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ABSTRACT

An investor is often faced with the investment situation in which he/she has to decide how to allocate his/her limited
funds optimally among different assets to maximize his/her expected utility over the holding period. To this end, this
study sets up a dynamic model driven by three assets to characterize the stochastic nature of the securities market and
uses stochastic control to derive an explicit formula for the optimal fraction invested in each of the three assets for an
investor with a power utility and a holding period of 10 years. Using estimated parameter values as inputs and implicit
finite difference method, we determine numerically the optimal percentages invested in the three assets at each time

over the holding period for both less risk-averse and more risk-averse investors.

Keywords: Stochastic Control; Three-Asset Model; Vasicek Interest Rate Model; Optimal Fraction

1. Introduction

Modern portfolio theory' is generally regarded to have
started with the mean-variance (M-V) analysis of Harry
M. Markowitz [1]. Using the means and variances (or
equivalently expected returns and standard deviations) of
asset returns as the criteria for portfolio management,
Markowitz showed how to create a frontier of investment
portfolios over a single holding period [0,T] such that
each of them has the greatest possible expected return,
given their level of standard deviation or risk. Under the
M-V assumptions, we obtain the two-fund separation
theorem® [4,5] which states that an investor, based on his
degree of risk averseness, decides at initial time 0 to hold
a certain combination of the risk-free asset and the mar-
ket portfolio® so as to maximize his expected utility at
terminal time T. For example, at time 0, a conservative
investor will allocate a smaller percentage of his funds to
the market portfolio whereas an aggressive investor will

'Markowitz [2] pointed out that, in fact, modern portfolio theory origi-
nated with two research papers published in 1952. One was by Andrew
D. Roy [3] and the other by Harry M. Markowitz [1].

*For example, the popular passive investment strategy is an embodi-
ment of the two-fund separation theorem. In a passive strategy [6-9],
an investor buys a well-diversified portfolio that mimics the composi-
tion of the market portfolio and holds on to it (combined with some
risk-free security) without any adjustment until time T. In recent years,
hundreds of billions of dollars are invested in passively managed port-
folios (often referred to as index funds) offered by mutual fund com-
panies.

*The market portfolio is a portfolio consisting of all risky assets, with
each asset held in proportion to its market value relative to the total
market value of all assets.
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allocate a larger percentage to the market portfolio. Once
the allocation of funds has been made at time 0 between
the two assets, M-V analysis dictates that no further
trading will be done by the investor until time T.

M-V analysis presupposes that the rate of return on the
risk-free asset and the expected returns and standard de-
viations of risky assets do not change over the holding
period. It is not too incorrect to assume that they remain
unchanged for short holding period (e.g., three or six
months), but it is inaccurate to assume that they remain
unchanged for long holding period (e.g., five years or
longer). For long period, an M-V model under such pre-
supposition is obviously an unreasonable approximation
to the actual securities market. In fact, numerous empiri-
cal studies have attested the dynamic and stochastic na-
ture of interest rates [10-12] and asset prices [13-19]. For
example, many studies [13,15,17,18] have found marked
negative long-term serial correlation in stock returns,
which may result from a combination of a changing ex-
pected return and expected return reverting to its mean
over time. Hence, asset management based on static M-V
models is bound to err for long holding period.

In this study, we employ stochastic differential equa-
tions to characterize the dynamic and stochastic nature of
the prices of the underlying assets in a securities market.
In addition, we use stochastic control to derive a formula
for the optimal fraction (i.e., optimal control) invested in
each of the assets at each time over the holding period.
To adequately depict the stochastic nature of the securi-
ties market, we assume that it is driven by the following
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three assets*: a risk-free asset (a short bond), a risky asset
(a market index), and another risky asset (a long bond).
For the risk-free asset, we assume that its underlying
risk-free rate or short rate follows the Vasicek [24] inter-
est rate model. The reason for using the Vasicek model is
its mean-reverting property. Under the Vasicek model,
the short rate will tend to be pulled back to some long-
run average level over time when it is either too high or
too low. For each of the two risky assets, we assume that
the drift of its price is made up of the short rate plus an
appropriate risk premium (we will estimate the two risk
premiums in Section 3) whose magnitude depends on the
riskiness of the asset. Such characterization of the prices
of the two risky assets is consistent with many empirical
findings [13,15,17,18] for asset prices.

