second wave is associated with the particle, which corres-
ponds to a signal. At the same time, we interpret that Broglie’s wave corres-
ponds to a carrier. Furthermore, the quantum object is a recording medium 
and, like in a hologram, information encoded on its surface. We suggest a 
description and the cause of the Zitterbewegung heretofore never considered 
regarding the previous assertions. Hereunder, we shall also apply the quan-
tum amplitude modulation interpretation to the single-photon wave function 
by Bialynicki-Birula. The predictions are testable, thence providing evidence 
for the proposed hypothesis. 
 

Keywords 
Zitterbewegung, Electron, Photon, Photon Wave Function, Maxwell’s  
Equations, Measurement Problem 

 

1. Introduction 

Per the analysis by Schrödinger of the position operator regarding Dirac’s relati-
vistic formalism [1], the free particle, along with its translational motion, ought 
to exhibit an oscillatory activity that he called the Zitterbewegung [2]. The pre-
diction is a high-frequency oscillation at the speed of light in a vacuum with am-
plitude half the reduced Compton wavelength. The Zitterbewegung has been the 
subject of many studies and discussed in detail in numerous books and papers 
[3]-[10]. However, after almost a hundred years, it remains an elusive enigma, 
because there is no consensus on or knowledge of its cause or description and 
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technological constraints. Its comprehension is paramount, because it is a con-
sequence of the theory at the foundations of quantum electrodynamics. 

Some researchers have proposed models that eliminate the “problem” of the 
Zitterbewegung. In contrast, other researchers allege they have observed the Zit-
terbewegung indirectly, simulated by trapped-ion experiments [11] and in a Bose- 
Einstein condensate [12]. However, the accepted interpretation explains that the 
Zitterbewegung is due to the interference of positive and negative energy plane 
waves. For the reason that when applying the Foldy-Wouthuysen [13] transfor-
mation to wave packets of entirely positive or negative plane waves, there is no 
Zitterbewegung term. Moreover, in quantum electrodynamics, the Dirac wave 
function does not describe just the state of an electron, but it also contains a part 
relating to the positron. Indeed, the positive and negative plane waves are inter-
preted or replaced by a particle-antiparticle annihilating pair, and when the 
function describing the electron is separated, the Zitterbewegung disappears. 

Nonetheless, with a fundamental relation between sine and exponential func-
tions, manipulating the Zitterbewegung term in the position equation resembles 
the mathematical representation of amplitude-modulated waves. Therefore, sug-
gesting quantum objects described by Dirac’s relativistic formalism are ampli-
tude modulated waves and, the Dirac wave function represents a single entity. 
There is amplitude modulation interference among the wave packet’s positive 
and negative waves. The positive and negative waves are analogous to a signal 
and carrier wave. The elementary constituent is a system of two interfering un-
dulations, and the particle is an emergent phenomenon.  

A novel interpretation of the quantum theory follows naturally from the Dirac 
theory, the amplitude modulation hypothesis. At our present technological height, 
we modulate waves to convey information. Consequently, the quantum object is 
an information carrier encrypted on its surface. The amount of data is one bit, 
reminding us of John Archibald Wheeler’s famous phrase “it from bit”. The 
mechanism that encrypts information on the surface is the Zitterbewegung, an 
epiphenomenon interpreted here as the expansion and contraction of the ele-
mentary constituent [14]. Therefore, regarding the formalism of the Dirac equa-
tion, it is our impression that it describes the encoding and transfer of informa-
tion through a communication channel. This channel is the vacuum or any other 
medium. 

The Zitterbewegung for massless quantum objects like photons defers from 
those with rest mass. Nevertheless, we interpret the proposed wave function for 
the photon by Bialynicki-Birula amongst others [15] [16] regarding the ampli-
tude modulation interpretation. Consequently, we suggest testable predictions 
about the photon, illustrating the photon’s Zitterbewegung and introducing the 
correct matrices that encode Maxwell’s equations in a Dirac-Schrödinger type 
equation. 

2. Quantum Amplitude Modulation  

Dirac was not content regarding the Klein-Gordon equation. He sought to ob-
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tain a Schrödinger type relativistic wave equation that was first order in time and 
always gave a positive probabilistic density compared to the Klein-Gordon equa-
tion. To achieve his quest, he needed the square root of the relativistic ener-
gy-momentum expression. In the subsequent, p represents the momentum, c is 
the speed of light in a vacuum,   the energy, m is the relativistic mass, and m0 
the invariant mass.  

2 2 2 2 4
0p c m c= +                          (1) 

Indeed, Dirac factored the equation above with original ineffable insight and 
obtained his relativistic Hamiltonian H.             

 2
0 .H c m c β= ⋅ +pα                        (2) 

Thus, as a consequence of the Hamiltonian, the time dependence of the position 
operator of the free particle, calculated in the Heisenberg representation, is the 
following velocity, where ħ is the reduced Planck constant, x the position, t time, 
and i the imaginary unit. 

