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Abstract 
The self-gravitating systems a priory are non-equilibrium. The new approach, 
based on non-equilibrium statistical operator, which allows taking into ac-
count inhomogeneous distribution of particles and temperature, has been 
proposed. Such method employs a saddle point procedure to find dominant 
contributions to the partition function and permits to obtain all thermody-
namic parameters of the system. Statistical induced dynamic and behavioral 
peculiarities of self-gravitating systems for different conditions have been 
predicted. 
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1. Introduction 

The statistical description of a system of interacting particles has a fundamental 
physical interest. In that context, the interacting system provides a model of 
fundamental interest for which ideas of statistical mechanics and thermody-
namics can be tested and developed. For self-gravitating system the thermody-
namical ensemble can be nonequivalent [1] [2]. In particular, since energy is 
not-additive, and cannot use the canonical ensemble to study the system with 
long-range interaction. Since equilibrium states are only local entropy maxi-
mum. 

Two type approaches (statistical and thermodynamic) have been developed to 
determine the equilibrium states of the interacting system and describe possible 
phase transition. It is generally believed that mean field theory is exact for sys-
tems. Since in mean field theory any thermodynamical function depends on the 
thermodynamical variables only through the dimensionless combinations and 
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the system is thermodynamically stable but the thermodynamical limit does exist 
[3]. 

Formation of the spatially inhomogeneous distribution of interaction particles 
is a typical problem in condensed matter physics and requires non-conventional 
methods of the statistical description of the system tailored to gravitational inte-
racting particles with regard for an arbitrary spatially inhomogeneous particles 
distribution. Statistical description must employ the procedure to find dominant 
contributions to the partition function and to avoid entropy divergences for 
infinite system volume. Formation of the inhomogeneous distribution of inte-
raction particles requires a non-conventional method, which was proposal in [4] 
[5] [6] [7] [8]. This method is based on Hubbard-Stratonovich representation of 
statistical sum [9] which is now extended and applied to the self-gravitating sys-
tem to find solution for particles distribution without using spatial box restric-
tions. It is important that this solution has no divergences in thermodynamic 
limits. For this goal using the saddle point approximation took into account the 
conservation number of particles in limiting space and provided to nonlinear 
equation. The partition function in the case of homogeneous distribution of the 
particles, and in case of inhomogeneous distribution was obtained in [5] [6] 
[10], but in this approach described only condition in the formation of the poss-
ible inhomogeneous distribution of the interacting particles. 

Systems with long-range interactions, such as self-gravitating system do not 
relax to the usual Boltzmann-Gibbs thermodynamic equilibrium, but become 
trapped in quasi-stationary states, the lifetime of which diverges with the 
number of particles. The instability threshold was predicted for spontaneous 
symmetry breaking for a class of d-dimensional systems [11]. Non-equilibrium 
stationary states of systems were described in article [12] where concluded that 
three-dimensional systems do not evolve to thermodynamic equilibrium but 
trap in non-equilibrium quasi-stationary states. 

Mostly due to the fact that self-gravitating system exist in a states that far from 
equilibrium and the relaxation time to equilibrium state is very long. The ho-
mogeneous particle distribution in a self-gravitating system is not stable. The 
particles distribution in such a system is inhomogeneous in space, from the be-
ginning. There is standardized behavior of the interacting system, it is described 
differently for different equilibrium ensembles. That approach does not seem to 
be very consistent, due to the fact that, the state equation has to come from the 
definition of partition function, but the definition of it is unknown for the space 
inhomogeneous systems [13] [14]. Therefore, there is a dilemma, either to take 
the postulates of equilibrium statistical mechanics to obtain only instability 
criteria or not to try to account for the space in homogeneity using different ap-
proach. Such inhomogeneous distribution of the particles, temperature and 
chemical potential can be accounted for in non-equilibrium statistical operator 
approach [15], where possibility of local change of thermodynamic parameters is 
included. This system is non-equilibrium and inhomogeneous distribution of 
particle can motivate the inhomogeneous distribution of temperature and 
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chemical potential and other thermodynamic parameter. 
In this article are proposed the new approach, based on non-equilibrium 

statistic operator [15], which are more suitable for the description of a self- 
gravitating systems. The equation of state and all thermodynamic characteris-
tics needed are defined by the equations which contribute the most to the par-
tition function. Therefore, there is no need to introduce additional hypothesis 
about temperature on density dependence. This dependence is an outcome of 
solving corresponding thermodynamic relations, which describe extreme of 
non-equilibrium partition function. The possible space inhomogeneous distri-
butions of particles and temperature have been obtained for the simple cases. 
For the equilibrium case the well-known result [16] [17] of partition function 
has been reproduced. Has been shown, that used this approach can describe 
inhomogeneous distribution of particle and determine necessary parameter in 
the self -gravitating system. The main idea of this paper is to provide a possi-
ble detailed description of self -gravitating system based on the principles of 
non-equilibrium statistical mechanics and obtain possible distribution par-
ticle by fixed number of particle and energy of the system. After that we can de-
termine the dynamic of self -gravitating system which induced the statistical 
principles and low increasing the entropy in the case existence the thermody-
namic limit. 

2. Nonequilibrium Statistical Operator 

Phenomenological thermodynamic based on the conservation lows for average 
value of physical parameter as number of particles, energy and impulse. 
Statistical thermodynamic non-equilibrium system based too on conservation 
lows not the average value dynamic variables but in particular for this dynamic 
variable. It present local conservation lows for dynamic variables. For the deter-
mination thermodynamic function of non- equilibrium system are teed use the 
presentation of corresponding statistical ensembles which take into account the 
non-equilibrium states of this systems. The conception of Gibbs ensembles can 
brings to description non-equilibrium stationary states of system. In this case 
can determine non-equilibrium ensemble as totality of system which be con-
tained in same stationary external action. This system has same character of 
contact with thermostat and possess all possible value macroscopic parameters 
which compatibility present conditions. In system, which are in same stationary 
external condition will are formed local equilibrium stationary distribution. If 
external condition will be depend from time that local equilibrium distribution 
are not stationary. For exactly determination local equilibrium ensemble must 
accordingly determine the distribution function or statistical operator of the 
system [15], finally, can recall that the stable states on the series of equilibrium 
of classical self-gravitating particles are only metastable because they correspond 
to local maximal of entropy from which can determine behavior of the system. 

If assume that non-equilibrium states of system can determine through in-
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homogeneous distribution energy ( )H r  and number of particles (density) 
( )n r  the local equilibrium distribution function for classical system can write 

in the form [15]: 

( ) ( ) ( ) ( )( ){ }1 exp dl lf Q H nβ η−= − −∫ r r r r r              (1) 

where 

( ) ( ) ( ) ( )( ){ }exp dlQ D H nβ η= Γ − −∫ ∫ r r r r r             (2) 

present determination of statistical operator local equilibrium distribution. The 
integration in present formula must take over all phase space of system. Must 
note, that in the case local equilibrium distribution Lagrange multipliers ( )β r  
and ( )η r  are function of spatial point. The microscopic density of particles 
can present in standard form: 

( ) ( )i
i

n δ= −∑r r r                        (3) 

The introduction local equilibrium distribution are possible if relaxation time 
in all system is more as relaxation time on local macroscopically area as part of 
this system. 

After determination of non-equilibrium statistical operator can obtain all 
thermodynamic parameter non-equilibrium system. For this can determine 
thermodynamic relation for inhomogeneous systems. The variation of statistical 
operator by Lagrange multipliers can write necessary thermodynamic relation in 

the form [15]: 
( ) ( )ln l

l

Q
H

δ
δβ

− = r
r

 and 
( ) ( )ln l

l

Q
n

δ
δη

= r
r

. This relation is nat-

ural general prolongation well-known relation which take place in the case equi-
librium systems, on the case inhomogeneous system. The conservation number 
of particles and energy in system can present in form natural relations 

( )dn N=∫ r r  and ( )dH E=∫ r r  

For further statistical description of non-equilibrium system is necessary 
determine Hamiltonian of system. In general case Hamiltonian of system inte-
racting particle can present as: 

( )
2

,

1
2 2

i
i j

i i j

p
H W

m
= −∑ ∑ r r                       (4) 

where ( )i jW r r  determine the attractive interaction energy. Further will be use 
only density of energy which for self-gravitating system can write in the follow-
ing form: 

( ) ( ) ( ) ( ) ( ) ( )
2 1 , d
2 2

p
H n W n n

m
′ ′ ′= − ∫

r
r r r r r r r              (5) 

This density energy of a system is possible to use if we smash to equal bits all 
space with equal mass and consider moving in phase space not compressed gra-
vitational fluid. In our case interacting system can write are non-equilibrium 
statistical operator in the form: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
2 1exp d ,
2 2l

p
Q D n W n n

m
β η β

   ′ ′= Γ − − +      
∫ ∫ ∫

r
r r r r r r r r r (6) 
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The integration over phase space can present as 
( )3

1 d d
2π

i i
i

D r pΓ = ∏


. 

In order to perform a formal integration in second part of this presentation, 
additional field variables can be introduced making use of the theory of Gaus-
sian integrals [8] [9]: 

( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( ) ( ) ( ) ( )

2

2
1

exp , d d
2

exp d d d
2

n n

D n

ν β ω

νσ β ω σ σ ν β σ
−

 
′ ′ ′− 

 
 

′ ′= − − 
 

∫

∫ ∫ ∫

r r r r r r r

r r r r r r r r r r
(7) 

where 
( )

d

det 2π ,

s
sD

σ
σ

βω
=

′

∏
r r

 and ( )1 ,ω− ′r r  is the inverse operator which 

satisfies the condition ( ) ( ) ( )1 , ,ω ω δ− ′ ′ ′′ ′′= −r r r r r r , that means: the interac-

tion energy presented the Green function for this operator and 2 1ν = ±  de-
pending on the sign of the interaction or the potential energy. After present 
manipulation the field variable ( )σ r  contains the same information as original 

distribution function, i.e. all information about possible spatial states of the sys-
tems. 

After this manipulation the statistical operator can rewrite in the form: 

( ) ( ) ( ) ( ) ( ) ( )
2

exp d
2l int

p
Q D D n Q

m
ψ β η β ψ

   = Γ − − −      
∫ ∫ ∫

r
r r r r r r  (8) 

where part which cam from interaction 

( ) ( )( ) ( ) ( )11exp , d d
2intQ Wβ ψ ψ

− ′ ′ ′= − 
 ∫ r r r r r r r          (9) 

In this general functional integral can be provide the integration on phase 
space. If use the definition of density we can rewrite the non-equilibrium statis-
tical operator as: 

( )
( ) ( ) ( ) ( )

2

3

1 d d exp
22π !

i
l i i i i i i int

i

p
Q D r p Q

mN
ψ ξ β β ψ

   = − −  
   

∏∫ ∫


r r r r (10) 

where introduce the new variable ( ) ( )expξ η≡r r  which can interpreter as 
chemical activity. Now can make integration over impulse. Real part of 
non-equilibrium statistical operator take the form: 

( )
( )

( ) ( )( )
3
2

3

1 2πd exp
!l int i i i i

i i

mQ D D Q r
N

ϕ ψ ξ β ψ
β

 
=   

 
∏∫ ∫ ∫



r r r
r

     (11) 

( )
( )

( ) ( )( )
3
2

3

1 2πd exp
!

N

l int
N

mQ D D Q
N

ϕ ψ ξ β ψ
β

 
  =    
  

 

∑∫ ∫ ∫


r r r r
r

    (12) 

After that the non-equilibrium statistical operator take the simple form: 
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( )
( )

( ) ( )
3
2

3

2πexp exp dl int
mQ D D Q rϕ ψ ξ β ψ

β

  
   =          

∫ ∫ ∫


r r r
r

   (13) 

In definition intQ  are the reverse operator of interaction energy. For further 
description we must determine this inverse operator. For general case of long 
range interaction as Coulomb like or Newtonian gravitational interaction in 
continuum limit should be treated in the operator sense, i.e. 

( ) ( )1
2

1,
4π

W
Gm

δ− ′ ′= − ∆ −rr r r r                  (14) 

where ∆r  is Laplace operator in real space. Gravitation interaction energy in 
three dimensional case can write in well-known form 

( )
2

, GmW ′ =
′−

r r
r r

                        (15) 

G is gravitational constant and m is mass of separate area. For long range in-
teraction between particle we can rewrite the non-equilibrium statistical opera-
tor in the form: 

( )2 31exp exp d
2lQ D
rψ

ψ ψ ξ βψ−
    = − ∇ − Λ       

∫ ∫ r         (16) 

where all function , ,β ϕ ψ  are dependence from spatial point. In this presenta-
tion was using the definition thermal de-Broglie wavelength and definition of 
interaction length as 

( )
( )

( ) ( )1 2
2

2 , 4π ,m r Gm rψ β
β

−  
Λ = =  

 

r r
r

            (17) 

In general case the non-equilibrium statistical operator can rewrite in the 
form: 

( ) ( ) ( )( ){ }exp , ,lQ D Sψ ψ ξ β= −∫ r r r               (18) 

where effective non-equilibrium “local entropy” take the form: 

( )( ) ( ) ( ) ( )2 31 exp d
2

S r
rψ

ψ ξ β ψ−
 

= ∇ − Λ 
  
∫ r r r r         (19) 

The statistical operator allows obtain use the of efficient methods developed in 
the quantum field theory without imposing additional restrictions of integration 
over field variables or the perturbation theory. The functional  

( ) ( ) ( )( ), ,S rϕ ξ βr r  depends on the distribution of the field variables ( )ϕ r , 

the chemical activity ( )ξ r  and inverse temperature ( )β r . The saddle point 

method can now be further employed to find the asymptotic value of the statis-
tical operator lQ  for increasing number of particles N to ∞ . The dominant 
contribution is given by the states which satisfy the extreme condition for the 
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functional. It’s easy to see that saddle point equation present thermodynamic re-
lation and it can write in the other form as: equation for field variable 

( )
0Sδ

δψ
=

r
 for the normalization condition  

( )( ) ( )( ) ( )dS S Nδ δ ξ
δ η δ ξ

= − =∫ r r
r r

 and for the conservation the energy of the 

system 
( )( ) ( )dS Eδ ξ

δ β
− =∫ r r

r
 Solution of this equation fully determine all 

thermodynamic parameter and describe general behavior of interacting system, 
whether this distribution of particles is spatially inhomogeneous or not. The 
above set of equations in principle solves the many-particle problem in 
thermodynamic limit. The spatially inhomogeneous solution of this equations 
correspondent the distribution of the interacting particles. Such inhomogeneous 
behavior is associated with the nature and intensity of the interaction. In other 
words, accumulation of particles in a finite spatial region (formation of a cluster) 
reflects the spatial distribution of the fields, the activity and temperature. Very 
important note, that only in this approach can take into account the inhomoge-
neous distribution temperature, which can depend from spatial distribution of 
particle in system. 

3. Saddle-Point Equation for Self-Gravitating System 

The solution of saddle-point equation completely determines all the thermody-
namic parameters and describes the general behavior of a self-gravitating system 
both for spatially homogeneous and inhomogeneous particle distributions. The 
above set of equations in principle solves the many-particle problem in the 
thermodynamic limit. The spatially inhomogeneous solution of these equations 
corresponds to the distribution of the interacting particles. Such inhomogeneous 
behavior is associated with the nature and intensity of the interaction. In other 
words, accumulation of the particles in a finite spatial region (cluster formation) 
reflects the spatial distribution of the field, activity, and temperature. It is very 
important to note that only this approach makes it possible to take into account 
the inhomogeneity of temperature distribution that may depend on the spatial 
distribution of the particles in the system. In other approaches [2] the depen-
dence of the temperature on a spatial point is introduced through the poly-
trophic dependence of temperature on particle density in the equation of state 
[18]. In the present approach, such dependence follows from the necessary 
thermodynamic condition, and can be found for various particle distributions. 
Now we derive the saddle-point equation for the extreme of the local entropy 

functional ( ), ,S ψ ξ β . The equation for the field variable 0Sδ
δψ

=  in the case 

0λ =  and absent repulsive interaction 0ϕ =  yields. 

( ) ( )
( )

( ) ( ) ( )( )
3
2

2

1 2π exp 0,
m

m r r
r

ψ ξ β β ψ
β

 
∆ + =  

 

r r r
r

      (20) 

where the notation 24πmr Gm≡  is introduced. The normalization condition 
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may be written as 

( )
( )

( ) ( )( )
3
2

2

2 exp dm r Nξ β ψ
β

 
=  

 
∫



r r r
r

            (21) 

and the equation for the energy conservation in the system is given by 

( )
( )
( ) ( ) ( )( ) ( ) ( )( )

3
2

2

1 2π 3 exp d .
2

m r r E
ξ

β ψ β ψ
ββ

 
− =  

 
∫


r
r r r

rr
   (22) 

To draw more information on the behavior of a self-gravitating system, we 
introduce new variables. The normalization condition ( )d Nρ =∫ r r  yields the 
definition for the density function, i.e., 

( )
( )

( ) ( ) ( )( )
3
2

2

2π exp ,mρ ξ β ψ
β

 
≡   
 

r r r r
r

             (23) 

which reduces the equations to a simpler form. The equation for the field varia-
ble is given by 

( ) ( ) ( ) 0.mrψ β ρ∆ + =r r r                     (24) 

In the case constant temperature and chemical activity, this equation trans-
form into an equation for gravitational potential ( )ψ β ψ= r  in the 
well-known form: 

( ) ( )24π .Gmψ βρ∆ = −r r                      (25) 

The equation for energy conservation takes the form 

( )
( ) ( ) ( )( )1 3 d .

2
r E

ρ
β ψ

β
− =∫

r
r r

r
                 (26) 

Hereinafter we obtain the chemical activity in terms of chemical potential 
( ) ( ) ( )( )expξ µ β=r r r . Having differentiated the equation for energy conser-

vation over the volume, we obtain interesting relation for the chemical potential 
( )
( ) ( ) ( )( ) ( ) ( )1 3 ,

2
E Vr
V N

ρ δ δβ ψ µ ρ
β δ δ

− = =
r

r r r
r

        (27) 

which yields the chemical potential to be given by 

( ) ( ) ( ) ( )3 1 .
2 2

rµ β β ψ= −r r r                  (28) 

and the equation for the energy conservation reduces to very simple form: 
( ) ( ) Eρ µ =∫ r r . The equation thus obtained cannot be solved in the general 

case, but it is possible to analyze many cases of the behavior of a self-gravitating 
system under various external conditions. Within the context of the expression 
for density, and the definition of reduced thermal de-Broglie wavelength, and 
the gravitation length, i.e., 

( ) ( ) ( ) ( )
1

2 2
2, 2π ,

2 gR Gm
me
β

β
 

Λ = =  
 

 r
r r r                (29) 
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we can rewrite all the equations and the normalization condition in terms of 
density and temperature. Thus we have general equation in the term of concen-
tration and temperature in the form: 

( ) ( )( )
( )

( )
( )

( )
3ln

0.gRρ
ρ

β β

 Λ
 ∆ + =
 
 

r r r
r

r r
               (30) 

The chemical potential reduces to 

( ) ( ) ( ) ( )( )33 ln .
2

µ β ρ= − Λr r r r                 (31) 

In this way we can obtain the equation of state for self-gravitating system if we 
use the thermodynamic relation for conservation energy E, 

1 .SP
V
δ

β δ
= −                          (32) 

Using the definition of the density of particles, one can obtain the local en-
tropy in the form 

( ) ( ) ( )( ) ( )3ln d ,S ρ ρ ρ = − Λ − ∫ r r r r r             (33) 

from which the local equation of state can present as 

( ) ( ) ( ) ( ) ( )( )( ) ( ) ( ) ( )3 11 ln
2

P β ρ ρ ρ µ β = − Λ = − 
 

r r r r r r r r    (34) 

In general case this equation of state has a multiplier which logarithmically 
depends on the density of the particles. Only in the case ( ) ( )3 1ρΛ =r r  we ob-
tain the equation of state for an ideal gas Pβ ρ≡ . We have a sense to talk about 
pressure in classical cases only. If the concentration is large, and takes place the 
reverse relation ( ) ( )31 ρΛ r r , the determination of pressure are not correct. 

In the classical case ( ) ( )3 1ρΛ r r . As shown below there is a natural limit of 
our approach. We cannot describe the processes which can be realize within 
short distances since because in a system with large concentration quantum ef-
fects would take place. In the case of the ideal gas we obtain usual equation of 
state, because in this case ( ) 0ϕ =r  and Pβ ρ=  as result absent of interac-

tion. In the case on ideal gas ( ) ( ) 3
2

µ β =r r  and equation of state reproduce to 

the equilibrium relation for the ideal gas. In this case the energy of the system 
3
2

E NkT=  which corresponds to the previously obtained results [16] [17]. In 

the next section, we find the classical distributions of particles for various inner 
and external conditions. 

4. Statistical Induced Dynamic for Self-Gravitating System 

In system not far from equilibrium, patterns may form as results of the competi-
tion long-range interactions operating of different length scales [19]. The latter is 
countered by a long range gravitation attractive interaction. This is often accom-
panied by the macroscopical separation transition which leads to spontaneous 
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formation of patterns in ideally homogeneous system upon variation of control 
parameter. An important class of system with competing interaction is the 
system in which the long-range interaction is gravitational. The fundamental 
nature of the gravitational interaction makes this class of system extremely di-
verse. We stop on the point statistical induced dynamics of self-gravitating sys-
tem taking into account the possible spatial distribution of particle. For this goal 
we must determine the dynamic equation for field variable or density of particle. 
In this sense we can use the Ginsburg-Landau equation for density 

( )
( )

2,
,

t S
t

ρ δγ
δρ

∂
= −∇

∂
r

r
                    (35) 

where γ  is dynamic gravitational viscous coefficient [20]. In self-gravitating 
system we have not any other viscous process without dynamic influence of gra-
vitational action, all systems on local spatial point. This evolution equation is, in 
fact applicable to a number of systems with non-conserved order parameter. 
Taking into account the presentation of local entropy in the terms of density, we 
can write the dynamic equation for density in the form: 

( ) ( ) ( )( )2 3,
= ln ,

t
t

t
ρ

γ ρ
∂

−∇ Λ
∂
r

r r                (36) 

The evolution of patterns in non-equilibrium will generate to be guided by the 
local entropy landscape and the morphological instabilities of the parameter. 
The dynamic of the system is dissipative, it will result in decrease of the local en-
tropy of the patterns with time. To mimic this behavior we can use the simple 
gradient, descent dynamic defined with chemical potential may be considered as 
generalization of Cahn equation for non-uniform system with an arbitrary con-
centration gradient which becomes Cahn nonlinear diffusion equation [21]: 

( ) ( ) ( ) ( )( )2 3,
ln ,

t
t

t
ρ

γ βµ γ ρ
∂

= ∇ ∇ = −∇ Λ
∂
r

r r r            (37) 

which is fully equivalent previous dynamic equation in Ginsburg-Landau ap-
proach. If we take the solution of this dynamic equation in the form 
( ) ( ) ( ), exp mt r tρ γ ρ=r r  the solution of problem reduces to solve the previous 

equation 

( )( ) ( )3ln 0gRρ ρ∆ Λ + =r r                  (38) 

and can be transformed to 

( )( ) ( )ln 0.gRρ ρ∆ + =r r                   (39) 

for constant temperature, that means, the obtained spatial solution will be 
existed in all time increasing the density of particles. If we determine the possible 
structure in distribution of density, this pattern will be conserved in all-time de-
crease of density. In this approach [7], the probable behavior of a self-gravitating 
system can be predicted for any external conditions. On much longer timescales, 
an evolution towards the true thermal equilibrium is postulated. In this way we 
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can solve the complicated problem of statistical description of self-gravitating 
systems. Moreover, this method can also be applied for the further development 
of the physics of self-gravitational and similar systems that are not far from the 
equilibrium. 
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Abstract 
Experimental and theoretical studies of the radial distribution function of the 
electron temperature (RDFT) in a low-density plasma and weakly ionized gas 
for the abnormal glow region are presented. Experimentally, the electron 
temperatures and densities are measured by a Langmuir probe moved radially 
from the center to the edge of the cathode electrode for helium gas at differ-
ent pressures in the low-pressure glow discharge. The comparison of the final 
experimental data for the radial distribution of electron temperatures and 
densities for different low pressures ranging from 0.2 to 1.2 torr, with the fi-
nal proved equation of RDFT confirms that the electron temperatures 
decrease with increasing product of radial distance and gas pressures, show-
ing a radial decrement dependence of the electron temperature from the cen-
ter to the edge of the electrode. This is attributed to the increase of the num-
ber of electron-atom collisions at higher gas pressures and consequently of 
the rate of ionization. For the axial distance (L) from the tip of the probe to 
cathode electrode and the cathode electrode radius (R), a theoretical and ex-
perimental comparison for the two conditions L < R and L > R, for both cases 
the produced plasma temperatures decrease and densities increase. It is con-
cluded that the RDFT accurately shows a dramatic decrease for L < R by 60% 
less than RDFT values for L > R similar as for conditions of magnetized and 
unmagnetized effect for DC plasma. This means that the rate of plasma loss 
by diffusion decreased for L < R, agrees well with the applied of magnetic 
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1. Introduction 

Plasma is the fourth state of matter, considered to be a quasi-neutral medium. 
However, when a diagnostic such as probe (a small metallic electrode) is inserted 
into a weakly ionized plasma, a very thin sheath is formed around the conduct-
ing surface of the probe due to the redistribution of charges. The amplitude and 
the polarity of the probe potential control the motion of electrons and ions near 
the probe. When the probe potential is sufficiently negative, only the ions can 
reach the probe surface. The probe current is thus equal to the ion random cur-
rent (Iri) [1] [2] [3]. 

Ambipolar diffusion is the most important process taking place within a 
weakly ionized plasma and considered as a vital process for the distribution of 
the plasma parameters. Assuming a Maxwellian velocity distribution [4], the 
plasma parameters especially electron temperature and electron density can be 
determined from the current-voltage characteristic curves of the probe [5]. Dif-
fusion phenomena occur in a plasma when a spatial gradient of the charged spe-
cies is present [6]. Furthermore, it is caused by the differently charged species 
having different diffusivities, hence there is a loss of neutrality [7] due to plasma 
rapidly diffusion for some of charged species more than the others. Furthermore, 
a minor loss of neutrality, however, induces an ambipolar electric field which, if 
the Debye length is sufficiently small, slows down the fast-diffusing species and 
speeds up the slow-diffusing species in such a way that the plasma remains qua-
si-neutral [8]. 

The experimental and numerical radial distribution of electron temperature 
and density from the axis of the tube up to the tube wall have been amply inves-
tigated [9] [10], but not the theoretical derivation in terms of the effect of 
Schottky condition and ambipolar diffusion due to the recurrence relation of the 
Bessel condition. 

In the present work, an experimental study of the radial dependence of the 
electron temperature in a low-density plasma using a single probe as diagnostic 
technique was performed. Theoretically, it was proven that the ambipolar diffu-
sion is an important factor in the weakly-ionized gas. Furthermore, a theoretical 
physical model for the radial distribution of the temperature was derived. The 
theoretical considerations are compatible with the experimental data of the 
temperatures at different pressures in a low-pressure glow discharge of a DC 
(cold cathode) magnetron sputtering unit. 
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2. Experimental Study 
2.1. Experimental Set-Up 

Figure 1 shows the experimental setup of DC (cold cathode) magnetron sput-
tering unit to generate a glow discharge in a glass tube between two circular, pa-
rallel and movable metallic discs acting as electrodes. Two parallel electrodes 
made of aluminum, are enclosed in the discharge cell, one of the two electrodes 
is grounded represented cathode electrode and the other is movable to change 
the axial distance represented the anode electrode, where the axial distance (L) 
between tip of the probe and the cathode electrode, 5 cm and with 3 cm in radius 
(R) taking into account that we will deal with two conditions R > L and R < L. 
The discharge unit is evacuated using a rotary pump to a base pressure of 7 
mtorr. A pressure gauge is connected to the discharge tube to measure the inside 
gas pressure. A stationary DC-glow discharge was generated between two both 
electrodes, for different parameters as shown in Table 1. 

Figure 1 also shows the schematic diagram of the spherical single Langmuir 
probe circuit. The probe made of molybdenum wire (diameter 3.0-mm and 
length 0.5 mm) and the tip of a probe is inside the glow discharge plasma. The 
single probe (between the cathode fixed at the ground potential, and the anode) 
move axially to measure the axial potential distribution between the two elec-
trodes. Also, it moves radially from the center to the edge of the cathode elec-
trode, and a potential VP is applied to the probe. 

2.2. Experimental Study of Axial Potential and Electric Field  
Distribution Measurements 

The potential distribution was measured at discharge currents of 10 mA and gas 
pressure of (0.2 - 1.2 torr) for He as shown in Figure 2, shows that the potential 
 

 
Figure 1. Schematic diagram of the experimental setup and the single Langmuir probe 
circuit. 
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Figure 2. Axial potential distribution at constant current (I = 10 mA). 

 
Table 1. Shows the values of operating parameters. 

Parameters Values 

Discharge Current (Ia) 4 - 30 mA 

Gas Pressure (P) 0.1 - 1.5 torr 

Discharge Voltage (Va) 200 - 1200 V DC 

Current Density 2 - 15 mA/m2 

Working Gas He 

 
distribution can be divided into three regions. In region I (AB) (cathode fall), the 
potential increases sharply within a small discharge length. Whenever, gas 
breakdown takes place in the tube, a rapid growth in the rate of ionization, near 
the cathode is detected. Meanwhile the electrons transfer in the electric field 
much more faster than positive ions (due to their masses), electrons are swept 
rapidly towards the anode leaving a dense positive space charge near the cathode. 
Thus, the electric field is distorted and most of the applied potential is dropped 
across a narrow space in front of the cathode. Region II (BC) (negative glow) in-
dicates that the potential decreases slightly and hence the electric field will be 
weak, since this region contains many free electrons. In region III (CD) (positive 
column), the potential distribution is nearly constant and linear since the posi-
tive and negative carriers densities are closely, equal. The positive column can be 
extended to any length to fill the remaining space between the end of the nega-
tive glow and the anode. 

Values of the electric field distribution are obtained by differentiating the 
measured potential distribution of Figure 2. Figure 3 and Figure 4 show the 
electric field distribution for He discharge. In the cathode fall region at edge and 
center, high electric field is observed which is decreased sharply away from the  
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Figure 3. I-V curves of the single probe for cathode fall region at different He pressures at 
the edge. 
 

 
Figure 4. Measured I-V curves of the single probe for cathode fall region at different He 
pressures at the center. 
 
cathode. This is related to the intense positive space charge which lies in front of 
the cathode. This acts as an accelerator for the electrons towards anode. Thus, 
the electrons emitted from the cathode are then accelerated away, until they 
reach the negative glow region where the electric field becomes weak (zero and 
sometimes it reaches a negative value). In this region, the gained kinetic energy 
of the electrons is dissipated in collisions with the atoms of the gas and thus 
secondary electrons would be produced. In the positive column region constant 
and linear electric field is needed to maintain discharge along the large length of 
the column which is required to carry the discharge current. 

2.3. Experimental Study of Radial Dependence of the Electron 
Temperature 

The region investigated in the present work is the abnormal region. The radial 
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dependence of the electron temperature in low-density plasma at edge and cen-
ter of the cathode electrode has been studied for different He pressures. 

The plasma parameters like the electron temperature and electron density can 
be determined from the current-voltage (I-V) characteristic curve of the single 
Langmuir probe, based on the theory and the fundamental technique discussed 
in detail in many articles [10] [11]. 

Figure 3 and Figure 4 show I-V characteristic curves of the single probe at 
different He pressures at edge and center of the cathode electrode for the ab-
normal glow region [12]. The probe was moved to investigate the radial distri-
bution from the center to the edge of the cathode, in the direction perpendicular 
to the direction of the electric field lines. Figure 5 and Figure 6 show the radial 
temperatures and densities distributions at different pressures from center to the 
edge. Te is decreased and ne increased due to the general trend that values of Te 
and ne are inversely proportional [13]. 

Increasing the helium working pressures from 0.2 to 1.2 torr, the temperature 
Te decreases at the center from 9.7 eV to 5.5 eV and at the edge from 4.1 to 1.15 
eV. Values of densities ne increased at center ne from 0.6 × 109 cm−3 to 1.3 × 109 
cm−3 and at the edge from 2.5 to 3.95 × 109 cm−3. 

3. Theoretical Consideration of the Radial Dependence of 
the Electron Temperature 

Conductivity at the tube axis, and charge density of plasma according to the fol-
lowing expression [14] [15] 

1s a eD D ρµ
σ

= − 
  

                       (1) 

where Da is the ambipolar diffusion coefficient as follows: 
The flow of ions and electrons are the same, hence 

 

 
Figure 5. The Experimental radial temperature distribution of abnormal region for he-
lium at different pressures. 
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Figure 6. Measured radial density distribution of abnormal region for helium at different 
pressures. 

 

i eΓ = Γ = Γ  

(Congruence approximation). If there is no external electric field, the fluxes of 
ions and electrons (drift-diffusion model) can be expressed as: 

i i i i i DD n n EµΓ = − ∇ +  

e e e e e DD n n EµΓ = − ∇ +  

where ED follows Poisson’s equation. If we multiply the first equation by e enµ  
and the second one by i inµ  and then subtract them, we get: 

i i e e e i e e i i e e i i D i i e e i i e e Dn n n D n n n E n D n n n Eµ µ µ µ µ µ µ µΓ − Γ = ∇ − − ∇ +  

Since i eΓ = Γ = Γ , the terms with ED cancel each other out and using ne = ni, 
the expression for the flow of particles becomes: 

( ) 

  
e i i e

i e
i

D
n

D µ µ
µ µ

Γ
−

−
∇

−
=  

With the ambipolar diffusion coefficient being 
 

 
e e

a
e

D D
D

µ µ
µ µ
+ +

+ −
−

=                           (2) 

and ρ  is the charge density in the plasma given by: 

[ ]  ee n nρ += −                             (3) 

and σ  is the conductivity at the tube axis given by: 

[ ]    e ee n nσ µ µ+ += −                           (4) 

Considering that diffusion coefficient D given by: 

2m skTD
mν

=                             (5) 

where ,εµ +  are the mobility of electrons (e) and ions (+), kT (ev) is the particle 
temperature, ν  is the collision frequency between electrons and neutral atoms 
in Hz. By substituting with Equations (2, 3 and 4) into Equation (1), then we get 

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

0 5 10 15 20 25 30

Nex109 cm-3

R(mm)

P=0.2 torr
P= 0.4 torr
P= 0.6 torr
P= 0.8 torr
P= 1.2 torr

Ce
nt

er

https://doi.org/10.4236/jmp.2019.107050


A. R. Galaly, G. V. Oost 
 

 

DOI: 10.4236/jmp.2019.107050 706 Journal of Modern Physics 
 

 
1

   
e e e

s e
e e e

D D n n
D

n n
µ µ

µ
µ µ µ µ
+ + +

+ + +

 − −
= − − −

                  (6) 

But by substituting by the Einstein relation [16] [17]: 

q D
kT

µ
  =                             (7) 

into Equation (6) by the value of D, then we get 

( )
 

1e e e e
s e

e e e

KT KT n n
D

q n n
µ µ µ µ

µ
µ µ µ µ

+ + + +

+ + +

 − −
= − −− 


              (8) 

or 

( )
( )

e e e e e e
s

e e

e

e

KT KT n n n n
D

e n n
µ µ µ µ µ µ

µ µ µ µ
+ + + + +

+ + +

−  − − +
=  −− 


           (9) 

Neglecting kT+ , where ekT kT+  finally results in 
Then 

( )
( )  

e e e
s

e e e

n kT
D

e n n
µ µ µ µ
µ µ µ µ

+ + +

+ + +

 −
=

−  − 
                (10) 

( ) 1
 

e e
s

e e

n kT
D

e n n
µ µ

µ µ
+ +

+ +

 
=  − 

 

Then 

e e
s

e
e

kT
D

ne
n

µ µ

µ µ

+

+
+

 
 
 =
 −  

                    (11) 

or 

1

e e
s

e e

kT
D

ne
n

µ
µ
µ+ +

 
 
 =
 −  

                     (12) 

Substituting e
e e

e
m

µ
ν

=  and i
i i

e
m

µ
ν

=  from Equations (5) and (7) into Eq-

uation (12) results in 

1

e ee
S

e
e e

i i

e
mkT

D
e e n

m
e n

m

ν

ν

ν +

 
 
 
  
  
  =       −       

                   (13) 

or 
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1

1

e e
S e

i i e

e e

m
D kT

m n
m n

ν
ν
ν +

 
 
 =
 −  

                   (14) 

or 

S e
e e i i e

nD kT
m n m nν ν

+

+

 
=  − 

                (15) 

2
S e

i i e
e e i

i

D kT
m nm

n
ν ν

ν ν
+

=
−

                  (16) 

Experimentally, due to the diffusion process during plasma formation an in-
teresting process occur in the plasma formation stage of the basil discharge. 
Theoretically, basil discharge process related with the recurrence relation for 
Bessel condition as shown in appendix A, where from the recurrence relation for 
the Bessel condition, the Schottky condition can be derived and proofed [18] [19] 
stating that: 

3.1. In the Case of L (Axial Distance) > R (Radial Distance) 
2

2.405
S

i

D R
ν

 =  
 

                       (17) 

A proof of the Schottky condition will be discussed briefly by two methods in 
Appendix A, where (R cm) represents the radial distance from the center to the 
edge through the cathode electrode measured by the Langmuir probe moved ra-
dially, and by substituting Equation (17) into (16), then 

2

2

2.4
e

i i e
e e i

kTR
m nm

n
ν

ν ν
+

  = 
  −

                    (18) 

Substituting the following equation into Equation (18) 

- -e n e n e nN Qν υ=                       (19a) 

( )
1 2

16
-

2
3.55 10 e

e e n
e

kT
P Q

m
ν

 
= ×  

 
              (19b) 

( )
1 2

16
-

2
3.55 10 i

i i n
i

kT
P Q

m
ν

 
= ×  

 
               (19c) 

where P in torr, -e nQ  and -i nQ  are the cross sections of electron-neutral and 
ion-neutral collisions, respectively results in 

( ) ( )

2

1 2 1 2 22 216 16
2.4 2 2 23.55 10 3.55 10

 

e

e i e i
e i e i i

e i i

kTR

kT kT n kTm P Q Q m P Q
m m n m+

  =             × − ×                

(20) 
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then 

( ) ( )

2

1 2
2 216 16

1
2.4 4 23.55 10 3.55 10

 
e i e i

i e i
i e i e

RP

m kT n kTQ Q Q
m kT n m kT+

  =         
 × − ×    
      

 

(21) 

But from [20] [21] ( )0.57.64e
i

i

m
µ
µ

≅  

Or 
2

1
7.64

e
i

i

m
µ
µ

 
 
 

≅                       (22a) 

Then substituting (7) into (22a) gives 
2

1 7.64 i

i e

kT
m kT

 
 
 

≅                      (22b) 

Moreover, substituting (22b), 2000i

e

m
m

≅  and 2  10i

e

ν
ν

−≅  into (21) gives 

( ) ( )

2

1 2 2
2 216 16

1
2.4 4 27.64 3.55 10 3.55 10 7.64i e i e i i

i e i
e e e e

RP

kT m kT n kT kTQ Q Q
kT kT n kT kT+

  =           
   × − ×    
       

 





 

(23) 

( )
( ) ( )

2
2

1 2 2
2 216 16

2.4

4 27.64 3.55 10 3.55 10 7.64i e i e i i
i e i

e e e e

RP
kT m kT n kT kTQ Q Q
kT kT n kT kT+

=
       
   × − ×    
        







 





(24) 

Substituting the values of the cross sections, masses of ions and electrons into 
(24) gives 

( )
( ) ( )( )

2
2

1 2 2
2

2.4

3.55 7.64 2 7.64i e i e i i

e e e e

RP
kT m kT n kT kT
kT kT n kT kT+

      

=
     
 −    

   


        

(25) 

or 

( )
( ) ( )( )

2
2

3 2 3 2
2 1 2

2.4

3.55 7.64 2 7.64i e i
e

e e

RP
kT n kTm
kT n kT+

=
    
 −   
     

     (26) 

Then finally 

1 23 4 3 2
1 2

10.1729

7.64i e i
e

e e

RP
kT n kTm
kT n kT+

=
  
 − 
   


 

 



         (27) 

Using the data of the electron temperatures and densities shown in Figure 4 
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and Figure 5 respectively, into the Equation (27), taking into account that 

e iT T  ( 0.1i eT T= ), 2000e

i

m
m

≅  [22] and for the spherical probe, the ion 

density is given by [23]: 
1 2

0.6 P
e

i

kTIn A
m

+
+

 
=  

 
                     (28) 

Knowing Te, ( 24πp pA r= ) area of spherical probe) and calculating positive ion 
current I+ from the I-V characteristic curve of the spherical single probe [24], n+ 

can be determined. 
Figure 7 shows the radial distribution of the electron temperature (RDFT) 

theoretically using Equation (27), in the abnormal cathode fall region from the 
center to the edge of the electrode as a function of He as an inert gas. The RDFT 
from the theoretical method presented above accurately shows a dramatic radial 
reduction of the electron temperature for any region (cathode fall or negative 
glow or positive column) and for any applied pressure. Furthermore, the decre-
ments of Te at the edge of the electrode are more pronounced at the center due 
to edge effect [25]. 

3.2. In the Case of L (Axial Distance) < R (Radial Distance) 
2 2

2.405 π
S

i

D R L
ν

   = +   
   

                      (29) 

and by substituting Equation (29) into (16), then 
2 2

22.4 π i

e

i e
e e i

kTR L
m nm

n
ν

ν ν
+

   + =   
    −

                  (30) 

Substituting by Equations (19a, b and c) into Equation (30), respectively re-
sults in 
 

 
Figure 7. Theoretical radial distribution of the electron temperature (RDFT). 
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( ) ( )

2 2

1 2 1 2 22 216 16
2.4 π 2 2 23.55 10 3.55 10

e

e i e i
e i e i i

e i i

kTR L

kT kT n kTm P Q Q m P Q
m m n m+

   + =                 × − ×                

(31) 

then 

( ) ( )

2 2

1 2
2 216 16

1
2.4 π 4 23.55 10 3.55 10e i e i

i e i
i e i e

R L

m kT n kTQ Q Q
m kT n m kT+

   + =             
 × − ×    
      

(32) 

Substitution from (22a and b) into (32) gives 

( ) ( )

2 2

1 2 2
2 216 16

1
2.4 π 4 27.64 3.55 10 3.55 10 7.64i e i e i i

i e i
e e e e

RP L

kT m kT n kT kTQ Q Q
kT kT n kT kT+

   + =                 
   × − ×      
            

(33) 

( )
( ) ( )

22
2 2

1 2 2
2 216 16

2.4 2.4
π4 27.64 3.55 10 3.55 10 7.64i e i e i i

i e i
e e e e

LRP
kT m kT n kT kTQ Q Q
kT kT n kT kT+

 =             
   × − ×      
            

− (34) 

Substituting the values of the cross sections, masses of ions and electrons into 
(34) gives finally 

2

3 2 3 2
1 2

0.0299 5.76
π

7.64i e i
e

e e

LRP
kT n kTm
kT n kT+

 
 
 
 

   
      

 = −  
  

− 
   

         (35) 

For 1.2 torr of applied pressure, Figure 8 shows comparison between the 
radial distribution of the electron temperature (RDFT) for L < R using Equation 
(35) and for L > R using Equation (27), in the abnormal cathode fall region from 
the center to the edge of the electrode as a function of He as an inert gas. 

The reasons for the radial distribution of the electron temperatures for both 
cases. 

L < R and L > R are the following: 
a) The temperature decreases for increasing pressure may be due to the rela-

tion between the temperature and the pressure given by [26]: 
0.0666.5eT P−=                            (36) 

b) As the pressure increase leads to a further increase in the breakdown vol-
tage, a sharp increase in electron density and a higher electron-electron collision 
frequency, leads to the decrease of the electron temperatures [27]. 

c) The present theoretical and experimental results are compatible and agree 
fairly well with the behavior of the data of von Engel [28] [29] [30] for the radial 
distribution of the electron temperature. 

For L < R, RDFT accurately shows a dramatic decrease by 60% less than 
RDFT values for L > R. This may be attributed to: 
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Figure 8. Comparison between the radial distribution of the electron temperature (RDFT) 
for L < R and for L > R, at P = 1.2 torr. 

 
The cathode fall, negative glow and positive column regions are compressed 

when L < R, i.e. the cathode fall region is compressed in thickness and hence-
forth higher potentials are expected. Thus, strong electric field is produced and 
therefore ions would accelerate, and more efficient sputtering processes take 
place. The produced plasma temperatures decrease, and densities increases; this 
means that the rate of plasma loss by diffusion decreased similarly as in the ap-
plied of magnetized DC plasma [23], therefore the current and current density 
are increased. 

4. Conclusion 

Theoretically, using the Einstein relation of ambipolar diffusion, charge density 
of the plasma, conductivity at the axis of the tube, the Schottky condition, and 
the cross sections of ion-neutral and electron-neutral collisions, the decrease of 
the radial distribution function of the electron temperature with increasing 
product of the radial distance and gas pressures can be determined. The theoret-
ical study agrees well with experimental data of electron and ion temperatures 
and gives the radial decrement dependence of the electron temperatures from 
the center to the edge of the electrode. 
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Appendix: Proofing of the Schottky Condition 

There are two classes of Schottky condition models using. 
Appendix A: the recurrence relation for the Bessel condition 
Appendix B: the boundary conditions 

2
S e

i i e
e

i
e i

D KT
m n m

n
ν ν

ν ν
+

=
+

                  (36) 

Due to the diffusion process during plasma formation an interesting process 
occur in the plasma formation stage of the basil discharge. The Schottky condi-
tion stating that 

2

2.4
S

i

D R
ν

 =  
 

 can be demonstrated as follows: 

Appendix A: From the Recurrence Relation for Bessel Condition 
[31] [32] [33] 

( ) ( ) ( )1 12 n n nJ x J x J x− +′ = −                     (37) 

and 

( ) ( ) ( )1 1
2

n n n
n J x J x J x
x − += +                    (38) 

Subtracting equation (37) from (38), gives 

( ) ( ) ( ) ( ) ( ) ( )1 1 1 1
2 2n n n n n n

n J x J x J x J x J x J x
x − + − +′− = + − +       (39) 

Or 

( ) ( ) ( )1n n n
n J x J x J x
x +′− =  

Or 

( ) ( ) ( )1n n nnJ x xJ x xJ x+′− =  

This results in 

( ) ( ) ( )1 n n nxJ x n J x xJ x+′ = −                   (40) 

Differentiating (40) with respect to x, gives: 

( ) ( ) ( ) ( ) ( )1 1 n n n n nxJ x J x nJ x xJ x J x+ +′′ ′ ′ ′+ = − −             (41) 

Multiplying Equation (40) in n/x gives: 

( ) ( ) ( )
2

1n n n
nnJ x J x nJ x
x +′ = −                   (42) 

Adding Equations (37) and (38) gives 

( ) ( ) ( )1  n n nxJ x xJ x nJ x−′ = −                    (43) 

Putting n = n + 1 in Equation (43) gives 
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( ) ( ) ( ) ( )1 1  1n n nxJ x xJ x n J x+ +′ = − +                (44) 

Substituting (39) and (40) into (38), results in 

( ) ( ) ( ) ( )
2

  n n n n
nxJ x J x J x xJ x
x

′′ ′+ = −  

Then 

( ) ( ) ( )
2

2

1   1 0n n n
nJ x J x J x

x x
 

′′ ′+ + − = 
 

              (45) 

Finally 
2

2

1 0nJ J J
x x

λ
 

′′ ′+ + − = 
 

                  (46) 

For n = 0 

( )1 0J J J
x

λ′′ ′+ + =                      (47) 

For the Bessel condition in cylindrical coordinate 
1 2 1 2

1

a a

x Kr R R
D D

λ
τ

=
   
   
   

= =  

with the solution ( ) 2 π πcos
π 2 4n

nJ x x = − − 
 

, and 0 0J =  for n = 0, gives 

π0 cos
4

x = − 
 

 with the solution 
3π 2.4
4

x = ≈  

( )1 2 2.4Rx Kr
Dτ

= = ≈  or ( )1 2 
2.4
R Dτ=  

Then 
1 2

2.4
S

i

DR
ν

 
 
 

=  

or 
2

2.4
S

i

D R
ν

 =  
 

 

Appendix B: From the Boundary Conditions [34] [35] 

e e S en D nυ = − ∇  

Then 
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                         (48) 

But 

e e
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=  
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Then 
2

S e

i e

D n
nν

 
= − ∇ 

                         (49) 

For boundary conditions r R= , 0e en n= , and 0 2.4J = , then 

2.4 e
e

n
n

R
∇ = −                          (50) 

Substituting from (50) into (49) then we get 
2
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 =  
 

 

 
 
 
 

https://doi.org/10.4236/jmp.2019.107050


Journal of Modern Physics, 2019, 10, 717-724

http://www.scirp.org/journal/jmp
ISSN Online: 2153-120X

ISSN Print: 2153-1196

Zero Strength of the Lorentz Force and Lack of
a Classical Energy Radiation in the Bohr’s
Hydrogen Atom

Stanislaw Olszewski

Institute of Physical Chemistry, Polish Academy of Sciences, Warsaw, Poland

How to cite this paper: Olszewski, S.
(2019) Zero Strength of the Lorentz Force and
Lack of a Classical Energy Radiation in the
Bohr’s Hydrogen Atom. Journal of Modern
Physics, 10, 717-724.

https://doi.org/10.4236/jmp.2019.107051

Received: May 21, 2019
Accepted: June 16, 2019
Published: June 19, 2019

Copyright c© 2019 by author(s) and Scientific
Research Publishing Inc.
This work is licensed under the Creative Com-
mons Attribution International License (CC
BY 4.0).