To sum up, in M-V models, an investor, based on his
degree of risk averseness, can decide ONLY at initial
time 0 how to divide his funds between the risk-free asset
and the market portfolio (often an index fund in practice)
to maximize his expected utility at time T. In our three-
asset model, an investor, based on his degree of risk
averseness, can determine at EACH time over the hold-
ing period the optimal allocation between the three assets
(i.e., short bond, long bond, and market index) to maxi-
mize his expected utility at terminal time T. As such, our
model is superior to M-V models in that ours is dynamic
but theirs is static.

The rest of the paper proceeds as follows. In Section 2,
we set up a dynamic model driven by three assets and use
stochastic control to derive an explicit formula for the
optimal fraction of wealth invested in each of the three
assets. In Section 3, we use maximum likelihood method
to estimate the relevant parameters of our model. Section
4 shows how to implement our model numerically using
implicit finite difference method. In Section 5, we report
the optimal percentage invested in each of the three as-
sets at times ¢t = 2 and 8 over a holding period of ten
years for two types of investors (one type is less risk-
averse and the other more risk-averse). Section 6 con-
cludes this study.

2. Optimal Fraction for a Three-Asset Model

Our three-asset model involves a risk-free asset, a risky
asset, and another risky asset. Let B(¢) be the price of
the risk-free asset, P(¢) be the price of the first risky
asset, and C(¢) be the price of the second risky asset.
We assume that the instantaneous rate of the risk-free
asset is the short rate » (t) , the expected rate of return on
the first risky asset is u(¢)=r(t)+A0,, and the ex-

“Many studies [20-23] find that at least two assets or factors are neces-
sary to explain the interest rates. Hence, for the securities market as a
whole, we use a short bond and a long bond to depict the behavior of
the interest rates and a market index to describe the evolution of the
equity market.
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pected rate of return on the second risky asset is
v(t)=r(t)+ 6o, . Hence, we have
du(t)=do(r)=dr(r) . Accordingly, we describe the
dynamics of the short rate and the three asset prices by
the following stochastic differential equations:

dr(t)=a[ p-r(t)]dt+0,dX" (1), (1)
dB(1)

B(0) =r(t)de, 2)
d;((:)) =[r(t)+ 40, Jdt+0,dX7 (1),  (3)
dc(r)

OB [#(t)+00, |dt+0,dx“ (1), )
where dX", dX?, and dX°¢ are standard Brownian
motions with dX"dX” =p, df, dX'dX‘=p,dr, and
dX"dX‘ = p,.dt . In the following, we form a three-asset
portfolio such that we invest a fraction y,(7) of our
wealth W (¢) in the first risky asset, y,(¢) in the sec-
ond risky asset, and the rest 1-y,(¢)—,(¢) in the risk-
free asset. Then, the dynamics of wealth W () can be
written as

dpP dC dB
dW:)ﬁW?"'yzW?"'(l_yl_yz)W?- Q)

dB dP dc
Substituting —, —, and — of (2), (3), and (4
&2 5 c (2), 3) “)

into (5) and simplifying the equation, we have
dW =hWdt + y,0c , WdX" + y,o WdX* (6)

where & =y, u+ y,0+(1-y, —»,)r. Letting

U [W(t),t] be a strictly concave-shaped utility [4,25]
defined over wealth and assuming that the investor allo-
cates his wealth between the three assets so as to maxi-
mize his expected utility at terminal time 7, we obtain the
maximized utility function J [W(t) 7, ,u,t] at

time ¢e[0,7] such that

J[W(t),r,,u,t] = ryrllzz( E, {J;TUI:W(S),S}dS} N

subject to the budget constraint of (6). The fact that the
utility function is strictly concave implies that the inves-

tor is risk averse. In this study, we assume power utility
w’” . .

