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Abstract 
We have formulated an investment model that applies a conjugate utilities ap-
proach to illustrate that wealth can still grow in transitioning portfolios. We 
have proved that despite one asset being phased out, a unique solution for the 
wealth process exists. We have determined an optimal pair ( )* *

1 2,π π  which 

guarantees a growing total wealth ( )W t . We have also shown that high stock 
volatility is detrimental to the return on investment. The results of this study  
indicate the possibility of portfolio replication while aligning with sustainable  
development goals, SDG7 and SDG13. 
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1. Introduction 

Reducing carbon emission deposition into the atmosphere requires countries to 
align their emissions with the Paris accord [1], adopting and embracing renewable 
energy policies. In response to the impeding climate crisis, countries are introduc-
ing policies to re-evaluate the effectiveness of existing policies where these are avail-
able or to introduce green policies if there are no policies in place. Fossil fuel en-
ergy generators likewise are realigning their focus from traditional fossil fuel-based 
assets towards more sustainable, eco-friendly alternatives [2] [3]. This shift partly 
responds to the increasing regulatory and societal pressures to adopt more re-
sponsible, and environmentally-conscious practices and partly to the need to in-
troduce cheaper technologies in energy generation. However, this challenge pre-
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sents a unique set of challenges to both public and private energy generators who 
must now reallocate capital to renewables in order to generate long-term value [4] 
[5]. Countries are introducing, incentives and financial instruments to ensure a 
smooth adoption and expansion of the renewable energy industry and to encour-
age individuals to invest in clean power generation in order to take advantage of 
the new energy order. Although the pace of introducing these incentives varies 
among countries, the effort within these countries is commendable as individuals 
are borrowing money to invest in rooftop solar generation. Even the climate skep-
tics are reconsidering their positions as a result of extreme events such as droughts, 
hurricanes, fires, extremely low temperatures in places, etc. Credible efforts to-
wards achieving sustainable development goals, seven and thirteen are demon-
strated by initiatives such as the interdisciplinary network of independent German 
research institutes which is focusing on providing information on Germany’s en-
ergy transformation [6], an initiative designed to measure the pace of transfor-
mation. China being one of the main contributors of greenhouse gases, is in fact 
the world’s largest investors in renewable energies [7]. Other notable initiatives 
include India’s rooftop solar project at the individual level, an initiative which is 
the country’s major focus of the renewable energy strategy [8] and Denmark’s 
wind energy project [9]. Involving individuals to invest in National Power plants 
is a known strategy to reduce risk of loss by the power co operations. However, 
despite the strategies mentioned above, and others elsewhere including Africa, re-
newable energy generation accounts for only 30% of the global power mix [10]. 
Research is being conducted to understand and monitor the evolving terrain as 
traditional energy sources make way for renewable energy sources [11] [12]. A 
study by Feng et al. [13] has shown how China has made notable advancements 
in developing green finance, and how it has positioned itself as a front-runner in 
environmentally sustainable economic instruments like green credits and bonds. 
Understanding the mechanisms and the potential impacts of green bonds on the 
overall investment strategy is crucial for power generators looking to align their 
portfolios with sustainable and responsible practices [14] [15]. Ameur et al. [16] 
used the conditional value-at-risk ratio to study the benefits of including green 
assets to conventional portfolios and showed that these green assets can reduce 
portfolio risk in the short-medium term. However, this study did not provide in-
sights why green assets fail to reduce risk in the long term. The advancement of 
research in applying diversification and portfolio optimization to energy transi-
tion from fossil fuels to renewables has gained significance [17] [18]. Daywes et al. 
[19] combined techniques to analyze risk and developed a power generation op-
timization strategy of a portfolio including hydro, wind and solar as portfolio as-
sets. Their findings suggested that financial factors, particularly debt financing 
and the structure of cash flows, play a significant role in shaping the correlation 
between energy resources in a portfolio and diversification across complementary 
energy sources. 

These advancements in research have helped to identify optimal investment 
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strategies, to balance risks and returns, and to maximize the efficiency and effec-
tiveness of renewable energy portfolios. By diversifying the energy portfolio, in-
vestors can reduce their reliance on a single energy source and mitigate risks as-
sociated with price volatility and supply disruptions [19]. In this study, we aim to 
leverage conjugate utility functions to study a problem of replicating portfolios and 
to demonstrate how to manage the phase out rate, and ensure a growing economy. 

2. Formulation of the Problem 

Consider a power generating company taking investment positions in two risky 
assets and a risk-free asset. One stock investment, in fossil fuels, is being phased 
out gradually as the company migrates to cleaner energies and the other risky asset 
is an investment in either cleaner energies or other non energy assets. The bond 
acts as a buffer against stock market volatility. In this study we do not include the 
buying and selling of assets. Even though the second stock is risky, the investor is 
however anticipating the potential for capital appreciation from it as the other 
stock depreciates due to migration to green energy. 

Let { }( ), , ,tL+ = Ω F F  be a filtered probability space on a finite time hori-
zon, 0 t T≤ ≤ . Based on the description of the assets, the problem described 
herein is a quasi self-financing portfolio problem because the phase down is ex-
ternally induced while the gain in value of the second stock is internal. Let ( )0S t  
represent the bond price, ( )1S t  the price of the stock which is being phased out 
and ( )2S t  the price of the stock in other investments excluding fossil fuels at 
time t . The second asset can be considered as the green asset in the study by 
Ameur et al. [16]. 

