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Abstract 
With approaching quantum/noncommutative models for the deep micro-
scopic spacetime in mind, and inspired by our recent picture of the (projec-
tive) Hilbert space as the model of physical space behind basic quantum me-
chanics, we reformulate here the WWGM formalism starting from the ca-
nonical coherent states and taking wavefunctions as expansion coefficients in 
terms of this basis. This provides us with a transparent and coherent story of 
simple quantum dynamics where both the wavefunctions for the pure states 
and operators acting on them arise from the single space/algebra, which ex-
actly includes the WWGM observable algebra. Altogether, putting the em-
phasis on building our theory out of the underlying relativity symmetry—the 
centrally extended Galilean symmetry in the case at hand—allows one to na-
turally derive both a kinematical and a dynamical description of a quantum 
particle, which moreover recovers the corresponding classical picture (un-
derstood in terms of the Koopman-von Neumann formalism) in the appro-
priate (relativity symmetry contraction) limit. Our formulation here is the 
most natural framework directly connecting all of the relevant mathematical 
notions and we hope it may help a general physicist better visualize and ap-
preciate the noncommutative-geometric perspective behind quantum physics. 
It also helps to inspire and illustrate our perspective on looking at quantum 
mechanics and quantum physics in general in direct connection to the notion 
of quantum (deformed) relativity symmetries and the corresponding quan-
tum/noncommutative models of spacetime as various levels of approxima-
tions all the way down to the Newtonian. 
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1. Introduction to the Quantum Relativity Perspective 

Some years before the turn of the century, the idea that physical spacetime 
should be modeled, at least at the deep microscopic scale, by some form of non-
commutative geometry [1] started to get more and more appreciation from phy-
sicists. A major part of it has to do with considerations about the compatibility 
of the basic notion is quantum mechanics and a theory of geometrodynamics 
like Einstein general relativity [2]. Noncommutative geometry being obtainable 
from string theory [3] also helps to promote the idea. The development of non-
commutative geometry in mathematics has been driven however in quite a part 
by the study of operator algebras as motivated by the observable algebra of 
quantum mechanics. Quantum mechanics is about noncommutative geometry 
though the observable algebra is usually taken as related only to the quantum 
phase space. The Newtonian space is still assumed to be the right model for the 
physical space. Yet, the position observable which should be like coordinates in 
the space is given by elements of the noncommutative observable algebra. In a 
theory of particle dynamics, the only truly physical notion about the space is re-
ally the totally of all possible positions for a free particle. The Newtonian space is 
the configuration space for a Newtonian free particle, and the phase space is like 
a sum of two copies, as the momentum space is isomorphic to the configuration 
space. In fact, one can start from the relativity symmetry group, the Galilean G(3) 
group in the case, and obtain the spaces from a representation of the latter, de-
riving the dynamics as symmetry flows generated by the Hamiltonian as the 
energy observable. For quantum mechanics, there is no notion of configuration 
space and the phase space can only be obtained from the so-called projective re-
presentation of G(3), which really means a unitary representation of a bigger 
group, the U(1) central extension ( )3G� . Our key perspective is that the latter 
should be taken as the relativity symmetry behind quantum mechanics and the 
phase space taken as the quantum model for the physical space. In Ref. [4], we 
have given a brief report on the key result that the perspective not only put the 
related notions of quantum mechanics on the same footing as those for Newto-
nian mechanics, one can also retrieve the Newtonian ones, including the Newto-
nian space, as classical limits of the quantum notions. The current paper presents 
the full picture of the dynamics. The nonexistence of any useful notion of the 
quantum configuration space, or momentum space, here is simply a direct pa-
rallel of the nonexistence of independent notion of space and time in the Eins-
tein theory. The quantum phase space as the quantum physical space only splits 
into the configuration and momentum space at the Newtonian limit. 

Our background theoretical/mathematical setting is given by that of deformed 
special relativity [5]-[15], within a Lie algebra/group framework [4] [16] [17] 
[18]. The key theme of deformed special relativity is to look at alternative theo-
ries of special relativity, including possible candidates for deep microscopic 
physics with interesting features including noncommutativity, to which the 
Einstein theory is an approximation. Note that the notion of spacetime non-
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commutativity at the zero gravity limit has no conflict at all with necessity of it 
in the presence of gravity. Our formulation shows a noncommutative model for 
the physical space is already there behind basic quantum mechanics. It is essen-
tially a deformation of the Newtonian, with deformation here taken on the level 
of the relativity symmetry. The latter exerts its effects to the spacetime model [4] 
and every aspects of the dynamical theory. We present, however, the inverse- 
deformation as symmetry contractions [16]. The fully deformed/stabilized level 
has full noncommutativity [17], all without considering gravity. The theory with 
gravity would be the “general quantum relativity”, in which we expect the non-
commutativity to be the quantum gravitational dynamics [18] [19]. Results of 
ours then suggests any such models should probably include the case of quan-
tum mechanics at some limit before getting to the Newtonian. 