U[W]=— (where y is the risk averseness parame-
Ve

ter) for the investor. There are two reasons for using
power utility. One is that an explicit solution can be ob-
tained for our model with power utility [26-29], but not
with other utility functions (e.g., exponential or quadratic
utility). The other is that power utility leads to an optimal
solution which is independent of wealth and thus will
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greatly simplify the derivation. In fact, empirical evi- J[W, r, ,UsUJ]
dence [4,25] suggests that the typical utility of an inves- .(8)
tor is characterized by decreasing absolute risk averse- = mex EAJ[W +dW,r+dr, pu+du,v+do,t+di]|
ness and constant relative risk averseness. These proper- . .
ties are consistent with power utility. Letting J = J[W,r, u,0,t] and expanding
With no money added or withdrawn from our three- J[W +dW,r+dr, u+du,v+do,t +dt]
asset portfolio at any time te[O,T ] , the maximized
utility function J[W,r,u,v,t] attime re[0,T] is by applying Taylor’s theorem, we obtain
J[W+dW,r+dr, u+du,o+do,t +dt]=J +6—Jdt a—JdW aJd aJd aJd
ot ow or ou ov
1| 0°J 2 0, 2 0, 0 0T, |, 8T o*J
— daw dr)” + du)” + do)” [+ drdu + drdov 9
2{8W2< Vg g ) S o) S o ©)
2 2 2
6 J dudo+ o drdW + o dpdW + o dodWw
8,uéu orow OLoW ovow

where dr=du=dv, (dr>2 = (dy)z = <du>2 =o’dt, <d}’><dﬂ> = (dr)(du) = <dﬂ><dl)> =oldt,
(dW)2 = [ylzoi +yio’ +2y1y20p0'1,ppc]W2dt ,and drdW =dudW =dodW = [ylapprp +y20'0pn,]0rWdt .

Substituting dr, du, do, dw, (dr)’, (du)’, (o), (W), drdu, drdv, dudv, drdW, dudW , and
dodW into (9), we get

J[W+dW,r+dr, u+du,v+do,r +di]

o*J o*J o0'J oJ .
=J+ a—dt (— 4 Jo-?dt+a—WW(hdt+ylo'de”+y20'CdX)

ot oyt ovt)
aJ aJ aJ N 13T, ., R (10)
+[5+a+%j{a[ﬂ—r]dt+o—rd)( }+—7(y, o, +,0, +2y1y20p0'8ppc)W dt

[aw *J 62JJ s [62J *J 8
+ + +

* + o
oron  orov  ouov orow  ouow aUaWj[ylo',,prp yzacp,c}o,

Taking expectation of (10) and noting E, (dX" ) =K (dX” ) =K (dX”) =0, we have

2
EAJ[W +dW r+dr, u+du,v+do,t +di]} = J + 6_J+ 8_{+6J+6J dr
ot o’ out o

or ou oOv

o’J o'J oI, (o otJ
+ + + o+ + + [ 0O ,P,, + 0, p,,c]arW dt
orou  ordv  ouov orow  ouow  ovow

Substituting (11) into (8) and dividing each side by df, we obtain the following Hamilton-Jacobi-Bellman (HJB)
equation:

oJ 8J o] oJ 1 8*J
{WhW ( —+ j [ﬂ—r]-i—EW(ylzoﬁ+y22002+2y1y20p0'cppc)W2}dt (1D

ny | Ot OW or ou ov ordu Ordv oOuov
1(6*J &g *J 2, 107
—| —+—+— o+

2\ or*  ou’ ov’ 20w

+62J+62J+82J[o— +0JUW
ar@W a}uaW 51)6W yl ]Iprp y2 cp,c r

2 2 2
0= max{a—JJra—JhW (6J+6—J+6—J]a[ﬂ—r]+( 0J + oJ + oJ jaf

(ylo- +y20- +2y1y20-po-cppc)W2 (12)
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To solve the HIB equation, we first let oJ W?'eL aoJ W’ oL 0 T ( I)W”zL
-~ = =T > = }/_ B

Y s 2
J[W,r,y,u,t]zW—L[r,y,u,t], where L[r,u,v,t] is Op y Ou Ov y Ov oW
iy S . o o’ _wr 6‘2L o W 62L *J WL
any positive function. With no consumption until time 7, = — — =
ot 14 = " ou 14 6,u ov 14 o0t

we have
J[W,r,u,0,T] o*J _p L o*J _p oL
oW or or’ oWou ou’
= max E, {U[W (T ]}:U[W(T)]:W_
e y *J —a °J W P L
Thus, we have L[r,,u,u,t] =1. For simplicity, we let owadv ov’ oréu  y orou’
V4
L=L[r,p,v,t].Given J=W—L,we have o*J _w oL &J _w 'L '
4 orov  y ordv’ dudv  y dudv
o _wroL o, W _WOL After replacing J-related terms by L-related terms in
oty ot oW oy o’ (12) and simplifying the equation, we obtain