We assume the dynamics for the three assets as follows: 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

0 0 0d d ; 0 1
d d d ; 0 0k k k k k k

S t S t r t t S
S t S t t t t B t Sµ σ

= =
 = + >   

 

where ( ) kr t µ<  for 1,2k = , is the interest rate of the bond, ( )1 tµ , ( )2 tµ  are 

the growth rates of the stocks ( ) ( )1 2,S t S t , respectively, ( )1 0tσ >  and 

( )2 0tσ > , are the volatilities of the stocks ( )1S t  and ( )2S t , respectively. We 

assume that 1  rµ ≥  and the rates ( ) ,r t ( )c t , ( )1 tσ  and ( )2 tσ  are adapted 
and bounded processes. The Brownian motions of the stocks are correlated with 
a correlation coefficient ρ  such that ( ) ( ) ,d d di j i jB t B t tρ⋅ =  for { }, 1, 2i j∈  

and i j≠  where [ ]1,1ρ ∈ − . 

2.1. Derivation of the Total Wealth Process ( )W t  

Let ( )W t  be the total wealth invested in the three assets, the bond, ( )0S t , a de-
preciating stock, ( )1S t , and a stock, ( )2S t , representing other investments ex-
cluding fossil fuels at time t . Let ( )1 tπ  and ( )2 tπ  be the amounts of money 
invested in the stocks ( )1S t  and ( )2S t  at time t , respectively. The amount at 
any time t  held in the bond is 1 2W π π− − . 
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2.1.1. The Phase Out Rate and Its Characteristics 
We propose a phase out function 

 ( ) 2log 1 , where 0 1,tc t
T

γ γ = + ≤ < 
 

 (1) 

for the following reasons: 

 2log 1 ,0 1t
T

γ + ≤ < 
 

 is an increasing function which doubles at the terminal 

time, T . 
• The parameter γ , for 0 1γ≤ < , defines risk averse (for small values of γ ) 

and risk seeking investments (for values of γ  close to 1). 
The choice of ( )c t  is in line with the Sustainable Development Goals (SDGs) 

7 and 13 [20]. 

2.1.2. The Stock Prices 
The following are proposed altered stock prices based on the phase out rate: 

 ( ) ( ) ( ) ( ) ( )1 1 1 1 1ˆ ˆd d dS t S t t t t B tµ σ= +    (2) 

 ( ) ( ) ( ) ( ) ( )2 2 2 2 2ˆ ˆd d dS t S t t t t B tµ σ= +    (3) 

where 

( ) ( )( ) ( ) ( )( )1 1 2 21 ,ˆ 1ˆt c t t c tµ µ µ µ= − = +  

( ) ( )( ) ( ) ( )( )1 1 2 2ˆ ˆ1 , 1 .t c t t c tσ σ σ σ= − = +  

Let 

 ( ) ( )
( )

1 2

2

,
S t

S t
S t
 

= ∈ 
 

  (4) 

then we can write the risky assets as: 

 

( )
( )( ) ( )
( )( ) ( )
( )( ) ( )

( )( ) ( )
( )
( )

1 1

2 2

1 1 1

22 2

1
d d

1

1 0 d
.

d0 1

c t S t
S t t

c t S t

c t S t B t
B tc t S t

µ

µ

σ

σ

 −
=  

+  
 −  

+    +    

 (5) 

We solve 

( )( ) ( )
( )( ) ( )

( )( ) ( )
( )( ) ( )

1 1 1 11

22 2 2 2

1 0 1
.

0 1 1

c t S t c t S tu
uc t S t c t S t

σ µ

σ µ

   − − 
=    + +       

 

and obtain a unique solution for 1u  and 2u  given by: 

1 2
1 2

1 2

, .u uµ µ
σ σ

= =  

Let 

( ) ( )

2
0 0

2 2
1 2 1 2

1 2 2 2
1 2 1 2

1exp d d ,
2

1exp .
2

t t
t sM u B u s t T

B T B T Tµ µ µ µ
σ σ σ σ

 = − − ≤  
  

= − − − +  
  

∫ ∫
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Hence if we define 

( ) ( )
2 2

1 2 1 2
1 2 2 2

1 2 1 2

1d exp d
2

B T B T T Pµ µ µ µ
σ σ σ σ

  
= − − − +  

  
  

and 

( ) ( )
1

1

2

2

d d ,ˆ dB t t B t

µ
σ
µ
σ

 
 
 = +
 
 
 

 

where ( ) 1

2

d
d

d
B

B t
B

 
=  
 

, then the Novikov condition holds and we conclude that 

( )B̂ t  is a Brownian motion w.r.t the probability measure   and the system (5) 
becomes 

( )
( )( ) ( )

( )( ) ( )
( )1 1

2 2

1 0

0 1
ˆd d .

c t S t
S t B t

c t S t

σ

σ

 −
=  

+  
 

Showing that the risky assets are martingales w.r.t  . 

2.1.3. The Wealth Process 

The total wealth process influenced by the price rates d k

k

S
S

, 0,1,2k =  is given 

by: 

 

( ) ( ) ( ) ( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )

( ) ( )( ) ( ) ( ) ( )

1 1

2 2 1 1 1

2 2 2

d 1

1 d 1 d

1 d with 0 , 0 1.

