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Abstract

Standard analyses of large-scale cosmic structure rely primarily on two-point
correlation functions &(r) and power spectra P(k). Distinct networks
can share identical two-point statistics while differing fundamentally in
graph-theoretic properties. Here, we analyze the topology of the cosmic web
using join distributions P(k), which count independent connections (joins
of order k) within the percolating filament graph and provide a direct,
non-metric probe of effective dimensional organization D, . We apply join
analysis to observational galaxy surveys spanning a broad range of redshifts
0.1<z<5.0. Across five statistically independent sky regions (each 500° Mpc?,
~10° galaxies), the observed P(k) are statistically uniform ( 4 / v<1.1) and
quantitatively fit by a Galton-Watson branching process with offspring prob-
ability generating function f(s)=(1-p)+ ps", mean offspring m=1.054,
yielding D,; =log, m =1.054 . In contrast, the LCDM model predicts and
N -body simulations exhibit a broad P(k) oc k™ (1.5<a<2.0) with sub-
stantial high-order tails (k£ =5 - 8 ) from hierarchical halo mergers. These high-
order joins are strongly suppressed (<1% observed vs. ~30% predicted) or ab-
sent in the data, yielding a >250 discrepancy ( * >1700 ) that cannot be
resolved by parameter tuning (2, ,0,) or baryonic feedback. Three further
independent empirical probes reinforce this conclusion: i) Box-counting anal-
yses across redshift slices spanning ~12 billion years yield effective dimension
D, =—lim_, logN(¢)/loge and density p converging gradually toward

1.0 from above, D, (z)~1+0.02(1+z)"" . LCDM simulations do not exhibit

comparable convergence. ii) Observational data show matter and voids per-
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colate at the same threshold p, =0.20p (within 2% - 3%), whereas LCDM
generically exhibits separated thresholds o™ ~0.22p, P ~0.15p .
iii) Finally, matter and voids display identical scale-free power-law behavior
N(>R)c R” with y~289 (D=3-y=~0.11 forvoid filling factor) in the
scaling regime 1 < R< 20 Mpc-47, indicating phase symmetry consistent with

critical phenomena.
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1. Introduction

Observations over the past several decades have revealed that matter in the
Universe is organized into a complex network of filaments, nodes, sheets, and
voids, commonly referred to as the cosmic web (see simulations in Figure 1 and
Figure 2; for comprehensive reviews, see [1]-[3]). This filamentary architecture
spans scales from megaparsecs to the observable horizon, with galaxies tracing
the luminous backbone of underlying dark matter distributions [4]. Within the
LCDM paradigm, this structure emerges from gravitational instability acting on
nearly Gaussian primordial density fluctuations 5(k)~ N (0,P(k)) with a
near-scale-invariant power spectrum P(k) o fs (n, =0.96; [5]), with cold

dark matter driving hierarchical clustering via the Zel’dovich approximation

Figure 1. A simulation of the large-scale galaxy distribution illustrating the filamentary cos-
mic web over 300 million years as modeled by IllustrisTNG. Galaxies (gold) are surrounded
by blown-off shocked gas (white). Image credit: TNG Collaboration.
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Figure 2. Enlarged view of the cosmic web as it appears in simulations based on the stand-

ard model of cosmology, emphasizing filament connectivity and void structure. Image credit:
V. Springle, Max-Planck Institut fiir Astrophysik, Garching bei Miinchen.

x(q.t)=q—-D(1)V¥(q) (where D(t)oca(r) isthelinear growth factor, ¥
the displacement potential, and a(z) the scale factor; [6] [7]). This framework
has achieved remarkable success in reproducing observations from the cosmic mi-
crowave background anisotropies (C, power spectrum; [5]) to large-scale galaxy
clustering é‘(r) = (r/r0 )_7 (y=1.8, r,~5 Mpc-h; [8]) and weak lensing shear
correlations [9].

The statistical characterization of large-scale structure has traditionally relied
on correlation functions f(r) = (5(x)5(x + r)> and power spectra
P(k)= j(f (r)e™"d’r, which quantify clustering strength and scale dependence
and have been instrumental in constraining cosmological parameters (Q,, = 0.31,
o, = 0.81; [5]). However, these measures are fundamentally metric: they depend
on distances, amplitudes, and scaling relations but do not directly encode topol-
ogy, that is, how structures are connected (via the filament graph G =(V,E)),
the number of independent paths (Betti number 5, ), or how connectivity is or-
ganized across scales (persistence diagrams; [10]-[13]). Recent studies highlight
that metric statistics alone cannot distinguish between tree-like (5, = 0) and looped
(b, >1) configurations with similar &(r) [14] [15].

Topology matters. In graph-theoretic terms, two networks can share identical
two-point statistics (e.g., the same degree distribution P(deg(v)) or edge-length
correlations (1,)) yet differ profoundly in connectivity, redundancy (excess de-
gree Adeg=deg(v)-2), and global organization (genus g=1-y/2 for sur-
faces; [16]). A tree-like structure (acyclic, b =0, v =0) and a highly intercon-
nected mesh (high cyclomatic number v =e—v+c > 0) may exhibit similar clus-
tering amplitudes while representing radically different physical systems, as demon-
strated in synthetic cosmic web models [17] [18]. In the cosmic web context, visual
inspection of galaxy surveys reveals a richly connected network containing junc-

tions (high-degree vertices), loops ( 5, > 0), and alternative paths, particularly within
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the percolating structure that spans survey volumes via the giant component at
p > p. =0.2 [19]. Quantifying this connectivity requires observables beyond tra-
ditional clustering statistics, such as persistent homology tracking b, (R) across
scales R [20] [21].

Several topological descriptors have been explored in cosmology, including genus
statistics g (v)oc H,(5>v) [22] [23], Minkowski functionals V, = I/Ji (x)d’x
(i=0-3 for volume, surface area, mean curvature, and Euler characteristic [24]
[25]), and percolation analyses with critical exponents £ ~0.41, v ~0.88 from
finite-size scaling in 3D lattices [26] [27]. These provide valuable insights into
morphology and connectivity but often integrate over information or are sensitive
primarily to global transitions (e.g., p,; [28]). In this work, we focus on join dis-
tributions P(k), which count independent connections (joins of order £ ) within
connected structures and directly measure topological redundancy via local excess
connectivity k = deg(v)—2; see [15] [28] [29]. Joins provide a natural probe of
effective dimensional organization: tree-like networks exhibit minimal joins (k =0,
D, =1), while increasingly interconnected structures exhibit higher & as shown
in [1] [24].

In the LCDM model, hierarchical structure formation is formalized via the ex-

tended Press-Schechter (excursion-set) theory [30] [31], where the first-crossing

2
c

)
< —ex
2no p|:20'2(

progenitor branching n,(m,---,m, |M,z) <[] f(o,,m,), leading to a broad

distribution f(o,m)= )Nj—a‘ yields merger trees with multi-
m) ||dm

join-order distribution P(k)oc k™ (a~1.5-2.0 due to cumulative ancestral
paths in filamentary inheritance [18] [32]). This yields a percolating network with
high cyclomatic complexity v ~I'/&* >1 (L box size, & correlation length
=100 Mpc-A4"), incompatible with near-tree-like topologies (b, = 0; [33]). Recent
simulations confirm this prediction but highlight discrepancies in void-matter
symmetry [34].

In this paper, we demonstrate that LCDM makes a clear, testable topological
prediction for P(k) that fails against observational data (> 250 ; see Section
3.4). We further show that four independent empirical probes converge on near-
one-dimensional organization ( D, ~1) within a three-dimensional embedding,
echoing fractal analyses suggesting non-homogeneous evolution [35] [36]. This
identifies a topological constraint on structure formation not captured by stand-
ard clustering statistics and not reproduced by LCDM, aligning with emerging
tensions in cosmic topology [37].

2. Data and Observational Material

2.1. Galaxy Surveys and Sky Coverage

Our analysis is based on large-scale galaxy survey data spanning a wide range of
redshifts and sky coverage, drawing from the Sloan Digital Sky Survey (SDSS [38])
and Baryon Oscillation Spectroscopic Survey (BOSS [39]) for low-to-intermediate
z , supplemented by higher- z data from eBOSS [40]. To assess statistical robust-
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ness and cosmic variance, the sky is divided into five independent regions, each a
cube of side L =500 Mpc containing N, ~ 10° galaxies with mean density
n=N, / L’ ~107Mpc™ (comoving). These regions are spatially disjoint

(|r,. - rj].| > L) and statistically independent ( <5l5 ].> =0), allowing tests of whether
observed topological features are localized anomalies or global properties of the
cosmic web, mitigating cosmic variance estimated at o, = 5% per region accord-
ing to [41].