2 2 2
0:max{la—L+Lh+l(a—L+a—L+a—Lja[ﬂ—r]+l( oL oL ol ]of

wy |y Ot or ou ov y\ordu orov Judv
1 OZL oL 0L 2 2 2
2y( PR J + (y DL(yio) +y307 +201,0,0.p,, ) (13)
oL OL oL say

+[al"+aﬂ a J[yl pprp+y20-p/c:|0}EIE?'y)Z{f(yl’yZ)

where h=y,u+y,0+(1-y —y,)r. Collecting terms involving y, and y, in(13)and rearranging, we obtain

1
f(n2)= yll(u—r)+y2L(U—r)+5(7—1)L(ny§ +1307 +23,%,0,0.P,.)

14
oL oL oL oL oL oL (4
00, 0,p,| —+—+— |+ 00, 0.p,| —+—+_— |+K
or ou ov or ou ov
where
1oL 1(oL oL oL 1 (6*L o*L oL , 1( &L oL &L ) ,
K=r+——+—| —+—+— a[ﬂ—r]+ St t+— |0l +— + + ol.
y Ot or 0Ou ov o’ out ov’ y\orou oOrdv Judov
. . o of .
We note that K does not involve y, and y,. Furthermore, by setting 6_:6_ =0, we obtain the first-order
Vi V)
conditions to maximize equation in (14) such that
o oL oL oL ) B
o =L(u- r)+00pp,p(6r 6,u+61)J (7=1)L(n0; +2,0,0.0,.) =0, (15)
9 oL oL oL )
=L(v-r)+o.0 —+—+—|+(y-1)L\y,0. +y0,0.p, )=0. 16
ayz ( ) r Lprc(ar aﬂ 81)} ()/ ) (J’Z c yl P (,ppL) ( )

Solving (15) and (16) for y, and y,, we obtain the following optimal fractions y; =y, (r, ,u,u,t) and
Vs =, (r, ,u,U,t) invested in the first and second risky assets, respectively, at time ¢ e [O,T

L[ U r TpPre ™ ,u r J+O_ro—eap(prcppc_pfp)£&+(%+(%J

. or ou ov
yl (}’,,U,U,t) (j/_l)LG o-z(l_pz ) ad ,
- ! oL oL 0 (17)
L oL oL
LI:(’IJ_F)O-CPPL‘ _(U_r)o-p]+o-ro-(o-p (prplop(: _pn)(ar—‘raltl-‘rauj
ys (r,p0,t) = '

(y—l)Lapof (1 —pfw)
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Correspondingly, the optimal fraction invested in the
risk-free assetis 1—y —y;.

3. Empirical Estimation of the Parameters

As mentioned in Section 1, the securities market is as-
sumed to be driven by the following three assets: a
risk-free asset (a short bond), a risky asset (a market in-
dex), and another risky asset (a long bond). In this sec-
tion, we estimate the parameters in (1), (3), and (4) by
using the maximum likelihood (ML) method [30]. ML
estimation is based on large sample asymptotic estima-
tors, which are asymptotically normally distributed.
Since we use 30 years of daily price data for estimation,
the ML estimates so obtained should be accurate.

Three sets of data, a total of 7826 daily price observa-
tions from 2 January 1978 to 31 December 2007, are
used for estimation. One set is the 3-month US Treasury
bill rate (retrieved online from the database of the US
Federal Reserve Bank of St. Louis) and the other two sets
are the S&P 500 Index value and the 10-year US gov-
ernment bond price (both retrieved from the Datastream
database). We use the 3-month Treasury bill rate to
proxy for the short rate r(t) , the S&P 500 Index” for the
price P(t) of the first risky asset, and the 10-year US
government bond for the price C (t) of the second risky
asset.