W t r t W t t c t t r t

t c t t r t t t c t t B t

t c t t B t W w

π µ

π µ π σ

π σ γ

= + − −
+ + − + −

+ + = ≤ <

 (6) 

We note specifically from (6) that the phase out rate affects both the drifts and 
volatilities of the risky assets. Specifically, ( )c t  decreases the drift of the fossil 
fuel asset and dampens the noise part. It increases the drift of the non fossil fuel 
asset and increases the noise effect. This is in line with the market sentiments as 
interest wanes in fossil fuel energy assets. Note that the coefficients of Equation 
(6) 

( ) ( ) ( ) ( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( )

1 1

2 2

1

1 ,

b w r t W t t c t t r t

t c t t r t

π µ

π µ

= + − −

+ + −
 

( ) ( ) ( )( ) ( ) ( ) ( ) ( )( ) ( )1 1 1 2 2 21 an ˆdˆ 1w t c t t w t c t tσ π σ σ π σ= − = +  

satisfy the linear growth conditions and therefore Equation (6) has a global solu-
tion, defined for all 0t ≥ . (See appendix for details). 

Equation (6) is similar to the wealth process studied by Duffie D. et al. [21]. The 
departure from Duffie D. et al. [21] is that Duffie D. et al. [21] deposited proceeds 
from the stocks into the bond account while our approach aggregates the contri-
butions from each asset while phasing out 1S  by the factor ( )c tγ  at time t . 
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The problem is to find optimal balances ( )*
1 tπ  and ( )*

2 tπ  at time t  which 
ensure that the total wealth process is increasing towards the targeted amount at 
time t T= . We want to apply a strategy which allows the power generating com-
pany to continuously adjust the strategy in order to shorten the time to maturity 
towards the targeted amount by varying γ . However, if the science or economic 
environment suggests that the current phase out rate, ( )c t , is inadequate then 
the investor should have an opportunity to adjust ( )c t  by a factor γ . The weak-
ness of our approach is that adjusting ( )c t  affects both risky assets. The optimal 
decision selection of a strategy is therefore a function of the history of the deci-
sions made previously, based on observed returns at the material time. 

Proposition 2.1 Arbitrage free market 
For a fixed time 0T > , we define an equivalent probability measure   to   

on a filtration TF .   is continuous w.r.t 
T


F

 if Ta∀ ∈F , ( ) 0a = ⇒
( ) 0a =  given that the processes ( )1 tµ , ( )1 tµ , ( )1 tσ , ( )1 tσ , ( )r t  and 
( )c t  are deterministic and bounded on [ ]0,T , with ( )1 0tσ > , ( )2 0tσ >  and 
( ) 1c t < ∀ [ ]0,t T∈ . Therefore the discounted price processes are martingales, 

and the market is arbitrage-free. 
We define the market price of risk vector ( )tΘ



 with ( )sψ  and ( )sζ  to be 
adapted processes given below: 

( ) ( )
( )
t

t
t

ψ
ζ
 

Θ =  
 



 

where 

 ( )
( ) ( )( ) ( )

( )( ) ( )
( )

( ) ( )( ) ( )
( )( ) ( )

1 2

1 2

1 1
, .

1 1
t c t r t t c t r t

t t
c t t c t t

µ µ
ψ ζ

σ σ
− − + −

= =
− +

 (7) 

The existence of a risk-neutral measure   requires Radon-Nikodym deriva-
tive TZ  to be a true martingale which is guaranteed if ( )tψ  and ( )tζ  satisfy 
the Novikov condition: 

 ( ) ( )2 2

0 0

1 1exp d , exp d .
2 2

T T
t t t tψ ζ      < ∞ < ∞            

∫ ∫   (8) 

Proof. Based on the model assumptions ( )tψ  and ( )tζ  are deterministic 
and bounded processes for all 0 t T≤ ≤ . For any deterministic process, the ex-
pectation is a finite constant: 

1) The integral of the squared market price of risk over time is finite  

( )( )2

0
d .

T
t tψ  < ∞  ∫  

2) The exponential of this integrand is also finite:  

( )( )2

0

1exp d .
2

T
t tψ   < ∞    

∫  

Hence the Novikov condition is satisfied, and TZ  is a true martingale.   □ 
The Radon-Nikodym derivative of the risk neutral measure   w.r.t  , 
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d
dTZ =



 is given by 

( ) ( ) ( ) ( ) ( ) ( )2 2
1 20 0 0 0

1 1: exp d d d d .
2 2

t t t t
TZ s B s s s s B s s sψ ψ ζ ζ = − − − − 

 ∫ ∫ ∫ ∫  

defined in vector form as 

( ) ( ) ( ) 2

0 0

1: exp d d
2T

t t
Z s B s s s = − Θ ⋅ − Θ 

 ∫ ∫  

where the correlated Brownian motions vector is given as 

( ) ( )
( )

1

2

d
d .

d
B t

B t
B t

 
=  
 



 

The Brownian motions are correlated with the correlation coefficient matrix 

( )
1

d
1

t
ρ

ρ
ρ
 

=  
 



 

where [ ]1,1ρ ∈ −  and ( ) ( )1 2d d dB t B t tρ⋅ = . 
We define the relationship between the measure   and the risk neutral meas-

ure   defined by the Girsanov theorem [22] as 

( ) ( ) ( )1 1d d d ;B t B t t t t Tψ= + ≤  

( ) ( ) ( )2 2d d d ;B t B t t t t Tζ= + ≤  

for all [ ]0,t T∈ . Given the process ( )W t  in (6), substituting the Brownian mo-
tions using the Girsanov transformation above to neutralizes the wealth dynamics 
below to 

 

( ) ( ) ( ) ( )( ) ( )( ) ( )( ) ( )( )
( )( ) ( ) ( ) ( )( ) ( ) ( )
( )( ) ( ) ( ) ( )( ) ( ) ( )