http://creativecommons.org/licenses/by/4.0/

Lorem ipsum dolor sit amet, consectetuer
adipiscing elit. Ut purus elit, vestibulum ut,
placerat ac, adipiscing vitae, felis. Curabitur
dictum gravida mauris. Nam arcu libero,
nonummy eget, consectetuer id, vulputate a,
magna. Donec vehicula augue eu neque. Pel-
lentesque habitant morbi tristique senectus et
netus et malesuada fames ac turpis egestas.
Mauris ut leo. Cras viverra metus rhoncus
sem. Nulla et lectus vestibulum urna fringilla
ultrices. Phasellus eu tellus sit amet tortor
gravida placerat. Integer sapien est, iaculis in,
pretium quis, viverra ac, nunc. Praesent eget
sem vel leo ultrices bibendum. Aenean fau-
cibus. Morbi dolor nulla, malesuada eu, pulv-
inar at, mollis ac, nulla. Curabitur auctor sem-
per nulla. Donec varius orci eget risus. Duis
nibh mi, congue eu, accumsan eleifend, sagit-
tis quis, diam. Duis eget orci sit amet orci
dignissim rutrum.
Nam dui ligula, fringilla a, euismod sodales,
sollicitudin vel, wisi. Morbi auctor lorem non
justo. Nam lacus libero, pretium at, lobortis
vitae, ultricies et, tellus. Donec aliquet, tor-
tor sed accumsan bibendum, erat ligula aliquet
magna, vitae ornare odio metus a mi. Morbi
ac orci et nisl hendrerit mollis. Suspendisse
ut massa. Cras nec ante. Pellentesque a nul-
la. Cum sociis natoque penatibus et magnis
dis parturient montes, nascetur ridiculus mus.
Aliquam tincidunt urna. Nulla ullamcorper
vestibulum turpis. Pellentesque cursus luctus
mauris.
Nulla malesuada porttitor diam. Donec felis
erat, congue non, volutpat at, tincidunt tris-
tique, libero. Vivamus viverra fermentum felis.
Donec nonummy pellentesque ante. Phasellus
adipiscing semper elit. Proin fermentum mas-
sa ac quam. Sed diam turpis, molestie vitae,
placerat a, molestie nec, leo. Maecenas lacinia.
Nam ipsum ligula, eleifend at, accumsan nec,
suscipit a, ipsum. Morbi blandit ligula feu-
giat magna. Nunc eleifend consequat lorem.
Sed lacinia nulla vitae enim. Pellentesque t-
incidunt purus vel magna. Integer non en-
im. Praesent euismod nunc eu purus. Donec
bibendum quam in tellus. Nullam cursus pul-
vinar lectus. Donec et mi. Nam vulputate
metus eu enim. Vestibulum pellentesque felis
eu massa.
Quisque ullamcorper placerat ipsum. Cras
nibh. Morbi vel justo vitae lacus tincidun-
t ultrices. Lorem ipsum dolor sit amet, con-
sectetuer adipiscing elit. In hac habitasse
platea dictumst. Integer tempus convallis au-
gue. Etiam facilisis. Nunc elementum fermen-
tum wisi. Aenean placerat. Ut imperdiet, en-
im sed gravida sollicitudin, felis odio placerat
quam, ac pulvinar elit purus eget enim. Nunc
vitae tortor. Proin tempus nibh sit amet nisl.
Vivamus quis tortor vitae risus porta vehicula.
Fusce mauris. Vestibulum luctus nibh at lec-
tus. Sed bibendum, nulla a faucibus semper,
leo velit ultricies tellus, ac venenatis arcu wisi
vel nisl. Vestibulum diam. Aliquam pellen-
tesque, augue quis sagittis posuere, turpis la-
cus congue quam, in hendrerit risus eros eget
felis. Maecenas eget erat in sapien mattis port-
titor. Vestibulum porttitor. Nulla facilisi. Sed
a turpis eu lacus commodo facilisis. Morbi
fringilla, wisi in dignissim interdum, justo lec-
tus sagittis dui, et vehicula libero dui cursus
dui. Mauris tempor ligula sed lacus. Duis cur-
sus enim ut augue. Cras ac magna. Cras nulla.
Nulla egestas. Curabitur a leo. Quisque eges-
tas wisi eget nunc. Nam feugiat lacus vel est.
Curabitur consectetuer.
Suspendisse vel felis. Ut lorem lorem, inter-
dum eu, tincidunt sit amet, laoreet vitae, ar-
cu. Aenean faucibus pede eu ante. Praesent
enim elit, rutrum at, molestie non, nonummy
vel, nisl. Ut lectus eros, malesuada sit amet,
fermentum eu, sodales cursus, magna. Donec
eu purus. Quisque vehicula, urna sed ultricies
auctor, pede lorem egestas dui, et convallis elit
erat sed nulla. Donec luctus. Curabitur et
nunc. Aliquam dolor odio, commodo pretium,
ultricies non, pharetra in, velit. Integer arcu
est, nonummy in, fermentum faucibus, egestas
vel, odio.
Sed commodo posuere pede. Mauris ut est.
Ut quis purus. Sed ac odio. Sed vehicula hen-
drerit sem. Duis non odio. Morbi ut dui. Sed
accumsan risus eget odio. In hac habitasse
platea dictumst. Pellentesque non elit. Fusce
sed justo eu urna porta tincidunt. Mauris felis
odio, sollicitudin sed, volutpat a, ornare ac, er-
at. Morbi quis dolor. Donec pellentesque, er-
at ac sagittis semper, nunc dui lobortis purus,
quis congue purus metus ultricies tellus. Proin
et quam. Class aptent taciti sociosqu ad litora
torquent per conubia nostra, per inceptos hy-
menaeos. Praesent sapien turpis, fermentum
vel, eleifend faucibus, vehicula eu, lacus.
Pellentesque habitant morbi tristique senectus
et netus et malesuada fames ac turpis eges-
tas. Donec odio elit, dictum in, hendrerit sit
amet, egestas sed, leo. Praesent feugiat sapi-
en aliquet odio. Integer vitae justo. Aliquam
vestibulum fringilla lorem. Sed neque lectus,
consectetuer at, consectetuer sed, eleifend ac,
lectus. Nulla facilisi. Pellentesque eget lec-
tus. Proin eu metus. Sed porttitor. In hac
habitasse platea dictumst. Suspendisse eu lec-
tus. Ut mi mi, lacinia sit amet, placerat et,
mollis vitae, dui. Sed ante tellus, tristique ut,
iaculis eu, malesuada ac, dui. Mauris nibh leo,
facilisis non, adipiscing quis, ultrices a, dui.
Morbi luctus, wisi viverra faucibus pretium,
nibh est placerat odio, nec commodo wisi enim
eget quam. Quisque libero justo, consectetuer
a, feugiat vitae, porttitor eu, libero. Sus-
pendisse sed mauris vitae elit sollicitudin male-
suada. Maecenas ultricies eros sit amet ante.
Ut venenatis velit. Maecenas sed mi eget dui
varius euismod. Phasellus aliquet volutpat o-
dio. Vestibulum ante ipsum primis in faucibus
orci luctus et ultrices posuere cubilia Curae;
Pellentesque sit amet pede ac sem eleifend con-
sectetuer. Nullam elementum, urna vel im-
perdiet sodales, elit ipsum pharetra ligula, ac
pretium ante justo a nulla. Curabitur tristique
arcu eu metus. Vestibulum lectus. Proin mau-
ris. Proin eu nunc eu urna hendrerit faucibus.
Aliquam auctor, pede consequat laoreet var-
ius, eros tellus scelerisque quam, pellentesque
hendrerit ipsum dolor sed augue. Nulla nec
lacus.
Suspendisse vitae elit. Aliquam arcu neque,
ornare in, ullamcorper quis, commodo eu,
libero. Fusce sagittis erat at erat tristique
mollis. Maecenas sapien libero, molestie et,
lobortis in, sodales eget, dui. Morbi ultrices
rutrum lorem. Nam elementum ullamcorper
leo. Morbi dui. Aliquam sagittis. Nunc plac-
erat. Pellentesque tristique sodales est. Mae-
cenas imperdiet lacinia velit. Cras non urna.
Morbi eros pede, suscipit ac, varius vel, eges-
tas non, eros. Praesent malesuada, diam id
pretium elementum, eros sem dictum tortor,
vel consectetuer odio sem sed wisi.
Sed feugiat. Cum sociis natoque penatibus
et magnis dis parturient montes, nascetur
ridiculus mus. Ut pellentesque augue sed ur-
na. Vestibulum diam eros, fringilla et, con-
sectetuer eu, nonummy id, sapien. Nullam at
lectus. In sagittis ultrices mauris. Curabitur
malesuada erat sit amet massa. Fusce blan-
dit. Aliquam erat volutpat. Aliquam euismod.
Aenean vel lectus. Nunc imperdiet justo nec
dolor.
Etiam euismod. Fusce facilisis lacinia dui.
Suspendisse potenti. In mi erat, cursus id,
nonummy sed, ullamcorper eget, sapien. Prae-
sent pretium, magna in eleifend egestas, pede
pede pretium lorem, quis consectetuer tortor
sapien facilisis magna. Mauris quis magna var-
ius nulla scelerisque imperdiet. Aliquam non
quam. Aliquam porttitor quam a lacus. Prae-
sent vel arcu ut tortor cursus volutpat. In vi-
tae pede quis diam bibendum placerat. Fusce
elementum convallis neque. Sed dolor orci,
scelerisque ac, dapibus nec, ultricies ut, mi.
Duis nec dui quis leo sagittis commodo.
Aliquam lectus. Vivamus leo. Quisque ornare
tellus ullamcorper nulla. Mauris porttitor
pharetra tortor. Sed fringilla justo sed mau-
ris. Mauris tellus. Sed non leo. Nullam el-
ementum, magna in cursus sodales, augue est
scelerisque sapien, venenatis congue nulla arcu
et pede. Ut suscipit enim vel sapien. Donec
congue. Maecenas urna mi, suscipit in, plac-
erat ut, vestibulum ut, massa. Fusce ultrices
nulla et nisl.
Etiam ac leo a risus tristique nonummy. Donec
dignissim tincidunt nulla. Vestibulum rhoncus
molestie odio. Sed lobortis, justo et pretium
lobortis, mauris turpis condimentum augue,
nec ultricies nibh arcu pretium enim. Nunc
purus neque, placerat id, imperdiet sed, pellen-
tesque nec, nisl. Vestibulum imperdiet neque
non sem accumsan laoreet. In hac habitasse
platea dictumst. Etiam condimentum facili-
sis libero. Suspendisse in elit quis nisl aliquam
dapibus. Pellentesque auctor sapien. Sed eges-
tas sapien nec lectus. Pellentesque vel dui vel
neque bibendum viverra. Aliquam porttitor
nisl nec pede. Proin mattis libero vel turpis.
Donec rutrum mauris et libero. Proin euismod
porta felis. Nam lobortis, metus quis elemen-
tum commodo, nunc lectus elementum mauris,
eget vulputate ligula tellus eu neque. Vivamus
eu dolor.
Nulla in ipsum. Praesent eros nulla, congue
vitae, euismod ut, commodo a, wisi. Pellen-
tesque habitant morbi tristique senectus et ne-
tus et malesuada fames ac turpis egestas. Ae-
nean nonummy magna non leo. Sed felis erat,
ullamcorper in, dictum non, ultricies ut, lec-
tus. Proin vel arcu a odio lobortis euismod.
Vestibulum ante ipsum primis in faucibus orci
luctus et ultrices posuere cubilia Curae; Proin
ut est. Aliquam odio. Pellentesque massa
turpis, cursus eu, euismod nec, tempor congue,
nulla. Duis viverra gravida mauris. Cras tin-
cidunt. Curabitur eros ligula, varius ut, pulv-
inar in, cursus faucibus, augue.
Nulla mattis luctus nulla. Duis commodo
velit at leo. Aliquam vulputate magna et leo.
Nam vestibulum ullamcorper leo. Vestibulum
condimentum rutrum mauris. Donec id mau-
ris. Morbi molestie justo et pede. Vivamus
eget turpis sed nisl cursus tempor. Curabitur
mollis sapien condimentum nunc. In wisi nis-
l, malesuada at, dignissim sit amet, lobortis
in, odio. Aenean consequat arcu a ante. Pel-
lentesque porta elit sit amet orci. Etiam at
turpis nec elit ultricies imperdiet. Nulla fa-
cilisi. In hac habitasse platea dictumst. Sus-
pendisse viverra aliquam risus. Nullam pede
justo, molestie nonummy, scelerisque eu, facil-
isis vel, arcu.
Curabitur tellus magna, porttitor a, commo-
do a, commodo in, tortor. Donec interdum.
Praesent scelerisque. Maecenas posuere so-
dales odio. Vivamus metus lacus, varius quis,
imperdiet quis, rhoncus a, turpis. Etiam ligu-
la arcu, elementum a, venenatis quis, sollici-
tudin sed, metus. Donec nunc pede, tincidunt
in, venenatis vitae, faucibus vel, nibh. Pel-
lentesque wisi. Nullam malesuada. Morbi ut
tellus ut pede tincidunt porta. Lorem ipsum
dolor sit amet, consectetuer adipiscing elit. E-
tiam congue neque id dolor.
Donec et nisl at wisi luctus bibendum. Nam in-
terdum tellus ac libero. Sed sem justo, laoreet
vitae, fringilla at, adipiscing ut, nibh. Mae-
cenas non sem quis tortor eleifend fermentum.
Etiam id tortor ac mauris porta vulputate. In-
teger porta neque vitae massa. Maecenas tem-
pus libero a libero posuere dictum. Vestibu-
lum ante ipsum primis in faucibus orci luc-
tus et ultrices posuere cubilia Curae; Aenean
quis mauris sed elit commodo placerat. Class
aptent taciti sociosqu ad litora torquent per
conubia nostra, per inceptos hymenaeos. Viva-
mus rhoncus tincidunt libero. Etiam elemen-
tum pretium justo. Vivamus est. Morbi a tel-
lus eget pede tristique commodo. Nulla nisl.
Vestibulum sed nisl eu sapien cursus rutrum.
Nulla non mauris vitae wisi posuere conval-
lis. Sed eu nulla nec eros scelerisque pharetra.
Nullam varius. Etiam dignissim elementum
metus. Vestibulum faucibus, metus sit amet
mattis rhoncus, sapien dui laoreet odio, nec
ultricies nibh augue a enim. Fusce in ligula.
Quisque at magna et nulla commodo conse-
quat. Proin accumsan imperdiet sem. Nunc
porta. Donec feugiat mi at justo. Phasellus
facilisis ipsum quis ante. In ac elit eget ipsum
pharetra faucibus. Maecenas viverra nulla in
massa.
Nulla ac nisl. Nullam urna nulla, ullamcorper
in, interdum sit amet, gravida ut, risus. Ae-
nean ac enim. In luctus. Phasellus eu quam
vitae turpis viverra pellentesque. Duis feugiat
felis ut enim. Phasellus pharetra, sem id port-
titor sodales, magna nunc aliquet nibh, nec b-
landit nisl mauris at pede. Suspendisse risus
risus, lobortis eget, semper at, imperdiet sit
amet, quam. Quisque scelerisque dapibus nib-
h. Nam enim. Lorem ipsum dolor sit amet,
consectetuer adipiscing elit. Nunc ut metus.
Ut metus justo, auctor at, ultrices eu, sagittis
ut, purus. Aliquam aliquam.
Etiam pede massa, dapibus vitae, rhoncus
in, placerat posuere, odio. Vestibulum luc-
tus commodo lacus. Morbi lacus dui, tem-
por sed, euismod eget, condimentum at, tor-
tor. Phasellus aliquet odio ac lacus tempor
faucibus. Praesent sed sem. Praesent iac-
ulis. Cras rhoncus tellus sed justo ullamcor-
per sagittis. Donec quis orci. Sed ut tor-
tor quis tellus euismod tincidunt. Suspendisse
congue nisl eu elit. Aliquam tortor diam, tem-
pus id, tristique eget, sodales vel, nulla. Prae-
sent tellus mi, condimentum sed, viverra at,
consectetuer quis, lectus. In auctor vehicula
orci. Sed pede sapien, euismod in, suscipit in,
pharetra placerat, metus. Vivamus commodo
dui non odio. Donec et felis.
Etiam suscipit aliquam arcu. Aliquam sit amet
est ac purus bibendum congue. Sed in eros.
Morbi non orci. Pellentesque mattis lacini-
a elit. Fusce molestie velit in ligula. Nul-
lam et orci vitae nibh vulputate auctor. Ali-
quam eget purus. Nulla auctor wisi sed ipsum.
Morbi porttitor tellus ac enim. Fusce ornare.
Proin ipsum enim, tincidunt in, ornare vene-
natis, molestie a, augue. Donec vel pede in
lacus sagittis porta. Sed hendrerit ipsum quis
nisl. Suspendisse quis massa ac nibh pretium
cursus. Sed sodales. Nam eu neque quis pede
dignissim ornare. Maecenas eu purus ac urna
tincidunt congue.
Donec et nisl id sapien blandit mattis. Ae-
nean dictum odio sit amet risus. Morbi pu-
rus. Nulla a est sit amet purus venenatis iac-
ulis. Vivamus viverra purus vel magna. Donec
in justo sed odio malesuada dapibus. Nunc
ultrices aliquam nunc. Vivamus facilisis pel-
lentesque velit. Nulla nunc velit, vulputate
dapibus, vulputate id, mattis ac, justo. Nam
mattis elit dapibus purus. Quisque enim risus,
congue non, elementum ut, mattis quis, sem.
Quisque elit.
Maecenas non massa. Vestibulum pharetra
nulla at lorem. Duis quis quam id lacus
dapibus interdum. Nulla lorem. Donec ut
ante quis dolor bibendum condimentum. Eti-
am egestas tortor vitae lacus. Praesent cursus.
Mauris bibendum pede at elit. Morbi et felis a
lectus interdum facilisis. Sed suscipit gravida
turpis. Nulla at lectus. Vestibulum ante ip-
sum primis in faucibus orci luctus et ultrices
posuere cubilia Curae; Praesent nonummy luc-
tus nibh. Proin turpis nunc, congue eu, egestas
ut, fringilla at, tellus. In hac habitasse platea
dictumst.
Vivamus eu tellus sed tellus consequat suscipit.
Nam orci orci, malesuada id, gravida nec, ul-
tricies vitae, erat. Donec risus turpis, luctus sit
amet, interdum quis, porta sed, ipsum. Sus-
pendisse condimentum, tortor at egestas po-
suere, neque metus tempor orci, et tincidunt
urna nunc a purus. Sed facilisis blandit tellus.
Nunc risus sem, suscipit nec, eleifend quis, cur-
sus quis, libero. Curabitur et dolor. Sed vitae
sem. Cum sociis natoque penatibus et mag-
nis dis parturient montes, nascetur ridiculus
mus. Maecenas ante. Duis ullamcorper enim.
Donec tristique enim eu leo. Nullam molestie
elit eu dolor. Nullam bibendum, turpis vitae
tristique gravida, quam sapien tempor lectus,
quis pretium tellus purus ac quam. Nulla fa-
cilisi.
Duis aliquet dui in est. Donec eget est.
Nunc lectus odio, varius at, fermentum in, ac-
cumsan non, enim. Aliquam erat volutpat.
Proin sit amet nulla ut eros consectetuer cur-
sus. Phasellus dapibus aliquam justo. Nunc
laoreet. Donec consequat placerat magna.
Duis pretium tincidunt justo. Sed sollicitudin
vestibulum quam. Nam quis ligula. Vivamus
at metus. Etiam imperdiet imperdiet pede.
Aenean turpis. Fusce augue velit, scelerisque
sollicitudin, dictum vitae, tempor et, pede.
Donec wisi sapien, feugiat in, fermentum ut,
sollicitudin adipiscing, metus.
Donec vel nibh ut felis consectetuer laoreet.
Donec pede. Sed id quam id wisi laoreet sus-
cipit. Nulla lectus dolor, aliquam ac, fringilla
eget, mollis ut, orci. In pellentesque justo in
ligula. Maecenas turpis. Donec eleifend leo
at felis tincidunt consequat. Aenean turpis
metus, malesuada sed, condimentum sit amet,
auctor a, wisi. Pellentesque sapien elit, biben-
dum ac, posuere et, congue eu, felis. Vestibu-
lum mattis libero quis metus scelerisque ultri-
ces. Sed purus.
Donec molestie, magna ut luctus ultrices, tel-
lus arcu nonummy velit, sit amet pulvinar elit
justo et mauris. In pede. Maecenas euis-
mod elit eu erat. Aliquam augue wisi, facil-
isis congue, suscipit in, adipiscing et, ante. In
justo. Cras lobortis neque ac ipsum. Nunc
fermentum massa at ante. Donec orci tortor,
egestas sit amet, ultrices eget, venenatis eget,
mi. Maecenas vehicula leo semper est. Mauris
vel metus. Aliquam erat volutpat. In rhoncus
sapien ac tellus. Pellentesque ligula.
Cras dapibus, augue quis scelerisque ultricies,
felis dolor placerat sem, id porta velit odio eu
elit. Aenean interdum nibh sed wisi. Prae-
sent sollicitudin vulputate dui. Praesent iac-
ulis viverra augue. Quisque in libero. Aenean
gravida lorem vitae sem ullamcorper cursus.
Nunc adipiscing rutrum ante. Nunc ipsum
massa, faucibus sit amet, viverra vel, elemen-
tum semper, orci. Cras eros sem, vulputate et,
tincidunt id, ultrices eget, magna. Nulla varius
ornare odio. Donec accumsan mauris sit amet
augue. Sed ligula lacus, laoreet non, aliquam
sit amet, iaculis tempor, lorem. Suspendisse
eros. Nam porta, leo sed congue tempor, fe-
lis est ultrices eros, id mattis velit felis non
metus. Curabitur vitae elit non mauris var-
ius pretium. Aenean lacus sem, tincidunt ut,
consequat quis, porta vitae, turpis. Nullam
laoreet fermentum urna. Proin iaculis lectus.
Sed mattis, erat sit amet gravida malesuada,
elit augue egestas diam, tempus scelerisque
nunc nisl vitae libero. Sed consequat feugiat
massa. Nunc porta, eros in eleifend varius,
erat leo rutrum dui, non convallis lectus or-
ci ut nibh. Sed lorem massa, nonummy quis,
egestas id, condimentum at, nisl. Maecenas at
nibh. Aliquam et augue at nunc pellentesque
ullamcorper. Duis nisl nibh, laoreet suscipit,
convallis ut, rutrum id, enim. Phasellus odio.
Nulla nulla elit, molestie non, scelerisque at,
vestibulum eu, nulla. Ut odio nisl, facilisis id,
mollis et, scelerisque nec, enim. Aenean sem
leo, pellentesque sit amet, scelerisque sit amet,
vehicula pellentesque, sapien.
Sed consequat tellus et tortor. Ut tempor
laoreet quam. Nullam id wisi a libero tris-
tique semper. Nullam nisl massa, rutrum ut,
egestas semper, mollis id, leo. Nulla ac mas-
sa eu risus blandit mattis. Mauris ut nunc.
In hac habitasse platea dictumst. Aliquam
eget tortor. Quisque dapibus pede in erat.
Nunc enim. In dui nulla, commodo at, con-
sectetuer nec, malesuada nec, elit. Aliquam
ornare tellus eu urna. Sed nec metus. Cum
sociis natoque penatibus et magnis dis par-
turient montes, nascetur ridiculus mus. Pel-
lentesque habitant morbi tristique senectus et
netus et malesuada fames ac turpis egestas.
Phasellus id magna. Duis malesuada inter-
dum arcu. Integer metus. Morbi pulvinar pel-
lentesque mi. Suspendisse sed est eu magna
molestie egestas. Quisque mi lorem, pulvinar
eget, egestas quis, luctus at, ante. Proin auc-
tor vehicula purus. Fusce ac nisl aliquam ante
hendrerit pellentesque. Class aptent taciti so-
ciosqu ad litora torquent per conubia nostra,
per inceptos hymenaeos. Morbi wisi. Etiam
arcu mauris, facilisis sed, eleifend non, non-
ummy ut, pede. Cras ut lacus tempor metus
mollis placerat. Vivamus eu tortor vel metus
interdum malesuada.
Sed eleifend, eros sit amet faucibus elemen-
tum, urna sapien consectetuer mauris, quis
egestas leo justo non risus. Morbi non felis ac
libero vulputate fringilla. Mauris libero eros,
lacinia non, sodales quis, dapibus porttitor,
pede. Class aptent taciti sociosqu ad litora
torquent per conubia nostra, per inceptos hy-
menaeos. Morbi dapibus mauris condimentum
nulla. Cum sociis natoque penatibus et magnis
dis parturient montes, nascetur ridiculus mus.
Etiam sit amet erat. Nulla varius. Etiam t-
incidunt dui vitae turpis. Donec leo. Morbi
vulputate convallis est. Integer aliquet. Pel-
lentesque aliquet sodales urna.
Nullam eleifend justo in nisl. In hac habitasse
platea dictumst. Morbi nonummy. Aliquam
ut felis. In velit leo, dictum vitae, posuere id,
vulputate nec, ante. Maecenas vitae pede nec
dui dignissim suscipit. Morbi magna. Vestibu-
lum id purus eget velit laoreet laoreet. Prae-
sent sed leo vel nibh convallis blandit. Ut
rutrum. Donec nibh. Donec interdum. Fusce
sed pede sit amet elit rhoncus ultrices. Nullam
at enim vitae pede vehicula iaculis.
Class aptent taciti sociosqu ad litora torquen-
t per conubia nostra, per inceptos hymenaeos.
Aenean nonummy turpis id odio. Integer eu-
ismod imperdiet turpis. Ut nec leo nec di-
am imperdiet lacinia. Etiam eget lacus eget
mi ultricies posuere. In placerat tristique tor-
tor. Sed porta vestibulum metus. Nulla ia-
culis sollicitudin pede. Fusce luctus tellus in
dolor. Curabitur auctor velit a sem. Mor-
bi sapien. Class aptent taciti sociosqu ad l-
itora torquent per conubia nostra, per incep-
tos hymenaeos. Donec adipiscing urna vehic-
ula nunc. Sed ornare leo in leo. In rhoncus
leo ut dui. Aenean dolor quam, volutpat nec,
fringilla id, consectetuer vel, pede.
Nulla malesuada risus ut urna. Aenean
pretium velit sit amet metus. Duis iaculis. In
hac habitasse platea dictumst. Nullam mo-
lestie turpis eget nisl. Duis a massa id pede
dapibus ultricies. Sed eu leo. In at mauris sit
amet tortor bibendum varius. Phasellus justo
risus, posuere in, sagittis ac, varius vel, tor-
tor. Quisque id enim. Phasellus consequat,
libero pretium nonummy fringilla, tortor lacus
vestibulum nunc, ut rhoncus ligula neque id
justo. Nullam accumsan euismod nunc. Proin
vitae ipsum ac metus dictum tempus. Nam ut
wisi. Quisque tortor felis, interdum ac, sodales
a, semper a, sem. Curabitur in velit sit amet
dui tristique sodales. Vivamus mauris pede,
lacinia eget, pellentesque quis, scelerisque eu,
est. Aliquam risus. Quisque bibendum pede
eu dolor.
Donec tempus neque vitae est. Aenean egestas
odio sed risus ullamcorper ullamcorper. Sed in
nulla a tortor tincidunt egestas. Nam sapien
tortor, elementum sit amet, aliquam in, port-
titor faucibus, enim. Nullam congue suscipit
nibh. Quisque convallis. Praesent arcu nibh,
vehicula eget, accumsan eu, tincidunt a, nibh.
Suspendisse vulputate, tortor quis adipiscing
viverra, lacus nibh dignissim tellus, eu suscipit
risus ante fringilla diam. Quisque a libero v-
el pede imperdiet aliquet. Pellentesque nunc
nibh, eleifend a, consequat consequat, hen-
drerit nec, diam. Sed urna. Maecenas laoreet
eleifend neque. Vivamus purus odio, eleifend
non, iaculis a, ultrices sit amet, urna. Mau-
ris faucibus odio vitae risus. In nisl. Praesent
purus. Integer iaculis, sem eu egestas lacinia,
lacus pede scelerisque augue, in ullamcorper
dolor eros ac lacus. Nunc in libero.
Fusce suscipit cursus sem. Vivamus risus mi,
egestas ac, imperdiet varius, faucibus quis,
leo. Aenean tincidunt. Donec suscipit. Cras
id justo quis nibh scelerisque dignissim. Ali-
quam sagittis elementum dolor. Aenean con-
sectetuer justo in pede. Curabitur ullamcorper
ligula nec orci. Aliquam purus turpis, aliquam
id, ornare vitae, porttitor non, wisi. Maecenas
luctus porta lorem. Donec vitae ligula eu ante
pretium varius. Proin tortor metus, convallis
et, hendrerit non, scelerisque in, urna. Cras
quis libero eu ligula bibendum tempor. Viva-
mus tellus quam, malesuada eu, tempus sed,
tempor sed, velit. Donec lacinia auctor libero.
Praesent sed neque id pede mollis rutrum.
Vestibulum iaculis risus. Pellentesque lacus.
Ut quis nunc sed odio malesuada egestas. Duis
a magna sit amet ligula tristique pretium. Ut
pharetra. Vestibulum imperdiet magna nec
wisi. Mauris convallis. Sed accumsan sollic-
itudin massa. Sed id enim. Nunc pede enim,
lacinia ut, pulvinar quis, suscipit semper, elit.
Cras accumsan erat vitae enim. Cras sollici-
tudin. Vestibulum rutrum blandit massa.
Sed gravida lectus ut purus. Morbi laoreet
magna. Pellentesque eu wisi. Proin turpis. In-
teger sollicitudin augue nec dui. Fusce lectus.
Vivamus faucibus nulla nec lacus. Integer di-
am. Pellentesque sodales, enim feugiat cursus
volutpat, sem mauris dignissim mauris, quis
consequat sem est fermentum ligula. Nullam
justo lectus, condimentum sit amet, posuere a,
fringilla mollis, felis. Morbi nulla nibh, pellen-
tesque at, nonummy eu, sollicitudin nec, ip-
sum. Cras neque. Nunc augue. Nullam vitae
quam id quam pulvinar blandit. Nunc sit amet
orci. Aliquam erat elit, pharetra nec, aliquet
a, gravida in, mi. Quisque urna enim, viverra
quis, suscipit quis, tincidunt ut, sapien. Cras
placerat consequat sem. Curabitur ac diam.
Curabitur diam tortor, mollis et, viverra ac,
tempus vel, metus.
Curabitur ac lorem. Vivamus non justo in
dui mattis posuere. Etiam accumsan ligula
id pede. Maecenas tincidunt diam nec velit.
Praesent convallis sapien ac est. Aliquam ul-
lamcorper euismod nulla. Integer mollis enim
vel tortor. Nulla sodales placerat nunc. Sed
tempus rutrum wisi. Duis accumsan gravi-
da purus. Nunc nunc. Etiam facilisis dui eu
sem. Vestibulum semper. Praesent eu eros.
Vestibulum tellus nisl, dapibus id, vestibulum
sit amet, placerat ac, mauris. Maecenas et elit
ut erat placerat dictum. Nam feugiat, turpis
et sodales volutpat, wisi quam rhoncus neque,
vitae aliquam ipsum sapien vel enim. Maece-
nas suscipit cursus mi.
Quisque consectetuer. In suscipit mauris a do-
lor pellentesque consectetuer. Mauris convallis
neque non erat. In lacinia. Pellentesque leo
eros, sagittis quis, fermentum quis, tincidun-
t ut, sapien. Maecenas sem. Curabitur eros
odio, interdum eu, feugiat eu, porta ac, nis-
l. Curabitur nunc. Etiam fermentum convallis
velit. Pellentesque laoreet lacus. Quisque sed
elit. Nam quis tellus. Aliquam tellus arcu,
adipiscing non, tincidunt eleifend, adipiscing
quis, augue. Vivamus elementum placerat en-
im. Suspendisse ut tortor. Integer faucibus
adipiscing felis. Aenean consectetuer mattis
lectus. Morbi malesuada faucibus dolor. Nam
lacus. Etiam arcu libero, malesuada vitae, ali-
quam vitae, blandit tristique, nisl.
Maecenas accumsan dapibus sapien. Duis
pretium iaculis arcu. Curabitur ut lacus. Ali-
quam vulputate. Suspendisse ut purus sed sem
tempor rhoncus. Ut quam dui, fringilla at, dic-
tum eget, ultricies quis, quam. Etiam sem est,
pharetra non, vulputate in, pretium at, ipsum.
Nunc semper sagittis orci. Sed scelerisque sus-
cipit diam. Ut volutpat, dolor at ullamcorp-
er tristique, eros purus mollis quam, sit amet
ornare ante nunc et enim.
Phasellus fringilla, metus id feugiat con-
sectetuer, lacus wisi ultrices tellus, quis lobor-
tis nibh lorem quis tortor. Donec egestas
ornare nulla. Mauris mi tellus, porta fau-
cibus, dictum vel, nonummy in, est. Ali-
quam erat volutpat. In tellus magna, port-
titor lacinia, molestie vitae, pellentesque eu,
justo. Class aptent taciti sociosqu ad litora
torquent per conubia nostra, per inceptos hy-
menaeos. Sed orci nibh, scelerisque sit amet,
suscipit sed, placerat vel, diam. Vestibulum
nonummy vulputate orci. Donec et velit ac ar-
cu interdum semper. Morbi pede orci, cursus
ac, elementum non, vehicula ut, lacus. Cras
volutpat. Nam vel wisi quis libero venenatis
placerat. Aenean sed odio. Quisque posuere
purus ac orci. Vivamus odio. Vivamus var-
ius, nulla sit amet semper viverra, odio mau-
ris consequat lacus, at vestibulum neque arcu
eu tortor. Donec iaculis tincidunt tellus. Ali-
quam erat volutpat. Curabitur magna lorem,
dignissim volutpat, viverra et, adipiscing nec,
dolor. Praesent lacus mauris, dapibus vitae,
sollicitudin sit amet, nonummy eget, ligula.
Cras egestas ipsum a nisl. Vivamus varius do-
lor ut dolor. Fusce vel enim. Pellentesque
accumsan ligula et eros. Cras id lacus non
tortor facilisis facilisis. Etiam nisl elit, cur-
sus sed, fringilla in, congue nec, urna. Cum
sociis natoque penatibus et magnis dis par-
turient montes, nascetur ridiculus mus. In-
teger at turpis. Cum sociis natoque penati-
bus et magnis dis parturient montes, nascetur
ridiculus mus. Duis fringilla, ligula sed porta
fringilla, ligula wisi commodo felis, ut adipisc-
ing felis dui in enim. Suspendisse malesuada
ultrices ante. Pellentesque scelerisque augue
sit amet urna. Nulla volutpat aliquet tortor.
Cras aliquam, tellus at aliquet pellentesque,
justo sapien commodo leo, id rhoncus sapien
quam at erat. Nulla commodo, wisi eget sol-
licitudin pretium, orci orci aliquam orci, ut
cursus turpis justo et lacus. Nulla vel tor-
tor. Quisque erat elit, viverra sit amet, sagittis
eget, porta sit amet, lacus.
In hac habitasse platea dictumst. Proin at est.
Curabitur tempus vulputate elit. Pellentesque
sem. Praesent eu sapien. Duis elit magna, ali-
quet at, tempus sed, vehicula non, enim. Mor-
bi viverra arcu nec purus. Vivamus fringilla,
enim et commodo malesuada, tortor metus el-
ementum ligula, nec aliquet est sapien ut lec-
tus. Aliquam mi. Ut nec elit. Fusce euismod
luctus tellus. Curabitur scelerisque. Nullam
purus. Nam ultricies accumsan magna. Morbi
pulvinar lorem sit amet ipsum. Donec ut jus-
to vitae nibh mollis congue. Fusce quis diam.
Praesent tempus eros ut quam.
Donec in nisl. Fusce vitae est. Vivamus ante
ante, mattis laoreet, posuere eget, congue vel,
nunc. Fusce sem. Nam vel orci eu eros viver-
ra luctus. Pellentesque sit amet augue. Nunc
sit amet ipsum et lacus varius nonummy. In-
teger rutrum sem eget wisi. Aenean eu sapien.
Quisque ornare dignissim mi. Duis a urna vel
risus pharetra imperdiet. Suspendisse potenti.
Morbi justo. Aenean nec dolor. In hac
habitasse platea dictumst. Proin nonummy
porttitor velit. Sed sit amet leo nec metus
rhoncus varius. Cras ante. Vestibulum com-
modo sem tincidunt massa. Nam justo. Ae-
nean luctus, felis et condimentum lacinia, lec-
tus enim pulvinar purus, non porta velit nisl
sed eros. Suspendisse consequat. Mauris a dui
et tortor mattis pretium. Sed nulla metus, vo-
lutpat id, aliquam eget, ullamcorper ut, ipsum.
Morbi eu nunc. Praesent pretium. Duis ali-
quam pulvinar ligula. Ut blandit egestas justo.
Quisque posuere metus viverra pede.
Vivamus sodales elementum neque. Viva-
mus dignissim accumsan neque. Sed at enim.
Vestibulum nonummy interdum purus. Mau-
ris ornare velit id nibh pretium ultricies. Fusce
tempor pellentesque odio. Vivamus augue pu-
rus, laoreet in, scelerisque vel, commodo id,
wisi. Duis enim. Nulla interdum, nunc eu sem-
per eleifend, enim dolor pretium elit, ut com-
modo ligula nisl a est. Vivamus ante. Nulla
leo massa, posuere nec, volutpat vitae, rhon-
cus eu, magna.
Quisque facilisis auctor sapien. Pellentesque
gravida hendrerit lectus. Mauris rutrum so-
dales sapien. Fusce hendrerit sem vel lorem.
Integer pellentesque massa vel augue. Integer
elit tortor, feugiat quis, sagittis et, ornare non,
lacus. Vestibulum posuere pellentesque eros.
Quisque venenatis ipsum dictum nulla. Ali-
quam quis quam non metus eleifend interdum.
Nam eget sapien ac mauris malesuada adipisc-
ing. Etiam eleifend neque sed quam. Nulla
facilisi. Proin a ligula. Sed id dui eu nibh
egestas tincidunt. Suspendisse arcu.
Maecenas dui. Aliquam volutpat auctor lorem.
Cras placerat est vitae lectus. Curabitur
massa lectus, rutrum euismod, dignissim ut,
dapibus a, odio. Ut eros erat, vulputate ut, in-
terdum non, porta eu, erat. Cras fermentum,
felis in porta congue, velit leo facilisis odio, vi-
tae consectetuer lorem quam vitae orci. Sed
ultrices, pede eu placerat auctor, ante ligula
rutrum tellus, vel posuere nibh lacus nec nibh.
Maecenas laoreet dolor at enim. Donec mo-
lestie dolor nec metus. Vestibulum libero. Sed
quis erat. Sed tristique. Duis pede leo, fer-
mentum quis, consectetuer eget, vulputate sit
amet, erat.
Donec vitae velit. Suspendisse porta fermen-
tum mauris. Ut vel nunc non mauris phare-
tra varius. Duis consequat libero quis urna.
Maecenas at ante. Vivamus varius, wisi sed
egestas tristique, odio wisi luctus nulla, lobor-
tis dictum dolor ligula in lacus. Vivamus ali-
quam, urna sed interdum porttitor, metus orci
interdum odio, sit amet euismod lectus felis et
leo. Praesent ac wisi. Nam suscipit vestibu-
lum sem. Praesent eu ipsum vitae pede cursus
venenatis. Duis sed odio. Vestibulum eleifend.
Nulla ut massa. Proin rutrum mattis sapien.
Curabitur dictum gravida ante.
Phasellus placerat vulputate quam. Maece-
nas at tellus. Pellentesque neque diam, dig-
nissim ac, venenatis vitae, consequat ut, lacus.
Nam nibh. Vestibulum fringilla arcu mollis ar-
cu. Sed et turpis. Donec sem tellus, volut-
pat et, varius eu, commodo sed, lectus. Lorem
ipsum dolor sit amet, consectetuer adipiscing
elit. Quisque enim arcu, suscipit nec, tempus
at, imperdiet vel, metus. Morbi volutpat pu-
rus at erat. Donec dignissim, sem id semper
tempus, nibh massa eleifend turpis, sed pellen-
tesque wisi purus sed libero. Nullam lobortis
tortor vel risus. Pellentesque consequat nulla
eu tellus. Donec velit. Aliquam fermentum,
wisi ac rhoncus iaculis, tellus nunc malesuada
orci, quis volutpat dui magna id mi. Nunc vel
ante. Duis vitae lacus. Cras nec ipsum.
Morbi nunc. Aliquam consectetuer varius nul-
la. Phasellus eros. Cras dapibus porttitor ris-
us. Maecenas ultrices mi sed diam. Praesent
gravida velit at elit vehicula porttitor. Phasel-
lus nisl mi, sagittis ac, pulvinar id, gravida sit
amet, erat. Vestibulum est. Lorem ipsum do-
lor sit amet, consectetuer adipiscing elit. Cur-
abitur id sem elementum leo rutrum hendrerit.
Ut at mi. Donec tincidunt faucibus massa.
Sed turpis quam, sollicitudin a, hendrerit eget,
pretium ut, nisl. Duis hendrerit ligula. Nunc
pulvinar congue urna.
Nunc velit. Nullam elit sapien, eleifend eu,
commodo nec, semper sit amet, elit. Nulla lec-
tus risus, condimentum ut, laoreet eget, viver-
ra nec, odio. Proin lobortis. Curabitur dictum
arcu vel wisi. Cras id nulla venenatis tortor
congue ultrices. Pellentesque eget pede. Sed
eleifend sagittis elit. Nam sed tellus sit amet
lectus ullamcorper tristique. Mauris enim sem,
tristique eu, accumsan at, scelerisque vulpu-
tate, neque. Quisque lacus. Donec et ipsum sit
amet elit nonummy aliquet. Sed viverra nisl at
sem. Nam diam. Mauris ut dolor. Curabitur
ornare tortor cursus velit.
Morbi tincidunt posuere arcu. Cras venenatis
est vitae dolor. Vivamus scelerisque semper
mi. Donec ipsum arcu, consequat scelerisque,
viverra id, dictum at, metus. Lorem ipsum
dolor sit amet, consectetuer adipiscing elit. Ut
pede sem, tempus ut, porttitor bibendum, mo-
lestie eu, elit. Suspendisse potenti. Sed id lec-
tus sit amet purus faucibus vehicula. Praesen-
t sed sem non dui pharetra interdum. Nam
viverra ultrices magna.
Aenean laoreet aliquam orci. Nunc interdum
elementum urna. Quisque erat. Nullam tem-
por neque. Maecenas velit nibh, scelerisque a,
consequat ut, viverra in, enim. Duis magna.
Donec odio neque, tristique et, tincidunt eu,
rhoncus ac, nunc. Mauris malesuada malesua-
da elit. Etiam lacus mauris, pretium vel, blan-
dit in, ultricies id, libero. Phasellus bibendum
erat ut diam. In congue imperdiet lectus.
Aenean scelerisque. Fusce pretium porttitor
lorem. In hac habitasse platea dictumst. Nulla
sit amet nisl at sapien egestas pretium. Nunc
non tellus. Vivamus aliquet. Nam adipiscing
euismod dolor. Aliquam erat volutpat. Nul-
la ut ipsum. Quisque tincidunt auctor au-
gue. Nunc imperdiet ipsum eget elit. Ali-
quam quam leo, consectetuer non, ornare sit
amet, tristique quis, felis. Vestibulum ante ip-
sum primis in faucibus orci luctus et ultrices
posuere cubilia Curae; Pellentesque interdum
quam sit amet mi. Pellentesque mauris dui,
dictum a, adipiscing ac, fermentum sit amet,
lorem.
Ut quis wisi. Praesent quis massa. Vivamus
egestas risus eget lacus. Nunc tincidunt, risus
quis bibendum facilisis, lorem purus rutrum
neque, nec porta tortor urna quis orci. Ae-
nean aliquet, libero semper volutpat luctus,
pede erat lacinia augue, quis rutrum sem ip-
sum sit amet pede. Vestibulum aliquet, nibh
sed iaculis sagittis, odio dolor blandit augue,
eget mollis urna tellus id tellus. Aenean ali-
quet aliquam nunc. Nulla ultricies justo eget
orci. Phasellus tristique fermentum leo. Sed
massa metus, sagittis ut, semper ut, pharetra
vel, erat. Aliquam quam turpis, egestas vel,
elementum in, egestas sit amet, lorem. Duis
convallis, wisi sit amet mollis molestie, libero
mauris porta dui, vitae aliquam arcu turpis ac
sem. Aliquam aliquet dapibus metus.
Vivamus commodo eros eleifend dui. Vestibu-
lum in leo eu erat tristique mattis. Cras at
elit. Cras pellentesque. Nullam id lacus sit
amet libero aliquet hendrerit. Proin placerat,
mi non elementum laoreet, eros elit tincidun-
t magna, a rhoncus sem arcu id odio. Nul-
la eget leo a leo egestas facilisis. Curabitur
quis velit. Phasellus aliquam, tortor nec ornare
rhoncus, purus urna posuere velit, et commo-
do risus tellus quis tellus. Vivamus leo turpis,
tempus sit amet, tristique vitae, laoreet quis,
odio. Proin scelerisque bibendum ipsum. Eti-
am nisl. Praesent vel dolor. Pellentesque vel
magna. Curabitur urna. Vivamus congue ur-
na in velit. Etiam ullamcorper elementum dui.
Praesent non urna. Sed placerat quam non mi.
Pellentesque diam magna, ultricies eget, ultri-
ces placerat, adipiscing rutrum, sem.
Morbi sem. Nulla facilisi. Vestibulum ante
ipsum primis in faucibus orci luctus et ultri-
ces posuere cubilia Curae; Nulla facilisi. Mor-
bi sagittis ultrices libero. Praesent eu ligula
sed sapien auctor sagittis. Class aptent taciti
sociosqu ad litora torquent per conubia nos-
tra, per inceptos hymenaeos. Donec vel nunc.
Nunc fermentum, lacus id aliquam porta, dui
tortor euismod eros, vel molestie ipsum purus
eu lacus. Vivamus pede arcu, euismod ac, tem-
pus id, pretium et, lacus. Curabitur sodales
dapibus urna. Nunc eu sapien. Donec eget
nunc a pede dictum pretium. Proin mauris.
Vivamus luctus libero vel nibh.
Fusce tristique risus id wisi. Integer molestie
massa id sem. Vestibulum vel dolor. Pel-
lentesque vel urna vel risus ultricies elemen-
tum. Quisque sapien urna, blandit nec, iaculis
ac, viverra in, odio. In hac habitasse platea
dictumst. Morbi neque lacus, convallis vitae,
commodo ac, fermentum eu, velit. Sed in or-
ci. In fringilla turpis non arcu. Donec in ante.
Phasellus tempor feugiat velit. Aenean var-
ius massa non turpis. Vestibulum ante ipsum
primis in faucibus orci luctus et ultrices po-
suere cubilia Curae;
Aliquam tortor. Morbi ipsum massa, imperdi-
et non, consectetuer vel, feugiat vel, lorem.
Quisque eget lorem nec elit malesuada vestibu-
lum. Quisque sollicitudin ipsum vel sem. Nul-
la enim. Proin nonummy felis vitae felis. Nul-
lam pellentesque. Duis rutrum feugiat fe-
lis. Mauris vel pede sed libero tincidunt mol-
lis. Phasellus sed urna rhoncus diam euismod
bibendum. Phasellus sed nisl. Integer condi-
mentum justo id orci iaculis varius. Quisque et
lacus. Phasellus elementum, justo at dignissim
auctor, wisi odio lobortis arcu, sed sollicitudin
felis felis eu neque. Praesent at lacus.
Vivamus sit amet pede. Duis interdum, nunc
eget rutrum dignissim, nisl diam luctus leo,
et tincidunt velit nisl id tellus. In lorem tel-
lus, aliquet vitae, porta in, aliquet sed, lectus.
Phasellus sodales. Ut varius scelerisque erat.
In vel nibh eu eros imperdiet rutrum. Donec
ac odio nec neque vulputate suscipit. Nam nec
magna. Pellentesque habitant morbi tristique
senectus et netus et malesuada fames ac turpis
egestas. Nullam porta, odio et sagittis iaculis,
wisi neque fringilla sapien, vel commodo lorem
lorem id elit. Ut sem lectus, scelerisque eget,
placerat et, tincidunt scelerisque, ligula. Pel-
lentesque non orci.
Etiam vel ipsum. Morbi facilisis vestibulum
nisl. Praesent cursus laoreet felis. Integer
adipiscing pretium orci. Nulla facilisi. Quisque
posuere bibendum purus. Nulla quam mauris,
cursus eget, convallis ac, molestie non, enim.
Aliquam congue. Quisque sagittis nonummy
sapien. Proin molestie sem vitae urna. Mae-
cenas lorem. Vivamus viverra consequat enim.
Nunc sed pede. Praesent vitae lectus. Prae-
sent neque justo, vehicula eget, interdum id,
facilisis et, nibh. Phasellus at purus et libero
lacinia dictum. Fusce aliquet. Nulla eu ante
placerat leo semper dictum. Mauris metus.
Curabitur lobortis. Curabitur sollicitudin hen-
drerit nunc. Donec ultrices lacus id ipsum.
Donec a nibh ut elit vestibulum tristique. In-
teger at pede. Cras volutpat varius magna.
Phasellus eu wisi. Praesent risus justo, lobor-
tis eget, scelerisque ac, aliquet in, dolor. Proin
id leo. Nunc iaculis, mi vitae accumsan com-
modo, neque sem lacinia nulla, quis vestibulum
justo sem in eros. Quisque sed massa. Morbi
lectus ipsum, vulputate a, mollis ut, accumsan
placerat, tellus. Nullam in wisi. Vivamus eu
ligula a nunc accumsan congue. Suspendisse
ac libero. Aliquam erat volutpat. Donec au-
gue. Nunc venenatis fringilla nibh. Fusce ac-
cumsan pulvinar justo. Nullam semper, dui ut
dignissim auctor, orci libero fringilla massa, b-
landit pulvinar pede tortor id magna. Nunc
adipiscing justo sed velit tincidunt fermentum.
Integer placerat. Pellentesque habitant morbi
tristique senectus et netus et malesuada fames
ac turpis egestas. Sed in massa. Class aptent
taciti sociosqu ad litora torquent per conubi-
a nostra, per inceptos hymenaeos. Phasellus
tempus aliquam risus. Aliquam rutrum purus
at metus. Donec posuere odio at erat. Nam
non nibh. Phasellus ligula. Quisque vene-
natis lectus in augue. Sed vestibulum dapibus
neque.
Mauris tempus eros at nulla. Sed quis dui dig-
nissim mauris pretium tincidunt. Mauris ac
purus. Phasellus ac libero. Etiam dapibus ia-
culis nunc. In lectus wisi, elementum eu, sollic-
itudin nec, imperdiet quis, dui. Nulla viverra
neque ac libero. Mauris urna leo, adipiscing
eu, ultrices non, blandit eu, dui. Maecenas
dui neque, suscipit sit amet, rutrum a, laoreet
in, eros. Ut eu nibh. Fusce nec erat tempus
urna fringilla tempus. Curabitur id enim. Sed
ante. Cras sodales enim sit amet wisi. Nunc
fermentum consequat quam.
Ut auctor, augue porta dignissim vestibulum,
arcu diam lobortis velit, vel scelerisque ris-
us augue sagittis risus. Maecenas eu justo.
Pellentesque habitant morbi tristique senectus
et netus et malesuada fames ac turpis eges-
tas. Mauris congue ligula eget tortor. Nul-
lam laoreet urna sed enim. Donec eget eros ut
eros volutpat convallis. Praesent turpis. Inte-
ger mauris diam, elementum quis, egestas ac,
rutrum vel, orci. Nulla facilisi. Quisque adip-
iscing, nulla vitae elementum porta, sem urna
volutpat leo, sed porta enim risus sed massa.
Integer ac enim quis diam sodales luctus. Ut
eget eros a ligula commodo ultricies. Donec eu
urna viverra dolor hendrerit feugiat. Aliquam
ac orci vel eros congue pharetra. Quisque
rhoncus, justo eu volutpat faucibus, augue leo
posuere lacus, a rhoncus purus pede vel est.
Proin ultrices enim.
Aenean tincidunt laoreet dui. Vestibulum ante
ipsum primis in faucibus orci luctus et ultri-
ces posuere cubilia Curae; Integer ipsum lec-
tus, fermentum ac, malesuada in, eleifend ut,
lorem. Vivamus ipsum turpis, elementum vel,
hendrerit ut, semper at, metus. Vivamus sapi-
en tortor, eleifend id, dapibus in, egestas et,
pede. Pellentesque faucibus. Praesent lorem
neque, dignissim in, facilisis nec, hendrerit vel,
odio. Nam at diam ac neque aliquet viver-
ra. Morbi dapibus ligula sagittis magna. In
lobortis. Donec aliquet ultricies libero. Nunc
dictum vulputate purus. Morbi varius. Lorem
ipsum dolor sit amet, consectetuer adipiscing
elit. In tempor. Phasellus commodo porttitor
magna. Curabitur vehicula odio vel dolor.
Praesent facilisis, augue a adipiscing vene-
natis, libero risus molestie odio, pulvinar con-
sectetuer felis erat ac mauris. Nam vestibu-
lum rhoncus quam. Sed velit urna, pharetra
eu, eleifend eu, viverra at, wisi. Maecenas ul-
trices nibh at turpis. Aenean quam. Nulla
ipsum. Aliquam posuere luctus erat. Cur-
abitur magna felis, lacinia et, tristique id, ul-
trices ut, mauris. Suspendisse feugiat. Cras
eleifend wisi vitae tortor. Phasellus leo purus,
mattis sit amet, auctor in, rutrum in, magna.
In hac habitasse platea dictumst. Phasellus
imperdiet metus in sem. Vestibulum ac enim
non sem ultricies sagittis. Sed vel diam.
Integer vel enim sed turpis adipiscing biben-
dum. Vestibulum pede dolor, laoreet nec, po-
suere in, nonummy in, sem. Donec imperdiet
sapien placerat erat. Donec viverra. Aliquam
eros. Nunc consequat massa id leo. Sed ullam-
corper, lorem in sodales dapibus, risus metus
sagittis lorem, non porttitor purus odio nec o-
dio. Sed tincidunt posuere elit. Quisque eu
enim. Donec libero risus, feugiat ac, dapibus
eget, posuere a, felis. Quisque vel lectus ut me-
tus tincidunt eleifend. Duis ut pede. Duis velit
erat, venenatis vitae, vulputate a, pharetra sit
amet, est. Etiam fringilla faucibus augue.
Aenean velit sem, viverra eu, tempus id,
rutrum id, mi. Nullam nec nibh. Proin ullam-
corper, dolor in cursus tristique, eros augue
tempor nibh, at gravida diam wisi at purus.
Donec mattis ullamcorper tellus. Phasellus vel
nulla. Praesent interdum, eros in sodales sol-
licitudin, nunc nulla pulvinar justo, a euismod
eros sem nec nibh. Nullam sagittis dapibus
lectus. Nullam eget ipsum eu tortor lobortis
sodales. Etiam purus leo, pretium nec, feu-
giat non, ullamcorper vel, nibh. Sed vel elit
et quam accumsan facilisis. Nunc leo. Sus-
pendisse faucibus lacus.
Pellentesque interdum sapien sed nulla. Proin
tincidunt. Aliquam volutpat est vel massa.
Sed dolor lacus, imperdiet non, ornare non,
commodo eu, neque. Integer pretium sem-
per justo. Proin risus. Nullam id quam.
Nam neque. Duis vitae wisi ullamcorper di-
am congue ultricies. Quisque ligula. Mauris
vehicula.
Curabitur nunc magna, posuere eget, vene-
natis eu, vehicula ac, velit. Aenean ornare,
massa a accumsan pulvinar, quam lorem
laoreet purus, eu sodales magna risus molestie
lorem. Nunc erat velit, hendrerit quis, male-
suada ut, aliquam vitae, wisi. Sed posuere.
Suspendisse ipsum arcu, scelerisque nec, ali-
quam eu, molestie tincidunt, justo. Phasellus
iaculis. Sed posuere lorem non ipsum. Pel-
lentesque dapibus. Suspendisse quam libero,
laoreet a, tincidunt eget, consequat at, est.
Nullam ut lectus non enim consequat facili-
sis. Mauris leo. Quisque pede ligula, auctor
vel, pellentesque vel, posuere id, turpis. Cras
ipsum sem, cursus et, facilisis ut, tempus eu-
ismod, quam. Suspendisse tristique dolor eu
orci. Mauris mattis. Aenean semper. Viva-
mus tortor magna, facilisis id, varius mattis,
hendrerit in, justo. Integer purus.
Vivamus adipiscing. Curabitur imperdiet tem-
pus turpis. Vivamus sapien dolor, congue ve-
nenatis, euismod eget, porta rhoncus, magna.
Proin condimentum pretium enim. Fusce
fringilla, libero et venenatis facilisis, eros en-
im cursus arcu, vitae facilisis odio augue vitae
orci. Aliquam varius nibh ut odio. Sed condi-
mentum condimentum nunc. Pellentesque
eget massa. Pellentesque quis mauris. Donec
ut ligula ac pede pulvinar lobortis. Pellen-
tesque euismod. Class aptent taciti sociosqu
ad litora torquent per conubia nostra, per in-
ceptos hymenaeos. Praesent elit. Ut laoreet
ornare est. Phasellus gravida vulputate nulla.
Donec sit amet arcu ut sem tempor malesua-
da. Praesent hendrerit augue in urna. Proin
enim ante, ornare vel, consequat ut, blandit
in, justo. Donec felis elit, dignissim sed, sagit-
tis ut, ullamcorper a, nulla. Aenean pharetra
vulputate odio.
Quisque enim. Proin velit neque, tristique eu,
eleifend eget, vestibulum nec, lacus. Vivamus
odio. Duis odio urna, vehicula in, elementum
aliquam, aliquet laoreet, tellus. Sed velit. Sed
vel mi ac elit aliquet interdum. Etiam sapi-
en neque, convallis et, aliquet vel, auctor non,
arcu. Aliquam suscipit aliquam lectus. Proin
tincidunt magna sed wisi. Integer blandit la-
cus ut lorem. Sed luctus justo sed enim.
Morbi malesuada hendrerit dui. Nunc mauris
leo, dapibus sit amet, vestibulum et, commodo
id, est. Pellentesque purus. Pellentesque tris-
tique, nunc ac pulvinar adipiscing, justo eros
consequat lectus, sit amet posuere lectus neque
vel augue. Cras consectetuer libero ac eros. Ut
eget massa. Fusce sit amet enim eleifend sem
dictum auctor. In eget risus luctus wisi conva-
llis pulvinar. Vivamus sapien risus, tempor in,
viverra in, aliquet pellentesque, eros. Aliquam
euismod libero a sem.
Nunc velit augue, scelerisque dignissim, lobor-
tis et, aliquam in, risus. In eu eros. Vestibu-
lum ante ipsum primis in faucibus orci luctus
et ultrices posuere cubilia Curae; Curabitur
vulputate elit viverra augue. Mauris fringilla,
tortor sit amet malesuada mollis, sapien mi
dapibus odio, ac imperdiet ligula enim eget
nisl. Quisque vitae pede a pede aliquet sus-
cipit. Phasellus tellus pede, viverra vestibu-
lum, gravida id, laoreet in, justo. Cum soci-
is natoque penatibus et magnis dis parturient
montes, nascetur ridiculus mus. Integer com-
modo luctus lectus. Mauris justo. Duis var-
ius eros. Sed quam. Cras lacus eros, rutrum
eget, varius quis, convallis iaculis, velit. Mau-
ris imperdiet, metus at tristique venenatis, pu-
rus neque pellentesque mauris, a ultrices elit
lacus nec tortor. Class aptent taciti sociosqu
ad litora torquent per conubia nostra, per in-
ceptos hymenaeos. Praesent malesuada. Nam
lacus lectus, auctor sit amet, malesuada vel,
elementum eget, metus. Duis neque pede, fa-
cilisis eget, egestas elementum, nonummy id,
neque.
Proin non sem. Donec nec erat. Proin libero.
Aliquam viverra arcu. Donec vitae purus.
Donec felis mi, semper id, scelerisque porta,
sollicitudin sed, turpis. Nulla in urna. Integer
varius wisi non elit. Etiam nec sem. Mau-
ris consequat, risus nec congue condimentum,
ligula ligula suscipit urna, vitae porta odio er-
at quis sapien. Proin luctus leo id erat. Etiam
massa metus, accumsan pellentesque, sagittis
sit amet, venenatis nec, mauris. Praesent ur-
na eros, ornare nec, vulputate eget, cursus sed,
justo. Phasellus nec lorem. Nullam ligula ligu-
la, mollis sit amet, faucibus vel, eleifend ac,
dui. Aliquam erat volutpat.
Fusce vehicula, tortor et gravida porttitor, me-
tus nibh congue lorem, ut tempus purus mau-
ris a pede. Integer tincidunt orci sit amet
turpis. Aenean a metus. Aliquam vestibulum
lobortis felis. Donec gravida. Sed sed urna.
Mauris et orci. Integer ultrices feugiat ligu-
la. Sed dignissim nibh a massa. Donec orci
dui, tempor sed, tincidunt nonummy, viverra
sit amet, turpis. Quisque lobortis. Proin vene-
natis tortor nec wisi. Vestibulum placerat. In
hac habitasse platea dictumst. Aliquam por-
ta mi quis risus. Donec sagittis luctus diam.
Nam ipsum elit, imperdiet vitae, faucibus nec,
fringilla eget, leo. Etiam quis dolor in sapien
porttitor imperdiet.
Cras pretium. Nulla malesuada ipsum ut
libero. Suspendisse gravida hendrerit tellus.
Maecenas quis lacus. Morbi fringilla. Vestibu-
lum odio turpis, tempor vitae, scelerisque a,
dictum non, massa. Praesent erat felis, por-
ta sit amet, condimentum sit amet, placer-
at et, turpis. Praesent placerat lacus a en-
im. Vestibulum non eros. Ut congue. Donec
tristique varius tortor. Pellentesque habitant
morbi tristique senectus et netus et malesuada
fames ac turpis egestas. Nam dictum dictum
urna.
Phasellus vestibulum orci vel mauris. Fusce
quam leo, adipiscing ac, pulvinar eget, mo-
lestie sit amet, erat. Sed diam. Suspendisse
eros leo, tempus eget, dapibus sit amet, tem-
pus eu, arcu. Vestibulum wisi metus, dapibus
vel, luctus sit amet, condimentum quis, leo.
Suspendisse molestie. Duis in ante. Ut so-
dales sem sit amet mauris. Suspendisse ornare
pretium orci. Fusce tristique enim eget mi.
Vestibulum eros elit, gravida ac, pharetra sed,
lobortis in, massa. Proin at dolor. Duis ac-
cumsan accumsan pede. Nullam blandit elit
in magna lacinia hendrerit. Ut nonummy luc-
tus eros. Fusce eget tortor.
Ut sit amet magna. Cras a ligula eu urna
dignissim viverra. Nullam tempor leo porta
ipsum. Praesent purus. Nullam consequat.
Mauris dictum sagittis dui. Vestibulum sol-
licitudin consectetuer wisi. In sit amet diam.
Nullam malesuada pharetra risus. Proin lacus
arcu, eleifend sed, vehicula at, congue sit amet,
sem. Sed sagittis pede a nisl. Sed tincidunt o-
dio a pede. Sed dui. Nam eu enim. Aliquam
sagittis lacus eget libero. Pellentesque diam
sem, sagittis molestie, tristique et, fermentum
ornare, nibh. Nulla et tellus non felis imperdi-
et mattis. Aliquam erat volutpat.
Vestibulum sodales ipsum id augue. Integer
ipsum pede, convallis sit amet, tristique vi-
tae, tempor ut, nunc. Nam non ligula non
lorem convallis hendrerit. Maecenas hendrerit.
Sed magna odio, aliquam imperdiet, porta ac,
aliquet eget, mi. Cum sociis natoque penati-
bus et magnis dis parturient montes, nascetur
ridiculus mus. Vestibulum nisl sem, dignissim
vel, euismod quis, egestas ut, orci. Nunc vi-
tae risus vel metus euismod laoreet. Cras sit
amet neque a turpis lobortis auctor. Sed ali-
quam sem ac elit. Cras velit lectus, facilisis
id, dictum sed, porta rutrum, nisl. Nam hen-
drerit ipsum sed augue. Nullam scelerisque
hendrerit wisi. Vivamus egestas arcu sed pu-
rus. Ut ornare lectus sed eros. Suspendisse
potenti. Mauris sollicitudin pede vel velit. In
hac habitasse platea dictumst.
Suspendisse erat mauris, nonummy eget,
pretium eget, consequat vel, justo. Pellen-
tesque consectetuer erat sed lacus. Nullam
egestas nulla ac dui. Donec cursus rhoncus
ipsum. Nunc et sem eu magna egestas male-
suada. Vivamus dictum massa at dolor. Mor-
bi est nulla, faucibus ac, posuere in, interdum
ut, sapien. Proin consectetuer pretium urna.
Donec sit amet nibh nec purus dignissim mat-
tis. Phasellus vehicula elit at lacus. Nulla fa-
cilisi. Cras ut arcu. Sed consectetuer. Integer
tristique elit quis felis consectetuer eleifend.
Cras et lectus.
Ut congue malesuada justo. Curabitur congue,
felis at hendrerit faucibus, mauris lacus port-
titor pede, nec aliquam turpis diam feugiat ar-
cu. Nullam rhoncus ipsum at risus. Vestibu-
lum a dolor sed dolor fermentum vulputate.
Sed nec ipsum dapibus urna bibendum lobor-
tis. Vestibulum elit. Nam ligula arcu, volutpat
eget, lacinia eu, lobortis ac, urna. Nam mol-
lis ultrices nulla. Cras vulputate. Suspendisse
at risus at metus pulvinar malesuada. Nullam
lacus. Aliquam tempus magna. Aliquam ut
purus. Proin tellus.
Vestibulum ante ipsum primis in faucibus orci
luctus et ultrices posuere cubilia Curae; Donec
scelerisque metus. Maecenas non mi ut metus
porta hendrerit. Nunc semper. Cras quis wisi
ut lorem posuere tristique. Nunc vestibulum
scelerisque nulla. Suspendisse pharetra sollic-
itudin ante. Praesent at augue sit amet ante
interdum porta. Nunc bibendum augue luctus
diam. Etiam nec sem. Sed eros turpis, facilisis
nec, vehicula vitae, aliquam sed, nulla. Cur-
abitur justo leo, vestibulum eget, tristique ut,
tempus at, nisl.
Nulla venenatis lorem id arcu. Morbi cur-
sus urna a ipsum. Donec porttitor. Integer
eleifend, est non mattis malesuada, mi nulla
convallis mi, et auctor lectus sapien ut pu-
rus. Aliquam nulla augue, pharetra sit amet,
faucibus semper, molestie vel, nibh. Pellen-
tesque vestibulum magna et mi. Sed fringilla
dolor vel tellus. Nunc libero nunc, venenatis
eget, convallis hendrerit, iaculis elementum,
mi. Nullam aliquam, felis et accumsan vehic-
ula, magna justo vehicula diam, eu condimen-
tum nisl felis et nunc. Quisque volutpat mauris
a velit. Pellentesque massa. Integer at lorem.
Nam metus erat, lacinia id, convallis ut, pul-
vinar non, wisi. Cras iaculis mauris ut neque.
Cras sodales, sem vitae imperdiet consequat,
pede purus sollicitudin urna, ac aliquam metus
orci in leo. Ut molestie ultrices mauris. Viva-
mus vitae sem. Aliquam erat volutpat. Prae-
sent commodo, nisl ac dapibus aliquet, tortor
orci sodales lorem, non ornare nulla lorem quis
nisl.
Sed at sem vitae purus ultrices vestibulum.
Vestibulum tincidunt lacus et ligula. Pel-
lentesque vitae elit. Vestibulum ante ipsum
primis in faucibus orci luctus et ultrices po-
suere cubilia Curae; Duis ornare, erat eget
laoreet vulputate, lacus ipsum suscipit turpis,
et bibendum nisl orci non lectus. Vestibu-
lum nec risus nec libero fermentum fringilla.
Morbi non velit in magna gravida hendrerit.
Pellentesque quis lectus. Vestibulum eleifend
lobortis leo. Vestibulum non augue. Vivamus
dictum tempor dui. Maecenas at ligula id fe-
lis congue porttitor. Nulla leo magna, egestas
quis, vulputate sit amet, viverra id, velit.
Ut lectus lectus, ultricies sit amet, semper
eget, laoreet non, ante. Proin at massa quis
nunc rhoncus mattis. Aliquam lorem. Cur-
abitur pharetra dui at neque. Aliquam eu tel-
lus. Aenean tempus, felis vitae vulputate ia-
culis, est dolor faucibus urna, in viverra wisi
neque non risus. Fusce vel dolor nec sapien
pretium nonummy. Integer faucibus massa ac
nulla ornare venenatis. Nulla quis sapien. Sed
tortor. Phasellus eget mi. Cras nunc. Cras a
enim.
Quisque nisl. In dignissim dapibus massa. Ae-
nean sem magna, scelerisque nec, ullamcorper
quis, porttitor ut, lectus. Fusce dignissim fa-
cilisis tortor. Vivamus gravida felis sit amet
nunc. Nam pulvinar odio vel enim. Pellen-
tesque sit amet est. Vivamus pulvinar leo non
sapien. Aliquam erat volutpat. Ut elementum
auctor metus. Mauris vestibulum neque vitae
eros. Pellentesque aliquam quam. Donec ve-
nenatis tristique purus. In nisl. Nulla velit
libero, fermentum at, porta a, feugiat vitae,
urna. Etiam aliquet ornare ipsum. Proin non
dolor. Aenean nunc ligula, venenatis suscipit,
porttitor sit amet, mattis suscipit, magna. Vi-
vamus egestas viverra est. Morbi at risus sed
sapien sodales pretium.
Morbi congue congue metus. Aenean sed pu-
rus. Nam pede magna, tristique nec, porta
id, sollicitudin quis, sapien. Vestibulum blan-
dit. Suspendisse ut augue ac nibh ullamcorper
posuere. Integer euismod, neque at eleifend
fringilla, augue elit ornare dolor, vel tincidunt
purus est id lacus. Vivamus lorem dui, commo-
do quis, scelerisque eu, tincidunt non, magna.
Cras sodales. Quisque vestibulum pulvinar di-
am. Phasellus tincidunt, leo vitae tristique fa-
cilisis, ipsum wisi interdum sem, dapibus sem-
per nulla velit vel lectus. Cras dapibus mauris
et augue. Quisque cursus nulla in libero. Sus-
pendisse et lorem sit amet mauris malesuada
mollis. Nullam id justo. Maecenas venenatis.
Donec lacus arcu, egestas ac, fermentum con-
sectetuer, tempus eu, metus. Proin sodales,
sem in pretium fermentum, arcu sapien com-
modo mauris, venenatis consequat augue ur-
na in wisi. Quisque sapien nunc, varius eget,
condimentum quis, lacinia in, est. Fusce facil-
isis. Praesent nec ipsum.
Suspendisse a dolor. Nam erat eros, congue
eget, sagittis a, lacinia in, pede. Maecenas
in elit. Proin molestie varius nibh. Vivamus
tristique purus sed augue. Proin egestas sem-
per tortor. Vestibulum ante ipsum primis in
faucibus orci luctus et ultrices posuere cubil-
ia Curae; Class aptent taciti sociosqu ad l-
itora torquent per conubia nostra, per incep-
tos hymenaeos. Vestibulum orci enim, sagittis
ornare, eleifend ut, mattis at, ligula. Nulla
molestie convallis arcu. Ut eros tellus, condi-
mentum at, sodales in, ultrices vel, nulla.
Duis magna ante, bibendum eget, eleifend
eget, suscipit sed, neque. Vestibulum in mi
sed massa cursus cursus. Pellentesque pulv-
inar mollis neque. Fusce ut enim vitae mauris
malesuada tincidunt. Vivamus a neque. Mau-
ris pulvinar, sapien id condimentum dictum,
quam arcu rhoncus dui, id tempor lacus justo
et justo. Proin sit amet orci eu diam eleifend
blandit. Nunc erat massa, luctus ac, fermen-
tum lacinia, tincidunt ultrices, sapien. Prae-
sent sed orci vitae dolor sollicitudin adipiscing.
Cras a neque. Ut risus dui, interdum at, plac-
erat id, tristique eu, enim. Vestibulum ante
ipsum primis in faucibus orci luctus et ultrices
posuere cubilia Curae; Etiam adipiscing eros
vestibulum dolor. Pellentesque aliquam, diam
eget eleifend posuere, augue eros porttitor lec-
tus, ac dignissim dui metus nec felis. Quisque
lacinia. Vestibulum tellus. Suspendisse nec
wisi. Aenean ac felis. Aliquam ultrices metus
et nulla.
Praesent sed est non nibh tempus venenatis.
Praesent rhoncus. Curabitur sagittis est sit
amet neque. Sed commodo malesuada lectus.
Phasellus enim tellus, tempor ut, tristique eu,
aliquam eu, quam. Aenean quis quam quis
wisi gravida vehicula. Pellentesque a massa
a leo pretium rhoncus. Suspendisse ultrices.
Donec lacinia malesuada massa. Class apten-
t taciti sociosqu ad litora torquent per conu-
bia nostra, per inceptos hymenaeos. Donec
pretium ornare mauris. Phasellus auctor er-
at eget enim. Integer scelerisque, felis eu con-
sequat fringilla, lorem wisi ultricies velit, id
vehicula purus nulla eget odio. Nullam mat-
tis, diam a rutrum fermentum, odio sapien
tristique quam, id mollis tellus quam in odi-
o. Mauris eu sapien. Donec aliquam lorem sit
amet lorem pharetra lobortis.
Donec ac velit. Sed convallis vestibulum sapi-
en. Vivamus tempor lacus sed lacus. Nunc
ut lorem. Ut et tortor. Nullam varius wisi at
diam. Etiam ultricies, dolor sit amet fermen-
tum vulputate, neque libero vestibulum orci,
vitae fringilla neque arcu aliquet ante. Lorem
ipsum dolor sit amet, consectetuer adipiscing
elit. Quisque venenatis lobortis augue. Sed
tempor, tellus iaculis pellentesque pharetra,
pede dui malesuada mauris, vel ultrices urna
mauris ac nibh. Etiam nibh odio, ultricies ve-
hicula, vestibulum vitae, feugiat eleifend, fe-
lis. Vivamus pulvinar. Aliquam erat volutpat.
Nulla egestas venenatis metus. Nam feugiat
nunc quis elit egestas sagittis. Sed vitae fe-
lis. In libero arcu, rhoncus in, commodo eget,
auctor in, enim. Vivamus suscipit est. Nul-
la dapibus, magna vel aliquet egestas, massa
massa hendrerit lacus, ac rutrum tellus tellus
sit amet felis. Cras viverra.
Suspendisse eu nunc. Aliquam dignissim urna
sit amet mauris. Cras commodo, urna ut port-
titor venenatis, arcu metus sodales risus, vitae
gravida sapien ligula in est. Donec vulputate
sollicitudin wisi. Donec vehicula, est id inter-
dum ornare, nibh tellus consectetuer justo, a
ultrices felis erat at lectus. In est massa, male-
suada non, suscipit at, ullamcorper eu, elit.
Nam nulla lacus, bibendum sit amet, sagit-
tis sed, tempor eget, libero. Praesent ligula.
Suspendisse nulla. Etiam diam. Nulla ante
diam, vestibulum et, aliquet ac, imperdiet vi-
tae, urna. Fusce tincidunt lacus vel elit. Mae-
cenas dictum, tortor non euismod bibendum,
pede nibh pretium tellus, at dignissim leo eros
eget pede. Nulla venenatis eleifend eros. Ae-
nean ut odio dignissim augue rutrum faucibus.
Fusce posuere, tellus eget viverra mattis, er-
at tellus porta mi, at facilisis sem nibh non
urna. Phasellus quis turpis quis mauris sus-
cipit vulputate. Sed interdum lacus non velit.
Vestibulum ante ipsum primis in faucibus orci
luctus et ultrices posuere cubilia Curae;
Vivamus vehicula leo a justo. Quisque nec au-
gue. Morbi mauris wisi, aliquet vitae, dignis-
sim eget, sollicitudin molestie, ligula. In dic-
tum enim sit amet risus. Curabitur vitae velit
eu diam rhoncus hendrerit. Vivamus ut elit.
Praesent mattis ipsum quis turpis. Curabitur
rhoncus neque eu dui. Etiam vitae magna.
Nam ullamcorper. Praesent interdum biben-
dum magna. Quisque auctor aliquam dolor.
Morbi eu lorem et est porttitor fermentum.
Nunc egestas arcu at tortor varius viverra.
Fusce eu nulla ut nulla interdum consectetuer.
Vestibulum gravida. Morbi mattis libero sed
est.

Abstract

It is demonstrated that the Lorentz force acting on the electron par-
ticle in the Bohr’s hydrogen atom, as well as the classical radiation
energy of that atom, tends to be zero on condition both the electric
and magnetic fields in the atom are considered in a definite quan-
tum state. The ratio of the mentioned fields becomes of importance
for discussion of the occurence of the electron spin.

Keywords

Bohr’s Hydrogen Atom, Lorentz Force, Classical Electron Radiation
Energy, Electron Spin

1. Introduction

The Bohr model of the hydrogen atom can be still a useful tool in
considering the electron properties in that atom. The point - which
was neglected by Bohr and was planned to be discussed in the present
paper - concerns mainly the influence of the presence of the magnetic
field in the atom on the physical processes which can be examined.

In general the Bohr model is based on the equivalence of the attrac-
tive electrostatic force between the electron and atomic nucleus and
the repulsive centrifugal force due to the velocity of the circulating
electron along its orbit [1–5]. This assumption is supplemented by the
quantization requirement concerning the electron angular momentum.
In effect it is obtained the well-known set of the electron states of a
definite energy, the differences of which remain in a perfect agreement
with experiment.

This semiclassical model was formally objected mainly because of
the fact that the motion of the electron particle should be accompanied
by a continuous emission of its energy which makes the particle motion
to be only a very temporary effect. In practice, however, the electron
motion in the electron’s ground state is never stopped, and in case of an
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excited atom we observe only a very short-time spontaneous transition
of the electron from a higher to a lower quantum energy level. The
emitted energy in course of such transition is strictly connected with
the energy difference existent between the levels.

Our idea is to re-examine the Bohr model first by taking into account
the magnetic field created in the atom due to the electron circulation.
This field was fully neglected in the original Bohr’s approach. But
in effect of the magnetic supplement the electron is moving not in
one but in two fields, i.e. the electric and magnetic together. For
a combination of such fields the Lorentz force acting on the atomic
electron can be easily calculated [6].

We find that the Lorentz force for the hydrogen electron becomes
exactly zero. A similar calculation can be done for the classical radi-
ation intensity of the electron particle. This provides us also with a
zero result for that intensity. It should be noted that both zero effects
are strictly connected with the quantization properties exhibited by
the electric and magnetic fields entering the atom.

2. A Look on the Electron Properties in the
Hydrogen Atom

A specific situation of the Bohr hydrogen atom is that all discrete
states of that atom are the bound states, so they have a negative
energy. Since the electron energy in the atom obeys the virial theorem
[7], viz.

2Ekin + Epot = 0, (1)

where Ekin and Epot are respectively the kinetic and potential energy
parts, the total energy of a quantum state n becomes

Etot = Ekin + Epot = −Ekin (2)

which is a negative kinetic electron energy in the n state. The kinetic
energy can be written as

Ekin =

(
1

2

)
mv2n =

1

2
m

(
e2

n~

)2

(3)

since [7]

vn =
e2

n~
(4)

and m is the electron mass. Evidently the lowest quantum state n = 1
entering (2) should have the largest velocity

v1 =
e2

~
(4a)

because this makes (2) of the lowest value for any n ≥ 1. On the other
hand the velocity vn decreases gradually to zero at infinitely high n;
see (4).

Classically the circulating electron in the atom is submitted to the
well-known attractive electric field of the atomic nucleus having the
charge Ze = e, the property applied widely by Bohr. This gives the
well-known electric field acting on the electron [7]:

~En = − e

r2n

~rn
rn

= −e
5m2

n4~4
~rn
rn
. (5)
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But the circular electron motion along an orbit creates also the
magnetic field the size of which is dictated by the speed vn in (4).
The quanta of this field - neglected by Bohr - are derived below; see
also [8].

First, it can be easily verified that vn is coupled with the orbit radius

rn =
n2~2

me2
(6)

and the time period Tn necessary for the electron travel along the orbit
having the radius rn, viz.

Tn =
2πn3~3

me4
, (7)

by the formula

vn =
2πrn
Tn

. (8)

In effect the electron motion has its circular frequency

Ωn =
2π

Tn
(9)

and this quantity is induced by the magnetic field Bn coupled with
(9) by the formula [6] [8] [9]

Ωn =
eBn

mc
. (10)

In result be obtain the size of the magnetic field Bn due to the electron
orbital motion equal to:

Bn =
cm2e3

n3~3
. (11)

Our aim is to examine a classical expression for the particle accel-
eration in the presence of the electric field ~E and magnetic field ~B
represented by [6]:

~̇vn =
e

m

√
1− v2

c2

{
~En +

1

c

[
~vn × ~Bn

]
− 1

c2
~vn(~vn ~En)

}
. (12)

3. Calculation of the Acceleration in (12)

with the Aid of ~En, ~Bn, and ~vn
First we note that the electron velocity vector ~vn is normal to the
vector ~En, so the dot product

~vn · ~En = 0. (13)

In this way the last expression on the right-hand side of (12) is equal
to zero. The next point, rather evident, is that

vn < c. (14)

A maximal vn holds for n = 1 and this gives approximately the ratio

v1
c

=
e2

c~
∼=

1

137
. (15)
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This provides us with the right-hand side of (12) reduced to( e
m

){
~En +

(
1

c

)
[~vn × ~Bn]

}
. (16)

But the second vector component in (16) contains ~vn which is nor-

mal to ~Bn. The resulted vector product lies in the orbit plane and is
normal to the electron track, as it does also the vector ~En. In effect
~En and the vector combining ~vn and ~Bn can add together. We find:(

1

c

)
[~vn × ~Bn] =

1

c

e2

n~
cm2e3

n3~3
~rn
rn

=
e5m2

n4~4
~rn
rn

(17)

because the sizes of both vectors entering (17) which are normal each
to other are constant in time. In the next step let us note that the
size of (17) is equal to the size of ~En in (5).

Since the results obtained in (5) and (17) have opposite signs, the
sum in (16) becomes equal to zero. In effect we obtain a vanishing
Lorentz force due to (12) acting on the electron for any quantum
number n.

4. The Energy Radiated by the Electron in
State n

This energy is obtained for the electron particle being in the quantum
state n in the form of the integral [6]:

∆En =
2e4

3m2c3

∫ +∞

−∞

(
~En + 1

c [~vn × ~Bn]
)2
− 1

c2 ( ~En · ~vn)2

1− v2
n

c2

dt. (18)

Evidently the expression entering the numerator of the fraction under
the integral is equal to zero because of the result in (13) and

~En +

(
1

c

)
[~vn × ~Bn] = 0 (19)

entering equally (16) and (18). Therefore no energy is radiated clas-
sically by the electron being in state n.

5. Reference of the Field Strengths En and
Bn to the Electron Spin

The spin of the electron particle has been fully neglected in the Bohr
atomic model. Nevertheless it can be considered in that model on the
basis of the papers [10] [11] [12].

The approach done in references [10] [11] [12] concerned mainly the
spin property of electron on the Bohr quantum level n = 1. Our aim
is to extend the spin discussion to the orbits having n > 1. First,
the assumption that the spinning electron particle is circulating with
velocity close to the light speed c along a circle having its radius equal
to the shortest distance acceptable between two electron particles, viz.

∆xmin = rc =
~
mc
≈ c

Ωc
(20)

remains unchanged. The Ωc is the angular velocity of the spinning
electron.
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The motion chracterized by the radius rc in (20) induces the mag-
netic field of the strength Bc which is coupled with Ωc by the formula

Ωc =
eBc

mc
. (21)

This expression, together with (20), implies the relation

~
mc
≈ mc2

eBc
(22)

so

Bc =
m2c3

e~
. (23)

Simultaneously a minimal distance between the proton being at rest
and the moving electron particle should approach also the distance
(20) because the proton contribution to that distance is negligible due
to a large proton mass. In effect the absolute value of the electrostatic
force between the proton and the spinning electron becomes [11] [12]:

eEc =
e2

(∆xmin)2
=
e2m2c2

~2
. (24)

Since the force eBc is normal to eEc, the driving electron velocity
due to the joint action of eBc and eEc is given by [13]:

vc = c
| ~Ec × ~Bc|

B2
c

= c
Ec

Bc
= c

e2

~c
=
e2

~
. (25)

Therefore the driving velocity (25) is equal to the orbital Bohr electron
velocity existent in the case of n = 1; see (4a).

But the ratio Ec

Bc
entering (25) is exactly equal to E1

B1
, so we have

c
Ec

Bc
= c

E1

B1
= v1. (26)

This is a maximal driving velocity along the Bohr orbit. The other
orbit velocities like

v2, v3, v4, . . . < v1 (27)

are smaller than v1 and can be attained successively by the ratios:

c
E2

B2
= c

e2

2~c
=
e2

2~
= v2, (26a)

c
E3

B3
= c

e2

3~c
= v3, (26b)

c
E4

B4
= c

e2

4~c
= v4, (26c)

etc. This means that the driving electron velocities along successive
orbits n can be provided by the ratios En

Bn
characteristic for these

orbits, with no reference to the ratio Ec

Bc
excepting for the case of

n = 1.
The parameters entering Ec and Bc define the electron spin frequen-

cy which is the same for all Bohr orbits n. Since the time of circulation
along the spin orbit having the radius rc is equal to

Tc ∼=
2πrc
c

=
2π~
mc2

=
h

mc2
, (28)
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the number of spin circulations in course of the time Tn necessary to
travel along the nth Bohr orbit becomes [see (7)]:

Tn
Tc

=
2π~3n3

me4
mc2

h
= n3

~2c2

e4
=
n3

α2
. (29)

Here α is the well-known atomic constant:

α =
e2

~c
. (30)

The angular frequency of a single spin circulation equal to

Ωc =
2π

Tc
=
mc2

~
(31)

is evidently independent of n.

6. Adiabatic Invariants for the Electron
Orbital Motion and Spin Motion in the
Bohr Atom

Having the Bn for the electron orbital motion and Bc for the spin
motion [see Equations (11) and (23) respectively] it is easy to cal-
culate the adiabatic invariant in each motion case according to the
formula [6]:

I =
3πcp2n
eBn

. (32)

The symbol pn in (32) represents the size of momentum along the
electron path which is

pn = mvn = m
e2

n~
(33)

in the case of circulation along the nth Bohr orbit with the velocity
vn [see (4)], and instead of pn the expression

pc = mc (34)

approximates the momentum of a spinning electron particle; see the
inferences above (20).

The formula (33) substituted to (32) together with Bn from (11)
gives the invariant equal to

I = In =
3πc

e4cm2
n3~3

m2e4

n2~2
= 3πn~, (35)

whereas (34) substituted to (32) instead of pn and Bc of (23) instead
of Bn lead to the invariant formula:

I =
3πcp2c
eBc

=
3πcm2c2

m2c3
~ = 3π~. (36)

Evidently (35) and (36) are much similar: they differ solely by an
integer factor n indicating the orbit number present in (35).
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7. Summary

The Lorentz force acting on the electron in the Bohr’s hydrogen atom,
and classical radiation energy of that electron which is assumed to
occupy a definite quantum state n, are examined. It is found that
both the Lorentz force and radiation energy tend to be zero, on con-
dition the magnetic field induced by the electron motion in the atom,
neglected in the former Bohr’s theory, is taken into account.