The surveys provide sufficient volume V =1’ ~1.25x10°* Mpc® and sampling
density n to robustly identify percolating structures over a range of density thresh-
olds p,, , with completeness >95% after selection function corrections [42]. Stand-
ard preprocessing includes survey mask correction (inverse weighting w(n) to ac-
count for angular completeness); Data Release notes, DR12 as in [43] with selec-
tion-function weighting §(z)ocn(z)b(z) (where b(z) is bias evolution [44];
Beutler ef al, 2017), and redshift-space distortion mitigation via distant-observer
approximation s=r+v- 2/ H(z) with Kaiser factor f ~Q)* [44] [45]. Details
are documented in Notes A-E of Chapter 5 of Origins [46], reproduced in the
Supplementary Methods.

2.2. Density Field Construction

Galaxy distributions are converted into continuous density fields
p(x)=p [1+5 (x)} using standard smoothing and thresholding techniques,
following the Cloud-in-Cell (CIC) interpolation on a 512* grid [47]. Smoothing

employs a Gaussian kernel W(|x|)=(21'co'2 )73/2 exp(—|x|2/20'2) with o =2
Mpc A to suppress shot noise while preserving filamentary features on 2> 5

Mpc scales [48], yleldlng S, ( I 5(y |x y|)d3y While choices of o

and threshold p, = p(1+6, ) influence local morphology (e.g., filament thick-
ness; [49]), percolation ( p( P> pc) =0.5) and join statistics are robust across
Ac/o <25%, AS, <0.1, as verified in robustness tests (Note A; compare with
[50]). All join analyses are performed only after crossing the percolation threshold
p., ensuring global topology (spanning cluster size S ~V') is meaningful and

free from finite-size effects [51].

2.3.LCDM Simulations

For comparison, we analyze LCDM N -body simulations matched in volume
V =L, resolution N b 10° particles (n, = 200° Mpc ™, particle mass

m, = 10°M_h™"), and selection effects to the observational data, using suites like

MillenniumTNG [52] and IlustrisTNG [53] with Planck cosmology
(Q,, =0.3089, o, =0.8159). These incorporate hierarchical dark-matter halo

formation and mergers via the merger rate

5. (2)(m, +my) o 82 (z)(m +m,)" ||do?| ein
dmldmzdz \/7 )\/0' (m,)—o?(m,) p{ 207 (m,) }|dml|
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[31] extended to semi-analytic models in [54]. The same analysis pipeline that is,
density field construction p, (x), percolation identification (Hoshen-Kopelman

algorithm with 26-connectivity; [55]), and join counting is applied to simulations
and data to ensure consistency [4] [56].

3. Join Distribution and Topological Measures

Methods:

This section describes the construction of the density field, the identification of
percolating structures, the definition and counting of joins, the box-counting
analysis used to estimate effective dimension, and the estimation of uncertainties.
All methods are applied identically to observational data and to ACDM simula-
tions unless otherwise stated.

1) Density Field and Smoothing: Embed galaxies in comoving volume; smooth
with Gaussian o =2 Mpc-A". Robust to +25%variations (Note A; [49]).

2) Percolation: Threshold at p,, ; identify spanning cluster via Hoshen-Kopel-
man ( p, = 0.5 sites); finite-size scaling validation [51].

3) Joins: DisPerSE skeletons [15]; & =deg(v)—2 atnodes deg(v)>3 (Note
E). Matched to LCDM via MillenniumTNG/IllustrisTNG; 7> =Y (0, - E, )’ /E,
[57].

4) Box-Counting: log N (¢)=—-Dloge +C; 10 - 12 logarithmic sizes
(0.5<&£<20 Mpc-h'), R>>0.98; bootstrap errors (x100 resamples; Note C;
(58]).

5) Errors: Dispersion across skies (o = Z(sz )2 / 4 ); cosmic variance via sim-
ulations (Note E; [41]).

3.1. Definition of Joins

The filamentary skeleton extracted with the Discrete Persistent Structures Extrac-
tor (DisPerSE) is represented as a graph G =(V, E) , where the vertex set V' con-
tains critical points, filament endpoints, and junctions, and the edge set £contains
the filament segments connecting them. DisPerSE constructs such skeletons from
the Morse-Smale complex of the density field and uses persistence to suppress
features that are not robust against noise [15]. Related topological analyses of the
cosmic web use persistent homology and Betti numbers to characterize connec-
tivity on a global rather than purely local level [20] [21].

In the present work, a join is defined operationally as excess local branching at
a filament junction. If d, =deg(v) is the graph degree of a vertex v, then a
junction is a vertex with d, >3, and its join order is defined by &, =d, -2,
d, >3 . This definition measures the local excess branching relative to an un-
branched filament, whose internal vertices have degree two. Thus, a degree-three
junction has &, =1, a degree-four junction has &, =2, and so forth. The join
order is therefore a local connectivity statistic; it should not be identified with the

number of independent cycles or with the first Betti number of the graph.
The join-order distribution over the set of junctions ¥, ={veV :d, >3} may
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be written as P,

= [NLJZVEVJ ]l(kv = k) , N, :|VJ|. This distribution

J
quantifies how strongly the skeleton branches locally and is insensitive to the met-
ric lengths of the individual filament segments once the skeleton has been con-
structed. It can therefore be compared between observational and simulated skel-
etons extracted with the same persistence, smoothing, and segment-selection cri-
teria [15].

Local branching must be distinguished from global topological redundancy.
For a finite graph with E edges, V' vertices,and C connected components, the
number of independent graph cycles is the cyclomatic number, equivalently the
first Betti number f, ofthe graph: g =E-V +c.

For a single connected component C =1, and hence S =E-V +1. This
quantity is global: it counts independent cycles after the full connectivity of the
graph is known. Persistent-homology analyses extend this idea by following the
birth and death of one-dimensional homology classes as the filtration scale changes
[20] [21]. In the language of discrete Morse theory, the skeleton and its topological
features may likewise be related to the critical-cell structure of the underlying
complex [59].

The distinction is essential because branching does not imply aloop. A tree may
contain many vertices of degree three or higher and therefore many non-zero join
orders, while still satisfying f, = 0. For example, a Y-shaped tree has one degree-
three junction and hence k, =1 but £=3 V =4,and C=1, giving S =0.
Conversely, the presence of f, >0 establishes closed-loop redundancy, which
cannot be inferred from the local degree distribution alone.

Accordingly, we use join statistics and global topology as complementary, ra-
ther than interchangeable, descriptors. The join distribution Pty
local branching complexity, whereas [, (or its persistent-homology generaliza-

measures

tion) measures global loop topology. A network may therefore be strongly branched
but acyclic, weakly branched but looped, or possess both substantial branching
and substantial cycle rank. This separation permits a cleaner comparison between
the observed cosmic web and ACDM simulations [60]: differences in join order
test the local junction structure, while differencesin f, or persistent Betti num-

bers test global topological redundancy [20] [21].

3.2.Joins and Percolations

Positioning Join analysis is meaningful only for percolating structures. Below the per-
colation threshold p, (bond/site occupation fraction = 0.2488 for 3D bond perco-
lation; [27]), the system consists of disconnected clusters (finite S ( p<p. ) <V),
~0.

We restrict analyses to the percolating matter structure ( p > p,_, giant compo-

and join counts reflect local properties rather than global topology v,
nent §~V) and do not analyze the non-percolating regime, using finite-size
scaling S(p)/V ~| p-pPI" near criticality (f~0.41, y~1.80, v=~0.88
in 3D continuum; [51] [61] [62]). Thresholding is at J, =0.2, consistent with
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void finder algorithms (e.g., ZOBOV; [63] [64]).

3.3. LCDM Predictions from Hierarchical Merging

In LCDM, structure formation proceeds through hierarchical mergers of dark-
matter halos, formalized by the conditional mass function

do (5.(2)-6.(z))
o* (m)dm | 2(c” (m) -0 (M)

[30]). As small halos (m << M ) merge into larger systems ( M ), filaments inherit

n(mM,z)=

(extended Press-Schechter;

multiple ancestral connections, yielding merger trees with progenitor distribution
P(np ) ~ Poisson (b(z)), b(z)~In(1+z) asin [65]. This generically produces
structures with many independent paths, resulting in a broad join-order spectrum

P(k)oc k™ (a=1.5-2.0,from power-law tails in branching as in [66]), includ-
ing substantial high-order joins (k =5-8, .[:OP(k)dk ~0.3;[4] [18] [67] [68]).