1 1 2 2

1 1 1 1 1

2 2 2 2 2

d 1 1 d

1 d 1 d

1 d 1 d

W t r t W t c t r t c t r t t

c t t B t c t t t t

c t t B t c t t t t

π µ π µ

π σ π σ ψ

π σ π σ ζ

 = + − − + + − 
+ − − −

+ + − +





 (9) 

substituting the market price of the risks ( )tψ  and ( )tζ , and grouping the dt  
terms the equation neutralizes the drift to the following discounted wealth process 

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( ) ( ) ( )1 1 1 2 2 2d d 1 d 1 dW t r t W t t c t t B t t c t t B tπ σ π σ= + − + +  (10) 

which is a martingale. 
Since the Girsanov’s Theorem only shifts the drift and does not change the dif-

fusion the correlation between the two Brownian motions remains exactly ρ . 

3. Construction of the Value Wealth Function 

Definition 3.1. Let Θ  be a set of strategies for the investment process in (10). 
A strategy is admissible if and only if ( ) [ ]0,  0,W t t T≥ ∀ ∈  and 

( ) ( ) ( ) [ ]d

0
e d | , for , 0, .

t
s r x x

T
T

W t t W T s t T∫ 
 

= ∈
∫ F  

Definition 3.2. We denote the value function ( )u x  by 
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( ) ( ) ( )( )
* *
1 2

d

0
,
sup e d

t
s xT r xu x U W t t

π π ∈

∫ =   ∫
A

 

where A  is a set of admissible portfolios and ( ) :U ⋅    is the generalized 
utility function which is strictly increasing, strictly concave, continuously 
differentiable satisfying the conditions ( ) ( )

0
0 lim

x
U U x′ ′= = ∞



 and  

( ) ( )lim 0
x

U U x
∞

′ ′∞ = =


. Then ( )u x  is again a utility function provided it satis-

fies the asymptotic elasticity condition [23]. 
Definition 3.3. Let ( )V y  be the Legendre-transform of the function 
( )U x− −  which is continuously differentiable, decreasing, strictly convex func-

tion satisfying the conditions ( )0V ′ = −∞ , ( ) 0V ′ ∞ =  such that ( ) ( )0V U= ∞  
and ( ) ( )0V U∞ =  then the functions ( )U x  and ( )V y  are conjugates and 
can be written  

 ( ) ( )
0

sup , 0,
x

V y U x xy y
>

= − >    (11) 

and 

 ( ) ( )
0

inf , 0.
y

U x V y xy x
>

= + >    (12) 

Alternatively, the relationship between ( )U x  and ( )V y  is given by the re-
lationship (see [24] for more details): 

 ( ) ( )( ) ( )
0

, sup , ,
x

V t y U t I y yI t y
>
 = −   (13) 

where ( ),I t y  is the inverse of the derivative of ( ),U t y  given by 

( ) ( ) 1
,

,
U t y

I t y
y

−
∂ 

=  ∂ 
. The relationship (13) is more amenable to application 

of the conjugate utility theory as we shall demonstrate in Section (4.1). 

Restated Problem Based on Conjugate Utility Functions 

We define the pricing kernel ( )G t  as in [24] by 

 ( ) ( ) ( )0 de
t r s sG t tφ−∫=  (14) 

where, 

( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )

2 2

1 20 0

1exp 2 d
2

d d .
t t

t s s s s s

s B s s B s

φ ψ ζ ψ ζ ρ

ψ ζ

= − + +


− − 
∫ ∫

 

The problem is to find a unique optimal pair ( )* *
1 2,π π  from the set   such 

that for a pre-determined terminal wealth ( ) ( )( ) ( )G t U W t W T  =  , [ ]0,t T∈  
the investor is able to achieve the stated goal, that is, to realize the targeted termi-
nal wealth ( )W T .  

Specific Problem: Find an optimal pair ( )* *
1 2,π π  such that 

( ) ( )( ) ( )
* *
1 2,
sup G t U W t W T

π π λ∈

  =   
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and 

( ) ( ) ( ) ( )| for .tG s W s w G T W T t T≤ +   <   F  

First, we want to prove that the optimal pair ( )* *
1 2,π π  exists is unique and does 

not depend on the noise. We approach this through the theory of conjugate utili-
ties stated in Definition (3.3).  

Lemma 3.1. Let xC  and yD  be subsets of { }( ), ,tL+ Ω F  which are con-
vex, solid and closed in the topology of convergence measure. Define ( ) xg x C∈ , 

( )0 Tg x X≤ ≤ , ( )( )1 2, ,x x c tπ π=  and ( ) yh y D∈ , ( )0 Th y Y≤ ≤ ,  
( )( )1 2, ,y y c tπ π= . Let ( )U x  and ( )V y  be the functions defined in (11) and 

(12) such that 

 ( ) ( )sup ,
xg C

u x U g
∈

=     (15) 

 ( ) ( )inf .
yh D

v y V h
∈

=     (16) 

Then the optimal set ( )* *
1 2,π π  for ( )g x  is the same as that for ( )h y , that is 

( ) ( )( )ˆĝ x I h y=  is the unique optimal solution of (10). 