The electric and magnetic field strengths (En and Bn respectively)
entering the Lorentz force are useful in deriving the drift velocity of
the electron along the orbit n. For n = 1 the drift velocity obtained
from En and Bn is equal to that obtained from the ratio of Ec and
Bc characteristic for the spinning electron particle. But for n > 1 the
driving velocity, equal to vn < v1, is defined solely by the ratio of En

and Bn.
A characteristic feature concerns the adiabatic invariants of the or-

bital and spin motion calculated respectively in Section 6: both invari-
ants differ solely by the integer factor n present in the orbital case.
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Lorem ipsum dolor sit amet, consectetuer
adipiscing elit. Ut purus elit, vestibulum ut,
placerat ac, adipiscing vitae, felis. Curabitur
dictum gravida mauris. Nam arcu libero,
nonummy eget, consectetuer id, vulputate a,
magna. Donec vehicula augue eu neque. Pel-
lentesque habitant morbi tristique senectus et
netus et malesuada fames ac turpis egestas.
Mauris ut leo. Cras viverra metus rhoncus
sem. Nulla et lectus vestibulum urna fringilla
ultrices. Phasellus eu tellus sit amet tortor
gravida placerat. Integer sapien est, iaculis in,
pretium quis, viverra ac, nunc. Praesent eget
sem vel leo ultrices bibendum. Aenean fau-
cibus. Morbi dolor nulla, malesuada eu, pulv-
inar at, mollis ac, nulla. Curabitur auctor sem-
per nulla. Donec varius orci eget risus. Duis
nibh mi, congue eu, accumsan eleifend, sagit-
tis quis, diam. Duis eget orci sit amet orci
dignissim rutrum.
Nam dui ligula, fringilla a, euismod sodales,
sollicitudin vel, wisi. Morbi auctor lorem non
justo. Nam lacus libero, pretium at, lobortis
vitae, ultricies et, tellus. Donec aliquet, tor-
tor sed accumsan bibendum, erat ligula aliquet
magna, vitae ornare odio metus a mi. Morbi
ac orci et nisl hendrerit mollis. Suspendisse
ut massa. Cras nec ante. Pellentesque a nul-
la. Cum sociis natoque penatibus et magnis
dis parturient montes, nascetur ridiculus mus.
Aliquam tincidunt urna. Nulla ullamcorper
vestibulum turpis. Pellentesque cursus luctus
mauris.
Nulla malesuada porttitor diam. Donec felis
erat, congue non, volutpat at, tincidunt tris-
tique, libero. Vivamus viverra fermentum felis.
Donec nonummy pellentesque ante. Phasellus
adipiscing semper elit. Proin fermentum mas-
sa ac quam. Sed diam turpis, molestie vitae,
placerat a, molestie nec, leo. Maecenas lacinia.
Nam ipsum ligula, eleifend at, accumsan nec,
suscipit a, ipsum. Morbi blandit ligula feu-
giat magna. Nunc eleifend consequat lorem.
Sed lacinia nulla vitae enim. Pellentesque t-
incidunt purus vel magna. Integer non en-
im. Praesent euismod nunc eu purus. Donec
bibendum quam in tellus. Nullam cursus pul-
vinar lectus. Donec et mi. Nam vulputate
metus eu enim. Vestibulum pellentesque felis
eu massa.
Quisque ullamcorper placerat ipsum. Cras
nibh. Morbi vel justo vitae lacus tincidun-
t ultrices. Lorem ipsum dolor sit amet, con-
sectetuer adipiscing elit. In hac habitasse
platea dictumst. Integer tempus convallis au-
gue. Etiam facilisis. Nunc elementum fermen-
tum wisi. Aenean placerat. Ut imperdiet, en-
im sed gravida sollicitudin, felis odio placerat
quam, ac pulvinar elit purus eget enim. Nunc
vitae tortor. Proin tempus nibh sit amet nisl.
Vivamus quis tortor vitae risus porta vehicula.
Fusce mauris. Vestibulum luctus nibh at lec-
tus. Sed bibendum, nulla a faucibus semper,
leo velit ultricies tellus, ac venenatis arcu wisi
vel nisl. Vestibulum diam. Aliquam pellen-
tesque, augue quis sagittis posuere, turpis la-
cus congue quam, in hendrerit risus eros eget
felis. Maecenas eget erat in sapien mattis port-
titor. Vestibulum porttitor. Nulla facilisi. Sed
a turpis eu lacus commodo facilisis. Morbi
fringilla, wisi in dignissim interdum, justo lec-
tus sagittis dui, et vehicula libero dui cursus
dui. Mauris tempor ligula sed lacus. Duis cur-
sus enim ut augue. Cras ac magna. Cras nulla.
Nulla egestas. Curabitur a leo. Quisque eges-
tas wisi eget nunc. Nam feugiat lacus vel est.
Curabitur consectetuer.
Suspendisse vel felis. Ut lorem lorem, inter-
dum eu, tincidunt sit amet, laoreet vitae, ar-
cu. Aenean faucibus pede eu ante. Praesent
enim elit, rutrum at, molestie non, nonummy
vel, nisl. Ut lectus eros, malesuada sit amet,
fermentum eu, sodales cursus, magna. Donec
eu purus. Quisque vehicula, urna sed ultricies
auctor, pede lorem egestas dui, et convallis elit
erat sed nulla. Donec luctus. Curabitur et
nunc. Aliquam dolor odio, commodo pretium,
ultricies non, pharetra in, velit. Integer arcu
est, nonummy in, fermentum faucibus, egestas
vel, odio.
Sed commodo posuere pede. Mauris ut est.
Ut quis purus. Sed ac odio. Sed vehicula hen-
drerit sem. Duis non odio. Morbi ut dui. Sed
accumsan risus eget odio. In hac habitasse
platea dictumst. Pellentesque non elit. Fusce
sed justo eu urna porta tincidunt. Mauris felis
odio, sollicitudin sed, volutpat a, ornare ac, er-
at. Morbi quis dolor. Donec pellentesque, er-
at ac sagittis semper, nunc dui lobortis purus,
quis congue purus metus ultricies tellus. Proin
et quam. Class aptent taciti sociosqu ad litora
torquent per conubia nostra, per inceptos hy-
menaeos. Praesent sapien turpis, fermentum
vel, eleifend faucibus, vehicula eu, lacus.
Pellentesque habitant morbi tristique senectus
et netus et malesuada fames ac turpis eges-
tas. Donec odio elit, dictum in, hendrerit sit
amet, egestas sed, leo. Praesent feugiat sapi-
en aliquet odio. Integer vitae justo. Aliquam
vestibulum fringilla lorem. Sed neque lectus,
consectetuer at, consectetuer sed, eleifend ac,
lectus. Nulla facilisi. Pellentesque eget lec-
tus. Proin eu metus. Sed porttitor. In hac
habitasse platea dictumst. Suspendisse eu lec-
tus. Ut mi mi, lacinia sit amet, placerat et,
mollis vitae, dui. Sed ante tellus, tristique ut,
iaculis eu, malesuada ac, dui. Mauris nibh leo,
facilisis non, adipiscing quis, ultrices a, dui.
Morbi luctus, wisi viverra faucibus pretium,
nibh est placerat odio, nec commodo wisi enim
eget quam. Quisque libero justo, consectetuer
a, feugiat vitae, porttitor eu, libero. Sus-
pendisse sed mauris vitae elit sollicitudin male-
suada. Maecenas ultricies eros sit amet ante.
Ut venenatis velit. Maecenas sed mi eget dui
varius euismod. Phasellus aliquet volutpat o-
dio. Vestibulum ante ipsum primis in faucibus
orci luctus et ultrices posuere cubilia Curae;
Pellentesque sit amet pede ac sem eleifend con-
sectetuer. Nullam elementum, urna vel im-
perdiet sodales, elit ipsum pharetra ligula, ac
pretium ante justo a nulla. Curabitur tristique
arcu eu metus. Vestibulum lectus. Proin mau-
ris. Proin eu nunc eu urna hendrerit faucibus.
Aliquam auctor, pede consequat laoreet var-
ius, eros tellus scelerisque quam, pellentesque
hendrerit ipsum dolor sed augue. Nulla nec
lacus.
Suspendisse vitae elit. Aliquam arcu neque,
ornare in, ullamcorper quis, commodo eu,
libero. Fusce sagittis erat at erat tristique
mollis. Maecenas sapien libero, molestie et,
lobortis in, sodales eget, dui. Morbi ultrices
rutrum lorem. Nam elementum ullamcorper
leo. Morbi dui. Aliquam sagittis. Nunc plac-
erat. Pellentesque tristique sodales est. Mae-
cenas imperdiet lacinia velit. Cras non urna.
Morbi eros pede, suscipit ac, varius vel, eges-
tas non, eros. Praesent malesuada, diam id
pretium elementum, eros sem dictum tortor,
vel consectetuer odio sem sed wisi.
Sed feugiat. Cum sociis natoque penatibus
et magnis dis parturient montes, nascetur
ridiculus mus. Ut pellentesque augue sed ur-
na. Vestibulum diam eros, fringilla et, con-
sectetuer eu, nonummy id, sapien. Nullam at
lectus. In sagittis ultrices mauris. Curabitur
malesuada erat sit amet massa. Fusce blan-
dit. Aliquam erat volutpat. Aliquam euismod.
Aenean vel lectus. Nunc imperdiet justo nec
dolor.
Etiam euismod. Fusce facilisis lacinia dui.
Suspendisse potenti. In mi erat, cursus id,
nonummy sed, ullamcorper eget, sapien. Prae-
sent pretium, magna in eleifend egestas, pede
pede pretium lorem, quis consectetuer tortor
sapien facilisis magna. Mauris quis magna var-
ius nulla scelerisque imperdiet. Aliquam non
quam. Aliquam porttitor quam a lacus. Prae-
sent vel arcu ut tortor cursus volutpat. In vi-
tae pede quis diam bibendum placerat. Fusce
elementum convallis neque. Sed dolor orci,
scelerisque ac, dapibus nec, ultricies ut, mi.
Duis nec dui quis leo sagittis commodo.
Aliquam lectus. Vivamus leo. Quisque ornare
tellus ullamcorper nulla. Mauris porttitor
pharetra tortor. Sed fringilla justo sed mau-
ris. Mauris tellus. Sed non leo. Nullam el-
ementum, magna in cursus sodales, augue est
scelerisque sapien, venenatis congue nulla arcu
et pede. Ut suscipit enim vel sapien. Donec
congue. Maecenas urna mi, suscipit in, plac-
erat ut, vestibulum ut, massa. Fusce ultrices
nulla et nisl.
Etiam ac leo a risus tristique nonummy. Donec
dignissim tincidunt nulla. Vestibulum rhoncus
molestie odio. Sed lobortis, justo et pretium
lobortis, mauris turpis condimentum augue,
nec ultricies nibh arcu pretium enim. Nunc
purus neque, placerat id, imperdiet sed, pellen-
tesque nec, nisl. Vestibulum imperdiet neque
non sem accumsan laoreet. In hac habitasse
platea dictumst. Etiam condimentum facili-
sis libero. Suspendisse in elit quis nisl aliquam
dapibus. Pellentesque auctor sapien. Sed eges-
tas sapien nec lectus. Pellentesque vel dui vel
neque bibendum viverra. Aliquam porttitor
nisl nec pede. Proin mattis libero vel turpis.
Donec rutrum mauris et libero. Proin euismod
porta felis. Nam lobortis, metus quis elemen-
tum commodo, nunc lectus elementum mauris,
eget vulputate ligula tellus eu neque. Vivamus
eu dolor.
Nulla in ipsum. Praesent eros nulla, congue
vitae, euismod ut, commodo a, wisi. Pellen-
tesque habitant morbi tristique senectus et ne-
tus et malesuada fames ac turpis egestas. Ae-
nean nonummy magna non leo. Sed felis erat,
ullamcorper in, dictum non, ultricies ut, lec-
tus. Proin vel arcu a odio lobortis euismod.
Vestibulum ante ipsum primis in faucibus orci
luctus et ultrices posuere cubilia Curae; Proin
ut est. Aliquam odio. Pellentesque massa
turpis, cursus eu, euismod nec, tempor congue,
nulla. Duis viverra gravida mauris. Cras tin-
cidunt. Curabitur eros ligula, varius ut, pulv-
inar in, cursus faucibus, augue.
Nulla mattis luctus nulla. Duis commodo
velit at leo. Aliquam vulputate magna et leo.
Nam vestibulum ullamcorper leo. Vestibulum
condimentum rutrum mauris. Donec id mau-
ris. Morbi molestie justo et pede. Vivamus
eget turpis sed nisl cursus tempor. Curabitur
mollis sapien condimentum nunc. In wisi nis-
l, malesuada at, dignissim sit amet, lobortis
in, odio. Aenean consequat arcu a ante. Pel-
lentesque porta elit sit amet orci. Etiam at
turpis nec elit ultricies imperdiet. Nulla fa-
cilisi. In hac habitasse platea dictumst. Sus-
pendisse viverra aliquam risus. Nullam pede
justo, molestie nonummy, scelerisque eu, facil-
isis vel, arcu.
Curabitur tellus magna, porttitor a, commo-
do a, commodo in, tortor. Donec interdum.
Praesent scelerisque. Maecenas posuere so-
dales odio. Vivamus metus lacus, varius quis,
imperdiet quis, rhoncus a, turpis. Etiam ligu-
la arcu, elementum a, venenatis quis, sollici-
tudin sed, metus. Donec nunc pede, tincidunt
in, venenatis vitae, faucibus vel, nibh. Pel-
lentesque wisi. Nullam malesuada. Morbi ut
tellus ut pede tincidunt porta. Lorem ipsum
dolor sit amet, consectetuer adipiscing elit. E-
tiam congue neque id dolor.
Donec et nisl at wisi luctus bibendum. Nam in-
terdum tellus ac libero. Sed sem justo, laoreet
vitae, fringilla at, adipiscing ut, nibh. Mae-
cenas non sem quis tortor eleifend fermentum.
Etiam id tortor ac mauris porta vulputate. In-
teger porta neque vitae massa. Maecenas tem-
pus libero a libero posuere dictum. Vestibu-
lum ante ipsum primis in faucibus orci luc-
tus et ultrices posuere cubilia Curae; Aenean
quis mauris sed elit commodo placerat. Class
aptent taciti sociosqu ad litora torquent per
conubia nostra, per inceptos hymenaeos. Viva-
mus rhoncus tincidunt libero. Etiam elemen-
tum pretium justo. Vivamus est. Morbi a tel-
lus eget pede tristique commodo. Nulla nisl.
Vestibulum sed nisl eu sapien cursus rutrum.
Nulla non mauris vitae wisi posuere conval-
lis. Sed eu nulla nec eros scelerisque pharetra.
Nullam varius. Etiam dignissim elementum
metus. Vestibulum faucibus, metus sit amet
mattis rhoncus, sapien dui laoreet odio, nec
ultricies nibh augue a enim. Fusce in ligula.
Quisque at magna et nulla commodo conse-
quat. Proin accumsan imperdiet sem. Nunc
porta. Donec feugiat mi at justo. Phasellus
facilisis ipsum quis ante. In ac elit eget ipsum
pharetra faucibus. Maecenas viverra nulla in
massa.
Nulla ac nisl. Nullam urna nulla, ullamcorper
in, interdum sit amet, gravida ut, risus. Ae-
nean ac enim. In luctus. Phasellus eu quam
vitae turpis viverra pellentesque. Duis feugiat
felis ut enim. Phasellus pharetra, sem id port-
titor sodales, magna nunc aliquet nibh, nec b-
landit nisl mauris at pede. Suspendisse risus
risus, lobortis eget, semper at, imperdiet sit
amet, quam. Quisque scelerisque dapibus nib-
h. Nam enim. Lorem ipsum dolor sit amet,
consectetuer adipiscing elit. Nunc ut metus.
Ut metus justo, auctor at, ultrices eu, sagittis
ut, purus. Aliquam aliquam.
Etiam pede massa, dapibus vitae, rhoncus
in, placerat posuere, odio. Vestibulum luc-
tus commodo lacus. Morbi lacus dui, tem-
por sed, euismod eget, condimentum at, tor-
tor. Phasellus aliquet odio ac lacus tempor
faucibus. Praesent sed sem. Praesent iac-
ulis. Cras rhoncus tellus sed justo ullamcor-
per sagittis. Donec quis orci. Sed ut tor-
tor quis tellus euismod tincidunt. Suspendisse
congue nisl eu elit. Aliquam tortor diam, tem-
pus id, tristique eget, sodales vel, nulla. Prae-
sent tellus mi, condimentum sed, viverra at,
consectetuer quis, lectus. In auctor vehicula
orci. Sed pede sapien, euismod in, suscipit in,
pharetra placerat, metus. Vivamus commodo
dui non odio. Donec et felis.
Etiam suscipit aliquam arcu. Aliquam sit amet
est ac purus bibendum congue. Sed in eros.
Morbi non orci. Pellentesque mattis lacini-
a elit. Fusce molestie velit in ligula. Nul-
lam et orci vitae nibh vulputate auctor. Ali-
quam eget purus. Nulla auctor wisi sed ipsum.
Morbi porttitor tellus ac enim. Fusce ornare.
Proin ipsum enim, tincidunt in, ornare vene-
natis, molestie a, augue. Donec vel pede in
lacus sagittis porta. Sed hendrerit ipsum quis
nisl. Suspendisse quis massa ac nibh pretium
cursus. Sed sodales. Nam eu neque quis pede
dignissim ornare. Maecenas eu purus ac urna
tincidunt congue.
Donec et nisl id sapien blandit mattis. Ae-
nean dictum odio sit amet risus. Morbi pu-
rus. Nulla a est sit amet purus venenatis iac-
ulis. Vivamus viverra purus vel magna. Donec
in justo sed odio malesuada dapibus. Nunc
ultrices aliquam nunc. Vivamus facilisis pel-
lentesque velit. Nulla nunc velit, vulputate
dapibus, vulputate id, mattis ac, justo. Nam
mattis elit dapibus purus. Quisque enim risus,
congue non, elementum ut, mattis quis, sem.
Quisque elit.
Maecenas non massa. Vestibulum pharetra
nulla at lorem. Duis quis quam id lacus
dapibus interdum. Nulla lorem. Donec ut
ante quis dolor bibendum condimentum. Eti-
am egestas tortor vitae lacus. Praesent cursus.
Mauris bibendum pede at elit. Morbi et felis a
lectus interdum facilisis. Sed suscipit gravida
turpis. Nulla at lectus. Vestibulum ante ip-
sum primis in faucibus orci luctus et ultrices
posuere cubilia Curae; Praesent nonummy luc-
tus nibh. Proin turpis nunc, congue eu, egestas
ut, fringilla at, tellus. In hac habitasse platea
dictumst.
Vivamus eu tellus sed tellus consequat suscipit.
Nam orci orci, malesuada id, gravida nec, ul-
tricies vitae, erat. Donec risus turpis, luctus sit
amet, interdum quis, porta sed, ipsum. Sus-
pendisse condimentum, tortor at egestas po-
suere, neque metus tempor orci, et tincidunt
urna nunc a purus. Sed facilisis blandit tellus.
Nunc risus sem, suscipit nec, eleifend quis, cur-
sus quis, libero. Curabitur et dolor. Sed vitae
sem. Cum sociis natoque penatibus et mag-
nis dis parturient montes, nascetur ridiculus
mus. Maecenas ante. Duis ullamcorper enim.
Donec tristique enim eu leo. Nullam molestie
elit eu dolor. Nullam bibendum, turpis vitae
tristique gravida, quam sapien tempor lectus,
quis pretium tellus purus ac quam. Nulla fa-
cilisi.
Duis aliquet dui in est. Donec eget est.
Nunc lectus odio, varius at, fermentum in, ac-
cumsan non, enim. Aliquam erat volutpat.
Proin sit amet nulla ut eros consectetuer cur-
sus. Phasellus dapibus aliquam justo. Nunc
laoreet. Donec consequat placerat magna.
Duis pretium tincidunt justo. Sed sollicitudin
vestibulum quam. Nam quis ligula. Vivamus
at metus. Etiam imperdiet imperdiet pede.
Aenean turpis. Fusce augue velit, scelerisque
sollicitudin, dictum vitae, tempor et, pede.
Donec wisi sapien, feugiat in, fermentum ut,
sollicitudin adipiscing, metus.
Donec vel nibh ut felis consectetuer laoreet.
Donec pede. Sed id quam id wisi laoreet sus-
cipit. Nulla lectus dolor, aliquam ac, fringilla
eget, mollis ut, orci. In pellentesque justo in
ligula. Maecenas turpis. Donec eleifend leo
at felis tincidunt consequat. Aenean turpis
metus, malesuada sed, condimentum sit amet,
auctor a, wisi. Pellentesque sapien elit, biben-
dum ac, posuere et, congue eu, felis. Vestibu-
lum mattis libero quis metus scelerisque ultri-
ces. Sed purus.
Donec molestie, magna ut luctus ultrices, tel-
lus arcu nonummy velit, sit amet pulvinar elit
justo et mauris. In pede. Maecenas euis-
mod elit eu erat. Aliquam augue wisi, facil-
isis congue, suscipit in, adipiscing et, ante. In
justo. Cras lobortis neque ac ipsum. Nunc
fermentum massa at ante. Donec orci tortor,
egestas sit amet, ultrices eget, venenatis eget,
mi. Maecenas vehicula leo semper est. Mauris
vel metus. Aliquam erat volutpat. In rhoncus
sapien ac tellus. Pellentesque ligula.
Cras dapibus, augue quis scelerisque ultricies,
felis dolor placerat sem, id porta velit odio eu
elit. Aenean interdum nibh sed wisi. Prae-
sent sollicitudin vulputate dui. Praesent iac-
ulis viverra augue. Quisque in libero. Aenean
gravida lorem vitae sem ullamcorper cursus.
Nunc adipiscing rutrum ante. Nunc ipsum
massa, faucibus sit amet, viverra vel, elemen-
tum semper, orci. Cras eros sem, vulputate et,
tincidunt id, ultrices eget, magna. Nulla varius
ornare odio. Donec accumsan mauris sit amet
augue. Sed ligula lacus, laoreet non, aliquam
sit amet, iaculis tempor, lorem. Suspendisse
eros. Nam porta, leo sed congue tempor, fe-
lis est ultrices eros, id mattis velit felis non
metus. Curabitur vitae elit non mauris var-
ius pretium. Aenean lacus sem, tincidunt ut,
consequat quis, porta vitae, turpis. Nullam
laoreet fermentum urna. Proin iaculis lectus.
Sed mattis, erat sit amet gravida malesuada,
elit augue egestas diam, tempus scelerisque
nunc nisl vitae libero. Sed consequat feugiat
massa. Nunc porta, eros in eleifend varius,
erat leo rutrum dui, non convallis lectus or-
ci ut nibh. Sed lorem massa, nonummy quis,
egestas id, condimentum at, nisl. Maecenas at
nibh. Aliquam et augue at nunc pellentesque
ullamcorper. Duis nisl nibh, laoreet suscipit,
convallis ut, rutrum id, enim. Phasellus odio.
Nulla nulla elit, molestie non, scelerisque at,
vestibulum eu, nulla. Ut odio nisl, facilisis id,
mollis et, scelerisque nec, enim. Aenean sem
leo, pellentesque sit amet, scelerisque sit amet,
vehicula pellentesque, sapien.
Sed consequat tellus et tortor. Ut tempor
laoreet quam. Nullam id wisi a libero tris-
tique semper. Nullam nisl massa, rutrum ut,
egestas semper, mollis id, leo. Nulla ac mas-
sa eu risus blandit mattis. Mauris ut nunc.
In hac habitasse platea dictumst. Aliquam
eget tortor. Quisque dapibus pede in erat.
Nunc enim. In dui nulla, commodo at, con-
sectetuer nec, malesuada nec, elit. Aliquam
ornare tellus eu urna. Sed nec metus. Cum
sociis natoque penatibus et magnis dis par-
turient montes, nascetur ridiculus mus. Pel-
lentesque habitant morbi tristique senectus et
netus et malesuada fames ac turpis egestas.
Phasellus id magna. Duis malesuada inter-
dum arcu. Integer metus. Morbi pulvinar pel-
lentesque mi. Suspendisse sed est eu magna
molestie egestas. Quisque mi lorem, pulvinar
eget, egestas quis, luctus at, ante. Proin auc-
tor vehicula purus. Fusce ac nisl aliquam ante
hendrerit pellentesque. Class aptent taciti so-
ciosqu ad litora torquent per conubia nostra,
per inceptos hymenaeos. Morbi wisi. Etiam
arcu mauris, facilisis sed, eleifend non, non-
ummy ut, pede. Cras ut lacus tempor metus
mollis placerat. Vivamus eu tortor vel metus
interdum malesuada.
Sed eleifend, eros sit amet faucibus elemen-
tum, urna sapien consectetuer mauris, quis
egestas leo justo non risus. Morbi non felis ac
libero vulputate fringilla. Mauris libero eros,
lacinia non, sodales quis, dapibus porttitor,
pede. Class aptent taciti sociosqu ad litora
torquent per conubia nostra, per inceptos hy-
menaeos. Morbi dapibus mauris condimentum
nulla. Cum sociis natoque penatibus et magnis
dis parturient montes, nascetur ridiculus mus.
Etiam sit amet erat. Nulla varius. Etiam t-
incidunt dui vitae turpis. Donec leo. Morbi
vulputate convallis est. Integer aliquet. Pel-
lentesque aliquet sodales urna.
Nullam eleifend justo in nisl. In hac habitasse
platea dictumst. Morbi nonummy. Aliquam
ut felis. In velit leo, dictum vitae, posuere id,
vulputate nec, ante. Maecenas vitae pede nec
dui dignissim suscipit. Morbi magna. Vestibu-
lum id purus eget velit laoreet laoreet. Prae-
sent sed leo vel nibh convallis blandit. Ut
rutrum. Donec nibh. Donec interdum. Fusce
sed pede sit amet elit rhoncus ultrices. Nullam
at enim vitae pede vehicula iaculis.
Class aptent taciti sociosqu ad litora torquen-
t per conubia nostra, per inceptos hymenaeos.
Aenean nonummy turpis id odio. Integer eu-
ismod imperdiet turpis. Ut nec leo nec di-
am imperdiet lacinia. Etiam eget lacus eget
mi ultricies posuere. In placerat tristique tor-
tor. Sed porta vestibulum metus. Nulla ia-
culis sollicitudin pede. Fusce luctus tellus in
dolor. Curabitur auctor velit a sem. Mor-
bi sapien. Class aptent taciti sociosqu ad l-
itora torquent per conubia nostra, per incep-
tos hymenaeos. Donec adipiscing urna vehic-
ula nunc. Sed ornare leo in leo. In rhoncus
leo ut dui. Aenean dolor quam, volutpat nec,
fringilla id, consectetuer vel, pede.
Nulla malesuada risus ut urna. Aenean
pretium velit sit amet metus. Duis iaculis. In
hac habitasse platea dictumst. Nullam mo-
lestie turpis eget nisl. Duis a massa id pede
dapibus ultricies. Sed eu leo. In at mauris sit
amet tortor bibendum varius. Phasellus justo
risus, posuere in, sagittis ac, varius vel, tor-
tor. Quisque id enim. Phasellus consequat,
libero pretium nonummy fringilla, tortor lacus
vestibulum nunc, ut rhoncus ligula neque id
justo. Nullam accumsan euismod nunc. Proin
vitae ipsum ac metus dictum tempus. Nam ut
wisi. Quisque tortor felis, interdum ac, sodales
a, semper a, sem. Curabitur in velit sit amet
dui tristique sodales. Vivamus mauris pede,
lacinia eget, pellentesque quis, scelerisque eu,
est. Aliquam risus. Quisque bibendum pede
eu dolor.
Donec tempus neque vitae est. Aenean egestas
odio sed risus ullamcorper ullamcorper. Sed in
nulla a tortor tincidunt egestas. Nam sapien
tortor, elementum sit amet, aliquam in, port-
titor faucibus, enim. Nullam congue suscipit
nibh. Quisque convallis. Praesent arcu nibh,
vehicula eget, accumsan eu, tincidunt a, nibh.
Suspendisse vulputate, tortor quis adipiscing
viverra, lacus nibh dignissim tellus, eu suscipit
risus ante fringilla diam. Quisque a libero v-
el pede imperdiet aliquet. Pellentesque nunc
nibh, eleifend a, consequat consequat, hen-
drerit nec, diam. Sed urna. Maecenas laoreet
eleifend neque. Vivamus purus odio, eleifend
non, iaculis a, ultrices sit amet, urna. Mau-
ris faucibus odio vitae risus. In nisl. Praesent
purus. Integer iaculis, sem eu egestas lacinia,
lacus pede scelerisque augue, in ullamcorper
dolor eros ac lacus. Nunc in libero.
Fusce suscipit cursus sem. Vivamus risus mi,
egestas ac, imperdiet varius, faucibus quis,
leo. Aenean tincidunt. Donec suscipit. Cras
id justo quis nibh scelerisque dignissim. Ali-
quam sagittis elementum dolor. Aenean con-
sectetuer justo in pede. Curabitur ullamcorper
ligula nec orci. Aliquam purus turpis, aliquam
id, ornare vitae, porttitor non, wisi. Maecenas
luctus porta lorem. Donec vitae ligula eu ante
pretium varius. Proin tortor metus, convallis
et, hendrerit non, scelerisque in, urna. Cras
quis libero eu ligula bibendum tempor. Viva-
mus tellus quam, malesuada eu, tempus sed,
tempor sed, velit. Donec lacinia auctor libero.
Praesent sed neque id pede mollis rutrum.
Vestibulum iaculis risus. Pellentesque lacus.
Ut quis nunc sed odio malesuada egestas. Duis
a magna sit amet ligula tristique pretium. Ut
pharetra. Vestibulum imperdiet magna nec
wisi. Mauris convallis. Sed accumsan sollic-
itudin massa. Sed id enim. Nunc pede enim,
lacinia ut, pulvinar quis, suscipit semper, elit.
Cras accumsan erat vitae enim. Cras sollici-
tudin. Vestibulum rutrum blandit massa.
Sed gravida lectus ut purus. Morbi laoreet
magna. Pellentesque eu wisi. Proin turpis. In-
teger sollicitudin augue nec dui. Fusce lectus.
Vivamus faucibus nulla nec lacus. Integer di-
am. Pellentesque sodales, enim feugiat cursus
volutpat, sem mauris dignissim mauris, quis
consequat sem est fermentum ligula. Nullam
justo lectus, condimentum sit amet, posuere a,
fringilla mollis, felis. Morbi nulla nibh, pellen-
tesque at, nonummy eu, sollicitudin nec, ip-
sum. Cras neque. Nunc augue. Nullam vitae
quam id quam pulvinar blandit. Nunc sit amet
orci. Aliquam erat elit, pharetra nec, aliquet
a, gravida in, mi. Quisque urna enim, viverra
quis, suscipit quis, tincidunt ut, sapien. Cras
placerat consequat sem. Curabitur ac diam.
Curabitur diam tortor, mollis et, viverra ac,
tempus vel, metus.
Curabitur ac lorem. Vivamus non justo in
dui mattis posuere. Etiam accumsan ligula
id pede. Maecenas tincidunt diam nec velit.
Praesent convallis sapien ac est. Aliquam ul-
lamcorper euismod nulla. Integer mollis enim
vel tortor. Nulla sodales placerat nunc. Sed
tempus rutrum wisi. Duis accumsan gravi-
da purus. Nunc nunc. Etiam facilisis dui eu
sem. Vestibulum semper. Praesent eu eros.
Vestibulum tellus nisl, dapibus id, vestibulum
sit amet, placerat ac, mauris. Maecenas et elit
ut erat placerat dictum. Nam feugiat, turpis
et sodales volutpat, wisi quam rhoncus neque,
vitae aliquam ipsum sapien vel enim. Maece-
nas suscipit cursus mi.
Quisque consectetuer. In suscipit mauris a do-
lor pellentesque consectetuer. Mauris convallis
neque non erat. In lacinia. Pellentesque leo
eros, sagittis quis, fermentum quis, tincidun-
t ut, sapien. Maecenas sem. Curabitur eros
odio, interdum eu, feugiat eu, porta ac, nis-
l. Curabitur nunc. Etiam fermentum convallis
velit. Pellentesque laoreet lacus. Quisque sed
elit. Nam quis tellus. Aliquam tellus arcu,
adipiscing non, tincidunt eleifend, adipiscing
quis, augue. Vivamus elementum placerat en-
im. Suspendisse ut tortor. Integer faucibus
adipiscing felis. Aenean consectetuer mattis
lectus. Morbi malesuada faucibus dolor. Nam
lacus. Etiam arcu libero, malesuada vitae, ali-
quam vitae, blandit tristique, nisl.
Maecenas accumsan dapibus sapien. Duis
pretium iaculis arcu. Curabitur ut lacus. Ali-
quam vulputate. Suspendisse ut purus sed sem
tempor rhoncus. Ut quam dui, fringilla at, dic-
tum eget, ultricies quis, quam. Etiam sem est,
pharetra non, vulputate in, pretium at, ipsum.
Nunc semper sagittis orci. Sed scelerisque sus-
cipit diam. Ut volutpat, dolor at ullamcorp-
er tristique, eros purus mollis quam, sit amet
ornare ante nunc et enim.
Phasellus fringilla, metus id feugiat con-
sectetuer, lacus wisi ultrices tellus, quis lobor-
tis nibh lorem quis tortor. Donec egestas
ornare nulla. Mauris mi tellus, porta fau-
cibus, dictum vel, nonummy in, est. Ali-
quam erat volutpat. In tellus magna, port-
titor lacinia, molestie vitae, pellentesque eu,
justo. Class aptent taciti sociosqu ad litora
torquent per conubia nostra, per inceptos hy-
menaeos. Sed orci nibh, scelerisque sit amet,
suscipit sed, placerat vel, diam. Vestibulum
nonummy vulputate orci. Donec et velit ac ar-
cu interdum semper. Morbi pede orci, cursus
ac, elementum non, vehicula ut, lacus. Cras
volutpat. Nam vel wisi quis libero venenatis
placerat. Aenean sed odio. Quisque posuere
purus ac orci. Vivamus odio. Vivamus var-
ius, nulla sit amet semper viverra, odio mau-
ris consequat lacus, at vestibulum neque arcu
eu tortor. Donec iaculis tincidunt tellus. Ali-
quam erat volutpat. Curabitur magna lorem,
dignissim volutpat, viverra et, adipiscing nec,
dolor. Praesent lacus mauris, dapibus vitae,
sollicitudin sit amet, nonummy eget, ligula.
Cras egestas ipsum a nisl. Vivamus varius do-
lor ut dolor. Fusce vel enim. Pellentesque
accumsan ligula et eros. Cras id lacus non
tortor facilisis facilisis. Etiam nisl elit, cur-
sus sed, fringilla in, congue nec, urna. Cum
sociis natoque penatibus et magnis dis par-
turient montes, nascetur ridiculus mus. In-
teger at turpis. Cum sociis natoque penati-
bus et magnis dis parturient montes, nascetur
ridiculus mus. Duis fringilla, ligula sed porta
fringilla, ligula wisi commodo felis, ut adipisc-
ing felis dui in enim. Suspendisse malesuada
ultrices ante. Pellentesque scelerisque augue
sit amet urna. Nulla volutpat aliquet tortor.
Cras aliquam, tellus at aliquet pellentesque,
justo sapien commodo leo, id rhoncus sapien
quam at erat. Nulla commodo, wisi eget sol-
licitudin pretium, orci orci aliquam orci, ut
cursus turpis justo et lacus. Nulla vel tor-
tor. Quisque erat elit, viverra sit amet, sagittis
eget, porta sit amet, lacus.
In hac habitasse platea dictumst. Proin at est.
Curabitur tempus vulputate elit. Pellentesque
sem. Praesent eu sapien. Duis elit magna, ali-
quet at, tempus sed, vehicula non, enim. Mor-
bi viverra arcu nec purus. Vivamus fringilla,
enim et commodo malesuada, tortor metus el-
ementum ligula, nec aliquet est sapien ut lec-
tus. Aliquam mi. Ut nec elit. Fusce euismod
luctus tellus. Curabitur scelerisque. Nullam
purus. Nam ultricies accumsan magna. Morbi
pulvinar lorem sit amet ipsum. Donec ut jus-
to vitae nibh mollis congue. Fusce quis diam.
Praesent tempus eros ut quam.
Donec in nisl. Fusce vitae est. Vivamus ante
ante, mattis laoreet, posuere eget, congue vel,
nunc. Fusce sem. Nam vel orci eu eros viver-
ra luctus. Pellentesque sit amet augue. Nunc
sit amet ipsum et lacus varius nonummy. In-
teger rutrum sem eget wisi. Aenean eu sapien.
Quisque ornare dignissim mi. Duis a urna vel
risus pharetra imperdiet. Suspendisse potenti.
Morbi justo. Aenean nec dolor. In hac
habitasse platea dictumst. Proin nonummy
porttitor velit. Sed sit amet leo nec metus
rhoncus varius. Cras ante. Vestibulum com-
modo sem tincidunt massa. Nam justo. Ae-
nean luctus, felis et condimentum lacinia, lec-
tus enim pulvinar purus, non porta velit nisl
sed eros. Suspendisse consequat. Mauris a dui
et tortor mattis pretium. Sed nulla metus, vo-
lutpat id, aliquam eget, ullamcorper ut, ipsum.
Morbi eu nunc. Praesent pretium. Duis ali-
quam pulvinar ligula. Ut blandit egestas justo.
Quisque posuere metus viverra pede.
Vivamus sodales elementum neque. Viva-
mus dignissim accumsan neque. Sed at enim.
Vestibulum nonummy interdum purus. Mau-
ris ornare velit id nibh pretium ultricies. Fusce
tempor pellentesque odio. Vivamus augue pu-
rus, laoreet in, scelerisque vel, commodo id,
wisi. Duis enim. Nulla interdum, nunc eu sem-
per eleifend, enim dolor pretium elit, ut com-
modo ligula nisl a est. Vivamus ante. Nulla
leo massa, posuere nec, volutpat vitae, rhon-
cus eu, magna.
Quisque facilisis auctor sapien. Pellentesque
gravida hendrerit lectus. Mauris rutrum so-
dales sapien. Fusce hendrerit sem vel lorem.
Integer pellentesque massa vel augue. Integer
elit tortor, feugiat quis, sagittis et, ornare non,
lacus. Vestibulum posuere pellentesque eros.
Quisque venenatis ipsum dictum nulla. Ali-
quam quis quam non metus eleifend interdum.
Nam eget sapien ac mauris malesuada adipisc-
ing. Etiam eleifend neque sed quam. Nulla
facilisi. Proin a ligula. Sed id dui eu nibh
egestas tincidunt. Suspendisse arcu.
Maecenas dui. Aliquam volutpat auctor lorem.
Cras placerat est vitae lectus. Curabitur
massa lectus, rutrum euismod, dignissim ut,
dapibus a, odio. Ut eros erat, vulputate ut, in-
terdum non, porta eu, erat. Cras fermentum,
felis in porta congue, velit leo facilisis odio, vi-
tae consectetuer lorem quam vitae orci. Sed
ultrices, pede eu placerat auctor, ante ligula
rutrum tellus, vel posuere nibh lacus nec nibh.
Maecenas laoreet dolor at enim. Donec mo-
lestie dolor nec metus. Vestibulum libero. Sed
quis erat. Sed tristique. Duis pede leo, fer-
mentum quis, consectetuer eget, vulputate sit
amet, erat.
Donec vitae velit. Suspendisse porta fermen-
tum mauris. Ut vel nunc non mauris phare-
tra varius. Duis consequat libero quis urna.
Maecenas at ante. Vivamus varius, wisi sed
egestas tristique, odio wisi luctus nulla, lobor-
tis dictum dolor ligula in lacus. Vivamus ali-
quam, urna sed interdum porttitor, metus orci
interdum odio, sit amet euismod lectus felis et
leo. Praesent ac wisi. Nam suscipit vestibu-
lum sem. Praesent eu ipsum vitae pede cursus
venenatis. Duis sed odio. Vestibulum eleifend.
Nulla ut massa. Proin rutrum mattis sapien.
Curabitur dictum gravida ante.
Phasellus placerat vulputate quam. Maece-
nas at tellus. Pellentesque neque diam, dig-
nissim ac, venenatis vitae, consequat ut, lacus.
Nam nibh. Vestibulum fringilla arcu mollis ar-
cu. Sed et turpis. Donec sem tellus, volut-
pat et, varius eu, commodo sed, lectus. Lorem
ipsum dolor sit amet, consectetuer adipiscing
elit. Quisque enim arcu, suscipit nec, tempus
at, imperdiet vel, metus. Morbi volutpat pu-
rus at erat. Donec dignissim, sem id semper
tempus, nibh massa eleifend turpis, sed pellen-
tesque wisi purus sed libero. Nullam lobortis
tortor vel risus. Pellentesque consequat nulla
eu tellus. Donec velit. Aliquam fermentum,
wisi ac rhoncus iaculis, tellus nunc malesuada
orci, quis volutpat dui magna id mi. Nunc vel
ante. Duis vitae lacus. Cras nec ipsum.
Morbi nunc. Aliquam consectetuer varius nul-
la. Phasellus eros. Cras dapibus porttitor ris-
us. Maecenas ultrices mi sed diam. Praesent
gravida velit at elit vehicula porttitor. Phasel-
lus nisl mi, sagittis ac, pulvinar id, gravida sit
amet, erat. Vestibulum est. Lorem ipsum do-
lor sit amet, consectetuer adipiscing elit. Cur-
abitur id sem elementum leo rutrum hendrerit.
Ut at mi. Donec tincidunt faucibus massa.
Sed turpis quam, sollicitudin a, hendrerit eget,
pretium ut, nisl. Duis hendrerit ligula. Nunc
pulvinar congue urna.
Nunc velit. Nullam elit sapien, eleifend eu,
commodo nec, semper sit amet, elit. Nulla lec-
tus risus, condimentum ut, laoreet eget, viver-
ra nec, odio. Proin lobortis. Curabitur dictum
arcu vel wisi. Cras id nulla venenatis tortor
congue ultrices. Pellentesque eget pede. Sed
eleifend sagittis elit. Nam sed tellus sit amet
lectus ullamcorper tristique. Mauris enim sem,
tristique eu, accumsan at, scelerisque vulpu-
tate, neque. Quisque lacus. Donec et ipsum sit
amet elit nonummy aliquet. Sed viverra nisl at
sem. Nam diam. Mauris ut dolor. Curabitur
ornare tortor cursus velit.
Morbi tincidunt posuere arcu. Cras venenatis
est vitae dolor. Vivamus scelerisque semper
mi. Donec ipsum arcu, consequat scelerisque,
viverra id, dictum at, metus. Lorem ipsum
dolor sit amet, consectetuer adipiscing elit. Ut
pede sem, tempus ut, porttitor bibendum, mo-
lestie eu, elit. Suspendisse potenti. Sed id lec-
tus sit amet purus faucibus vehicula. Praesen-
t sed sem non dui pharetra interdum. Nam
viverra ultrices magna.
Aenean laoreet aliquam orci. Nunc interdum
elementum urna. Quisque erat. Nullam tem-
por neque. Maecenas velit nibh, scelerisque a,
consequat ut, viverra in, enim. Duis magna.
Donec odio neque, tristique et, tincidunt eu,
rhoncus ac, nunc. Mauris malesuada malesua-
da elit. Etiam lacus mauris, pretium vel, blan-
dit in, ultricies id, libero. Phasellus bibendum
erat ut diam. In congue imperdiet lectus.
Aenean scelerisque. Fusce pretium porttitor
lorem. In hac habitasse platea dictumst. Nulla
sit amet nisl at sapien egestas pretium. Nunc
non tellus. Vivamus aliquet. Nam adipiscing
euismod dolor. Aliquam erat volutpat. Nul-
la ut ipsum. Quisque tincidunt auctor au-
gue. Nunc imperdiet ipsum eget elit. Ali-
quam quam leo, consectetuer non, ornare sit
amet, tristique quis, felis. Vestibulum ante ip-
sum primis in faucibus orci luctus et ultrices
posuere cubilia Curae; Pellentesque interdum
quam sit amet mi. Pellentesque mauris dui,
dictum a, adipiscing ac, fermentum sit amet,
lorem.
Ut quis wisi. Praesent quis massa. Vivamus
egestas risus eget lacus. Nunc tincidunt, risus
quis bibendum facilisis, lorem purus rutrum
neque, nec porta tortor urna quis orci. Ae-
nean aliquet, libero semper volutpat luctus,
pede erat lacinia augue, quis rutrum sem ip-
sum sit amet pede. Vestibulum aliquet, nibh
sed iaculis sagittis, odio dolor blandit augue,
eget mollis urna tellus id tellus. Aenean ali-
quet aliquam nunc. Nulla ultricies justo eget
orci. Phasellus tristique fermentum leo. Sed
massa metus, sagittis ut, semper ut, pharetra
vel, erat. Aliquam quam turpis, egestas vel,
elementum in, egestas sit amet, lorem. Duis
convallis, wisi sit amet mollis molestie, libero
mauris porta dui, vitae aliquam arcu turpis ac
sem. Aliquam aliquet dapibus metus.
Vivamus commodo eros eleifend dui. Vestibu-
lum in leo eu erat tristique mattis. Cras at
elit. Cras pellentesque. Nullam id lacus sit
amet libero aliquet hendrerit. Proin placerat,
mi non elementum laoreet, eros elit tincidun-
t magna, a rhoncus sem arcu id odio. Nul-
la eget leo a leo egestas facilisis. Curabitur
quis velit. Phasellus aliquam, tortor nec ornare
rhoncus, purus urna posuere velit, et commo-
do risus tellus quis tellus. Vivamus leo turpis,
tempus sit amet, tristique vitae, laoreet quis,
odio. Proin scelerisque bibendum ipsum. Eti-
am nisl. Praesent vel dolor. Pellentesque vel
magna. Curabitur urna. Vivamus congue ur-
na in velit. Etiam ullamcorper elementum dui.
Praesent non urna. Sed placerat quam non mi.
Pellentesque diam magna, ultricies eget, ultri-
ces placerat, adipiscing rutrum, sem.
Morbi sem. Nulla facilisi. Vestibulum ante
ipsum primis in faucibus orci luctus et ultri-
ces posuere cubilia Curae; Nulla facilisi. Mor-
bi sagittis ultrices libero. Praesent eu ligula
sed sapien auctor sagittis. Class aptent taciti
sociosqu ad litora torquent per conubia nos-
tra, per inceptos hymenaeos. Donec vel nunc.
Nunc fermentum, lacus id aliquam porta, dui
tortor euismod eros, vel molestie ipsum purus
eu lacus. Vivamus pede arcu, euismod ac, tem-
pus id, pretium et, lacus. Curabitur sodales
dapibus urna. Nunc eu sapien. Donec eget
nunc a pede dictum pretium. Proin mauris.
Vivamus luctus libero vel nibh.
Fusce tristique risus id wisi. Integer molestie
massa id sem. Vestibulum vel dolor. Pel-
lentesque vel urna vel risus ultricies elemen-
tum. Quisque sapien urna, blandit nec, iaculis
ac, viverra in, odio. In hac habitasse platea
dictumst. Morbi neque lacus, convallis vitae,
commodo ac, fermentum eu, velit. Sed in or-
ci. In fringilla turpis non arcu. Donec in ante.
Phasellus tempor feugiat velit. Aenean var-
ius massa non turpis. Vestibulum ante ipsum
primis in faucibus orci luctus et ultrices po-
suere cubilia Curae;
Aliquam tortor. Morbi ipsum massa, imperdi-
et non, consectetuer vel, feugiat vel, lorem.
Quisque eget lorem nec elit malesuada vestibu-
lum. Quisque sollicitudin ipsum vel sem. Nul-
la enim. Proin nonummy felis vitae felis. Nul-
lam pellentesque. Duis rutrum feugiat fe-
lis. Mauris vel pede sed libero tincidunt mol-
lis. Phasellus sed urna rhoncus diam euismod
bibendum. Phasellus sed nisl. Integer condi-
mentum justo id orci iaculis varius. Quisque et
lacus. Phasellus elementum, justo at dignissim
auctor, wisi odio lobortis arcu, sed sollicitudin
felis felis eu neque. Praesent at lacus.
Vivamus sit amet pede. Duis interdum, nunc
eget rutrum dignissim, nisl diam luctus leo,
et tincidunt velit nisl id tellus. In lorem tel-
lus, aliquet vitae, porta in, aliquet sed, lectus.
Phasellus sodales. Ut varius scelerisque erat.
In vel nibh eu eros imperdiet rutrum. Donec
ac odio nec neque vulputate suscipit. Nam nec
magna. Pellentesque habitant morbi tristique
senectus et netus et malesuada fames ac turpis
egestas. Nullam porta, odio et sagittis iaculis,
wisi neque fringilla sapien, vel commodo lorem
lorem id elit. Ut sem lectus, scelerisque eget,
placerat et, tincidunt scelerisque, ligula. Pel-
lentesque non orci.
Etiam vel ipsum. Morbi facilisis vestibulum
nisl. Praesent cursus laoreet felis. Integer
adipiscing pretium orci. Nulla facilisi. Quisque
posuere bibendum purus. Nulla quam mauris,
cursus eget, convallis ac, molestie non, enim.
Aliquam congue. Quisque sagittis nonummy
sapien. Proin molestie sem vitae urna. Mae-
cenas lorem. Vivamus viverra consequat enim.
Nunc sed pede. Praesent vitae lectus. Prae-
sent neque justo, vehicula eget, interdum id,
facilisis et, nibh. Phasellus at purus et libero
lacinia dictum. Fusce aliquet. Nulla eu ante
placerat leo semper dictum. Mauris metus.
Curabitur lobortis. Curabitur sollicitudin hen-
drerit nunc. Donec ultrices lacus id ipsum.
Donec a nibh ut elit vestibulum tristique. In-
teger at pede. Cras volutpat varius magna.
Phasellus eu wisi. Praesent risus justo, lobor-
tis eget, scelerisque ac, aliquet in, dolor. Proin
id leo. Nunc iaculis, mi vitae accumsan com-
modo, neque sem lacinia nulla, quis vestibulum
justo sem in eros. Quisque sed massa. Morbi
lectus ipsum, vulputate a, mollis ut, accumsan
placerat, tellus. Nullam in wisi. Vivamus eu
ligula a nunc accumsan congue. Suspendisse
ac libero. Aliquam erat volutpat. Donec au-
gue. Nunc venenatis fringilla nibh. Fusce ac-
cumsan pulvinar justo. Nullam semper, dui ut
dignissim auctor, orci libero fringilla massa, b-
landit pulvinar pede tortor id magna. Nunc
adipiscing justo sed velit tincidunt fermentum.
Integer placerat. Pellentesque habitant morbi
tristique senectus et netus et malesuada fames
ac turpis egestas. Sed in massa. Class aptent
taciti sociosqu ad litora torquent per conubi-
a nostra, per inceptos hymenaeos. Phasellus
tempus aliquam risus. Aliquam rutrum purus
at metus. Donec posuere odio at erat. Nam
non nibh. Phasellus ligula. Quisque vene-
natis lectus in augue. Sed vestibulum dapibus
neque.
Mauris tempus eros at nulla. Sed quis dui dig-
nissim mauris pretium tincidunt. Mauris ac
purus. Phasellus ac libero. Etiam dapibus ia-
culis nunc. In lectus wisi, elementum eu, sollic-
itudin nec, imperdiet quis, dui. Nulla viverra
neque ac libero. Mauris urna leo, adipiscing
eu, ultrices non, blandit eu, dui. Maecenas
dui neque, suscipit sit amet, rutrum a, laoreet
in, eros. Ut eu nibh. Fusce nec erat tempus
urna fringilla tempus. Curabitur id enim. Sed
ante. Cras sodales enim sit amet wisi. Nunc
fermentum consequat quam.
Ut auctor, augue porta dignissim vestibulum,
arcu diam lobortis velit, vel scelerisque ris-
us augue sagittis risus. Maecenas eu justo.
Pellentesque habitant morbi tristique senectus
et netus et malesuada fames ac turpis eges-
tas. Mauris congue ligula eget tortor. Nul-
lam laoreet urna sed enim. Donec eget eros ut
eros volutpat convallis. Praesent turpis. Inte-
ger mauris diam, elementum quis, egestas ac,
rutrum vel, orci. Nulla facilisi. Quisque adip-
iscing, nulla vitae elementum porta, sem urna
volutpat leo, sed porta enim risus sed massa.
Integer ac enim quis diam sodales luctus. Ut
eget eros a ligula commodo ultricies. Donec eu
urna viverra dolor hendrerit feugiat. Aliquam
ac orci vel eros congue pharetra. Quisque
rhoncus, justo eu volutpat faucibus, augue leo
posuere lacus, a rhoncus purus pede vel est.
Proin ultrices enim.
Aenean tincidunt laoreet dui. Vestibulum ante
ipsum primis in faucibus orci luctus et ultri-
ces posuere cubilia Curae; Integer ipsum lec-
tus, fermentum ac, malesuada in, eleifend ut,
lorem. Vivamus ipsum turpis, elementum vel,
hendrerit ut, semper at, metus. Vivamus sapi-
en tortor, eleifend id, dapibus in, egestas et,
pede. Pellentesque faucibus. Praesent lorem
neque, dignissim in, facilisis nec, hendrerit vel,
odio. Nam at diam ac neque aliquet viver-
ra. Morbi dapibus ligula sagittis magna. In
lobortis. Donec aliquet ultricies libero. Nunc
dictum vulputate purus. Morbi varius. Lorem
ipsum dolor sit amet, consectetuer adipiscing
elit. In tempor. Phasellus commodo porttitor
magna. Curabitur vehicula odio vel dolor.
Praesent facilisis, augue a adipiscing vene-
natis, libero risus molestie odio, pulvinar con-
sectetuer felis erat ac mauris. Nam vestibu-
lum rhoncus quam. Sed velit urna, pharetra
eu, eleifend eu, viverra at, wisi. Maecenas ul-
trices nibh at turpis. Aenean quam. Nulla
ipsum. Aliquam posuere luctus erat. Cur-
abitur magna felis, lacinia et, tristique id, ul-
trices ut, mauris. Suspendisse feugiat. Cras
eleifend wisi vitae tortor. Phasellus leo purus,
mattis sit amet, auctor in, rutrum in, magna.
In hac habitasse platea dictumst. Phasellus
imperdiet metus in sem. Vestibulum ac enim
non sem ultricies sagittis. Sed vel diam.
Integer vel enim sed turpis adipiscing biben-
dum. Vestibulum pede dolor, laoreet nec, po-
suere in, nonummy in, sem. Donec imperdiet
sapien placerat erat. Donec viverra. Aliquam
eros. Nunc consequat massa id leo. Sed ullam-
corper, lorem in sodales dapibus, risus metus
sagittis lorem, non porttitor purus odio nec o-
dio. Sed tincidunt posuere elit. Quisque eu
enim. Donec libero risus, feugiat ac, dapibus
eget, posuere a, felis. Quisque vel lectus ut me-
tus tincidunt eleifend. Duis ut pede. Duis velit
erat, venenatis vitae, vulputate a, pharetra sit
amet, est. Etiam fringilla faucibus augue.
Aenean velit sem, viverra eu, tempus id,
rutrum id, mi. Nullam nec nibh. Proin ullam-
corper, dolor in cursus tristique, eros augue
tempor nibh, at gravida diam wisi at purus.
Donec mattis ullamcorper tellus. Phasellus vel
nulla. Praesent interdum, eros in sodales sol-
licitudin, nunc nulla pulvinar justo, a euismod
eros sem nec nibh. Nullam sagittis dapibus
lectus. Nullam eget ipsum eu tortor lobortis
sodales. Etiam purus leo, pretium nec, feu-
giat non, ullamcorper vel, nibh. Sed vel elit
et quam accumsan facilisis. Nunc leo. Sus-
pendisse faucibus lacus.
Pellentesque interdum sapien sed nulla. Proin
tincidunt. Aliquam volutpat est vel massa.
Sed dolor lacus, imperdiet non, ornare non,
commodo eu, neque. Integer pretium sem-
per justo. Proin risus. Nullam id quam.
Nam neque. Duis vitae wisi ullamcorper di-
am congue ultricies. Quisque ligula. Mauris
vehicula.
Curabitur nunc magna, posuere eget, vene-
natis eu, vehicula ac, velit. Aenean ornare,
massa a accumsan pulvinar, quam lorem
laoreet purus, eu sodales magna risus molestie
lorem. Nunc erat velit, hendrerit quis, male-
suada ut, aliquam vitae, wisi. Sed posuere.
Suspendisse ipsum arcu, scelerisque nec, ali-
quam eu, molestie tincidunt, justo. Phasellus
iaculis. Sed posuere lorem non ipsum. Pel-
lentesque dapibus. Suspendisse quam libero,
laoreet a, tincidunt eget, consequat at, est.
Nullam ut lectus non enim consequat facili-
sis. Mauris leo. Quisque pede ligula, auctor
vel, pellentesque vel, posuere id, turpis. Cras
ipsum sem, cursus et, facilisis ut, tempus eu-
ismod, quam. Suspendisse tristique dolor eu
orci. Mauris mattis. Aenean semper. Viva-
mus tortor magna, facilisis id, varius mattis,
hendrerit in, justo. Integer purus.
Vivamus adipiscing. Curabitur imperdiet tem-
pus turpis. Vivamus sapien dolor, congue ve-
nenatis, euismod eget, porta rhoncus, magna.
Proin condimentum pretium enim. Fusce
fringilla, libero et venenatis facilisis, eros en-
im cursus arcu, vitae facilisis odio augue vitae
orci. Aliquam varius nibh ut odio. Sed condi-
mentum condimentum nunc. Pellentesque
eget massa. Pellentesque quis mauris. Donec
ut ligula ac pede pulvinar lobortis. Pellen-
tesque euismod. Class aptent taciti sociosqu
ad litora torquent per conubia nostra, per in-
ceptos hymenaeos. Praesent elit. Ut laoreet
ornare est. Phasellus gravida vulputate nulla.
Donec sit amet arcu ut sem tempor malesua-
da. Praesent hendrerit augue in urna. Proin
enim ante, ornare vel, consequat ut, blandit
in, justo. Donec felis elit, dignissim sed, sagit-
tis ut, ullamcorper a, nulla. Aenean pharetra
vulputate odio.
Quisque enim. Proin velit neque, tristique eu,
eleifend eget, vestibulum nec, lacus. Vivamus
odio. Duis odio urna, vehicula in, elementum
aliquam, aliquet laoreet, tellus. Sed velit. Sed
vel mi ac elit aliquet interdum. Etiam sapi-
en neque, convallis et, aliquet vel, auctor non,
arcu. Aliquam suscipit aliquam lectus. Proin
tincidunt magna sed wisi. Integer blandit la-
cus ut lorem. Sed luctus justo sed enim.
Morbi malesuada hendrerit dui. Nunc mauris
leo, dapibus sit amet, vestibulum et, commodo
id, est. Pellentesque purus. Pellentesque tris-
tique, nunc ac pulvinar adipiscing, justo eros
consequat lectus, sit amet posuere lectus neque
vel augue. Cras consectetuer libero ac eros. Ut
eget massa. Fusce sit amet enim eleifend sem
dictum auctor. In eget risus luctus wisi conva-
llis pulvinar. Vivamus sapien risus, tempor in,
viverra in, aliquet pellentesque, eros. Aliquam
euismod libero a sem.
Nunc velit augue, scelerisque dignissim, lobor-
tis et, aliquam in, risus. In eu eros. Vestibu-
lum ante ipsum primis in faucibus orci luctus
et ultrices posuere cubilia Curae; Curabitur
vulputate elit viverra augue. Mauris fringilla,
tortor sit amet malesuada mollis, sapien mi
dapibus odio, ac imperdiet ligula enim eget
nisl. Quisque vitae pede a pede aliquet sus-
cipit. Phasellus tellus pede, viverra vestibu-
lum, gravida id, laoreet in, justo. Cum soci-
is natoque penatibus et magnis dis parturient
montes, nascetur ridiculus mus. Integer com-
modo luctus lectus. Mauris justo. Duis var-
ius eros. Sed quam. Cras lacus eros, rutrum
eget, varius quis, convallis iaculis, velit. Mau-
ris imperdiet, metus at tristique venenatis, pu-
rus neque pellentesque mauris, a ultrices elit
lacus nec tortor. Class aptent taciti sociosqu
ad litora torquent per conubia nostra, per in-
ceptos hymenaeos. Praesent malesuada. Nam
lacus lectus, auctor sit amet, malesuada vel,
elementum eget, metus. Duis neque pede, fa-
cilisis eget, egestas elementum, nonummy id,
neque.
Proin non sem. Donec nec erat. Proin libero.
Aliquam viverra arcu. Donec vitae purus.
Donec felis mi, semper id, scelerisque porta,
sollicitudin sed, turpis. Nulla in urna. Integer
varius wisi non elit. Etiam nec sem. Mau-
ris consequat, risus nec congue condimentum,
ligula ligula suscipit urna, vitae porta odio er-
at quis sapien. Proin luctus leo id erat. Etiam
massa metus, accumsan pellentesque, sagittis
sit amet, venenatis nec, mauris. Praesent ur-
na eros, ornare nec, vulputate eget, cursus sed,
justo. Phasellus nec lorem. Nullam ligula ligu-
la, mollis sit amet, faucibus vel, eleifend ac,
dui. Aliquam erat volutpat.
Fusce vehicula, tortor et gravida porttitor, me-
tus nibh congue lorem, ut tempus purus mau-
ris a pede. Integer tincidunt orci sit amet
turpis. Aenean a metus. Aliquam vestibulum
lobortis felis. Donec gravida. Sed sed urna.
Mauris et orci. Integer ultrices feugiat ligu-
la. Sed dignissim nibh a massa. Donec orci
dui, tempor sed, tincidunt nonummy, viverra
sit amet, turpis. Quisque lobortis. Proin vene-
natis tortor nec wisi. Vestibulum placerat. In
hac habitasse platea dictumst. Aliquam por-
ta mi quis risus. Donec sagittis luctus diam.
Nam ipsum elit, imperdiet vitae, faucibus nec,
fringilla eget, leo. Etiam quis dolor in sapien
porttitor imperdiet.
Cras pretium. Nulla malesuada ipsum ut
libero. Suspendisse gravida hendrerit tellus.
Maecenas quis lacus. Morbi fringilla. Vestibu-
lum odio turpis, tempor vitae, scelerisque a,
dictum non, massa. Praesent erat felis, por-
ta sit amet, condimentum sit amet, placer-
at et, turpis. Praesent placerat lacus a en-
im. Vestibulum non eros. Ut congue. Donec
tristique varius tortor. Pellentesque habitant
morbi tristique senectus et netus et malesuada
fames ac turpis egestas. Nam dictum dictum
urna.
Phasellus vestibulum orci vel mauris. Fusce
quam leo, adipiscing ac, pulvinar eget, mo-
lestie sit amet, erat. Sed diam. Suspendisse
eros leo, tempus eget, dapibus sit amet, tem-
pus eu, arcu. Vestibulum wisi metus, dapibus
vel, luctus sit amet, condimentum quis, leo.
Suspendisse molestie. Duis in ante. Ut so-
dales sem sit amet mauris. Suspendisse ornare
pretium orci. Fusce tristique enim eget mi.
Vestibulum eros elit, gravida ac, pharetra sed,
lobortis in, massa. Proin at dolor. Duis ac-
cumsan accumsan pede. Nullam blandit elit
in magna lacinia hendrerit. Ut nonummy luc-
tus eros. Fusce eget tortor.
Ut sit amet magna. Cras a ligula eu urna
dignissim viverra. Nullam tempor leo porta
ipsum. Praesent purus. Nullam consequat.
Mauris dictum sagittis dui. Vestibulum sol-
licitudin consectetuer wisi. In sit amet diam.
Nullam malesuada pharetra risus. Proin lacus
arcu, eleifend sed, vehicula at, congue sit amet,
sem. Sed sagittis pede a nisl. Sed tincidunt o-
dio a pede. Sed dui. Nam eu enim. Aliquam
sagittis lacus eget libero. Pellentesque diam
sem, sagittis molestie, tristique et, fermentum
ornare, nibh. Nulla et tellus non felis imperdi-
et mattis. Aliquam erat volutpat.
Vestibulum sodales ipsum id augue. Integer
ipsum pede, convallis sit amet, tristique vi-
tae, tempor ut, nunc. Nam non ligula non
lorem convallis hendrerit. Maecenas hendrerit.
Sed magna odio, aliquam imperdiet, porta ac,
aliquet eget, mi. Cum sociis natoque penati-
bus et magnis dis parturient montes, nascetur
ridiculus mus. Vestibulum nisl sem, dignissim
vel, euismod quis, egestas ut, orci. Nunc vi-
tae risus vel metus euismod laoreet. Cras sit
amet neque a turpis lobortis auctor. Sed ali-
quam sem ac elit. Cras velit lectus, facilisis
id, dictum sed, porta rutrum, nisl. Nam hen-
drerit ipsum sed augue. Nullam scelerisque
hendrerit wisi. Vivamus egestas arcu sed pu-
rus. Ut ornare lectus sed eros. Suspendisse
potenti. Mauris sollicitudin pede vel velit. In
hac habitasse platea dictumst.
Suspendisse erat mauris, nonummy eget,
pretium eget, consequat vel, justo. Pellen-
tesque consectetuer erat sed lacus. Nullam
egestas nulla ac dui. Donec cursus rhoncus
ipsum. Nunc et sem eu magna egestas male-
suada. Vivamus dictum massa at dolor. Mor-
bi est nulla, faucibus ac, posuere in, interdum
ut, sapien. Proin consectetuer pretium urna.
Donec sit amet nibh nec purus dignissim mat-
tis. Phasellus vehicula elit at lacus. Nulla fa-
cilisi. Cras ut arcu. Sed consectetuer. Integer
tristique elit quis felis consectetuer eleifend.
Cras et lectus.
Ut congue malesuada justo. Curabitur congue,
felis at hendrerit faucibus, mauris lacus port-
titor pede, nec aliquam turpis diam feugiat ar-
cu. Nullam rhoncus ipsum at risus. Vestibu-
lum a dolor sed dolor fermentum vulputate.
Sed nec ipsum dapibus urna bibendum lobor-
tis. Vestibulum elit. Nam ligula arcu, volutpat
eget, lacinia eu, lobortis ac, urna. Nam mol-
lis ultrices nulla. Cras vulputate. Suspendisse
at risus at metus pulvinar malesuada. Nullam
lacus. Aliquam tempus magna. Aliquam ut
purus. Proin tellus.
Vestibulum ante ipsum primis in faucibus orci
luctus et ultrices posuere cubilia Curae; Donec
scelerisque metus. Maecenas non mi ut metus
porta hendrerit. Nunc semper. Cras quis wisi
ut lorem posuere tristique. Nunc vestibulum
scelerisque nulla. Suspendisse pharetra sollic-
itudin ante. Praesent at augue sit amet ante
interdum porta. Nunc bibendum augue luctus
diam. Etiam nec sem. Sed eros turpis, facilisis
nec, vehicula vitae, aliquam sed, nulla. Cur-
abitur justo leo, vestibulum eget, tristique ut,
tempus at, nisl.
Nulla venenatis lorem id arcu. Morbi cur-
sus urna a ipsum. Donec porttitor. Integer
eleifend, est non mattis malesuada, mi nulla
convallis mi, et auctor lectus sapien ut pu-
rus. Aliquam nulla augue, pharetra sit amet,
faucibus semper, molestie vel, nibh. Pellen-
tesque vestibulum magna et mi. Sed fringilla
dolor vel tellus. Nunc libero nunc, venenatis
eget, convallis hendrerit, iaculis elementum,
mi. Nullam aliquam, felis et accumsan vehic-
ula, magna justo vehicula diam, eu condimen-
tum nisl felis et nunc. Quisque volutpat mauris
a velit. Pellentesque massa. Integer at lorem.
Nam metus erat, lacinia id, convallis ut, pul-
vinar non, wisi. Cras iaculis mauris ut neque.
Cras sodales, sem vitae imperdiet consequat,
pede purus sollicitudin urna, ac aliquam metus
orci in leo. Ut molestie ultrices mauris. Viva-
mus vitae sem. Aliquam erat volutpat. Prae-
sent commodo, nisl ac dapibus aliquet, tortor
orci sodales lorem, non ornare nulla lorem quis
nisl.
Sed at sem vitae purus ultrices vestibulum.
Vestibulum tincidunt lacus et ligula. Pel-
lentesque vitae elit. Vestibulum ante ipsum
primis in faucibus orci luctus et ultrices po-
suere cubilia Curae; Duis ornare, erat eget
laoreet vulputate, lacus ipsum suscipit turpis,
et bibendum nisl orci non lectus. Vestibu-
lum nec risus nec libero fermentum fringilla.
Morbi non velit in magna gravida hendrerit.
Pellentesque quis lectus. Vestibulum eleifend
lobortis leo. Vestibulum non augue. Vivamus
dictum tempor dui. Maecenas at ligula id fe-
lis congue porttitor. Nulla leo magna, egestas
quis, vulputate sit amet, viverra id, velit.
Ut lectus lectus, ultricies sit amet, semper
eget, laoreet non, ante. Proin at massa quis
nunc rhoncus mattis. Aliquam lorem. Cur-
abitur pharetra dui at neque. Aliquam eu tel-
lus. Aenean tempus, felis vitae vulputate ia-
culis, est dolor faucibus urna, in viverra wisi
neque non risus. Fusce vel dolor nec sapien
pretium nonummy. Integer faucibus massa ac
nulla ornare venenatis. Nulla quis sapien. Sed
tortor. Phasellus eget mi. Cras nunc. Cras a
enim.
Quisque nisl. In dignissim dapibus massa. Ae-
nean sem magna, scelerisque nec, ullamcorper
quis, porttitor ut, lectus. Fusce dignissim fa-
cilisis tortor. Vivamus gravida felis sit amet
nunc. Nam pulvinar odio vel enim. Pellen-
tesque sit amet est. Vivamus pulvinar leo non
sapien. Aliquam erat volutpat. Ut elementum
auctor metus. Mauris vestibulum neque vitae
eros. Pellentesque aliquam quam. Donec ve-
nenatis tristique purus. In nisl. Nulla velit
libero, fermentum at, porta a, feugiat vitae,
urna. Etiam aliquet ornare ipsum. Proin non
dolor. Aenean nunc ligula, venenatis suscipit,
porttitor sit amet, mattis suscipit, magna. Vi-
vamus egestas viverra est. Morbi at risus sed
sapien sodales pretium.
Morbi congue congue metus. Aenean sed pu-
rus. Nam pede magna, tristique nec, porta
id, sollicitudin quis, sapien. Vestibulum blan-
dit. Suspendisse ut augue ac nibh ullamcorper
posuere. Integer euismod, neque at eleifend
fringilla, augue elit ornare dolor, vel tincidunt
purus est id lacus. Vivamus lorem dui, commo-
do quis, scelerisque eu, tincidunt non, magna.
Cras sodales. Quisque vestibulum pulvinar di-
am. Phasellus tincidunt, leo vitae tristique fa-
cilisis, ipsum wisi interdum sem, dapibus sem-
per nulla velit vel lectus. Cras dapibus mauris
et augue. Quisque cursus nulla in libero. Sus-
pendisse et lorem sit amet mauris malesuada
mollis. Nullam id justo. Maecenas venenatis.
Donec lacus arcu, egestas ac, fermentum con-
sectetuer, tempus eu, metus. Proin sodales,
sem in pretium fermentum, arcu sapien com-
modo mauris, venenatis consequat augue ur-
na in wisi. Quisque sapien nunc, varius eget,
condimentum quis, lacinia in, est. Fusce facil-
isis. Praesent nec ipsum.
Suspendisse a dolor. Nam erat eros, congue
eget, sagittis a, lacinia in, pede. Maecenas
in elit. Proin molestie varius nibh. Vivamus
tristique purus sed augue. Proin egestas sem-
per tortor. Vestibulum ante ipsum primis in
faucibus orci luctus et ultrices posuere cubil-
ia Curae; Class aptent taciti sociosqu ad l-
itora torquent per conubia nostra, per incep-
tos hymenaeos. Vestibulum orci enim, sagittis
ornare, eleifend ut, mattis at, ligula. Nulla
molestie convallis arcu. Ut eros tellus, condi-
mentum at, sodales in, ultrices vel, nulla.
Duis magna ante, bibendum eget, eleifend
eget, suscipit sed, neque. Vestibulum in mi
sed massa cursus cursus. Pellentesque pulv-
inar mollis neque. Fusce ut enim vitae mauris
malesuada tincidunt. Vivamus a neque. Mau-
ris pulvinar, sapien id condimentum dictum,
quam arcu rhoncus dui, id tempor lacus justo
et justo. Proin sit amet orci eu diam eleifend
blandit. Nunc erat massa, luctus ac, fermen-
tum lacinia, tincidunt ultrices, sapien. Prae-
sent sed orci vitae dolor sollicitudin adipiscing.
Cras a neque. Ut risus dui, interdum at, plac-
erat id, tristique eu, enim. Vestibulum ante
ipsum primis in faucibus orci luctus et ultrices
posuere cubilia Curae; Etiam adipiscing eros
vestibulum dolor. Pellentesque aliquam, diam
eget eleifend posuere, augue eros porttitor lec-
tus, ac dignissim dui metus nec felis. Quisque
lacinia. Vestibulum tellus. Suspendisse nec
wisi. Aenean ac felis. Aliquam ultrices metus
et nulla.
Praesent sed est non nibh tempus venenatis.
Praesent rhoncus. Curabitur sagittis est sit
amet neque. Sed commodo malesuada lectus.
Phasellus enim tellus, tempor ut, tristique eu,
aliquam eu, quam. Aenean quis quam quis
wisi gravida vehicula. Pellentesque a massa
a leo pretium rhoncus. Suspendisse ultrices.
Donec lacinia malesuada massa. Class apten-
t taciti sociosqu ad litora torquent per conu-
bia nostra, per inceptos hymenaeos. Donec
pretium ornare mauris. Phasellus auctor er-
at eget enim. Integer scelerisque, felis eu con-
sequat fringilla, lorem wisi ultricies velit, id
vehicula purus nulla eget odio. Nullam mat-
tis, diam a rutrum fermentum, odio sapien
tristique quam, id mollis tellus quam in odi-
o. Mauris eu sapien. Donec aliquam lorem sit
amet lorem pharetra lobortis.
Donec ac velit. Sed convallis vestibulum sapi-
en. Vivamus tempor lacus sed lacus. Nunc
ut lorem. Ut et tortor. Nullam varius wisi at
diam. Etiam ultricies, dolor sit amet fermen-
tum vulputate, neque libero vestibulum orci,
vitae fringilla neque arcu aliquet ante. Lorem
ipsum dolor sit amet, consectetuer adipiscing
elit. Quisque venenatis lobortis augue. Sed
tempor, tellus iaculis pellentesque pharetra,
pede dui malesuada mauris, vel ultrices urna
mauris ac nibh. Etiam nibh odio, ultricies ve-
hicula, vestibulum vitae, feugiat eleifend, fe-
lis. Vivamus pulvinar. Aliquam erat volutpat.
Nulla egestas venenatis metus. Nam feugiat
nunc quis elit egestas sagittis. Sed vitae fe-
lis. In libero arcu, rhoncus in, commodo eget,
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Abstract

The final state of a black hole and its force balance is considered, in
the limit where all available energy is radiated away and all matter
remains in the lowest form of Zero Point Energy (ZPE). In conven-
tional theory without the concept of ZPE, the gravitational contrac-
tion would transfer the system into a mass point, being questionable
from the theoretical point of view. But the inclusion of ZPE makes
a force balance possible, resulting in a finite characteristic radius
of a black hole mass distribution. This radius is of the same order
as that of the so-called Schwarzschild radius, but is not related to
the physics of the latter, which is due to particle trapping in the
gravitational field.