 [ ]d ,
d
x i H c
t
= = =x u


α                      (3) 

The above, an element of the Dirac Hamiltonian, is the Dirac velocity u, and its 
constituents are 4 × 4 matrices that, along with β, are known as the gamma ma-
trices. This result is unorthodox since the matrices’ eigenvalues are ±1, implying 
that the absolute value of the particle’s velocity in each spatial direction is c. 
Furthermore, the velocity is not a constant of motion, and its components do 
not commute with each other or with the Hamiltonian and the momentum; 
therefore, they cannot be measured simultaneously [17] [18] [19]. Since the ve-
locity is not a constant of motion, Schrödinger found the acceleration that fol-
lows where Hω =   is an angular frequency. 

( )( )1 22 0 e .i tc i cH ωω − −= − −u p α                  (4) 

Since we interpret the Dirac wavefunction describes the state of a single particle. 
Notice that in the previous equation, there is a dimensionless operator. We will 
treat it as a unit vector, thus denoting it by ζ . That is, we shall commence the 
heuristic analysis by assuming that the Zitterbewegung has a coordinate system. 

 ( )( )10 cH −= − pζ α                       (5) 

From this perspective, expanding the exponential term in Equation (4) illustrates 
the classical equation of acceleration in simple harmonic motion. 

( ) ( )( )sin 2 cos 2a t i tω ω= − +u ζ                 (6) 

Because it is a free particle, and again, from the perspective of the coordinate 
system, the acceleration ( 2a cω= ) must be internal, suggesting that it has a 
substructure, subject to two hook-type forces. These forces are out of phase, op-
posite, and equal magnitude. 

Integrating the acceleration, Schrödinger obtained another equation for Di-
rac’s velocity. 
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2 1 2e i tc H c ω− −= +u p ζ                        (7) 

The first term in the previous equation is the velocity of a free particle, and, un-
deniably, it is a group velocity.  

 2 1 .c H −=v p                            (8) 

The expression allows the interpretation of Dirac’s velocity as phase velocity 
since rearranging Equation (7) provides a case of Rayleigh’s formula, which re-
lates the phase velocity and the group velocity of a wave packet. Furthermore, 
Pauli’s covariant equation is an alternate way to reach the previous conclusion. 
Pauli formulated Dirac’s Hamiltonian in the following covariant form, where 

µγ  is a four-vector, in which the space-part is cβα , and the time-part is cβ .  
2

0m c pµ
µγ=                           (9) 

By comparing the Pauli covariant equation to the phase velocity definition, we 
deduce that the four-vector, µγ  is a phase velocity. Therefore, the dilemma that 
arises from the eigenvalues of the components of Dirac’s velocity, found to be 
troubling because a particle with mass cannot move at light speed, is resolved 
since we are dealing with a phase velocity, the interference displaces at the rate 
of the group velocity, rather than that of the phase velocity. We obtain the har-
monic oscillator’s speed equation by expanding the second term of Equation (7). 

( ) ( )( )cos 2 sin 2c t i tω ω= −u ζ                  (10) 

While the interference displaces at the group velocity rate, there is a superim-
posed oscillation at the speed of light in the vacuum. 

Schrödinger continued the examination by integrating the velocity and ob-
tained the following position equation: 

 ( ) ( ) ( )2 1 1 210 e 1
2

i tt c H t i cH ω− − −= + + −x x p  ζ           (11) 

The first two terms are the position of a particle moving at the group velocity, 
and the third term is the Zitterbewegung, ( )z tx . The maximum amplitude of 
this harmonic oscillation is half the reduced Compton wavelength ( 1

r c Hλ −=  ). 
The amplitude is equivalent to the fundamental harmonic of a standing wave. 
The Compton wavelength is considered a particle property relevant to all ma-
terial particles [20]. Although obtained by applying energy and momentum 
principles to photons’ scattering by electrons, this length appears in quantum 
phenomena that do not do with scattering. The accepted significance of the 
Compton wavelength of a particle is the wavelength of a photon whose energy is 
identical to that particle’s invariant mass. However, it is impossible to under-
stand its role in the Zitterbewegung and other quantum phenomena with this 
definition. We interpret that the Zitterbewegung relates with the Compton wa-
velength regarding the amplitude of the elementary constituent’s surface oscilla-
tions. 

 ( ) ( ) ( )( )sin 2 cos 2 .
2 2

r r
z t t i t iλ λ

ω ω= + −x ζ ζ             (12) 
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Equation (12), the expansion of the Zitterbewegung term, describes a harmonic 
motion, or pulsation, which occurs around the “stable” kernel of the particle, 
represented by the second term, which has the same magnitude as the oscillation. 
The reduced Compton wavelength represents the maximum radius of the free 
particle. Hence, the relativistic reduced Compton wavelength is the radius of the 
particle. From this point of view, this length’s persistent occurrence, in quantum 
results, is comprehensible.   