Proof. Let ( )ĝ x  and ( )ĥ y  be the optimal values such that for ( ) xg x C∈  
and ( ) yh y D∈ , ( ) ( )ˆg x g x≤  and ( ) ( )ˆh y h y≤ . For any yh D∈  

 ( )( ) ( ) ( )( )ˆ ˆ ˆ .hI h y xy h y I h y   ≤ =      (17) 

At the maximum point, we have 

( ) ( )ˆˆ .g x h y xy  =   

For any ( ) xg x C∈  we have 

( ) .ˆgh y xy  ≤   

This is in line with (17) where ( )g x  was at its optimal but ( )h y  was not. 
From the dual relationship (12) with y  at optimal value, we have  

 ( ) ( )( ) ( )ˆ ˆ .U y V h y gh y≤ +  (18) 

Taking expectation of (18), we have  

( ) ( )

( )( ) ( ) ( )( )
( )( )( )

( )( )

ˆ ˆ ˆ

ˆ

ˆ

U y v y xy

v h y h y I h y

U I h y

U g x

≤ +  
 = + 
 =
 
 =  









 

implying that ( ) ( )( )ˆĝ x I h y= . This concludes the proof. 
□ 

4. Procedure for Constructing the Dual Function ( )V α  

We want a step-by-step procedure for constructing the dual utility function 
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( )V α . This is demonstrated by Lemma 4.1 below:  
Lemma 4.1. Let ( ),U t x  and ( ),V t y  be the functions defined in (15) and 

(16). Define the auxiliary function as: 

 ( ) ( )0 d, e
t s

Tt x U xβξ ∫ =   
  (19) 

for a non-negative β  with ( )x t  defined in terms of the pricing kernel ( )G t  
as: 

 ( ) ( )0 de ,
t sx t G tβα ∫=  (20) 

where ( )G t  is given by (14). The constructed value dual function is given by 

( ) ( ){ } ( )* *

0
inf .V w V w V w
α

α α α α
>

= + = +   

Proof. Substituting (14) in (20) we can express ( )x t  as 

 
( ) ( ) ( )

( ) ( )}
2 2

0 0

1 20 0

1exp d 2 d
2

d d ,

t t

t t

x t r s s

B s B s

α β ψ ζ ψζρ

ψ ζ

= − − + +


− −

∫ ∫

∫ ∫
 (21) 

which is a solution of the stochastic differential equation  

( )
( ) ( ) ( ) ( ) ( )1 2

d
d d d

x t
r t t B t B t

x t
β ψ ζ= − − −    

( )0 1.x =  

Taking the expectation of (21), we obtain  

 

( ) ( ) ( )

( ) ( )

( ) ( ) [ ]

2 2
0

1 20 0

2 2
0

1exp 2 d
2

d d

1exp 2 d , for 0, .
2

t

t t

t

x t r s

B s B s

r s s T

α β ψ ζ ψζρ

ψ ζ

α β ψ ζ ψζρ

   = − − + +      
− − 

  = − − + + ∈    

∫

∫ ∫

∫

 

 (22) 

Comparing Equations (19) and (22), we obtain  

( ) ( ) ( )0 de .
T t t

TV U xβα −∫ =   
   

For the utility function ( ),U t x  given by  

( ) ( )( ) ( ), , , .U t x U t I x xI t x= −  

Following Kwak and Lim [24] the relationship between the dual function 
( )V α  and the value function ( )V w  can be written as,  

 ( ) ( ){ } ( )* *

0
infV w V w V w
α

α α α α
>

= + = +   (23) 

where *α  is obtained by differentiating ( )V w  for a given ( )V α . Once *α  is 
calculated we can find the optimal wealth (15) for a known utility function. This 
point is illustrated by the example given in the section below.               □ 
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4.1. Application of the Procedure in Subsection 4 

We want to illustrate the procedure for calculating ( )V w  in (23) and the asso-
ciated optimal triple with a specific example.  

Example 4.1. Suppose the utility function is given by the power utility function:  

 ( )
1

, e
1

b
twU t w am

b
λ

−
−=

−
 (24) 

for some constants 0m ≠ , 0a ≠ , ( )0,1b∈  and 0λ > . If 0λ <  then 
( ),U t w  cannot be of elasticity < 1. We want to find the dual function ( )V α  

and the optimal amounts *
1π , *

2π .  
Solution 4.1. We can calculate ( ),I t w  from the utility in (24) using the for-

mula [23]. 

( ) ( ) 1
,

, .
U t w

I t w
w

−
∂ 

=  ∂ 
 

This gives 

( )
1

, e .
tb

bwI t w
am

λ
−

−
 =  
 

 

The dual function ( )V α  is given by, 

 

( ) ( )( )

( )

( ) ( )

( ) ( )

( )

11

1

1 11 1

11

e e

e
1

e e
1

e 1
1

b
tb

tb

tb
b

t tb b
b b

tb
b

V U G t

G t
am

G t
am G t

b am

G t G tam
b am am

G t am
am b

λ
λ

λ

λ λ

λ

α α

α

α
α

α α

α

−−
−

−
−

−

− −− −

− −

 =  
  

   
        = −  −  

 
 
  

   
= −   −  

 
 
  

 
   = −    −  










 

 





 .


 (25) 

Using Equation (20), the pricing kernel is given by 

 ( ) ( ) e .tx t
G t β

α
−=  (26) 

Solving for ( )x t  from (25) and (26), we obtain a general formula for the value 
function as 

( ) ( )
1 11 1 111 1 e .