Keywords

Black Holes, Zero Point Energy

1. Introduction

The black hole concept was first discovered by Schwarzschild [1] in an
analysis of a simplified system having no electric charge and no angu-
lar momentum. The result was at that time merely considered as a
curiosity. But a star which collapses into a black hole under the com-
pressive action of its own gravitational field is now a subject of ever
increasing interest. In its most generalized form the related physics
includes both gravitational and electromagnetic fields as well as prob-
lems of General Relativity, to account for its mass, electric charge, and
its intrinsic angular momentum. The associated theoretical analysis
and related astronomical observations have been described in a review
by Misner, Thorne and Wheeler [2]. It is thereby to be noticed that
no black hole has so far been associated with a substantial electric
charge.

The present investigation is limited to the Schwarzschild case of a
final state of a star collapsing into a black hole. Section 2 first describes
the applied physics being similar to that of the Standard Model for
a vacuum state of empty space. This is followed in Section 3 by the
extended analysis of a vacuum state including the Zero Point Energy
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(ZPE) discovered by Planck [3].

2. Black Hole in a Vacuum of Empty Space

The final state of a collapsing star and its black hole will first be con-
sidered in terms being similar to those of the Standard Model, i.e.
where the vacuum is treated as an empty space where there are no
sources of electric charge and current, and there is no ZPE. In this
state all available energy has been radiated away. The gravitational
contraction is then unbalanced, and it will continue all the way to a
mathematical point. The reality of a mass point is, however, ques-
tionable from the physical point of view.

3. Black Hole in a Vacuum Including Zero
Point Energy

When all energy of the collapsing star has been radiated away, its
temperature tends to the limit T = 0, and all matter turns into that
of ZPE. The resulting mass m of the black hole then corresponds to
a density ρ distributed inside a radius r0 and within the volume V =
4
3πr

3
0. The average mass density is ρ̄ = m/V . We further restrict the

analysis to a system without electric charge and angular momentum.

3.1. The Inwards Pointing Gravitational Pressure

Following Bergmann [4] a steady curl-free gravitational field strength

g = −∇φ =

(
−dφ
dr
, 0, 0

)
(m/s

2
) (1)

is considered which originates from the potential φ(r) in a spherically
symmetric frame (r, θ, ϕ) where r is the only independent variable.
The mass density ρ is the source of g as given by

−div g = 4πGρ = ∇2φ =
1

r2
d

dr

(
r2
dφ

dr

)
(2)

where the constant of gravitation G = 6.6726× 10−11 m3/kg s2. The
associated local force density becomes

f = ρg (3)

The analysis is now restricted by assuming a form

φ(r) = φ0(r/r0)α (4)

with positive values of α. Equation (2) then yields

4πGρ = (φ0/r
α
0 )α (α+ 1) rα−2 > 0 (5)

When aiming at orders of magnitude, a further restriction to α = 2
leads to a homogeneous density ρ = ρ̄ within the volume 0 < r < r0.
Then Equation (5) results in

4πGρ = 6φ0/r
2
0 (6)

From Equation (3)

fr = −2ρ
(
φ0r

2
0

)
r = −3

(
φ0/r

2
0

)2
(1/πG) r (N/m

3
) (7)

DOI: 10.4236/jmp.2019.107052 726 Journal of Modern Physics

https://doi.org/10.4236/jmp.2019.107052


B. Lehnert

in combination with Equation (6). The inwards pointing gravitational
pressure then becomes

pG =

∫ r0

0

frdr = −3

2

(
φ0/r

2
0

)2
(1/πG) r20 (N/m

2
) (8)

With

φ0/r
2
0 =

2

3
πGρ =

2

3
πG(m/V ) (s−2) (9)

the pressure (8) takes the form

pG = −2

3
(m/V )2πGr20 (N/m

2
) (10)

The values of the parameters α, φ0 and r0 represent various chosen
forms for the radial distribution of mass. This freedom does not affect
the order of magnitude of the results obtained here.

3.2. The Outwards Pointing Zero Point Energy
Pressure

At the final state there is only gravitationally compressed mass m at
the density ρ̄ within the region 0 < r < r0 and in the form of ZPE. In
the outer vacuum region r > r0, where r0 represents the boundary of
the black hole mass, there remains a ZPE density being much lower
than ρ̄, i.e. that which would exist in the vacuum in absence of a black
hole. With α = 2 and ρ = ρ̄ = const. there is a jump in ZPE density
at the boundary r = r0. This generates an outward pointing pressure

pZ = mc2/V (N/m
2
) (11)

Even if ZPE represents the lowest energy level, its spatial gradient
can thus generate a force [5].

3.3. The Pressure Balanced Black Hole

A pressure balance at a finite characteristic radius r0 becomes possible
through the condition pG = −pZ . Equations (10) and (11) combine
to

r0 = mG/2 c2 (12)

With a solar mass of about 1.893× 1030 kg and a black hole of nZ
such masses, this radius becomes

r0 = 0.7383× 103nZ (13)

An example can be given of the black hole of the Milky Way, with
a mass of about nZ = 4× 106. It leads to r0 = 3× 109 m, i.e. about
4 solar radii.

It should be observed that the physics of the present pres-
sure balance differs considerably from that underlying the so called
Schwarzschild radius

R = 2Gm/c2 = 4 r0 (14)

The latter is obtained from the work which is required to “lift” a
massive particle out of a black hole. The particle thereby gets trapped
within the hole when being inside the radius R.

Equation (12) also holds approximately when not all of the grav-
itationally trapped matter has had time to approach zero absolute
temperature T .
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4. Conclusion

Conventional physics is faced by difficulties in the treatment of black
holes, in the form of an unbalanced gravitational contraction, all the
way to a point mass which is questionable from the physical point of
view. This can be overcome by including the effects of Zero Point
Energy, the expanding force of which can outbalance that of the
gravitational contraction. It results in a finite characteristic radius
of the black hole configuration. This radius is of the order of the
Schwarzschild radius, but not related to the physics of particle trap-
ping in the gravitational field.
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Abstract 
The cosmological constant problem arises because the magnitude of vacuum 
energy density predicted by the Quantum Field Theory is about 120 orders of 
magnitude larger then the value implied by cosmological observations of ac-
celerating cosmic expansion. We pointed out that the fractal nature of the 
quantum space-time with negative Hausdorff-Colombeau dimensions can 
resolve this tension. The canonical Quantum Field Theory is widely believed 
to break down at some fundamental high-energy cutoff ∗Λ  and therefore 
the quantum fluctuations in the vacuum can be treated classically seriously 
only up to this high-energy cutoff. In this paper we argue that the Quantum 
Field Theory in fractal space-time with negative Hausdorff-Colombeau di-
mensions gives high-energy cutoff on natural way. We argue that there exists 
hidden physical mechanism which cancels divergences in canonical 

4 4,QED QCD , Higher-Derivative-Quantum gravity, etc. In fact we argue that 
corresponding supermassive Pauli-Villars ghost fields really exist. It means 
that there exists the ghost-driven acceleration of the universe hidden in 
cosmological constant. In order to obtain the desired physical result we ap-
ply the canonical Pauli-Villars regularization up to ∗Λ . This would fit in 
the observed value of the dark energy needed to explain the accelerated ex-
pansion of the universe if we choose highly symmetric masses distribution 
between standard matter and ghost matter below the scale ∗Λ , i.e.,  

( ) ( ). . eff eff, , ,s m g mf f mc cµ µ µ µ µ µ ∗− = ≤ < Λ
 The small value of the cos-

mological constant is explained by tiny violation of the symmetry between 
standard matter and ghost matter. Dark matter nature is also explained using 
a common origin of the dark energy and dark matter phenomena. 
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1. Introduction 
1.1. The Formulation of the Cosmoloigical Constant Problem 

The cosmological constant problem arises at the intersection between general 
relativity and quantum field theory, and is regarded as a fundamental unsolved 
problem in modern physics. A peculiar and truly quantum mechanical feature of 
the quantum fields is reminded that they exhibit zero-point fluctuations every-
where in space, even in regions which are otherwise “empty” (i.e. devoid of mat-
ter and radiation). This vacuum energy density is believed to act as a contribu-
tion to the cosmological constant λ  appearing in Einstein’s field equations 
from 1917, 

4

1 8π
2

GR g R T
cµν µν µν′− =                       (1) 

where Rµν  and R refer to the curvature of space-time, gµν  is the metric, Tµν′  
is the the energy-momentum tensor, 

4

1 0 0 0
0 1 0 0
0 0 1 08π
0 0 0 1

cT T
Gµν µν
λ
 
 − ′ = +
 −
 
 

                (2) 

where Tµν  is the energy-momentum tensor of matter. Thus 00 00T T λε′ = + , 
T T Pαβ αβ αβ λδ′ = + , where 

4 8π .P c Gλ λε λ= − =                     (3) 

Reminding that under Lorentz transformations ( ) ( ), , ,P P Pλ λ λ λ λ λε ε ε′ ′→ →  
the quantities λε  and Pλ  are changes by the law 

2 2

2 2, .
1 1

P P
Pλ λ λ λ

λ λ
ε β β ε

ε
β β

+ +′ ′= =
− −

                  (4) 

Thus for the quantities λε  and Pλ  Lorentz invariance holds by Equation (3) 
[1]. 

In modern cosmology it is assumed that the observable universe was initially 
vacuumlike, i.e., the cosmological medium was non-singular and Lorentz inva-
riant. In the earlier, non-singular Friedmann cosmology, the Friedmann un-
iverse comes into being during the phase transition of an initial vacuumlike state 
to the state of “ordinary” matter [2] [3]. 

The Friedmann equations start with the simplifying assumption that the 
universe is spatially homogeneous and isotropic, i.e. the cosmological principle; 
empirically, this is justified on scales larger than ~100 Mpc. The cosmological 
principle implies that the metric of the universe must be of the form Robert-
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son-Walker metric [2]. Robertson-Walker metric reads 

( ) ( )
2

2 2 2 2 2 2 2
2

dd d d sin d .
1

rs t a t r
kr

θ θ ϕ
 

= − + + − 
            (5) 

For such a metric, the Ricci curvature scalar is 6R k= −  and it is said that 
space has the curvature k. The scaling factor ( )a t  rescales this curvature for a 
given time t, producing a curvature ( ) ( )k t k a t= . The scaling factor ( )a t  is 
given by two independent Friedmann equations for modeling a homogeneous, 
isotropic universe reads 

( )2 2 , 3
3 6
G Ga a k a pε ε= − = − +                    (6) 

and the equation of state 

( ) ,p p ε=                           (7) 

where p is pressure and ε  is a density of the cosmological medium. For the 
case of the vacuumlike cosmological medium equation of state reads [2] [3] [4]: 

.p ε= −                            (8) 

By virtue of Friedman’s Equation (6) in the Universe filled with a vacuum-like 
medium, the density of the medium is preserved, i.e. constε = , but the scale 
factor ( )a t  grows exponentially. By virtue of continuity, it can be assumed that 
the admixture of a substance does not change the nature of the growth of the 
latter, and the density of the medium hardly changes. This growth, interpreted 
by analogy with the Friedmann models as an expansion of the universe, but al-
most without changing the density of the medium! was named inflation. The 
idea of inflation is the basis of inflation scenarios [2]. 

Non-singular cosmology [2] [4] suggests that the initial state of the observable 
universe was vacuum-like, but unstable with respect to the phase transition to 
the ordinary non-Lorentz-invariant medium. This, for example, takes place if, by 
virtue of the equations of state of the medium, a fluctuation decrease in its den-
sity d violates the condition of vacuum-like degeneration, p ε= −  or, which is 
the same, 3 2 0p ε ε+ = − < , replacing it with 

2 3 0.pε ε− < + <                         (9) 

According to Friedman’s equations, it corresponds to an accelerated expan-
sion of the cosmological medium, accompanied by a drop in its density, which 
makes the process irreversible [2]. The impulse for expansion in this scenario, 
the vacuum-like environment, is not reported to itself (bloating), but to the 
emerging Friedmann environment. 

In review [5], Weinberg indicates that the first published discussion of the 
contribution of quantum fluctuations to the cosmological constant was a 1967 
paper by Zel’dovich [6]. In his article [1] Zel’dovich emphasizes that zeropoint 
energies of particle physics theories cannot be ignored when gravitation is taken 
into account, and since he explicitly discusses the discrepancy between estimates 
of vacuum energy and observations, he is clearly pointing to a cosmological con-
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stant problem. As well known zeropoint energy density of scalar quantum field, 
etc. is divergent 

( )
( )

2 2 2 2
vac 3 0

2π d .
2π

cm p m c p pε
∞

= + = ∞∫


               (10) 

In order to avoid difficulties mentioned above, in article [1] Zel’dovich has 
applied canonical Pauli-Villars regularization [7] [8] and formally has obtained a 
finite result (his formulas [1], Eqs. (VIII.12)-(VIII.13) p. 228) 

( ) ( )
4

4
vac vac 0

1 ln d ,
8 8π

cp f
G
λε µ µ µ µ

∞
= − = =∫               (11) 

where 

( ) ( ) ( )2 4
0 0 0

d d d 0.f f fµ µ µ µ µ µ µ µ
∞ ∞ ∞

= = =∫ ∫ ∫            (12) 

Remark 1.1.1. Unfortunately, Equation (11) and Equation (12) give nothing 
in order to obtain desired numerical values of the zero-point energy density ε . 

In his paper [1], Zel’dovich arrives at a zero-point energy (his formula (IX.1)) 
3

17 3 10 2
vac ~ 10 g cm , ~ 10 cm ,mcmε λ − − =  

 
           (13) 

where m (the ultra-violet cut-of) is taken equal to the proton mass. Zel’dovich 
notes that since this estimate exceeds observational bounds by 46 orders of mag-
nitude it is clear that “... such an estimate has nothing in common with reality”. 

In his paper [1], Zel’dovich wrote: Recently A. D. Sakharov proposed a theory 
of gravitation, or, more precisely, a justification GR equation based on consider-
ation of vacuum fluctuations. In this theory, the essential assumption is that 
there is some elementary length L or the corresponding limiting momentum 

0p L=  . Shorter lengths or for large impulses theory is not applicable. Sakha-
rov gets the expression of gravitational constant G through L or 0p  (his for-
mula (IX.6)) 

3 2 3

2
0

.c L cG
p

= =




                       (14) 

This expression has been known since the days of Planck, but it was read 
“from right to left”: gravity determines the length L and the momentum 0p . 
According to Sakharov, L and 0p  are primary. Substitute (IX. 6) in the expres-
sion (IX. 4), we get 

6 5 6 7

vac vac2 3 2 3
0 0

, .m c m c
p p

ρ ε= =
 

                 (15) 

That is expressions that the first members (in the formulas (VIII.10), (VIII. 
11)) which are vanishes (with 0p →∞ ). Thus, we can suggest the following in-
terpretation of the cosmological constant: there is a theory of elementary par-
ticles, which would give (according to the mechanism that has not been revealed 
at the present time) identically zero vacuum energy, if this theory is applicable 
infinitely, up to arbitrarily large momentum; there is a momentum 0p , beyond 
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which the theory is non applicable; along with other implications, modifying the 
theory gives different from zero vacuum energy; general considerations make it 
likely that the effect is portional 2

0p− . Clarification of the question of the exis-
tence and magnitude of the cosmological constant will also be of fundamental 
importance for the theory of elementary particles. 

Nonclassical Assumptions 
(I) In contrast with Zel’dovich paper [1] we assume that Poincaré group is 

deformed at some fundamental high-energy cutoff ∗Λ  [9] [10] [11] in accor-
dance with the basis of the following deformed Poisson brackets 

{ } ( ) { }
{ }

1 0 0

1 0

, , , 0,

,

x x x x p p

x p p

µ ν µ ν ν µ µ ν

µ ν µν µ ν

η η

η η

−

−

= − =

= − +




             (16) 

where , 0,1, 2,3µ ν = , ( )1, 1, 1, 1µνη = + − − −  and is a parameter identified as the 
ratio between the high-energy cutoff ∗Λ  and the light speed. The correspond-
ing to (16) momentum transformation reads [11] 

( )
( ) ( )

( )
( ) ( )

( ) ( ) ( ) ( )

2
00

0 1 1
0 0

1 1
0 0

, ,
1 1 1 1

, ,
1 1 1 1

xx
x

x x

y z
y z

x x

p up cp up
p p

c p up c p up

p pp p
c p up c p up

γγ

γ γ γ γ

γ γ γ γ

− −

− −

−−
′ ′= =

+ − − + − −      

′ ′= =
+ − − + − −      

 

 

  (17) 

and coordinate transformation reads [11] 

( )
( ) ( )

( )
( ) ( )

( ) ( ) ( ) ( )

2

1 1
0 0

1 1
0 0

, ,
1 1 1 1

, ,
1 1 1 1

x x

x x

t ux c x ut
t x

c p up c p up

y zy z
c p up c p up

γ γ

γ γ γ γ

γ γ γ γ

− −

− −

− −
′ ′= =

+ − − + − −      

′ ′= =
+ − − + − −      

 

 

  (18) 

where 2 21 u cγ = − . It is easy to check that the energy E c=  , identified as 
the high-energy cutoff ∗Λ , is an invariant as it is also the case for the funda-
mental length l c E

∗Λ
= =   . 

Remark 1.1.2. Note that the transformation (17) defined in p-space and the 
transformation (1.1.18) defined in x-space becomes Lorentz for small energies 
and momenta and defines a large invariant energy 1l

∗

−
Λ . The high-energy cutoff 

∗Λ  is preserved by the modified action of the Lorentz group [9] [10]. 
This meant that the canonical concept of metric as quadratic invariant col-

lapses at high energies, being replaced by the non-quadratic invariant [9]: 

( )
2

0

,
1

ab
a bp p

p
l p

η

Λ∗

=
+

                        (19) 

or by the non-quadratic invariant 

( )
2

0

,
1

ab
a bp p

p
l p

η

Λ∗

=
−

                       (20) 

where 1, , 0,1, 2,3l a b
∗

−
Λ ∗= Λ = . 
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Remark 1.1.3. Note that: 
1) the invariant (16) is infinite for the new negative invariant energy scale of 

the theory 1l
∗

−
∗ ΛΛ = − , and it’s not quadratic for energies close or above and 

2) the invariant (17) is infinite for the new positive invariant energy scale of 
the theory 1l

∗

−
∗ ΛΛ = . 

Remark 1.1.4. It is also clear from Equation (16) and Equation (17) that the 
symmetry of positive and negative values of the energy is broken. The two theo-
ries with the two signs of lΛ  obviously are physically distinct; and we know of 
no theoretical argument which fixes the signs of Λ  

The massive particles have a positive invariant 2 0p >  which can be identi-
fied with the square of the mass 2 2p m= , ( 1c = ). Thus in the case of the in-
variant (16) we obtain 

( )
( )

2 2
2 10

02

0

, ,
1

p p
m p l

l p
∗

∗

−
Λ

Λ

−
= ∈ − ∞

+
                (21) 

From Equation (18) we obtain 

( )
2 4 2

2 2
0 2 2 2 22 2

1 .
1 11

m l m l
p p m

m l m lm l
∗ ∗

∗ ∗∗

Λ Λ

Λ ΛΛ

= + + +
− −−

          (22) 

In the case of the invariant (17) we obtain 

( )
( )

2 2
2 10

02

0

, , .
1

p p
m p l

l p
∗

∗

−
Λ

Λ

−
= ∈ −∞

−
                (23) 

From Equation (20) we obtain 

( )
2 4 2

2 2
0 2 2 2 22 2

1 .
1 11

m l m l
p p m

m l m lm l
∗ ∗

∗ ∗∗

Λ Λ

Λ ΛΛ

= − − + +
− −−

         (24) 

The action for a scalar field ϕ  must be invariant under the deformed Lo-
rentz transformations. The invariant action reads [10] 

( )( ) 2
4 2

0

1 d .
2 21

ab
a b mS x
l

η ϕ ϕ
ϕ

ϕ
∗Λ

∂ ∂
= +

 + ∂ 
∫                   (25) 

Thus there is no linear field equation. 
Remark 1.1.5.Throughout this paper, we use below high-energy cutoff ∗Λ  

the perturbative expansion 

( )( ) ( )
2

4 21 d .
2 2

ab
a b

mS x O lη ϕ ϕ ϕ
∗Λ

 
= ∂ ∂ + + 

 
∫           (26) 

and dealing in Lorentz invariant approximation 

( )( )
2

4 21 d .
2 2

ab
a b

mS x η ϕ ϕ ϕ
 

∂ ∂ + 
 

∫               (27) 

since for 1l
∗Λ


 the expansion (26) holds. 
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(II) The canonical concept of Minkowski space-time collapses at a small dis-
tance 1l

∗

−
Λ ∗= Λ  to fractal space-time with Hausdorff-Colombeau negative di-

mension and therefore the canonical Lebesgue measure 4d x  being replaced by 
the Colombeau-Stieltjes measure with negative Hausdorff-Colombeau dimen-
sion D− : 

( )( ) ( )( )( )4d , d ,x v s x xεε ε
η ε =                  (28) 

where ( )( )( ) ( )
1

D
v s x s xε ε

ε

ε
− −  = +     

 and ( )s x x xµ
µ= , see Section 3 and 

[12]. 
(III) The canonical concept of momentum space collapses at fundamental 

high-energy cutoff ∗Λ  to fractal momentum space with Hausdorff-Colombeau 
negative dimension and therefore the canonical Lebesgue measure 3d k , where 

( ), ,x y zk k k=k  being replaced by the Hausdorff-Colombeau measure 

( ) ( ) ( ) 1
,

d d
d ,

D D
D D

D D

D D D p p

p
ε ε

ε ε

+ +

+ −

− −

− + − −∆ ∆ ∆
=

   + +      



k
k

k
          (29) 

where ( ) ( )22π 2DD D
±± ±∆ = Γ  and x y zp k k k= = + +k  and where 

6D D+ −− ≤ − , see Section 3 and ref. [9]. Hausdorff-Colombeau measure (29) 
avoids classical divergence (10) of the zeropoint energy ( )vac mε  and instead 
Equation (10) one obtains 

( ) ( ) ( )
2 2

3 2 2 2 4
vac 0

, d d .
p

p D

p m
p m p p m D D pp p

p
ε

ε
ε

∗

−∗

∞+ −
∗ ∗

+
= + + ∆ ∆

 + 
 

∫ ∫   (30) 

See Section 5 and ref. [12]. 
Remark 1.1.6. If we take the Planck scale (i.e. the Planck mass) as a cut-off, 

the vacuum energy density ( )vac ,p mε ∗  is 10121 times larger than the observed 
dark energy density deε . Several possible approaches to the problem of vacuum 
energy have been discussed in the contemporary literature, for the review see [5], 
[12]. They can be roughly devided into five different groups: 1) Modification of 
gravity on large scales. 2) Anthropic principle. 

3) Symmetry leading to vac 0ε = . 4) Adjustment mechanism, see. 5) Hidden 
nonstandard dark matter sector and corresponding hidden symmetry leading to 

vac 0ε  , see [12]. 
(IV) We assume that there exists the nonstandard dark matter sector formed 

by ghost particles, see [12]. 

1.2. Zel’dovich Approach by Using Pauli-Villars Regularization 
Revisited. Ghosts as Physical Dark Matter 

Remind that vacuum energy density for free scalar quantum field is 
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( )
( )

( )2 2 2 2 2 2
3 0 0

1 4π d d ,
2 2π

c p p p K p p p KIε µ µ µ µ
∞ ∞

= + = + =∫ ∫


  (31) 

where 0m cµ = . From Equation (31) one obtains [1] 

( ) ( )
4

0 2 2

d .
3
K p pp KF

p
µ µ

µ

∞
= =

+
∫                 (32) 

For fermionic quantum field one obtains 

( ) ( ) ( ) ( ), 4 .KI p KFε µ µ µ µ= = −                 (33) 

Thus free vacuum energy density ε  and corresponding pressure p is 

( ) ( ), .i i i i
i i

C I P C Fε µ µ= =∑ ∑                 (34) 

From Equation (34) by using Pauli-Willars regularization [7] [8] in general 
case one obtains [1] 

( ) ( ) ( ) ( )d , d .f I P f Fε µ µ µ µ µ µ= =∫ ∫            (35) 

In order to obtain asymptotical expansion on the parameter 0p  of the quan-
tity ( ) 0 3 2 2

vac 0 0
, d

p
p m p p mε = +∫  let us evaluate now the following integral 

( )
0 0

0

2 2 2 2 2 2 2 2 2
0

0 0

2 2
2 2 2 3 3

2 2
0

, d d d

d 1 d 1 d

pp p

p

p p p

p p

I p p p p p p p p p p

p p p p p p p
p p

µ

µ

µ µ

µ µ

µ µ µ µ

µ µµ

= + = + + +

= + = + + +

∫ ∫ ∫

∫ ∫ ∫
   (36) 

and 

( )
0 0

0

4 4 4

0 2 2 2 2 2 2
0 0

4 3

2 2 2
0

2

1 d 1 d 1 d,
3 3 3

1 d 1 d ,
3 3

1

pp p

p

p p

p

p p p p p pF p
p p p

p p p p

p
p

µ

µ

µ

µ

µ
µ µ µ

µ µ

= = +
+ + +

= +
+

+

∫ ∫ ∫

∫ ∫
      (37) 

where , 1, 1 1p r r p rµ µ µ= > < < . Note that 

2 2 4 6

2 2 4 6

2 4 6
2 2 2 3 3 2

2 3

1 1 11 1
2 8 16

1 1 11
2 8 16

p p p p

p p p p p
pp p

µ µ µ µ

µ µ µµ µ

+ = + − + +

+ = + = + − + +





     (38) 

By inserting Equation (38) into Equations (36) one obtains 

( ) ( )
6

4 4 2 2 4 5 80
0 1 0 0 02

0

1 1 1 1, ln ,
4 4 8 32

p
I p C p p p O

p
µµ µ µ µ µ

µ
− 

= + + − − + 
 

 (39) 

where 4 2 2 2
1 0

d
p

C p p pµµ µ= +∫ . Note that 
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1
2 2 4 6

2 2 4 6

1 3 51 1
2 8 16p p p p

µ µ µ µ
−

 
 + = − + − +
 
 

            (40) 

By inserting Equation (40) into Equation (37) one obtains 

( ) ( )
6

4 4 2 2 4 5 80
0 2 0 0 02

0

1 1 1 5, ln .
12 12 8 32

p
F p C p p p O

p
µµ µ µ µ µ

µ
− 

= + − + + + 
 

(41) 

By inserting Equation (39) and Equation (41) into Equations (35) one obtains 

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

eff eff eff

eff eff eff

eff eff eff

4 2 2 4
0 0 1 0

0 0 0

4 6 8 5
02

0 0 00

4 2 2 4
0 0 2 0

0 0 0

1 1 1d d ln d
4 4 8

1 1 1ln d d ,
8 32

1 1 1d ln d
12 12 8

1
8

p f p f C p f

f f O f p
p

p p f p f d C p f

µ µ µ

µ µ µ

µ µ µ

ε µ µ µ µ µ µ µ µ

µ µ µ µ µ µ µ µ µ

µ µ µ µ µ µ µ µ

−

 = + + − 
 

  
+ − +        

 = − + + 
 

−

∫ ∫ ∫

∫ ∫ ∫

∫ ∫ ∫

( ) ( ) ( ) ( )
eff eff eff

4 6 8 5
02

0 0 00

5 1ln d d .
32

f f O f p
p

µ µ µ

µ µ µ µ µ µ µ µ µ −  
+ +        

∫ ∫ ∫

(42) 

We choose now 

( ) ( ) ( )
eff eff eff

2 4

0 0 0

d d d 0.f f f
µ µ µ

µ µ µ µ µ µ µ µ= = =∫ ∫ ∫          (43) 

By inserting Equation (43) into Equations (42) one obtains 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

eff

eff

4 2
eff 0

0

4 2
eff 0

0

1 ln d ,
8

1 ln d .
8

f O p

p f O p

µ

µ

ε µ µ µ µ µ

µ µ µ µ µ

−

−

= +

= − +

∫

∫
         (44) 

Taking the limit p →∞  in Equation (44) gives 

( ) ( ) ( )

( ) ( ) ( )

eff

eff

4
eff

0

4
eff

0

1 ln d ,
8

1 ln d .
8

f

p f

µ

µ

ε µ µ µ µ µ

µ µ µ µ µ

=

= −

∫

∫
             (45) 

Thus finally we obtain [3] 

( ) ( ) ( ) ( )
eff 4

4
eff eff

0

1 ln d .
8 8π

cp f
G

µ

ε µ µ µ µ µ µ Λ
= − = =∫         (46) 

Remark 1.2.1. Remind that Pauli-Villars regularization consists of introduc-
ing a fictitious mass term. For example, we would replace a propagator 
( )2 2

01 k m i− +  , by the regulated propagator 

( )2
2 2 2 2 2 20 0

0

1 ,N Ni i
i i

i i

a a
k

k m i k m i k m i= =
∆ = = −

− + − + − +∑ ∑  
    (47) 

where 0 1a =  and , 1, 2, ,im i N=   can be thought of as the mass of a fictitious 
heavy particle, whose contribution is subtracted from that of an ordinary particle. 
Assume that 2 2 1im k < , if we expand each term of this sum (46) as a power se-

https://doi.org/10.4236/jmp.2019.107053


J. Foukzon et al. 
 

 

DOI: 10.4236/jmp.2019.107053 738 Journal of Modern Physics 
 

ries in 2k i+   we get 

( )
( ) ( )

2
2

2 2 30 0 02 2

1 .N N Ni i i
i i i

a a m
k O

k i k i k i
= = =

 
 ∆ = + +  +  + + 

∑ ∑ ∑  
     (48) 

For a renormalizable theory the maximum supercriticial power of divergence 
of any integral is quadratic, so that the ( )61O k  terms are ultraviolet finite. 
The finiteness of the regulated integral is then guaranteed by requiring that 

2
0 00, 0.N N

i i ii ia a m
= =

= =∑ ∑                  (49) 

Remark 1.2.2. Note that in order to apply Pauli-Villars regularization to QFT 
with Lagrangian ( ), , ,µ µϕ ψ ϕ ψ∂ ∂L  we would replace the Lagrangian  
( ), , ,µ µϕ ψ ϕ ψ∂ ∂L  by Lagrangian ( ), , ,µ µϕ ψ ϕ ψ∂ ∂L , where [7]: 

( ) ( ) ( ) ( ) ( ) ( )2 2, , , ,n n n n n nn nx x b x x x c xϕ ϕ ϕ µ ψ ψ ψ= + = +∑ ∑      (50) 

where commutator for nϕ
  and anticommutator for nψ  reads 

( ) ( ) ( )
( ) ( ){ } ( )

2 2 2

2 2 2

, , , , ,

, , , , .

m m n n n n mn

m m n n n n mn

x x i x x

x x i S x x

ϕ µ ϕ µ ρ µ δ

ψ ψ ε δ

 ′ ′= − ∆ − 

′ ′= − −

 

   
 

From Equations (50)-Equations (51) one obtains 

( ) ( ) ( )
( ) ( ) ( )

2 2
0

2
0

, , ,

, , .

N
n n nn

N
n n n nn

x x i b x x

x x i c c S x x

ϕ ϕ ρ µ

ψ ψ ε

=

=

 ′  ′= ∆ − 

 ′  ′= − − 

∑
∑ 

            (52) 

Assume now that 
2 2 2 2

0 0 0 00, 0, 0, 0.N N N N
n n n n n n n n n n n nn n n nb b c c c cρ ρ µ ε ε

= = = =
= = = =∑ ∑ ∑ ∑    (53) 

From Equations (53) it follows directly that QFT with Lagrangian 
( ), , ,µ µϕ ψ ϕ ψ∂ ∂L  is finite QFT with indefinite metric [4], see Remark 1.2.1. 
Remark 1.2.3. Note that “bad ghosts” represent general meaning of the word 

“ghost” in theoretical physics: states of negative norm [7] or fields with the 
wrong sign of the kinetic term, such as Pauli--Villars ghosts ϕ , whose existence 
allows the probabilities to be negative thus violating unitarity. The quadratic la-
grangian 2

ϕL  for ϕ  begins with a wrong sign kinetic term [in ( + − − − ) sig-
nature] 

2 1
2

µ
ϕ µϕ ϕ= − ∂ ∂ +L                       (54) 

Remark 1.2.4. Note that in order to obtain Equations (44), the standard 
quantum fields do not need to couple directly to the ghost sector. In this paper 
the ghost sector is considered as physical mechanism which acts only on a func-
tion ( )f µ  in Equations (43). It means that there exists the ghost-driven acce-
leration of the universe hidden in cosmological constant Λ . 

Remark 1.2.5. As pointed out in paper [13] even if the standard model fields 
have no direct couplings to the ghost sector, they will indirectly interact with it 
through gravity, and the propagation of gravity through the ghost condensate 
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gives rise to a fascinating modification of gravity in the IR. However, no modifi-
cations of gravity can be seen directly, and no cosmological experiment can dis-
tinguish the ghost-driven acceleration from a cosmological constant. 

Remark 1.2.6. In order to obtain desired physical result from Equations (45), 
i.e.,  

29 3 47 4 3 5
vac 0.7 10 g cm 2.8 10 GeV cε − − −= × ⋅ = ×            (55) 

we assume that 

( ) ( ) ( ). . . . ,s m g mf f fµ µ µ= +                  (56) 

where ( ). .s mf µ  corresponds to standard matter and where ( ). .g mf µ  corres-
ponds to a physical ghost matter. 

Remark 1.2.7. We assume now that 

( ) ( ) eff

eff

, 1

0

nO n
f

µ µ µ
µ

µ µ

− > ≤= 
>

             (57) 

From Equation (57) and Equation (45) it follows directly that 

( ) ( ) ( ) ( ) ( )
eff

4 5
eff eff eff eff

0

1 ln d ln .
8

np f O
µ

µ ε µ µ µ µ µ µ µ− += = ≤∫    (58) 

Remark 1.2.8. However serious problem arises from non-renormalizability of 
canonical quantum gravity with Einstein-Hilbert action 

41 d .
16πEHS x gR

G
= −∫                     (59) 

For example taking 3Λ  particles of energy a per unit volume gives the gravi-
tational self-energy density of order 6Λ , i.e., the density εΛ  diverges as 6Λ  

6 ,GεΛ Λ
                         (60) 

where Λ  is a high-energy cutoff [5]. 
In order to avoid these difficulties we apply instead Einstein-Hilbert action 

(59) the gravitational action which includes terms quadratic in the curvature 
tensor 

( )4 2 2d 2 ,x g R R R Rµν
µνα β κ −ℑ = − − − +∫             (61) 

Remark 1.2.9. Gravitational actions (61) which include terms quadratic in the 
curvature tensor are renormalizable [14]. The requirement that the graviton 
propagator behaves like 4p−  for large momenta makes it necessary to choose 
the indefinite-metric vector space over the negative-energy states. These nega-
tive-norm states cannot be excluded from the physical sector of the vector space 
without destroying the unitarity of the S  matrix, however, for their unphysical 
behavior may be restricted to arbitrarily large energy scales ∗Λ  by an appropri-
ate limitation on the renormalized masses 2m  and 0m . 

Remark 1.2.10. We assume that 0 eff 2 eff,m c m cµ µ  . 
Remark 1.2.11. The canonical Quantum Field Theory is widely believed to 

break down at some fundamental high-energy cutoff ∗Λ  and therefore the 
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quantum fluctuations in the vacuum can be treated classically seriously only up 
to this high-energy cutoff, see for example [15]. In this paper we argue that 
Quantum Field Theory in fractal space-time with negative Hausdorff-Colombeau 
dimensions [12] gives high-energy cutoff on natural way. 

2. Ghosts as Physical Dark Matter 
2.1. Paulu-Villars Ghosts As Physical Dark Matter 

Before explaining the role of PV ghosts, etc. as physical dark matter remind the 
idea of PV regularization as a conventional UV regularization. We consider, as 
an example, the scalar field theory with the interaction 4λϕ . Lagrangian density 
of this theory reads 

2
2 401 .

2 2
mµ

µϕ ϕ ϕ λϕ= ∂ ∂ − +L                  (62) 

This theory requires UV regularization (e.g. in (2+1) and (3+1) dimensions). 
Let us show that it is sufficient to introduce N extra fields with large mass play-
ing the role of the regularization parameter. Lagrangian density can be rewritten 
as follows 

( )
2

2 4
0

0 0 0

11 : :,
2 2

, .

iN i
ii

N N
i i ii i

m

a

µ
µϕ ϕ ϕ λ ϕ

ϕ ϕ ϕ ϕ ϕ ϕ

=

= =

 
= − ∂ ∂ − + 

 

= + = =

∑

∑ ∑ 

L
         (63) 

Here the symbol “::” means that in perturbation theory we drop Feynman di-
agrams with loops containing only one vertex. The 0ϕ  is usual field with mass 

0m  and the , 1, ,i i Nϕ =   is the extra field with mass , 1, ,im i N=  . It can be 
shown that in (3+1)-dimensional theory the introduction of one PV field is suf-
ficient for the ultraviolet regularization of perturbation theory in λ . One can 
show that momentum space Feynman diagrams in the original theory with La-
grangian density (62) diverge no more than quadratically [16] [17] [18] (beside 
of vacuum diagrams) shown in Figure 1. 

If we consider now Feynman diagrams in the theory with Lagrangian density 
(63) we see that propagators of fields 0ϕ  and ϕ  sum up in corresponding di-
agrams so that we obtain the following expression which plays the role of regu-
larized propagator 

( )2
2 2 2 2 2 20 0

0

1 ,
0 0 0

N Nj j
j j

j j

a a
k

k m i k m i k m i= =
∆ = = −

− + − + − +∑ ∑      (64) 

where 2 2 2 2 2
0 1 2 3k k k k k= − + + . Integral corresponding to vacuum diagram is 

( )
( )

( )

4 4
2

4 4 2 20

d d .
02π 2π

N j
j

j

ak kk
k m i=

ℑ = ∆ =
− +∑∫ ∫           (65) 

To do this integral, since it is convergent, we can Wick rotate. 
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Figure 1. One-loop massive va-
cuum diagram. 

 
Remark 2.1.1. All the integrals in quantum field theory are written in Min-

kowski space, however, the ultraviolet divergence appears for large values of 
modulus of momentum and it is useful to regularise it in Euclidean space [17]. 
Transition to Euclidean space can be achieved by replacing thr zeroth compo-
nent of momentum 0 4k ik→ , where the integration over the fourth component 
of momenta goes along the imaginary axis. To go to the integration along the 
real axis, one has to perform the (Wick) rotation of the integration contour by 
90˚ (see Figure 2). This is possible since the integral over the big circle vanishes 
and during the transformation of the contour it does not cross the poles. 

Then we get 
3

2 2 200
d .

8π
N j E

E E j
E j

a ki k
k m

∞

=
ℑ =

+∑∫                   (66) 

To do this integral, since it is convergent, we can deal with regularized 
integral 

( )
3

2 2 20, d ,
8π

N j E
E j

E j

a ki k
k mε

ε
Λ

=
ℑ Λ =

+∑∫                (67) 

where 0,ε Λ ∞  , i.e. ( ), Eεℑ Λ ≈ ℑ . We assume now that Pauli-Villars con-
ditions given by Equations (48) holds. Let us consider now the quantity 

( )
3

2 2 20, d ,
8π

N j E
E j

E j

a ki k
k mη η ε

ε
η

Λ

=
ℑ ℑ Λ =

+∑∫            (68) 

where ( ]0,1η ∈ , and therefore from Equation (68) we obtain 

2 20 00
d d 0,

8π 8π
N N

E j E j E Ej j

i ik a k a k kη ε εη

Λ Λ

= ==
ℑ = = ≡∑ ∑∫ ∫       (69) 

since Equations (48) holds. From Equation (68) by differentiation we obtain 

( )

2 3

2 20 2 2

d d ,
d 8π

N j j E
E j

E j

a m ki k
k m

η εη η

Λ

=
ℑ =

+
∑∫             (70) 

and therefore from Equation (39) we obtain 
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Figure 2. The Wick rotation of the integration contour. 

 

( )

2 3

2 20 2 2
0

0

2 1
2 0

d d
d 8π

d 0,
8π

N j j E
E j

E j

N
j j E Ej

a m ki k
k m

i a m k k

η ε
η

η

ε

η η

Λ

=
=

=

Λ −
=

ℑ =
+

= ≡

∑∫

∑ ∫

           (71) 

since Equations (48) holds. From Equation (70) by differentiation we obtain 

( )
( )

( )
( )

4 32

2 2 30 0 2 2

4 3

2 32 2

d d ,
d 4π

d .
4π

N N j j E
j Ej j

E j

j j E
j E

E j

a m ki k
k m

ia m kk
k m

η ε

ε

η
η η

η
η

Λ

= =

Λ

ℑ = ℜ =
+

ℜ =
+

∑ ∑∫

∫
        (72) 

Note that 

( )
( )

4 4 23

2 3 2 2 20 2 2
d .

4π 4π 4 16π
j j j j j jE

j E
jE j

ia m ia m a mk ik
mk m

η
η ηη

∞ −
ℜ = =

+
∫

     (73) 

Thus 

( )
2

1

20 00

d d ln
d 16π

N N j j
jj j

a m
η η η η

η = =
ℑ = ℜ =∑ ∑∫            (74) 

and 

( )
2

20 ln ,
16π

N j j
j

a m
η η η η

=
ℑ = −∑                (75) 

Therefore 

( )
2

201
, 0,

16π
N j j
j

a m
η η

ε
==

ℑ Λ = ℑ = − ≡∑             (76) 

since Equations (48) holds. Thus integral (65) corresponding to vacuum diagram 
by using Pauli-Villars renormalization identically equal zero, i.e. 

( )
( )

( )
( )

4 4
2

4 4 2 20

d dRen 0.
02π 2π

N j
PV j

j

ak kk
k m i=

ℑ = ∆ = ≡
− +∑       (77) 
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Let us consider now how this method works in the case of the simplest scalar 
diagram shown in Figure 3. The corresponding Feinman integral has the form 

( )
( ) ( ) ( )

4
2

4 2 2 2 2 2
0 0

1 d .
2π 0 0

kp
k m i p k m i

ℑ =
 − + − − + 

∫         (78) 

Regularized Feinman integral (78) reads 

( )
( ) ( ) ( )

4
2

4 0 2 2 2 2 2

d1 ,
2π 0 0

N j
reg j

j j

a k
p

k m i p k m i=
ℑ =

 − + − − + 
∑∫    (79) 

where 1N = . To do this integral, since it is convergent, we can Wick rotate. 
Then we get 

( )
( ) ( ) ( )

4
2

4 0 2 2 2 2 2

d
.

2π
N j

reg j
j j

a kip
k m p k m=

ℑ =
 + − + 

∑∫        (80) 

The integral (80) can be written as 

( )
( ) ( )

( )

41
2

4 20 2 2 2
0

31

2 20 2 2 2
0

d
d

2π 1

d
d .

8π 1

N j
reg j

j

N j E E
j

E j

a kip x
k p x x m

a k ki x
k p x x m

=

=

ℑ =
 + − + 

=
 + − + 

∑∫ ∫

∑∫ ∫
       (81) 

To do this integral, since it is convergent, we can deal with regularized 
integral 

( )
( )

31
2

2 20 2 2 2
0

d
, , d .

8π 1

N j E E
reg j

E j

a k kip x
k p x x mε

ε
Λ

=
ℑ Λ =

 + − + 
∑∫ ∫      (82) 

Let us consider now the quantity 

( )
( )

31
2

2 20 2 2 2
0

d
, , d .

8π 1

N j E E
j

E j

a k kip x
k p x x m

η ε
ε

η

Λ

=
ℑ Λ =

 + − + 
∑∫ ∫      (83) 

where ( ]0,1η ∈ , and therefore from Equation (83) we obtain ( )2
0 , , 0p εℑ Λ ≡ , 

since Equations (48) holds. From Equation (83) by differentiation we obtain 
 

 
Figure 3. The simplest scalar diagram. 
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( )
( )

( )

( )
( )

( )

2 31
2

2 30 2 2 2
0

2 2
2 0

31
2

32 2 2
0

1

2 2
0

dd , , d
d 4π 1

, , , ,
4π

d
, , , d

1

1 d .
4 1

N j j E E
j

E j

N
j j jj

E E
j

E j

j

a m k kip x
k p x x m

i a m p

k kp x
k p x x m

x
p x x m

η ε
ε

η η

η ε

η ε
η

η

Λ

=

=

ℑ Λ = −
 + − + 

− ℜ Λ

ℜ Λ
 + − + 

=
− +

∑∫ ∫

∑

∫ ∫

∫





     (84) 

From Equation (84) we obtain 

( ) ( )

( )

2 2 2
2 0

1

2 2 20
0

d , , , , ,
d 4π

d .
16π 1

N
j j jj

N
jj

j

ip a m p

i xa
m p x x

η ε η ε
η

η

=

−=

ℑ Λ − ℜ Λ

= −
− +

∑

∑ ∫



         (85) 

From Equation (85) we obtain 

( ) ( )
1 1

2
2 2 20

0 0

dd .
16π 1

N
reg jj

j

ip a x
m p x x

η
η−=

ℑ = −
− +∑ ∫ ∫        (86) 

Note that 

( )
( ) ( )

( ) ( )
( ) ( )

1 12 2 2 2
2 2 0

0

2 2 2 2

2 2 2 2

d 1 ln 1 1
1

1 1 ln 1 1

1 ln 1 1.

j j
j

j j

j j

m p x x m p x x
m p x x

m p x x m p x x

m p x x m p x x

η η η
η

− −
−

− −

− −

   = − + − + −   − +

   = − + − +   
   − − − −   

∫

(87) 

Thus 

( ) ( )

( ) ( ){

( ) ( ) }

( ) ( ){

1 1
12

2 2 20
0 0

1
1 2 2 2 2

2 0
0

12 2 2 2
2 0

1
1 2 2 2 2

2 0
0

dd
16π 1

d 1 1 ln 1 1
16π

1 ln 1
16π

d 1 1 ln 1 1
16π

N
reg jj

j

N
j j jj

N
j j jj

N
j j jj

ip a x
m p x x

i a x m p x x m p x x

im p x x m p x x a

i a x m p x x m p x x

η
η

=

−=

= − −
=

=− −
=

= − −
=

ℑ = −
− +

   = − − + − +   

   − − − +   

   = − − + − +   

∑ ∫ ∫

∑ ∫

∑

∑ ∫

( ) ( ) }2 2 2 21 ln 1j jm p x x m p x x− −   − − −   

 

( ) ( ){
( ) ( ) }

( ) ( ){
( ) ( ) }

1
2 2 2 2

0 02
0

2 2 2 2
0 0

1
2 2 2 2

1 12
0

2 2 2 2
1 1

d 1 1 ln 1 1
16π

1 ln 1

d 1 1 ln 1 1
16π

1 ln 1 .

i x m p x x m p x x

m p x x m p x x

i x m p x x m p x x

m p x x m p x x

− −

− −

− −

− −

   = − − + − +   

   − − −   

   + − + − +   

   − − −   

∫

∫
      (88) 

From Equation (88) we obtain 
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( ) ( ) ( ){
( ) ( ) }

( ) ( ){
( ) ( ) }

1
2 2 2 2 2

0 02
0

2 2 2 2
0 0

1
2 2 2 2

1 12
0

2 2 2 2
1 1

d 1 1 ln 1 1
16π

1 ln 1

d 1 1 ln 1 1
16π

1 ln 1 .

reg
ip x m p x x m p x x

m p x x m p x x

i x m p x x m p x x

m p x x m p x x

− −

− −

− −

− −

   ℑ = − − + − +   

   − − −   

   + − + − +   

   − − −   

∫

∫
    (89) 

We assume now that 2 2
1 1m p−

  and from Equation (89) finally we obtain 

( ) ( ) ( ){
( ) ( ) } ( )

1
2 2 2 2 2

0 02
0

2 2 2 2 2 2
0 0 1

d 1 1 ln 1 1
16π

1 ln 1 .

reg
ip x m p x x m p x x

m p x x m p x x O m p

− −

− − −

   ℑ = − − + − +   

   − − − +   

∫
   (90) 

Remark 2.1.2. The simple renormalizable models with finite masses 
, 1, ,im i N=   which we have considered in the section many years regarded 

only as constructs for a study of the ultraviolet problem of QFT. The difficulties 
with unitarity appear to preclude their direct acceptability as canonical physical 
theories in locally Minkowski space-time. However, for their unphysical beha-
vior may be restricted to arbitrarily large energy scales ∗Λ  mentioned above by 
an appropriate limitation on the finite masses im . 

2.2. Renormalizability of Higher Derivative Quantum Gravity 

Gravitational actions which include terms quadratic in the curvature tensor are 
renormalizable. The necessary Slavnov identities are derived from Bec-
chi-Rouet-Stora (BRS) transformations of the gravitational and Faddeev-Popov 
ghost fields. In general, non-gauge-invariant divergences do arise, but they may 
be absorbed by nonlinear renormalizations of the gravitational and ghost fields 
and of the BRS transformations [14]. The geneic expression of the action reads 

( )4 2 2d 2 ,symI x g R R R Rµν
µνα β κ −= − − − +∫          (91) 

where the curvature tensor and the Ricci is defined by Rλ λ
µαν ν µα= ∂ Γ  and 

R Rλ
µν µλν=  correspondingly, 2 32πGκ = . The convenient definition of the gra-

vitational field variable in terms of the contravariant metric density reads 

.h g gµν µν µνκ η= − −                    (92) 

Analysis of the linearized radiation shows that there are eight dynamical de-
grees of freedom in the field. Two of these excitations correspond to the familiar 
massless spin-2 graviton. Five more correspond to a massive spin-2 particle with 
mass 2m . The eighth corresponds to a massive scalar particle with mass 0m . 
Although the linearized field energy of the massless spin-2 and massive scalar 
excitations is positive definite, the linearized energy of the massive spin-2 excita-
tions is negative definite. This feature is characteristic of higher-derivative mod-
els, and poses the major obstacle to their physical interpretation. 

In the quantum theory, there is an alternative problem which may be substi-
tuted for the negative energy. It is possible to recast the theory so that the mas-
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sive spin-2 eigenstates of the free-fieid Hamiltonian have positive-definite ener-
gy, but also negative norm in the state vector space. 

These negative-norm states cannot be excluded from the physical sector of the 
vector space without destroying the unitarity of the S  matrix. The requirement 
that the graviton propagator behaves like 4p−  for large momenta makes it ne-
cessary to choose the indefinite-metric vector space over the negative-energy 
states. 

The presence of massive quantum states of negative norm which cancel some 
of the divergences due to the massless states is analogous to the Pauli-Villars re-
gularization of other field theories. For quantum gravity, however, the resulting 
improvement in the ultraviolet behavior of the theory is sufficient only to make 
it renormalizable, but not finite. 

The gauge choice which we adopt in order to define the quantum theory is the 
canonical harmonic gauge: 0hµν

ν∂ = . Corresponding Green’s functions are 
then given by a generating functional 

( ) ( )
( )

4

4 4

d d d

exp d d .sym

Z T N h C C F

i I xC F D C xT h

µν σ τ
µν τµ ν

τ µν α µν
τ µν α µν

δ

κ

≤
     =    
 × + + 

∏∫

∫ ∫


      (93) 

Here , rF F h Fτ τ µν τ
µν µν µ νδ= = ∂

 

 and the arrow indicates the direction in which 
the derivative acts. N is a normalization constant. Cσ  is the Faddeev-Popov 
ghost field, and Cτ  is the antighost field. Notice that both Cσ  and Cτ  are 
anticommuting quantities. Dµν

α  is the operator which generates gauge trans-
formations in hµν , given an arbitrary spacetime-dependent vector ( )xαξ  cor-
responding to x xµ µ µκξ′ = +  and where 

( )
( )

D x

h h h h

µν α µ ν ν µ µν α
α α

µ αν ν αµ α µν α µν
α α α α

ξ ξ ξ η ξ

κ ξ ξ ξ ξ

= ∂ + ∂ − ∂

+ ∂ + ∂ − ∂ − ∂
    (94) 

In the functional integral (93), we have written the metric for the gravitational 
field as dhµν

µ ν≤
 
 ∏  without any local factors of ( )detg gµν= . Such factors 

do not contribute to the Feynman rules because their effect is to introduce terms 
proportional to ( ) ( )4 40 d lnx gδ −∫  into the effective action and ( )4 0δ  is set 
equal to zero in dimensional regularization. 

In calculating the generating functional (93) by using the loop expansion, one 
may represent the δ  function which fixes the gauge as the limit of a Gaussian, 
discarding an infinite normalization constant 

( )4 1 4

0

1lim exp d .
2

F i xF Fτ τ
τδ −

∆→

  ∆    
∫             (95) 

In this expression, the index τ  has been lowered using the flat-space metric 
tensor µνη . For the remainder of this paper, we shall adopt the standard ap-
proach to the covariant quantization of gravity, in which only Lorentz tensors 
occur, and all raising and lowering of indices is done with respect to flat space. 

https://doi.org/10.4236/jmp.2019.107053


J. Foukzon et al. 
 

 

DOI: 10.4236/jmp.2019.107053 747 Journal of Modern Physics 
 

The graviton propagator may be calculated from 1 41 d
2symI xF Fτ

τ
−+ ∆ ∫  in the 

usual fashion, letting 0∆ →  after inverting. The expression 1 41 d
2

xF Fτ
τ

−∆ ∫
contains only two derivatives. Consequently, there are parts of the graviton 
propagator which behave like 2p−  for large momenta. Specifically, the 2p−  
terms consist of everything but those parts of the propagator which are trans-
verse in all indices. These terms give rise to unpleasant infinities already at the 
one-loop order. For example, the graviton self-energy diagram shown in Figure 4 

has a divergent part with the general structure ( )24h∂ . Such divergences do cancel 

when they are connected to tree diagrams whose outermost lines are on the mass 
shell, as they must if the S  matrix is to be made finite without introducing 
counterterms for them. However, they greatly complicate the renormalization of 
Green’s functions. 

We may attempt to extricate ourselves from the situation described in the last 
paragraph by picking a different weighting functional. Keeping in mind that we 
want no part of the graviton propagator to fall off slower than 4p−  for large 
momenta, we now choose the weighting functional [14] 

( ) 1 4 2
4

1exp d ,
2

e i xe eτ τ
τω −  = ∆    

∫               (96) 

where eτ  is any four-vector function. The corresponding gauge-fixing term in 
the effective action is 

2 1 4 21 d .
2

xF Fτ
τκ −− ∆ ∫                      (97) 

The graviton propagator resulting from the gauge-fixing term (97) is derived 
in [14]. For most values of the parameters α  and β  in symI  it satisfies the 
requirement that all its leading parts fall off like 4p−  for large momenta. There 
are, however, specific choices of these parameters which must be avoided. If 

0α = , the massive spin-2 excitations disappear, and inspection of the graviton 
propagator shows that some terms then behave like 2k − . Likewise, if 
3 0β α− = , the massive scalar excitation disappears, and there are again terms 
in the propagator which behave like 2p− . However, even if we avoid the special 
cases 0α =  and 3 0β α− = , and if we use the propagator derived from (97), 
we still do not obtain a clean renormalization of the Green’s functions. We now 
turn to the implications of gauge invariance. Before we write down the BRS 
transformations for gravity, let us first establish the commutation relation for 
gravitational gauge transformations, which reveals the group structure of the 
theory. Take the gauge transformation (94) of hµν , generated by µξ  and 
 

 
Figure 4. The one-loop graviton self-energy diagram. 
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perform a second gauge transformation, generated by µη , on the hµν  fields 
appearing there. Then antisymmetrize in µξ  and µη . The result is 

( ) ( ) ,D
D D

h

µν
ρσ α β α β µν λ α α λα
β λ α αρσ

δ
ξ η η ξ κ ξ η ξ η

δ
− = ∂ − ∂      (98) 

where the repeated indices denote both summation over the discrete values of 
the indices and integration over the spacetime arguments of the functions or 
operators indexed. 

The BRS transformations for gravity appropriate for the gauge-fixing term (96) 
are [13] 

( )
( )
( )

BRS

2
BRS

3 1 2
BRS

a ,

b ,

c ,

h D C

C C C

C F

µν µν α
α

α α β
β

τ τ

δ κ δλ

δ κ δλ

δ κ δλ−

=

= − ∂

= − ∆ 

                (99) 

where δλ  is an infinitesimal anticommuting constant parameter. The impor-
tance of these transformations resides in the quantities which they leave inva-
riant. Note that 

( )BRS 0C Cσ β
βδ ∂ =                   (100) 

and 

( )BRS 0.D Cµν α
αδ =                    (101) 

As a result of Equation (101), the only part of the ghost action which varies 
under the BRS transformations is the antighost Cτ . Accordingly, the transfor-
mation (99c) has been chosen to make the variation of the ghost action just can-
cel the variation of the gauge-fixing term. Therefore, the entire effective action is 
BRS invariant: 

2 1 2
BRS

1 0.
2simI F F C F D Cτ τ µν α

τ τ µν αδ κ − − ∆ + = 
 


        (102) 

Equations (99), (100), and (102) now enable us to write the Slavnov identities 
in an economical way. In order to carry out the renormalization program, we 
will need to have Slavnov identities for the proper vertices. 

A) Slavnov identities for Green’s functions 
First consider the Slavnov identities for Green’s functions. 

( )

( )

, , , ,

d d d

exp , , , , , .

Z T K L

N h C C

i h C C K L C C C T h

τ
µν σ µν σ

µν σ
τµ ν

µν σ σ σ τ µν
τ µν σ σ σ τ µν

β β

β β β κ

≤
     =    
 × + + + 

∏∫
Σ

   (103) 

Anticommuting sources have been included for the ghost and antighost fields, 
and the effective action Σ  has been enlarged by the inclusion of BRS invariant 
couplings of the ghosts and gravitons to some external fields Kµν  (anticom-
muting) and Lσ  (commuting), 

2 1 2 21 .
2simI F F C F D C K D L C Cτ τ µν α µν σ β

τ τ µν α µν α σ βκ κ κ−= − ∆ + + + ∂


Σ   (104) 
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Σ  is BRS invariant by virtue of Equation (99), Equation (100), and Equation 
(102). We may use the new couplings to write this invariance as 

3 1 2 .F
K L Ch C τµν σ

µν σ τ

δ δ δ δ δκ
δ δ δδ δ

−+ + ∆
    Σ Σ Σ Σ Σ

            (105) 

In this equation, and throughout this subsection, we use left variational deriv-
atives with respect to anticommuting quantities: ( )f C C f Cσ τ τδ δ δ δ= . Equ-
ation (105) may be simplified by rewriting it in terms of a reduced effective ac-
tion, 

2 1 21 .
2

F Fτ
τκ −Σ = + ∆Σ                     (106) 

Substitution of (106) into (105) gives 

0,
K Lh Cµν σ

µν σ

δ δ δ δ
δ δδ δ

+ =
Σ Σ Σ Σ                  (107) 

where we have used the relation 

1 0.F
K C

τ
µν

µν τ

δ δκ
δ δ

− − =
 Σ Σ                   (108) 

Note that a measure 

d d dh C Cµν σ
τµ ν≤

        ∏                  (109) 

is BRS invariant since for infinitesimal transformations, the Jacobian is 1, be-
cause of the trace relations 

( )
( )

( )

( )

2

2

a 0,

b 0,

K h

C L

µν
µν

σ
σ

δ
δ δ

δ
δ δ

=

=





Σ

Σ
                  (110) 

both of which follow from 4d 0x Cα
α∂ =∫ . The parentheses surrounding the in-

dices in (110a) indicate that the summation is to be carried out only for µ ν≤ . 
Remark 2.2.1. Note that the Slavnov identity for the generating functional of 

Green’s functions is obtained by performing the BRS transformations (99) on 
the integration variables in the generating functional (103). This transformation 
does not change the value of the generating functional and therefore we obtain 

(
) ( )

2 2

3 1 2

d d d

exp 0.

N h C C T D C C

F h i T h C C

µν σ µν σ β
τ µν α σ βµ ν

τ µν µν σ τ
τµν µν σ τ

κ κ β

κ β κ β β

≤

−

      − ∂   
 + ∆ + + + = 

∏∫


Σ

    (111) 

Another identity which we shall need is the ghost equation of motion. To de-
rive this equation, we shift the antighost integration variable Cτ  to C Cτ τδ+ , 
again with no resulting change in the value of the generating functional: 
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( )

d d d

exp

N h C C
C

i T h C C

µν σ τ
τ σµ ν

µν σ τ
µν σ τ

δ β
δ

κ β β

≤

       +      
 × + + + 

∏∫




Σ

Σ

            (112) 

We define now the generating functional of connected Green’s functions as 
the logarithm of the functional (103), 

, , , , ln , , , , .W T K L i Z T K Lτ τ
µν σ µν σ µν σ µν σβ β β β   = −            (113) 

and make use of the couplings to the external fields Kµν  and Lσ  to rewrite 
(112) in terms of W 

2 1 2 0.W W WT F
K L T

τ
µν σ τµν

µν σ µν

δ δ δκ β κ β
δ δ δ

−− + ∆ =


         (114) 

Similarly, we get the ghost equation of motion: 

1 0.WF
K

τ τ
µν

µν

δκ β
δ

− + =


                   (115) 

B) Proper vertices 
A Legendre transformation takes us from the generating functional of con-

nected Green’s functions (113) to the generating functional of proper vertices. 
First, we define the expectation values of the gravitational, ghost, and antighost 
fields in the presence of the sources ,Tµν σβ , and τβ  and the external fields 
Kµν  and Lσ  

( ) ( ) ( )

( ) ( ) ( )

( ) ( )
( )

a ,

b ,

c .

Wh x
T x
WC x

x
WC x

x

µν

µν

σ

σ

τ τ

δ
κδ
δ

δβ
δ

δβ

=

=

=

                   (116) 

We have chosen to denote the expectation values of the fields by the same 
symbols which were used for the fields in the effective action (104). 

The Legendre transformation can now be performed, giving us the generating 
functional of proper vertices as a functional of the new variables (116) and the 
external fields Kµν  and Lσ  

 , , , ,

, , , , .

h C C K L

W T K L T h C C

µν σ
τ µν σ

τ µν σ τ
µν σ µν σ µν σ τβ β κ β β

 Γ  
 = − − − 

    (117) 

In this equation, the quantities Tµν , σβ , and τβ  are given implicitly in terms 
of , , ,h C C Kµν σ

τ µν , and Lσ  by Equation (116). The relations dual to (116) are 

( ) ( )


( )

( ) ( )


( )

( ) ( )


( )

a ,

b ,

c .

T x
h x

x
C x

x
C x

µν µν

σ σ

τ
τ

δκ
δ

δβ
δ

δβ
δ

Γ
= −

Γ
=

Γ
= −

                 (118) 
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Since the external fields Kµν  and Lσ  do not participate in the Legendre 
transformation (116), for them we have the relations 

( )


( ) ( )

( )


( ) ( )

a ,

b .

W
K x K x

W
L x L x

µν µν

σ σ

δ δ
δ δ

δ δ
δ δ

Γ
=

Γ
=

                 (119) 

Finally, the Slavnov identity for the generating functional of proper vertices is 
obtained by transcribing (114) using the relations (116), (118), and (119) 

    

3 1 2 0.F h
K Lh C C

µν
τµνµν σ σ

µν σ

δ δ δ δ δκ
δ δδ δ δ

−Γ Γ Γ Γ Γ
+ + ∆ =



       (120) 

We also have the ghost equation of motion, 
 

1 0.F
K C

τ
µν σ

µν

δ δκ
δ δ

− Γ Γ
− =



                 (121) 

Since Equation (120) has exactly the same form as (105), we follow the exam-
ple set by (106) and define a reduced generating functional of the proper vertic-
es, 

 ( ) ( )2 1 21 .
2

F h F hµν τ ρσ
τµν ρσκ −Γ = Γ + ∆
 

            (122) 

Substituting this into (120) and (121), the Slavnov identity becomes 

0.
K Lh Cµν σ

µν σ

δ δ δ δ
δ δδ δ
Γ Γ Γ Γ

+ =                (123) 

and the ghost equation of motion becomes 

1 0.F
K C

τ
µν

µν τ

δ δκ
δ δ

− Γ Γ
− =



                 (124) 

Equations (123) and (124) are of exactly the same form as (107) and (108). 
This is as it should be, since at the zero-loop order 

( )0 .Γ = Σ                        (125) 

C) Structure of the divergences and renormalization equation 
The Slavnov identity (123) is quadratic in the functional Γ . This nonlinearity 

is reflected in the fact that the renormalization of the effective action generally 
also involves the renormalization of the BRS transformations which must leave 
the effective action invariant. 

The canonical approach uses the Slavnov identity for the generating functional 
of proper vertices to derive a linear equation for the divergent parts of the 
proper vertices. This equation is then solved to display the structure of the di-
vergences. From this structure, it can be seen how to renormalize the effective 
action so that it remains invariant under a renormalized set of BRS transfor-
mations [14]. 

Suppose that we have successfully renormalized the reduced effective action 
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up to 1n −  loop order; that is, suppose we have constructed a quantum exten-
sion of Σ  which satisfies Equations (107) and (108) exactly, and which leads to 
finite proper vertices when calculated up to order 1n − . We will denote this re-
normalized quantity by ( )1n−Σ . In general, it contains terms of many different 
orders in the loop expansion, including orders greater than 1n − . The 1n −  
loop part of the reduced generating functional of proper vertices will be denoted 
by ( )1n−Γ . 

When we proceed to calculate ( )nΓ , we find that it contains divergences. Some 
of these come from n-loop Feynman integrals. Since all the subintegrals of an 
n-loop Feynman integral contain less than w loops, they are finite by assumption. 
Therefore, the divergences which arise from w-Ioop Feynman integrals come 
only from the overall divergences of the integrals, so the corresponding parts of 

( )nΓ  are local in structure. In the dimensional regularization procedure, these 
divergences are of order ( ) 11 4d −− = − , where d is the dimensionality of space-
time in the Feynman integrals. 

There may also be divergent parts of ( )nΓ  which do not arise from loop inte-
grals, and which contain higher-order poles in the regulating parameter  . Such 
divergences come from n-loop order parts of ( )1n−Σ  which are necessary to en-
sure that (107) is satisfied. Consequently, they too have a local structure. We 
may separate the divergent and finite parts of ( )nΓ : 

( ) ( ) ( )
div finite .n n nΓ = Γ + Γ                        (126) 

If we insert this breakup into Equation (123), and keep only the terms of the 
equation which are of n-loop order, we get 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

0 0 0 0
div div div div

finite finite finite finite
=0 .

n n n n

n i i n i i
n
i

K K L Lh h C C

K Lh C

µν µν σ σ
µν µν σ σ

µν σ
µν σ

δ δ δ δδ δ δ δ
δ δ δ δδ δ δ δ

δ δ δ δ
δ δδ δ

− −

Γ Γ Γ ΓΓ Γ Γ Γ
+ + +

 Γ Γ Γ Γ
= − + 

  
∑

        (127) 

Since each term on the right-hand side of (127) remains finite as 0→ , 
while each term on the left-hand side contains a factor with at least a simple pole 
in e, each side of the equation must vanish separately. Remembering the Equa-
tion (125), we can write the following equation, called the renormalization equa-
tion: 

( )
div 0,nℜΓ =                         (128) 

where 

.
K L K Lh C h Cµν σ µν σ

µν σ µν σ

δ δ δ δ δ δ δ δ
δ δ δ δδ δ δ δ

Σ Σ Σ Σ
ℜ = + + +      (129) 

Similarly by collecting the n-loop order divergences in the ghost equation of 
motion (124) we get 

( ) ( )
1 div div 0.

n n

F
K C

τ
µν

µν τ

δ δ
κ

δ δ
− Γ Γ

− =


                 (130) 
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In order to construct local solutions to Equations. (128) and (130) remind that 
the operator ℜ  defined in (129) is nilpotent [14]: 

2 0.ℜ =                           (131) 

Equation (131) gives us the local solutions to Equation (128) of the form 
( ) ( ) ( )div , , , , ,n h X h C C K Lµν µν σ

τ µν σ
 Γ = ℑ +ℜ           (132) 

where ℑ  is an arbitrary gauge-invariant local functional of hµν  and its deriv-
atives, and X is an arbitrary local functional of , , ,h C C Kµν

σ τ µν  and Lσ  and 
their derivatives. In order to satisfy the ghost equation of motion (130) we re-
quire that 

( ) ( ) ( )1
div div , , , .n n h C K C F Lµν σ τ

µν ττ µν σκ −Γ = Γ −


            (133) 

D) Ghost number and power counting 
Structure of the effective action (104) shows that we may define the following 

conserved quantity, called ghost number [14]: 

[ ]
[ ]

ghost ghost ghost

ghost ghost

0, 1, 1,

1, 2.