Simulations exhibit (k)~3-4 in percolating components, with b, (R)~ R*’
at megaparsec scales as explained in [32] [50].

This prediction is structural, following from hierarchical merging (7, >1), and
insensitive to baryonic physics (AGN feedback; [69]) or modest parameter varia-
tions (Ao < 0.15 [70]).

3.4. Observed Join Distributions

Figure 3 shows join-order distributions P (k) for the percolating matter structure

Percolating Join Distribution
600 |

Dataset
Malavasi
RealSky
NewSkyl
NewSky2
NewSky3
! 1.054D
ACDM

l \ LambdaSky2
6 7 8

Join Type

550

500

450 |

RAW COUNTS
)
S
S)

3 4 5

Figure 3. Percolating join-order distributions P(k) measured across five independent sky regions (brown), com-
pared with LCDM predictions (blue). Observed distributions are peaked at low % and fit by a D =1.054
branching process (tan). LCDM predicts high- & tails from hierarchical mergers, strongly suppressed in data.
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across five sky regions, compared to LCDM. Key features: i) uniformity across

2
regions ()(_ <1.1, p>0.05 viaKS test), indicating a stable global property ro-
v

bust to cosmic variance; ii) dominance by low-order joins (k <4,

I:P(k)dk >0.99), with k>5 rare/absent (<0.01, consistent with supercritical
branching); iii) quantitative fit to a critical Galton-Watson branching process
P(k)=(1-m)8 o +m(1-m)"" (m=1.054<2 supercritical; mean fitted via

maximum likelihood, »?/dof ~0.9), D, =log, m~1.054 (R’ >0.99, Kolmo-
gorov-Smirnov p >0.95 across skies; compare with fractal fits in LSS).

The effective dimension D, quantifies the self-similarity of the branching struc-
ture, distinguishing near-one-dimensional (tree-like) from higher-dimensional
(mesh-like) topologies. It is derived from the similarity dimension of the Galton-
Watson process [71] [72] as follows. Assume self-similarity: at each generation
g, the structure replicates m times (mean offspring), with linear scale reduced
by r=1/2 (dyadic scaling for resolution doubling in hierarchical grids). The
mass M, (e.g., branch count or node number) scales as M, =Mm®. Resolu-
tion €, =¢ (1/2)*,s0 g =log, (1/6g ) . Thus,

M(f) o mos(Ve) — (2log2 m )logz vy .

M (€e)oce ™ with D, =log, m=Inm/In2.Forastraightline (m =2 segments
at half-scale), D, =1; for plane-filling (m=4), D, =2.Thefit m=2.07
(D, =1.054 >1) indicates slight bushiness beyond 1D, consistent with low- &

—log, m

, yielding the fractal scaling

dominance and suppressed high- & tails, differing from LCDM’s o =1.8 [18].
LCDM exhibits broad P(k) with (k) > 5, reflecting merger-induced redun-
dancy (b, >1 asin [32]) (Table 1).
Consistency with Two-Point Correlation Functions and Power Spectra:
Topological results recover standard & (r) ~ (r/ 5)_7 (y=1.8)and
P(k) oc k"™ (n, 0.96;[46] [74]). Two-point statistics quantify metric clustering
but not global connectivity (distinct G with same P(deg) but different v ;[12]
[13] [75]). Discrepancies arise at the topological level (5, (R) ; as in [21]) (Table 2).

Table 1. Raw percolating join counts ( k =3 - 8 ) for observed skies, 1.054D model, and LCDM

simulations (averaged over 10 realizations).

Sky k=3 k=4 k=5 k=6 k=17 k=8 Total
Malavasi 423 283 4 0 0 0 710
RealSky 408 267 5 0 0 0 680
NewSkyl 392 251 6 0 0 0 649
NewSky2 405 270 7 1 0 0 683
NewSky3 386 262 6 1 0 0 655
1.054D 393 272 5 1 0 0 671
LCDM 380 360 550 580 390 310 2570
LambdaSky2 381 351 525 562 374 298 2491
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Table 2. y* tests of discrepancies (>250 each). Each sky rejects LCDM individually,

ruling out fluctuations [73].

Sky Reference 7 o
Malavasi LCDM 1799.78 > 250
Malavasi LambdaSky2 1738.32 > 250
RealSky LCDM 1724.21 >250
RealSky LambdaSky2 1664.70 > 250
NewSkyl LCDM 1645.58 >250
NewSkyl LambdaSky2 1587.15 >250
NewSky2 LCDM 1602.79 > 250
NewSky2 LambdaSky2 1543.12 > 250
NewSky3 LCDM 1576.20 > 250
NewsSky3 LambdaSky2 1518.24 > 250

1.054D LCDM 1662.94 >250
1.054D LambdaSky2 1603.96 >250

4. Independent Empirical Constraints

4.1. Percolation of Matter and Voids

Percolation analysis probes global connectivity via the spanning cluster fraction
S(p)/V and void fraction f, =1-S(p) [76]. In data, matter ( p > p, ) and
voids ( p <—p,, ) percolate at the same threshold p, ~0.20p (within 2% - 3%,
Ap, [ p <0.006) across all skies, implying symmetric embedding in 3D with shared
critical exponents ( f =v = 0.88 asin [28] [29] [63]). This symmetry suggests a
balanced phase transition, contrasting with Gaussian random fields where
£ < pm™r due to skewness [77]. LCDM exhibits separated o™ ~0.22p
(log p,=~0.718), p~0.15p (log p, ~—0.816) due to non-Gaussian tails in
) (x) from gravitational amplification and hierarchical clustering [60] [61] [78]
[79]. Same-threshold joint percolation is therefore not reproduced in LCDM
and constitutes an additional empirical discriminator, as noted in void studies
[80].

Joint percolation supports near-1D organization ( b, = b, , low y=1; [63])
when combined with P(k) and box-counting, implying a filament-dominated

web with minimal loops [33].

4.2. Scale-Free Symmetry between Matter and Voids

Scaling analyses reveal power-law behavior N (> R)= I: 4nr2ﬁ(r)dr o« R with

y=2.89+0.02 forbothphasesover 1<logR/Mpc<1.3 (multiple decades; Fig-
ure 4(a) & Figure 4(b); fitted via least-squares on cumulative counts,
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R* >0.995). This coincidence is highly non-trivial (Ay <0.01, p <10~ via ¢
-test) and indicates scale-free organization and symmetry between phases, with
void filling factor f, ~ R°> (D=3-y~0.11 asin [81] [82]). The exponent
y =2.89 aligns with fractal void hierarchies in galaxy catalogs, as in [83] [84].

Void Power Law Slope Across Z Bins Matter Power Law Slope Across Z Bins
-2.80 —2.80
—2.851 —2.851 %
: : f |
s & - B *
N T i I g BB
S—2901{] | I i t Ii 8290
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Figure 4. Scale-free power-law slopes y ~2.89 for matter (a) and voids (b) in the non-percolating regime, indi-

cating phase symmetry consistent with critical near-1D structure (D ~1 as in [85]).

Scaling probes the full density field; joins probe percolating connectivity. Power-
law scaling without a characteristic scale (dy/dlogR =0) hallmarks self-orga-
nized criticality; shared y =2.89 is consistent with 1D embedding in 3D
(D =3-y+e, e<x1 [71] [82]), as in generalized void models [63] [86].

4.3. Box-Counting and Temporal Convergence

log N
0eNE) (6) , where N (¢)is the number of

Box-counting estimates D, =—lim_,
occupied boxes of size ¢ in the galaxy dist% 6ution, providing a robust measure
of fractal scaling in LSS [58]. Table 3 summarizes results across z -slices span-
ning ~12 Gyr (using DESI-like binning as in [87]), showing D,; and p con-
verge gradually to 1.0 from above, parametrized as D, (z) = 1+0.02(1+z)0'1
(slow, persistent; least-squares fit R* = 0.98 ; [88]). Figures 5-7 illustrate attrac-

tor-like behavior D oc -(D —1)2 (dynamical systems analogy as in [89]), absent

Table 3. Box-counting D, and p across z-bins (0.1<z<5.0); fits via least-squares

on logN(e)=-Dloge+C over 10-12 scales [58].

z -bin Dataset D (£0) plp
0.55 Malavasi 1.01 £ 0.02 0.19
0.55 RealSky 1.02 + 0.02 0.20

LCDM 1.03 £ 0.02 0.20
4.5 Malavasi 1.06 + 0.02 0.25
4.5 LCDM 1.08 + 0.02 0.25
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Figure 5. Box-counting D,; vs. time since the Big Bang. Monotonic, gradual decrease toward 1.0D

attractor as in [88].
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Figure 6. Mean density evolution p(z), coupledto D,; convergence (poc(1+z) Dgb).

in LCDM (no self-averaging Var(é‘ (r)) —/0 asin[35] [90]). This evolution sug-
gests a transition from early fractal (D ~1.2-1.3 as shown in [91]) to late near-
1D organization, contrasting LCDM’s persistent D ~1.5-2.0 as demonstrated
by [92].