1

tb b bb
amV x t

am b

λβ
α

  − − + +  −   
 
    = −    −   
 

   

Defining the auxiliary function ( ),t xξ  where ( )x t x=  as 
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( ) ( )

( )

11 11

11 11

1, 1
1

1 1 .
1

b
b

b
b

amt x x f t
am b

am x f t
am b

ξ
−

−

−
−

 
    = −    −   
 

   = −   −   



 (27) 

It is easy to show that ( ),t xξ  satisfies the equation 

 ( ) ( )2 2 21 2 0
2t x xxr x xξ β ξ ψ ζ ψζρ ξ− − + + + =  (28) 

where ( ),
t

t x
t

ξ
ξ

∂
=

∂
, ( ),

x
t x
x

ξ
ξ

∂
=

∂
 and ( )2

2

,
xx

t x
x

ξ
ξ

∂
=

∂
. 

Using (27), we can write (28) as: 

 ( ) ( )f t f tθ′ =  (29) 

where 

( ) ( ) ( )2 21 1 11 2 1
2

r b
b b

θ β ψ ζ ψζρ = − − + + + − 
 

 

and 

( ) ( ) ( )
111 0 e e for and 0 0.

2

t
b btf t f t T f

λβ
θ

  − + +  
  

 
 = + ≤ ≠
 
 

 

Solving (29) and noting that ( ) ( )0, x Vξ α=   we obtain 

( ) ( ) ( )
11 1110, 1 0

1
b

bamx V f
am b

ξ α α
−

−   = = −   −   
  for ( )0 0f ≠  otherwise the 

value function does not exist.  
From the relation of ( )V w  and the dual value function in Equation (23) we 

have,  

 ( ) ( )
11 11

0

1inf 1 0 .
1

b
bamV w f w

am bα
α α

−
−

>

 
    = − +    −     

 (30) 

The optimal α  is obtained from (30) and is given by 

( )
11

* 1 10 1 1 .
1

b

b amwf
b am b

α

−
− 

      = − − −     −    
 

 

We deduce that for ( ) ( )0, x Vξ α=  , we have ( ) ( ), ,t x V tξ α=   for 0t ≠  that 
is, 

( ) ( ) ( )
111 11 1 ,

1

b

b amx t w t f t
b am b

−
− 

      = − − −     −    
 

 

( ) ( ) ( )
111 1 1 1

1
b

b b amx t w t f t
b am b

−− −    = −    −    
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for ( ) ( )0 d*e
t sx t G tβα ∫=  and ( )f t  given above, the optimal terminal wealth is 

given below by,  

 ( ) ( )

( )

1

*
11

for .
1 1 1

1

b

b

x T
W T t T

b amf T
b am b

−

−
= =

−    −    −    

 (31) 

Example 4.2. (Illustration of the procedure 4.1) 

Given 0a ≠ , 0m ≠ , a utility function ( )
1

, e
1

b
twU t w am

b
λ

−
−=

−
 and the termi-

nal wealth given by ( ) ( )

( )

1

111 1 1
1

b

b

x T
W T

b amf T
b am b

−

−
=

−    −    −    

, find the pair 

( )* *
1 2,π π . 

Solution 4.2. Let ( ) ( )
( )

1
bx t

W t
f t κ

−

=  and ( )x t  be the auxiliary variable given in 

(19), where 

111 1 1
1

bb am
b am b

κ
−−    = −    −    

. 

Then by Ito’s formula 

 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1

2 2 2 2 1

1 1

1 2

1 1
1d 2 d
2

d d .

b

b b

x bbW t f r f t
f b

x x
b bt B t t B t

f f

α

β α ψ ζ ψζρ
κ

α α

ψ ζ
κ κ

−

− −

− −

 −  −    = + − + + +
 



+

′


 

+

 (32) 

Comparing (6) and (32) we have,  

 ( )
( ) ( )( ) ( )

1

*
1

1

,
1

ba x
bt t

f t c t
π ψ

σ κ

−

=
−

 (33) 

 ( ) ( ) ( )( ) ( )

1

*
2

2

.
1

ba x
bt t

f t c t
π ζ

σ κ

−

=
+

 (34) 

Using (7), we simplify further and write (33) and (34) as 

 ( )
( ) ( )( )( )

( )( )
1*

1 22
1

1
.

1

aW t c t r
t

b c t

µ
π

σ

− −
=

−
 (35) 

Similarly 

 ( )
( ) ( )( )( )

( )( )
2*

2 22
2

1
.

1

aW t c t r
t

b c t

µ
π

σ

+ −
=

+
 (36) 
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Remark 4.2. We note that ( )*
1 tπ  and ( )*

2 tπ  depend on the wealth process 
( )W t  at each time [ ]0,t T∈  and since ( )W t  is driven a stochastic noise, ( )*

1 tπ  
and ( )*

2 tπ  are also dependent on the noise. 
Remark 4.3. When the optimal investment strategies ( )*

1 tπ  and ( )*
2 tπ  are 

divided by the wealth process ( )W t  we have the resulting expressions represent-
ing the proportions of the wealth invested in the respective risky stocks at time t . 
These are  

( )
( )

( )( )( )
( )( )

( )
( )

( )( )( )
( )( )

* *
1 21 2

2 22 2
1 2

1 1
, ,

1 1

a c t r a c t rt t
W t W tb c t b c t

µ µπ π

σ σ

− − + −
= =

− +
 

and the proportion on the bond is given by 

( )( ) ( )( ) ( )( ) ( )( )( )
( )( ) ( )( )

( )( ) ( )( )( )
( )( ) ( )( )

2 2 22 2 2
2 1 2 1

2 22 2
1 2

22
1 2

2 22 2
1 2

1 1 1 1

1 1

1 1
.