N h N C N C

N K N L

µν
σ τ

µν σ

   = = + = −  
  = − = − 

        (134) 

From Equations (134) follows that 

[ ] [ ]ghost ghost 0.N NΣ = Γ =                   (135) 

Since 

[ ]ghost 1,N ℜ = +                      (136) 

we require of the functional ( )X ⋅  that 

[ ]ghost 1.N X = −                      (137) 

In order to complete analysis of the structure of ( )
div
nΓ , we must supplement 

the symmetry Equations (132), (133), and (137) with the constraints on the di-
vergences which arise from power counting. Accordingly, we introduce the fol-
lowing notations: 

En  = number of graviton vertices with two derivatives, 

Gn  = number of antighost-graviton-ghost vertices, 

Kn  = number of K-graviton-ghost vertices, 

Ln  = number of L-ghost-ghost vertices, 

GI  = number of internal-ghost propagators, 

CE  = number of external ghosts, 

CE  = number of external antighosts. 
Since graviton propagators behave like 4p− , and ghost propagators like 2p− , 

we are led by standard power counting to the degree of divergence of an arbi-
trary diagram, 

4 2 2 2 3 3 .E G G L K CD n I n n n E= − + − − − −            (138) 

The last term in (2.2.48) arises because each external antighost line carries 
with it a factor of external momentum. We can make use of the topological rela-
tion 
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2 2 2G G L K C CI n n n E E− = + − −                 (139) 

to write the degree of divergence as 

4 2 2 2 .E L K C CD n n n E E= − − − − −               (140) 

Together with conservation of ghost number, Equation (140) enables us to 
catalog three different types of divergent structures involving ghosts. These are il-
lustrated in Figure 5. Each of the three types has degree of divergence 1 2 ED n= − . 
Consequently, all the divergences which involve ghosts have 0En = . Since the 
degree of divergence is then 1, the associated divergent structures in ( )

div
nΓ  have 

an extra derivative appearing on one of the fields. Diagrams whose external lines 
are all gravitons have degree of divergence 4 2 ED n= − . Combining (140) with 
(137), (133), and (132), we can finally write the most general expression for ( )

div
nΓ  

which satisfies all the constraints of symmetries and power counting: 
( ) ( ) ( ) ( ) ( )1
div ,n h K C F P h L Q h Cµν τ µν αβ σ αβ τ

µν τ µν σ τκ − Γ = ℑ +ℜ − + 


  (141) 

where ( )P hµν αβ  and ( )Q hσ αβ
τ  are arbitrary Lorentz-covariant functions of 

the gravitational field hµν , but not of its derivatives, at a single spacetime point. 
( )hµνℑ  is a local gauge-invariant functional of hµν  containing terms with 

four, two, and zero derivatives. Expanding (141), we obtain an array of possible 
divergent structures: 

( ) ( ) ( )

( ) ( ) ( )
( )

div

2 2

2 .

symn I D
h P K C F C P

h h

PK C F D C K C F D Q C
h

L Q C C L C Q C

Q
L C D C L Q C C

h

ρσ
µν µν τ α µνα

ρσ τ ρσµν µν

ρσ
τ µν α τ µν σ ε

ρσ τ ρσ α µν τ µν σ εµν

σ τ β σ β τ
σ β τ σ β τ

σ
τ µν α σ τ βτ

σ α σ τ βµν

δ δ
κ

δ δ

δκ κ
δ

κ κ

δ
κ κ

δ

 
Γ = ℑ + + −  

 

− − − −

− ∂ − ∂

− + ∂



 

   (142) 

The breakup between the gauge-invariant divergences S and the rest (142) is de-
termined only up to a term of the form [14]. 
 

 
Figure 5. The three types of divergent diagram which 
involve external ghost lines. Arbitrarily many gravitons 
may emerge from each of the central regions,(a) Ghost 
action type,(b) K type, (c) L type. 
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The breakup between the gauge-invariant divergences S and the rest of (142) 

( )4d ,symI
x h

h
µν µν

µν

δ
η κ

κδ
+∫                    (143) 

which can be generated by adding to Pµν  a term proportional to  
h g gµν µν µνη κ+ = . The profusion of divergences allowed by (142) appears to 

make the task of renormalizing the effective action rather complicated. Although 
the many divergent structures do pose a considerable nuisance for practical cal-
culations, the situation is still reminiscent in principle of the renormalization of 
Yang-Mills theories. There, the non-gauge-invariant divergences may be elimi-
nated by a number of field renormalizations. We shall find the same to be true 
here, but because the gravitational field hµν  carries no weight in the power 
counting, there is nothing to prevent the field renormalizations from being non-
linear, or from mixing the gravitational and ghost fields. The corresponding re-
normalizations procedure considered in [14]. 

Remark 2.2.2. We assume now that: 
1) The local Poincaré group of momentum space is deformed at some funda-

mental high-energy cutoff ∗Λ  [9] [10]. 
2) The canonical quadratic invariant 2 ab

a bp p pη=  collapses at high-energy 
cutoff ∗Λ  and being replaced by the non-quadratic invariant: 

( )
2

0

.
1

ab
a bp p

p
l p

η

∗Λ

=
+

                      (144) 

3) The canonical concept of Minkowski space-time collapses at a small dis-
tance 1l

∗

−
Λ ∗= Λ  to fractal space-time with Hausdorff-Colombeau negative di-

mension and therefore the canonical Lebesgue measure 4d x  being replaced by 
the Colombeau-Stieltjes 
measure 

( )( ) ( )( )( )4d , d ,x v s x xεε ε
η ε =                 (145) 

where 

( )( )( ) ( )

( )

1

,

,

D
v s x s x

s x x x

ε ε
ε

µ
µ

ε
− −  = +     

=

              (146) 

see subsection IV.2. 
4) The canonical concept of local momentum space collapses at fundamental 

high-energy cutoff ∗Λ  to fractal momentum space with Hausdorff-Colombeau 
negative dimension and therefore the canonical Lebesgue measure 3d k , where 

( ), ,x y zk k k=k  being replaced by the Hausdorff-Colombeau measure 

( ) ( ) ( ) 1
,

d d
d ,

D D
D D

D D

D D D p p

p
ε ε

ε ε

+ +

+ −

− −

− + − −∆ ∆ ∆
=

   + +      



k
k

k
        (147) 

see Subsection 3.4. Note that the integral over measure ,dD D+ −
k  is given by 
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formula (185). 
Remark 2.2.3. (I) The renormalizable models which we have considered in 

this section many years regarded only as constructs for a study of the ultraviolet 
problem of quantum gravity. The difficulties with unitarity appear to preclude 
their direct acceptability as canonical physical theories in locally Minkowski 
space-time. In canonical case they do have only some promise as  
phenomenological models. 

(II) However, for their unphysical behavior may be restricted to arbitrarily 
large energy scales ∗Λ  mentioned above by an appropriate limitation on the 
renormalized masses 2m  and 0m . Actually, it is only the massive spin-two ex-
citations of the field which give the trouble with unitarity and thus require a very 
large mass. The limit on the mass 0m  is determined only by the observational 
constraints on the static field. 

3. Hausdorff-Colombeau Measure and Associated Negative 
Hausdorff-Colombeau Dimension 

3.1. Fractional Integration in Negative Dimensions 

Let D
Hµ +  be a Hausdorff measure [19] and nX ⊂   is measurable set. Let 

( )s x  be a function :s X →   such that is symmetric with respect to some 
centre 0x X∈ , i.e. ( )s x  = constant for all x satisfying ( )0,d x x r=  for arbi-
trary values of r. Then the integral in respect to Hausdorff measure over 
n-dimensional metric space X is then given by [19]: 

( ) ( ) ( )
2

1
0

2πd d .
2

D
D D
HX

s x s r r r
D

µ
+

+ +
∞ −

+

=
Γ∫ ∫             (148) 

The integral in RHS of the Equation (148) is known in the theory of the Weyl 
fractional calculus where, the Weyl fractional integral ( )DW f x , is given by 

( ) ( ) ( ) ( )1

0

1 d .DDW f x t x f t t
D

∞ −= −
Γ ∫               (149) 

Remark 3.1.1. In order to extend the Weyl fractional integral (148) in nega-
tive dimensions we apply the Colombeau generalized functions [20] and Co-
lombeau generalized numbers [21]. 

Recall that Colombeau algebras ( )Ω  of the Colombeau generalized func-
tions defined as follows. Let Ω  be an open subset of n . Throughout this paper, 
for elements of the space ( )( ]0,1C∞ Ω  of sequences of smooth functions indexed 
by ( ]0,1ε ∈  we shall use the canonical notations ( )( )xε ε

ζ  and ( )uε ε
 so 

( )u Cε
∞∈ Ω , ( ]0,1ε ∈ . 

Definition 3.1.1. We set ( ) ( ) ( )/MΩ = Ω Ω   , where 

( ) ( ) ( )( ]{
( ) ( ) }

( ) ( ) ( )( ]{
( ) ( ) }

0,1

0,1

, with

sup as 0 ,

,

sup as 0 .

n
M

p
x K

n

q
x K

u C K p

u x O

u C K q

u x O

ε ε

ε

ε ε

ε

α

ε ε

α

ε ε

∞

−
∈

∞

∈

Ω = ∈ Ω ∀ ⊂⊂ Ω ∀ ∈ ∃ ∈

= →

Ω = ∈ Ω ∀ ⊂⊂ Ω ∀ ∈ ∀ ∈

= →





 

 
   (150) 
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Notice that ( )Ω  is a differential algebra. Equivalence classes of sequences 
( )uε ε

 will be denoted by ( )cl uε ε
    is a differential algebra containing ( )D′ Ω  

as a linear subspace and ( )C∞ Ω  as subalgebra. 
Definition 3.1.2. Weyl fractional integral ( )DW f xε

ε

− − 
 
 

 in negative dimen-
sions 0D− < , 0, 1, , , ,D n n− ≠ − − ∈    is given by 

( ) ( ) ( ) ( )( )

( )( ) ( ) ( )
( )

1

0 1

1 d

or

1 1 d ,

DD

D

D

W f x t x f t t
D

W f x f t t
D t x

ε ε

ε
ε

ε
ε

−−

−
−

−

∞ −

−

∞

− +

= −
Γ

 
 =
 Γ + − 

∫

∫

       (151) 

where ( ]0,1ε ∈  and ( )
0

df t t
∞

< ∞∫ . Note that ( )( ) ( )DW f xε
ε

−−
∈  . Thus 

in order to obtain appropriate extension of the Weyl fractional integral 
( )DW f x

+
 on the negative dimensions 0D− <  the notion of the Colombeau 

generalized functions is essentially important. 
Remark 3.1.2. Thus in negative dimensions from Equation (148) we formally 

obtain 

( )( ) ( )
( ) ( )

2

, 0 1

2πd d ,
2

D
DD

HCX D

s r
s x r I

D r
ε ε εε

ε

µ
ε

−
−−

−
−

∞

− +

 
 = =
 Γ + 

∫ ∫        (152) 

where ( ]0,1ε ∈  and 0, 2, , 2 , ,D n n− ≠ − − ∈    and where ( ),
D
HC ε

ε
µ

−
 is ap-

propriate generalized Colombeau outer measure. Namely Hausdorff-Colombeau 
outer measure. 

Remark 3.1.3. Note that: if ( )0 0s ≠  the quantity ( ),D DIε
ε

+ −
 takes infinite 

large value in sense of Colombeau generalized numbers, i.e., ( ),D DIε
ε

+ −
= ∞




 , 
see Definition 3.3.2 and Definition 3.3.3. 

Remark 3.1.4. We apply through this paper more general definition then 
(3.1.4): 

( )( ) ( ) ( )
( ) ( )

12 2
,,

, 0

4π πd d ,
2 2

DD D
D DD D

HCX D

r s r
s x r I

D D r
ε ε

ε ε
ε

µ
ε

++ −
++ −

−
−

−
∞

+ −

 
 = =
 Γ Γ + 

∫ ∫   (153) 

where ( ]0,1ε ∈  and 1D+ ≥ , 0, 2, , 2 , ,D n n− ≠ − − ∈    and where 

( ),
,

D D
HC ε

ε
µ

+ −
 is appropriate generalized Colombeau outer measure. Namely 

Hausdorff-Colombeau outer measure. In Subsection 3.3 we pointed out that 
there exists Colombeau generalized measure ( ),

,d D D
HC ε

ε
µ

+ −
 and therefore Equa-

tion (151) gives appropriate extension of the Equation (148) on the negative 
Hausdorff-Colombeau dimensions. 

3.2. Hausdorff Measure and Associated Positive Hausdorff Di-
mension 

Recall that the classical Hausdorff measure [19] [22] originate in Caratheodory’s 
construction, which is defined as follows: for each metric space X, each set 

{ }i i
F E

∈
=



 of subsets iE  of X, and each positive function ( )Eζ + , such that 
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( )0 iEζ +≤ ≤ ∞  whenever iE F∈ , a preliminary measure ( )Eδφ
+  can be 

constructed corresponding to 0 δ< ≤ +∞ , and then a final measure ( )Eµ+ , as 
follows: for every subset E X⊂ , the preliminary measure ( )Eδφ

+  is defined by 

( )
{ }

( ) ( ){ }inf | , .
i i

i i ii iE
E E E E diam Eδφ ζ δ

∈

+ +
∈ ∈

= ⊂ ≤∑ 


       (154) 

Since ( ) ( )
1 2

E Eδ δφ φ+ +≥  for 1 20 δ δ< < ≤ +∞ , the limit 

( ) ( ) ( )
0 0

lim supE E Eδ δδ δ
µ φ φ

+

+ + +

→ >
= =               (155) 

exists for all E X⊂ . In this context, ( )Eµ+  can be called the result of Cara-
theodory’s construction from ( )Eζ +  on F. ( )Eδφ

+  can be referred to as the 
size δ  approximating positive measure. Let ( ),iE dζ + +  be for example 

( ) ( ) ( ) ( ), ,0 ,
d

i iE d d diam E dζ
+

+ + + + = Θ < Θ               (156) 

for non-empty subsets ,iE i∈  of X. Where ( )d +Θ  is some geometrical fac-
tor, depends on the geometry of the sets iE , used for covering. When F is the 
set of all non-empty subsets of X, the resulting measure ( ),H E dµ+ +  is called 
the d+-dimensional Hausdorff measure over X; in particular, when F is the set of 
all (closed or open) balls in X, 

( ) ( ) ( )2π 2 1 .
2

d
d dd d

+
+

+
+ + −  

Θ Ω = Γ + 
 

             (157) 

Consider a measurable metric space ( )( ) ( ), , , ,n
HX d X dµ ∈ −∞ +∞ . The 

elements of X are denoted by , , ,x y z  , and represented by n-tuples of real 
numbers ( )1 2, , , nx x x x= 

 
The metric ( ),d x y  is a function :d X X R+× →  is defined in n dimensions 

by 

( ) ( )( ) 1 2
, ij i i j j

ij
d x y y x y xδ = − − ∑              (158) 

and the diameter of a subset E X⊂  is defined by 

( ) ( ){ }sup , | , .diam E d x y x y E= ∈              (159) 

Definition 3.2.1. The Hausdorff measure ( ),H E Dµ+ +  of a subset E X⊂  
with the associated Hausdorff positive dimension D+

+∈  is defined by ca-
nonical way 

( )
{ }

( ) ( )( ){ }
( ) ( ){ }

0
, lim inf , | , ,

sup | 0, , .

i i
H i i ii iE

H

E D E D E E i diam E

D E d d E d

δ
µ ζ δ

µ

∈

+ + + +
∈→

+ + + + +
+

 = ⊂ ∀ <  

= ∈ > = +∞

∑ 





(160) 

Definition 3.2.2. Remind that a function :f X →   defined in a measura-
ble space ( ), ,X µΣ , is called a simple function if there is a finite disjoint set of 
sets { }1, , , nE E  of measurable sets and a finite set { }1, , nα α  of real num-
bers such that ( ) if x α=  if ix E∈  and ( ) 0f x =  if ix E∉ . Thus 
( ) ( )1 i

n
i Eif x xα χ

=
= ∑ , where ( )

iE xχ  is the characteristic function of iE . A 

https://doi.org/10.4236/jmp.2019.107053


J. Foukzon et al. 
 

 

DOI: 10.4236/jmp.2019.107053 759 Journal of Modern Physics 
 

simple function f on a measurable space ( ), ,X µΣ  is integrable if ( )iEµ < ∞  
for every index i for which 0iα ≠ . The Lebesgue-Stieltjes integral of f is defined 
by 

( )=1d .n
i iif Eµ α µ= ∑∫                    (161) 

A continuous function is a function for which ( ) ( )limx y f x f y→ =  whenev-
er ( )lim , 0x y d x y→ = . 

The Lebesgue-Stieltjes integral over continuous functions can be defined as 
the limit of infinitesimal covering diameter: when { }i i

E
∈  is a disjoined cover-

ing and i ix E∈  by definition (3.2.12) one obtains 

( ) ( )

( )
( )

{ }
( )( )=0 with

d ,

lim inf , .
ii ij ij ij

HX

i ij ijE X jdiam E E E E

f x x D

f x E D E

µ

ζ

+ +

+ +

→ ⊃

 
=  

 

∫

∑ ∑




   (162) 

From now on, X is assumed metrically unbounded, i.e. for every x X∈  and 
0r >  there exists a point y such that ( ),d x y r> . The standard assumption 

that D+  is uniquely defined in all subsets E of X requires X to be regular (ho-
mogeneous, uniform) with respect to the measure, i.e.  

( )( ) ( )( ), ,H r H rB x D B y Dµ µ+ + + +=  for all elements ,x y X∈  and (convex) 
balls ( )rB x  and ( )rB y  of the form ( ) ( ){ }0 | , ; ,rB x z d x z r x z X> = ≤ ∈ . In 
the limit ( ) 0idiam E → , the infimum is satisfied by the requirement that the 
variation overall coverings { }ij ij

E
∈

 is replaced by one single covering iE , such 
that ij i ij

E E x→


 . Hence  

( ) ( )
( )

( ) ( )
0

d , lim , .
i i

H i iX diam E E X
f x x D f x E Dµ ζ+ + + +

→ =

= ∑∫


       (163) 

The range of integration X may be parametrized by polar coordinates with 
( ),0r d x=  and angle Ω . { },i ir i

E Ω ∈
 can be thought of as spherically symme-

tric covering around a centre at the origin. In the limit, the function 
( ), ,rE Dζ + +

Ω  defined by Equation (156) is given by 

( )
( )

( )
,

1 1
,

0
d , lim , d d .

r

D D
H r

diam E
x D E D r r

ω

µ ζ
+ ++ + + + − −

Ω
→

= = Ω         (164) 

Let us assume now for simplification that ( ) ( ) ( )f x f x f r= =  and 
( )lim 0

r
f r

→∞
= . The integral over a D+ -dimensional metric space X is then given 

by 

( ) ( ) ( ) ( )
2

1
0

2πd , d d .
1

2

D

D D
HX X

f x x D f x x f r r r
D

µ

+

+ +∞+ + −
+

= =
 

Γ + 
 

∫ ∫ ∫     (165) 

The integral defined in (163) satisfies the following conditions. 
1) Linearity: 

( ) ( ) ( )
( ) ( ) ( ) ( )

1 1 2 2

1 1 2 2

d ,

d , d , .

HX

H HX X

a f x a f x x D

a f x x D a f x x D

µ

µ µ

+ +

+ + + +

+  

= +

∫
∫ ∫

       (166) 

2) Translational invariance: 
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( ) ( ) ( ) ( )0 d , d ,H HX X
f x x x D f x x Dµ µ+ + + ++ =∫ ∫        (167) 

since ( ) ( )0d , d ,H Hx x D x Dµ µ+ + + +− = . 
3) Scaling property: 

( ) ( ) ( ) ( )d , d ,D
H HX X

f ax x D a f x x Dµ µ
++ + − + +=∫ ∫        (168) 

since ( ) ( )d , d ,D
H Hx a D a x Dµ µ

++ + − + += . 
4) The generalized ( )D xδ

+
 function: 

The generalized ( )D xδ
+

 function for sets with non-integer Hausdorff di-
mension exists and can be defined by formula 

( ) ( ) ( ) ( )0 0d , .D
HX

f x x x x D f xδ µ
+ + +− =∫          (169) 

3.3. Hausdorff-Colombeau Measure and Associated Negative 
Hausdorff-Colombeau Dimensions 

During last 20 years the notion of negative dimension in geometry was many 
developed, see [12] [23] [24] [25] [26] [27]. 

Remind that canonical definitions of noninteger positive dimension always 
equipped with a measure. Hausdorff-Besicovich dimension equipped with 
Hausdorff measure ( )d ,H x Dµ+ + . 

Let us consider example of a space of noninteger positive dimension equipped 
with the Haar measure. On the closed interval 0 1x≤ ≤  there is a scale 
0 1σ≤ ≤  of Cantor dust with the Haar measure equal to xσ  for any interval 
( )0, x  similar to the entire given set of the Cantor dust. The direct product of 
this scale by the Euclidean cube of dimension 1k −  gives the entire scale k σ+ , 
where k ∈  and ( )0,1σ ∈  [24]. 

In this subsection we define generalized Hausdorff-Colombeau measure. In 
subsection III.4 we will prove that negative dimensions of fractal equipped with 
the Hausdorff-Colombeau measure in natural way. 

Let Ω  be an open subset of n , let X be metric space nX   and let F be 
a set { }i i

F E
∈

=   of subsets iE  of X. Let ( ), ,E x xζ   be a function 
: Fζ ×Ω×Ω→  . Let ( )FC∞ Ω  be a set of the all functions ( ),E xζ  such that 
( ) ( ),E x Cζ ∞∈ Ω  whenever E F∈ . Throughout this paper, for elements of the 

space ( )( ]0,1
FC∞ Ω  of sequences of smooth functions indexed by ( ]0,1ε ∈  we 

shall use the canonical notations ( )( ),E xε ε
ζ  and ( )ε ε

ζ  so ( )FCεζ
∞∈ Ω , 

( ]0,1ε ∈ . 
Definition 3.3.1. We set ( ) ( ) ( ), / ,F M F FΩ = Ω Ω   , where 

( ) ( ) ( )( ]{
( ) ( ) }

( ) ( ) ( )( ]{
( ) ( ) }

0,1

;

0,1

;

, , with

sup , as 0 ,

, ,

sup , as 0 .

n
M F

p
E F x K

n
F

q
E F x K

F C K p

E x O

F C K q

E x O

ε ε

ε

ε ε

ε

ζ α

ζ ε ε

ζ α

ζ ε ε

∞

−
∈ ∈

∞

∈ ∈

Ω = ∈ Ω ∀ ⊂⊂ Ω ∀ ∈ ∃ ∈

= →

Ω − ∈ Ω ∀ ⊂⊂ Ω ∀ ∈ ∀ ∈

= →

 

 




   (170) 

Notice that ( )F Ω  is a differential algebra. Equivalence classes of sequences 
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( )ε ε
ζ  will be denoted by ( )cl ε ε

ζ    or simply ( )ε ε
ζ   . 

Definition 3.3.2. We denote by   the ring of real, Colombeau generalized 
numbers. Recall that by definition ( ) ( )/M=     [21], where 

( ) ( ) ( ] ( ) ( ]( ){ }
( ) ( ) ( ] ( ) ( ]( ){ }

0,1
0 0

0,1
0 0

0,1 ,

0,1 .

M x x

x x

α
ε εε

α
ε εε

α ε ε ε ε

α ε ε ε ε

 = ∈ ∃ ∈ ∃ ∈ ∀ ≤ ≤ 

 = ∈ ∀ ∈ ∃ ∈ ∀ ≤ ≤ 

  

  




  (171) 

Notice that the ring   arises naturally as the ring of constants of the Co-
lombeau algebras ( )Ω . Recall that there exists natural embedding  :r 


  

such that for all r∈ , ( )r rε ε
=  where r rε ≡  for all ( ]0,1ε ∈ . We say that 

r is standard number and abbreviate r∈  for short. The ring   can be en-
dowed with the structure of a partially ordered ring: for ,r s∈   , 1η η+∈ ≤  
we abbreviate ,r sη≤





 or simply 


r s≤  if and only if there are representa-
tives ( )rε ε

 and ( )sε ε
 with r sε ε≤  for all ( ]0,ε η∈ . Colombeau generalized 

number r∈   with representative ( )rε ε
 we abbreviate  

( )cl rε ε
   . 
Definition 3.3.3. 1) Let δ ∈  . We say that δ  is infinite small Colombeau 

generalized number and abbreviate 0δ ≈




  if there exists representative ( )ε ε
δ  

and some q∈  such that ( )qOεδ ε=  as 0ε → . 2) Let ∆∈  . We say 
that ∆  is infinite large Colombeau generalized number and abbreviate 
∆ = ∞





  if 1 0−∆ ≈
 

 

 . 3) Let ∞  be { }∞  We say that ∞Θ∈   is infinite 
Colombeau generalized number and abbreviate Θ = ∞

 

 

 if there exists repre-
sentative ( )ε ε

Θ  where εΘ = ∞  for all ( ]0,1ε ∈ . Here we set  
( ) ( ) ( ){ }M M ε ε∞ = Θ   , ( ) ( )∞ =    and ( ) ( )/M∞ ∞ ∞=

    . 
Definition 3.3.4. The singular Hausdorff-Colombeau measure originate in 

Colombeau generalization of canonical Caratheodory’s construction, which is 
defined as follows: for each metric space X, each set { }i i

F E
∈

=   of subsets iE  
of X, and each Colombeau generalized function ( )( ), ,E x xε ε

ζ  , such that: 1) 
( )( )0 , ,E x xε ε

ζ≤  , 2) ( )( ), ,E x xε ε
ζ = ∞





 

 , whenever E F∈ , a preliminary 
Colombeau measure ( )( ), , ,E x xδ ε

φ ε  can be constructed corresponding to 
0 δ< ≤ +∞ , and then a final Colombeau measure ( )( ), ,E x xε ε

µ  , as follows: for 
every subset E X⊂ , the preliminary Colombeau measure ( )( ), , ,E x xδ ε

φ ε  is 
defined by 

( )
{ }

( ) ( ){ }, , , sup , , | , .
i i

i i ii i
E

E x x E x x E E diam Eδ εφ ε ζ δ
∈

∈ ∈
= ⊂ ≤∑ 




 

  (172) 

Since for all ( ]0,1ε ∈ : ( ) ( )
1 2

, , , , , ,E x x E x xδ δφ ε φ ε− −≥   for 1 20 δ δ< < ≤ +∞ , 
the limit 

( )( ) ( )( ) ( )( )0 0
, , , lim , , , inf , , ,E x x E x x E x xδ δε δ δ εε

µ ε φ ε φ ε
+→ >

= =       (173) 

exists for all E X⊂ . In this context, ( )( ), , ,E x x
ε

µ ε  can be called the result of 
Caratheodory’s construction from ( )( ), ,E x xε ε

ζ   on F and ( )( ), , ,E x xδ ε
φ ε  

can be referred to as the size δ  approximating Colombeau measure. 
Definition 3.3.5. Let ( )( ), , , ,iE D D x xε ε

ζ + −   be 
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( )( )
( ) ( ) ( )

( )
1 2 if

, , , , ,

0 if

D
i

iD
i

i

D D diam E
x E

E D D x x d x x

x E

ε ε
ε

ζ ε

+

−

+ −

+ −

  Θ Θ    ∈ =  +   
 ∉



  (174) 

where ( ] ( ) ( )1 20,1 , , 0D Dε + −∈ Θ Θ > . In particular, when F is the set of all 
(closed or open) balls in X, 

( )
2

1
2 π

1
2

D
D

D
D

+
+−

+
+

Θ =
 

Γ + 
 

                    (175) 

and 

( )

( )

2

2
2 π ,

1
2

2, 4, 6, , 2 1 ,

D
D

D
D

D n

−
−−

−

−

−

Θ =
 

Γ + 
 

≠ − − − − + 

                (176) 

Definition 3.3.6. The Hausdorff-Colombeau singular measure  

( )( ), , , , ,H E D D x x
ε

µ ε+ −   of a subset E X⊂  with the associated  
Hausdorff-Colombeau dimension ( ) ,D D D+ − −

+ +∈ ∈


   is defined by 

( )( )

{ }
( )( ) ( )( ){ }
( )( ) { }

0

, , , , ,

lim sup , , , , | , ,

sup 0 | , , , , , ,

i i

HC

i i ii i
E

HC

E D D x x

E D D x x E E i diam E

D D E D D x x

ε

εδ ε
ε

ε

µ ε

ζ δ

µ ε

∈

+ −

+ −
∈→

+ + + −

  
= ⊂ ∀ <     

= > = ∞

∑




















(177) 

The Colombeau-Lebesgue-Stieltjes integral over continuous functions 
:f X →   can be evaluated similarly as in Subsection III.3, (but using the limit 

in sense of Colombeau generalized functions) of infinitesimal covering diameter 
when { }i i

E
∈  is a disjoined covering and i ix E∈ : 

( ) ( )( )

( )
( )

{ }
( )

0 with

d , , , , ,

lim inf , , , , .
ii ij ij ij

HCX

i i iE X jdiam E E E E

f x E D D x x

f x E D D x x

ε

ε
ε

µ ε

ζ

+ −

+ −
=→ ⊃

  
=   

  

∫

∑ ∑








 (178) 

We assume now that X is metrically unbounded, i.e. for every x X∈  and 
0r >  there exists a point y such that ( ),d x y r> . The standard assumption 

that D+  and D−  is uniquely defined in all subsets E of X requires X to be 
regular (homogeneous, uniform) with respect to the measure, i.e.  

( )( )( ) ( )( )( ), , , , , , , , , ,HC r HC rB x D D x x B y D D x y
ε ε

µ ε µ ε− + − − + − ′=
   

    , where  
( ) ( ), ,d x x d x y′=   for all elements , , ,x y x x X′∈   and convex balls ( )rB x  

and ( )rB y  of the form ( ) ( ){ }| , ; ,rB x z d x z r x z X= ≤ ∈    and  
( ) ( ){ }| , ; ,rB y z d y z r y z X= ≤ ∈   . In the limit ( ) 0idiam E → , the infimum is 
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satisfied by the requirement that the variation over all coverings { }ij ij
E

∈
 is re-

placed by one single covering iE , such that ij i ij
E E x→



 . Therefore 

( ) ( )( )

( )
( ) ( )

0

d , , , , ,

lim , , , , .
ii

HCX

i i iE Xdiam E

f x E D D x x

f x E D D x x

ε

ε
ε

µ ε

ζ

+ −

+ −
=→

 =  
 

∫

∑


 



 



       (179) 

Assume that ( ) ( ) ,f x f r r r= = . The range of integration X may be para-
metrized by polar coordinates with ( ),0r d x=  and angle ω . { },i irE ω  can be 
thought of as spherically symmetric covering around a centre at the origin. Thus 

( ) ( )( )

( )
( ) ( )

0

d , , , , ,

lim , , , , .
ii

HCX

i i iE Xdiam E

f r E D D x x

f r E D D x x

ε

ε
ε

µ ε

ζ

+ −

+ −
=→

 =  
 

∫

∑


 



 



       (180) 

Notice that the metric set nX ⊂   can be tesselated into regular polyhedra; 
in particular it is always possible to divide n  into parallelepipeds of the form 

( ) ( ){ }1 , , 1, , | 1 ,0 , 1, , .
ni i n j j j j j jx x x X x i x x j nγ γΠ = = ∈ = − ∆ + ≤ ≤ ∆ =



 

(181) 

For 2n =  the polyhedra 
1 2,i iΠ  is shown in Figure 6. Since X is uniform 

( )( ) ( )
( )

( )

1
, ,1

, ,1

, ,

1

1

d , , , , , lim , , , ,

lim

d
.

n
i in

i in

HC i i
diam

D
n

n j
j Ddiam

j j

D
n

n j
j D

nD
j j

x D D x x D D x x

x

x x

x

x x

εε
ε

ε

ε

µ ε ζ

ε

ε

+

−

+

+

−

+ − + −

Π

=Π

=

 
= Π 
 

 
  ∆  =   
 − +   

 

 
 
 
 
 

  − +    

∏

∏

















   

 







  (182) 

Notice that the range of integration X may also be parametrized by polar 
coordinates with ( ),0r d x=  and angle Ω . ,rE Ω  can be thought of as spher-
ically symmetric covering around a centre at the origin (see Figure 7 for the 
two-dimensional case). In the limit, the Colombeau generalized function 

( )( ), , , , ,0rE D D rε ε
ζ + −

Ω

 

 is given by 

( )( )

( )
{ }( )

, ,1

1 1

,

d , , , ,

d dlim , , , , ,0
i in

HC

D D

r
Ddiam

r D D

r rE D D r
r

ε

ε
ε

ε

µ ε

ζ
ε

+ +

−

+ −

− −
+ −

Ω
Π

Ω

  Ω
= Ω 

   + 
 



 



 

 



    (183) 
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Figure 6. The polyhedra covering for 2n = . 

 

 

Figure 7. The spherical covering ,rE Ω . 

 
When ( )f x  is symmetric with respect to some centre x X∈ , i.e. ( )f x  = 

constant for all x satisfying ( ),d x x r=  for arbitrary values of r, then change of 
the variable 

x z x x→ = −                         (184) 

can be performed to shift the centre of symmetry to the origin (since X is not a 
linear space, (184) need not be a map of X onto itself and (184) is measure pre-
suming). The integral over metric space X is then given by formula 

( ) ( )( )

( ) ( )
( )12 2

0

d , , , , ,

4π π d .
2 2

HCX

DD D

D

f x E D D x x

r f r
r

D D r

ε

ε

µ ε

ε

++ −

−

+ −

−
∞

+ −

 
 =
 Γ Γ + 

∫

∫

 



            (185) 

3.4. Main Properties of the Hausdorff-Colombeau Metric Meas-
ures with Associated Negative Hausdorff-Colombeau Dimen-
sions 

Definition 3.4.1. An outer Colombeau metric measure on a set nX   is a 
Colombeau generalized function ( )( ) ( )FEε ε

φ  ∈ Ω    (see Definition 3.3.1) 
defined on all subsets of X satisfies the following properties. 

1) Null empty set: The empty set has zero Colombeau outer measure 
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( )( ) 0.ε ε
φ ∅ =                       (186) 

2) Monotonicity: For any two subsets A and B of X 

( )( )


( )( ) .A B A Bε εε ε
φ φ   ≤                  (187) 

3) Countable subadditivity: For any sequence { }jA  of subsets of X pairwise 
disjoint or not 

( )( ) 

( )( )11
.j jjj

A Aε ε
εε

φ φ∞ ∞

==
   ≤       ∑             (188) 

4) Whenever ( ) ( ){ }, inf , | , 0nd A B d x y x A y B= ∈ ∈ >  

( )( ) ( )( ) ( )( ) ,A B A Bε ε εε ε ε
φ φ φ     = +               (189) 

where ( ),nd x y  is the usual Euclidean metric: ( ) ( )2,n i id x y x y= −∑ . 
Definition 3.4.2. We say that outer Colombeau metric measure  

( ) ( ], 0,1ε ε
µ ε ∈  is a Colombeau measure on σ-algebra of subests of nX   if 
( )ε ε
µ  satisfies the following property: 

( )( ) ( )( )11
.j jjj

A Aε ε
εε

φ φ∞ ∞

==
   =       ∑

            (190) 

Definition 3.4.3. If U is any non-empty subset of n-dimensional Euclidean 
space, n , the diamater U  of U is defined as 

( ){ }sup , | ,U d x y x y U= ∈                 (191) 

If nF ⊆  , and a collection { }i i
U

∈  satisfies the following conditions: 
1) iU δ<  for all i∈ , 2) ii

F U
∈

⊆
  , then we say the collection 

{ }i i
U

∈  is a δ-cover of F. 
Definition 3.4.4. If nF ⊆   and , , 0s q δ > , we define Hausdorff-Colombeau 

content: 

( )( ),
1, inf

s
is q

qi
i

U
H F

x
δ ε

ε

ε
ε

∞

=

    =   +   
∑            (192) 

where the infimum is taken over all δ-covers of F and where  
( ),1 ,, ,i i i n ix x x U= ∈  for all i∈  and x  is the usual Euclidean norm: 

2
1

n
jjx x

=
= ∑ . 

Note that for ( ]1 20 1, 0,1δ δ ε< < < ∈  we have 

( ) ( )
1 2

, ,, ,s q s qH F H Fδ δε ε≥                   (193) 

since any 1δ  cover of F is also a 2δ  cover of F, i.e. ( )
1

, ,s qH Fδ ε  is increasing as 
δ  decreases. 

Definition 3.4.5. We define the ( ),s q -dimensional Hausdorff-Colombeau 
(outer) measure as: 

( )( ) ( )( ), ,

0
, lim , .s q s qH F H Fδε δ ε
ε ε

→
=               (194) 

Theorem 3.4.1. For any δ-cover, { }i i
U

∈  of F, and for any ( ]0,1ε ∈ , t s> :  
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( ) ( ), ,, , .t q t s s qH F H Fε δ ε−≤                 (195) 

Proof. Consider any δ-cover { }i i
U

∈  of F. Then each t s t s
iU δ− −≤  since 

iU δ≤ , so: 

.t t s s st s
i i i iU U U Uδ− −= ≤                (196) 

From (196) it follows that 

t st s
i i

q q
i i

U U

x x

δ

ε ε

−

≤
+ +

                   (197) 

and summing (196) over all i∈  we obtain 

1 1 .
t s

i it s
q qi i

i i

U U

x x
δ

ε ε
∞ ∞−
= =

≤
+ +

∑ ∑                (198) 

Thus (195) follows by taking the infimum. 
Theorem 3.4.2. 1) If ( )( ), ,s qH F

ε
ε < ∞

 

 

, and if t s> , then  
( )( ), , 0t qH F

ε
ε =





. 
2) If ( )( ),0 ,s qH F

ε
ε<

 

 

, and if t s< , then ( )( ), ,t qH F
ε

ε = ∞




. 
Proof. 1) The result follows from (195) after taking limits, since ( ]0,1ε∀ ∈  

by definitions follows that ( ), ,s qH F ε < ∞ . 
2) From (3.4.10) ( ]0,1 , 0ε δ∀ ∈ ∀ >  follows that 

( ) ( ), ,1 , , .s q t q
s t H F H Fε ε

δ − ≤                 (199) 

After taking limit 0δ → , we obtain ( ), ,t qH F ε = ∞ , since  

( ) 1

0lim s t
δ δ

−−
→ = ∞  and ( ) ( ), ,

0lim , , 0s q s qH F H Fδ δ ε ε→ = > . 
Definition 3.4.6. We define now the Hausdorff-Colombeau dimension 

( )dim ,HC F q  of a set F (relative to 0q > ) as 

( ) ( ) ( )( ){ }
( ) ( )( ){ }

,

,

dim , sup | ,

inf = | , 0 .

s q
HC

s q

F q s s q H F

s s q H F

ε

ε

ε

ε

= = = ∞

= =









        (200) 

Remark 3.4.1. From theorem 3.4.2 it follows that for any fixed q q=  : 
( )( ), , 0s qH F

ε
ε =







 or ( )( ), ,s qH F
ε

ε = ∞






 everywhere except at a unique 
value s, where this value may be finite. As a function of s, ( ), ,s qH F ε



 is de-
creasing function. Therefore, the graph of ( ), ,s qH F ε



 will have a unique value 
where it jumps from ∞  to 0. 

Remark 3.4.2. Note that the graph of ( )( ), ,s qH F
ε

ε


 for a fixed q q=   is 

( )( )
( )
( )
( )

,

if dim ,
, 0 if dim ,

undetermined if dim ,

HC
s q

HC

HC

s F q
H F s F q

s F q
ε

ε
∞ >
= >
 =

















       (201) 

Definition 3.4.7. We say that fractal nF  has a negative dimension rela-

https://doi.org/10.4236/jmp.2019.107053


J. Foukzon et al. 
 

 

DOI: 10.4236/jmp.2019.107053 767 Journal of Modern Physics 
 

tive to 0q >  
if ( )dim , 0HC F q q− < . 

4. Scalar Quantum Field Theory in Spacetime with  
Hausdorff-Colombeau Negative Dimensions 

4.1. Equation of motion and Hamiltonian 

Scalar quantum field theory and quantum gravity in spacetime with noninteger 
positive Hausdorff dimensions developed in papers [28] [29] [30] [31]. Quan-
tum mechanics in negative dimensions developed in papers [32] [33] Scalar 
quantum field theory and quantum gravity in spacetime with  
Hausdorff-Colombeau negative dimensions originally developed in paper [12]. 
In this section only free scalar quantum field in spacetime with negative dimen-
sions briefly is considered. 

A negative-dimensional spacetime structure is a desirable feature of superre-
normalizable spacetime models of quantum gravity, and the most simply way to 
obtain it is to let the effective dimensionality of the multifractal universe to 
change at different scales. A simple realization of this feature is via suitable ex-
tended fractional calculus and the definition of a fractional action. Note that be-
low we use canonical isotropic scaling such that: 

1, 0,1, , 1x Dµ µ  = − = −  t                  (202) 

while replacing the standard measure with a nontrivial Colombeau-Stieltjes 
measure, 

( )( )
[ ] [ )

t f

t

d d d , ,

, 1, .

D Dx x x

D
ε

η ε

η α α

→ =

= ⋅ ∈ −∞
                 (203) 

Here tD  is the topological (positive integer) dimension of embedding space-
time and α  is a parameter. Any Colombeau integrals on net multifractals can 
be approximated by the left-sided Colombeau-Riemann--Liouville complex mil-
ti-fractional integral of a function ( )tL : 

( ) ( )( ) ( ){ }( ) ( ) ( )

( )( ) ( )

( )( )
( ) ( ) ( )

( )( )

1

, 10
d , d ,

, ,
1

i

i

ii

z t
t tmz t

t i
i

z tz t

i

t t i
x t I t t

z t

t t t i
t

z t

ε εεε
ε

ε

ε

ε
η ε

ε
η ε

−

=

 − +   ∝
 Γ
 

 − − +   =
 Γ +
 

∑∫ ∫L L

 (204) 

where ( ]0,1ε ∈ , t  is fixed and the order ( )z t  is (related to) the complex 
Hausdorff-Colombeau dimensions of the set. In particular if  

, 1, 2, ,iz i m∈ =   is a complex parameter an integral on net multifractals can 
be approximated by finite sum of the left-sided  
Colombeau-Riemann-Liouville complex fractional integral of a function 
( )tL  
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( ) ( )( ) { }

( ) ( ) ( ) ( )

( )( ) ( )
( )

1
,0

1
,1 1

1

d ,

1 d ,

, .
1

m
i i

ii

ii

t z
t

t zm mz
ti i

i

zz
m
i

i

x t I

I t t i t
z

t t t i
t

z

ε
ε ε

ε εε
ε

ε

ε

η ε

ε

ε
η ε

=

−

= =

=

 ∝  
 

 
= − +    Γ 

 − − +   =
 Γ +
 

∫

∑ ∑ ∫

∑



L

L        (205) 

Note that a change of variables t t t→ −  transforms Equation (205) into the 
form 

( ) ( )( ) [ ]
( )( ) ( )

1

10 0
d , d .

iz
t tm

i

t i
x t t t t

z tε
ε

ε
η ε

−

=

 +
 = −
 Γ 

∑∫ ∫L L         (206) 

The Colombeau-Riemann-Liouville multifractional integral (206) can be 
mapped onto a Colombeau-Weyl multifractional integral in the formal limit 
t → +∞ . We assume otherwise, so that there exists ( )lim t z t→+∞  and 

( ) ( ) ( )lim ,t t t q t q t→+∞ − =   L L . In particular if z∈  is a complex parame-
ter a change of variables t t t→ −  transforms Equation (206) into the form 

( ) [ ]
( ) ( ) ( )

1

,1 1 d , .
i

i

z
tm mz

ti i
i

t i
I t q t q t

zε εε
ε

ε −

= =

 +
 =    Γ 

∑ ∑ ∫ L          (207) 

This form will be the most convenient for defining a Colombeau-Stieltjes field 
theory action. In tD  dimensions, we consider now the action 

( ) ( ) ( ) ( )( )d , , ,
M

x x xε ε µ εε ε
η ε ϕ ϕ = ∂ ∫S L             (208) 

where , µϕ ϕ ∂ L  is the Lagrangian density of the scalar field ( )( )xε ε
ϕ  and 

where 

( )( ) ( )( ) ( )( )t 1
, ,1 0d , , d , , : ,Dm
i iix f x x f x Mµ

µ µµε ε ε
η ε ε ε−

= =
= →∑ ∏ 

   (209) 

is some Colombeau-Stieltjes measure. We denote with pair ( )( )( ), d ,M x
ε

η ε  
the metric spacetime M equipped with Colombeau-Stieltjes measure 

( )( )d ,x
ε

η ε . The former can be taken to be the canonical scalar field Lagran-
gian, 

( ) ( )( ) ( ) ( )( )1, ,
2

x x Vµ
ε µ ε µ ε ε ε εεε

ϕ ϕ ϕ ϕ ϕ ∂ = − ∂ ∂ − L       (210) 

where ( )V ϕ  is a potential and contraction of Lorentz indices is done via the 
Minkowski metric ( ), , ,µν µν

η = − + + . As for the Colombeau-Stieltjes measure, 
we make the multifractal spacetime isotropic choice 

( )( ) ( ), t, , , 1, , 1; 1, , .iif f D i mεµ ε εε
µ= = − =             (211) 

Hence the scalar field action (208) reads 

( ) ( ) ( ) ( )( )
( ) ( )t

,1

d , ,

1d ,
2

M

m D
jj

x x x

xv x V

ε ε µ εε ε

µ
ε µ ε ε ε

ε

η ε ϕ ϕ

ϕ ϕ ϕ
=

 = ∂ 

  = ∂ ∂ +    

∫

∑ ∫

S
      (212) 

where ( )( )v xε ε
 is a coordinate-dependent 
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Lorentz scalar 

( )( )
( ) ( )t

, 1

1 .j D
j

v x
s x

ε αε

ε
ε

−

 
 =     +  

               (213) 

We define now the Dirac distribution as Colombeau generalized function by 
equation 

( ) { }
( ) ( )( )f

1 d , , .j

j

Dm
jj v

x x m
ε

η ε δ ε
=

=∑ ∫ ,               (214) 

In particular for the case 1m =  

( ) { }
( ) ( )( )fd , , 1.D
vx x

ε
η ε δ ε =∫                  (215) 

Invariance of the action under the infinitesimal shift ( ) ( ) ( )x x xϕ ϕ δϕ→ +  
gives the equation of motion for a generic weight ( ), , 1, ,iv i mε ε

=  : 

( )
,

1
,

d 0.
d

m i
i

i

v
v x
µ ε

µ
ε ε µ εε ε

ϕ ϕ=

   ∂ ∂ ∂ − + =      ∂ ∂ ∂      
∑L L         (216) 

In particular for the case 1m =  we obtain  

( )
d 0.

d
v

v x
µ ε

µ
ε ε µ εε ε

ϕ ϕ

 ∂   ∂ ∂ − + =    ∂ ∂ ∂    

L L            (217) 

From Equation (212) and Equation (216) we obtain 

( ) ( ),
1

,

d 0.
d

m i
i

i

v
V

v
µ ε µ

ε ε εε
ε ε εε

ϕ ϕ ϕ
ϕ=

   ∂   + ∂ − =             
∑       (218) 

where µ
µ= ∂ ∂ . In particular for the case 1m =  we obtain 

( ) ( )d 0.
d

v
V

v
µ ε µ

ε ε εε
ε ε εε

ϕ ϕ ϕ
ϕ

 ∂   
+ ∂ − =         

          (219) 

4.2. Propagator in Configuration Space with Negative-Dimensions 

We define the canonical vacuum-to-vacuum amplitude by 

[ ]( ) ( )( ),1, exp d ,m
jjZ J i Jε ε εε ε

ε ϕ η ϕ
=

 = + ∑∫ ∫D L         (220) 

where J is a source. Integration by parts in the exponent leads to the Lagrangian 
density for a free field as 

( ) ( ), 2
1

,

1 1 ,
2 2

m j
j

j

v
m

v
µ ε µ

ε ε ε ε ε εε ε
ε ε

ϕ ϕ ϕ ϕ
=

  ∂
 = + ∂ − = ℑ     

∑L     (221) 

where 

, 2
1

,

; 1, , .m j
j

j

v
m j m

v
µ ε µ

ε
ε

=

∂
ℑ = + ∂ − =∑             (222) 

In particular for the case 1m =  we obtain 
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2 .
v

m
v
µ ε µ

ε
ε

∂
ℑ = + ∂ −                    (223) 

The propagator is the Green function ( )( )G xε ε
 solving the equation 

( )( ) ( )( ), ,D
vG x xε ε ε ε

δ ε
−

ℑ =                (224) 

where ( )t 1 0D D α− = − < . By virtue of Lorentz covariance, the Green function 
( )G xε  must depend only on the Lorentz interval 2 2i

is x x x x tµ
µ= = − , where 

0x t=  and t1, , 1i D= − . In particular, ( ) ( )( )( )v v s xε εε ε
=  with the correct 

scaling property is 

( )( )( ) ( ) ( )
1

, .
D

v s x s x s x x xµ
ε µε

ε

ε
− −  = + =     

      (225) 

Note that 

( ) ( )
2 t 1

, .s s s

x D
s s

µ
µ

ε εε ε
−

∂ = ∂ = ∂ + ∂
+ +

             (226) 

Hence the inhomogeneous Equation (224) reads 

( ) ( )( ) ( )( )2 2t 1
, .D

s s v
D

m G x x
s ε ε ε

ε

α
δ ε

ε
− −

∂ + ∂ − =  + 
       (227) 

We first consider the Euclidean propagator and denote with 2i
ir x x t= +  

the Wick-rotated Lorentz invariant. In the massless case, the solution of the 
homogeneous equations for any 0α <  is 

( )( ) t2 2
, .

2
D

G r Cr β
ε ε

α
β

+
= =               (228) 

Let us now consider the massive case.The solution of the homogeneous equa-
tion ( )( ) 0G rε ε ε

ℑ =  for any 0α <  is 

( )( ) ( ) ( )

2 t
2

t t1 22 2
2 2

,

D

D D
rG r C mr C mr
m

α

ε α αε

+ ⋅

+ ⋅ + ⋅
− −

  = +  
    

K I     (229) 

where 1 2,C C  are constants and λK  and λI  are the modified Bessel func-
tions. The function ( )zνI  is 

( ) ( )
( )

2

0

2
.

! 1

k

k

z
z

k k

ν

ν ν

+
∞

=
=

Γ + +∑I                (230) 

Formula (230) is valid providing 1, 2, 3,ν ≠ − − −   

( ) ( )
( )

2

0

2
! 1

k

k

z
z

k k

ν

ν ν

− +
∞

− =
=

Γ − + +
∑I              (231) 

Formula (231) is obtained by replacing ν  in (232) with a ν− . 

( ) ( ) ( )π .
2sin π

z z zν ν νν− −
 = − − K I I          (232) 

The modified Bessel functions ( )zν−I  and 
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( )zν−K  have the following asymptotic forms for 0z → : 

( ) ( ) ( ) ( )
1 2 1, , 1, 2, 3,
2 21

zz z
z

ν ν

ν νν ν
ν

− −

− −
   Γ − ≠ − − −   Γ − +   

K I  (233) 

Since for small 0m  the solution must agree with the massless case (228), 
we can set 2 0C = . To find the solution of the inhomogeneous equation, one 
exploits the fact that the mass term does not contribute near the origin. Ex-
panding Equation (229) at 0mr   when 0α <  ( 2 0C = ), we find 

( )( ) ( )
t t4 2

t 22 2
1

2
2

2

i iD D
iD

G r C r
α α

ε ε

α+ ⋅ + ⋅
−  + ⋅

= Γ − 
 

          (234) 

which must coincide with Equation (228). This gives the coefficient 1C  and the 
propagator reads 

( ) ( )
t

tt

t 2
2

2
t 22

1 2 .
2

2π
2

i iD

DD

D
mG r mr
rD

α

αα

+ ⋅
−

+
−

 Γ    = −     
Γ − 
 

,

K      (235) 

5. The Solution Cosmological Constant Problem 
5.1. Einstein-Gliner-Zel’dovich Vacuum with Tiny Lorentz Inva-

riance Violation 

We assume now that: 
1) Poincaré group of momentum space is deformed at some fundamental 

high-energy cutoff ∗Λ  [9] [10]. 
2) The canonical quadratic invariant 2 ab

a bp p pη=  collapses at high-energy 
cutoff ∗Λ  and being replaced by the non-quadratic invariant: 

( )
2

0

.
1

ab
a bp p

p
l p

η

∗Λ

=
+

                      (236) 

3) The canonical concept of Minkowski space-time collapses at a small dis-
tance 1l

∗

−
Λ ∗= Λ  to fractal space-time with Hausdorff-Colombeau negative di-

mension and therefore the canonical Lebesgue measure 4d x  being replaced by 
the Colombeau-Stieltjes measure 

( )( ) ( )( )( )4d , d ,x v s x xεε ε
η ε =                  (237) 

where 

( )( )( ) ( )

( )

1

,

,

D
v s x s x

s x x x

ε ε
ε

µ
µ

ε
− −  = +     

=

              (238) 

see subsection IV.2. 
4) The canonical concept of momentum space collapses at fundamental 
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high-energy cutoff ∗Λ  to fractal momentum space with Hausdorff-Colombeau 
negative dimension and therefore the canonical Lebesgue measure 3d k , where 

( ), ,x y zk k k=k  being replaced by the Hausdorff-Colombeau measure 

( ) ( ) ( ) 1
,

d d
= ,

D D
D D

D D

D D D p p
d

p
ε ε

ε ε

+ +

+ −

− −

− + − −∆ ∆ ∆

   + +      



k
k

k
       (239) 

where ( ) ( )
22π
2

D

D
D

±

±
±

∆ =
Γ

 and x y zp k k k= = + +k . 

Remark 5.1.1. Note that the integral over measure ,dD D+ −
k  is given by for-

mula (185). Thus vacuum energy density ( )eff, , ,D D pε µ+ −
∗  for free quantum 

fields is 

( ) ( ) ( ) ( )eff eff eff eff, , , , , , , .D D p p D D pε µ ε µ ε µ ε µ+ − + −
∗ ∗ ∗= + +     (240) 

Here the quantity ( )effε µ  is given by formula 

( )
( )

( )

( )

( )

eff

eff

eff

2 2 3
eff 3

0

2 2 2

0

2 2 2

0 0

1 d d
2 2π

d d

d d

p

f

K f p p p

K f p p p

µ

µ

µ

µ

µ µ

ε µ µ µ µ

µ µ µ

µ µ µ

≤

≤

= +

= +

= +

∫ ∫

∫ ∫

∫ ∫

 k

k k

        (241) 

where 
( )3

2π , 1
2π

K c= =


. The quantity ( )eff , pε µ ∗  is given by formula 

( )
( )

( )

( )

eff

eff

2 2 3
eff 3

0

2 2 2

0

1, d d
2 2π

d d .

p

p

p f

K f p p p

µ

µ

µ

µ

ε µ µ µ µ

µ µ µ

∗

∗

∗
< <

< <

= +

= +

∫ ∫

∫ ∫

 k

k

k k

    (242) 

The quantity ( )eff, , ,D D pε µ+ −
∗

  (since Equation (22) holds) is given by 
formula 

( )

( ) ( )
eff

eff

2 4 2
2 2 ,

2 2 2 22 2
0

, , ,

1d d ,
1 11

D D

p

D D p

l l
K f

l ll

µ

ε µ

µ µ
µ µ µ

µ µµ

+ −
∗ ∗

∗ ∗ ∗∗

+ −
∗

Λ Λ

≥ Λ ΛΛ

 
 = + + +
 − −− 

∫ ∫



k

k k

(243) 

where 
( )3

1 , 1
2 2π

K c′ = =


. 

Remark 5.1.2. We assume now that  2 2 4 21, 1l lµ µ
∗ ∗Λ Λ   and therefore 

from Equation (243) 
we obtain 
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( )

( ) ( )
eff eff

3,2 2 2 ,

0 0

, , ,

d d d d .D D D

p p

D D p

K l f K f
µ µ

ε µ

µ µ µ µ µ µ
+ −

−

∗ ∗

+ −
∗

Λ
≥ ≥

′ ′= + +∫ ∫ ∫ ∫

eff

k k

k k k
(244) 

From Equation (244) and Equation (239) we obtain 

( )
( ) ( )

( ) ( ) ( )( )

( ) ( ) ( )

( ) ( ) ( )( )

eff eff

eff

eff

eff

eff

2 , 2 2 ,
0 0

1
2

0

2 2 1

0

2 1
0

, , ,

d d d d

dd

d
d

d d

D D D D

p p

D

p D

D

p D

D D
p

D D p

K l f K f

p pK l D D f
p

p p p
K D D f

p

K l D D f p p

µ µ

µ

ε

µ

ε

µ

ε µ

µ µ µ µ µ µ

µ µ µ
ε

µ
µ µ

ε

µ µ µ

+ − + −

∗ ∗

+

−∗

+

−∗

− +

+ −
∗

Λ
≥ ≥

−
∞+ −

Λ

−
∞+ −

+ − + −
Λ

′ ′= + +

′= ∆ ∆
 + 
 

+
′+ ∆ ∆

 + 
 

′= ∆ ∆

∫ ∫ ∫ ∫

∫ ∫

∫ ∫

∫

k k

k k k

( ) ( ) ( )eff 2 2 1
0

d d .D D
p

K D D f p p p
µ

µ µ µ

∗

− +

∗

∞

∞+ − + −′+ ∆ ∆ +

∫

∫ ∫

(245) 

Remark 5.1.2. We assume now that: 

2 6.D D− ++ + ≤ −                      (246) 

Note that 

( )

( )

( ) ( )

( ) ( )
( ) ( ) ( )

eff

eff

eff eff

eff

eff e

2 2 1
0

2

20

2 1
0 0

4 3 4
0

1
2

0 0

d d

d 1 d

1d d d d
2

1 d d
8

d d
1 2

D D
p

D D
p

D D D D
p p

D D D D
p

D D D D

f p p p

f p p
p

f p p f p p

f p p O p

p pf f
D D D D

µ

µ

µ µ

µ

µ µ

µ µ µ

µµ µ

µ µ µ µ µ

µ µ µ

µ µ µ µ µ

− +

∗

− +

∗

− + − +

∗ ∗

− + − +

∗

− + − +

∞ + −

∞ +

∞ ∞+ + −

∞ + − + −
∗

+ + +
∗ ∗

− + − +

+

= +

= +

− +

= +
+ + +

∫ ∫

∫ ∫

∫ ∫ ∫ ∫

∫ ∫

∫

( ) ( ) ( )

ff

eff
1

4 4
0

d .
8 1

D D
D Dp f O p

D D
µ

µ µ µ
− +

− +
+ −

+ −∗
∗− +

− +
+ −

∫

∫

  (247) 

Thus finally we obtain 

( )

( )

( ) ( ) ( )( )

( ) ( ) ( )

eff

eff

eff

eff

1

0

2
0

2
4 4

0

, , ,

d
1

0.5 d

d .
8 1

D D

D D

D D
D D

D D p

K p f
D D

pK l D D f
D D

K p f O p
D D

µ

µ

µ

ε µ

µ µ

µ µ µ

µ µ µ

− +

− +

− +
− +

+ −
∗

+ +
∗

− +

+
+ − ∗

Λ − +

+ −
+ −∗

∗− +

′
=

+ +

 ′+ ∆ ∆ +  +

′
− +

+ −

∫

∫

∫

    (248) 
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Remark 5.1.3. Note that (see Equations (42)): 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

eff eff eff

eff eff eff

eff eff eff

4 2 2 4
1

0 0 0

4 6 8 5
2

0 0 0

, ,

1 1 1d d ln d
4 4 8

1 1 1ln d d .
8 32

p p

p f p f C p f

f f O f p
p

µ µ µ

µ µ µ

ε µ ε µ ε µ

µ µ µ µ µ µ µ µ

µ µ µ µ µ µ µ µ µ

∗ ∗

∗ ∗ ∗

−
∗

∗

= +

 = + + − 
 

  
+ − +        

∫ ∫ ∫

∫ ∫ ∫



(249) 

From Equation (240), Equation (248) and Equation (249) finally we obtain 

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

( )

eff eff eff

eff eff eff

eff eff eff eff

4 2 2 4
1

0 0 0

4 6 8 5
2

0 0 0

2

, , , , , , ,

1 1 1d d ln d
4 4 8

1 1 1ln d d
8 32

.D D

D D p p D D p

p f p f C p f

f f O f p
p

O p

µ µ µ

µ µ µ

ε µ ε µ ε µ ε µ

µ µ µ µ µ µ µ µ

µ µ µ µ µ µ µ µ µ

+ − + −
∗ ∗ ∗

∗ ∗ ∗

−
∗

∗

− ++ +
∗

= + +

 = + + − 
 

  
+ − +        

+

∫ ∫ ∫

∫ ∫ ∫



(250) 

The pressure ( )eff, , ,p D D pµ+ −
∗  for free scalar quantum field is 

( ) ( ) ( ) ( )eff eff eff eff, , , , , , , .p D D p p p p p D D pµ µ µ µ+ − + −
∗ ∗ ∗= + +     (251) 

Here the quantity ( )effp µ  is given by formula 

( ) ( )eff
4

eff 0 2 2
d d .

3 p

K pp f p
p

µ

µ

µ µ µ
µ<

=
+

∫ ∫            (252) 

The quantity ( )eff ,p pµ ∗  is given by formula 

( ) ( )eff
4

eff 0 2 2
, d d .

3 p p

K pp p f p
p

µ

µ

µ µ µ
µ∗

∗
≤ ≤

=
+

∫ ∫        (253) 

The quantity ( )eff, , ,p D D pµ+ −
∗

  is given by formula  

( ) ( )eff
4

eff 0 2 2
, , , d d ,

3 p p

K pp D D p f p
p

µ
µ µ µ

µ∗

+ −
∗

>

′

+
∫ ∫



     (254) 

where 
( )3

1 , 1
2 2π

K c′ = =


. 

Remark 5.1.4. Note that (see Equations (42): 

( ) ( ) ( )

( ) ( )

( ) ( ) ( )

( ) ( )

eff eff

eff eff

eff eff

eff eff eff

4 2 2

0 0

4 4
2

0 0

6 8 5
2

0 0

, ,

1 1d d
12 12

1 1ln d ln d
8 8

5 1 d .
32

p p p p p

p f p f

C p f f

f O f p
p

µ µ

µ µ

µ µ

µ µ µ

µ µ µ µ µ

µ µ µ µ µ µ µ

µ µ µ µ µ

∗ ∗

∗ ∗

∗

−
∗

∗

= +

= −

 + + − 
 

  
+ +        

∫ ∫

∫ ∫

∫ ∫



 (255) 

From Equation (250), Equation (254) and Equation (255) similarly as above 
finally we get 
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( )

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

eff eff

eff eff

eff eff

eff

4 2 2

0 0

4 4
2

0 0

6 8 5 2
2

0 0

, , ,

1 1d d
12 12

1 1ln d ln d
8 8

5 1 d .
32

D D

p D D p

p f p f

C p f f

f O f p O p
p

µ µ

µ µ

µ µ

µ

µ µ µ µ µ

µ µ µ µ µ µ µ

µ µ µ µ µ
− +

+ −
∗

∗ ∗

∗

− + +
∗ ∗

∗

= −

 + + − 
 

  
+ + +       

∫ ∫

∫ ∫

∫ ∫

   (256) 

Remark 5.1.5. We assume now that: 

( ) ( ) ( )
eff eff eff

2 4

0 0 0

d d d 0.f f f
µ µ µ

µ µ µ µ µ µ µ µ= = =∫ ∫ ∫          (257) 

From Equation (250), Equation (256) and Equation (257) finally we get 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

eff

eff

4 2
eff

0

4 2
eff

0

1, , , ln d ,
8

1, , , ln d .
8

D D p f O p

p D D p f O p

µ

µ

ε ε µ µ µ µ µ

µ µ µ µ µ

+ − −
∗ ∗

+ − −
∗ ∗

= +

= − +

∫

∫





     (258) 

Remark 5.1.6. Note that the Equation (258) can be obtained without 
fine-tuning (257) which was assumed in Zel’dovich paper [1]. 

In order to obtain Equation (5.1.23) and strictly weaker conditions we assume 
now that: 

1) 

( ) ( ) ( ). . . . eff ,n
s m g mf f fµ µ µ µ−= + =             (259) 

where 0n >  is an parameter, ( ). .s mf µ  corresponds to standard matter and 
where ( ). .g mf µ  corresponds to physical ghost matter, see Equation (32). 

2) 

 

( )

( )

( )

eff

eff

eff

4
1

0

2 2
2

0

4
3

0

d 0,

d 0,

ln d 0

I p f

I p f

I p f

µ

µ

µ

µ µ

µ µ µ

µ µ µ

∗

∗

∗

= ≈

= ≈

= ≈

∫

∫

∫

               (260) 

3) 

( ) ( )
eff

4
1 2 3

0

ln d .I I I f
µ

µ µ µ µ+ + ∫           (261) 

5.2. Zeropoint Energy Density Corresponding to a Non-Singular 
Gliner Cosmology 

We assume now that 

( ) ( ) ( )
eff eff eff

4 2
eff

0 0 0

d 0, d 0, d 0, .f f f p
µ µ µ

µ µ µ µ µ µ µ µ µ∗= < >∫ ∫ ∫    (262) 
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From Equation (250), Equation (256) and (262) we obtain 

( )

( ) ( )

( ) ( ) ( )

( ) ( )

eff eff

eff eff

eff

eff

2 2 4
1

0 0

4 6
2

0 0

8 5 2

0

, , ,

1 1d ln d
4 8

1 1 1ln d d
8 32

,D D

D D p

p f C p f

f f
p

O f p O p

µ µ

µ µ

µ

ε ε µ

µ µ µ µ µ µ

µ µ µ µ µ µ µ

µ µ
− +

+ −
∗

∗ ∗

∗

− + +
∗ ∗

 = − − 
 

 
+ −  

 
 

+ +  
 

∫ ∫

∫ ∫

∫



      (263) 

and 

( )

( ) ( )

( ) ( ) ( )

( ) ( )

eff eff

eff eff

eff

2 2 4
2

0 0

4 6
2

0 0

8 5 2

0

, , ,

1 1d ln d
12 8

1 5 1ln d d
8 32

D D

p p D D p

p f C p f

f f
p

O f p O p

µ µ

µ µ

µ

µ

µ µ µ µ µ µ

µ µ µ µ µ µ µ

µ µ
− +

+ −
∗

∗ ∗

∗

− + +
∗ ∗

 = − − + 
 

 
− +  

 
 

+ +  
 

∫ ∫

∫ ∫

∫

 eff

    (364) 

correspondingly. From Equation (263) and Equation (264) we obtain 

( ) ( )

( ) ( ) ( )

( ) ( )

( ) ( ) ( )

( )

eff eff

eff eff

eff eff

eff eff

2 2 4
2

0 0

4 6
2

0 0

2 2 4
1

0 0

4 6
2

0 0

4

1 33 d 3 ln d
4 8

3 5 3ln d d
8 32

1 1d ln d
4 8

1 1 1ln d d
8 32

1 ln d
4

p p f C p f

f f
p

p f C p f

f f
p

p f

µ µ

µ µ

µ µ

µ µ

ε µ µ µ µ µ µ

µ µ µ µ µ µ µ

µ µ µ µ µ µ

µ µ µ µ µ µ µ

µ µ µ

∗ ∗

∗

∗ ∗

∗

∗

 + = − − + 
 

 
− +  

 

 + − − 
 

 
+ −  

 

= −

∫ ∫

∫ ∫

∫ ∫

∫ ∫

( ) ( )

( ) ( ) ( )

eff eff

eff eff

4
2 1

0 0

4 6
2

0 0

3 d

1 5 1ln d d 0.
4 16

C C f

f f
p

µ µ

µ µ

µ µ µ

µ µ µ µ µ µ µ
∗

− +

 
− + < 

 

∫ ∫

∫ ∫

   (265) 

Therefore under conditions (262) the inequality 

2 3 0pε ε− < + <                        (266) 

corresponding to Gliner non-singular cosmology [2] [4] is satisfied. 

5.3. Zeropoint Energy Density in Models with Supermassive 
Physical Ghost Fields 

We assume now that: 
1) ghost fields corresponding to massive spin-2 particle with mass 2m  and to 

massive scalar particle with mass 0m  appears (see Subsection 2.2) as real phys-
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ical fields in action (91). 
Remark 5.3.1. Note that their unphysical behavior may be restricted to arbi-

trarily high-energy cutoff Λ  by an appropriate limitation on the renormalized 
masses 2m  and 0m . 

Actually, it is only the massive spin-two excitations of the field which give the 
problem with unitarity and thus require a very large mass (see Subsection II.2). 