 
2

2
0

1r
c v

m c c
λ → = −

 


                     (13) 

The relativistic reduced Compton wavelength is speed-dependent. Therefore a 
change in the internal structure accounts for results obtained for electrons in 
scattering experiments. The outcomes from these experiments, conducted at 
energies around 29 GeV, restricted the particle size to 10−18 m or smaller [21]. 
Thus, researchers interpreted the observation as indicating that the electron is a 
point particle. However, the reduced relativistic Compton wavelength at the 
energy range of the experiment is in that order providing evidence for this hy-
pothesis. Technically the elementary constituent resembles a resonating cavity, 
whose surface has the behavior of a harmonic oscillator. The previous analysis 
does not reveal the nature of the interference phenomena we are dealing with; 
however, with the following relation between exponential functions and sine:  

 ( ) ( )1sin e e .
2

i t i tt
i

ω ωω −= −                     (14) 

The Zitterbewegung term takes the form of the mathematical representation of 
an amplitude-modulated wave.  

 ( ) ( )sin e i t
z rt t ωλ ω −=x ζ                     (15) 

That suggests that the interference that generates the wave packet is an ampli-
tude modulation. Hence, the particle is the interference of two waves, one equiv-
alent to a signal and the other to a carrier, and the bandwidth frequency is the 
Zitterbewegung frequency. These waves’ functions are possible to obtain by re-
writing the Zitterbewegung term as follows, since, wherein the most straightfor-
ward amplitude modulation scheme, the modulating signal is usually a sine 
function. In the following, the amplitude of the signal and carrier, represented 
by sλ  and cλ , respectively, and κ  is a proportionality constant such that 

s c rκλ λ λ= .   

 ( ) ( )( ) ( )sin e i t
z s ct t ωκ λ ω λ −=x ζ                (16) 

The velocity associated with the signal is the group velocity in wave packets. 
Therefore, the carrier is de Broglie’s wave. Since the waves are coherent, the wave 
parameter equations that associate the wavelength to the speed and frequency f 
are the following. 

,s cf v f uλ λ= =                       (17) 

The following are the functions where h is Planck’s constant, and the value of 
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the proportionality constant is, ( )21 4 rκ λ= π , given that 2 24s c rλ λ λ= π . 

( ) ( ) ( ) ( )sin sin , e ei t i t
s s c c

h hy t t t y t
mu mv

ω ωω λ ω λ− −= = = =       (18) 

The signal’s quotient is the momentum connected to the phase velocity [22]: 
subsequently, the quantum object has two linear momentums.  

Researchers have proposed that the Zitterbewegung is a circulatory motion 
that generates the spin and other related phenomena. The Zitterbewegung, ac-
cording to Hestenes and Rivas [23] [24], is a helical motion. That is, the dis-
placement of the particle is a helix. Indeed Hestenes suggest that the helical mo-
tion causes a rotating electric dipole moment and argues that the observed re-
sonance in electron channeling experiments conducted by Gouanère et al. is due 
to the interaction of the dipole field with the crystal lattice [25]. The dissection 
of the Zitterbewegung term illustrates that it is the combination of four oscilla-
tory movements. The following are the position terms of the oscillatory motions, 
which, we propose, represent a nutation, precession, self-orbital angular mo-
mentum, and the spin in that order.  

 ( ) ( )2 2 2 2 2 1 2 11 1 1 1, e , e 0 , 0
2 2 2 2

i t i ti c H i c H i cH i cHω ω− − − − − −− −p p   α α  (19) 

There are two angular momentums for each linear momentum associated with 
the elementary constituent. The nutation and precession are related to the signal 
and, the others, to the carrier. The vibrations of these intrinsic angular momen-
tum states are synchronized periodic motions like a clock. Because of frequency 
differences, particles, such as electrons, do not return to their initial phase after a 
360˚ rotation. Indeed, the nutation coupled to the precession and the spin 
coupled to the self-orbital momentum. The nutation and spin complete a cycle 
at the particle frequency. The precession and orbital motion at the Zitterbewe-
gung frequency explain why the electron returns to its original state only after a 
720˚ rotation. The nutation and self-orbital momentum generate oscillating 
electric dipoles, while the precession, like the spin, should cause another mag-
netic dipole moment for the electron. One of the electric dipoles is proportional 
to the de Broglie wavelength and vibrates at the Zitterbewegung frequency. At 
the same time, the other is proportional to the signal wavelength vibrating at the 
particle frequency. The intrinsic electric dipoles differ from those predicted by 
some versions of the Standard Model since these do not violate the principle of 
time-reversal symmetry.  