A fundamental idea behind our approach lies in obtaining a fully grounded 
picture with a definite starting point of noncommutativity in physics, namely 
simple quantum mechanics and its commutative limit. The current paper ac-
tually presents only results relating to the latter part. The mathematics of non-
commutative geometry starts from a (noncommutative) algebra, and the algebra 
of observables for quantum mechanics with the Heisenberg structure is, of 
course, noncommutative. This noncommutativity is, however, only between the 
position and momentum observables; thus, one may think that the noncommut-
ative-geometrical picture lurking behind quantum mechanics can only be inter-
preted as some sort of phase space, rather than a space(time). For a theory of 
particle dynamics, physical space is observable only as the space of all possible 
positions for a free particle, or (more generally) the center of mass for a closed 
system of particles, i.e. the configuration space. There is, however, no notion of 
configuration space in quantum mechanics. In the classical case, we have the 
configuration space being given by “half’’ of the phase space; therefore, it makes 
good sense to then look carefully at the phase space. Our analysis from the rela-
tivity symmetry perspective [4] answers this question well: we have illustrated 
that the Hilbert space—as the quantum phase space—can be seen as reducing to 
either the Newtonian phase space or configuration space in the classical limit, 
formulated as the symmetry contraction limit. Such a contraction is the “inverse” 
of a relativity symmetry deformation. To put it another way, the phase space is 
an irreducible representation under the quantum relativity symmetry, while the 
classical phase space is reducible to the configuration space and momentum 
space parts. Einsteinian special relativity says Newtonian space and time are only 
parts of Minkowski spacetime, and can be handled separately only under the 
Newtonian approximation. Our result gives a similar picture regarding the posi-
tion and momentum parts of the phase space. Consequently, the phase space is 
the right model for physical space. Some other authors working on noncom-
mutative spacetime have indeed brought in a symplectic or Poisson structure [20] 
for noncommutative spacetime, through not connecting the latter with the phase 
spaces of classical and quantum mechanics. Our perspective here suggests think-
ing more about deformation of spacetime and its dynamics through deformation 

https://doi.org/10.4236/jhepgc.2019.53031


C. S. Chew et al. 
 

 

DOI: 10.4236/jhepgc.2019.53031 556 Journal of High Energy Physics, Gravitation and Cosmology 
 

of what used to be called phase space instead of what is essentially only the con-
figuration space part. It is interesting to note that the notion of the phase space 
as the inseparable model of the physical spacetime in quantum settings actually 
has a parallel in the recent considerations of Born reciprocity and doubled geo-
metry from string theory [21]. It remains to see though if there may be the ne-
cessity to go beyond the symplectic and Riemannian geometric setting from our 
framework. 

The projective Hilbert space, as the space of pure states, is a dual geometric 
structure to the observable algebra [22]. It is still a commutative manifold, but 
an infinite-dimensional one. We consider it an alternative, real-number geome-
tric description of the noncommutative geometry. The quantum space behind 
quantum mechanics may be described by the six ˆ

iX  and îP  noncommutative 
coordinate observables or the infinite set of real number coordinates of the pro-
jective Hilbert space. Both sets essentially reduce to the same classical limit of 
the Newtonian phase space coordinates ix  and ip . 

The Weyl-Wigner-Groenewold-Moyal (WWGM) formalism [23] [24] [25] 
[26] [27], or deformation quantization, is a key approach for passing from the 
commutative to the noncommutative. Such a deformation quantization of coor-
dinate observables has been a theme in the construction of noncommutative 
spacetime. The present paper, however, rewrites the WWGM formalism from 
the relativity symmetry perspective, i.e. from the cyclic irreducible representa-
tion of the group C*-algebra corresponding the the unitary representation of the 
group on the Hilbert space. The classical limit is retrieved as the symmetry con-
traction limit pushing all the way to the algebra of observables and their dynam-
ical evolution. Deformation quantization is therefore established as the deforma-
tion of the representation of the group C*-algebra, arising as a consequence of 
the relativity symmetry deformation. We see this work as providing the crucial 
first link from the bottom-up to any quantum/noncommutaive models of space-
time. It also suggests looking at quantum physics from a noncommutative- 
geometric point of view. Most, if not all, of the mathematics presented in the 
paper is essentially there scattered in the physics and mathematics literature. 
Our work is to pull all that together under an explicit consistent framework to 
illustrate our ( )3G�  relativity perspectives for the particle dynamics as one on 
the quantum model of the physical space, and the full passage to ( ) ( )3 1G U⊗    
Newtonian limit. 