2) Poincaré group is deformed at some fundamental high-energy cutoff ∗Λ  

( ) 2 2
0 2 0 2, .m m m c m c∗ ∗Λ = Λ <                 (267) 

The canonical quadratic invariant 2 ab
a bp p pη=  collapses at high-energy cu-

toff ∗Λ  and being replaced by the non-quadratic invariant 

( )
2

0

.
1

ab
a bp p

p
l p

η

∗Λ

=
+

                      (268) 

3) The canonical concept of Minkowski space-time collapses at a small dis-
tance to fractal space-time with Hausdorff-Colombeau negative dimension and 
therefore the canonical Lebesgue measure 4d x  being replaced by the Colom-
beau-Stieltjes measure 

( )( ) ( )( )( )4d , d ,x v s x xεε ε
η ε =                (269) 

where 

( )( )( ) ( ) ( )
1

, ,
D

v s x s x s x x xµ
ε µε

ε

ε
− −  = + =     

        (270) 

4) we assume that 

( ) ( ) ( ). . . . ,s m g mf f fµ µ µ= +                  (271) 

where ( ). .s mf µ  corresponds to standard matter and where ( ). .g mf µ  corres-
ponds to physical ghost matter. 

Remark 5.3.2. We assume now that 

( ) ( ) 1 2
0 eff eff 2

2
eff

, 1

0

nO n m c m c
f

µ µ µ µ
µ

µ µ

− > ≤ ≤= 
>

 

     (272) 

Thus vacuum energy density ( )1 2
eff eff, , ,D Dε µ µ+ −  for free quantum fields is 

( ) ( ) ( )1 2 1 2 1 2
eff eff eff eff eff eff, , , , , , , .D D D Dε µ µ ε µ µ ε µ µ+ − + −= +      (273) 

Here the quantity ( )1 2
eff eff,ε µ µ  is given by formula 

( )
( )

( )

( )

2
eff

1
eff

2
eff

1
eff

1 2 2 2 3
eff 3

2 2 2

1, d d
2 2π

d d ,
p

f

K f p p p

µ

µ
µ

µ

µ
µ

ε µ µ µ µ µ

µ µ µ

≤

≤

= +

= +

∫ ∫

∫ ∫



eff
k

k k

      (274) 

where 
( )3

2π , 1
2π

K c= =


. The quantity ( )1 2
eff eff, , ,D Dε µ µ+ −  is given by for-

mula 
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( )

( ) ( )2
eff

1
eff

1 2
eff eff

4 22
2 2 ,

2 2 2 22 2

, , ,

1d d ,
1 11

D D

D D

llK f
l ll

µ

µ
µ

ε µ µ

µµ
µ µ µ

µ µµ

+ −
∗

∗∗

+ −

ΛΛ

Λ Λ> Λ

 
 ′= + + +
 − −− 

∫ ∫
k

k k



 
(275) 

where 
( )3

1 , 1
2 2π

K c′ = =


. 

Remark 5.3.2. We assume now that 2 2
1lµ Λ∗

< , and therefore from Equation 
(5.3.9) we obtain 

( )
( ) ( )

2 2
eff eff

1 1
eff eff

1 2
eff eff

3,2 2 2 ,

, , ,

d d d d .D D D

D D

K l f K f
µ µ

µ µ
µ µ

ε µ µ

µ µ µ µ µ µ
+ −

−

+ −

Λ
> >

′ ′+ +∫ ∫ ∫ ∫
k k

k k k

(276) 

From Equation (276) and Equation (239) we obtain 

( )
( ) ( )

( ) ( ) ( )

( ) ( ) ( )

2 2
eff eff

1 1
eff eff

2
eff

1
eff

2
eff

1
eff

1 2
eff eff

2 , 2 2 ,

1
2

2 2 1

, , ,

d d d d

dd

d
d

D D D D

D
'

D

D

D

D D

K l f K f

p pK D D l f
p

p p p
K D D f

p

µ µ

µ µ
µ µ

µ

µ µ

ε

µ

µ µ

ε

ε µ µ

µ µ µ µ µ µ

µ µ µ
ε

µ
µ µ

ε

+ − + −

+

−

+

−

+ −

Λ
> >

−
∞+ −

Λ

−
∞+ −

′ ′+ +

 
 
 = ∆ ∆
  +    


+

′+ ∆ ∆
 + 
 

∫ ∫ ∫ ∫

∫ ∫

∫ ∫

k k

k k k

( ) ( ) ( )

( ) ( ) ( )

2
eff

1
eff
2
eff

1
eff

2 1

2 2 1

d d

d d .

D D

D D

K D D l f p p

K D D f p p p

µ

µ µ

µ

µ µ

µ µ µ

µ µ µ

− +

− +

∞+ − + −
Λ

∞+ − + −


 
 
 
 


 ′= ∆ ∆   

 ′+ ∆ ∆ +  

∫ ∫

∫ ∫

(277) 

Note that 
2 2 4 6

2 2
2 2 4 6

2 4 6

3 5

1 1 11 1
2 8 16

1 1 1
2 8 16

p p p pp

p p p

µ µ µ
µ µ µ µ

µ
µ µ µ

 
+ = + = + − + + 

 

= + − + +





       (278) 

By inserting Equation (278) into Equation (274) we get 

( )

( )

( )

( )

2
eff

1
eff

2
eff

1
eff

2
eff

1
eff

1 2
eff eff

2 4 6
2

3 5

4 6 8
2

3 5
0

3 5 7 9

3 5
0

,

1 1 1d d
2 8 16

1 1 1d d
2 8 16

1 1 1d
3 2 5 8 167 9

p

p p pK f p p

p p pK f p p

p p p pK f

µ

µ
µ

µ
µ

µ

µ
µ

µ

ε µ µ

µ µ µ
µ µ µ

µ µ µ
µ µ µ

µ µ µ
µ µ µ

≤

 
= + − + + 

 

  
= + − + +  

   

 
= + − + + 

 

∫ ∫

∫ ∫

∫






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( )

( )

( ) ( )( )

2
eff

1
eff

2
eff

1
eff

2
eff

1
eff

3 5 1 9
2 2 2 2

3 5

5 3 1 1
2 2 2 2

5 3 1 1
1 212 2 2 2

eff

1 1 1d
3 2 5 8 167 9

1 1 1 1d
3 10 56 144

1 1 1 1d .
3 10 56 144

n

K f

K f

K f o

µ

µ

µ

µ

µ

µ

µ µ µ µµ µ µ
µ µ µ

µ µ µ µ µ µ

µ µ µ µ µ µ µ

−

− − +

 
 = + − + + 
  

 
= + − + + 

 

 
= + − + + 

 

∫

∫

∫



    (279) 

The pressure ( )1 2
eff eff, , ,p D D µ µ+ −  for free quantum fields is 

( ) ( ) ( )1 2 1 2 1 2
eff eff eff eff eff eff, , , , , , , .p D D p p D Dµ µ µ µ µ µ+ − + −= +       (280) 

Here the quantity ( )1 2
eff eff,p µ µ  is given by formula 

( )
( )

( )

( )

2
eff

1
eff

2
eff

1
eff

2
1 2 3
eff eff 3 2 2

4

2 2

1, d d
2 2π

d d .
3 p

p f

K pf p
p

µ

µ
µ

µ

µ
µ

µ µ µ µ
µ

µ µ
µ

≤

≤

=
+

=
+

∫ ∫

∫ ∫

k

k
k

k

      (281) 

The quantity ( )1 2
eff eff, , ,p D D µ µ+ −  is given by formula 

( ) ( )
2
eff

1
eff

2
1 2 ,
eff eff 2 2

, , , d d ,
3

D D

p

Kp D D f
µ

µ
µ

µ µ µ µ
µ

+ −+ −

>

′

+
∫ ∫



k
k

k
    (282) 

where 
( )3

1 , 1
2 2π

K c′ = =


. Note that 

1
2

1
22 2

2 4 6
1

2 4 6

2 4 6

3 5 7

1 1

1 3 51
2 8 16

1 1 3 5
2 8 16

p

p

p p p

p p p

µ
µµ

µ
µ µ µ

µ µ µ µ

−

−

−

 
 = +
 +  

 
= − + − + 

 

= − + − +





         (283) 

By inserting Equation (283) into Equation (281) we get 

( )

( )

( )

( )
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1
eff

2
eff

1
eff

2
eff

1
eff
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eff eff
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,

1 1 3 5d d
3 2 8 16

1 3 5d d
3 2 8 16

1 3 5d
3 5 2 8 167 9 10

p

p

p

K p p pf p p

K p p p pf p
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µ µ µ µ
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≤

≤

 
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 

 
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 

 
= − + − + 

 

∫ ∫
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∫


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( )

( )

( ) ( )( )

2
eff

1
eff

2
eff

1
eff

2
eff

1
eff

5 7 9 11
2 2 2 2

3 5 7

3 1 1 3
2 2 2 2

3 1 1 3
1 212 2 2 2

eff

1 3 5d
3 5 2 8 167 9 10

1 1 1 1d
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1 1 1 1d .
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n

K f

K f

K f o

µ

µ

µ

µ

µ

µ

µ µ µ µµ µ
µ µ µ µ

µ µ µ µ µ µ

µ µ µ µ µ µ µ

− −

− − − −

 
 = − + − + 
  
 

= − + − + 
 
 

= − + − + 
 

∫

∫

∫



   (284) 

6. Discussion and Conclusion 

We will now briefly review the canonical assumptions that are made in the usual 
formulation of the cosmological constant problem. 

The canonical assumptions: 
1) The physical dark matter. 
Dark matter is a hypothetical form of matter that is thought to account for 

approximately 85% of the matter in the universe, and about a quarter of its total 
energy density. The majority of dark matter is thought to be non-baryonic in 
nature, possibly being composed of some as-yet-undiscovered subatomic par-
ticles. Its presence is implied in a variety of astrophysical observations, including 
gravitational effects that cannot be explained unless more matter is present than 
can be seen. For this reason, most experts think dark matter to be ubiquitous in 
the universe and to have had a strong influence on its structure and evolution. 
The name dark matter refers to the fact that it does not appear to interact with 
observable electromagnetic radiation, such as light, and is thus invisible (or 
‘dark’) to the entire electromagnetic spectrum, making it extremely difficult to 
detect using usual astronomical equipment. Because dark matter has not yet 
been observed directly, it must barely interact with ordinary baryonic matter and 
radiation. The primary candidate for dark matter is some new kind of elementa-
ry particle that has not yet been discovered, in particular, weakly-interacting 
massive particles (WIMPs), or gravitationally-interacting massive particles 
(GIMPs). Many experiments to directly detect and study dark matter particles 
are being actively undertaken, but none has yet succeeded. 

2) The total effective cosmological constant effλ  is on at least the order of 
magnitude of the vacuum energy density generated by zero-point fluctuations of 
the standard particle fields. 

3) Canonical QFT is an effective field theory description of a more funda-
mental theory, which becomes significant at some high-energy scale ∗Λ . 

4) The vacuum energy-momentum tensor is Lorentz invariant. 
5) The Moller-Rosenfeld approach [34] [35] to semiclassical gravity by using 

an expectation value for the energy-momentum tensor is sound. 
6) The Einstein equations for the homogeneous Friedmann-Robertson-Walker 

metric accurately describes the large-scale evolution of the Universe. 
Remark 6.1.1. Note that obviously there is a strong inconsistency between 

Assumptions 2 and 3: the vacuum state cannot be Lorentz invariant if modes are 
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ignored above some high-energy cutoff ∗Λ , because a mode that is high energy 
in one reference frame will be low energy in another appropriately boosted 
frame. In this paper Assumption 3 is not used and this contradiction is avoided. 

Remark 6.1.2. Note that also, Assumptions 1, 3, 4 and 5 is modified, which 
we denote as Assumptions 4 and 5 respectively. 

Modified assumptions 
1’) The physical dark matter. 
2’) The total effective cosmological constant effλ  is on at least the order 

5
eff efflnnµ µ− +  of magnitude of the renormalized vacuum energy density gen-

erated by zero-point fluctuations of standard particle fields and ghost particle 
fields, see subsection 1.2. 

3’) The vacuum energy-momentum tensor is not Lorentz invariant. 

6.1. The Physical Ghost Matter and Dark Matter Nature 

In the contemporary quantum field theory, a ghost field, or gauge ghost is an 
unphysical state in a gauge theory. Ghosts are necessary to keep gauge inva-
riance in theories where the local fields exceed a number of physical degrees of 
freedom. For example in quantum electrodynamics, in order to maintain manif-
est Lorentz invariance, one uses a four-component vector potential ( )A xµ , 
whereas the photon has only two polarizations. Thus, one needs a suitable me-
chanism in order to get rid of the unphysical degrees of freedom. Introducing 
fictitious fields, the ghosts, is one way of achieving this goal. Faddeev-Popov 
ghosts are extraneous fields which are introduced to maintain the consistency of 
the path integral formulation. Faddeev-Popov ghosts are sometimes referred to 
as “good ghosts”. 

“Bad ghosts” represent another, more general meaning of the word “ghost” in 
theoretical physics: states of negative norm, or fields with the wrong sign of the 
kinetic term, such as Pauli-Villars ghosts, whose existence allows the probabili-
ties to be negative thus violating unitarity. 

(VI.1) In contrary with standard Assumption 1 in the case of the new ap-
proach introduced in this paper we assume that: 

(VI.1.1.a) The ghosts fields and ghosts particles with masses at a scale less 
then a fixed scale effm  really exist in the universe and formed dark matter sec-
tor of the universe, in particular: 

(VI.1.1.b) these ghosts fields give additive contribution to a full zero-point 
fluctuation (i.e. also to effective cosmological constant effλ  [5], see subsection 
1.2). 

(VI.1.1.c) Pauli-Villars renormalization of zero-point fluctuations (see sub-
section 1.2) is no longer considered as an intermediate mathematical construct but 
obviously has rigorous physical meaning supported by assumption (VI.1.1.a-b). 

(VI.1.2) The physical dark matter formed by ghosts particles; 
(VI.1.3) The standard model fields do not to couple directly to the ghost sec-

tor in the ultraviolet region of energy at a scale less then a fixed large energy 
scale ∗Λ , in particular: 
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(VI.1.3.a) The “bad” ghosts fields with masses at a scale less then a fixed scale 

effm , where 2
effm c ∗Λ , cannot appear in any effective physical lagrangian 

which contains also the standard particles fields. 
In additional though not necessary we assume that: 
(VI.1.4) The “bad” ghosts fields with masses at a scale m∗ , where 

2m c∗ ∗Λ  can appear in any effective physical lagrangian which contains also 
the standard particles fields, in particular: 

(VI.1.4.a) Pauli-Villars finite renormalization with masses of ghosts fields at a 
scale m∗  of the S-matrix in QFT (see Subsection 2.1-2) is no longer considered 
as an intermediate mathematical construct but obviously has rigorous physical 
meaning supported by assumption (IV1.4). 

(VI.1.4.b) If the “bad” ghosts fields coupled to matter directly, it gives rise to 
small and controllable violation of the unitarity condition. 

Remark 6.1.3. We emphasize that in universe standard matter coupled with a 
physical ghost matter has the equation of state [3]: 

( ) ( ) ( ) ( )
eff 4

4 vac
vac eff eff

0

1 ln d ,
8 8π

c
p f

G

µ λ
ε µ µ µ µ µ µ= − = =∫        (285) 

where 

( ) ( ) eff

eff

, 1

0

nO n
f

µ µ µ
µ

µ µ

− > ≤= 
>

              (286) 

and where eff effm cµ =  (see subsection I.2, Equation (46)) and therefore gives 
rise to a de Sitter phase of the universe even if bare cosmological constant 

0λ = . 
(VI.1.5) In order to obtain QFT description of the dark component of matter 

in natural way we expand the standard model of particle physics on a sector of 
ghost particles, see [12], Section 2.3.2. QFT in a ghost sector developed in [12], 
Section 3.1-3.4 and Section 4.1-4.8. 

6.2. Different Contributions to effλ . 

The total effective cosmological constant effλ  is on at least the order of magni-
tude of the vacuum energy density generated by zero-point fluctuations of stan-
dard particle fields. 

Assumption 2 is well justified in the case of the traditional approach, because 
the contribution from zero-point fluctuations is on the order of 1 in Planck units 
and no other known contributions are as large thus, assuming no significant 
cancellation of terms (e.g. fine tuning of the bare cosmological constant λ ), the 
total effλ  should be at least on the order of the largest contribution [15]. 

(VI.2) In contrary with standard Assumption 1 in the case of the new ap-
proach introduced in this paper we assume that: 

(VI.2.1) For simplicity though not necessary bare cosmological constant 
0λ = . 

(VI.2.2) The total effective cosmological constant effλ  depends only on mass 
distribution ( )f µ  and constant eff effm cµ =  but cannot depend on large 
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energy scale ∗Λ  
Remark 6.2.1. Note that in subsection we pointed out that under Assumption 

VI.1 if bare cosmological constant 0λ =  the total cosmological constant vacλ  
is on at least the order 5

eff
nµ − +  of magnitude of the renormalized vacuum 

energy density generated by zero-point fluctuations of standard particle fields 
and ghost particle fields 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

eff

eff

4 2
vac eff

0

4 2
vac eff

0

1 ln d ,
8

1 ln d .
8

f O

p f O

µ

µ

ε µ µ µ µ µ

µ µ µ µ µ

−
∗

−
∗

= + Λ

= − + Λ

∫

∫
         (287) 

6.3. Effective Field Theory and Lorentz Invariance Violation 

To prevent the vacuum energy density from diverging,the traditional approach 
also assumes that performing a high-energy cutoff is acceptable. This type of re-
gularization is a common step in renormalization procedures, which aim to 
eventually arrive at a physical, cutoff-independent result. However, in the case of 
the vacuum energy density, the result is inherently cutoff dependent, scaling 
quartically with the cutoff ∗Λ . 

Remark 6.3.1. By restricting to modes with particle energy a certain cutoff 
energy ω ∗≤ Λk  a finite, regularized result for the energy density can be ob-
tained. The result is proportional to 4

∗Λ . Any other fields will contribute simi-
larly, so that if there are bn  bosonic fields and fn  fermionic fields, the density 
scales with ( )4b fn n−  4

∗Λ . Typically, the cutoff is taken to be near = 1 in 
Planck units (i.e.the Planck energy), so the vacuum energy gives a contribution 
to the cosmological constant on the order of at least unity according to Equation 
(6.2.4). Thus we see the extreme ne-tuning problem: the original cosmological 
constant λ  must cancel this large vacuum energy density vac 1ε   to a preci-
sion of 1 in 10120—but not completely—to result in the observed value 

120
eff 10λ −=  [5]. 
Remark 6.3.2. As it pointed out in this paper that a high-energy theory, i.e. 

QFT in fractal space-time with Hausdorff-Colombeau negative dimension would 
not display the zero-point fluctuations that are characteristic of QFT, and hence 
that the divergence caused by oscillations above the corresponding cutoff fre-
quency is unphysical. In this case, the cutoff ∗Λ  is no longer an intermediate 
mathematical construct, but instead a physical scale at which the smooth, conti-
nuous behavior of QFT breaks down. 

Poincaré group of the momentum space is deformed at some fundamental 
high-energy cutoff ∗Λ The canonical quadratic invariant 2 ab

a bp p pη=  col-
lapses at high-energy cutoff ∗Λ  and being replaced by the non-quadratic inva-
riant: 

( )
2

0

.
1

ab
a bp p

p
l p

η

∗Λ

=
+

                     (288) 

Remark 6.3.3. In contrary with canonical approach the total effective cosmo-
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logical constant effλ  depends only on mass distribution ( )f µ  and constant 

eff effm cµ =  but cannot depend on large energy scale ∗Λ . 

6.4. Semiclassical Möller-Rosenfeld Gravity 

Assumption 5 means that it is valid to replace the right-hand side of the Einstein 
equation Tµν  with its expectation Tµν . It requires that either gravity is not in 
fact quantum, and the Moller-Rosenfeld approach is a complete description of 
reality, or at least a valid approximation in the weak field limit. The usual argu-
ment states that the vacuum state 0  should be locally Lorentz invariant so 
that observers agree on the vacuum state. This means that the expectation value 
of the energy-momentum tensor on the vacuum, ˆ0 0Tµν , must be a scalar 
multiple of the metric tensor gµν  which is the only Lorentz invariant rank 
( )0,2  tensor. By using Moller-Rosenfeld approach the Einstein field equations 
of general relativity, a term representing the curvature of spacetime Rµν  is re-
lated to a term describing the energy-momentum of matter ˆ0 0Tµν , as well 
as the cosmological constant λ  and metric tensor gµν  reads: 

1 ˆ8π 0 0 .
2

R R g g Tυ
µν υ µν µν µνλ− + =              (289) 

The 00T̂  component is an energy density, we label vac
ˆ0 0Tµν ε= , so that 

the vacuum contribution to the right-hand side of Equation (289) can be written 
as 

vac
ˆ8π 0 0 8π .T gµν µνε=                      (290) 

Subtracting this from the right-hand side of Equation (289) and grouping it 
with the cosmological constant term replaces with an “effective” cosmological 
constant [5]: 

eff vac8π .λ λ ε= +                        (291) 

Note that in flat spacetime, where ( )1, 1, 1, 1g diagµν = − + + + , Eq. (290) im-
plies vac vacpε = − , where vac

ˆ0 0iip T=  for any 1,2,3i =  is the pressure. 
Obviously this implies that if the energy density is positive as is usually assumed, 
then the pressure must be negative, a conclusion which extends to any metric 
gµν  with a ( )1, 1, 1, 1− + + +  signature. 

Remark 6.4.1. In this paper we assume that the vacuum state 0  should be 
locally invariant under modified Lorentz boost (17)-(18) but not locally Lorentz 
invariant. Obviously this assumption violate the Equation (290). However mod-
ified Lorentz boosts (17)-(18) becomes Lorentz boosts for sufficiently small 
energies and therefore in IR region one obtain in a good approximation 

vac
ˆ8π 0 0 8πT gµν µνε≈                 (292) 

and 

eff vac8π .λ λ ε≈ +                     (293) 

Thus Möller-Rosenfeld approach holds in a good approximation. 
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6.5. Quantum Gravity at Energy Scale ∗Λ ≤ Λ . Controllable Viola-
tion of the Unitarity Condition 

Gravitational actions which include terms quadratic in the curvature tensor are 
renormalizable. The necessary Slavnov identities are derived from  
Becchi-Rouet-Stora (BRS) transformations of the gravitational and Faddeev-Popov 
ghost fields. In general, non-gauge-invariant divergences do arise, but they may 
be absorbed by nonlinear renormalizations of the gravitational and ghost fields 
and of the BRS transformations [14]. The geneic expression of the action reads 

( )4 2 2d 2 ,symI x g R R R Rµν
µνα β κ −= − − − +∫            (294) 

where the curvature tensor and the Ricci is defined by Rλ λ
µαν ν µα= ∂ Γ  and 

R Rλ
µν µλν=  correspondingly, 2 32πGκ = . The convenient definition of the gra-

vitational field variable in terms of the contravariant metric density reads 

.h g gµν µν µνκ η= − −                     (295) 

Analysis of the linearized radiation shows that there are eight dynamical de-
grees of freedom in the field. Two of these excitations correspond to the familiar 
massless spin-2 graviton. Five more correspond to a massive spin-2 particle with 
mass 2m . The eighth corresponds to a massive scalar particle with mass 0m . 
Although the linearized field energy of the massless spin-2 and massive scalar 
excitations is positive definite, the linearized energy of the massive spin-2 excita-
tions is negative definite. This feature is characteristic of higher-derivative mod-
els, and poses the major obstacle to their physical interpretation. 

In the quantum theory, there is an alternative problem which may be substi-
tuted for the negative energy. It is possible to recast the theory so that the mas-
sive spin-2 eigenstates of the free-fieid Hamiltonian have positive-definite ener-
gy, but also negative norm in the state vector space. These negative-norm states 
cannot be excluded from the physical sector of the vector space without de-
stroying the unitarity of the S  matrix. The requirement that the graviton 
propagator behaves like 4p−  for large momenta makes it necessary to choose 
the indefinite-metric vector space over the negative-energy states. The presence 
of massive quantum states of negative norm which cancel some of the diver-
gences due to the massless states is analogous to the Pauli-Villars regularization 
of other field theories. For quantum gravity, however, the resulting improve-
ment in the ultraviolet behavior of the theory is sufficient only to make it re-
normalizable, but not finite. 

Remark 6.5.1. (I) The renormalizable models which we have considered in 
this paper many years mistakenly regarded only as constructs for a study of the 
ultraviolet problem of quantum gravity. The difficulties with unitarity appear to 
preclude their direct acceptability as canonical physical theories in locally Min-
kowski space-time. In canonical case they do have only some promise as phe-
nomenological models. 

(II) However, for their unphysical behavior may be restricted to arbitrarily 
large energy scales ∗Λ  mentioned above by an appropriate limitation on the 
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renormalized masses 2m  and 0m . Actually, it is only the massive spin-two ex-
citations of the field which give the trouble with unitarity and thus require a very 
large mass. The limit on the mass 0m  is determined only by the observational 
constraints on the static field. 

6.6. Pauli-Villars Masses Distribution Corresponding to Ghost 
Matter Sector above High Energy Cutoff ∗Λ  A Common Ori-
gin of the Dark Energy and Dard Matter Phenomena 

Dark matter is a hypothetical form of matter that is thought to account for ap-
proximately 85% of the matter in the universe, and about a quarter of its total 
energy density. The majority of dark matter is thought to be non-baryonic in 
nature, possibly being composed of some as-yet undiscovered subatomic par-
ticles. Its presence is implied in a variety of astrophysical observations, including 
gravitational effects that cannot be explained unless more matter is present than 
can be seen. For this reason, most experts think dark matter to be ubiquitous in 
the universe and to have had a strong influence on its structure and evolution. 
Dark matter is called dark because it does not appear to interact with observable 
electromagnetic radiation, such as light, and is thus invisible to the entire elec-
tromagnetic spectrum, making it extremely difficult to detect using usual astro-
nomical equipment [36] [37] [38]. 

Figure 8 Analysis of a giant new galaxy survey, made with ESO’s VLT Survey 
Telescope in Chile, suggests that dark matter may be less dense and more 
smoothly distributed throughout space than previously thought. An internation-
al team used data from the Kilo Degree Survey (KiDS) to study how the light 
from about 15 million distant galaxies was affected by the gravitational influ-
ence of matter on the largest scales in the Universe. The results appear to be in 
disagreement with earlier results from the Planck satellite. This map of dark 
matter in the Universe was obtained from data from the KiDS survey, using the 
VLT Survey Telescope at ESO’s Paranal Observatory in Chile. It reveals an ex-
pansive web of dense (light) and empty (dark) regions. This image is one out 
 

 
Figure 8. Dark matter map for a patch of sky based on gravitational lensing analysis [38] 
Hilderbrandt 16. 
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of five patches of the sky observed by KiDS. Here the invisible dark matter is 
seen rendered in pink, covering an area of sky around 420 times the size of the 
full moon. This image reconstruction was made by analyzing the light collected 
from over three million distant galaxies more than 6 billion light-years away. 
The observed galaxy images were warped by the gravitational pull of dark matter 
as the light traveled through the Universe. Some small dark regions, with sharp 
boundaries, appear in this image. They are the locations of bright stars and other 
nearby objects that get in the way of the observations of more distant galaxies 
and are hence masked out in these maps as no weak-lensing signal can be meas-
ured in these areas [38]. The luminous (light-emitting) components of the un-
iverse only comprise about 0.4% of the total energy. The remaining components 
are dark. Of those, roughly 3.6% are identified: cold gas and dust, neutrinos, and 
black holes. About 23% is dark matter, and the overwhelming majority is some 
type of gravitationally self-repulsive dark energy. 

Remark 6.6.1. In order to explain physical nature of the dark matter sector we 
assume that the main part of dark matter, i.e., 23% 4.6% 18%− =  (see Fig-
ure 9) formed by supermassive ghost particles with masses such that 2mc ∗> Λ , 
see ref. [13], Subsection 2.3. 

Remind that vacuum energy density for free scalar quantum field with a 
wrong statistic is: 

( )
( )

( )2 2 2 2 2 2
3 0 0

1 1 4π d d ,
2 2π

c p p p K p p p K Iε µ µ µ µ
∞ ∞

′ ′= − + = + =∫ ∫


 (296) 

where mcµ = . From the basic definitions [1] 

( )
( )

2
3 0 2 2

1 1 1, 4π d , , ,
2 32π

xx x x x x
cp T p u p p p u p

p
µ

µ

∞
= = − = =

+
∫



pu u p  (297) 

one obtains 

( ) ( )
4

0 2 2

d .
3
K p pp K F

p
µ µ

µ

∞′
′= =

+
∫                (298) 

Remark 6.6.2. Note that the integral in RHS of Equation (297) and in Equa-
tion (298) is divergent and ultraviolet cutoff is needed. Thus in accordance with 
[1] we set 

( ) ( ) ( ) ( )0 0 0 0, , , , , ,p K I p p p K F pε µ µ µ µ′ ′= =           (299) 

where 

( ) ( )0 0
4

2 2 2
0 00 0 2 2

d, d , , ,
p p p pI p p p p F p

p
µ µ µ

µ
= + =

+
∫ ∫       (300) 

where 0p c∗≤ Λ . For fermionic quantum field with a wrong statistic, similarly 
one obtains 

( ) ( ) ( ) ( )0 0 0, 4 , , 4 , .p K I p p K F pε µ µ µ µ′ ′= − = −         (301) 

Thus from Equations. (300)-(301) by using formally Pauli-Villars regulariza-
tion [7] [8] and regularization by high-energy cutoff the expression for  
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Figure 9. Matter and energy distribution in the universe 
today. The luminous (light-emitting) components of the 
universe only comprise about 0.4% of the total energy. The 
remaining components are dark. 

 
free vacuum energy density ε  reads 

( )
2

vac 0
0

,
M

i i
i

f I pε µ
=

= ∑                       (302) 

and the expression for pressure p reads 

( )
2

vac 0
0

, .
M

i i
i

p f F pµ
=

= ∑                     (303) 

Definition 6.6.1. We define now discrete distribution :PVf + →   by 
formula 

( ) ,PV i if fµ =                        (304) 

and we will call it as a full discrete Pauli-Villars masses distribution. 
Remark 6.6.3. We assume now that in Equations (302)-(303): 1) the quanti-

ties . , 1, 2, ,s m
i i i Mµ µ= =   are masses of physical particles corresponding to 

standard matter and 2) the quantities . , 1, 2, , 2g m
i i i M Mµ µ= = +   are masses 

of ghost particles with a wrong kinetic term and wrong statistics corresponding 
to physical dark matter. 

Remark 6.6.5. We recall that the Euler-Maclaurin summation formula reads 

( )( )
( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

2

1

2
11

1 2 1

2
2 2 1

1

d

1, .

M

M
i

M

M

g i h

f A g g

A h g g O h f g
h

µ

µ

µ

µ µ µ µ

µ µ µ µ

=
+ −

= + −  

′ ′+ − + =  

∑

∫       (305) 

Let ( )g µ  be an appropriate continuous function such that: 1)  
( ) , 1, 2, , 2i ig f i Mµ = =  , 
2) ( ) ( )2 10, 0Mg gµ µ′ ′= = . 
Thus from Equations (302)-(303) and Equations (305) we obtain 

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

2

1

2

vac 0 0
0

2
1 2 2 0 1 1 0

, , d

, ,

M
M

i i
i

M M

f I p f I p

A h f I p f I p O h

µ

µ
ε µ µ µ µ

µ µ µ µ
=

= =

 + − + 

∑ ∫
     (306) 
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and 

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

2

1

2

vac 0 0
0

2
1 2 2 0 1 1 0

, , d

, , .

M
M

i i
i

M M

p f F p f F p

A h f F p f F p O h

µ

µ
µ µ µ µ

µ µ µ µ
=

= =

 + − + 

∑ ∫
   (307) 

Definition 6.6.2. We will call the function ( )PVf µ  as a full continuous Pau-
li-Villars masses distribution. 

Definition 6.6.3. We define now: 1) discrete distribution . . :b g m
PVf + →   by 

formula 

( ). . . , 1, 2, ,b g m s m
PV i if f i Mµ = =              (308) 

and we will call it as discrete Pauli-Villars masses distribution of the bosonic 
ghost matter and 

2) discrete distribution . . :f g m
PVf + →   by formula 

( ). . , 1, 2, , 2f g m
PV i if f i M Mµ = = +          (309) 

and we will call it as discrete Pauli-Villars masses distribution of the fermionic 
ghost matter. 

Remark 6.6.4. We rewrite now Equations (306)-(307) in the following equiv-
alent form 

( ) ( ) ( )( ) ( )( )
( )

2
. . . . . . . . . . .

vac 0 0
1 = 1

, ,
M M

b g m s m b g m f g m f g m f g m
PV i i PV j i j i

i j i M
f I p f I pε µ µ µ µ

= +

= +∑ ∑   (310) 

and 

( ) ( ) ( )( ) ( )( )
( )

2
. . . . . . . . . . . .

vac 0 0
1 1

, , ,
M M

b g m b g m b g m f g m f g m f g m
PV i i PV j i j i

i j i M
p f F p f F pµ µ µ µ

= = +

= +∑ ∑ (311) 

where ( ) , 1 1,2, ,j i i M i M= + = +  . 
Remark 6.6.6. We assume now that:1) ( )

. . . .b g m f g m
i j iµ µ≈ , 

2) ( ) ( )( ). . . . . . . . 1b g m b g m f g m f g m
PV i PV j if fµ µ+  , i.e., 

( ) ( )( ). . . . . . . . .b g m b g m f g m f g m
PV i PV j if fµ µ≈ −                 (312) 

Note that Equation (312) meant highly symmetric discrete Pauli-Villars 
masses distribution between bosonic ghost matter and fermionic ghost matter 
above that scale .∗Λ  

Thus from Equations (310)-(311) and Equations (312) we obtain 

( ) ( ) ( )( ) ( )( )
( )

( ) ( )( ) ( )

2
. . . . . . . . . . . .

vac 0 0
1 1

. . . . . . . .
0

1

, ,

,

M M
b g m b g m b g m f g m f g m f g m

PV i i PV j i j i
i j i M

M
b g m b g m f g m f g m

PV i PV ij i
i

f I p f I p

f f I p

ε µ µ µ µ

µ µ µ

= = +

=

= +

 = + 

∑ ∑

∑
 (313) 

and 

( ) ( ) ( )( ) ( )( )
( )

( ) ( )( ) ( )

2
. . . . . . . . . . . .

vac 0 0
1 1

. . . . . . . .
0

1

, ,

, .

M M
b g m b g m b g m f g m f g m f g m

PV i i PV j i j i
i j i M

M
b g m b g m f g m f g m

PV i PV ij i
i

p f F p f F p

f f F p

µ µ µ µ

µ µ µ

= = +

=

= +

 = + 

∑ ∑

∑
 (314) 
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From Equations (313)-(314) and Equations (305) finally we obtain 

( ) ( )( ) ( )

( ) ( ) ( )eff

1

. . . . . . . .
vac 0

1

. . . .
0

,

, d

M
b g m b g m f g m f g m

PV i PV ij i
i

b g m f g m
PV PV

f f I p

f f I p
µ

µ

ε µ µ µ

µ µ µ µ

=

 = + 

 = + 

∑

∫
         (315) 

and 

( ) ( )( ) ( )

( ) ( ) ( )eff

. . . . . . .
vac 0

1

. . . .
0

1

,

, d ,

M
b g m s m f g m f g m

PV i PV ij i
i

b g m f g m
PV PV

p f f F p

f f F p
µ

µ

µ µ µ

µ µ µ µ

=

 = + 

 = + 

∑

∫
         (316) 

where obviously 

( ) ( ) ( ). . . . . . 0.b g m f g m g m
PV PV PVf f fµ µ µ+ = ≈              (317) 

Thus finally we obtain 

( ) ( )( ) ( ) ( )( )

( )2
eff
1

eff

1 2. . . .
eff eff 0 0, , , d ,g m g m

PVp f I p
µ

µ
ε µ µ µ µ µ= ∫          (318) 

and 

( ) ( )( ) ( ) ( )( )

( )2
eff
1

eff

1 2. . . .
eff eff 0 0, , , d ,g m g m

PVp p f F p
µ

µ
µ µ µ µ µ= ∫          (319) 

where ( ) ( )1 2
eff eff 0, pµ µ  . In order to calculate ( ) ( )( )1 2. .

eff eff 0, ,g m pε µ µ  and  
( ) ( )( )1 2. .
eff eff 0, ,g mp pµ µ  let us evaluate now the following quantities defined above 

by Equations (300) 

( )
0 0 2

2 2 2 2
0 2

0 0

, d 1 d
p p pI p p p p p pµ µ µ

µ
= + = +∫ ∫        (320) 

and 

( )
0 04 4 1

0 2 2 2
0 0

2

1 d 1 d, ,
3 3

1

p pp p p pF p
p p

µµ
µ

µ

−

= =
+

+
∫ ∫          (321) 

where 0 1p µ  . Note that 
2 2 4 6

2 2 4 6

2 2 4 6
2 2 2 2 2

2 2 4 6

4 6 8
2

3 5

1 1 11 1
2 8 16

1 1 11 1
2 8 16

1 1 1
2 8 16

p p p p

p p p pp p p p

p p pp

µ µ µ µ

µ µ µ
µ µ µ µ

µ
µ µ µ

+ = + − + +

 
+ = + = + − + + 

 

= + − + +







 (322) 

By inserting Equation (322) into Equation (320) one obtains 

( )
0 4 6 8

2
0 3 5

0

5 7 9
3 0 0 0
0 3 5

1 1 1, d
2 8 16

1 1 1 1
3 10 7 8 9 16

p p p pI p p p

p p p
p

µ µ
µ µ µ

µ
µ µ µ

 
= + − + + 

 

= + − + +
× ×

∫ 



       (323) 

Note that 
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1 22 2 4

2 2 4

1 22 4 6 8
4 1

2 3 5

1 31 1
2 8

1 31
2 8

p p p

p p p pp

µ µ µ

µ
µµ µ µ

−

−

−

 
+ = − + + 

 

 
+ = − + + 

 





          (324) 

By inserting Equation (324) into Equation (321) one obtains 

( )
0 04 1 4 6 8

0 3 52
0 0

2

5 7 9
0 0 0

3 5

1 d 1 1 3, d
3 3 2 8

1

1 1
3 5 2 3 7 8 9

p pp p p p pF p p
p

p p p

µµ
µ µ µ

µ

µ µ µ

−  
= = − + + 

 +

= − + +
× × × ×

∫ ∫ 



   (325) 

By inserting Equation (323) into Equation (318) one obtains 
( ) ( )( )

( ) ( )( )

( )

( )( )

( )

( )( )

( ) ( )
( )

( ) ( )
( )

( )

2
eff
1

eff

2
eff
1

eff

2 2 2
eff eff eff
1 1 1

eff eff eff

1 2. .
eff eff 0

. .
0

5 7 9
. . 3 0 0 0

0 3 5

. . . .3 5 7
. .0 0 0

3

, ,

, d

1 1 1 1 d
3 10 7 8 9 16

d d
d

3 10 7 8

g m

g m
PV

g m
PV

g m g m
PV PVg m

PV

p

f I p

p p p
f p

f fp p p
f

µ

µ

µ

µ

µ µ µ

µ µ µ

ε µ µ

µ µ µ

µ µ µ
µ µ µ

µ µ µ µ
µ µ µ

µ µ

=

 
= + − + + 

× × 

= + − +
×

∫

∫

∫ ∫ ∫





(326) 

By inserting Equation (325) into Equation (319) one obtains 
( ) ( )( )

( ) ( )( )

( )

( )( )

( )

( )
( )

( ) ( )
( )

( ) ( )
( )

( )

2
eff
1

eff

2
eff
1

eff

2 2 2
eff eff eff
1 1 1

eff eff eff

1 2. .
eff eff 0

. .
0

5 7 9
. . 0 0 0

3 5

. . . . . .5 7 9
0 0 0

3 5

, ,

, d

1 1 d
3 5 2 3 7 8 9

d d d
3 5 2 3 7 8 9

g m

g m
PV

g m
PV

g m g m g m
PV PV PV

p p

f F p

p p p
f

f f fp p p

µ

µ

µ

µ

µ µ µ

µ µ µ

µ µ

µ µ µ

µ µ
µ µ µ

µ µ µ µ µ µ
µ µ µ

=

 
= − + + 

× × × × 

= − + +
× × × ×

∫

∫

∫ ∫ ∫





 
(327) 

Remark 6.6.7. We assume now that 

( )
( )( ) ( ) ( )

( )

1 1 2
eff eff eff. .

2
eff

, 7

0

n

g m
PV

O n
f

µ µ µ µ
µ

µ µ

−   > ≤ ≤   = 
 >

      (328) 

Note that under assumption (328) the quantities ( ) ( )( )1 2. .
eff eff 0, ,g m pε µ µ  and 

( ) ( )( )1 2. .
eff eff 0, ,g mp pµ µ  cannot contribute in the value of the cosmological constant. 

7. Conclusion 

We argue that a solution to the cosmological constant problem is to assume that 
there exists hidden physical mechanism which cancels divergences in canonical 

4 4,QED QCD , Higher-Derivative-Quantum-Gravity, etc. In fact, we argue that 
corresponding supermassive Pauli-Villars ghost fields, etc. really exist. New 
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theory of elementary particles which contain hidden ghost sector is proposed. In 
accordance with Zel’dovich hypothesis [1] we suggest that physics of elementary 
particles is separated into low/high energy ones, the standard notion of smooth 
spacetime is assumed to be altered at a high energy cutoff scale ∗Λ  and a new 
treatment based on QFT in a fractal spacetime with negative dimension is used 
above that scale. This would fit in the observed value of the dark energy needed 
to explain the accelerated expansion of the universe if we choose highly symme-
tric masses distribution below that scale ∗Λ , i.e.,  

( ) ( ) 2
. . eff eff, ,s m g mf f cµ µ µ µ µ ∗≤ < Λ  
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Abstract 
In this paper we consider properties of the four-dimensional space-time ma-
nifold   caused by the proposition that, according to the scheme theory, 
the manifold   is locally isomorphic to the spectrum of the algebra  , 

( )Spec≅  , where   is the commutative algebra of distributions of 
quantum-field densities. Points of the manifold   are defined as maximal 
ideals of density distributions. In order to determine the algebra  , it is ne-
cessary to define multiplication on densities and to eliminate those densities, 
which cannot be multiplied. This leads to essential restrictions imposed on 
densities and on space-time properties. It is found that the only possible case, 
when the commutative algebra   exists, is the case, when the quantum 
fields are in the space-time manifold   with the structure group ( )3,1SO  
(Lorentz group). The algebra   consists of distributions of densities with 
singularities in the closed future light cone subset. On account of the local 
isomorphism ( )Spec≅  , the quantum fields exist only in the space-time 
manifold with the one-dimensional arrow of time. In the fermion sector the 
restrictions caused by the possibility to define the multiplication on the den-
sities of spinor fields can explain the chirality violation. It is found that for 
bosons in the Higgs sector the charge conjugation symmetry violation on the 
densities of states can be observed. This symmetry violation can explain the 
matter-antimatter imbalance. It is found that in theoretical models with 
non-abelian gauge fields instanton distributions are impossible and tunneling 
effects between different topological vacua | n〉  do not occur. Diagram ex-
pansion with respect to the  -algebra variables is considered. 
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Distributions, Symmetry Violation 

 

1. Introduction 

The origin of the arrow of time, the possibility of physics in multiple time di-
mensions, the violation of the parity principle, and the matter-antimatter im-
balance are ones of the most exciting and difficult challenges of physics. 

Physics in multiple time dimensions leads to new insights and, at the same 
time, contains theoretical problems. According to the assertion written in [1] [2] 
[3], extra time dimensions give new hidden symmetries that conventional one 
time physics does not capture, implying the existence of a more unified formula-
tion of physics that naturally supplies the hidden information. At the same time, 
it notes that all but the ( )3 1+ -dimensional one might correspond to “dead 
worlds”, devoid of observers, and we should find ourselves inhabiting a ( )3 1+
-dimensional space-time [4]. The natural description of the ( )3 1+ -space-time 
with the one-dimensional time can be provided on the base of the Clifford geo-
metric algebra [5]. In the opposite case of multidimensional time, the violation 
of the causal structure of the space-time and the movement backwards in the 
time dimensions are possible [6]. A particle can move in the causal region faster 
than the speed of light in vacuum. This leads to contradictoriness of the multi-
dimensional time theory and, at present, these problems have not been solved. 

The arrow of time is the one-way property of time which has no analogue in 
space. The asymmetry of time is explained by large numbers of theoretical mod-
els—by the Second law of thermodynamics (the thermodynamic arrow of time), 
by the direction of the universe expansion (the cosmological arrow), by the 
quantum uncertainty and entanglement of quantum states (the quantum source 
of time), and by the perception of a continuous movement from the known (past) 
to the unknown (future) (the psychological time arrow) [7]-[13]. At present, 
there is not a satisfactory explanation of the arrow of time and this problem is 
far from being solved. 

The discrete symmetry of the space reflection P of the space-time and the 
charge conjugation C may be used to characterize the properties of chiral sys-
tems. The violation of the space reflection P exhibits as the chiral symmetry 
breaking—only left-handed particles and right-handed anti-particles could be 
observed [14] [15] [16]. The cause of the parity violation is not clear. 

The matter-antimatter imbalance remains as one of the unsolved problems. 
The amount of CP violation in the Standard Model is insufficient to account for 
the observed baryon asymmetry of the universe. At present, the hope to explain 
the matter-antimatter imbalance is set on the CP violation in the Higgs sector 
[17] [18] [19] [20] [21]. 

In this paper we consider the above-mentioned space-time properties (the ar-
row of time, multiple time dimensions, and the chirality violation), the violation 
of the charge conjugation, and find that in the framework of the scheme theory 
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these properties can be determined by the spectrum of the commutative algebra 
  of distributions of quantum-field densities. Points of the space-time mani-
fold   are defined as maximal ideals of quantum-field density distributions. 
The scheme theory imposes restrictions on space-time properties. Schemes were 
introduced by Alexander Grothendieck with the aim of developing the formal-
ism needed to solve deep problems of algebraic geometry [22]. This led to the 
evolution of the concept of space [23]. The space is associated with a spectrum of 
a commutative algebra or, in other words, with a set of all prime ideals. In the 
case of the classical physics, the commutative algebra is the commutative ring of 
functions. In contrast with the classical physics, quantum fields are determined 
by equations on functionals [24] [25] [26] [27]. Quantum-field densities are li-
near functionals of auxiliary fields and, consequently, are distributions. There 
are many restrictions to construct the commutative algebra of distributions. In 
the common case, multiplication on distributions cannot be defined and de-
pends on their wavefront sets. In the microlocal analysis the wavefront set 

( )WF u  characterizes the singularities of a distribution u, not only in space, but 
also with respect to its Fourier transform at each point. The term wavefront was 
coined by Lars Hörmander [28]. It should be noted that the microlocal analysis 
has resulted in the recent progress in the renormalized quantum field theory in 
curved space-time [29] [30] [31] [32]. In our case, the possibility to define mul-
tiplication on distributions leads to essential restrictions imposed on densities 
forming the algebra  . The spectrum of the algebra   is locally isomorphic 
to the space-time manifold  , ( )Spec≅  , and characterizes its proper-
ties such as the one-dimensional arrow of time, the chirality violation and the 
structure group of the space-time manifold  . One can say that the space-time 
is determined by matter. 

The principal assertion of the paper is the proposition that, according to the 
scheme theory, the manifold   is locally isomorphic to the spectrum of the 
algebra  , ( )Spec≅  , where   is the commutative algebra of distribu-
tions of quantum-field densities. So, the paper is organized as follows. In order 
to find distributions of quantum-field densities, in Section II we derive differen-
tial equations for the densities of quantum fields from the Schwinger equation 
and find that wavefronts of the quantum-field density distributions are deter-
mined by characteristics of the matrix differential operator and by wavefronts of 
distributions of composite fields (higher order functional derivatives defined at a 
point). The quantum fields contain fermion, boson (Higgs), and gauge field 
components. Multiplication on the quantum-field densities and the commuta-
tive algebra   of distributions of fermion and boson densities are considered 
in Section III. It is found that the only possible case, when the commutative al-
gebra   of distributions of quantum-field densities exists, is the case, when the 
quantum fields are in the space-time manifold   with the structure group 

( )3,1SO  (Lorentz group) and the time is one-dimensional. The asymmetry of 
time, the chirality violation of spinor fields, and the charge conjugation symme-
try violation in the boson sector are the necessary conditions for the existence of 
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the algebra  . The quantum fields exist only in the space-time manifold with 
the one-dimensional arrow of time and with chirality and charge conjugation 
symmetry violations. In Section IV we consider possibility to define a multipli-
cation operation on instanton density distributions in theoretical models with 
non-abelian gauge fields. It is found that instanton distributions are impossible 
and, therefore, tunneling effects between different topological vacua n  do not 
occur. This leads to the zero value of the Pontryagin index Q and to the zero 
neutron electric dipole moment. Fermion, boson (Higgs) and gauge field density 
distributions satisfying the restriction requirements considered in Sections III 
and IV are generators of the algebra  . Ideals, localization, the spectrum of the 
density distribution algebra   and the scheme ( ),    are considered in 
Section V. If the algebra   can be determined and is the component of the 
scheme, then the space-time manifold   with quantum fields exists. Other-
wise, the space-time manifold is devoid of matter and, consequently, does not 
exist. In Section VI we consider diagram expansion with respect to auxiliary 
fields and find that wavefronts of distributions of composite fields at a point in-
troduced in Section II are included in the characteristics of the matrix differen-
tial operator and wavefront sets of quantum-field density distributions are lo-
cated on the light cone. Diagram expansion with respect to the  -algebra va-
riables are considered in Section VII. 

2. Quantum-Field Equations 

Quantum fields are determined by equations on functionals. In this section we 
consider singularities of the linear components ( )w xζ  (densities) of the func-
tional solution 

( ) ( ) ( )

( ) ( ) ( )1 1

1

1 1 1
1

d

d d ,n n

n
n n n

n

Z q w x q x x

G x x q x q x x x

ζ ζ

ζ

ζ ζ ζζ

ζ ζ>

=

+

∑∫

∑ ∑ ∫ ∫ 



   

       (1) 

where ( )q xζ  is the auxiliary fields, ( )1
1

n
nG x xζ ζ

  are the higher order dis-
tributions ( )1n > . For this purpose, we derive differential equations for the 
densities of quantum fields from the Schwinger equation. Let us consider fields 
Ψ  on the 4-dimensional space-time manifold   

( ) ( ){ } ( ) ( ) ( ) ( ) ( ){ }, , , , ,n n ax x x x x x A xζ α α
µψ ψ ϕ ϕ+Ψ = Ψ =      (2) 

where ( )xαψ , ( )xαψ  are the fermion (spinor) fields, ( )n xϕ , ( )n xϕ+  are 
the bosons (for example, Higgs bosons), and ( )aA xµ  are the gauge field poten-
tials. In relation (2) and in the all following relations Greek letter indices α  
and β  enumerate types of fermions, µ , ν  and ρ  are indices of the 
space-time variables, Latin letters n, m, l enumerate types of bosons, and a, b, c 
are the gauge indices, respectively. { }, ,n aζ α=  is the multiindex. 

Since wavefronts of distributions can be localized [33] and a differential ma-
nifold locally resembles Euclidian space near each point, we consider the case 
when the space-time manifold   is the 4-dimensional Euclidian (pseu-
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do-Euclidian) space with the Euclidian metric tensor g µν . In order to derive 
quantum-field equations, we consider the action of the fields Ψ  on the mani-
fold   [14] [15] [34] 

( ) ( )( )dS L x xΨ = Ψ∫  

with the Lagrangian 

( )( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )( )

*

22 2

1
4

,

a a

n
n

n l n l m
n n m

n n n n n

L x F x F x i x x

m c x x x x x

x x x x x

m c x x x x

µν α µ α β
µν µβ

α α α α β
αβ

α β µ
αβ µ

ψ γ ψ

ψ ψ µ ψ ϕ ψ

µ ψ ϕ ψ ϕ ϕ

ϕ ϕ ν ϕ ϕ

+ +

+ +

Ψ = − + ∇

− −

− +∇ ∇

− +

      (3) 

where 

( ) ,a a a a b c
bcj aF A A e C A Aµν µ ν ν µ µ ν= ∂ − ∂ +  

,a aF g g Fµν µρ νσ
ρσ=  

are the intensity of the gauge fields, 

2gµ ν ν µ µνγ γ γ γ+ =  

are Dirac matrices. nαβµ  and *
nαβµ  are the Yukawa interaction constants. ν  

is the boson interaction constant. ( )m α  and ( )nm  are masses of fermions and 
bosons, respectively. c is the light velocity. 

( ) ,a
aj aie T Aα α α

µβ µ β β µδ∇ = ∂ −  

( ) , ,l l l a l l
m m am m mj aie A gµ µν

µ µ µ νδ τ∇ = ∂ − ∇ = ∇  

( )
* ,l l l a

m m amj aie Aµ µ µδ τ∇ = ∂ +  

a aT Tα
β=  is the gauge matrix with the commutation relation [ ], c

a b ab cT T iC T=  
acting on spinors as ( )exp a

ai Tψ σ ψ′ = , aσ  is an arbitrary real number. 
m

a anτ τ=  is the gauge matrix with the commutation relation [ ], c
a b ab ciCτ τ τ=  

acting on bosons as ( )exp a
aiϕ σ τ ϕ′ = . It is supposed that the summation in 

relation (3) and in the all following relations is performed over all repeating in-
dices. ( )j ae  is the charge corresponding to the j factor of the direct decomposi-
tion of the gauge group jj=∏   ( ( ) ( ) ( )3 2 1SU SU U= × × ). If the index a of 
operators aT  and aτ  belongs to the subgroup j , then in the charge ( )j ae  
( )j a j= . 
For derivation of the quantum-field Schwinger equation it needs to add the 

linear term ( ),q Ψ  with auxiliary fields  
( ) ( ){ } ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ), , , ,n n a

Aq x q x q x q x q x q x q xζ α α
ψ ψ ϕ µϕ+

 = =  
 

 to the action 
( )S Ψ  

( ) ( ) ( ), , ,S q S qΨ = Ψ + Ψ  

where 
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( ) ( ) ( ) ( )( ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ))
,

( ) d .

n n

n n a a
A

q q x x q x x q x x

q x x q x A x x

α α α α
ψ ψ ϕ

µµϕ

ψ ψ ϕ

ϕ+
+

Ψ = + +

+ +

∫
 

For fields ( )n xϕ , ( )n xϕ+ , and ( )aA xµ  the auxiliary fields ( )q xζ  are sim-
ple variables and for fields ( )xαψ  and ( )xαψ  the auxiliary fields are Grass-
manian ones, respectively. Then, the Schwinger equation is written in the form 
[24] [25] 

( )
( ) ( ) ( )

( ) ( ) 0,
x iq x

S
q x Z q

x ζ ζ

ζ
ζ

δ δ

δ
δ

Ψ =

 Ψ + = 
Ψ  







            (4) 

where δ δΨ


 is the functional derivative on the left, ( )Z q  is the generating 
functional. The derivatives ( ) ( )S xζδ δΨ Ψ



 have been written as 

( )
( ) ( ) ( ) ( ) ( )

( ) ( )* ,

n
n

n
n

S i x m c x x x
x

x x

αµ α β α β
µβ αβα

β
αβ

δ γ ψ ψ µ ϕ ψ
δψ

µ ϕ ψ+

= ∇ − −

−



 

( )
( ) ( ) ( )( ) ( ) ( )
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a
aj a
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x

x x x x

αβ µ β β α
µ α α µα

β β
βα βα

δ ψ γ δ ψ
δψ

µ ϕ ψ µ ϕ ψ+
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+ +




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2 2
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k nm

m m
m

S x m c x
x

x x x x

µ
µ

α β
αβ

δ ϕ ϕ
δϕ

νϕ ϕ µ ψ ψ

+ +

+

= −∇ ∇ −

+ −

 

( )
( ) ( ) ( )
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2 2

2 *2 ,

nn k m n
k mn

n n
n

S x m c x
x

x x x x

µ
µ

α β
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δ ϕ ϕ
δϕ

νϕ ϕ µ ψ ψ

+

+

= −∇ ∇ −

+ −

 

( ) ( ) ( )( ) ( ) ( ) ( )

( ) ( ) ( ) ( )( )* .

a a c b
b cb aj aa

k n k m k n k m
an m n am

S e C A x F x x T x
A x

i x x x x

νµ α µ α β
ν ν β

µ

µ µ

δ δ ψ γ ψ
δ

τ ϕ ϕ ϕ τ ϕ+ +

= ∂ + +

− − ∇ +∇

     (5) 

In order to get the Schwinger equation we should substitute of derivatives 
( )iq xζδ δ



  for ( )xζΨ  in relations (5). The formal solution of the Schwing-
er Equation (4) is the functional integral 

( ) ( ) ( )( )exp , .iZ q S q D = Ψ + Ψ Ψ  ∫


             (6) 

We consider densities of the quantum fields ( )xαψ , ( )xαψ , ( )n xϕ , 
( )n xϕ+ , and ( )aA xµ  in the expansion (1) 

( ) ( )
( )

0

.
q

Z q
w x

q x
ζ

ζ

δ
δ

→

=



 

Taking into account the form of the functional ( )Z q  (1) and the form of the 
Lagrangian (3), from the Schwinger Equation (4) we can obtain differential equ-
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ations for the densities 

( ) ( ){ } ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ), ), , , ,n n a
Aw x w x w x w x w x w x w xζ α α

ψ ψ ϕ µϕ+
 = =  
 

 

which can be written in the form 

( ) ( ) ( )( ) ( )
( ) ( ) ( )( )compnw x i m c B w xζαα µ α

µψ ψγ ∂ + =


  

( )( ) ( ) ( ) ( )
( ) ( ) ( )( )compni m c w x B w xζαµ α α

µ ψ ψγ ∂ − =


  

( )( ) ( ) ( ) ( )
( ) ( ) ( )( )comp22 2 nn n nm c w x B w xζ

ϕ ϕ+ =   

( )( ) ( ) ( ) ( )
( ) ( ) ( )( )comp22 2 nn n nm c w x B w xζ

ϕ ϕ+ ++ =   

( ) ( ) ( )
( ) ( ) ( )( )comp ,na a

A Aw x B w xζ
µ µ=

                 (7) 

where 

( ) ( )2

g
x x

µν
µ ν

∂ ⋅
⋅ =

∂
  

is the d’Alembert operator; ( ) ( ) ( ) ( ) ( ), , , ,n n a
AB B B B B Bζ α α

ψ ψ ϕ µϕ+
 =  
 

 are polynomials 
of distributions ( ) ( ) ( )compnw xζ

 of composite fields ( ) ( )x xα βψ ψ , 
( ) ( )n x xβϕ ψ , ( ) ( )n mx xϕ ϕ+ , ( ) ( )a bA x A xµ ν ,  . Distributions ( ) ( ) ( )compnw xζ

 
( ( ) { }1, , nnζ ζ ζ=  , 2n ≥ ) are defined as higher order functional derivatives at a 
point 

( ) ( ) ( )
( ) ( )1

1

comp

1

, ,

n

n

n

n

n

n x x x

Ww x
q x q x

ζ

ζζ

δ
δ δ

→

=







 

Equations (7) can be written in the form 

( ) ( ) ( ) ( )( )comp ,nw x B w xζη ζ η
ζ =                  (8) 

where 0
k p

p xp aη η
ζ ζ=
= ∂∑  is the matrix differential operator. Solutions of the 

Schwinger equation (4) determined the generating functional ( )Z q  and solu-
tions of Equations (7), (8) can be found in the approximate form by the diagram 
technique [25] [26] [27], which will be considered in Sections VI and VII. In the 
common case, solutions of Equations (7) and (8) are distributions and have sin-
gularities. The question is: which distributions of the densities ( )w xζ  can be 
multiplied and, therefore, form a commutative algebra? We consider the densi-
ties ( )w xζ  expressed in the oscillatory--integral form [33] [35] [36] 

( ) ( ) ( )* , exp , d ,
T

w x F x i xζ ζ ζχ σ χ χ =  ∫ 
            (9) 

where *T   is the cotangent bundle over the space-time manifold  , 
( ),xζσ χ  is the phase function, ( ),F xζ χ  is the amplitude, χ  is the covec-

tor, and ( ) *,x Tχ ∈  . It should be noted that relation (9) defines Lagrangian 
distributions, which form the subset of the space of all distributions ( )D′  . 
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Any Lagrangian distribution can be represented locally by oscillatory integrals 
[36]. Conversely, any oscillatory integral is a Lagrangian distribution. We con-
sider the case of the real linear phase function of χ  

( ), ,x k xζ ζ
ν νσ χ χ=                       (10) 

where kζ  is a coefficient. Our consideration of the case of Lagrangian distribu-
tions is motivated by the statement that, if the multiplication cannot be defined 
on the Lagrangian distribution subset, then this operation cannot be defined on 
the space ( )D′  . 

The wavefront set ( )WF u  of a distribution u can be defined as [28] [33] [35] 

( ) ( ) ( ){ }*WF , | ,xu x T uξ ξ= ∈ ∈Γ  

where the singular cone ( )x uΓ  is the complement of all directions ξ  such 
that the Fourier transform of u, localized at x, is sufficiently regular when re-
stricted to a conical neighborhood of ξ . The wavefront of the distributions 

( )WF wζ  characterizes the singularities of solutions and is determined by the 
wavefront of ( ) ( ) ( )compnw xζ

 and by the characteristics of the matrix operator 
η
ζ  [33] [35] 

( ) ( ) ( ) ( )( )( )compWF Char WF ,nw B wζζ η η
ζ⊂              (11) 

where the characteristics ( )Char η
ζ  is the set ( ){ }*, \ 0x T Mξ ∈  defined by 

linear algebraic equations of highest power orders in the unknown Fourier 
transforms ( )wζ ξ  

( ) ( )
, max

0,p
p

p k
a i wη ζ

ζ
ζ

ξ ξ
=

− =∑   

where coefficients paη
ζ  are defined by the matrix differential operator 

0
k p

p xp aη η
ζ ζ=
= ∂∑  in Equation (8) and are equal to coefficients of linear diffe-

rential operators acted on the densities ( )w x  in equation (7). The covector 
( )*T xξ ∈  lies in the cotangent cone xΓ  at the point x. Taking into account 

Equations (7), we can find that 

( )Char ,
x

gη µν
ζ µ νξ ξ=  

consequently, singularities of solutions are located on this cone. The wavefronts 
( ) ( )( )compWF nwζ  of composite fields are considered in Sections III and VI. In 

Section VI we find that in the framework of the diagram expansion wavefronts 
( ) ( )( )compWF nwζ  are determined by ( )Char η

ζ . 
Starting from the proposition that properties of the space-time manifold   

are defined by the quantum fields ( )xζΨ  and, consequently, by the commuta-
tive algebra   of distributions ( )w xζ , in the next section we find that this 
statement results in essential restrictions imposed on the space-time manifold 
 . 

3. Algebra of Distributions of Quantum-Field Densities. 
Fermion and Boson Sectors 

In order to determine points of the space-time manifold   by means of the 

https://doi.org/10.4236/jmp.2019.107054


L. Lutsev 
 

 

DOI: 10.4236/jmp.2019.107054 803 Journal of Modern Physics 
 

densities ( )w xζ , it is necessary to define multiplication on densities, to con-
struct the commutative algebra   of distributions of densities, and to find 
maximal ideals of this algebra. According to Ref. [33] [35], multiplication on 
distributions ( ),u v D M′∈  with wavefronts ( ) ( ){ }WF ,u x ξ=  and  

( ) ( ){ }WF ,v x η=  is determined, if and only if 

( ) ( )WF WF ,u v′ = ∅                    (12) 

where ( )WF v′  is the image of ( )WF v  in the transformation  
( ) ( ), ,x xη η−  in the cone subset Γ  of the cotangent bundle *T M . The 
wavefront of the product is defined as 

( ) ( ) ( ) ( ){
( ) ( ) }

WF , | , WF or 0,

, WF or 0; 0 .

uv x x u

x v

ξ η ξ ξ

η η ξ η

⊂ + ∈ =

∈ = + ≠
          (13) 

Taking into account the linear form of the phase function (10), from relations 
(12) and (13) we obtain restrictions on the densities ( )w xζ . For this purpose, 
we consider wavefronts of densities for the case of the 4-dimensional space-time 
manifold  , when the structure group of the cotangent bundle *T   is the 
Lie group ( )4 ,SO p p−  with 0p = , 1p = , and 1p > . 

The fields Ψ  (2) are observed relative to inertial frames of reference in the 
space-time manifold  . Rectilinear motion transforms the fields Ψ  and, 
consequently, their densities ( )w xζ  and wavefronts. This transformation can 
be considered as a diffeomorphism of   and is described by the arcwise con-
nected part of the ( )4 ,SO p p−  group. More precisely, if :f ′Ω →Ω  is the 
diffeomorphism of open subsets , M′Ω Ω ⊂ , * *:f T T+ ′Ω → Ω  is the diffeo-
morphism induced by f, and ( ) ( )* :f D D′ ′ ′Ω → Ω  is the isomorphism, then 
for the distribution ( )u D′∈ Ω  [33] [35] 

( ) ( )*WF WF .f u f u+=                     (14) 

Thus, rectilinear motion results in the transformation *f  of the field densi-
ties ( )w xζ  induced by the arcwise connected part of the structure group and 
the transformation f+  of density wavefronts (14). If, as a result of these trans-
formations, the covector ( ) *WF w T Mζξ ∈ ⊂  changes its orientation ξ ξ− , 
then the multiplication (13) on the density ( )1w xζ  with the covector ξ  and 
the density ( )2w xζ  with the covector ξ−  is impossible. We consider trans-
formations of density wavefronts induced by the arcwise connected part of the 
structure group (14) and by discrete symmetry transformations—the time re-
versal and the space reflection. 

3.1. Time Reversal 

We assume that the co-ordinate variables of the space-time manifold   can 
be divided by time ct and space r variables, { }1 1, , , ,p px ct ct r +=     
( )0,1,2,p =  . The structure group of the space-time manifold is ( )4 ,SO p p− . 
We consider the time reversal T on the manifold   and the possibility of em-
bedding of the time reversal into the arcwise connected part of the group 
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( )4 ,SO p p− . 
Euclidian space-time manifold with the structure group ( )4,0SO . Let us 

consider the case of the time reversal on the Euclidian space-time manifold M 
with the structure group ( )4,0SO  of the cotangent bundle *T  . The signa-
ture of the space-time metric is ( )− − − − . In this case, 0p =  and the time va-
riable ct is identical to the space one (for example, 1r ). The image of the inver-
sion ξ ξ−  in relation (14) on wavefronts of densities can be reached by the 
transformation induced by the arcwise connected part of the group ( )4,0SO  
(Figure 1(a)). Thus, we always can find densities with covectors ξ  and η  in 
relation (13) such that 0ξ η+ = . Consequently, multiplication on distributions 
in the Euclidian space-time manifold with the signature of the space-time metric 
( )− − − −  is impossible. One can only say about a partial multiplication opera-
tion on a subset of the distribution space. The analogous consideration can be 
carried out for manifold   with the structure group ( )0,4SO  and with the 
signature of the space-time metric ( )+ + + + . 

Pseudo-Euclidian space-time manifold with the structure group ( )3,1SO . 
The signature of the space-time metric is ( )+ − − − . In accordance with relation 

0g µν
µ νξ ξ =  defining boundaries of a singular cone, the space-time manifold is 

separated by three regions: the future light cone ( )fΓ , the past light cone ( )pΓ , 
and the space-like region ( )sΓ  (Figure 1(b)). The multiplication of distribu-
tions with singularities in the region ( )sΓ  is impossible because of the existence 
of the inversion ξ ξ−  reached by the arcwise connected part of the group 

( )3,1SO . Therefore, singularities can exist only in the cone ( )fΓ  or in the cone 
( )pΓ . The time reversal T inverts the covector ( ) *WF w Tζξ ∈ ⊂   from the 

future light cone ( )fΓ  to the past light cone ( )pΓ  (Figure 1(b)). The Lorentz 
transformation ( )3,1SO  acts on future and past light cones separately. Con-
sequently, the arcwise connected part of the group ( )3,1SO  does not contain 
the time inversion. So, if we exclude field density distributions ( )w xζ  with 
singularities in the past light cone ( )pΓ  and consider only density distributions 
with singularities in the future light cone ( )fΓ , then for these distributions the 
multiplication can be defined. Correspondingly, densities of states ( )T xζΨ  are 
forbidden. In this case, we have the one-way direction of time and there is not 
the symmetry of time on density distributions. The arrow of time is pointing 
towards the future. According to (13), the wavefront of the product of quan-
tum-field densities in the future light cone ( )fΓ  is given by 

( ) ( )1WF , | , 0 ,n i i i
n n

f

i i
w w xζ ζ ζ ζζ ξ ξ ξ

  ⊂ ∈Γ ≠  
  
∑ ∑  

where ( )i i iζ ζξ β χ=  is the covector associated with the density iwζ , ζβ  is a 
function of field invariants, such as chirality, charge signs, charge parity, etc. 
Taking into account that for the Dirac adjoint spinor density ( ) ( )w xα

ψ  and for 
the density ( ) ( )nw x

ϕ+
 the exponent term in the integral in relation (9) must 

have opposite sign than for densities ( ) ( )w xα
ψ  and ( ) ( )nw xϕ , respectively, and, 

therefore, is transformed as ( ) ( ), ,i x i xζ ζσ χ σ χ→ −  (for ( ) ( ) ( ) ( )w x w xα α
ψ ψ→ , 

( ) ( ) ( ) ( )n nw x w xϕ ϕ+
→ ), we find that in the cone ( )fΓ  

https://doi.org/10.4236/jmp.2019.107054


L. Lutsev 
 

 

DOI: 10.4236/jmp.2019.107054 805 Journal of Modern Physics 
 

 
Figure 1. Transformation of the covector ξ ξ−  at the time 
reversal of the space-time manifold   with the structure 
groups (a) ( )4,0SO , (b) ( )3,1SO , and (c) ( )2,2SO . The 

image of the transformation ξ ξ−  can be reached by means 
of a transformation of the arcwise connected part of groups 

( )4,0SO  and ( )2,2SO  and is not attainable for the case of the 

arcwise connected part of the ( )3,1SO  group. 