3. Single-Particle Entropy  

The modulation of waves accomplishes the transmission of information. In am-
plitude modulation, the instantaneous fluctuation of the signal amplitude in-
duces modifications in the carrier’s amplitude, which in the case at hand, causes 
the surface of the wave packet to expand and contract. Therefore since the Dirac 
velocity components are not equal, the oscillation is not in phase in all spatial 
directions, creating distortions on the surface membrane while maintaining a 
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constant area. Accordingly, analogous to holograms, information encoded on a 
surface, in the fluctuation patterns, the maximums, and minimums generated by 
the Zitterbewegung. There is a connection between entropy and the information 
capacity of a system. With the precise mathematical partition function, it is 
possible to obtain the entropy S of the system. There is a proposed entropy func-
tion for the single-particle [26]. However, applying statistical mechanics to sys-
tems with few elements determined by quantum rules is unclear for some re-
searchers. In principle, it might not apply to a single particle [27]. Once more, 
we shall assume the single-particle has entropy and estimate the information it 
conveys through a heuristic approach. Thus, we will treat the two-wave system 
as a classical system since it has the behavior of the harmonic oscillator, subject 
to two forces with the following magnitude: k represents the surface membrane’s 
stiffness. 

 
1
2 rF kλ=                           (20) 

Because the system’s natural frequency is the Zitterbewegung frequency, the k 
constant has the following value: 

 3

4 .
r

ck
λ

=
                           (21) 

Each wave contributes to the energy of the system; therefore, the maximum po-
tential energy is:  

 21 .
4 rkλ=                          (22) 

We are dealing with the quantum object’s inner workings, of which there is 
no knowledge. Therefore, suppose the equipartition theorem applies to the 
system and equates to its energy. We obtain the following relation where Bκ  is 
Boltzmann constant, and T is the absolute temperature on the wave packet 
membrane; 

 21 .
4B rT kκ λ=                        (23) 

The previous equation associates the temperature and acceleration of the surface 
and resembles the Fulling-Unruh-Davis effect equation by a π factor. 

2 B

T a
cκ

 
=  
 

                       (24) 

The temperature fluctuates at the Zitterbewegung frequency. The relation above 
also reveals that surface regions reach temperatures higher than the closest star’s 
interior for a particle like an electron. From introductory thermodynamics, if a 
surface has a temperature, it radiates; it emits photons; that is, the system loses 
energy. Nonetheless, the energy of a free particle is a constant of motion. There-
fore, the electron has come to equilibrium by emitting and absorbing photons; it 
has a fluctuating gas of photons surrounding it, thereby illustrating another 
enigmatic result of the Dirac theory: 
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d .
d
H q
t
= − ⋅u E                         (25) 

The prior is a power equation, where q represents charge, and E is the electric 
field strength, indicating the electron’s energy and electric field fluctuates. Re-
garding Equation (23), we obtain the magnitude of a force, which is equivalent 
to that in relation (20).  

 2
B

r

F Tκ
λ

=                          (26) 

This active force is proportional to the temperature; therefore, it is an entropic 
force, which is phenomenological and not fundamental. The system’s statistical 
tendency to maximize its entropy generates them. This force is perpendicular to 
the particle surface, where entropy increases [28]. 

d dT S F x=                          (27) 

The system’s entropy equals Boltzmann’s constant by substituting Equation (26) 
and the Zitterbewegung amplitude as the integration limit in this version of the 
second law of thermodynamics.  

d B
FS x
T

κ= =∫                       (28) 

Hence, regarding entropy as information, it is equivalent to one bit; each ele-
mentary constituent carries or can encode a binary unit of information. 

4. Riemann-Silberstein (R-S) Vectors  

The previous analysis corresponds to particles with rest mass. For a massless 
particle like the photon, the phase velocity equals the group velocity; therefore, 
Equation (5) equals zero. However, as we shall see, the photon also has a partic-
ular “trembling motion” and conveys a binary unit of information. We reach 
this conclusion by interpreting the consequences of applying the amplitude 
modulation hypothesis to the single-photon wave function Bialynicki-Birula and 
other researchers proposed. The following equations represent the (R-S) vectors 

1Γ  and its complex conjugate *
1Γ  [29], where B is the magnetic field strength 

and 0ε  the vacuum permittivity.  

 ( ) ( )*0 0
1 1,

2 2
ic ic

ε ε
= + = −E B E BΓ Γ             (29) 

According to Bialynicki-Birula, the functions expressed in monochromatic plane 
waves reveal that each R-S vector represents the photon in a specific helicity and 
polarization state. Also, they each have equal energy with opposite signs, and 
each component evolves independently in the vacuum. Therefore, it is necessary 
to have both vectors to have a complete description of the photon, forming a 
six-component wave function Ι . 