A word on some of the mathematics not otherwise addressed here may be in 
order. Deformation quantization in the some references to noncommutative 
geometry is written in the language of the twisting of a Hopf algebra structure. 
Nothing like the latter has been used in the case of basic quantum mechanics, 
which is the case considered in the analysis presented in this article. That said, 
the group C*-algebra for the Heisenberg-Weyl group, or its irreducible repre-
sentations, has a natural (twisted) convolution as a noncommutative product to 
which the Moyal star-product is essentially a Fourier transform. The group 
C*-algebra can also be promoted to a Hopf algebra by a simple commutative co-
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product, as such it is dual to the Hopf algebra with the commutative pointwise 
function product. It also possesses a natural noncommutative coproduct [28]. In 
the commutative contraction limit of the group, all of these products and co-
products are, of course, commutative. 

2. WWGM Formalism as Representation of Group C*-Algebra  
Corresponding to Coherent State Representation 

The Weyl-Wigner-Groenewold-Moyal (WWGM) formalism [20] [24] [25] [26] 
[27] describes quantum mechanics on the space of tempered distributions on the 
set of variables, usually taken as coordinates of the classical phase space. Physical 
observables, as hermitian operators on the Hilbert space of pure states, are de-
scribed by real functions. A quantum state, pure or mixed, corresponds exactly 
to a function for the density operator. A noncommutative product—the Moyal 
star product—gives the space of generalized observables the structure of an al-
gebra. The Moyal algebra for physical observables is isomorphic to the corres-
ponding algebra of operators and reduces to the Poisson algebra of classical ob-
servables in the 0→�  limit. While the formalism provides a complete descrip-
tion of quantum mechanics without the need for the usual wavefunctions, it is 
usually—and especially historically—introduced through the Weyl-Wigner trans-
form starting from Schrödinger wavefunction over position variables. Such wa-
vefunctions is only background used for deriving the results, but is not an 
integral part of the formulation. The (canonical) coherent state [29] [30] [31] [32] 
representation provides an alternative giving the Schrödinger wavefunction as a 
function on essentially “classical” phase space variables much similar to the 
operators in WWGM itself. The symplectic manifold of the set of classical 
states can be seen as the submanifold of the basis coherent states in the infi-
nite-dimensional Kähler manifold of the quantum projective Hilbert space [33]. 
Moreover, there is the Koopman-von Neumann formulation of classical me-
chanics in the language of Hilbert spaces [34] [35] [36]. From all of these, we 
expect looking at the WWGM formalism through the Weyl-Wigner transform 
starting instead from the Hilbert space of wavefunctions over the coherent state 
basis will provide a particularly interesting picture of quantum mechanics which 
would also be suitable for the analysis of the classical limit. One would then have 
operators and states both plausibly described by elements in the same space of 
functions or distributions. Consequently, both the WWGM and the Hilbert 
space formalisms may be unified as one. We are not aware of any explicit treat-
ment along these lines; hence we present one in this article (important work for 
the coherent states has, however, been given in Ref. [37]). A key feature, for ex-
ample, is that a function α  acts by the star product α   as an operator on a 
wavefunction φ ; the Moyal star product α β  between functions is essentially 
the operator product α β  . In other words, the wavefunctions we start with 
end up as objects inside the Moyal algebra(s) of “observables”; the Hilbert space 
is nothing other than the one obtained through an algebraic GNS construction 
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[38] [39] from the Moyal algebra itself. 
In a recent paper [4], we have introduced the idea of looking at the central ex-

tension of the Galilean group as the true relativity symmetry group for quantum 
mechanics and the Newtonian case as the contraction limit of the symmetry [16] 
[40] [41] trivializing the central extension. The Hilbert space serves as the phase 
space, and in a way also the configuration space, of a free quantum particle. 
Taken as representation spaces of the relativity symmetry, the limit of the two 
picture under the contraction can be traced to give what are essentially the phase 
and configuration space of the classical Newtonian picture. The latter is more 
directly given, naively, in the language of Hilbert spaces; hence the Koop-
man-von Neumann formulation—a part of the story to be described explicitly 
here. The coherent states serve as the basis for the construction of the quantum 
Hilbert space representation and are the only ones surviving as (pure) states in 
the classical limit. The current study is partly motivated, therefore, by the need 
for a corresponding full dynamical picture of this story. Indeed, the Heisenberg 
picture provides a more transparent illustration of the dynamics. The WWGM 
formalism is, of course, supposed to focus on the observables more than the pure 
states as vectors in a Hilbert space. The coherent state formulation, however, 
makes the pure states directly accessible within the same algebraic framework. 
This framework gives a solid setting for the analysis of time evolution both 
within and outside of the relativity symmetry perspective. All symmetries can be 
described on a similar footing, as unitary transformations on the Hilbert space 
and automorphisms on the algebra of observables. 