 

( ) ( )0, 0ψ ψβ β> <  

( ) ( )0, 0.ϕ ϕ
β β +> <                      (15) 

Pseudo-Euclidian space-time manifold with the structure group  
( )4 ,SO p p−  ( 1p > ). The signatures of the space-time metric are ( )+ + − −  

( 2p = ) and ( )+ + + −  ( 3p = ). If the time dimension is equal to 2 or higher 
( 1p > ), then the image of the time inversion of densities in the time plane 

( )1, , pct ct  is attained by means of a transformation of the arcwise connected 
part of the group ( )4 ,SO p p−  (Figure 1(c)). In this case, one can find densi-
ties with covectors ξ  and η  in relation (13) such that 0ξ η+ = . Multiplica-
tion on distributions in this space-time manifold is impossible. 

3.2. Space Reflection and Charge Conjugation in the Fermion  
Sector 

Another restriction to define multiplication on the density distribution algebra is 
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caused by the chirality of fermions and by the charge conjugation. Since, ac-
cording to the above-mentioned subsection the pseudo-Euclidian space-time 
manifold with the Lorentz group ( )3,1SO  and the arrow of time are necessary 
conditions for definition of multiplication on density distributions, we consider 
fermion distributions with singularities in the future light cone ( )fΓ . 
Right-handed and left-handed states of the Dirac fields ( )xαψ  and ( )xαψ  
are defined by projective operators ( )51 2γ±  acting on a spinor [14] [15] [37] 

( ) ( )
51

2R x xα αγψ ψ+
=  

( ) ( )
51 .

2L x xα αγψ ψ−
=  

The space reflection P converts the right-handed spinor into the left-handed 
one, and vice versa 

( ) ( )R p LP x iL xα αψ ψ=  

( ) ( ) ,L p RP x iL xα αψ ψ=  

where in the Weyl (chiral) basis 

0
0p

I
L

I
 

=  
 

 

and I is the identity 2-matrix. ( )R xαψ  and ( )L xαψ  are eigenvectors of the op-
erator 5γ  with the chirality 1λ =  (the right-handed state) and the chirality 

1λ = −  (the left-handed state), respectively. Double space reflection 2P  can be 
regarded as 360˚ rotation. It transforms spinors as 

( ) ( )2 ,P x xα α
ρ ρψ ψ= −  

where { },R Lρ = . 
For fulfilment of relations (15) the coefficients ( )ψβ  and ( )ψβ  must contain 

a charge factor cκ  such that ( ) 1β ψ =  and ( ) 1β ψ = − . We consider two 
cases, (1) cβ λκ=  with the chirality λ  and (2) cβ κ=  without chirality. In 
order to fulfil multiplication on densities ( ) ( )

R
w xα

ψ , ( ) ( )
L

w xα
ψ , ( ) ( )

R
w xα

ψ , 

( ) ( )
L

w xα
ψ  in the first case, for right-handed and left-handed states of the fer-

mion fields we should get 

( )( ) ( )( )1, 1,c R c Lx xα ακ ψ κ ψ= = −  

( )( ) ( )( )1, 1,c R c Lx xα ακ ψ κ ψ= − =  

( )( ) ( )( )1, 1,R Lx xα αλ ψ λ ψ= = −  

( )( ) ( )( )1, 1.R Lx xα αλ ψ λ ψ= = −  

The charge conjugation C transforms cκ : ( )( ) ( )( ) 1c R c RC x xα ακ ψ κ ψ= = − , 
( )( ) ( )( ) 1c R c RC x xα ακ ψ κ ψ= = , ( )( ) ( )( ) 1c L c LC x xα ακ ψ κ ψ= = , and  
( )( ) ( )( ) 1c L c LC x xα ακ ψ κ ψ= = − . The commutative algebra   of distributions 

contains densities ( )w xζ  of states ( )R xαψ , ( )L xαψ , ( )R xαψ , ( )L xαψ ,  
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( )RCP xαψ , ( )LCP xαψ , ( )RCP xαψ , ( )LCP xαψ , their sums and products. Den-
sities ( )w xζ  of states ( )RP xαψ , ( )LP xαψ , ( )RP xαψ , ( )LP xαψ , ( )RC xαψ , 

( )LC xαψ , ( )RC xαψ , ( )LC xαψ  are forbidden and are not contained in the al-
gebra  . This version of the theoretical model contains particles and antipar-
ticles and can explain the chirality violation. Quantum states of a particle and an 
antiparticle can be interchanged by applying the CP-operation. 

In the second case, the fulfilment of the relation cβ κ=  with  
( )( ) ( )( ) 1c R c Lx xα ακ ψ κ ψ= =  and ( )( ) ( )( ) 1c R c Lx xα ακ ψ κ ψ= = −  results in for-

bidden densities ( )w xζ  of states ( )RC xαψ , ( )LC xαψ , ( )RC xαψ , and 
( )LC xαψ . Wavefronts of these densities are in the past light cone ( )pΓ : 

( )( )WF
RCwα

ψ , ( )( )WF
LCwα

ψ , ( )( )WF
RCwα

ψ , and ( )( ) ( )WF
L

p
Cwα
ψ ∈Γ . At the same 

time, the commutative algebra   of distributions contains densities ( )w xζ  
of states ( )R xαψ , ( )L xαψ , ( )R xαψ , ( )L xαψ , ( )RP xαψ , ( )LP xαψ , ( )RP xαψ , 
and ( )LP xαψ . In this case, the theoretical model does not contain antiparticles 
and the chirality is not violated. In the experiment this case of the theoretical 
model is not observed. 

3.3. Charge Conjugation in the Boson Sector 

We consider the common case of the boson (Higgs) sector containing the quan-
tum fields ( )n xϕ  and ( )n xϕ+ . We assume that ( ) ( )n nx xϕ ϕ+≠ . By analogy 
with the fermion case, the covector of singularity of the density of ( )n xϕ  is 

( )ϕβ χ  and the analogous covector of the density of ( )n xϕ+  is ( )ϕ
β χ+− , re-

spectively. In order to fulfil relations (15) and the requirement that ( )ϕβ χ , 

( )
( )f

ϕ
β χ+− ∈Γ , we must write the coefficient β  in the form  

( ) ( )( ) 1n
c xϕβ κ ϕ= =  and ( ) ( )( ) 1n

c x
ϕ

β κ ϕ+
+= = − . The charge conjugation C 

changes the sign of the factor cκ : ( )( ) ( )( ) 1n n
c cC x xκ ϕ κ ϕ+= = −  and 

( )( ) ( )( ) 1n n
c cC x xκ ϕ κ ϕ+ = = . Thus, densities of ( )n xϕ  and ( )n xϕ+  can be 

multiplied and are included in the algebra  . On the contrary, wavefronts of 
densities of states ( )nC xϕ  and ( )nC xϕ+  are in the past light cone ( )pΓ  and 
must be excluded. This leads to the charge conjugation symmetry violation in 
the boson sector. 

It should be noted that in the modified theoretical models of the Higgs boson 
sector [17] [18] [19] [20] [21] [41] [42] [43] [44] extending the BEH model [38] 
[39] [40] some particles in the Higgs sector have negative charge parities and are 
charged. In this case, the above-mentioned C-violation on density distributions 
in the Higgs sector can explain the observed matter-antimatter imbalance. 

Thus, as a result of this section, we define the multiplication on distributions 
of the fermion and boson (Higgs) quantum-field densities. Fermion and boson 
density distributions with singularities in the future light cone ( )fΓ  are genera-
tors of the algebra  , which is commutative for boson densities and super-
commutative for fermion ones (Grassmanian variables). The asymmetry of time 
(T-violation), the chiral asymmetry (P-violation) and the charge (C) conjugation 
symmetry violation are caused by singularities of density distributions and these 
space-time manifold properties are local. In the next section we consider restric-
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tions imposed by fulfilment of the density multiplication operation for gauge 
fields. 

4. Gauge Fields and the Density Distribution Algebra 

Multiplication on distributions in the density distribution algebra   imposes 
restrictions on theoretical models with non-abelian gauge fields. In this section 
we demonstrate that instantons ensured tunneling between different topological 
vacua cannot be included in the algebra  . Let us consider the gauge fields aAµ  
with the non-abelian gauge group   in the pseudo-Euclidian space-time ma-
nifold   (the Minkowski space-time) with the structure group ( )3,1SO  and 
discuss the generally accepted instanton model, in which instantons are func-
tions. At the given time t the space variables form the Euclidian space 3 . Ad-
joining the single point ∞ , we can form the compact topological space 

{ }3 ∞ . This one-point compactification of the 3-dimensional Euclidean 
space 3  is homeomorphic to the 3-sphere 3 . If the local transformation 
( ),U x t G∈  of the gauge Lie group   is trivial at x →∞  

( )lim , 1,
x

U x t
→∞

=  

then the gauge potential a
aA A Tµ µ=  ( aT  is the gauge matrix belonging to the 

Lie algebra of the group  ) at x →∞  is the pure gauge 

( ) ( )1 , , .A U x t U x tµ µ
−= ∂                    (16) 

and the gauge fields aFµν  are vanishing. The map on the gauge group   
3:f →   

defines the homotopy group ( )3π  . If ( )G SU N= , then, using the Bott peri-
odicity theorem for unitary groups ( )SU N  ( 2N ≥ ), one can find that [45] 
[46] 

( )( )3 .SU Nπ =                         (17) 

In this case, the gauge potential Aµ  (16) is characterized by homotopy 
classes n∈  of the group ( )( )3 SU Nπ  (17) and can be classified by the to-
pological index [47] 

32

1 tr d ,
24

n A A Aµνρσ ν ρ σ µε σ
π

 =  ∫                 (18) 

where ( )1 p
µνρσε = − , p is the parity of the permutation { }µνρσ . If the Min-

kowski space-time   can be substituted by the Euclidian space-time manifold, 
then the topological index (18) can be written via the Pontryagin index 

4
2

1 tr d ,
16

Q F F xµν
µνπ

−  =  ∫                    (19) 

where 2F F ρσ
µν µνρσε=  is the dual fields in Euclidean space, a aF F Tµν µν= , 

and a aF F Tµν µν=  . 
Taking into account (16), (17), and (18), one can find that vacuum states are 

characterized by the topological index n. The gauge operator mU  with the to-
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pological index m transforms the vacuum state [47] [48] [49] 

.mU n n m= +                        (20) 

According to [14] [15] [47] [48] [49] [50] an instanton is a gauge field confi-
guration fulfilling the classical equations of motion in Euclidean space-time, 
which is interpreted as a tunneling effect between different topological vacua 
n . Instantons are labeled by its Pontryagin index Q (19). If 1Q = , the instan-

ton solution is written as [14] [15] [47] [48] [49] [50] 

( ) ( )
2

1
1 12 2 , , ,A U x t U x tµ µ

ρ
ρ λ

− 
= ∂ 

+ 
                (21) 

where λ  is the scale parameter giving the instanton size,  
( )

1 2222x ct aρ = + − , a is the instanton center point. One can imagine that the 
instanton (21) ensures tunneling between the topological vacuum n  at 
t → −∞  and the vacuum 1n +  at t →∞ . Taking into account that topolog-
ical vacua n  are connected by instanton tunneling and requiring the physical 
vacuum state to be stable against gauge transformations (20), one can find that 
the physical vacuum is 

e ,in

n
nθθ −= ∑                       (22) 

where θ  is the phase angle. In this case, eim
mU θθ θ= . The gauge theory 

with θ -vacuum ( 0θ ≠ ) (22) can be regarded as the theoretical model with the 
additional term proportional to Qθ  in the action (3) [14] [15] [47] 

S S i Qθ→ −  

in the case of the Euclidean space-time and 

S S Qθ→ +                           (23) 

in the case of the Minkowski space-time. Q is the Pontryagin index (19). The 
additional term Qθ  breaks P and CP invariance [14] [15] [47] [51]. 

In the instanton solution a
aA A Tµ µ=  (21) the gauge potentials aAµ  are func-

tions. Can the instanton solution (21) be generalized on the distribution space 
( )D′  ? And can instanton density distributions are multiplied? In order to 

answer these questions, we consider theoretical models, in which Euclidean in-
stanton solutions have been found and the tunneling behavior has been 
transfered on the Minkowski space by the Wick rotation [47] [49] [50] [52] [53], 
and models, in which vacuum tunneling has been studied directly in the Min-
kowski space [54] [55]. 

Euclidean instanton solutions. 
In order to look for a tunneling path in gauge theory which connects topolog-

ically different classical vacua n , one performs an analytic continuation of the 
action ( )S Ψ  (3) to imaginary (Euclidean) time itτ =  [47] [49] [50] [52] [53]. 
In this case, instanton solutions (21) are functions and the analytic continuation 
is correct. In contrast with function spaces, the analytic continuation of density 
distributions of quantum fields ( ) ( ) ( )a

Aw x A Dµ ′∈ ∈   to imaginary time 
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itτ =  changes their singularities. The changes in singularities are due to 
changes in the functional integral (6) 

( ) ( ) ( )( )exp ,iZ q S q D = Ψ + Ψ Ψ  ∫


 

( ) ( )( )1exp , .S q D− → Ψ + Ψ Ψ  ∫


 

Let us consider these changes in distributions ( ) ( )a
Aw xµ  in detail. Suppose 

that a gauge field has the topological vacuum n  at t → −∞ . In order to find a 
tunneling path, we consider t > −∞  and perform the complexification 

ct t iτ→ +  ( ,t τ ∈ℜ ). In this case, the time is 2-dimensional. According to Fig-
ure 1(c) (Section III), one can find densities ( ) ( )a

Aw xµ  with covectors ξ  and 
η  in relation (13) such that 0ξ η+ =  and multiplication on distributions in 
this space-time manifold is impossible. If we consider the restriction of distribu-
tions on the imaginary time τ , then the space-time manifold is Euclidean. As in 
the above-mentioned case, we always can find densities with covectors ξ  and 
η  in relation (13) such that 0ξ η+ =  (Figure 1(a)). Consequently, multipli-
cation on distributions ( ) ( )a

Aw xµ  is impossible, too. Thus, instanton density 
distributions are not contained in the algebra  . 

Vacuum tunneling in the Minkowski space. 
Vacuum tunneling of non-abelian gauge theory directly in the Minkowski 

space has been studied in [54]. In order to connect vacua of different topological 
indices and to obtain the potential-energy barrier in winding-number space, 
through which tunneling occurs, the authors introduce a family of intermediate 
field configurations as 

0 0,A =  

( ) ( )( ), , ,A x t f x tλ=


                    (24) 

where λ  is a parameter describing the field configuration within the family. 
The initial potential is ( )

1

1A f
λ λ=

=


 and the terminal potential is ( )
2

2A f
λ λ=

=


. 
The function f



 varies continuously from ( )1A


 to ( )2A


 as λ  varies from 

1λ  to 2λ . The WKB vacuum-tunneling amplitude has been found from diffe-
rential equations in which the parameter ( )tλ  is the dynamical variable. 

But, the attempt to generalize the above-mentioned family of intermediate 
field configurations on density distributions ( ) ( )a

Aw xµ  of quantum fields results 
in impossibility to define multiplication on these densities. Indeed, the motion 
along the curve ( )tλ  (24) in the winding-number space is possible in forward 
and backward directions. Consequently, the time reversal T inverts the covector 

( )( ) *WF a
Aw Tµξ ∈ ⊂   and one can always find densities ( )

( ) ( )1a
Aw xµ  and 

( )
( ) ( )2a
Aw xµ  with covectors ξ  and η , relatively, in relation (13) such that 

0ξ η+ = . Multiplication is only partial defined and, therefore, one can conclude 
that instanton density distributions must be excluded from the algebra  . As it 
is shown in Section V, these distributions cannot define ideals and points of the 
space-time manifold  . 
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The additional term Qθ  in the action S (23) breaks P and CP invariance and 
contributes directly to the neutron electric dipole moment [51] [56]. According 
to the above-mentioned consideration, instanton distributions are impossible 
and, therefore, tunneling effects between different topological vacua n  do not 
occur. This leads to a degeneration of the energy density of the θ -vacuum (22) 
with respect to the phase θ . The vacuum energy density becomes θ -invariant. 
In order to achieve the θ -invariance in the action S (23), one should require 
that the Pontryagin index Q is equal to zero. This leads to the zero value of the 
neutron electric dipole moment. 

Thus, in Sections III and IV, we define the multiplication on distributions of 
the quantum-field densities and construct the commutative density distribution 
algebra  . Multiplication is well-defined operation for all elements of the alge-
bra. Fermion, boson (Higgs) and gauge field density distributions with singulari-
ties in the future light cone ( )fΓ  satisfying the restriction requirements are ge-
nerators of the algebra  . Spectrum of the density distribution algebra   
and the scheme ( ),    are considered in the next section. 

5. Ideals and Spectrum of the Density Distribution Algebra. 
Scheme ( ),    

For definition of the scheme ( ),    contained the spectrum of the com-
mutative density distribution algebra   isomorphic to the space-time mani-
fold  , it needs to carry out localization and to determine the sheaf of struc-
ture algebras and the spectrum of the algebra  . To this end, we define prime 
and maximal ideals of this algebra. The algebra   consists of density distribu-
tions ( )w xζ  with singularities in the closed future light cone subset, 

( ) ( ) *WF fw Tζ ⊂ Γ ⊂  . The complement of the future light cone subset ( )fΓ  
is the open cone subset ( )fΓ . In the cone subset ( )fΓ  the densities ( )w xζ  are 
C∞ -smooth functions. We define the maximal ideal at the point 0x  as the set 
of distributions equal to zero at the point 0x  in the cone subset ( )fΓ  (Figure 
2) 

( ) ( ) ( ){ }0
0

| lim 0 in .f
x x x

m w x w xζ ζ

→
= = Γ  

p is called a prime ideal if for all distributions ( )1w x  and ( )2w x A∈  with 
( ) ( )1 2w x w x p∈  we have ( )1w x p∈  or ( )2w x p∈  [57] [58]. Every maximal 

ideal xm  is prime. 
In the process of localization of the algebra   we find a local algebra con-

tained only information about the behavior of density distributions ( )w xζ  
near the point x of the space-time manifold  . We consider the case of max-
imal ideals. Then, the local algebra x  is defined as the commutative algebra 
consisting of fractions of density distributions ( )1w x  and ( )2w x  

( )
( ) ( ) ( ) ( )1

1 2 2
2

, , ,x x

w x
w x w x w x m

w x
  = ∈ ∉ 
  

             (25) 
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Figure 2. Maximal ideal is defined as the set of 
distributions equal to zero at the point 0x  in the 

cone subset ( )fΓ , which is complement of the 
future light cone. 

 
where xm  is the maximal ideal at the point x. The fraction ( ) ( )1 2w x w x  is 
the equivalence class defined as 

( )
( )

( )
( )

1 1

2 2

,
w x w x
w x w x

′
=

′
 

if there exists the distribution ( )v x ∈ , ( ) xv x m∉  such that 

( ) ( ) ( ) ( ) ( )( )1 2 2 1 0.v x w x w x w x w x′ ′− =  

Operations on the local algebra x  (25) look identical to those of elementary 
algebra 

( )
( )

( )
( )

( ) ( ) ( ) ( )
( ) ( )

1 1 1 2 1 2

2 2 2 2

w x w x w x w x w x w x
w x w x w x w x

′ ′ ′+
+ =

′ ′
 

and 

( )
( )

( )
( )

( ) ( )
( ) ( )

1 1 1 1

2 2 2 2

.
w x w x w x w x
w x w x w x w x

′ ′
⋅ =

′ ′
 

Algebras 
iU  on open sets iU M⊂  

i
i

U x
x U∈

=


   

determine the structure sheaf [59] { }iM U=   on the space-time manifold 
 . The inverse limit of the structure sheaf M  coincides with the algebra   

lim ,
i

i
UU M∈

=


   

where { }iU  is the open covering of  . 
The spectrum of the algebra  , denoted by ( )Spec A , is the set of all prime 

ideals of  , equipped with the Zariski topology [22] [59] [60]. The prime ideals 
correspond to irreducible subvarieties of the space ( )Spec A . Maximal ideals of 
the algebra   correspond to points. 

The structure sheaf and the spectrum of the algebra   are used in definition 
of schemes [22] [59] [60]. In our case, the scheme over the algebra   is the 
pair ( ),    such that there exists an open covering { }iU  of   for 
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which each pair ( ),
ii UU   is isomorphic to ( ),

ii VV  , where { }iV  is the open 
covering of ( )Spec A  and 

iV  is the restriction of the structure sheaf ( )Spec A  
to each iV . As a result, one can say that the local isomorphism ( )Spec≅   
imposed by the theory of schemes and by restrictions on multiplication on the 
quantum-field-density distributions in the algebra   lead to the dependence 
of the space-time properties on the matter. The arrow of time, the chirality vi-
olation of spinor fields, and the charge conjugation symmetry violation in the 
boson sector are consequences of this dependence. 

6. Densities of Composite Fields in the Framework of the 
Diagram Expansion 

Let us consider approximations of Schwinger equation solutions expressed by 
the diagram expansion and find singularities and wavefronts of composite field 
densities ( ) ( )compnwζ

 in relation (11). For this purpose, it needs to define the ge-
nerating functional of connected Green’s functions W. In the abridged notation, 
the action in the exponent of the formal solution ( )Z q  (6) of the Schwinger 
equation can be written in the form 

( ) ( )( )

( ) ( ) ( )1 1

1

4

1

4

1 1 1
1

1,
!

1 d d ,
!

p p

p

p
p

p

p p p p
p

i S q
p

x x x x x x
p

ζ ζ ζζ

ζ ζ

λ

λ

=

=

Ψ + Ψ = Ψ

≡ Ψ Ψ

∑

∑ ∑ ∫ ∫






   

    (26) 

where ( ){ } ( ){ }1 q q x iq xζ ζλ = = =   are the auxiliary fields, 2λ  are the op-
erator variables ( )im cαµ

µγ− ∂ −


 , ( )2 2ni im c− −  , and i−   acted on 
fermions, bosons and gauge field potentials, respectively. These operators are 
defined by Equations (7). 3λ  are constants of the three-particle interactions de-
fined by the Lagrangian terms (3) ( )

a
aj ae T Aα µ α β
β µψ γ ψ , n

n
α α

αβµ ψ ϕ ψ , 
* n

n
α α

αβµ ψ ϕ ψ+ , by terms with a b cA A Aµ ν ρ , and by terms with a n nAµϕ ϕ+ . The 
four-particle constants 4λ  are originated from the Lagrangian terms 
( )2n nν ϕ ϕ+  and ( )

2 a a b c d e
bc dej ae g g C C A A A Aµρ νσ

µ ν ρ σ . 
By definition, the generating functional of connected Green’s functions is 

written as 

( ) ( ) ( )1 2 3 4 1 2 3 4 2 3 4, , , ln , , , ln , , , ,W Z Z qλ λ λ λ λ λ λ λ λ λ λ= =        (27) 

where Z is defined by relation (1). The Schwinger Equation (4) for the functional 
W can be written in the form [25] 

( )
4

1 1
2

1 0,
1 ! p p

p
H

p
λ λ −

=

+ =
−∑                    (28) 

where 

1 1

1.
p

p
WH δ δ
δλ δλ

 
= + ⋅ 
 

 

Solution of the Schwinger Equation (28) can be found by iterations in the 
form of the power series expansion for the functional W with respect to the ver-
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tices 3λ , 4λ . In the zero approximation ( )3 4 0λ λ= =  the formal solution (28) 
of the functional W is written as 

( ) ( )0 1
2tr ln ,

2
W κ λ−= −  

where 1κ =  for bosons and 1κ = −  for fermions, respectively. ( )1
2 1 2x xλ−− −  

is the kernel of the inverse operator 2λ−  called the propagator. The next itera-
tion can be found by the substitution of ( )0W  for W in terms 1pH −  in Equa-
tion (28) and so on. The third order vertex approximation of the functional 

( )1 2 3 4, , ,W λ λ λ λ  is presented in Figure 3. We assign solid lines to the propaga-
tors 1

2λ
−− . Propagators 1

2λ
−−  connected to single ( 1λ ), triple ( 3λ ) and 

quadruple ( 4λ ) vertices must be integrated over space-time variables and must 
be summed over indices ζ . 

Taking into account the causality, which means that an effect cannot occur 
from a cause that is not in the back (past) light cone of that event [61] [62], we 
use causal Green’s functions and propagators. Thus, propagators  

( ) ( ) ( ){ }1
2 0, ,c c c

nlS x D x D xα
βλ−− =  can be written in the following form [61]. 

For fermions 

( ) ( )( ) ( ) ,c cS x i m c D xαα µ α
β µ βγ δ= ∂ +   

for bosons 

( ) ( ) ,c c
nl nlD x D x δ=  

and for gauge field potentials 
 

 
Figure 3. (a) Propagators 1

2λ
−− , vertices 1λ , 3λ  

and 4λ . (b) The third order vertex  
approximation of the functional ( )1 2 3 4, , ,W λ λ λ λ . 

( ) ( )0 1
2tr ln

2
W κ λ−= − . 

https://doi.org/10.4236/jmp.2019.107054


L. Lutsev 
 

 

DOI: 10.4236/jmp.2019.107054 815 Journal of Modern Physics 
 

( ) ( )0 0
,c c

m
D x D x

=
=                       (29) 

where 

( ) ( ) ( ) ( ) ( ) ,cD x t D x t D xθ θ− += − −  

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

1 1

12

1
4 8

,
4

miD x t N m i t J m

mi K m

ε δ ρ θ ρ ρ ε ρ
π π ρ

θ ρ ρ
π ρ

±  =  

− −
−

 



 

( )2 2ct xρ = −  

( ) ( ) ( ).t t tε θ θ= − −  
( )1N x , ( )1J x , ( )1K x  are Neumann, Bessel and Hankel functions, respec-

tively. Propagators 1
2λ
−−  (29) are equal to zero in the light-cone exterior and 

have singularities on the light cone. Taking this into account, we find singulari-
ties and wavefronts of composite field densities ( ) ( )compnwζ

, which can be written 
as a derivative of the functional W 

( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( ) ( )

1

1

1

1

1

comp , , comp

1

, ,

1

2 1 1, ,

1

2 1 1

lim

, , d d ,

n n

n

n

n

n

n

n n

n

n x x x

n

x x x p

p
n n n n

iw x w x

i W
q x q x

i x z

x z A z z z z

ζ ζ ζ

ζζ

ζ

ζ

δ
δ δ

λ

λ

→

−

→

−

 =  
 

 =  
 

 = − − 
 

− −

∑∫ ∫


















  

      (30) 

where n is the number of fields, ( ) ( )1, ,p
nA z z  is the residual part of the dia-

gram which is depicted by the index p. Summation is drawn out over all dia-
grams. Differentiation of the functional W with respect to auxiliary fields qζ  
results in the removal of the corresponding 1λ -vertices in diagrams. In Figure 4 
hollow single vertices denote the removed 1λ -vertices and, therefore, the cor-
responding differentiation operation. For these vertices the integration over 
space-time variables and the summation over indices ζ  must be dropped out. 
In this case, singularities of derivations of the functional W (30) are determined 
by propagators 1

2λ
−−  (29) connected with hollow single vertices and the com-

posite field densities ( ) ( )compnwζ
 have singularities on the light cone. Thus, wave-

fronts ( ) ( )( )compWF nwζ  in relation (11) are included in the characteristics 

( )Char η
ζ  and wavefront sets of quantum-field density distributions are lo-

cated on the light cone. 
Now we return to relation (11) and consider a possible extension of the wave-

front set ( )WF wζ  formed by wavefronts ( ) ( )( )compWF nwζ  of composite fields. 
In other words, can wavefronts ( ) ( )( )compWF nwζ  of composite fields vary the 
wavefront set ( )WF wζ  without loss of multiplication in the algebra  ?  
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Figure 4. Differentiation of the functional W with respect 
to the auxiliary fields ( )1q xζ  and ( )2q yζ . Hollow single 

vertices denote the differentiation operation. The dotted 
line bounds residual part of the diagram. 

 
According to the above-mentioned, one can see that the only possible case, in 
which the multiplication of distributions of quantum-field densities can be de-
fined, is the case, when the quantum fields are in the space-time manifold   
with the structure group ( )3,1SO . Let us assume that wavefronts of 

( ) ( ) ( )compnw xζ
 are in the space-like region ( )sΓ  (Figure 1(b)) and wavefronts 

( ) ( )( )compWF nwζ  take part to the wavefront ( )WF wζ . The transformation f of 
the space-time manifold   induced by a rectilinear motion transforms the 
wavefront of densities ( )WF wζ  in relation (14) such that in the space-like re-
gion ( )sΓ  the covector inversion ( )WF wζξ ξ− ∈  can be reached by the 
arcwise connected part of the group ( )3,1SO . Consequently, the extension of 
the wavefront set ( )WF wζ  on the space-like region ( )sΓ  should be ignored 
because the multiplication on these distributions is impossible. The extension on 
the past light cone ( )pΓ  should be ignored too because one can find covectors 

( )
1

fξ ∈Γ  and ( )
2

pξ ∈Γ  such that 1 2 0ξ ξ+ = . Thus, the multiplication on the 
densities ( )w xζ  can be defined in the only case, in which the densities are dis-
tributions with the wavefront set ( ) ( )WF fwζ ∈Γ . 

7. Diagram Expansion with Respect to the A-Algebra  
Variables 

The multiplication on the commutative density distribution algebra   gives us 
possibility to define differentiation of functionals of  -algebra variables and to 
construct diagram expansion with respect to densities. Let us assume that func-
tionals can be given in the form of power series with respect to the densities 

( ) ( ){ }1 , , mw w x w xζζ= ∈   

( ) ( ) ( ) ( )1 1

1

1 1 1
0

d d .n n

n
n n n

n
R w F x x w x w x x xζ ζ ζζ

ζ ζ

∞

=

= ∑ ∑ ∫ ∫ 



      (31) 

The differentiation of the functional ( )R w  with respect to the density 
( )p

pw xξ  is reduced to the elimination of the density ( )p
pw xξ  and to the 

dropping out the integral over variables px  in the power series (31) 

( )
( )

( )

( ) ( ) ( )

1

1

1

1
ˆ0 , , , ,

1

1 1
0

1

ˆ ˆd d d ,

n
p

p n

p n

n
np

p

pk p n p n
k

n

R w
F x x

w x

w x w x w x x x x

ζ ζ
ξ

ζ ξ ζ

ξ ζζ

δ

δ

κ

∞

=

−

=
−

=

×

∑ ∑ ∫ ∫

∏



 

 

   



      (32) 
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where the mark ∧  points out that the given variable must be dropped. The 
summation over indices 1

ˆ, , , ,p nζ ξ ζ   in relation (32) is performed over all 
sets { }2

ˆ , , ,p nξ ζ ζ ,  , { }1 1
ˆ, , ,n pζ ζ ξ− . Since the densities ( )i

iw xζ  can be 
Grassmanian variables, we define the differentiation as left one. The term 

1
0

p
pkk κ−

=∏  appears from permutations between densities ( )i
iw xζ  during the 

differentiation. ( )deg deg1
p kw w

pkκ ⋅= −  depends on parity degrees deg pw , 
deg kw  of densities ( )p

pw xξ , ( )k
kw xζ . 

In order to construct diagram expansion of Schwinger equation solutions with 
respect to densities ( )w xζ  belonging to the  -algebra, we use the first Le-
gendre transform of the generating functional W. The technique of Legendre 
transforms makes it possible to find anomalous solutions of the Schwinger equa-
tions (4) and (28). Anomalous solutions contain nonperturbative information 
about quantum field models at spontaneous symmetry breaking and at phase 
transitions [25] [63] [64] [65]. Furthermore, the use of the diagram expansion of 
the Legendre transform greatly reduces the number of diagrams. The first Le-
gendre transform Y of the functional W is defined as [25] 

( ) ( ) ( ) ( )2 3 4 2 3 4; , , , , , d ,Y w W q w x q x xζ ζ

ζ
λ λ λ λ λ λ= −∑∫       (33) 

where the functional W is defined by relation (27) and 

( ) ( ) ( )
( )

.
W q

w x w x
i q x

ζ ζ
ζ

δ
δ

= =



                   (34) 

Taking into account relations (33) and (34), one can obtain the variable 
( )q xζ  as the functional of the density ( )w xζ  

( )
( )

( ).
Y w

q x
w x

ζ
ζ

δ
δ

= −



                      (35) 

The Schwinger Equation (4) for the functional Y can be written in the form 
[25] 

( )
4

2 1
3

1 ,
1 ! p p

p

Y w H
w p

δ λ λ
δ −

=

= +
−∑



                (36) 

where in the abridged notation 
112

2

p

p
YH w w

ww
δ δ

δδ

−−  
 = −  
   

 

 

and 
12

2

Y
w

δ
δ

−
 
 
 



 

is the kernel of the inverse operator of 

( ) ( ) ( )
2

d .Y f y y
w x w y

δ
δ δ∫



 

By analogy with solutions of Equation (28), solution of the Schwinger equa-
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tion (36) can be found by iterations in the form of the power series expansion for 
the functional Y with respect to the vertices 3λ , 4λ . In the zero approximation 
( )3 4 0λ λ= =  the formal solution (36) is the Gaussian functional integral and 
the functional Y is written as 

( ) ( ) ( )0 1
2 2 2

1; tr ln ,
2 2

Y w w wκλ λ λ−= − +  

where 1κ =  for bosons and 1κ = −  for fermions, respectively. The next itera-
tion can be found by the substitution of ( )0Y  for Y in the term 2H  in equation 
(36) and so on. In diagrams describing these iterations propagators 1

2λ
−− , ver-

tices 3λ  and 4λ  remain the same as shown in diagrams in Section VI. The 1λ
-vertices should be removed from diagrams and the variables w  should be in-
cluded. The first order vertex approximation of the functional ( )2 3 4; , ,Y w λ λ λ  
is presented in Figure 5. We assign wavy lines to the variables w . Propagators 

1
2λ
−−  and variables w  connected to triple ( 3λ ) and quadruple ( 4λ ) vertices 

must be integrated over space-time variables and must be summed over indices 
ζ . 

The anomalous solution is found as an extremum 

( )
0

0
w

w x ζ
ζ

δ
δ

Φ
=  

at the stationarity point ( )0w xζ  of the functional 

( ) ( ) ( ) ( )1 2 3 4 2 3 4; , , , ; , , d .w Y w w x q x xζ ζ

ζ
λ λ λ λ λ λ λΦ = +∑∫  

In order to find the anomalous solution, the Legendre transform Y should be 
given in the relevant diagram approximation. 

The natural next step should be to go from bare to dressed lines in diagrams, 
which requires analysis based on the second Legendre transform of the func-
tional W. But, it should be noted that in the generating functional W (27) coeffi-
cients 2λ  are operator variables. Since, differential operators and density dis-
tributions ( )w xζ  form a noncommutative algebra, the differentiation of the 
functional W with respect to 2λ  may be incorrect. This is required accurate de-
finition of the functional derivative 2Wδ δλ  and, consequently, the second Le-
gendre transform. This problem is planed to consider in the next study. In con-
trast with this case, in models in statistical physics (for example, for the classical 
non-ideal gas and for the Ising model) coefficients 2λ  are not operator va-
riables and the second Legendre transform is well defined [25]. 

8. Conclusions 

In summary, in this paper in the framework of the scheme theory we describe 
the dependence between quantum fields and properties of the 4-dimensional 
space-time manifold  . Contrary to algebras of smooth functions, densities of 
quantum fields, which can be found from the Schwinger equation, are distribu-
tions and, in the common case, do not form an algebra. In order to determine  
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Figure 5. (a) Propagators 1

2λ
−− , vertices 3λ , 4λ , and 

variables w . (b) The first order vertex approximation of the 

functional ( )2 3 4; , ,Y w λ λ λ . ( ) ( )0 1
2 2

1tr ln
2 2

Y w wκ λ λ−= − + . 

 
the commutative algebra   of distributions of quantum-field densities, ideals 
and its spectrum, it is necessary to define multiplication on densities and to 
eliminate those densities, which cannot be multiplied. This leads to essential re-
strictions imposed on densities forming the algebra  . Taking into account 
that in the framework of the scheme theory the space-time manifold   is lo-
cally isomorphic to the spectrum of the algebra  , ( )Spec≅  , and points 
of the manifold   are defined as maximal ideals of quantum-field density 
distributions, the restrictions caused by the possibility to define multiplication 
on the density distributions result in the following properties of the space-time 
manifold  . 

1) The only possible case, when the commutative algebra   of distributions 
of quantum-field densities exist, is the case, when the quantum fields are in the 
space-time manifold   with the structure group ( )3,1SO  (Lorentz group). 
On account of the local isomorphism ( )Spec≅  , the quantum fields exist 
only in the space-time manifold with the one-dimensional time. 

2) We must exclude field density distributions with singularities in the past 
light cone ( )pΓ . The algebra   consists of the density distributions ( )w xζ  
with wavefronts in the closed future light cone subset,  

( )( ) ( ) *WF fw x Tζ ⊂ Γ ⊂  . In this case, we have the one-way direction of time 
and there is not the symmetry of time on the density distributions. The arrow of 
time is pointing towards the future. 

3) The restrictions caused by multiplication on the density distributions can 
explain the chirality violation of spinor fields. The densities of right-handed and 
left-handed fermion states ( )RP xαψ , ( )LP xαψ , ( )RP xαψ , ( )LP xαψ , 

( )RC xαψ , ( )LC xαψ , ( )RC xαψ , ( )LC xαψ , where P is the space reflection and C 
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is the charge conjugation, are forbidden and are not contained in the algebra  . 
The commutative algebra   contains densities ( )w xζ  of states ( )R xαψ , 

( )L xαψ , ( )R xαψ , ( )L xαψ , ( )RCP xαψ , ( )LCP xαψ , ( )RCP xαψ , ( )LCP xαψ , 
their sums and products. 

4) For bosons (for example, in the Higgs sector) the densities of states 
( )nC xϕ  and ( )nC xϕ+ , where ( ) ( )n nx xϕ ϕ+≠ , must be excluded from the 

algebra  . The algebra   contains densities of ( )n xϕ  and ( )n xϕ+ . This 
leads to the charge conjugation symmetry violation and can explain the observed 
matter-antimatter imbalance. 

5) Multiplication on distributions in the density distribution algebra   im-
poses restrictions on theoretical models with non-abelian gauge fields. In the 
framework of the scheme theory instanton distributions are impossible and, 
therefore, tunneling effects between different topological vacua n  do not oc-
cur. This leads to a degeneration of the energy density of the θ -vacuum with 
respect to the phase θ , to zero value of the Pontryagin index Q and to zero val-
ue of the neutron electric dipole moment. 

The well-defined multiplication on the density distributions ( )w xζ  and the 
commutability of the algebra   give the possibility to construct diagram ex-
pansion with respect to the  -algebra variables. The technique of Legendre 
transforms makes it possible to find anomalous solutions of the Schwinger equa-
tion. 
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Abstract 
This paper proposes a rapid means of identifying clay type and quantifying 
clay content from new template crossplots that compare magnetic suscepti-
bility measurements with standard borehole well log data. The templates are 
similar in format to standard industry charts, but have a number of advan-
tages over the commonly used charts. Laboratory measurements of magnetic 
susceptibility on core samples and drill cuttings have recently shown strong 
correlations with key petrophysical parameters, particularly clay content and 
fluid permeability [1] [2]. A new template crossplot between magnetic sus-
ceptibility and borehole spectral gamma ray log data can firstly help to quick-
ly identify the types of clay present in the formation. Additional new template 
crossplots between magnetic susceptibility and borehole bulk density data al-
low the mineral contents and porosities of binary mixtures of clay minerals 
and matrix minerals (such as illite clay + quartz) to be rapidly quantified. The 
templates can use ambient (room temperature) magnetic susceptibility data 
from measurements on core samples or drill cuttings in the laboratory or at 
the wellsite. Furthermore, the paper shows how the templates can potentially 
be extended to utilize borehole magnetic susceptibility data for in situ estima-
tions of the type and content of clay. This requires accounting for the tem-
perature dependence of the magnetic susceptibility of paramagnetic minerals 
(such as illite clay), which varies with depth in a borehole. Whilst borehole 
magnetic susceptibility measurements are rarely part of standard well logging 
operations, they could be a potentially useful tool for in situ clay type and 
content quantification, which in turn can help predict fluid permeability. 
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1. Introduction 

Standard industry charts for identifying mineralogy, such as the widely used 
Schlumberger well logging interpretation charts [3], concentrate on the bulk 
matrix minerals quartz (SiO2) for clastic reservoirs, and calcite (CaCO3) and do-
lomite (CaMg(CO3)2) for carbonate reservoirs. Small amounts of other minerals 
are important components of reservoir rocks, and can have key controls on the 
petrophysical properties. In particular, the type and content of certain clay min-
erals (such as fibrous illite) can significantly control the fluid permeability of the 
rock (i.e., the ability of fluids to flow through the rock). There is little in terms of 
reference charts for identifying clay minerals, apart from some standard charts 
using borehole data from spectral gamma ray (e.g., potassium versus thorium 
crossplot [3]) or using the spectral gamma ray log data in combination with 
photoelectric log (PEF) data [3]. Whilst a combination of the thorium/potassium 
ratio and PEF log data can identify clay mineral type within relatively narrow 
ranges, none of these standard charts can give a quantitative estimate of the clay 
content. 

The purpose of the present paper is to show how the new template crossplots, 
utilizing magnetic susceptibility measurements in combination with certain 
standard borehole log data, can rapidly quantify the clay content in addition to 
identifying the clay type. It has been demonstrated that magnetic susceptibility 
measurements on core samples [1] and more recently on drill cuttings [2] pro-
vide a rapid, non-destructive tool for estimating clay content and relating this to 
fluid permeability, and other special core analysis (SCAL) parameters such as the 
cation exchange capacity per unit pore volume, Qv [1]. We now present some 
new template crossplots, similar in format to standard industry crossplot charts 
[3], which utilize magnetic susceptibility and some standard wire line log data 
(specifically spectral gamma ray and bulk density), as a new tool for rapidly es-
timating clay type and content. The new crossplots use magnetic susceptibility 
measurements at ambient temperature undertaken in the laboratory on core 
samples (core plugs, slabbed core or whole core), or at the wellsite on drill cut-
tings, to estimate clay type and content. Paramagnetic clays in particular, such as 
illite, can be a major control on fluid permeability and other petrophysical pa-
rameters [1]. The clay content derived from the new template crossplots can 
subsequently help to rapidly estimate fluid permeability, since strong correla-
tions between magnetically derived illite content and fluid permeability have 
been demonstrated in core samples [1] and drill cuttings [2], and other petro-
physical parameters (such as Qv), via this “quick look” analysis well before the 
actual core permeability and other data become available. Whilst there are other 
methods of determining clay type and content, such as by X-ray diffraction 
(XRD), these methods can be time consuming, expensive and semi-quantitative. 
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We envisage our proposed template crossplots as a rapid complement to these 
other techniques, rather than as a replacement. 

We also describe how the templates can potentially be extended to utilize bo-
rehole magnetic susceptibility data, in combination with other borehole data, to 
estimate clay type and content in situ. This involves incorporating the tempera-
ture dependence on magnetic susceptibility of paramagnetic minerals, and ex-
tends our earlier work in this area [4]. Whilst borehole magnetic susceptibility 
devices are rarely used at present in standard well logging tool strings, our new 
template crossplots indicate the potential usefulness of running such tools to es-
timate clay type and content in situ straight from the well logging data. 

2. Methodologies and New Templates 
2.1. Determining Clay Type from a Template Utilizing Magnetic 

Susceptibility and Standard Borehole Spectral Gamma Ray 
Data 

The first step is to identify the clay type. A rapid new potential way of doing this 
is to plot borehole spectral gamma ray data against magnetic susceptibility from 
core samples or drill cuttings. Figure 1 shows a new plot of thorium/potassium 
(Th/K) ratio from borehole spectral gamma ray data against mass magnetic sus-
ceptibility (at ambient temperature) for mixtures of quartz plus different clay 
minerals. The Th/K data originates from sources such as [5] and has been uti-
lized in standard industry charts [3], whilst the magnetic susceptibility data 
comes from four main sources [6] [7] [8] [9]. The mass magnetic susceptibility is 
J/H where J is the magnetization per unit mass and H is the applied field 
strength. 

Figure 1 would be applicable for laboratory or wellsite magnetic susceptibility 
measurements on core samples or drill cuttings at ambient (room temperature) 
conditions (20˚C in our case). Each rectangle represents the range of values from 
100% quartz to 100% of the relevant mineral indicated. Each rectangle starts at a 
mass magnetic susceptibility value of −0.619 × 10−8 m3 kg−1 (100% quartz [9]). 
Most of the clay minerals shown are paramagnetic (with positive magnetic sus-
ceptibility), and as the percentage of each mineral increases the mass magnetic 
susceptibility increases. For these minerals the top of each rectangle represents 
100% of the mineral indicated in the rectangle. For example, the 100% quartz to 
100% biotite range is from −0.619 × 10−8 m3 kg−1 to 98 × 10−8 m3 kg−1. The only 
exception to this in Figure 1 is kaolinite, which is diamagnetic with low negative 
magnetic susceptibility [7] [9], and the bottom of that rectangle represents 100% 
kaolinite. The different types of clay occupy fairly well defined regions of Figure 
1. There is a small degree of overlap between the Th/K ratios of illite and mus-
covite, which is difficult to show on the figure, and the muscovite and biotite 
magnetic susceptibility values overlap in the region −0.619 ×10−8 m3 kg−1 to 15 × 
10−8 m3 kg−1. 

The applicability of Figure 1 can be extended to utilize borehole magnetic 
susceptibility data for in situ clay typing. For diamagnetic clay minerals, such as  
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Figure 1. Spectral gamma ray thorium/potassium (Th/K) ratio [5], where Th is in parts 
per million and K is in per cent, versus mass magnetic susceptibility (at ambient temper-
ature) for mixtures of quartz plus different minerals as indicated. Each rectangle starts at 
−0.619 × 10−8 m3 kg−1 (100% quartz [9]) on the mass magnetic susceptibility axis, and the 
rectangles represent the range of values from 100% quartz to 100% of the mineral indi-
cated based on magnetic susceptibility values for those minerals [6] [7] [8] [9]. Note that 
increasing kaolinite content results in more negative magnetic susceptibility, since kaoli-
nite is diamagnetic [7] [9]. 

 
kaolinite, the magnetic susceptibility values for borehole measurements will be 
identical to those in Figure 1, since the magnetic susceptibility of diamagnetic 
minerals is not dependent on temperature. However, for the paramagnetic clay 
minerals shown (i.e., illite, chlorite, montmorillonite, smectite, biotite, musco-
vite) the maximum magnetic susceptibility values shown in Figure 1 will de-
crease with increasing temperature according to the Curie Law as follows: 

J H C T=                           (1) 

where J is the magnetization per unit mass, H is the strength of the applied 
magnetic field (H = B/µ0, where B is the applied field in Tesla and µ0 is the mag-
netic permeability of free space), J/H is the mass magnetic susceptibility, C is a 
mineral specific Curie constant, and T is the absolute temperature in Kelvin. 
Equation (1) can also be expressed in terms of volume magnetic susceptibility, 
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M/H, where M is the magnetization per unit volume. Temperature normally in-
creases with depth. If one knows the temperature at any particular depth (most 
well logging operations include a temperature log), or one knows the depth and 
the local geothermal gradient (i.e., the variation of temperature with depth at 
that locality), then the magnetic susceptibility can be calculated. An example of 
the variation of magnetic susceptibility with temperature for different mixtures 
of illite clay + quartz is given in our earlier work [4]. 

Determining clay type from Figure 1 has a number of advantages as follows: 
1) The ranges of the different minerals are much smaller than for charts that 

use spectral gamma ray data alone, such as standard potassium (in percentage) 
versus thorium (in parts per million) plots [3]. 

2) Whilst some standard charts that are derived entirely from borehole data 
(such as Th/K ratio from the spectral gamma ray log versus PEF from the 
lithodensity log) also have relatively narrow ranges for the clay minerals, the clay 
type from Figure 1 can be obtained via rapid, non-destructive magnetic suscep-
tibility measurements on core samples or drill cuttings without the need to run a 
PEF log. Furthermore, the use of drill cuttings could be extremely cost effective 
(compared to core samples which are expensive to obtain) since these are readily 
available in every drilled well. One might also use portable spectral gamma ray 
equipment on core or drill cuttings, without the need to run a spectral gamma 
ray log. Often just the total gamma ray log is run, which is cheaper than running 
a full spectral gamma ray log. 

3) Magnetic susceptibility measurements on core and drill cuttings are much 
quicker and cheaper than other laboratory techniques for determining clay type 
and content, such as X-ray diffraction (XRD) [1] [10]. However, if supplemen-
tary mineralogical data is available (from XRD, thin sections etc.) then this will 
help to confirm the binary mineral mixture for the quantification of clay de-
scribed in Section 2.2 below. 

4) Whilst Figure 1 details binary mixtures of quartz + clay minerals, the figure 
would be virtually identical (and indistinguishable on the current vertical y-axis 
scale) if we plotted calcite + clay minerals or dolomite + clay minerals. This is 
because quartz, calcite and dolomite are all diamagnetic with very similar low, 
negative magnetic susceptibilities (−0.619 × 10−8 m3 kg−1, −0.484 × 10−8 m3 kg−1 
and −0.480 × 10−8 m3 kg−1 respectively [9]). The advantage of this is that Figure 
1 can be used to identify clay type in clastic (quartz matrix) reservoirs or carbo-
nate (calcite and /or dolomite) reservoirs. 

There are, however, some limitations of our proposed clay typing methodolo-
gy: 

1) The method assumes a binary mixture of a matrix mineral (such as quartz 
or calcite) with a clay mineral. If there is a mixture of more than one clay miner-
al the point plotted on Figure 1 will represent the combined effect of all those 
minerals in the sample, which may make it difficult to identify the individual 
clay minerals present. Nevertheless, this is also a limitation of the current stan-
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dard industry charts based on spectral gamma ray data [3]. Moreover, whilst re-
servoir rocks can contain several mineral components, there are often two key 
components that dominate. For example, binary mixtures of quartz + illite are 
commonly the dominant mineral components in certain conventional reservoirs 
[1] and unconventional (e.g., shale) reservoirs [11] [12] [13]. 

2) In some reservoir rocks small amounts of ferrimagnetic minerals (e.g., 
magnetite, Fe3O4) can dominate a low field magnetic susceptibility signal, and 
obscure the signal from the clays. Any ferrimagnetic minerals in the sample will 
result in a higher magnetic susceptibility value on Figure 1 compared to the 
value from the clay minerals alone. However, this is generally not an issue if one 
undertakes a high field magnetic susceptibility measurement. At high applied 
fields (more than about 300 mT) magnetite saturates and no longer contributes 
to the magnetic susceptibility signal, leaving just the signal from the paramag-
netic clays (or other paramagnetic minerals) and the diamagnetic minerals like 
quartz or calcite [9] [14]. Note that hematite (α-Fe2O3) is a rare exception that 
may need even higher fields to saturate. High field magnetic susceptibility mea-
surements require more specialist equipment than low field measurements, 
however low field measurements are often sufficient for the present purposes. 

2.2. Template Crossplots for Quantifying Clay Content from  
Magnetic Susceptibility and Standard Borehole Bulk  
Density Data 

The second step in the procedure is to quantify the amount of clay. Figure 2 
shows an example template crossplot of mass magnetic susceptibility (at ambient 
temperature) versus bulk density for various mixtures of illite clay and quartz, 
which can be used for quantifying illite (and quartz) by plotting magnetic sus-
ceptibility measurements on core samples or drill cuttings in the laboratory or at 
the wellsite in conjunction with the borehole bulk density data (or core derived 
bulk density). Figure 2 assumes a simple mixture of the two components, with 
the mass magnetic susceptibilities of the end members being 15 × 10−8 m3 kg−1 
for 100% illite [8] and −0.619 × 10−8 m3 kg−1 for 100% quartz [9]. The bulk den-
sities were taken as 2.75 g/cm3 for illite (an average of values given in [15]) and 
2.65 g/cm3 for quartz [3]. 

Figure 2 also takes account of realistic formation rock porosities ranging from 
0% to 40%, and so can also be used as a rapid way to estimate the porosity of the 
binary mineral mixture. Figure 2 assumes water filled porosity, as is standard 
practice for other widely used industry charts [3]. The magnetic susceptibility 
values will not change significantly if the porosity is filled with water, oil or gas 
as in most cases these fluids are diamagnetic with quite similar low negative 
magnetic susceptibilities [16]. 

Figure 2 has a significant advantage over another commonly used standard 
industry chart, which uses neutron porosity versus bulk density to estimate po-
rosity and mineralogy of the matrix minerals quartz, calcite and dolomite [3]. If  
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Figure 2. Template crossplot of mass magnetic susceptibility (at ambient temperature) 
versus bulk density for mixtures of quartz and illite as indicated. The numbers 0, 10, 20, 
30 and 40 represent the percentage porosity of the mixture (i.e., 0% to 40%). 
 
there is any clay in the sample the “apparent” neutron porosity increases due to 
bound water in the clay, and does not reflect the real (lower) porosity of the 
sample. The neutron tool sees all of the hydrogen in the sample, and it can’t dis-
tinguish hydrogen in bound water in clay from hydrogen in fluid (i.e., liquid 
water, hydrocarbons) filled porosity. Our Figure 2, in contrast, utilizes magnetic 
susceptibility rather than neutron porosity, and the porosities derived from our 
magnetic susceptibility versus bulk density values will not be adversely affected 
by the clay present in the samples, and will better reflect the actual porosities of 
the samples. 

Figure 3 is a similar plot to Figure 2, but gives a template for much lower il-
lite contents. Very low percentages of illite clay can have a dramatic effect on a 
sample’s fluid permeability [1], and so it is useful to have a template that is capa-
ble of quantifying very small percentages of illite. 

2.3. Extending the Templates for Quantifying Clay Content in Situ 
from Borehole Magnetic Susceptibility Measurements  
Combined with Borehole Bulk Density Data 

As discussed in Section 2.1 the magnetic susceptibility of a paramagnetic mineral 
such as illite clay decreases with increasing temperature (and therefore also  
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Figure 3. Template crossplot of mass magnetic susceptibility (at ambient temperature) 
versus bulk density for further mixtures of quartz and illite where the illite content is low 
(0% - 10%). The numbers 0, 10, 20, 30 and 40 represent the percentage porosity of the 
mixture (i.e., 0% to 40%). 

 
generally with depth) according to the Curie Law (Equation (1)). Therefore sim-
ilar plots to Figure 2 and Figure 3 at different temperatures could be used to 
quantify illite content from in situ borehole magnetic susceptibility and bulk 
density data. The binary mineral mixture lines would merely be shifted by vary-
ing amounts to the left (i.e., to lower magnetic susceptibilities), dependent upon 
the temperature, for any temperature above ambient (room temperature) used 
for Figure 2 and Figure 3. However, that would require many plots similar to 
Figure 2 and Figure 3, each at a different temperature. A better and simpler ap-
proach to quantify clay content from in situ borehole measurements would be to 
just use the borehole magnetic susceptibility data alone (without the bulk density 
data). The clay content could be quantified from a single magnetic susceptibility 
versus temperature plot for several different percentage mixtures of a particular 
binary mineral combination. An example of such a plot for illite + quartz mix-
tures is given by us in [4]. 

Alternatively, if the bulk density data were to be included, then the tempera-
ture dependence of the magnetic susceptibility could be shown on 3D plots. 
Figure 4 shows one such example of a 3D plot of mass magnetic susceptibility  
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Figure 4. 3D plot of mass magnetic susceptibility (MMS) versus bulk density as a func-
tion of temperature for a mixture of 9.5% illite and 90.5% quartz. The MMS ranges in the 
legend have units of 10−8 m3 kg−1. 

 

versus bulk density as a function of temperature for a binary mixture comprising 
9.5% illite and 90.5% quartz. The decrease in mass magnetic susceptibility with 
increasing temperature is clearly shown. For mixtures with a higher illite content 
than those shown in Figure 4 the magnetic susceptibility values at any tempera-
ture would be higher (likewise mixtures with a lower illite content will have low-
er magnetic susceptibility values), and would decrease with increasing tempera-
ture according to Equation (1). 3D plots like Figure 4 have the advantage of be-
ing able to include an additional parameter (in this case bulk density), but the 
disadvantage in that a separate plot is required for each binary mineral mixture. 

3. Conclusions 

A methodology to rapidly and non-destructively identify clay type and quantify 
clay content is proposed, which utilizes some new template crossplots of mag-
netic susceptibility versus standard borehole data (or core data) involving spec-
tral gamma ray and bulk density. The binary mineral mixture (e.g., illite clay + 
quartz) can first be identified from Figure 1, and then the individual mineral 
contents of the binary mixture, together with the mixture porosity, can be quan-
tified from plots like Figure 2 and Figure 3. The new plots have a number of 
advantages over other more traditional plots and techniques as we detailed. 

The new plots can utilize magnetic susceptibility measurements at ambient 
temperatures in the laboratory or at the wellsite using core samples or drill cut-
tings. The use of drill cuttings would be particularly cost effective, since these are 
produced for any drilled well at essentially no extra cost (unlike expensive core 
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samples). 
The methodology can also utilize borehole magnetic susceptibility measure-

ments to identify the clay type (in conjunction with spectral gamma ray data), 
and quantify the clay content, in situ using the borehole magnetic susceptibili-
ty data alone or in combination with borehole bulk density data. For these in 
situ applications from borehole measurements, the plots need to take account 
of the temperature dependence of the magnetic susceptibility of paramagnetic 
minerals, since reservoir temperatures vary with depth in boreholes. 
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Abstract 
CONTEXT The spin of a particle is physically manifest in multiple phe-
nomena. For quantum mechanics (QM), spin is an intrinsic property of a 
point particle, but an ontological explanation is lacking. In this paper we 
propose a physical explanation for spin at the sub-particle level, using a 
non-local hidden-variable (NLHV) theory. APPROACH Mechanisms for 
spin were inferred from the Cordus NLHV theory, specifically from 
theorised structures at the sub-particle level. RESULTS Physical geometry 
of the particle can explain spin phenomena: polarisation, Pauli exclusion 
principle (Einstein-Podolsky-Rosen paradox), excited states, and selective 
spin of neutrino species. A quantitative derivation is provided for electron 
spin g-factor g = 2, and a qualitative explanation for the anomalous compo-
nent. IMPLICATIONS NLHV theory offers a candidate route to new physics 
at the sub-particle level. This also implies philosophically that physical real-
ism may apply to physics at the deeper level below QM. ORIGINALITY The 
electron g-factor has been derived using sub-particle structures in NLHV 
theory, without using quantum theory. This is significant as the g-factor is 
otherwise considered uniquely predicted by QM. Explanations are provided 
for spin phenomena in terms of physical sub-structures to the particle. 
 

Keywords 
Non-Local Hidden-Variable Theory, Cordus, g Factor, Fundamental Physics, 
Spin 

 

1. Introduction 

The spin of a particle is a key concept for particle physics, and is physically 
manifest in multiple phenomena such as entanglement, [1] [2] [3] [4] Pauli 
pairs, photon polarisation, superconductivity, selective spin of neutrino species, 
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and electron spin g-factor [5]. Despite spin having physical effects, it has no on-
tological explanation. Quantum mechanics (QM) instead treats it as an intrinsic 
parameter. This paper offers a physical explanation for spin using non-local 
hidden-variable (NLHV) theory, specifically the variant called the Cordus theory 
[6]. It is shown that, under the assumptions of this theory, spin parameters arise 
naturally as properties of the physical structures at the sub-particle level. This is 
then used to provide physical explanations of the Pauli Exclusion Principle and 
the selective spin of neutrino species. The electron g-factor is derived and it is 
shown quantitatively that g = 2 for this NLHV theory. 

2. Context: Orbital and Spin Angular Momentum 
2.1. Background 

In classical mechanics angular momentum is rotation of a body around an axis. 
The classical regime gives way to the Fermi-Dirac probability distribution when 
the separation between particles is much smaller than the de Broglie wavelength 
of the particles. 

In particle physics there are two types of angular momentum, orbital and spin. 
The sum of orbital angular momentum and spin is the total angular momentum 
for the particle. The total is conserved, though momentum can be transferred 
between the orbital and spin components, hence spin-orbit interaction. 

The orbital angular momentum is generally believed to involve a particle 
moving in a circular locus, such as an electron moving round the nucleus, or two 
quarks spinning around each other. It is quantized, as opposed to being a con-
tinuous variable, and takes on integer values. The spin angular momentum (or 
simply ‘spin’) is analogous to a quantized rotation of the particle, e.g. the elec-
tron, about its own axis. Quantum mechanics disfavors an interpretation of 
rotation, and instead considers spin to be an intrinsic property. QM also rejects 
the idea that spin could arise from smaller internal particles rotating around a 
spin axis, as in a bag or plum-pudding model. The confirmatory evidence ap-
pears in the electron spin g-factor. At the particle level the quantum spin is 
measured with respect to a direction set by the observer, and the outcomes are 
represented by probabilities of finding the particle with spin in that direction 
(projection). Under QM the particle has no physical orientation either. 

Spin is a vector with a total value and a direction. The fermions take spin val-
ues of odd half-integer increments (1/2, 3/2, 5/2, etc.). The spin of the electron, 
proton, and neutron is 1/2 and this applies to the leptons and quarks generally. 
These particles are subject to the Pauli Exclusion principle, that two co-located 
particles are unable to be in the same spin state and instead take different spin 
directions, e.g. +1/2 and −1/2 to achieve this. In contrast bosons have integer 
spin. These include the photon, mesons (quark plus antiquark), and Higgs 
boson. These bosons follow Bose-Einstein statistics, i.e. there is no interaction 
between multiple particles, and they can co-locate. It also applies to some atoms, 
hence condensed states of 2He2 in superfluidity, and electron Cooper-pairs in 
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superconductivity. Atomic nuclei with even mass number have integer spin, and 
odd have ½ spin. 

These attributes of particles are well quantified but no deeper explanation is 
available. 

2.2. Application 

Spin is an important property that is often used in entanglement experiments [1] 
[2] [3] [4] and interferometry [7]. It is also a key feature in the further develop-
ment of quantum theory, e.g. the Higgs mechanism and muon properties. The 
table of nuclides also shows that spin is key to understanding the properties of 
the nucleus [8]. Other phenomena where spin is important are annihilation [9] 
[10] [11], including of muons [12], proton size anomaly [13], and aspects of 
cosmology such as leptogenesis [14]. Spin is also practically important in optical 
tweezers [15]. 

2.3. Ontological Challenges 

There are several conceptual problems with spin. The first is explaining how 
spin arises at the fundamental level, why particles have the values they do, and 
what underpins the Pauli Exclusion principle and Bose-Einstein behavior. For 
example, QM does not offer any deeper explanation of why spin numbers pre-
vent fermions from co-locating. 

A second problem is the lack of explanation for why the type of assembly of 
particles should affect the spin. For example, individual electrons are fermions, 
whereas a pair of electrons (Cooper pair) is a boson. Likewise, why are nuclides 
with odd total of nucleons fermions, while those with even totals are bosons? 

Third, there is no satisfactory explanation why multiple 2He2 nuclei and 
Cooper-pairs do not also physically co-locate like the photons. They do not con-
tract to a singularity. Given that all are bosons, one expects a consistent 
behaviour from the same spin property. A related question is why should spin be 
exclusively 1/2 for elementary fermions, yet merely predominately 1 for bosons? 
What is the basis of this differentiation? 

A fourth issue is that, though quantized, the spin of a particle is nonetheless 
functionally linked to classical angular momentum, as shown in the empirical 
Einstein-de Haas effect (an electric current in a coil causes a magnet to rotate), 
and the complementary Barnett effect (an object becomes magnetized when 
spun). Why is this? 

2.4. Contrasting Perspectives 

It is undisputed that the spin property can be formalized within quantum me-
chanics. However QM does not provide an ontological explanation of how these 
behaviors arise. Attempts to provide physical interpretation have been under-
taken from the outset of quantum theory, e.g. by Dirac [5], but spin remains re-
sistant to such description within QM. It is generally accepted that there is no 
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explanation, that the properties are merely intrinsic, that QM is complete as a 
theory as it is, e.g. [16]. 

It is understandable that QM would construct spin this way. After all QM is 
premised on particles being zero-dimensional points, hence internal structures 
are disallowed. Nonetheless, from a NLHV perspective there ought in principle 
be an underlying mechanics or sub-structure to the particle, but in practice such 
explanations have been elusive. While the simpler classes of NLHV theory have 
been excluded by the Bell-type inequalities [17] [18] [19], it has not been possi-
ble to rule them all out [20]. Hence it is not impossible that an NLHV theory 
may provide a solution, but in practice it has been difficult to find workable 
variants, and hence this branch of physics has become obscure. Historically the 
main NLHV theory was the de Broglie-Bohm [21] [22]. There has continued to 
be interested therein [23] [24] [25], but it has not yet progressed to a compre-
hensive theory of physics. More recently the Cordus variant of NLHV theory [6] 
has been shown to explain multiple physical phenomena. 

2.5. Brief Summary of the Cordus Theory 

The Cordus theory [6] postulates the existence of specific physical structures at 
the sub-particle level, and functional behaviors thereof. Philosophically the the-
ory is premised on physical realism that observable phenomena have underlying 
physical mechanisms [26]. Design principles were used to construct the theory, 
hence the features are not arbitrary conjectures [6]. The theory predicts that 
particles have internal structures and externally emitted discrete forces [5] 
[26]. See Figure 1 for the predicted structure of the electron, and Figure 2 for 
the photon. 

The figures show the sub-strutures and internal mechanisms that are inferred 
for these particles, and a brief explanation follows based on [27] [28]. The parti-
cle is proposed to have an inner structure comprising two reactive ends, which 
are a small finite distance apart (span), and each behaves like a particle in their 
interaction with the external environment, when they are energized. The reactive 
ends are proposed to emit discrete forces, which react with external fields, mat-
ter, and photons. A fibril joins the reactive ends and provides instantaneous 
connectivity and synchronicity between the two reactive ends. It is a persistent 
and dynamic structure but does not interact with matter. There is also an exter-
nal structure whereby the reactive ends periodically energize (at the de Broglie 
frequency), and in doing so emit discrete forces that have components in three 
orthogonal directions. These discrete forces are connected in a flux tube and 
emitted into the external environment. The whole is sometimes termed a par-
ticule where it is necessary to differentiate from the point particle of QM. For 
further details of the internal structures see [26] [29]. 

One of the implications is that particles are linear structures of finite length 
they have size. They also have orientation determined by discrete force emission. 
It is also not relevant to think of the particle as a solid volume of material, or a  
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Figure 1. The Cordus design for the electron, showing the reactive ends, fibril, 
and discrete force emissions. Adapted from [27]. 

 
spinning ball of charge. This is especially relevant later when considering the 
electron spin g-factor. 

In this theory, an important difference between the electron and photon is the 
nature of the emissions. The electron and all massy particles are proposed to 
emit discrete forces and release them into the external environment to contrib-
ute to a fabric of discrete forces. The reactive ends are energized in turn. In 
contrast the photon is proposed to shunt its discrete force in and out of the fab-
ric, without releasing them. Also both reactive ends are simultaneously active, in 
opposite directions of transmission. This is important later when considering the 
Pauli principle. 
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Figure 2. Proposed internal structure of the photon, showing the dual-energization 
of the reactive ends, and the shunting arrangement of the discrete forces. Adapted 
from [28]. 

 
The theory has been used to explain the following phenomena: 

 Wave-particle duality in the double slit device [6], in terms of each reactive 
end passing through one of the slits. 

 Derivation of optical laws from a particle perspective [6], in terms of com-
ponents of the discrete forces and the effects thereof at reflection and refrac-
tion. This includes derivation of critical angle, Snell’s law and Brewster's an-
gle. 

 Explanation of the decay processes [30] [31] in terms of a contribution by 
fabric density and loading of neutrino species. 

 Prediction of a deeper unified decay model [32] where all the nucleon decay 
processes (forward, inverse, and induced) may be represented in a single uni-
fied decay equation: p + 2y + z <=> n + e + v with proton p, photon y, addi-
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tional photons z where necessary for mass difference, neutron n, electron e, 
and antimatter species denoted with underscore. Particles, other than pho-
tons, change matter-antimatter species when transferred over the equality. 
This equation may be rearranged to represent β−, β+, and EC in the conven-
tional forward directions, and the induced decays too. 

 Explanation for the selective spin characteristics of neutrinos whereby the 
direction of spin is correlated with the matter-antimatter species [30], in 
terms of the interaction of the incomplete discrete force structures of these 
particles with the handedness of the background fabric of discrete forces 
from other particles. 

 Explanation for the annihilation process including a conceptual explana-
tion of the difference between otho- and para-positronium decay rates (or-
tho and para refer to spin combinations of the bound electron and an-
ti-electron/positron) [33], in terms of the differences in mutual orientations 
of the two spin states and the effect of the resulting discrete forces on stabili-
ty. 

 Provision of a mechanics for pair production [34] and likewise photon emis-
sion [29] [35], in terms of mechanisms that change the particles. 

 Structure of atomic nuclei and explanation of stability for nuclides H to Ne 
[36] [37], in terms of a nuclear polymer comprising protons and neutrons in 
cisphasic and transphasic relationships, neutrons that bridge the polymer, 
and a predicted morphology of polymer shapes. 

 Prediction of a mechanism for asymmetrical baryogenesis in terms of rema-
nufacture of the antielectron (ex pair production) to the proton 8y + z => e + 
p + 2v [38]. 

 Explanation of entropy in terms of geometric irreversibility of particles, 
hence a group property at the bulk level, not a characteristic of the individual 
particle, which can be reversed at an energy cost at the particle level (Max-
well’s agent) [39]. 

 Nature of the vacuum and the cosmological horizon [40]. In this theory the 
vacuum comprises a fabric of discrete forces generated by matter particles. 
The cosmological boundary is the expanding surface where the fabric 
colonizes the void outside the universe. This theory identifies the infeasibility 
of placing a physical agent at the boundary of the universe, and also predicts 
there is no practical way to control the universe from its outer boundary as 
the holographic principle suggests. 