5. Synthesis: Four Independent Lines of Evidence

The Universe exhibits stable near-1.0D topology for >12 Gyr: i) P(k) fit by sub-
critical branching m =1.054 (D, =1.05 asin[15]);ii)) D, ,p —1.0" attractor
as explained in [35] [88]; iii) joint percolation at p, ~0.20p as demonstrated by

DOI: 10.4236/jhepgc.2026.124113 2268 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2026.124113

S. A. Kauffman, S. Marongwe

Density Vs Time (ACDM And LambdaSky2) D N T

251

201

1.0r

0.5}

Density vs Time (ACDM and LambdaSky2)

—— LambdaCDM Percolating

= —=- LambdaCDM Non-Percolating
SN —— LambdaSky2 Percolating

~ SN ——- LambdaSky2 Non-Percolating

2 4 6 8 10 12
Time (Gyr)

Figure 7. LCDM lacks a low-density attractor, showing persistent scale-dependent decrease p oc z%,
a~1 [92].

[63];iv) shared y =2.89 scaling (D =3-y=0.11 voids as in [85]). These con-
strain viable theories beyond LCDM, e.g., via modified gravity altering merger ker-
nels (e.g, f(R) models; [93]) or primordial non-Gaussianity suppressing loops

as explained in [94].

6. Discussion

LCDM reproduces geometric statistics (e.g., &(r) fractalat D~1.2-1.3 onsmall
scales < 100 Mpc as explained in [35] [91]), but fails topologically ( 5™ < "™ as
shown in [18]), with recent JWST data exacerbating tensions in early structure
growth [95]. Earlier topologies (e.g., 1D fractals in 3D, D, =1, D,, =3 asin
[71]; Figure 8) may resemble observations on R 2300 Mpc, where homogene-

ity emerges as observed in [96].

Figure 8. 1.0D fractal embedded in 3D space, illustrating short-scale fractality ( D <2 ) and
large-scale homogeneity (D =3 asin [71]).
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We establish empirical constraints ( P(k),5, (R), p, ) for future models, empha-
sizing topology via persistent homology as in [3] [21] and urging reconfirmation
with DESI/Euclid [87] [97].

7. Conclusion

The cosmic web exhibits persistent near-1D topology ( D,; ~1) over cosmic history.
Joins reveal LCDM failure (> 250 as in [50]); percolation, scaling, and box-count-
ing support a 1D attractor as demonstrated [88]. Reconfirmation via JWST/Euclid is

needed to assess LCDM viability amid growing tensions as pointed out in [37].

Al Collaboration Statement

AI (ChatGPT-4/5) assisted with graphics and exploration, all decisions by authors.

Data Availability

Public surveys (SDSS DR12 [43] and BOSS [39]). Simulations are cited.

Author Contributions

Conceptualization: S.A.K.; Methodology: S.A.K.; Software: S.M.; Validation: S.M.;
Formal analysis: S.M.; Investigation: S.A.K. and S.M.; Resources: S.A.K. and S.M.;
Data curation: S.A.K. and S.M.; Writing—original draft preparation: S.A.K.; Writ-
ing—review and editing: S.M.; Visualization: S.A.K.; Supervision: S.A.K.; Project
administration: S.A.K.; Funding acquisition: S.A.K. All authors have read and

agreed to the published version of the manuscript.

Conflicts of Interest

The authors declare no conflicts of interest regarding the publication of this paper.

References

[1] van de Weygaert, R. and Bond, J.R. (2008) Observations and Morphology of the Cos-
mic Web. In: Plionis, M., Hughes, D. and Lopez-Cruz, O., Eds., Lecture Notes in Phys-
ics, Springer, 409-468. https://doi.org/10.1007/978-1-4020-6941-3 11

[2] Cautun, M., van de Weygaert, R,, Jones, B.J.T. and Frenk, C.S. (2014) Evolution of the
Cosmic Web. Monthly Notices of the Royal Astronomical Society, 441, 2923-2973.
https://doi.org/10.1093/mnras/stu768

[3] Kelesis, D., Basilakos, S., Lesta, V.P., Fotakis, D. and Efstathiou, A. (2022) Detecting
and Analysing the Topology of the Cosmic Web with Spatial Clustering Algorithms
I: Methods. Monthly Notices of the Royal Astronomical Society, 516, 5110-5124.
https://doi.org/10.1093/mnras/stac2444

[4] Springel, V., White, S.D.M.,, Jenkins, A., Frenk, C.S., Yoshida, N., Gao, L., et al. (2005)
Simulations of the Formation, Evolution and Clustering of Galaxies and Quasars. Na-
ture, 435, 629-636. https://doi.org/10.1038/nature03597

[5] Planck Collaboration (2020) Planck 2018 Results. VI. Cosmological Parameters. As-
tronomy & Astrophysics, 641, A6.

[6] Zel'dovich, Y.B. (1970) Gravitational Instability: An Approximate Theory for Large

DOI: 10.4236/jhepgc.2026.124113

2270 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2026.124113
https://doi.org/10.1007/978-1-4020-6941-3_11
https://doi.org/10.1093/mnras/stu768
https://doi.org/10.1093/mnras/stac2444
https://doi.org/10.1038/nature03597

S. A. Kauffman, S. Marongwe

(7]

(8]

(9]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]

Density Perturbations. Astronomy & Astrophysics, 5, 84-89.

Bond, J.R. and Myers, S.T. (1996) The Peak-Patch Picture of Cosmic Catalogs. I. Al-
gorithms. The Astrophysical Journal Supplement Series, 103, Article 1.
https://doi.org/10.1086/192267

Zehavi, 1., Zheng, Z., Weinberg, D.H., Frieman, J.A., Berlind, A.A., Blanton, M.R., et al.
(2005) The Luminosity and Color Dependence of the Galaxy Correlation Function.
The Astrophysical Journal, 630, 1-27. https://doi.org/10.1086/431891

Hikage, C., Oguri, M., Hamana, T., More, S., Mandelbaum, R., Takada, M., et al (2019)
Cosmology from Cosmic Shear Power Spectra with Subaru Hyper Suprime-Cam First-
Year Data. Publications of the Astronomical Society of Japan, 71, Article No. 43.

https://doi.org/10.1093/pasj/psz010
Carlsson, G. (2009) Topology and Data. Bulletin of the American Mathematical Society,
46, 255-308. https://doi.org/10.1090/50273-0979-09-01249-x

Edelsbrunner, H. and Harer, J.L. (2010) Computational Topology. American Mathe-
matical Society. https://doi.org/10.1090/mbk/069

Peebles, P.J.E. (1980) The Large-Scale Structure of the Universe. Princeton University
Press.

Martinez, V.J. and Saar, E. (2002) Statistics of the Galaxy Distribution. Taylor & Fran-
cis. https://doi.org/10.1201/9781420036169

van de Weygaert, R. and Schaap, W. (2011) The Cosmic Web: Geometric Analysis.
In: Papan-tonopoulos, L., Ed., The Invisible Universe. Dark Matter and Dark Energy,
Springer, 61.

Sousbie, T. (2011) The Persistent Cosmic Web and Its Filamentary Structure—I. The-
ory and Implementation. Monthly Notices of the Royal Astronomical Society, 414,
350-383. https://doi.org/10.1111/§.1365-2966.2011.18394.x

Stillwell, J. (1993) Classical Topology and Combinatorial Group Theory. 2nd Edition,
Springer.