The stochastic differential equation (SDE) in (1) can
be expressed in discrete form as follows:

r(t+At)—r(t) = a[ﬁ—r(t)}At+0r£(r)x/E (18)
where ¢&(r) is a standard normal deviate and
r(t+At)—r(t)—a[ﬂ—r(t)] At is distributed as

N [O, GfAt]. With a sample size of n, the natural loga-
rithm of the likelihood function L(a,f,0,), considered
as a functionof o, f,and o,,can be written as

L(a.p.0,)= —gln(of)At—gln(Zn)

S {r(t+a0)-r()-a[ f-r(r)]ar)

=l

207 At
19)

The SDE in (3) can be expressed in discrete form as
follows:

AP(1)

P(1)

=[r(t)+ 40, |At+o,e(p)JAt (20)

The S&P 500 Index is often used by financial economists [4,5] to
proxy for the market portfolio because, like the market portfolio, the
S&P 500 Index is a value-weighted portfolio consisting of 500 large
stocks traded on the New York Stock Exchange, the American Stock
Exchange, and the Nasdaq over-the-counter market.
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where ¢ ( p) is a standard normal deviate. Given that

E[%(tt)):lzr(t)+ﬂap and var[A;(t’))}a;m,the

. . . P(r) | .
logarithm of price relatives x(¢)=1In is nor-
P(1-1)

2

o
mally distributed with mean =r(r)+ 4o, —7” and

variance = 012,. With a random sample size of n, the
natural logarithm of the likelihood function L(/l,op),
considered as a function of A and c,, can be written
as

L(/L,O'p) = —gln(ai )At—gln(Zn)

i{X(t){ (r)m%_ﬂm}z 1)

i=1

2
20'pAt

The SDE in (4) can be expressed in discrete form as
follows:

=[r(t)+d0, ]At+o.e(c)Var  (22)

where &(c) is a standard normal deviate. Given that

E{ACC(E;)} =r(t)+dc, and var{ACC((tt))} =o.At, the

. . . Cc(r) | .
logarithm of price relatives z(¢)=In is nor-
C(t-1)

2
c

mally distributed with mean =r(¢)+ do, — 2 and vari-

ance = o~ . With a random sample size of n, the natural
logarithm of the likelihood function L(8,c,), consid-
ered as a functionof 6 and o,, can be written as

L(s,0,)= —gln(af)At—gln(%t)

Zn:{z(f){ (1)+3o, _sz}m}z (23)

i=1

207 At

ML estimates are found by maximizing (19) with re-
spect to «, f, and o, using the 3-month Treasury
bill rates, by maximizing (21) with respect to A and
o, using the S&P 500 Index value, and by maximizing
(23) with respect to 0 and o, using the 10-year US
government bond prices. The estimates for the seven
parameters are as follows: & =0.2268 , ﬂ: =0.0472 ,
6,=0.0221, 1=03246, 5,=02307, 6=0.6449,
and o, =0.0204.
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4. Implementation by Implicit Finite
Difference Method

In this study, we use a 10-year holding period. For im-
plementation, we first transform the domain of our con-
tinuous problem into a discretized domain. Hence, we
partition our 10-year holding period [0,T] into m equal

. T
intervals of length Ar=— such that there are m+1
m

trading times indexed by ¢, =0,t, =At,---,t, =mAt =T .
At each time ¢, (where i=0,1,---,m ), we construct a
three-dimensional grid with three axes representing r (t) ,
u(1),and o(r), where () ranges from 0.01 to 0.12,
(1) from 0.03 to 0.20, and v(z) from 0.03 to 0.015.
That is, point (j,k,/) on the grid at time ¢, corre-

ET AL.

sponds to 7(#,)=jx0.01, wu(t,)=kx0.01, and
o(,)=1x0.01, where j=12,--,12, k=3,4,---,20,
and /=3,4,---,15. With the above setup, we determine
numerically the optimal percentages invested in each of
the three assets at each point on the three-dimensional
grid at each time based on (17).