1 1

b c t c t a c t c t r

b c t c t

a c t c t r

b c t c t

σ σ σ µ

σ σ

σ µ

σ σ

+ − − + − −

− +

− + −
−

− +

 

From (35) and (36) we obtain an optimal ratio 

( )
( )

( )( )( )
( )( )( )

( )( )
( )( )

2* 2
11 2

* 2 2
2 12

1 1
,

1 1

c t r c tt
t c t r c t

µπ σ
π σµ

− − +
=

+ − −
 

where 

( ) 2log 1 , 0.tc t t
T

γ  = + ≥ 
 

 

4.2. Results and Simulations 

4.2.1. Ratio of 1 2π π  against Time t  

 
Figure 1. Evolution of the investment ratio 1 2π π . 

 
Figure 1 traces the time dynamics of the ratio 1 2π π  under fixed parameters 

stated on the graph. We have the following possible scenarios: 
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 If initially 1 2π π>  then the ratio 1 2π π  continues to grow implying that the 
effort to migrate from fossil fuels is not effective.  

 If initially 1 2π π=  then the effort to migrate is not sufficient as the two risky 
assets maintain the same ratio of significance. 

 If initially 1 2π π<  then the migration to cleaner energies is more effective.  
Based on this, the strategy is to choose an aggressive investment strategy in the 

asset 2π . 

4.2.2. Simulation of the Wealth Process ( )W t  

The following examples illustrates how this sustained effort of divesting impacts 
the wealth growth processes. 

Example 1: When the initial investments in stock S S1 2>  i.e. 1 5500π = , 

2 3500π = . 
 

 
Figure 2. W(t) for 1 2π π>  With 1 2µ µ>  for different phase-out rates γ . 

 

 
Figure 3. W(t) for 1 2π π>  With 1 2µ µ<  for different phase-out rates γ . 
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Figure 2 presents a scenario when initially 1 2π π>  and the drift 1 2µ µ>  for 
varying values of γ . We observe that when 0γ =  the total wealth grows much 
faster than for the cases 0γ > . For 0γ =  the total wealth process exceeds the 
target wealth faster than for 0γ >  although the target wealth is exceeded for all 
cases under consideration. We observe further that even though the total wealth 
grows and exceeds the target wealth, the growth eventually mimics a mean reverting 
process with the wealth process for 0.8γ =  temporarily below the target wealth.  

Figure 3 presents a scenario when initially 1 2π π>  but 1 2µ µ<  for varying 
values of γ . We can see that initially the total wealth process grows towards the 
target wealth. However, these wealth processes lose momentum and mimic a mean 
reverting process only the case 0γ =  displays mean reverting behavior about the 
target wealth. The other wealth processes display this behavior below the target 
wealth. 

Example 2: Wealth Dynamics on Increased γ  for Equal Initial Investments 

21S S=  and 1 2 4500π π= =  
 

 
Figure 4. W(t) for equal initial investments with 1 2µ µ> . 

 

 
Figure 5. W(t) for equal initial investments with 1 2µ µ< . 
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Figure 4 and Figure 5 represent scenarios when initially 1 2π π= . We have 
computed cases for 1 2µ µ>  (Figure 4) and 1 2µ µ<  (Figure 5) for varying val-
ues of γ . Clearly for 0γ =  the target wealth is reached much faster than the 
other cases, for both 1 2µ µ>  and 1 2µ µ< . However, Figure 4 shows that the 
wealth processes keep growing and they all exceed the target wealth at different 
times. Figure 4 represents a risk-averse investor who is inclined towards more 
predictable returns. The commitment towards migration to cleaner energies is de-
termined by a preference for lower returns with known risks over higher returns 
with unknown risks.  

Figure 5 shows that the wealth processes grow less rapidly than those in Figure 
4. For small values of γ  the wealth processes exceed the target wealth but for 
large values of γ  the wealth processes mimic mean reverting process about the 
target wealth. Figure 5 represents risk-tolerant investors who are willing to take a 
risk for the good of the environment. 

Example 3: when the initial investments in stock S S2 1>  i.e. 1 3500π = , 

2 5500π = . 
 

 
Figure 6. W(t) for 1 2π π<  with 1 2µ µ< . 

 

 
Figure 7. W(t) for 1 2π π<  with 1 2µ µ> . 
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Figure 6 shows a scenario when initially 1 2π π<  and the drift 1 2µ µ<  for 
varying values of γ . We observe that when 0γ = , the total wealth grows and 
reaches the target much faster than for the cases 0γ > . When 0.4γ =  and 

0.8γ =  the total wealth process never exceeds the target at all. Figure 7 presents 
a scenario when initially 1 2π π<  and the drift 1 2µ µ>  for varying values of γ . 
We can see that initially the total wealth processes grow slowly. For 0γ =  the 
wealth process eventually exceeds the target wealth. For other values of 0γ ≠  the 
wealth processes do not exceed the target wealth although for small values of γ  
the wealth processes go close to the target wealth. 

4.2.3. Strategy 1: Varying Interest Rate 

 
Figure 8. W(t) with varying bond interest rate r(t) for γ = 0.5. 

 

 
Figure 9. W(t) with varying bond interest rate r(t) for γ = 0.8. 