Aragoén-Calvo, M.A., Van De Weygaert, R. and Jones, B.J.T. (2010) Multiscale Phe-
nomenology of the Cosmic Web. Monthly Notices of the Royal Astronomical Society,
408, 2163-2187. https://doi.org/10.1111/j.1365-2966.2010.17263.x

Codis, S., Jindal, A., Chisari, N.E., Vibert, D., Dubois, Y., Pichon, C., et al. (2018)
Galaxy Orientation with the Cosmic Web across Cosmic Time. Monthly Notices of
the Royal Astronomical Society, 481, 4753-4774.
https://doi.org/10.1093/mnras/sty2567

Coles, P. and Lucchin, F. (2002) Cosmology: The Origin and Evolution of Cosmic
Structure. 2nd Edition, Wiley.

Wilding, G., Nevenzeel, K., van de Weygaert, R., Vegter, G., Pranav, P. and Jones,
B.J.T. (2014) Persistent Homology of the Cosmic Web—1I. Hierarchical Topology in
ACDM Cosmologies. Monthly Notices of the Royal Astronomical Society, 507, 2968-
2990. https://doi.org/10.1093/mnras/stab2326

Pranav, P., Edelsbrunner, H., van de Weygaert, R., Vegter, G., Kerber, M., Jones,
B.J.T., et al. (2017) The Topology of the Cosmic Web in Terms of Persistent Betti
Numbers. Monthly Notices of the Royal Astronomical Society, 465, 4281-4310.
https://doi.org/10.1093/mnras/stw2862

Gott III, J.R., Dickinson, M. and Melott, A.L. (1986) The Sponge-Like Topology of
Large-Scale Structure in the Universe. The Astrophysical Journal, 306, 341-357.
https://doi.org/10.1086/164347

Matsubara, T. (2003) Statistics of Smoothed Cosmic Fields in Perturbation Theory. I.

DOI: 10.4236/jhepgc.2026.124113

2271 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2026.124113
https://doi.org/10.1086/192267
https://doi.org/10.1086/431891
https://doi.org/10.1093/pasj/psz010
https://doi.org/10.1090/s0273-0979-09-01249-x
https://doi.org/10.1090/mbk/069
https://doi.org/10.1201/9781420036169
https://doi.org/10.1111/j.1365-2966.2011.18394.x
https://doi.org/10.1111/j.1365-2966.2010.17263.x
https://doi.org/10.1093/mnras/sty2567
https://doi.org/10.1093/mnras/stab2326
https://doi.org/10.1093/mnras/stw2862
https://doi.org/10.1086/164347

S. A. Kauffman, S. Marongwe

(24]

(25]

[26]

(27]

(28]

(29]

(30]

(31]

(32]

(33]

(34]

(35]

(36]

(37]

(38]

(39]

Formulation and Useful Formulae in Second-Order Perturbation Theory. The Astro-
physical Journal, 584, 1-33. https://doi.org/10.1086/345521

Mecke, K.R., Buchert, T. and Wagner, H. (1994) Robust Morphological Measures for
Large-Scale Structure in the Universe. Astronomy & Astrophysics, 288, 697-704.
Schmalzing, J. and Buchert, T. (1997) Beyond Genus Statistics: A Unifying Approach
to the Morphology of Cosmic Structure. The Astrophysical Journal, 482, L1-L4.
https://doi.org/10.1086/310680

Stauffer, D. and Aharony, A. (1992) Introduction to Percolation Theory. 2nd Edition,
Taylor & Francis.

Grassberger, P. (1993) High-Precision Simulations of the Parity-Conserving Di-
rected-Percolation Universality Class in 1 + 1 Dimensions. Physical Review, 114, Ar-
ticle 014150.

Sheth, J.V., Sahni, V., Shandarin, S.F. and Sathyaprakash, B.S. (2003) Measuring the
Geometry and Topology of Large-Scale Structure Using SURFGEN: Methodology and
Preliminary Results. Monthly Notices of the Royal Astronomical Society, 343, 22-46.
https://doi.org/10.1046/j.1365-8711.2003.06642.x

Yess, C. and Shandarin, S.F. (1996) Universality of the Network and Bubble Topology
in Cosmological Gravitational Simulations. The Astrophysical Journal, 465, Article
2. https://doi.org/10.1086/177397

Bond, J.R., Cole, S., Efstathiou, G. and Kaiser, N. (1991) Excursion Set Mass Functions
for Hierarchical Gaussian Fluctuations. The Astrophysical Journal, 379, Article 440.
https://doi.org/10.1086/170520

Neistein, E. and Dekel, A. (2008) Constructing Merger Trees That Mimic N-Body
Simulations. Monthly Notices of the Royal Astronomical Society, 383, 615-626.
https://doi.org/10.1111/j.1365-2966.2007.12570.x

Laigle, C., Pichon, C., Arnouts, S., McCracken, H.J., Dubois, Y., Devriendt, J., et al
(2018) COSMOS2015 Photometric Redshifts Probe the Impact of Filaments on Gal-
axy Properties. Monthly Notices of the Royal Astronomical Society, 474, 5437-5458.
https://doi.org/10.1093/mnras/stx3055

Libeskind, N.L, van de Weygaert, R., Cautun, M., Falck, B., Tempel, E., Abel, T., et al
(2018) Tracing the Cosmic Web. Monthly Notices of the Royal Astronomical Society,
473, 1195-1217. https://doi.org/10.1093/mnras/stx1976

Cautun, M., van de Weygaert, R. and Jones, B.J.T. (2012) NEXUS: Tracing the Cos-
mic Web Connection. Monthly Notices of the Royal Astronomical Society; 429, 1286-
1308. https://doi.org/10.1093/mnras/sts416

Sylos Labini, F., Montuori, M. and Pietronero, L. (2009) Scale-Invariance of Galaxy
Clustering. Physics Reports, 293, 61-226.
https://doi.org/10.1016/S0370-1573(97)00044-6

Gaite, J. (2019) The Fractal Geometry of the Cosmic Web and Its Formation. Advances
in Astronomy, 2019, 1-25. https://doi.org/10.1155/2019/6587138

Di Valentino, E., Mena, O., Pan, S., Visinellj, L., Yang, W., Melchiorri, A., et al (2021)
In the Realm of the Hubble Tension—A Review of Solutions. Classical and Quantum

Gravity, 38, Article 153001. https://doi.org/10.1088/1361-6382/ac086d

Abazajian, K.N., Adelman-McCarthy, J.K., Agiieros, M.A., Allam, S.S., Allende Prieto,
C., An, D,, et al (2009) The Seventh Data Release of the Sloan Digital Sky Survey. As-
trophysical Journal Supplement Series, 182, 543-558.

Dawson, K.S., Schlegel, D.J., Ahn, C.P., Anderson, S.F., Aubourg, E, Bailey, S., et al
(2013) The Baryon Oscillation Spectroscopic Survey of SDSS-II1. Astronomical Jour-

DOI: 10.4236/jhepgc.2026.124113

2272 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2026.124113
https://doi.org/10.1086/345521
https://doi.org/10.1086/310680
https://doi.org/10.1046/j.1365-8711.2003.06642.x
https://doi.org/10.1086/177397
https://doi.org/10.1086/170520
https://doi.org/10.1111/j.1365-2966.2007.12570.x
https://doi.org/10.1093/mnras/stx3055
https://doi.org/10.1093/mnras/stx1976
https://doi.org/10.1093/mnras/sts416
https://doi.org/10.1016/S0370-1573(97)00044-6
https://doi.org/10.1155/2019/6587138
https://doi.org/10.1088/1361-6382/ac086d

S. A. Kauffman, S. Marongwe

(40]

(41]

[42]

(43]

[44]

(45]

(46]

(47]

(48]

[49]

(50]

(51]

(52]

nal, 145, Article ID: 10.

Abolfathi, B,. Aguado, D.S., Aguilar, G., Allende Prieto, C., Almeida, A., Ananna,
T.T., et al. (2018) The Fourteenth Data Release of the Sloan Digital Sky Survey: First
Spectroscopic Data from the Extended Baryon Oscillation Spectroscopic Survey and
from the Second Phase of the Apache Point Observatory Galactic Evolution Experi-
ment. Astrophysical Journal Supplement Series, 235, Article ID: 42.

Alam, S., Albareti, F.D., Allende Prieto, C., Anders, F., Anderson, S.F., Anderton, T,
et al. (2015) The Eleventh and Twelfth Data Releases of the Sloan Digital Sky Survey:
Final Data from SDSS-1II. Astrophysical Journal Supplement Series, 219, Article 12.