To implement, we use implicit finite difference me-
thod to compute numerically the partial derivatives of
L[r, y,u,t] . Specifically, the partial derivatives are first
converted into a set of difference equations and these dif-
ference equations are then computed iteratively backward
in time. Accordingly, the first- and second-order partial
derivatives of L[r, M, z),t] are approximated by the fol-
lowing finite difference operators [31-33] in which, for
simplicity, we suppress the argument 7 of L[r, u,0,1]:

Z—i;ﬁ{L[r+Ar,y,U]—L[r—Ar,y,z)]}, (24)
oL 1
a;E{L[r,y+A,u,1)]—L[r,,u—A,u,U]}, (25)
%;ﬁ{L[r,,u,u+Au]—L[r,/¢,u—Au]}, (26)
2
ZTS = (Ai)z {L[r+Ar,,u,U]—2L[r,,u,u]+L[r—Ar,y,u]} , 27
o°L 1
=~ Llr,u+Au,0|-2L|r, 0|+ L|{r,u—Au,vlf, 28
aﬂz(Aﬂz{[ﬂ po0]=2L[r o]+ L] = Apvl} (28)
2
2UL2 = (AL)Z {L[r,,u,u+Au]—2L[r,,u,u]+L[r,,u,u—Au]} , (29)
o°L 1
= L A A -L Ar,u—A
orou 4ArA/1{ [r+ K MU] [r+ e ﬂ,U]} (30)
_4AiAﬂ{L[r—Ar,y+Ay,u]+L[r—Ar,,u—Ay,u]},
o°L 1
e = 4ArAU{L[r+Ar,,u,U+AU]—L[r+Ar,,u,U—AU]} ah
_4AFAU{L[r—Ar,,u,U+AU]+L[r—Ar,,u,U—AU]},
o°L 1
w0 =] YV {L[r,y+Ay,U+AU]—L[r,,u+A,u,U—AU]} )
_4AyAU{L[r,,u—A,u,u+Au]+L[r,/1—A,u,U—AU]}.

The algorithm begins at time ¢, , =(m—1)Ar and
works backward in time. For each point on the three-
dimensional grid at time ¢ we compute the value of

m=172

Copyright © 2013 SciRes.

L[r,y,u,tmfl] from the value ofL[r,y,u,T], where
L{r,p,0,T]=1 at time T for all values of r(T),
u(T), ando(T). The values of y/ (r,u,0,1, ) and
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v (r, 0,8, ) are computed from the values of
L[r,u,v,t, ] using (17). Attime ¢, , =(m—2)Ar, we
compute the value of L[r,u,v,t, ,] from the value of
L[r,u,v,t, ] and then the values of y; (r,u,0,t,,)
and y; (r,p,0,t,,) are computed from the values of
L[r,p,v,t, ]. This algorithm is done iteratively until
we reach time #,=0. To ensure satisfactory conver-
gence, we use a small value of 0.001 for Af¢. Hence, for
a 10-year holding period, the number of intervals is

m ZL:IO,OOO.
At

5. Numerical Results

As pointed out in Section 2, we assume that the investor
4

has a power utility U[W] :W—, where y is the risk
Y

% in INDEX

(2)

% in INDEX

o

(2)
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averseness parameter. Note that an investor with a larger
—y means that he is more risk averse. Copeland et al. [4]
used a power utility with —y =10 and Brennan et al.
[34] used a power utility with —y =5.0. Hence, we set
—y =10 for less risk-averse investors and —y =5.0

for more risk-averse investors. In the following, we use
Figures 1-4 to show the optimal percentages for the for-
mer in Subsection 5.1 and Figures 5-8 to show those for
the latter in Subsection 5.2. In each figure, fixing » = 0.02
and then r = 0.08, we examine how their optimal per-
centages in market index (panel A) and long bond (panel
B) change for different ¢ and v.

In Figures 1-8, note that (1) we use MU for x and
NU for v and(2) 100% —x —x, = optimal percentage
in short bond, where x’ =y x100% = optimal per-
centage in market index and x; = y; x100% = optimal
percentage in long bond. For example, in Figure 1,

% in BOND

o
N o

(b)

% in BOND

(b)
Figure 2. Optimal percentages in index and long bond at 7=8 and r=0.02 when —-y=1.
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Figure 4. Optimal percentages in index and long bond at r=8 and r=0.08 when —y=1.
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Figure 7. Optimal percentages in index and long bond at r=2 and r=0.08 when —y=5.
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Figure 8. Optimal percentages in index and long bond at =8 and r=0.08 when —y=5.
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x, =63.8% and x, =31.8% whenx=0=0.03. Hence
the optimal percentage in short bond =

100% —x; —x, =100% —63.8% —31.8% = 4.4% , given ¢
=2,r=0.02,and -y =10.