 1
*
1

 
=  
 

Ι
Γ
Γ

                            (30) 
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where the product is the energy per unit volume stored in a photon, 

( )† 2 2 20 1
.

12
E c B

ε  
⋅ = +  

 
Ι Ι                      (31) 

Namely, the proposed wave function is a superposition of quantum states that 
propagate independently. We commence the analysis by introducing other com-
plex vectors that, with the previous pair, complete a set of eight elements. 

( ) ( )*0 0
2 2,

2 2
i c i c

ε ε
= − = − −E B E BΓ Γ  

( ) ( )*0 0
3 3,

2 2
ic ic

ε ε
= − − = − +E B E BΓ Γ  

( ) ( )*0 0
4 4,

2 2
i c i c

ε ε
= − + = +E B E BΓ Γ  

These complex vectors are associated; thereby, knowing one of them, generating 
the rest is straightforward. 

 1 4 4 3 3 2 2 1, , ,i i i i= = = =Γ Γ Γ Γ Γ Γ Γ Γ              (32) 
* * * * * * * *
4 1 3 4 2 3 1 2, , ,i i i i= = = =Γ Γ Γ Γ Γ Γ Γ Γ              (33) 

* * * *
1 3 2 4 1 3 2 4, , ,= − = − = − = −Γ Γ Γ Γ Γ Γ Γ Γ            (34) 

* * * *
1 2 3 4 1 2 3 40, 0+ + + = + + + =Γ Γ Γ Γ Γ Γ Γ Γ           (35) 

( )* * * * * 2 2 20
1 1 2 2 3 3 4 4 2n n E c B

ε
⋅ = ⋅ = ⋅ = ⋅ = ⋅ = +Γ Γ Γ Γ Γ Γ Γ Γ Γ Γ    (36) 

Moreover, writing the electric and magnetic field strength regarding the R-S 
vectors is similar to some quantum mechanics equations. 

** * *
3 31 1 2 2 4 4,

2 2 2 2ic ic
++ + +

= = − = = −E B
Γ ΓΓ Γ Γ Γ Γ Γ

 

As mentioned before, Bialynicki-Birula, by expressing the first R-S vectors in 
terms of the orthogonal relations regarding monochromatic electromagnetic plane 
waves, revealed that each vector represents a photon in a specific polarization 
and helicity state. Hence, following the same procedure with the new R-S vectors 
indicates that each represents a photon’s particular polarization and helicity state; 
the formalism predicts eight polarization states. Therefore, four possible wave 
functions suggest four possible types of photons, where each is in two specific po-
larization modes. In the following, we introduce other helpful relations among 
the R-S vectors connected with the orthogonal equations, written in a more gen-
eral and convenient form, where ′u  represents the photon’s phase velocity. 

 2

1, , c
c

′ ′ ′= − × = × =E u B B u E u                (37) 

* * * * * * * *
1 2 2 3 3 4 4 1, , ,

c c c c
′ ′ ′ ′

= × = × = × = ×
u u u uΓ Γ Γ Γ Γ Γ Γ Γ       (38) 

1 2 2 3 3 4 4 1, , ,
c c c c
′ ′ ′ ′

= × = × = × = ×
u u u uΓ Γ Γ Γ Γ Γ Γ Γ       (39) 
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Quantum theory asserts that the wave function contains all information about a 
system, and this state function evolves according to the Schrödinger equation. 
Therefore, if the R-S vectors are the photon’s wave function, it contains all the 
information. We thereby have laid the foundation for obtaining information 
about the photon from the proposed wave function with the previous identities. 

5. Photon Energy 

The corresponding operator is applied to the wave function to extract the de-
sired physical quantity following the quantum mechanics rules. The same results 
are obtained, starting with whichever of the R-S vectors. Thus the first R-S vec-
tor will serve as the example to derive the photon’s energy equations.   

 n ni H
t
∂

=
∂
 Γ Γ                          (40) 

with Maxwell’s equations in the vacuum, the relations among the R-S vector and 
the momentum operator p we obtain: 

 

( )

( ) ( )

0
1

20

4

1

1 1

2

2

i i ic
t t t

i c ic

i c

c
c

ε

ε

∂ ∂ ∂ = + ∂ ∂ ∂ 

= ∇× − ∇×

= ∇×

′ = − × × 
 
′ ′= ⋅ − ⋅

E B

B E

up

p u p u

 





Γ

Γ

Γ

Γ Γ

                (41) 

The second term in the previous equation is the transversality condition, there-
fore is equal to zero. The first term is the Dirac Hamiltonian for a massless par-
ticle. 

H ′= ⋅u p                            (42) 

The phase velocity is a Dirac-type velocity, i iu cα′ ′= ; its components are the 
subsequent matrices that comply with the Dirac matrices’ algebra. 