Zhao, G.-B., Saito, S., Percival, W.]., Ross, A.]., Montesano, F., Viel, M., et al. (2012)
The Clustering of Galaxies in the SDSS-III Baryon Oscillation Spectroscopic Survey:
Weighting and the Selection of the CMASS Sample. Monthly Notices of the Royal
Astronomical Society, 436, 2038-2053.

Beutler, F., Seo, H., Saito, S., Chuang, C., Cuesta, A.]., Eisenstein, D.]., et al (2017)
The Clustering of Galaxies in the Completed SDSS-III Baryon Oscillation Spectro-
scopic Survey: Anisotropic Galaxy Clustering in Fourier Space. Monthly Notices of
the Royal Astronomical Society, 466, 2242-2260.
https://doi.org/10.1093/mnras/stw3298

Kaiser, N. (1987) Clustering in Real Space and in Redshift Space. Monthly Notices of
the Royal Astronomical Society, 227, 1-21. https://doi.org/10.1093/mnras/227.1.1

Hockney, R. and Eastwood, J. (1988) Computer Simulation Using Particles. Taylor &
Francis. https://doi.org/10.1201/9781439822050

Sanchez, C., Montesano, F., Kazin, E.A., et al. (2014) The Clustering of Galaxies in
the SDSS-III Baryon Oscillation Spectroscopic Survey: Cosmological Implications of
the Full Shape of the Clustering Wedges. Monthly Notices of the Royal Astronomical
Society, 444, 2692-2713.

Ghigna, S., Moore, B., Governato, F., Lake, G., Quinn, T. and Stadel, J. (1998) Dark
Matter Haloes within Clusters. Monthly Notices of the Royal Astronomical Society,
300, 146-162. https://doi.org/10.1046/j.1365-8711.1998.01918.x

Malavasi, N., Arnouts, S., Vibert, D., de la Torre, S., Moutard, T., Pichon, C., et al.
(2017) The VIMOS Public Extragalactic Redshift Survey (VIPERS): Galaxy Segrega-
tion Inside Filaments at Z= 0.7. Monthly Notices of the Royal Astronomical Society,
465, 3817-3822. https://doi.org/10.1093/mnras/stw2864

Newman, M.E.J. and Ziff, R.M. (2001) Fast Monte Carlo Algorithm for Site or Bond
Percolation. Physical Review E, 64, Article 016706.
https://doi.org/10.1103/physreve.64.016706

Pakmor, R., Springel, V. and Hernquist, L. (2023) The MillenniumTNG Project: The
Hydrodynamical Full Physics Simulation and a First Look at Its Galaxy Clusters.
Monthly Notices of the Royal Astronomical Society, 524, 2539-2555.
https://doi.org/10.1093/mnras/stac3620

Nelson, D., Pillepich, A., Springel, V., Weinberger, R., Hernquist, L., Pakmor, R., et al
(2018) First Results from the HlustrisTNG Simulations: The Galaxy Colour Bimodal-
ity. Monthly Notices of the Royal Astronomical Society, 475, 624-647.
https://doi.org/10.1093/mnras/stx3040

Croton, D.J., Springel, V., White, S.D.M., De Lucia, G., Frenk, C.S., Gao, L., et al. (2006)
The Many Lives of Active Galactic Nuclei: Cooling Flows, Black Holes and the Lumi-
nosities and Colours of Galaxies. Monthly Notices of the Royal Astronomical Society,
365, 11-28. https://doi.org/10.1111/j.1365-2966.2005.09675.x

DOI: 10.4236/jhepgc.2026.124113

2273 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2026.124113
https://doi.org/10.1093/mnras/stw3298
https://doi.org/10.1093/mnras/227.1.1
https://doi.org/10.1201/9781439822050
https://doi.org/10.1046/j.1365-8711.1998.01918.x
https://doi.org/10.1093/mnras/stw2864
https://doi.org/10.1103/physreve.64.016706
https://doi.org/10.1093/mnras/stac3620
https://doi.org/10.1093/mnras/stx3040
https://doi.org/10.1111/j.1365-2966.2005.09675.x

S. A. Kauffman, S. Marongwe

(53]

(54]

(55]

(56]

(571

(58]

(59]

(60]

(61]

(62]

(63]

(64]
(65]

[66]

(67]

(68]

[69]

Hoshen, J. and Kopelman, R. (1976) Percolation and Cluster Distribution. I. Cluster
Multiple Labeling Technique and Critical Concentration Algorithm. Physical Review
B, 14, 3438-3445. https://doi.org/10.1103/physrevb.14.3438

Vogelsberger, M., Genel, S., Springel, V., Torrey, P., Sijacki, D., Xu, D., et al (2014)
Introducing the Ilustris Project: Simulating the Coevolution of Dark and Visible Matter
in the Universe. Monthly Notices of the Royal Astronomical Society, 444, 1518-1547.
https://doi.org/10.1093/mnras/stul536

Press, W.H., Teukolsky, S.A., Vetterling, W.T. and Flannery, B.P. (2007) Numerical
Recipes: The Art of Scientific Computing. 3rd Edition, Cambridge University Press.

Blanton, M.R., Hogg, D.W., Bahcall, N.A., Brinkmann, J., Britton, M., Connolly, A.J.,
et al. (2003) The Galaxy Luminosity Function and Luminosity Density at Redshift 2
= 0.1. The Astrophysical Journal, 592, 819-838. https://doi.org/10.1086/375776

Guo, H., Zehavi, I., Zheng, Z., Weinberg, D.H., Berlind, A.A., Blanton, M., et al
(2012) The Clustering of Galaxies in the SDSS-III Baryon Oscillation Spectroscopic
Survey: Luminosity and Color Dependence and Redshift Evolution. The Astrophysi-
cal Journal, 767, Article 122. https://doi.org/10.1088/0004-637X/767/2/122

Efron, B. and Tibshirani, R.J. (1993) An Introduction to the Bootstrap. Chapman &
Hall.

Forman, R. (1998) Morse Theory for Cell Complexes. Advances in Mathematics, 134,
90-145. https://doi.org/10.1006/aima.1997.1650

Springel, V., Frenk, C.S. and White, S.D.M. (2006) The Large-Scale Structure of the
Universe. Nature, 440, 1137-1144. https://doi.org/10.1038/nature04805

Diaconis, P.W. and Holmes, S.P. (1998) Matchings and Phylogenetic Trees. Proceed-
ings of the National Academy of Sciences of the United States of America, 60, 14600-
14602.

Ahad, S.L., Bahé, Y.M., Hoekstra, H., van der Burg, R.F.J. and Muzzin, A. (2021) The
Stellar Mass Function and Evolution of the Density Profile of Galaxy Clusters from
the Hydrangea Simulations at 0 < Z< 1.5. Monthly Notices of the Royal Astronomical
Society, 504, 1999-2013. https://doi.org/10.1093/mnras/stab1036

Borgani, S., Murante, G., Provenzale, A. and Valdarnini, R. (1993) Multifractal Anal-
ysis of the Galaxy Distribution: Reliability of Results from Finite Data Sets. Physical
Review E, 47, 3879-3888. https://doi.org/10.1103/physreve.47.3879

Ghrist, R. (2008) Elementary Applied Topology. CreateSpace.

Bak, P., Tang, C. and Wiesenfeld, K. (1987) Self-Organized Criticality: An Explana-
tion of the 1/FNoise. Physical Review Letters, 59, 381-384.
https://doi.org/10.1103/physrevlett.59.381

Sheth, R.K. and van de Weygaert, R. (2004) A Hierarchy of Voids: Much Ado about
Nothing. Monthly Notices of the Royal Astronomical Society, 350, 517-538.
https://doi.org/10.1111/j.1365-2966.2004.07661.x

Neyrinck, M.C. (2008) ZOBOV: A Parameter-Free Void-Finding Algorithm. Monthly
Notices of the Royal Astronomical Society, 386, 2101-2109.
https://doi.org/10.1111/j.1365-2966.2008.13180.x

Moreno, J., Giocoli, C. and Sheth, R.K. (2008) Merger History Trees of Dark Matter
Haloes in Moving Barrier Models. Monthly Notices of the Royal Astronomical Soci-
ety, 391, 1729-1740. https://doi.org/10.1111/j.1365-2966.2008.13766.x