 
Figure 8 and Figure 9 illustrate a scenario for fixed values of, 0.5γ =  and 

0.8γ = , when the bond interest rate is increased from ( ) 0.07r t =  to 
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( ) 0.085r t =  with fixed risky asset interest rates 1 0.14µ = , 2 0.12µ = , and fixed 
volatilities 1σ  and 2σ . Figure 8 shows that the wealth increased for the baseline 
which is considered as a no phase out process. Even though there is growth for 
the higher interest rate considered, compared to the wealth with interest rate 
( ) 0.07r t =  there is still delayed growth in the wealth process on both cases com-

pared to when 0γ = . This is the case for Figure 9 where the value of γ  is in-
creased to 0.8γ = . Comparing the two figures, it takes time for the strong phase 
outs to grow compared to the weak phase out where growth in wealth takes a 
shorter time to show growth in wealth. This indicates that phasing out has a pos-
sibility of bringing gains, but in the long run if done on a large scale and has a 
possibility of delaying these gains. 

4.2.4. Strategy 2 Increased Volatility on the Wealth Process 

 
Figure 10. W(t) with volatilities σ1 = 0.5 and σ2 = 0.4. 

 

 
Figure 11. W(t) with volatilities σ1 = 1.5 and σ2 = 1.1. 
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Figure 10 and Figure 11 illustrate the same concept but with increased volatil-
ity rates. Figure 10 with 1 0.5σ = , 2 0.4σ =  shows fluctuations on the wealth with 
minimal growth rates. This is the case for Figure 11 where 1 1.5σ = , 2 1.1σ =  
increased from Figure 10. In this figure, fluctuations are characterized by reduced 
growth which tends to fluctuates around the same point and decreases as the pro-
cess progresses. 

5. Conclusions 

This study underscores the critical role that investment strategies can play toward 
sustainable energy solutions as we transition away from fossil fuel dependency. 
Through the application of the conjugate utility theory, we have demonstrated 
how an investor can manage assets and contribute towards reducing dependence 
and possibly fossil fuels eventual elimination of this energy source with managed 
risk of loss of wealth. The approaches introduced here not only aid in minimizing 
potential financial losses but also promote an environmentally responsible invest-
ment strategy. We have demonstrated that sometimes the only option to maintain 
a growing economy that prevents job losses is to reduce the phase down rate. Of 
course, this is environmentally harmful but it is a question of balancing people’s 
livelihoods and the environment. Our findings further highlight the feasibility of 
replicating investment portfolios that are aligned with sustainable development 
goals. By validating these strategies regularly, we have demonstrated their robust-
ness, which is essential for practical application in the real world. 

We have obtained unique solutions for the wealth process. We have also shown 
the negative impact of high stock volatilities which have the effect of negating the 
gains resulting from bond and non-fossil fuels asset growth. Our major achieve-
ment is the construction of the procedure for calculating the dual utility function 
which plays a vital role in proving the uniqueness of the wealth process. This pro-
cedure is demonstrated using the power utility function. However, this procedure 
is applicable to any utility function satisfying the elasticity condition. This work 
demonstrates that countries can transition to cleaner energies without the risky of 
economic decline. 
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Appendix 
A1. Imposed Conditions 

 The interest rates ( )r t , ( )1 tµ , ( )2 tµ  are measurable w.r.t time and 
bounded away from zero, therefore there exists 0>  such that for  

( ) ( ) ( )( )1 2: , ,D r t t tµ µ=  we have D ≥  . 
 The coefficients ( )1 tπ , ( )1 tπ , ( )1 tσ  are time measurable and square inte-

grable, that is 

( ) ( )( ) ( ) ( )( )2 2
1 1 2 20 0

d and d .
T T

t t t t t tπ σ π σ< ∞ < ∞∫ ∫  

 The initial wealth w  is independent of the Brownian motions ( )1B t  and 
( )2B t , [ ]0,t T∈ . 

 The Lipschitz Condition: The drift term; ( ) ( ) ( ) ( ),b t W r t W t f t= + , where 

( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( )1 1 2 21 1 ,f t t c t t r t t c t t r tπ µ π µ= − − + + −  

and the diffusion coefficient 

( )
( )( ) ( )
( )( ) ( )

1 1

2 2

1
, .

1

c t t
t W

c t t

σ π
σ

σ π

 −
=  

+  
 

Therefore the Lipschitz condition from Theorem 5.2.1 [2] 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( )

1 2 1 2 1 2

1 2

1 2

, , , ,b t W b t W t W t W r t W W t t

r t W W

D W W

σ σ σ σ− + − = − + −

= ⋅ −

≤ −

 

since ( )r t  is bounded for all [ ]0,t T∈  the drfit is Lipschitz continuous with 
constant ( )r t D≤ . 

A2. Simulation Methodology 

In bridging the analytical derivations with the numerical results, the following 
were taken into consideration when performing the simulations on the cases con-
sidered, 
 The wealth process was simulated using the Euler-Maruyama discretized with 

a constant time step Δ 0.0003t =  over a time horizon [ ]30T = . At each time 
step it , the wealth 

it
W  is updated using the chosen parameters of the assets. 

 The portfolio at every discrete time step Δt  rebalanced to ensure that the nu-
merical path tracks the continuous-time theoretical optimum. 

 Constraints and non-negativity; We imposed admissibility restrictions by pro-
jecting the controls onto the feasible set ( ) ( ){ }max 0,sim

i iw t w t=  to enforce 
the no short selling constraint, since the considered parameters all scales above 
zero and this results in a non-negative wealth ensuring that short selling is not 
considered in the transition model.  

 The initial investments weights ( )1 0π  and ( )2 0π  used were not chosen 
randomly but calculated at 0t =  from the analytical solutions for the simu-
lations considered using Equations (35) and (36). 
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