2 1, 0i i j j iα α α α α′ ′ ′ ′ ′= + =                    (43) 

1 2 3

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

, ,
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

i i i
i i i

i i i
i i i

α α α

     
     − −     ′ ′ ′= = =
     − −
     

− −     

 

with the previous matrices, the Dirac-type Hamiltonian (42), when squared, re-
duces to the photon’s energy-momentum equation. 

 cp=                           (44) 

Furthermore, by following the same procedure for the wave function, however, 
expressed in terms of plane waves, Planck’s energy expression results. 

ω=                            (45) 
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6. Photon Zitterbewegung 

Following the previous analysis, an elementary constituent whose energy equation 
is a Dirac type Hamiltonian is amplitude modulated wave. Thus since the phase 
velocity matrices are 4 × 4, we propose the quantum system is a pair of coupled 
waves, or two interfering sub-systems, described by a single eight-component 
wave function. 

 * .n
n

n

 
=  
 

Ψ
ψ
ψ

                          (46) 

Each wave has four components; the R-S vectors are three of these. 

*
*

0 0
, .n n

n n

   
= =   
   Γ Γ

ψ ψ                      (47) 

Furthermore, Maxwell’s equations in free space take the form of a Schrödin-
ger-Dirac-type equation; this is not new, however, written with the correct ma-
trices. 

 
*

*,n n
n ni i

t t
∂ ∂′ ′= ⋅ = ⋅
∂ ∂

 u p u pψ ψψ ψ                (48) 

Regarding the proposed wave function, since it is a coupled system and the 
complex conjugate is not a mere mathematical tool to calculate the probability, 
we predict that the photon’s polarization and helicity oscillate: the possible quan-
tum states alternate. Namely, the quantum system is not in a superposition of 
states in this interpretation. It is a reversible flipping of polarization caused by a 
continuous fluctuation of the helicity, continuously oscillating from one polari-
zation to another and constantly oscillating. The vibration is the “trembling mo-
tion” or Zitterbewegung of the photon. The oscillation frequency between states 
is the photon’s frequency, taking twice this frequency to complete a cycle. This 
alternation of states is the quintessence of a binary code, reversibility from one 
to zero—the Dzhanibekov Effect aids in the visualization of the fluctuation. 

7. Conclusions 

Even though the quantum theory is exceptionally successful, this theory has lin-
gering difficulties which have caused the proposal of numerous interpretations. 
We suggest a new insight that resolves the controversies. With the Dirac formal-
ism, we build a description of the elementary constituents we interpret, which 
are amplitude modulated waves. It is astonishing to find a particular modulation 
type in an equation that results from special relativity. The paradigm is a system 
of two waves analogous to a carrier and signal; the de Broglie wave corresponds 
to the carrier. Therefore, the Dirac wave function represents a single particle. 
Namely, the equation providing the phenomenological description of the mod-
ulation process is Dirac’s quantum relativistic wave equation, where the interfe-
rence among the undulations generates a discrete entity. Hence, the particle is an 
emergent phenomenon, and this assertion clarifies the wave-particle duality. 
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Half of the quantum object has been absent from the theory or analysis, given 
the possibility of a second wave associated with the quantum object. This omis-
sion is the source of the bizarre paradoxes and counterintuitive results.  

Following our analysis concerning the possible objective reality of the Zitter-
bewegung, we propose it is a surface effect for material particles as a conse-
quence of amplitude modulation. The quantum entity is a “stable” configuration 
whose surface, as mentioned before, has the behavior of a harmonic oscillator. 
There is no dispersion of the wave packet; it expands and contracts. The oscilla-
tion encrypts a binary unit of data on the particle’s surface. The surface also has 
a temperature; this is understandable when considering electromagnetic interac-
tions in the Heisenberg formalism. With the time dependence of the Hamilto-
nian, we interpret the system’s energy as fluctuating; it is emitting and absorbing 
energy in the form of real photons. Indeed, the link between the power and the 
electron’s electric field suggests a way to manipulate inertia, addressed in a forth-
coming paper. The amplitude modulation interpretation has testable consequences 
for the electron with current technologies: an additional magnetic dipole mo-
ment and two electric dipole moments.  

We introduced matrices that follow the anticomutation relations of the Gamma 
matrices, and with these, correctly encode Maxwell’s equations in a Schrodin-
ger-Dirac type equation. The matrices are the components of the phase velocity 
for the photon. We also obtained the photon’s energy by introducing new R-S 
vectors and identities. Regarding the proposed eight-component wave function 
for the single-photon, under this interpretation of the photon’s quantum me-
chanics, the wave function’s modulus is not a probability density but an energy 
density.  