Shandarin, S.F. and Zeldovich, Y.B. (1983) The Large-Scale Structure of the Universe:
Turbulence, Intermittency, Structures in a Self-Gravitating Medium. Reviews of Mod-

ern Physics, 61, 185-220. https://doi.org/10.1103/revmodphys.61.185

DOI: 10.4236/jhepgc.2026.124113

2274 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2026.124113
https://doi.org/10.1103/physrevb.14.3438
https://doi.org/10.1093/mnras/stu1536
https://doi.org/10.1086/375776
https://doi.org/10.1088/0004-637X/767/2/122
https://doi.org/10.1006/aima.1997.1650
https://doi.org/10.1038/nature04805
https://doi.org/10.1093/mnras/stab1036
https://doi.org/10.1103/physreve.47.3879
https://doi.org/10.1103/physrevlett.59.381
https://doi.org/10.1111/j.1365-2966.2004.07661.x
https://doi.org/10.1111/j.1365-2966.2008.13180.x
https://doi.org/10.1111/j.1365-2966.2008.13766.x
https://doi.org/10.1103/revmodphys.61.185

S. A. Kauffman, S. Marongwe

(70]

(71]

(72]
(73]

(74]
(75]

[76]

(77]
(78]

(79]

(80]

(81]

(82]

(83]

(84]

(85]

(86]

(87]

(88]

Klypin, A.A. and Shandarin, S.F. (1993) Three-Dimensional Numerical Model of the
Formation of Large-Scale Structure in the Universe. Monthly Notices of the Royal
Astronomical Society, 204, 891-907. https://doi.org/10.1093/mnras/204.3.891

Booth, C.M. and Schaye, J. (2009) Cosmological Simulations of the Growth of Super-
massive Black Holes and Feedback from Active Galactic Nuclei: Method and Tests.
Monthly Notices of the Royal Astronomical Society, 398, 53-74.
https://doi.org/10.1111/j.1365-2966.2009.15043.x

Schneider, P., Ehlers, J. and Falco, E.E. (2014) Gravitational Lenses. Springer.
Mandelbrot, B.B. (2021) The Fractal Geometry of Nature. Echo Point Books & Media,
LLC.

Feder, J. (1988) Fractals. Plenum Press.

Newman, M.E.J. and Barkema, G.T. (1999) Monte Carlo Methods in Statistical Phys-
ics. Clarendon Press.

Alam, S., Ata, M., Bailey, S., et al. (2017) The Clustering of Galaxies in the Completed
SDSS-III Baryon Oscillation Spectroscopic Survey: Cosmological Analysis of the DR12
Galaxy Sample. Monthly Notices of the Royal Astronomical Society, 470, 2617-2652.

Adler, RJ. (1981) The Geometry of Random Fields. Wiley.

Sahimi, M. (2009) Percolation, Introduction to. In: Meyers, R., Ed., Encyclopedia of
Complexity and Systems Science, Springer, 6518-6521.
https://doi.org/10.1007/978-0-387-30440-3 385

Bernardeau, F., Colombi, S., Gaztafiaga, E. and Scoccimarro, R. (2002) Large-Scale
Structure of the Universe and Cosmological Perturbation Theory. Physics Reports,

367, 1-248. https://doi.org/10.1016/s0370-1573(02)00135-7

Aragon-Calvo, M.A. and Szalay, A.S. (2013) The Hierarchical Structure and Dynam-
ics of Voids. Monthly Notices of the Royal Astronomical Society, 428, 3409-3424.
https://doi.org/10.1093/mnras/sts281

Einasto, J., Suhhonenko, I., Liivamdgi, L.J. and Einasto, M. (2018) Extended Percola-
tion Analysis of the Cosmic Web. Astronomy & Astrophysics, 616, A141.
https://doi.org/10.1051/0004-6361/201833011

Hamaus, N., Wandelt, B.D., Sutter, P.M., Lavaux, G. and Warren, M.S. (2014) Cos-
mology with Void-Galaxy Correlations. Physical Review Letters, 112, Article 041304.
https://doi.org/10.1103/physrevlett.112.041304

Coleman, P.H. (1989) The Fractal Nature of the Galaxy Distribution. In: Pietro-nero,
L., Ed., Fractals Physical Origin and Properties, Springer, 349-363.
https://doi.org/10.1007/978-1-4899-3499-4 22

van de Weygaert, R. and Sheth, R. (2004) Void Hierarchy and Cosmic Structure. In:
Plionis, M., Ed., Multiwavelength Cosmology, Springer, 223-226.
https://doi.org/10.1007/0-306-48570-2 47

Coleman, P.H. and Pietronero, L. (1992) The Fractal Structure of the Universe. Phys-
ics Reports, 213, 311-389. https://doi.org/10.1016/0370-1573(92)90112-d

Peebles, P.J.E. (1989) The Fractal Galaxy Distribution. Physica D: Nonlinear Phenom-
ena, 38, 273-278. https://doi.org/10.1016/0167-2789(89)90205-4

Gaite, J. (2020) Scale Symmetry in the Universe. Symmetry, 12, Article 597.
https://doi.org/10.3390/sym12040597

Falck, B. and Neyrinck, M.C. (2015) The Persistent Percolation of Single-Stream Voids.
Monthly Notices of the Royal Astronomical Society, 450, 3239-3253.

https://doi.org/10.1093/mnras/stv879

DOI: 10.4236/jhepgc.2026.124113

2275 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2026.124113
https://doi.org/10.1093/mnras/204.3.891
https://doi.org/10.1111/j.1365-2966.2009.15043.x
https://doi.org/10.1007/978-0-387-30440-3_385
https://doi.org/10.1016/s0370-1573(02)00135-7
https://doi.org/10.1093/mnras/sts281
https://doi.org/10.1051/0004-6361/201833011
https://doi.org/10.1103/physrevlett.112.041304
https://doi.org/10.1007/978-1-4899-3499-4_22
https://doi.org/10.1007/0-306-48570-2_47
https://doi.org/10.1016/0370-1573(92)90112-d
https://doi.org/10.1016/0167-2789(89)90205-4
https://doi.org/10.3390/sym12040597
https://doi.org/10.1093/mnras/stv879

S. A. Kauffman, S. Marongwe

(89]

[90]

[91]
[92]

(93]

[94]

(95]

[96]
(97]

(98]

[99]

[100]

[101]

Adame, A.G., Aguilar, J., Ahlen, S., Alam, S., et al (2025) DESI 2024 VI: Cosmological
Constraints from the Measurements of Baryon Acoustic Oscillations. Journal of Cos-
mology and Astroparticle Physics, 2025, 1-69.

Calura, F., Matteucci, F. and Menci, N. (2004) Cosmic Star Formation: Constraints
on the Galaxy Formation Models. Monthly Notices of the Royal Astronomical Soci-
ety, 353, 500-510. https://doi.org/10.1111/j.1365-2966.2004.08084.x

Strogatz, S.H. (2015) Nonlinear Dynamics and Chaos. Westview Press.

Einasto, J., Hitsi, G. and Einasto, M. (2021) Correlation Functions in 2D and 3D as
Descriptors of the Cosmic Web. Astronomy & Astrophysics, 652, A152.
https://doi.org/10.1051/0004-6361/202038106

Pietronero, L. (1987) The Fractal Structure of the Universe: Correlations of Galaxies
and Clusters and the Average Mass Density. Physica A: Statistical Mechanics and its
Applications, 144, 257-284. https://doi.org/10.1016/0378-4371(87)90191-9

Yadav, ].K,, Bagla, J.S. and Khandai, N. (2010) Fractal Dimension as a Measure of the
Scale of Homogeneity. Monthly Notices of the Royal Astronomical Society, 405, 2009-
2015. https://doi.org/10.1111/j.1365-2966.2010.16612.x

Clifton, T., Ferreira, P.G., Padilla, A. and Skordis, C. (2012) Modified Gravity and Cos-
mology. Physics Reports, 513, 1-189. https://doi.org/10.1016/j.physrep.2012.01.001

Celoria, M. and Matarrese, S. (2017) Primordial Non-Gaussianity. arXiv:1812.08197.

Boylan-Kolchin, M. (2023) Stress Testing ACDM with High-Redshift Galaxy Candi-
dates. Nature Astronomy, 7, 731-735. https://doi.org/10.1038/s41550-023-01937-7

Cole, S., Percival, W.]., Peacock, J.A., Norberg, P., Baugh, C.M., Frenk, C.S., et al
(2010) The 2dF Galaxy Redshift Survey: Power-Spectrum Analysis of the Final Data
Set and Cosmological Implications. Monthly Notices of the Royal Astronomical So-
ciety, 362, 505-534. https://doi.org/10.1111/j.1365-2966.2005.09318.x

Scrimgeour, M., Davis, T., Blake, C., James, ].B., Poole, G.B., Staveley-Smith, L., et al.
(2013) The WiggleZ Dark Energy Survey: The Transition to Large-Scale Cosmic Ho-
mogeneity. Monthly Notices of the Royal Astronomical Society, 425, 116-134.
https://doi.org/10.1111/j.1365-2966.2012.21402.x

Acevedo Barroso, J.A., O’'Riordan, C.M., Clément, B., Tortora, C., Collett, T.E., Cour-
bin, F., et al. (2024) Euclid: Early Release Observations Lens Search Experiment. As-
tronomy & Astrophysics, 697, 16 p.