5.1. Optimal Percentages for Less Risk-Averse
Investors

Figures 1 and 2 show the optimal percentages in market
index and long bond at, respectively, ¢ = 2 and 8 when r
= (0.02. In Figures 1 and 2, the optimal percentage ( x; )
in market index increases as u increases and decreases
as v increases. For example, in Panel A of Figure 1,
given v=0.05, x increases from 61.3% when
#=0.03 to 91.8% when x=0.20; on the other hand,
given u=0.05, x decreases from 64.9% when
v=0.03 to 48.8% when 0 =0.20. In Figures 1 and 2,
the optimal percentage (x,) in long bond decreases as
4 increases and increases as v increases. For example,
in panel B of Figure 2, given v=0.10, x, decreases
from 77.4% when x=0.03 to 58.2% when 4 =0.20;
on the other hand, given g =0.10, x; increases from
56.4% when v=0.03 to 79.1% when v=0.15. The
value of 7€[0,T] has a notable effect on the optimal
percentages. Specifically, other things held fixed (r =
0.02 for one thing), the optimal percentage in market
index decreases but that in long bond increases as ¢ in-
creases from 2 to 8. For example, given x=0v=0.10,
x; decreases from 63.2% when ¢ = 2 to 19.2% when ¢ =
8, whereas x, increases from 36.2% when ¢ = 2 to
70.2% when ¢ = 8. Apparently, there is a substitution
effect at work between market index and long bond as
the holding period becomes shorter. In addition, given r
= 0.02, the optimal percentages in short bond are small,
ranging roughly from 1% to 6% when ¢ = 2 and from 5%
to 15% when ¢ = 8.

Figures 3 and 4 show the optimal percentages in mar-
ket index and long bond at, respectively, ¢ = 2 and 8
when 7 = 0.08. Evidently, when r increases from 0.02 to
0.08, the optimal percentages in both market index and
long bond decrease. In other words, investors would al-
locate a larger percentage of their funds to short bond
when r is larger. For example, when r increases from
0.02 to 0.08, the optimal percentage in short bond in-
creases from 6.4% to 13.7% when ¢ = 2 and from 16.4%
to 74.5% when ¢ = 8, given x=0=0.05. In particular,
when ¢ = 8, the optimal percentages in both market index
and long bond drop to single-digit level for small values
of ux and . That is, when the holding period becomes
shorter and 7 is large in comparison with 4 and v,
investors would place a larger percentage of their funds
in short bond.

5.2. Optimal Percentages for More Risk-Averse
Investors

Figures 5-8 show the optimal percentages in market in-

Copyright © 2013 SciRes.

dex and long bond at ¢ = 2 and 8 when r = 0.02 and 0.08
for more risk-averse investors. The general pattern of the
optimal percentages in each figure is similar to that in the
corresponding figure for less risk-averse investors—ex-
cept that the optimal percentages in both market index
and long bond are smaller for more risk-averse investors
than for less risk-averse investors. In other words, other
things (i.e., u, v, t, and r) held fixed, more risk-averse
investors would allocate a larger percentage of their
funds to short bond than less risk-averse investors. For
example, when ¢ =0.10, v=0.10, ¢=8, and r = 0.08,
the optimal percentage in short bond is 64.5% for more
risk-averse investors and only 46.4% for less risk-averse
investors.

6. Conclusion

Over the last 40-plus years, the mean-variance (M-V)
analysis has been widely used by investment praction-
ers for asset management. M-V analysis assumes that the
means and variances of asset returns do not change over
the holding period. However, in a fast-changing securi-
ties market, it is inaccurate to assume that they remain
unchanged—especially for long holding period. As such,
this study sets up a dynamic model driven by three assets
to depict the stochastic nature of the market and uses
stochastic control to derive an explicit formula for the
optimal fraction invested in each of the three assets. Us-
ing implicit finite difference method, we determine nu-
merically the optimal percentages invested in the three
assets (i.e., short bond, long bond, and market index) at
each time over the holding period for less risk-averse and
more risk-averse investors. In general, at each time over
the holding period, more risk-averse investors would
allocate a larger percentage of their wealth to short bond
than less risk-averse investors.
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