Moreover, we hypothesize that the photon’s polarization and helicity states 
are oscillating. Above all, there is no superposition of quantum states in this in-
terpretation of the quantum theory. There is an oscillation amongst the possible 
quantum states. It can be seen that this settles the measurement problem, and it 
is the likely cause of the difference in the correlation factor predictions between 
classical and quantum theory in the entanglement phenomenon. The Entangle-
ment phenomenon is a form of synchronicity; there are no mysterious connec-
tions between quantum particles. 
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Abstract 
In this work, the effects of boundaries conditions and truncation errors in the 
distribution of minority carriers in the semiconductor are studied. It is a 
one-dimensional digital study of a polycrystalline silicon solar cell under po-
lychromatic illumination in a dynamic state. Starting from the Boltzmann 
equation of semiconductors, the author establishes the general equation of 
particle transport. Assumptions made on the latter allow it to give the equa-
tion of distribution of minority carriers in a general way in its case to be stu-
died. This dimensioned distribution equation reveals the parameters of in-
fluences on the distribution of carriers. It obtains a partial derivative equation 
for the carrier distribution function. The boundary conditions are then dis-
cretized to order one and then to order two. By considering boundary condi-
tions and the nature of the carriers, the author numerically resolves the discre-
tized general equation by assessing the influence of the nature of the boundary 
conditions and truncation errors and the influence of the discretization step 
on the density of the charge carriers by setting certain parameters and varying 
others. The work ends with a conclusion and logical follow-up to this work. 
 
Keywords 
Transport Equation, Load Carrier Densities, Implicit Scheme,  
Semiconductor, Discretization 

 

1. Introduction 

Our daily energy needs have shown that it is impossible to live without energy. 
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Today, we are constantly witnessing problems linked to insufficient energy pro-
duction in developed and underdeveloped countries, as well as those linked to 
the control of the natural energy resources of our universe, linked to many pa-
rameters. 

These constraints, which can be summed up in its words “socio-economic and 
ecological constraints”, lead to the development of research on renewable ener-
gies, which constitute a lasting solution to global energy problems. The latter, in 
particular photovoltaic energy is a source of hope in the face of the oil crisis, es-
pecially for non-oil producing countries. Although global photovoltaic energy 
production has increased significantly in recent years, its development is still li-
mited by its high cost compared to fossil and nuclear energy. 

An accessible way: numerical computation is reserved for mathematicians 
who are far from the realities of physical phenomena. The physicist must now be 
able to develop calculation codes to simulate the studied problems. He must 
have knowledge in numerical analysis in order to rigorously interpret the results 
of the numerical simulations [1]. It is with this in mind that we have chosen dig-
ital analysis as a tool to assess the results of our work. In particular, the effects of 
the nature of boundary conditions and their truncation errors on the distribu-
tion of minority charge carriers in a semiconductor to optimize the yields of 
photopiles [2]-[7] have been briefly studied. 

Thus, to make our contribution in this approach, we propose a modeling of 
the equation of the distribution of minority carriers in a semiconductor. 

2. Mathematical Problem Formulation, Model, Assumptions  
and Theory 

2.1. Mathematical Formulation of the Problem 

The modeling of the phenomenon studied consists in taking into account the 
fundamental principles, such as, for example, the conservation of mass, energy, 
and in determining the parameters essential to its description both simple and 
realistic. At each point of the object in question, several physical variables (posi-
tion, speed, temperature, etc.) describe its state and its evolution and make it 
possible to fully characterize its movement. These quantities are not indepen-
dent but are interrelated by equations, which are the mathematical translation of 
the laws of physics governing the behavior of the object [8] [9]. 

2.2. Model 

A uniformly doped L-length semiconductor was considered. The ionizing radia-
tion is absorbed and generates electron-hole pairs, and G(x, t) is set at the rate of 
generation of these pairs. The diagram of a particle of the photopile will be 
shown in Figure 1. 

2.3. Assumptions 

To model carrier transport, we accept that the experiment is carried out in a low  
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(a) 

 
(b) 

Figure 1. (a) The variation of the number of charge carriers as a function of the discreti-
zation step. Change in load carriers according to position x: bil = 0; α = 1; R = 1; dx = 
0.02; (b) The variation of the number of charge carriers as a function of the discretization 
step. Change in load carriers according to position x: bi0 = 0; α = 1; R = 1; dx = 0.05. 
 
injection regime in the absence of applied field and assuming that the transport 
is dominated by diffusion currents. For the resolution we consider the problem 
to a space dimension. 

2.4. Theory 

In a type semiconductor, we will high light an electron flow expressed by 

d
d

F D
x
δ

= −  [10] [11]                       (1) 

If we now accept that there is a rate G of generation of electron-hole pairs, a life-
time of which is approximately, that is to say, a recombination rate [ 0δ δ− ] τ  
or n is the concentration of the instantaneous holes and 0n  is the concentra-
tion of the holes which would have at the thermal equilibrium in the absence 
of any disturbance; therefore the overall balance is obtained in the case of a 
one-dimensional model [2] [3] [5] [6] [7]. 