Nuza, S.E., Kitaura, F., Hess, S., Libeskind, N.I. and Muller, V. (2014) The Cosmic Web
of the Local Universe: Cosmic Variance, Matter Content and Its Relation to Galaxy
Morphology. Monthly Notices of the Royal Astronomical Society, 445, 988-1001.
https://doi.org/10.1093/mnras/stul746

DOI: 10.4236/jhepgc.2026.124113

2276 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2026.124113
https://doi.org/10.1111/j.1365-2966.2004.08084.x
https://doi.org/10.1051/0004-6361/202038106
https://doi.org/10.1016/0378-4371(87)90191-9
https://doi.org/10.1111/j.1365-2966.2010.16612.x
https://doi.org/10.1016/j.physrep.2012.01.001
https://doi.org/10.1038/s41550-023-01937-7
https://doi.org/10.1111/j.1365-2966.2005.09318.x
https://doi.org/10.1111/j.1365-2966.2012.21402.x
https://doi.org/10.1093/mnras/stu1746

S. A. Kauffman, S. Marongwe

Supplementary Material

Note A: Filament Skeleton Extraction and Parameter Robustness

To extract filamentary skeletons from the galaxy distributions, we employ the Dis-
crete Persistent Structures Extractor (DisPerSE; [15]), following the methodology
of Malavasi et al [48] for consistency with prior topological analyses of the cos-
mic web. This algorithm identifies persistent topological features in the density
field by computing the discrete Morse-Smale complex [11] [98], yielding a graph
G =(V,E) wherevertices V' represent critical points (e.g., maxima, saddles) and
edges E trace ridge-like filaments connecting them. Four key parameters gov-
ern the extraction:
o Persistence Threshold (PT): Set to 30 significance, where o is the noise
level in the smoothed density field &, (x). This filters features with persis-

tence A= |5 (x. ) -0 (xs )| > 30, ensuring robustness against shot noise [59].
¢ Smoothing Length ( o ): Gaussian kernel width o =2 Mpc-A', as

w (|x|) = (27562 )73/2 exp (—|x|2 /20'2 ) , balancing resolution of sub-Mpc struc-

tures with suppression of Poisson fluctuations (variance Var(8)~1/aV,, as
in [49]).

¢ Minimum Segment Length (MSL): 3 Mpc-A!, pruning short spurious edges
below this threshold to focus on megaparsec-scale filaments (compare with ridge
extraction in Sousbie et al [15]).

¢ Linking Length (LL): 1.5 Mpc-4', the maximum geodesic distance for connect-
ing critical points, analogous to a friends-of-friends parameter in halo finding
[4].

These values match those in Malavasi et al. [48] for direct comparability. To
test robustness, we varied each parameter by £25% (e.g., o € [1.5, 2.5] Mpc-h
PT €[2.250,3.750]) and recomputed join distributions P(k) and percolation
thresholds p, . Results show invariance: <k> varies by <5%, and y° discrepan-
cies with LCDM remain > 200 (bootstrap resampling over 100 trials as shown by
Newman & Barkema [73]). This confirms that statistical features are insensitive
to moderate parameter choices, aligning with convergence tests in cosmic skele-

ton analyses [17].

Note B: Construction of RealSky Datasets from SDSS

The RealSky datasets (RealSky and RealSky2) are constructed from spectroscopic
galaxy samples in the Sloan Digital Sky Survey (SDSS; [38] [43]). RealSky utilizes
the Data Release 7 (DR7) North Galactic Cap main sample at z < 0.25, with lu-
minosity cuts M, <-20.5 (monopole) to ensure volume-limited completeness
[99]. RealSky2 draws from DR12 BOSS LOWZ+CMASS regions at 0.15 < z< 0.7,
incorporating color and magnitude selections: LOWZ (7 <19.6, 0.15 < z< 0.4)
and CMASS (17.5<1<19.9, 0.4 < < 0.7) for balanced redshift coverage [39] [42].

Preprocessing includes fiber collision corrections via nearest-neighbor upweighting

w; =1+6,; (where &, accounts for angular separations < 55" [100] and redshift-
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space distortion mitigation using the linear Kaiser model S =f/b~0.4 [44]
[45]). These diverse SDSS-based datasets test the robustness of filament skeletons
and join counts P(k) against survey footprint (angular completeness > 80%),
depth (effective volume V., ~10” Mpc’).

Note C: Fractal Dimension Estimation via 3D Box-Counting

The effective fractal dimension D, is estimated using 3D box-counting on voxels
classified as percolating or non-percolating structures, following standard mul-
tifractal analysis in large-scale structure [58]. For each structure, we overlay iso-
tropic cubic boxes of varying sizes ¢ €[0.5,20] Mpc-/" (log-spaced, 10 - 12 sizes
spanning > 1 decade) and count occupied boxes N (t:’) , Where occupancy re-
quires =1 galaxy or density excess 0 >0. The dimension is extracted from the

power-law fit:

log N (€)=—-D loge+C,

via least-squares regression, requiring R”> >0.98 for scaling validity as demon-
strated in [13]. Error bars on D,; are computed via bootstrap resampling: for
each structure, draw 100 random 80% voxel subsamples with replacement, refit
the slope for each, and take the +lo spread as uncertainty [101]. This yields
o, =0.02 per bin, capturing cosmic variance and finite-size effects (scaling re-
gime L/e>10 as in [27]). For percolating components, D, converges to

=1.01 atlow z, consistent with filament dominance [88] [91].

Note D: Mean Density and Standard Deviation Estimation

Mean density o and standard deviation o, are estimated by voxelizing the
3D galaxy distribution into cubic voxels of side (2 Mpc-A™")?, matching the skele-
ton smoothing scale for consistency [49]. Voxels are classified as belonging to the
percolating skeleton (giant component S > 0.5V") or non-percolating (isolated)
structures using the Hoshen-Kopelman algorithm with 26-connectivity [55]. For
each class separately, galaxy counts per voxel n, are tallied, and statistics com-

puted as:

1 1 2
P=FVZVI"V/VW% =\/ﬁ2("v/Vv -p)

where N, ~250,000 - 300,000 for percolating (stable &, /p <10% ) and ~30,000
- 50,000 for non-percolating structures (ensuring Poisson stability; A =nV, >1
see[42]). This approach enables direct comparison across observed and simulated

datasets, revealing coupled evolution p(z) o (1 + 2)3 Dy asin [41].

€

Note E: Fair Comparison of Join Distributions with ACDM
Simulations

To ensure a rigorous comparison between observed skies and ACDM N -body
simulations with respect to join distributions P(k), we analyzed both the real
galaxy distribution as in [50] and ACDM simulations using the identical filament-
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identification method as in [15], with matched number densities 7 ~ 107> Mpc™
and redshift bins 0.1 < z< 0.5. Skeletons were generated for the ACDM “sky” using
the same procedure as [50], defining filament joins identically as intersections of
three or more branches (k =deg(v)—2>1) (see [15]). Our ACDM analysis in-
corporated multiple large-volume N -body simulations, including Millenni-
umTNG [52] (V' =500’ Mpc®, N, =4320°) and lustrisTNG (as in [53] hydro-
dynamical runs TNG300), averaging over 10 realizations to suppress cosmic var-
iance (o, <3% [41]).

Join counts were extracted for each statistically independent sky region and com-

pared directly to corresponding ACDM realizations using the x> statistic:

2 (Ok ~E, )2
X = ; 5
where O, and E, are observed and expected counts for join order & [57].
The extremely high 7* >1700 corresponds to a ~ 250 rejection of the null
hypothesis that ACDM reproduces the observed cosmic web join structure [73].
This strong discrepancy indicates that ACDM fails to account for the real Uni-
verse’s topological filament connectivity at extremely high statistical significance,
persisting across parameter variations (Ao, <0.1 [70] and feedback prescrip-
tions [69]).
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