 A theory for time as an emergent property of matter [41], wherein time for a 
matter particle originates with the frequency cycles of the re-energization of 
the particle’s reactive ends, with relativistic velocity, acceleration, and high 
gravitation, affecting the energization process. Discrete forces of different 
particles affect each other via the fabric providing a temporal connectedness 
of phenomena that are at different geometric locations. The piece-wise 
communication, via discrete field interactions of the fabric, between adjacent 
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volumes of space applies spatial consistency to time, hence space time is dis-
crete. 

 Origin of the finite speed of light [42]. On conceptual grounds the density of 
the fabric determines the electrical and magnetic constants of the vacuum, 
and gives the speed of light a particular value. A variable speed of light (VSL) 
is predicted, depending on the fabric density hence the proximity and spatial 
distribution of matter. Results disfavor the universal applicability of the cos-
mological principle of homogeneity and isotropy of the universe. 

 The time dilation, Lorentz and relativistic Doppler formulations are derivable 
from the Cordus NLHV particle perspective [43]. The equations contain an 
unexpected dependency on the fabric density. For a homogenous fabric, 
which is the assumption of general relativity, the conventional formulations 
are recovered. 

3. Method 

The purpose of the current work was to prospect for deeper explanations for 
spin from the Cordus NLHV theory. The present work extends the theory for 
superposition and entanglement [26]. 

We used this theory to infer candidate physical structures for spin. We did not 
find it necessary to change the fundamentals of the theory, though we did iden-
tify specific dimensions that were tacit in the original theory. We show that spin 
may be understood as a geometric attribute of the internal structure of a Cordus 
particle. 

The resulting theory provides a description of spin that is quantized and does 
not involve orbits. We found that the theory predicts additional spin properties 
beyond those recognized by QM. The distinction between these properties is lost 
when one reduces the structure to a point particle, hence the QM perspective is 
able to be recovered. 

We tested the theory for logical congruence against known phenomena of 
Pauli exclusion, excited states, and selective spin of neutrino species. For the 
later see also prior work [30]. Explanations were found for these effects, and did 
not require new assumptions in conflict with the original premises. 

We then applied the theory to determine the electron spin g-factor, and quan-
titatively recovered the Dirac g-factor. We explored the anomalous dipole 
moment, and found a qualitative explanation for it, but a quantitative derivation 
was elusive at this time. 

4. Results: A proposed Physical Basis for Spin 
4.1. Orientation Angles for Spin 

Since Cordus particles have span, they consequently have angular orientation 
relative to a reference frame. Their frequency behavior means they also have a 
phase property [44]. We propose these as the basis for spin. 

The key spin variables in this theory are the orientation angles of the fibril, 
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and the energization phase. If the fibril is orientated with the axis of measure-
ment, then there is only one variable, which is the energization phase, see the 
electron model above. However in the more general situation the number of di-
mensions (variables) required to define a Cordus particle is three linear dimen-
sions [x, y, z] for location of a reactive end, one for the length of the span (re-
lated to type and energy of the particle), up to three polarisation angles for the 
orientation of the discrete forces, one composite variable to denote the discrete 
force content (this differentiates the type of particle) [29], another for the degree 
of overloading of discrete forces, and one phase variable to indicate which reac-
tive end is energizing. The matter/antimatter hand, which is identified as the 
hand of energization sequence, requires another variable [33] [45]. 

Depending on how they are counted, that gives a total of 11 independent 
variables to fully define a Cordus particle. Not all these dimensions are simple 
numbers: some like the number and charge of discrete forces are sets, though 
this is not apparent in the case of the electron but instead becomes evident in say 
the neutron [31]. The photon has a still simpler discrete force structure and does 
not need all these variables. 

The dimensions of particularly interest for spin are those of orientation. In 
this theory the spatial orientation of one particle relative to another is defined by 
several angles: the phase of energization θ, and three orientation angles for the 
fibril and system of discrete forces A1, A2, A3, see Figure 3 and text following. 

4.2. Predicted Sub-Types of Spin 

We identify several different types of spin within the Cordus theory. It is pro-
posed that not all these are manifest in every situation, and some are predicted 
only to be evident at a finer scale. Several of these spin variables are naturally in-
accessible to representation in quantum theory because it assumes particles are 
0-D points. 

Number of Reactive ends (E) 
The number of reactive ends in the particle, which is two rather than say 

three, indicates the energization frequency model of the particle. For the Cordus 
theory E = 2 for a single particle. For QM, and any theory built on a 0-D point 
construct, the number of reactive ends is E = 1. For electromagnetic wave theory, 
where a dipole construct is sometimes used, E = 2. 

Intra-Energisation state (s) 
This indicates the energization state of the reactive end at the moment under 

examination. The s variable denotes the energization state of a reactive end at 
the moment in question. For matter particles like the electron, one reactive end 
is energizing s(1) while the other is de-energizing s(0), i.e. the two reactive ends 
are 180˚ out of phase, hence an s(1,0) structure. The reactive ends thus pulse 
with discrete force emissions. There is no emission of discrete forces at the 
de-energized state. At each ½ frequency cycle the state of any one reactive end 
changes. 
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Figure 3. Definition of Cordus orientation variables that define spin. 

 
For the photon, both reactive ends are simultaneously active. At any one mo-

ment, one reactive end is emitting a discrete force and the other is retracting its 
emission, s(+½, −½). The photon oscillates its emissions. The reactive ends are 
simultaneously active, though in different directions. At the next ½ frequency 
cycle the state of the reactive ends changes. 

Nuclides with even numbers of nucleons and symmetrical polymers emit dis-
crete forces simultaneously in all directions, though from different locations in 
the polymer [36]. At a sufficient coarse scale of observation, where the span of 
the polymer is considered to be zero, this would appear to be a particle with si-
multaneous emissions in all directions, i.e. s(1,1). This, we propose, is the basis 
of the bosonic attribute of nuclides with even numbers of nucleons. 

Fibril orientation angle (A1-3) 
This measure of spin refers to the orientation of the fibril of a single particle, 

relative to another particle or frame of reference. The necessary parameters are 
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two angles A1 andA2 describing the orientation of the span, and a third angle A3 
for the alignment of the [a] axis. These apply to massy particles and the photon. 
They correspond to polarisation angles for the photon in electromagnetic wave 
theory. 

Inter Phase angle (θ) – cis and transphasic 
There is a relative phase angle θ of energisation between two neighboring parti-

cles. If the particles are in a coherent relationship, which requires synchronization 
of discrete forces and a common frequency of the energization ω, then the only 
options are θ = 0 (cisphasic) or θ = π (transphasic) energization [33] [44]. In the 
more general case of a discoherent relationship then there are no restrictions on 
θ. In this way the Cordus theory provides a means to differentiation coherent 
and discoherent (discord) states of matter. This is difficult to explain with other 
theories. 

Discrete force pairs 
The difference in orientation of matter-antimatter discrete force pairs is in-

terpreted as a form of spin at a deeper level within the particle. The Cordus no-
tation for these is 1

1x  and 1
1x  [30] [33]. This concept is not needed for the 

present discussion, but is included for completeness as it is important in the 
proposed Cordus processes for decay and the weak interaction [31], photon 
emission [35] and pair production [34]. It is also relevant in the solution for 
asymmetrical baryogenesis [38]. 

Angular momentum (M) 
This spin refers to angular momentum. The interpretation is of a free Cordus 

particle rotating about an axis. For an individual particle or decoherent assem-
blies of particles this spin may be a continuous value. However in coherent 
systems it is quantized due to the synchronicity of the interactions between the 
particles [44]. Hence it is proposed that the quantized nature of spin arises from 
the coherent assembly of particles, specifically from their mutual alignment of 
emission directions. 

Handed motion (H) 
Spin hand refers to the direction of the angular momentum relative to the di-

rection of motion, and may be clockwise or anticlockwise. This is a geometrically 
simple concept but it has potentially profound implications because it explains 
the selective spin characteristics of the neutrino matter-antimatter species, see 
below and [30]. Hence it is possible with this theory to explain why neutrinos 
spin the one way, and anti-neutrinos the other. This has otherwise not been ex-
plained with conventional QM. 

Having proposed the origins of spin variables at the sub-particle level, we next 
apply these principles to explain several phenomena. 

5. Applications of Cordus Theory to Quantum Phenomena 
5.1. Empirical Measurement of Spin 

The Cordus theory proposes that measured spin corresponds to phase and an-
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gular orientation of the fibril of the particle. 
This is consistent with how spin is measured empirically. In a coherent light 

source the photons are produced with a certain orientation, and this occurs 
either at emission or by subsequent filtering using polarizers to exclude 
non-compliant orientations. Also the component of electric field, hence compo-
nent of spin, may be measured in an axis set by the observer. These light sources 
produce many photons and the probabilities measured by quantum mechanics 
represent these components and the underlying stochastic variability. A number 
of photons are sacrificed for measurement purposes, and used to infer the prop-
erties of the wider ensemble. Hence also, a decoherent light source produces 
photons with uncontrolled orientations, and this is represented in quantum 
mechanics as indeterminate spin. The Cordus theory is consistent with these 
results, but explains them as arising from the geometric properties of the parti-
cle. Thus it is proposed that the aligned molecules within polarising filters really 
do selectively obstruct photons that have orientation that is non-compliant with 
the filter. 

5.2. Coherence and Decoherence 

The Cordus theory proposes that coherence arises when adjacent particles 
synchronize the phase of emission of their discrete forces. 

Within the Cordus explanation for spin there is a differentiation between co-
herent and decoherent assemblies of particles [44]. This is not a distinction ex-
plainable with quantum theory. The Cordus theory proposes that the formation 
of coherence between two or more matter particles requires their acceptance of a 
common (or harmonic) frequency, and a common phase of emissions. This is 
because the bonding is via the synchronous interaction (strong force), which as 
the name implies requires synchronous emission of discrete forces [44]. This 
fixes the frequency ω of the particle to a common or harmonic value. 

The synchronous interaction also makes the three orientation angles A1, A2 
and A3 into local constants, so they are no longer variables. The only remaining 
variable is the phase angle θ, which in the coherent case is either cisphasic (θ = 
0) or transphasic (θ = π). Consequently for coherent assemblies of matter, both 
frequency and phase are no longer variables for an individual particle but are in-
stead group properties. We propose this as the physical mechanism underpin-
ning superfluidity, superconductivity, and Bose-Einstein condensates (see be-
low). 

Multiple particles that are in decoherent assembly have their own independent 
parameters for all these variables. Such assemblies are predicted to interact via 
the electro-magneto-gravitational (EMG) forces instead of the synchronous 
force. 

As this shows, physically meaningful definitions of spin are provided in this 
NLHV design. However there are more spin variables here than provided in 
quantum theory. This can be explained as follows. QM assumes that all particles 
are in a coherent assembly state, which means that all the angles of polarisation 
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are fixed, and the frequency too. Consequently the only spin variable left in a 
coherent body is the phase θ, which can only take two values (since the particle 
has two reactive ends). This explains why spin is discrete in quantum mechanics. 
QM does not extend to describe ensembles of decoherent particles, which is 
what the other Cordus variables are used for. 

5.3. Pauli Exclusion Principle 

The Cordus theory proposes that pairs of electrons can share a common space 
by arranging to have transphasic (opposite phase) inter-particle relationships. 

This theory may be applied to understand the interaction between electron 
Pauli pairs in orbitals. The two electrons in an orbital are known to have oppo-
site spin when measured, hence the Einstein-Podolsky-Rosen paradox. This is 
considered a paradox because it is unclear how the two particles interacted to 
communicate their states to each other to contrive such a result. 

The Cordus theory explains the situation as follows. The two electrons share 
locations for reactive ends but in opposite (transphasic) re-energisation phase, 
see Figure 4. This transphasic interaction protects the emission directions of the 
assembly, and is thus energetically favourable for the individual participants. 
This also explains why there are only two electrons in each orbital, not more, 
hence the Pauli Exclusion Principle. Hence the two electrons are always found to 
be in complementary states when measured. The fact that the electrons are 
sharing the orbital means that they have pre-arranged with each other (and the 
nucleus) to be in this complementary state even before the Observer started the 
interrogation, so to the Observer the outcome of the experiment looks like an act 
of contrivance by the particles. However that is merely an artefact of observation. 

Note that it is not the absolute orientation of the particle that is proposed to 
be important, but the relative orientation between the two particles. In a coher-
ent system, the two particles can only be either in phase with each other or out of 
phase, hence only two spin states are possible for Pauli pairs. In the more general 
case where two electrons are not in coherence with each other, there are infi-
nitely many orientations that the fibril may take. This is proposed as the reason 
why the Pauli exclusion principle only applies in special situations like orbitals. 

In this context the Cordus particle concept can also be extended to larger as-
semblies such as atomic nuclei [46]. It is able to explain why each of the nuclides 
H to Ne are stable, unstable, or non-existent [37]. It does this by proposing that 
the protons and neutrons are also linear structure like the electron, and that 
these form closed chains or nuclear polymers [36]. The polymers are stabilised 
by bridge neutrons, which accommodates the empirical observation that heavier 
elements need more neutrons for stability. 

5.4. Excited States and Photon Emission 

The Cordus theory proposes that excited states comprise one electron in a set 
adopting a higher harmonic frequency, while still retaining synchronous interac-
tions with the basal particle(s). 
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Figure 4. The Cordus explanation for the spin arrangements for a Pauli electron pair. 

 
The behaviour of excited states can also be understood in terms of this Cordus 

theory. In an excited state one of the electrons (B) in a Pauli pair absorbs energy. 
In the Cordus explanation, this energy causes the B electron to increase its fre-
quency and decrease its span. It therefore moves into partial temporal and spa-
tial de-synchronisation with electron A (which remains in the ground state). B 
can persist in this state by finding a harmonic frequency with which to interact 
with A, a type of spin gearing. However the interaction is also, via A, with the 
rest of the nucleus. The nucleus has a large resistance to changing its spin attrib-
utes, due to its large mass. 

Electron B may transfer some energy into electron A and the nucleus, as part 
of the process of negotiating a mutually acceptable set of harmonic frequencies. 
Or it may emit the energy as a photon. Emission is also covered by this theory 
[29] [35]. This is a precise interaction and any excess energy above that needed 
for the relevant frequencies is a hindrance, and is discarded. Thus the orbital 
system takes only certain discrete energy states. Hence the quantum nature of 
discrete energy levels can also be qualitatively explained using this NLHV the-
ory. This negotiation process takes frequency cycles, hence time, and thus the 
transitions are not instantaneous. 

The relationship between electrons A and B thereby changes from the direct 
1:1 synchronicity of the ↑↓ state (this notation refers to the discrete forces, see 
Figure 1), to one where electron B is at a higher harmonic frequency. B is then 
trapped in this state. Subsequently an external perturbation means that B is no 
longer in an energetically sustainable position. It is expected that B will more 
easily revert back to the ground state when it and A are momentarily in a 
cisphasic relationship ↑↑ (or ↓↓). For it to make the transition back to the 
transphasic state ↑↓ it needs to change its frequency to that of A, and move into 
the opposite phase. The Cordus theory separately identifies mechanisms 
whereby a particle can skip half a frequency cycle by emitting a photon [29]. If 
this photon also carries away the energy difference, then the spin adjustment is 
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complete, and the intersystem crossing occurs. Hence this is a phosphorescence 
emission. 

5.5. Selective Spin of Neutrino Species 

This theory proposes that the physical mechanism for the matter-antimatter 
species differentiation is the handedness of the energisation sequence of the dis-
crete forces [45]. Given three axes, there are only two such sequences, which are 
dexter and sinister (right and left). Expansion of this concept has been used to 
explain annihilation [33], pair production [34], and asymmetrical baryogenesis 
[38]. When coupled with the concept of spin described above, the theory also 
explains the unique spin characteristics of the neutrino species [30]. The physi-
cal evidence is that the neutrino always spins one way relative to its motion (left 
handed), and the antineutrino the other (right handed). 

The proposed mechanism is that the neutrino species have incomplete dis-
crete force emission and hence must recruit discrete forces from the fabric. This 
results in reactive translational and rotary motions. The direction of spin motion 
is determined by the energisation sequence, and this is also the mat-
ter-antimatter species differentiation, see Figure 5 and Figure 6. 

Up to here the explanations for spin phenomena have been quantitative. We 
now demonstrate that the theory quantitatively recovers the principle compo-
nent of the electron g-factor. 

6. Electron Spin G-Factor 

Thompson’s plum-pudding model of the atom proposed electrons in a matrix of 
positive charge, making up a solid ball. That concept of solidity was disproved by 
Rutherford [47] in the gold-foil experiments. This led to the modern idea of 
quantum mechanics, with a nucleus and electrons in orbitals. Even though 
quantum mechanics treats particles as 0D points, there is still an acceptance that 
particles occupy space stochastically such that macroscopic matter has volume. 
For example the proton has an empirically known charge radius. It is invariably 
assumed that such particles occupy the whole of their volume, even if 
non-uniformly and not continuously in time. This assumption is important in 
what follows. 

Dirac explored the assumption that the electron had its charge on an outer 
conductive spherical surface [48]. If particles like the electron were solid spheres, 
or comprised sub-particles in a solid spherical matrix, and if the same 
sub-particles contributed fractionally to both charge and mass, then it would be 
expected that the moments of charge and mass would be the same. 

Empirical evidence shows this not to be the case, and suggests that the internal 
sub-charges would need to be distributed differently to the sub-masses. More 
specifically, the g-factor represents the constant of proportionality between the 
magnetic dipole moment μs which measures spin of a charge, relative to the spin 
angular momentum S which measures the moment distribution of mass. The  
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Figure 5. Proposed structure of the neutrino, including internal structure 
and external discrete force structure. The imbalance of the discrete forces 
results in linear and spin motions. The latter is uniquely determined by the 
energisation sequence, hence matter-antimatter species. Image adapted with 
permission from [30]. 

 
Dirac electron spin g-factor is approximate twice the spin, more accurately 
2.00231930436153. That this is about 2 rather than 1 is evidence that the charge 
of the particle is distributed very differently to its mass. This is considered one of 
the key characteristics of QM, since no other theory of physics has been able to 
explain why g = 2. There is a further triumph for QM, since the anomalous 
magnetic dipole moment (the discrepancy from 2) can be calculated to high ac-
curacy by quantum electrodynamics [49]. 

Explanation of electron g-factor with Cordus particle theory 
In what follows we show that the new theory is able to derive g = 2. In the 

Cordus theory the electrostatic field strength of an electric charge is determined  
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Figure 6. Proposed structure of the antineutrino, including internal structure 
and external discrete force structure. This particle spins in the opposite direction 
to the neutrino, because of the difference in energization sequence of the dis-
crete forces. Image adapted with permission from [30]. 

 
by the signed sum of discrete forces emitted by that charge. The theory predicts, 
in contrast, that mass is determined by the total number of discrete forces, irre-
spective of their charge. Hence some particles (e.g. the neutron) emit 
charge-neutral pairs of discrete forces that contribute to mass but not to charge 
[31]. This is an important difference. In neutral particles, such as the neutron, it 
is proposed that both positive and negative discrete forces are emitted so the net 
electrostatic field strength is zero, but there are still discrete forces contributing 
to the mass and gravitational effect. In other particles, like the proton, both ef-
fects exist: there is a net external charge and a neutral part. These are the overt 
and implicit (or covert) parts respectively [32]. Thus the implicit discrete forces 
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contribute to mass, and hence to spin angular momentum. In this theory, mass 
is also determined by the energisation frequency, whereas charge is not. Hence 
higher frequencies cause more discrete forces to be emitted in unit time, hence 
greater mass. 

Hence the Cordus theory predicts different mechanisms for the electric field 
and mass. In contrast the classical perspective is of a spherical solid body with a 
radial dispersion of both charge and gravitational field. For the electron, in the 
Cordus theory, the discrete forces are identified as a complete set of one emis-
sion in each of the three axes, hence e = [r1, a1, t1] without covert discrete forces 
[34]. This sums to one unit of charge and one unit of mass. We show that the 
electron g-factor for this arrangement is 2. 

Start by noting that the electron spin g-factor is a constant included in the 
Dirac particle equation: 

B
e e eh

g Sµ
µ = ⋅                            (1) 

where μe is the electron magnetic moment which measures the distribution of 
charge, ge is the electron spin g-factor, μB is the Bohr magneton, e is the electron 
charge, h  is the reduced Planck constant, and Se is the spin angular momen-
tum which measures the distribution of mass. 

Identify the Bohr magneton, where me is the electron mass: 

2B
e

e
m
hµ =                             (2) 

Hence by substitution and rearrangement: 

2 e
e

e e

e
g

S m
µ

=                           (3) 

The term μe/e is the moment of charge per unit charge, and Se/me is the mo-
ment of mass per unit of mass. 

In the Cordus theory the mass and charge interactions occur at the reactive 
ends, since the discrete forces provide the underlying mechanisms of causality. 
Hence it is at the ends of the span that the discrete forces act. Furthermore, the 
frequency of emission for the charge and the mass is the same, since both are 
serviced by the underlying energisation process: the electrostatic force is pro-
posed to be from the linear action of the discrete forces, and the mass & gravita-
tion from the torsional action of the same complex of discrete forces. Both ef-
fects originate at the reactive ends. Thus the Cordus theory predicts that the 
moment arm for charge is the same as that for mass, hence: 

e e ee S mµ =                            (4) 

The above moment arm considerations are important. In contrast the classical 
perspective is that the mass is contained uniformly inside a spherical volume 
whereas the charge is distributed on the surface of that volume, hence different 
moment arms for the two effects. 

Substituting Eqnation (5) into Eqnation (4) gives the electron spin g-factor 
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per the Cordus NLHV theory: 

2eg =                                 (5) 

This recovers the Dirac electron spin g-factor. This finding disconfirms the 
classical idea of a particle being a simple spherical solid body. The finding is 
consistent with QM but independent thereof and derived from a NLHV basis. 

This is novel as the derivation is from a NLHV particle theory. Previously the 
only theory of physics to explain this result has been quantum theory. Providing 
a derivation using the Cordus particle theory shows that the phenomenon is not 
a uniquely quantum effect. We have shown this may be accomplished assuming 
a particle structure with two reactive ends, in contrast to classical mechanics that 
assumes a spherical particle, and QM a 0-D point particle. Note that this Cordus 
particle structure was originally derived for a different phenomenon [6], rather 
than being specifically designed to explain spin, and hence there is coherence 
across the range of phenomena explained by the theory. 

Anomalous magnetic dipole moment 
The empirical evidence is that ge is slightly more than 2, i.e. that the moment 

of charge is larger than the moment of mass, g = 2.00231930436153. This small 
difference is called the anomalous magnetic dipole moment. It is explained by 
quantum electrodynamics as an interaction between the electron and one or 
more virtual photons. QED is able to calculate ge to high precision, which is one 
of the great successes of the standard model. 

The Cordus theory explains the anomalous magnetic dipole moment as an in-
teraction between the electron and the fabric. The fabric in this theory comprises 
the volume of space containing the discrete forces emitted by all the particles in 
the observable universe [40] [42]. The energisation of a reactive end creates and 
emits a new discrete force into this fabric. There will exist random events when a 
discrete force in the fabric happens to be co-located and aligned (cis) or 
anti-aligned (trans) with this new emission, and the response of the particle is 
slightly asymmetrical. 

Where the discrete forces of the electron and the fabric are aligned the effect is 
to momentarily retard the emission of the discrete force, i.e. postpone the effect 
of the charge into the future. This fractionally reduces the strength of the charge 
in the present moment. For the case where the discrete forces are anti-aligned, 
the combination creates the structure of a photon [29]. This new photon has a 
brief existence in the fabric. The brevity is due to the two discrete forces, one 
from the fabric and the other from the electron, being members of separate flux 
tubes with spatially diverging commitments. Consequently the created photon is 
merely a temporary random alignment. This is similar to the QM concept of 
‘virtual photon’. The temporary photon moves a small distance in its brief 
existence, and then separates into its constituent discrete forces. However we 
propose that it can occasionally be absorbed by a third particle, such as a passing 
neutrino. Hence the anti-aligned pairing fractionally neutralises charge, hence 
reduces effective charge while preserving charge moment. The effect is less pro-
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nounced for mass, because of the greater statistical improbability of three dis-
crete forces from the fabric having the necessary coincidence. Inspection of 
Eqnation (4) shows that the effect of these two asymmetries is to increase the g 
factor above 2. This is not inconsistent with the Schwinger radiative correction 
[49]. 

Likewise other fortuitous alignments of discrete forces may mimic the discrete 
force structure of other particles, such as electron-antielectron, or quark-antiquark 
pairs, and thereby create virtual particles of these types too. These will also make 
a small contribution to fractionally decreasing the effect of charge. However 
these other particles have more complex discrete force structures, and hence the 
probability of these structures being correctly presented by the randomness in 
the fabric are smaller. Hence heavier virtual particles will be rarer and make a 
smaller overall contribution. This is similar to the QED prediction of a secon-
dary contribution by hadronic vacuum polarisation [50]. 

Muon g-factor 
The g factor effect is not proportional to mass, within a family of particles, 

because the spin angular momentum scales proportionally with increased mass, 
e.g. for the muon S mµ µ∝ . Nonetheless the muon g factor is not identical to 
that of the electron, but is instead slightly greater with 2.0023318414gµ = . Our 
explanation is that the higher energisation frequency of the muon causes it to 
emit discrete forces more often, and hence a greater exposure to forming a vir-
tual photon with a discrete force from the fabric. These interactions decrease the 
effective charge and increase the g factor. In contrast the standard model im-
putes this to greater access to heavier virtual particles. 

The implication is that the fabric density affects the production of virtual 
photons. The Cordus theory predicts that the production of virtual photons will 
be proportional to the fabric density, and the alignment thereof with the particle. 
We make the falsifiable prediction that the anomalous magnetic dipole moment 
is not universally constant. Instead we predict ge will be greater in situations of 
higher fabric density (e.g. regions of higher gravitational field strength or denser 
galaxies or relativistic velocities), and should display a correlation with orienta-
tion (e.g. spin relative to alignment towards charged objects or large bodies of 
coherent matter). Since the fabric density is temporally and spatially variable in 
the universe, this further implies that the anomalous magnetic dipole moment 
changes with epoch and location in the universe. An interesting future research 
question is whether the anomalous moment might be used to determine the ab-
solute value of the local fabric density. 

It makes sense that the production process of virtual photons should depend 
on the fine structure constant α. This is because α is interpreted in this theory as 
‘a measure of the transmission efficacy of the fabric, i.e. it determines the rela-
tionship between the electric constant of the vacuum fabric, and the speed of 
propagation c through the fabric’ [29]. Hence α relates to electrical forces and 
propagation of fields, which includes electron bonding. 
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7. Discussion 
7.1. Commentary 

Starting from first principles of geometry, we have shown that physical struc-
tures at the sub-particle level can explain multiple spin phenomena including 
polarisation, features of coherent-decoherent assemblies, Pauli exclusion princi-
ple (Einstein-Podolsky-Rosen paradox), excited states, and selective spin of neu-
trino species. We finished by recovering the electron spin g-factor g ≈ 2, and ex-
plaining why the anomalous magnetic dipole moment and muon g-factor are 
greater. 

7.2. Implications 

We have shown that phenomena considered to be uniquely quantum may be ex-
plained by theories other than QM. The conventional interpretation is that the 
electron g-factor precludes the possibility of fundamental particles having inter-
nal structure. Hence QM asserts that spin truly is an intrinsic property. The pre-
sent work falsifies this by deriving the g-factor using NLHV structures without 
recourse to quantum theory. 

We have achieved this by departing from the conventional assumption that 
any hidden variable solution would comprise smaller particles rotating about a 
central mass, somewhat like planets orbiting the sun, the defunct plum-pudding 
model, or the extant bag models of nuclear structure. Such designs would indeed 
not explain the g-factor. However there is no need to limit the design of a NLHV 
solution to an orbital arrangement. By conceptualising a radically different ar-
rangement, we have shown that the g-factor may be recovered. 

The g-factor result is more than an interesting curiosity, because it does not 
stand alone. The same theory has been applied to many other phenomena. It de-
rives from first principles the laws of optical reflection and refraction [6], ex-
plains the stability of the atomic nucleus [36] [37], derives the Lorentz factor 
[43], explains asymmetrical baryogenesis [38]. Other parts of the work address 
time [41], entropy [39], and the strong force (synchronous interaction) [44]. The 
theory is logically consistent across all these explanations. This strengthens the 
case for a new physics based on hidden variables. 

The wider implication is that the next deeper level of physics would be based 
on particles having sub-structures. While the possibility of a non-point structure 
has been considered from the outset of quantum theory [51], up to now the dif-
ficulty has being devising an alternative structure. This is especially as the Bell 
type inequality tests precluded many types of internal structure [17]. However 
the specific structure predicted by the Cordus theory is not precluded by the Bell 
tests [26]. The new theory implies that there is a deeper determinism to particle 
behaviour, which is approximated by the stochastic representation of quantum 
mechanics. As shown in the above references, a unification between features of 
particle behaviour and general relativity is conceptually feasible at this deeper 
level. This is another attractive feature of the theory. 
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7.3. Limitations 

The limitation of the theory is the lack of a mathematical formalism. In this 
regard quantum mechanics is much superior. We derived the basic form of the 
electron g-factor using a mathematical approach, but not the anomalous part. 
We have yet to find a form of mathematics to represent the Cordus theory – this 
is an open problem. The number of geometric variables in the Cordus particle is 
broadly consistent with string/M theory, though the theories come at the prob-
lem with different approaches. Possibly this hints at a correspondence, in which 
case some of the string theories might be formulated to create a mathematical 
representation of the Cordus particle structure. 

7.4. Implications for Future Research 

We have only addressed the first of the questions identified at the outset: how 
does spin arise at the fundamental level? The other questions remain: Why are 
nuclides with odd total of nucleons fermions, while those with even totals are 
bosons? Why do some bosons (photons) stack, whereas other bosons like 2He2 
nuclei do not co-locate? Why only ½ spin for elementary fermions and pre-
dominately 1 for bosons? What is the physical mechanism for the Einstein–de 
Haas and Barnett effects? 

8. Conclusions 

This work makes several original conceptual contributions. We propose that the 
spin property arises from the internal structure of particles, and this is new. We 
have predicted what those structures are, and how they relate to spin. 
Consequently, the work provides a physical explanation for spin, which has not 
been achieved before. 

The new spin theory provides a conceptual explanation for a variety of ob-
served spin behaviors. Existing quantum based theories already provide quanti-
tative formalisms in some cases, but an ontological explanation has been lacking.  

Another contribution is the advancement of the non-local hidden-variable 
branch of physics. By addressing the spin behaviors and deriving the electron 
g-factor, the comprehensiveness of the Cordus theory has been enlarged. The 
theory provides a single coherent framework that explains spin (this paper), 
photon absorption & emission [29] [35], matter/antimatter & annihilation [33] 
[45], nuclide structures and stability (to at least Ne) [36] [37], strong interaction 
[44], weak interaction [31], decay sequences [30] [32] [52], asymmetrical genesis 
(baryogenesis and leptogenesis) [34] [38], time dilation [41] [43], aspects of 
cosmology [40] [42], entropy [39], and wave-particle duality [6] [26]. This is 
original as it provides wider coverage than other NLHV theories. 

This theory explains multiple spin phenomena that are held to be uniquely 
quantum effects: Pauli electron pairs, excited states, and the electron spin 
g-factor g ≈ 2. An explanation, albeit qualitative, is also offered for the anoma-
lous component. Explaining these using a theory of physics other than QM is 
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original. 
Another accomplishment is offering an explanation of the selective spin char-

acteristics of the neutrino species. This has not been explained with other theo-
ries. 

In summary the work demonstrates that a physical basis can be conceived for 
spin, and that the electron g-factor can be explained by NLHV theory. 
Consequently, we reject as unnecessary simplification the QM premise that par-
ticles are 0D points and particle properties merely intrinsic, and instead we pro-
pose the principle of physical realism applies. We suggest the idea that particles 
do have internal structure is a promising concept for advancing fundamental 
physics. 
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Abstract 
This article presents a physical model, which describes the ideas of special re-
lativity, in a rational, logical, simple and understandable manner, while using 
basic mathematical tools. The model is based on Albert Einstein’s formula, 
which describes the “rest” energy of a body with mass ( )m , given by the 

formula 2E mc= . Based on this formula, and in accordance with the theory 
of special relativity, we present here a model of a body, moving at a constant 
velocity in space (at high speeds, close to the speed of light), with speed equal 
to the speed of light in space-time, determined with an “energy angle” and 
negative mass. This model offers a method for creating negative mass, a cal-
culating method for the relative velocity, and a method for calculating energy 
and momentum, in a completely elastic collision and plastic collision, differ-
ent than in the contemporary nowadays method found in classical and mod-
ern physics. In addition, the new model solves problems and paradoxes 
known in special relativity physics, such as the Twin Paradox and others. 
 

Keywords 
Negative Mass, Energy Angle, Frame of Reference, Speed of Light, Special 
Relativity 

 

1. Introduction 

As known today in modern physics, and especially in the theory of special and 
general relativity, in quantum physics and cosmology, the Albert Einstein’s for-
mula describes the “rest” energy of a body with mass ( )m , by the formula 

2E mc= , which means that a body with mass m  has a proportional amount of 
energy and vice versa [1]. This formula determines that this energy E  can be 
calculated as the mass m  multiplied by the squared speed of light 
( 83 10 m sc = × ). The equation claims that if the body is stationary, it has an 
inner energy, which is its “rest” energy, in accordance with its rest mass. When 
the body is in motion, its total energy is greater than its rest energy, that is, its 
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total mass is greater than its rest mass. Another assumption is regarding the 
speed of light. When the body moves, it can obtain momentum and energy, but 
when it approaches the speed of light, it cannot overpass it, regardless of the ad-
ditional energy it receives [1]. 

Moreover, regarding the transition from one inertial frame of reference to 
another, Galileo’s relativity assumption requires the principle of equivalence that 
the laws of motion are the same in all inertial reference frames [2]. 

Lorentz transformations, appearing in the theory of special relativity, are li-
near transformations of coordinates between two reference frames moving at a 
relative constant velocity and showing how time and space change when moving 
from one reference frame to an inertial reference frame which moves relatively 
to it at a constant velocity in a straight line [3]. Minkowski’s diagrams [4] de-
scribe the space-time dynamics from a perspective of relativity, and make it 
possible to draw graphically and quite easily how a particular event (or collection 
of events) will be labeled in different frames. 

It is well known that there are a few problems in the theory of special relativity, 
problems without a solution or with a solution which is not intuitively unders-
tood. For example, the Twin Paradox is a thought experiment in which a differ-
ence of age between a pair of twins is created: the first twin departs from his 
brother in space at a very high velocity and returns to Earth, while the second 
remains on Earth. When they meet again, the twin who left and returned back 
will be younger than his brother. The reason for the different period of time ex-
perienced by the twins is that they have undergone different paths in space-time 
between these two events. The “self-time” between two events depends on the 
path that connects them. Therefore, each of them measures another self-time. 
The solution to the Twin Paradox is difficult to understand and is explained by 
special relativity. 

Another conceptual problem in physics, in general and in special relativity in 
particular, is that mass, energy, and time must have positive values and cannot 
have a negative value. As a result, there is currently no way to create a negative 
mass, there is no way to go back in time, and there is no way to produce gravita-
tional repulsion forces. 

Furthermore, the current cosmological measurements support the observation 
that the universe is expanding and its expansion rate is even increasing. The ex-
pansion of the universe is a term that describes the growth of distances between 
different points in the universe in time. One of the explanations for the expan-
sion of the accelerating universe is based on the speculation of a dark unob-
served energy, whose origins and properties are still not known. 

The purpose of this paper is to provide a model of a body that explains in a 
deeper way the problems mentioned above. The model gives the same results of 
the special relativity in classical and modern physics, but in a simpler and easier 
way to understand, including Lorentz transformations [5], the Minkowsky time 
interval [6], the Doppler relativity effect, the Twin paradox, energy formulas, 
elastic and plastic collisions. Moreover, this article shows the existence of the 
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concepts of the “energy angle” and negative mass, which can change the under-
standing of laws of physics as known today. The model makes the theory of spe-
cial relativity understood in a more comprehensive way than before. 

The new model and its definitions are described in Section 2. The building of 
the model and the application of the model formulas in the various fields are 
described in Section 3, including the solution of the problems mentioned above. 
Discussion, summary and conclusions are given in Section 4. 

2. A body Model Moving in the Space-Time 

The basic premise of this new theory is that each body or particle moves in 
space-time at the speed of light, which is derived from the formula 2E mc= . A 
body with mass 1m  in space observes the universe in a different way, with dif-
ferent dimensions and times as compared to another body with a mass 2m , 
moving at a different velocity. Moreover, each body feels at rest even if its speed 
is close to the speed of light relative to another body. 

The proposed theory is also based on the Galilean equivalence principle, 
which claims that the laws of physics are the same in all inertial reference frames. 
However, instead of the assumption of the constancy of the speed of light, the 
theory here states that the energy of each mass m  in any reference frame is 
constant, i.e. 2E mc= , and each mass m  measured in any spatial-temporal 
reference frame of four dimensions is already moving at the speed of light c . 

When the body is at rest in the Euclidean space ( )x y z, , , it can be said that it 
moves in the fourth dimension which is the time axis ( )t , and its speed is the 
speed of light. This time axis is called “Light Time Axis” and we mark it as ( )ct . 
The “light time axis” is orthogonal to the three axes in the Euclidean space 
( )x y z, , . 

The speed of light is the only absolute speed, to all bodies in the universe, and 
any other speed is actually the projection of the speed of light on the spatial axes, 
or the difference between the speeds of light in different directions in the frame 
axes of space-time. 

Each body will be have “self-speed of light vector” C , where each body with 
mass has its own self-speed of light vector in its four-dimensional space 

( ),0,0,0c=C  and each body has a different direction of the ‘self-speed of light 
vector’ if we observe it from a common frame of reference, unless they are at the 
same speed and in the same direction, i.e., the two bodies are at rest relative to 
each other. In this case, their “self-speed of light vector” will be equal, regardless 
of the magnitude of the mass. 

The ‘self-speed of the light vector’ has the following properties: 
1) The modulus of the “self-speed of light vector” is always equal to the speed 

of light: c′= =C C  
2) At any given time t , “the light distance” measured in the frame of refer-

ence is equal for all the masses in any frame: 1 2t t∆ = ∆ =C C   
3) The projection of the “self-speed light vector” on the Euclidean space ve-

locity axis ( )x y z, ,  gives a velocity ′v  and the projection on the time axis 
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gives its self-time velocity t′v , wherein 2 2 2 2 2
t x y zc v v v v′ ′ ′ ′= + + + . 

4) When the body moves in a Euclidean frame of reference ( )x y z, ,  at a 

velocity ( ), ,x y zv v v′ ′ ′ ′=v , the “self-speed light vector” is ( ), , ,t x y zv v v v′ ′ ′ ′ ′=C . The 

“self-time Velocity” ( )d
dt

ct
v

t
′

′ =  of the moving body in a frame of reference can 

be calculated, as: ( )2 2 2 2 2
t x y zv c v v v′ ′ ′ ′= − + + , or by the projection of the vector 

′C  on the self-speed light vector C  of the frame of reference tv
c

′⋅′ =
C C  

5) The “energy angle” α  is the angle between two self-speed light vectors of 

the reference frame with respect to the moving one, therefore: sin v
c

α =  where 

2 2 2
x y zv v v v′ ′ ′ ′= = + +v  or costv c α′ = ⋅ . 

The properties of the self-speed of the light vector are obtained as a result of 
simple basic mathematics, i.e. it is based on its definition as a vector representing 
velocity. 

3. Evolution of a Body Moving in the Space-Time 

In this section the evolution of a body moving at the speed of light in the 
space-time, in accordance with this new theory and the model derived from it 
will be shown. The formulas derived from this new theory, and its implications 
and applications in the various branches of physics, including solutions of spe-
cial problems in physics will be detailed. 

3.1. Development of Equations According to the Model 

This sub-section presents the equations which are derived from this new theory. 
At first we refer to one body and its relation to other bodies will be discussed later. 
The evolution of the body in terms of speed, energy, energetic angle, and from 
there how to obtain a negative mass will be treated. From there it will be shown 
how to obtain known formulas in physics via this new theory, which include 
energy formulas, specifically for completely elastic collision and plastic collisions. 

3.1.1. One-Dimensional Space 
Without losing generality, reference will be made to only a one-dimensional 
spatial frame (1D) in x  and 'x  axes, orthogonal to ct  and 'ct , respective-
ly. The 1D choice is only to ease the understanding of the theory. The theory 
applies to 3D models as well. 

Figure 1(a) describes the velocity frame of reference of a body moving in re-
lation to a frame of reference at speed v  in direction x , showing a self-speed 
light vector of the moving body, consisting of two elements, the velocity v  in the 
direction of x  d dxv v x t= =  and the velocity along the time axis tv′  of the 
mass in the direction of the axis of the self-speed of light vector of the reference 
frame. C  is the “self-speed light vector” in the frame of reference and ′C  is the 
“self-speed light vector” of another moving body. The angle α  describes the ro-
tation angle between the two frames. The projection of the self-speed light of the 
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moving body ′C  on the horizontal axis xv  gives the velocity v  in the x  
direction. Its projection on axis C  gives the self-time speed ( )d dtv ct t′ ′= , 
which is the speed of light time of the moving body measured in the frame of 
reference. 

The x  or 'x  axis is determined perpendicularly to the “self-speed of light 
vector” of each frame separately. Thus, we obtain that the angle α between the two 
“self-speed light vectors” is the same angle between the two axes x  and 'x . 

Figure 1(b) describes a model called “Integral Couple Frame” (ICF), a time 
integration frame with the following meaning: 

An integral on xv  creates the x -axis and its direction. 
An integral on ′C  creates the ct  axis and its direction. 
An integral on tv′  creates the 'ct  axis and its direction. 
It should be noted that the 'x  axis is normalized to the “self-speed light vec-

tor” of the moving body ′C . 
The result gives two frames with distances x′ , ct  and x , ct′  wherein the 

ct  time axis is not normal to the x  axis, and the ct′  axis is not normal to the 
x′  axis. 
 

 
(a) 

 
(b)                                  (c) 

Figure 1. (a) The velocities plot of the moving body model relative to a frame of reference, 
with C  “self-speed of light vector” in the body frame of reference and ′C  the 
“self-speed of light vector” of the moving body. The angle α  describes the rotation an-
gle between the two frames;. (b) “Integral Couple Frame” Model (ICF), which is a time integra-
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tion. The angle α is the same angle as in Figure 1(a); (c) The body’s initial condition. 

The parameters 0 0 0 0, , ,x x ct ct′ ′  are the constants obtained from the integra-
tion operation and have values that can be calculated according to the boundary 
values, i.e. the initial conditions. The main axes can be placed one over the other 
and can be reset in time and space as shown in Figure 1(c). The ICF model, 
which describes the intersection between 'x  and ct  axes, shows the motion in 
the frame with time progression, while the point of 0x′ =  will always be at-
tached to the ct  value. 

3.1.2. Lorentz Transformation 
As mentioned above, the value of the angle α  depends proportionally on the 
magnitude of the speed v : 

sinv c α=                              (1) 

The parameter β  can be found from Equation (1), that is the ratio between 
the speed v  and the speed of light c : 

sinv
c

β α= =                           (2) 

The Lorentz factor defined in Einstein’s theory of relativity and its relation to 
the energetic angle α  can also be identified here as: 

2 2

2

1 1 1
cos1 sin1 v

c

γ
αα

= = =
−

−

                 (3) 

Figure 2 describes the changes in distances and light time in the moving 
frame and their projections in the stationary frame. The differences in the mov-
ing frame measured in the reference frame are: 

cos
1

cos

x x

t t

α

α

′∆ = ⋅∆

′∆ = ⋅∆
 therefore 

1x x

t t
γ
γ

′∆ = ∆

′∆ = ∆
                 (4) 

In the equations above, two concepts are obtained, Length contraction and 
Time dilation. That is, the length x′∆  of the moving frame measured from the 
reference frame x∆  is shorter. In fact, the length and time of light do not 
change, but their projections from one frame to another are different. 
 

 
Figure 2. The changes in distance and light time in 
the moving frame and their projections in the statio-
nary frame. 
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Figure 3 describes two events, e  and k , in the ,x ct  plane and ,x ct′ ′  
plane and the projections of the coordinates in both frames. The values of the 
events e  and k  are obtained by calculating the coordinate’s projections of the 
events in one frame onto the other frame, and the subtraction between them re-
sults in the equations of the following differences. 

i.e. e kx x x∆ = − , e kx x x′ ′ ′∆ = − , e kct ct ct∆ = −  and e kct ct ct′ ′ ′∆ = − . 
We obtain thus: 

cos sin
cos sin

x x c t
c t c t x

α α
α α

′ ′∆ = ⋅∆ − ⋅ ∆
′∆ = ⋅ ∆ + ⋅∆

 and vice versa cos sin
cos sin

x x c t
c t c t x

α α
α α

′∆ = ⋅∆ + ⋅ ∆
′ ′∆ = ⋅ ∆ − ⋅∆

 (5) 

We can substitute Equation (1) and (3) into Equation (5), resulting in Lorentz 
transformation: 

( )x x v tγ′∆ = ∆ − ∆  and vice versa ( )x x v tγ ′ ′∆ = ∆ + ∆           (6) 

2

vt t x
c

γ  ′∆ = ∆ − ∆ 
     

 2

vt t x
c

γ  ′ ′∆ = ∆ + ∆ 
 

 

If the distance between the two events e  and k  is l , Minkowski’s interval 
formula can be obtained directly without using an imaginary time axis: 

( ) ( )

( ) ( )

2 22 2 2

2 22 2 2

l c t x c t x

s c t x c t x

′ ′= ∆ + ∆ = ∆ + ∆

⇓

′ ′∆ = ∆ − ∆ = ∆ −∆

 

In the Euclidean space , ,x y z : 

( ) ( )2 22 2 2 2 2 2 2s c t x y z c t x y z′ ′ ′ ′∆ = ∆ − ∆ −∆ −∆ = ∆ −∆ −∆ −∆ . 

 

 
Figure 3. Two events e and k in the ,x ct  plane 
and ', 'x ct  plane and coordinates' projections 
for both frames. 

3.1.3. Invariance of the Speed of Light in the 2 Frames 
This theory, as we have pointed out, is based on one premise, namely that each 
body moves in space-time at the speed of light. Here we will demonstrate that 
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Einstein’s premise, which is that the speed of light is equal in all frames, is in-
deed obtained from our premise regarding the energy of a moving body. 

Figure 4(a) describes a photon exiting from the origin of the stationary frame 
at time 0t t′= =  and making its way to point 1x . The angle at which the pho-
ton advances in the ,x ct  plane is β , which is a bisector of the two axes i.e., 

( )π 4 2β α= − . 
Figure 4(b) describes the photon reaching point 1x , where the stationary 

frame progresses in time to a value of 1ct . The values of x′  and ct′  are equal 
at this point. Both the stationary and moving frames measure a speed of light 
equal to c , even though the distances and times are not equal. The ratio of the 
distances that the light travels in the stationary and moving frames is: 

1 sintan
cos

x ct
x ct

αβ
α

′ ′ −
= = =  which shows a Doppler effect for the relativistic case. 

(7) 

 

 
(a)                                     (b) 

Figure 4. (a): Scheme of a photon exiting from the origin of the stationary frame and the 
description of distances and times in the frames. (b): The photon reaches point x1 and the 
description of the distances and times in the frames. 

 
Figure 5 describes the separation velocity vector axV , the separation  of the 

axes’ origin of the moving frame ( ) ( ), , 0,0,0x y z′ ′ ′ =  from the axes’ origin of 
the stationary (reference) frame ( ) ( ), , 0,0,0x y z =  in the space-time plane. The 
velocity of the moving frame is the vector difference between two vectors of the 
speed light vectors of both frames with 1C  and 2C . The vectors in the polar  

description ( ),r θ  are: 1
π,
2

c =  
 

C  and 2
π,
2

c α = − 
 

C , whose representa-

tion in Cartesian form is: ( )1 ˆ0, tc cv= =C  and ( )2 ˆ ˆ, t x t tv v vv v v′ ′= = +C  wherein:  

t̂v  is a unit vector of the velocity in the direction of the “light time” axis ct , 
and ˆxv  is a unit vector velocity in the direction of the x -axis. axV  is the se-
paration velocity vector, i.e., the separation of the two bodies in the space-time, 
whose direction is the movement of the axes’ origin of the one-dimensional 
moving frame ( ) ( )0x′ =  relative to the axes’ origin of the stationary frame 
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( ) ( )0x = . 
Using sinv c α=  and costv c α′ = ⋅  will lead to  

( )ˆ ˆsin cos 1ax x tc v c vα α= + −V  
The use of ( ) ( )2 2cos cos 2 sin 2α α α= −  and ( ) ( )sin 2sin 2 cos 2α α α=  

will lead to: ( ) ( ) ( ) ( )( )2 2ˆ ˆ2 sin 2 cos 2 cos 2 1 sin 2ax x tc v c vα α α α= + − −V  
Finally using ( ) ( )2 2cos 2 1 sin 2α α− = −  will lead to: 

( ) ( ) ( )2ˆ ˆ2 sin 2 cos 2 2 sin 2ax x tc v c vα α α= −V  

( ) ( ) ( )( )ˆ ˆ2 sin 2 cos 2 sin 2ax x tc v vα α α= −V  

In a polar representation the upper expression, gives the following formula: 

2 1 2 sin ,
2 2ax c α α  = − = −  

  
V C C                  (8) 

The projection of the velocity vector on the x-axis gives the relation for the 
speed v using Equation (1): 

cos 2 sin cos sin
2 2 2ax c c vα α α α= = =V              (9) 

When the moving frame reaches the speed v c= , the value of axV  will be 
greater than the speed of light, in the space-time, and its angle is −45˚. Thus,  

when π 2α = , [ ]π2 , rad
4ax c = ⋅ − 

 
V . This result does not contradict the  

known laws of physics nowadays, namely that the transfer of energy or mass 
cannot exceed the speed of light in the Euclidean frame ( ), ,x y z  or ( ),  ,x y z′ ′ ′ . 
Indeed, this velocity is in the space-time, and by its projections on each of the 
three axes, a speed is obtained, which is not greater than the speed of light. 
 

 
Figure 5. The separation velocity vector, is the separa-
tion of the moving frame from the stationary frame. 

 
Figure 6 describes the model for calculating relative velocities of three bodies 

1, 2, 3 at different velocities. The first body is treated as a reference frame 1 with 

1x , 1ct , i.e. 11 0v = , wherein the speed of body number 1 relative to frame 1 is  

zero, and the self-speed of light vector is 1
π,
2

c =  
 

C . The second body’s frame 
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2x , 2ct  moves at a speed 12v  relative to the first frame and the angle 12α  is:  

12 12sin v cα =  with a self-speed of light vector 2 12
π,
2

c α = − 
 

C , whose projection  

on the x  axis is 12v . The velocity of the third body relative to the second frame 
is 23v  (we assume that the velocity is in the positive direction of x ) with the 
angle 23α  according to 12sin v cα =  and gives the self-speed of light vector 

3 23
π,
2

c α = − 
 

C . The velocity of the third body 13v  by projection of its 

self-speed of light 3C  on the 1xv  axis of the reference frame is: 

( )13 12 23sinv c α α= +                    (10)  

At speeds much smaller than the speed of light, we obtain 13 12 23v v v= + ,  
following Equation (1) since: ( )

12 23
12 23 12 23, 0

lim sin sin sin
α α

α α α α
→

+ = + . 

The velocity of the third frame in the reference frame can also be calculated if 
the velocity 23v  is in the direction of 2y  axis of the second frame. We therefore 
obtain the following expression: 13 12 23cos cos cosα α α= ⋅ . It is possible to 

calculate 13v  from Equationn (1) by: 
2 2

2 2 2 12 23
13 12 23 2

v v
v v v

c
= + − . Here, too, at small  

velocities, we obtain 
12 23

2 2 2
13 12 23,

lim
v v c

v v v= +


 which is a vector addition of speeds 
according to Pythagoras theorem. 
 

 
Figure 6. A model presentation for the calculation of 
relative velocities while describing frames of three bo-
dies at different velocities, and the first body is a refer-
ence frame. 

 
Figure 7 describes an array of self-speed of light vectors of three bodies, 

wherein body 2 moves in the direction of the x-axis and body 3 moves in the di-
rection of the y-axis. 
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Figure 7. Vector description of self-speed 
of light vectors of three bodies. 

3.1.4. Energy 
In this model, the body moves always at the speed of light in space-time, and the 
velocity of the body in the Euclidean space , ,x y z  does not change the value of 
the self-speed of light vector, but only its direction, i.e. the angle α . Accor-
dingly, its total energy is 2

0m c  ( 0m  is the rest mass of the body). The 

self-speed light vector in the fourth-dimensional space is: ( )d
,

d
ct

v
t
′ 

′ =  
 

C , 

which is composed of two main parts, the self-speed of light 
( )d
dt

c
v

t
t
′

=  and 

the speed of the body relative to the reference frame in the Euclidean space v . 
The energy consists of the following components: 
A) The body self-time energy stE , which determines the amount of mass left 

as a result of the movement. 
B) “State” kinetic energy Eα , which is the energy that the body carries in the 

reference frame, as a result of its speed. (In this case, this energy is kinetic energy, 
but in other cases, it may also include other energies, therefore here the sign and 
name are). 

The self-time energy stE  is the product of the mass m  and 1C  and 2C
that is, the projection of the moving body’s self-speed of light vector on the ref-
erence frame: 

2
2 0

0 1 2 0 cosst
m c

E m m c α
γ

= ⋅ = ≡C C              (11) 

i.e., the self-time energy of the mass is smaller than the “rest” energy 2
0 0E m c=  

reaching a value of 2
0 cosm c α  of the energy in a moving condition, and the 

difference between them is actually the state kinetic energy Eα , which can also 
be obtained by the projection of the velocity 2C  on the motion direction of the 
moving frame in the following formula: 

( ) ( )2 2 2 2
0 2 0 0 0

12 sin 2 1 cos 1axE m m c m c m cα α α
γ

 
= ⋅ = = − ≡ − 

 
C V   (12) 

For small values of α  (small speeds relative to the speed of light), the state  

kinetic energy tends to 
2

0

2k
m v

E =  from ( )2
0

0 2 2 2
0 0

1 cos
lim 1

sin
2 2

m cE
m v m c

α
α

α
α→

−
= =  

and when the speed approaches the speed of light, the energy approaches 
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2
0kE E m cα= = . 

That is, when π 2α = , the total energy of the mass is kinetic 2
0m c  and the 

self-time energy is zero at this point. This model is in contrast to Einstein’s result, 
that the mass increases to infinity as the speed increases and approaches the 
speed of light, thus the formula he obtained 2

0E m cγ=  is incorrect according to 
our model. 

According to the model of the current theory, the energy conservation law is 
kept and the sum of the two energies stE  and Eα  is the rest energy of the body 

2
0 0E m c= : 

2
0 0stE E E m cα= + =                     (13) 

3.1.5. Negative Mass 
Figure 8 describes quadrant zones of the changes in the energetic state of a 
moving body for changes of the energetic angle α , in the range of ( )π−  to 
( )π . Quadrant A shows the change in the velocity from 0 to c , quadrant B 
shows the change in the velocity from 0 to c− , quadrant C shows the change in 
the velocity from c  to 0 and quadrant D shows the change in the velocity from 

c−  to 0. Quadrants C and D are areas where the self-time speed is negative, so 
that the self-time obtained by the integration method (as shown in Figure 1) is 
negative, and it is a zone of negative mass. 

Figure 9 describes the ratio of the speeds and energies of a body as a function 
of the energetic angle α , in accordance with the measurement of the velocity 
and its direction in the reference frame. The sum of the body total energy is 
equal to 2

0 0E m c= . When the energy angle α  is 2π , the speed energy angle 
of the moving body reaches the speed of light and the state kinetic energy is 
equal to 2

0m c . With greater energy input, the body’s speed will decrease until 
the energy angle reaches π  and the body will be in a rest state with state kinetic 
energy of 2

02m c  and self-time energy ( )2
0m c− . The figure shows the speed of 

a moving body normalized to c , the state kinetic energy Eα  and the self-time 
energy stE  normalized both to 2

0m c , as a function of the angle α  which ex-
tends in the range of π−  and π , from measurements in a stationary frame. 
Increasing the speed causes the body mass to be reduced. When the speed 
reaches the speed of light, the body will be completely massless. The self-time 
energy stE  is the amount of energy left in the body after some of it becomes 
kinetic energy, and its mass decreases by: 

0 0cosm m mα γ= =                         (14) 

As the body reaches π 2α = , the speed begins to gradually decrease and the 
body reaches a negative self-time zone. When the body reaches πα = , the speed 
is zero, the kinetic energy is 2

02kE m c=  and the self-time energy is 
2

0stE m c= − . The effective mass m of the body (the mass which the reference 
frame perceives of the same body) is: 

( ) ( ) ( )
2 2

0 0π π πstE m c m c m mα α α= = == − = ⇒ = −                (15) 
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The value of the gravitational force is in inverse ratio by: 

( )
( )π 0

π 2 2 0
m M m M

F G G
r r

α
α

=
=

−
= = <  

where in M  is the mass of the gravitational source (in the reference frame), r  
is the distance between the masses centers and G  is the gravitational constant. 
 

 
Figure 8. Zones of changes in the energetic state of a moving 
body with the change of the energetic angle α , in the range of 
( )π−  to ( )π . Quadrants C and D are zones where the 

self-time speed is negative, so that the self-time is negative, and 
it is a zone of negative mass. 

 

 
Figure 9. The ratio of the normalized speeds and energies of a body as a function of the 
energetic angle α . The graph shows the speed of a moving body normalized to c , the 
kinetic energy kE  normalized to 2

0m c , and the self-time energy sE  normalized to 
2

0m c , as a function of the angle α  in the range of π−  and π  as measurements from 
a stationary frame. 
 

Attention is now drawn to Figure 10(a) and Figure 10(b), when the body 
exceeds π 2α = . Figure 10(a) is in the range of π 2 πα< <  and Figure 10(b) 
is in the range of π π 2α− < < −  When the body exceeds the speed-of-light 
barrier, its speed decreases and its self-time energy receives negative values. The 
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self-time of the moving frame progresses in the negative direction. The projection 
of a body, moving in the direction of the arrow, in the x -axis is in reverse to its 
direction, i.e. it will move away. Its direction is reversed, therefore its future can 
be seen, but after a while it moves away and its past can be seen. When the body 
is in a gravitational field, it will move against gravity, moving from the future to 
the past. 
 

 
(a)                                      (b) 

Figure 10. (a) Two frames model for the energy angles in the range of π 2 πα< < ; (b) 

Two frames model for the energy angles in the range of π π 2α− < < − . 
 

Figure 11 shows several bodies K, L, M, N with different self-velocity vectors 
and the forces of attraction or rejection between them, where body K represents 
the reference frame. There is an attraction force between the body K and body L 
and a repulsive force between body K and body N. Also, there is an attraction 
force between body L and the two bodies, K and N. When body L moves to the 
right at a speed close to the speed of light and body M moves to the left at a 
speed close to the speed of light, the speed of body L relative to body M is signif-
icantly smaller than the speed of light (it can be seen from the projection of the 
self-speed of light vector on the x  axis of body M), because in relation to it, 
body L has a negative mass. A negative mass is relative to another mass when the 
angle between the self-speed vectors between the two masses is greater than π/2. 
Negative mass is also obtained for values of velocities smaller than the speed of 
light, including the zero velocity (a state of rest). 

 

 Figure 11. Description of bodies with different self-velocity vectors 
and the forces of attraction or repulsion between them. 
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3.1.6. The Amount of Energy Required to Bring a Body to the Speed of 
Light 

The model also provides a method for calculating the amount of energy required 
to bring a body from a state of rest to the speed of light, according to the follow-
ing steps: 

Applying an F force in order to change the angle of the self-speed of light vec-
tor from 0α =  to π 2α = . 

Inserting the momentum value d
d
pF
t
′

=  in the formula d dE F xα ′=  leads 

to 


dd d
d
v

xE p
tα

′

′
′=  

Using the momentum relation p m v′ ′ ′=  and the differential  

d d dp m v v m′ ′ ′ ′ ′= +  will lead to 2d d dE m v v v mα ′ ′ ′ ′ ′= + . 
Using Equation (1) of the velocity projection value v′  on the x  axis: 

cos
vv
α

′ =  will lead to sin
cos
cv α

α
′ = . 

Using the differential 2d d
cos

cv α
α

′ =  and the differential of the mass 

0 cosm m α′ =  is 0d sin dm m α α′ = −  will lead to the calculation of the energy 

differential 
2 2

0 02 2

sin sind cos d sin d
cos cos cos
c c cE m mα

α αα α α α
α α α

= − : Finally, us-

ing a trigonometric identity leads to 2
0d sin dE m cα α α= . 

Since the energy angle needed to bring the body to the speed of light is 
π 2α = , the calculation of the energy needed to bring the mass to the speed of 

light is: 
π 2

2 2
π 2 0 0

0

sin dE m c m cα α α= = =∫

 
3.1.7. One-Dimensional Elastic Collision 
Attention is now focused on calculating a completely elastic collision in accor-
dance with our model. The coefficient of restitution is equal to 1, meaning that 
there is no energy loss as a result of the collision. The momentum calculation is 
based on the equation: 

1 1 2 2 1 1 2 2m m m m′ ′+ = +C C C C                    (16) 

wherein 1C  and 2C  are the self-speed of light vectors of the two bodies before 
the collision and 1′C  and 2′C  are the self-speed light vectors of the two bodies 
after the collision. 

Inserting the value of the self-speed of light vectors ˆ ˆcos sinc t c xα α= ⋅ ⋅ + ⋅ ⋅C  
in this formula will give: 

1 1 2 2 1 1 2 2

1 1 2 2 1 1 2 2

sin sin sin sin
cos cos cos cos

m m m m
m m m m

α α α α
α α α α

′ ′+ = +
′ ′+ = +

           (17) 

The top equation in this pair of equations is the momentum formula known 

https://doi.org/10.4236/jmp.2019.107057


E. Tannous 
 

 

DOI: 10.4236/jmp.2019.107057 876 Journal of Modern Physics 
 

in classical physics as 1 1 2 2 1 1 2 2m v m v m v m v′ ′+ = + , while the second equation is the 
momentum equation in the time axis. The self-time energies of the two bodies 
before and after the collision will be 1 2 1 2st st st stE E E E′ ′+ = + , so that: 

1 1 2 2 1 1 2 2cos cos cos cosm m m mα α α α′ ′+ = +  is obtained, which is the same 
equation obtained in the last pair of equations. The same formula will be derived 
from the state kinetic energy conservation law 

1 2 1 2
E E E Eα α α α′ ′′ ′+ = +

 
(wherein

( )2
0 1 cosE m cα α= − ). 

3.1.8. Plastic Collision 
Attention is now referred to the calculation of a plastic collision, in which two 
bodies collide and merge into one body. The momentum conservation law will 
be here according to the following equation: 

1 1 2 2 3 3m m m+ =C C C                       (18) 

wherein 2C  and 2C  are the self-speed light vectors of the two bodies before 
the collision and 3C  is  the self-speed light vector of  the body with mass 3m  
after the collision. Inserting the self-speed light vector value will lead to the fol-
lowing pair of formulas: 

1 1 2 2 3 3

1 1 2 2 3 3

sin sin sin
cos cos cos

m m m
m m m

α α α
α α α
+ =

+ =
                  (19) 

The loss of energy 2 2 2
1 2 3m c m c m c+ >  is part of the mass of the two bodies, 

the mass 3m  will always be smaller than the sum of the two masses 1m  and 

2m  and the difference between them is m∆ : 

1 2 3m m m m+ = + ∆                      (20) 

( )
( )

21 2 1 2
1 2 2

1 2

4
1 1 sin

2
m mm m m

m m
α α + ∆ = + − −

 + 
        (21) 

Using formulas ( ) ( )0.5

0 0
lim 1 lim 1 0.5
x x

x x
→ →

− = −  and 
0 0

lim sin lim a
α α

α
→ →

=  will lead 
for small speeds to the result: 

( ) ( )21 2
1 2

1 2

sin sin
2

m mm
m m

α α∆ = −
+

             (22) 

and the loss of energy at small speeds will be: 

( ) ( )22 1 2
1 2

1 22
m mE mc v v
m m

∆ = ∆ = −
+

             (23) 

This is the same result known from classical physics, in a plastic collision, i.e. 
the loss of energy as a result of the plastic collision E∆  is equal to the value of 
the energy loss of mass difference m  due to collision 2E mc∆ = ∆ . 

3.2. Solving Problems According to the Model 

In this sub-section, it will be shown how this new theory can be applied to solv-
ing complicated and difficult current problems in physics, based on this model, 
which are simpler and easier solutions to understand. Problems as examples in-
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clude the Twin Paradox. The expansion of the universe in acceleration and a 
black hole, which we will explain in the next chapter. 

3.2.1. The Twin Paradox 
Figure 12 describes a solution to the Twin Paradox in a simple way, by showing 
the speed of the moving frame in space-time, in two directions. By placing the 
value 0x′∆ =  (the traveling brother remains at the origin of the axes of the 
moving frame) from the equations of Lorentz’s transformation obtained in Equ-
ation (6), the time difference between the two frames is:  

1 12 1 2 1xT t
vγ γ

   ∆
∆ = ∆ − = −   

   
. The reference frame is of the brother who is left 

behind, whose self-speed light vector is 1
π,
2

c =  
 

C . As soon as the twins sepa-

rate, the self-speed light vector of the moving frame is 2
π,
2F c α = − 

 
C , there-

fore the speed of the moving frame in space-time calculated by Equation (8) is: 

2 1 2 sin ,
2 2axF F c α α  = − = −  

  
V C C . When the traveling twin returns, at the 

same speed but in the opposite direction, the self-speed light vector is 

2
π,
2B c α = + 

 
C , therefore the velocity of the frame in space is  

2 1 2 sin , π
2 2axB B c α α  = − = +  

  
V C C . Using trigonometric identities  

2cos sin sin
2 2
α α α=  and 22sin 1 cos

2
α α= −  will lead to the value of time dif-

ference T∆  by placing it in Equation (3): 

( ) 12 1 cos 2 1x xT
v v

α
γ

 ∆ ∆
∆ = − = − 

 
                  (24) 

Theoretically, we obtain: 

2 xT
v
∆

∆ <  for π0
2

α< < , when 2 x
v
∆  is the time which the stationary twin 

observes. 2 xT
v
∆

∆ >  for π π
2

α< < , so that the traveling twin seems to be  

coming back before the beginning of the trip, i.e. movement back in time. 
 

 
Figure 12. Solving the Twin Paradox by showing the velocity 
of the frame moving in space-time in two directions, we obtain 
that the returning twin is younger with a difference of T∆ . 
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Figure 13 describes the motion of the moving twin relative to his twin brother 
in the axial frame (using ICF). The ct  axis is at an angle α+  relative to the 
ct′  axis on the way forth, compared to the way back, when the angle is α− . 
Here as well, we obtain the same time difference between the two frames. 
 

 
Figure 13. The movement of the traveling brother rela-
tive to his twin brother. 

4. Discussion and Conclusions 
4.1. Comparison with Previous Studies 

Many researchers have examined the issue of negative mass, already in 1951, as 
part of the Gravity Research Foundation. The possibility of negative mass was 
tested, and how it would behave under gravitational and also other forces [7]. In 
2017, researchers at the University of Washington created an inert experimental 
negative mass by refrigeration of rubidium atoms with lasers, although this was 
not an entirely real negative mass [8]. In fact, no research has succeeded yet in 
practice, neither in experiments nor by adequate formulas, to realize or prove 
the existence of negative mass. The theory here opens thus a door to a new and 
complete world in physics which will change the laws of physics by showing how 
a negative mass can be described using the principles of special relativity. 

4.2. Summary 

It can be seen that the current study provides a solution to a physics problem 
which encountered nowadays, i.e., that a real body cannot have a negative mass, 
nor move in a negative space-time. The theory here presents a model which pre-
dicts its achievement. Since the model includes a body of a negative mass, forces 
of repulsion are created between the bodies, and the possibility of creating bo-
dies with negative mass, rejection forces and negative time, which is actually a 
returning to the past, opens up possibilities and implications in the fields of 
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technology, starting from solving problems, and equations in science, as can be 
seen in the above description, leading to new inventions of products and 
processes in many industrial fields. The main results and conclusions are: 

1) Each body or particle moves at the speed of light in the fourth dimension, 
which is the time axis. Each body has a self-speed of light vector of the stationary 
reference frame ( ),0,0,0c=C  in the fourth dimension, and a self-speed light 
vector of the moving Euclidean frame ( ), , ,t x y zv v v v′ ′ ′ ′ ′=C . The body has an 
energy angle a  between the two self-speed light vectors of the stationary ref-
erence frame and the moving Euclidean frame. When the energy angle is bigger 
than 2π , the body mass is negative with negative self-time, and a return to the 
past becomes possible. 

2) Repulsion gravitational forces between bodies, besides the regular attrac-
tion forces, can be seen. 

3) When the body speed increases, its effective mass decreases. 
4) The model solves the Twin Paradox in a simple and easy to understand 

way. 
5) The model describes a method for calculating the amount of energy re-

quired to bring a body from a rest state to the speed of light. 
6) The model describes a way to calculate energy and momentum, such that in 

the case of a completely elastic collision, there is no loss of energy as a result of 
the collision. 

7) In the case of a plastic collision, it gives that the energy losses are part of the 
mass of the two unified bodies. 

8) When the energy angle α  is equal to 2π , the speed of the moving body 
reaches the speed of light and the state kinetic energy is equal to 2

0m c . With 
greater energy input, the body speed will decrease until the energy angle α  
reaches π , then the body will be at rest with state kinetic energy of 2

02m c  and 
self-time energy ( )2

0m c− . 
The continuation of this study: 
9) This model may provide an explanation of how the universe is accelerating 

and expanding and will avoid the need of the assumption of existence of the 
dark matter and energy in cosmology. 

10) The model may describe the black hole equations in a simpler way. 
11) The model may provide more precise formulas even for general relativity. 
12) The model will aid research on what happens in quantum physics, and 

may explain, for example the Heisenberg’s uncertainty principle. 
Future studies may continue to develop the equations presented in this new 

model, and may provide experimentally creation of negative mass. 
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