( )
2

0
2 ,D G x t

t x
δ δδ δ
τ
−∂ ∂

= − +
∂ ∂

 [10] [11] [12]           (2)  
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with: 
- δ  The density of excess minority charge carriers in the base. 
- G(x, t) The rate of generation of charge carriers under illumination. 
- D The diffusion coefficient. 
- τ  The lifetime of excess minority charge carriers. 

This equation will be closed by initial conditions and limits that will govern 
the behavior of the carriers in the semiconductor. In order to generalize our 
study, we will apply to the geometric limits of our semiconductor conditions to 
the limits of third type or mixed conditions [8] [9] [10] [11]. 

The initial conditions: 

A t = 0 on a ( ),0i xδ δ=                        (3) 

Limit conditions 

( ) ( )
0

,
0,f

x

x t
D S t

x
δ

δ
=

∂ 
= ⋅ ∂ 

                    (4) 

( ) ( )
,

,b
x L

x t
D S L t

x
δ

δ
=

∂ 
= − ⋅ ∂ 

 [12] [13] [14]              (5)  

- fS  The recombination speed at the junction of the excess minority charge 
carriers of the front-side illuminated photopile. 

- bS  The recombination speed of excess minority charge carriers at the rear 
face when the front face is illuminated. 

- L is the length of the photocell. 

3. Results and Discussions 

In this section, we will present the results of the numerical simulations and dis-
cuss the influence of the nature of the boundary conditions and their discretiza-
tion errors on the behavior of the charge carriers. 

The results discussed here are relative 

3.1. Sensitivity of Results with Respect to Discretization Steps 

To choose the “optimum”, we tested the sensitivity of the results with respect to 
the calculation steps. The analysis of the curves of Figure 1 shows that the re-
sults obtained for spacing steps of 0.05 and 0.02 are substantially the same. 
Therefore, it is useless to work with space pitches greater than 0.02 because we 
will have a greater volume of calculations and a longer execution time and finally 
have the same results as those of Figure 1(b). 

3.2. Overall Analysis of the Behavior of the Charge Carriers 

Figure 2 and Figure 3 show that the steady state begins to be reached when the 
adimensional time is greater than or equal to 0.2. When Dirichlet conditions are 
imposed on the limits of our semiconductor, the increase in the power of the in-
cident radiation simply results in an increase in the maximum of the load carri-
ers but the curves remain the same as we can see on the curves of Figure 3. On  
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(a) 

 
(b) 

 
(c) 

Figure 2. (a) The change in the number of charge carriers as a function of the absorption 
coefficient α. Change in load carriers according to position x: bi0 = 2; α = 0.1; R = 1; dx = 
0.1; (b) The change in the number of charge carriers as a function of the absorption coef-
ficient α. Change in load carriers according to position x: bi0 = 2; α = 1; R = 1; dx = 0.1; 
(c) The change in the number of charge carriers as a function of the absorption coeffi-
cient α. Change in load carriers according to position x: bi0 = 2; α = 2; R = 1; dx = 0.1. 
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(a) 

 
(b) 

 
(c) 

Figure 3. (a) The variation in the number of load carriers as a function of the incident 
Power R. Change in load carriers according to position x: bi0 = 2; α = 0.1; R = 0.5; dx = 
0.1; (b) The variation in the number of load carriers as a function of the incident Power 
R. Change in load carriers according to position x: bi0 = 2; α = 0.1; R = 1; dx = 0.1; (c) 
The variation in the number of load carriers as a function of the incident Power R. 
Change in load carriers according to position x: bi0 = 2; α = 0.1; R = 0.5; dx = 5.    
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the other hand, an increase in the absorption coefficient of the material causes a 
reduction in the values of the maximum carriers as shown by the curves of Fig-
ure 2. 

Thereafter, the following results will relate to a space step of 0.02, that is to say 
of 1/50. 
- dx the discretization step; 
- α  the absorption coefficient; 
- R the incident power. 

4. Conclusions 

This work is a modeling study of the effects of the natures of boundary condi-
tions and their truncation errors on the distribution of minority carriers in a 
semiconductor. 

A mathematical study of the load carrier distribution equation and boundary 
conditions was used to model the distribution of minority carriers in a semi-
conductor. This model is based on Thomas’ method and the scheme used is the 
implicit scheme. However, we studied the influence on load carrier distribution, 
discretization of boundary conditions, and semiconductor characteristics. 

It should be noted that the method used is rapid and allowed us to appreciate 
the influence of the discretization of boundary conditions and the nature of 
boundary conditions. In this work, we have punctuated the influence or not on 
the number of diffused carriers of the characteristics of the material. Here, a 
simple case was considered; there are parameters that are not considered. Thus, 
it is conceivable to make a complete study of the photopile while taking into ac-
count the real values of its characteristics, taking into account the speeds of re-
combination, currents, etc. 
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