We especially want to emphasize here our perspective that all of the mathe-
matical structures behind the physical theory naturally manifest themselves from 
the (relativity) symmetry group and its associated structures. The Hilbert space 
of pure states is an irreducible unitary representation of the group and the ob-
servable algebra is an irreducible representation of the group (C*-)algebra. The 
former as an irreducible representation of the latter, within our framework, sits 
naturally inside the latter; the natural (noncommutative algebraic) multiplicative 
actions of which is the operator action. For a somewhat parallel picture for de-
scribing mixed states, we bring in the notion of a Tomita representation [42] 
[43], which sees a density matrix (for a mixed state) as a vector in a Hilbert space 
(of operators). This is particularly useful for describing symmetry in the Koop-
man-von Neumann formulation in the symmetry contraction limit. Symmetries 
are represented as unitary transformations on the Hilbert spaces and inner au-
tomorphisms of the observable algebra. The dynamical picture naturally follows. 
So, the analysis here establishes explicitly that the ( )3G�  plays the complete role 
of a relativity symmetry to quantum mechanics and give the classical approxi-
mation of the Newtonian case in all corresponding aspects. 

In light of the above, the basic perspective of our framework is to start with 
the coherent state representation, essentially seen as a representation of the ex-
tended Galilean symmetry, which is equivalent to the one formulated simply 
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with the Heisenberg-Weyl group [4], and the classical theory is to be retrieved 
through the contraction limit. We write quantum expressions with the 2=�  
units here, following Ref. [25]. This choice gives the Heisenberg commutation 
algebra the “unusual” form of  

, 2 ,i j ijX P i Iδ  =                          (1) 

while setting the minimal uncertainty product to unity. It is in many ways the 
more natural choice of units for quantum theory. The next section sets the stage 
for the Hilbert space description. The explicit WWGM formalism is presented in 
Section 4. We emphasize the group theoretical aspects, and give more details 
only for results and features specific to the coherent state framework. Section 5 
presents the symmetry contraction to the classical theory. The Tomita represen-
tation is introduced at the end of the section. In Section 6, we summarize the 
description of quantum symmetries and work out explicit results for elements of 
the relativity symmetry, including results on the Hilbert space of the Tomita re-
presentation. Dynamics is described by a time (translation symmetry) transfor-
mation. The section following this traces the symmetry descriptions to the con-
traction limit, and Section 8 focuses on the classical dynamical picture a la 
Koopman-von Neumann (and otherwise). The last section presents some con-
cluding remarks. 

3. The Coherent State Representation 

We start with the familiar (canonical) coherent state representation  

( ) ( ), , 0 e , , 0i i i i i i ip x U p x U p xθ θ−= ≡              (2) 

where  

( ) ( )ˆ ˆ ˆˆ ˆ ˆˆ, , e e e e e ,
i ii i i i ii i i

i p X x P Iix p I ix P ip Xi i i IU p x
θθθ

− +−≡ =           (3) 

0 0,0≡  is a fiducial normalized vector, ˆ
iX  and îP  are representations of 

the generators iX  and iP  as self-adjoint operators on the abstract Hilbert 
space   spanned by the ,i ip x  vectors, and Î  is the identity operator 
representing the central generator I. ( ), ,i ip x θ  corresponds to a generic ele-
ment of the Heisenberg-Weyl group as  

( ) ( ), , exp ,i i i i
i iW p x i p X x P Iθ θ = − +              (4) 

with  

( ) ( ) ( )( ), , , , , , .i i i i i i i i i i
i iW p x W p x W p p x x x p p xθ θ θ θ′ ′ ′ ′ ′ ′ ′ ′= + + + − −    (5) 

Here, ( )i i
i ix p p x′ ′−  is the classical mechanical symplectic form. Note that we 

have ip  and ix  here corresponding to half the expectation values of îP  and 
ˆ

iX  ( 2=�  units). In the interest of simplifying the notation, we drop the index 
i in most of the subsequent expressions, only putting it back explicitly when 
some emphasis on the three-vector nature of a given quantity is warranted. 

We introduce wave functions on the coherent state manifold  
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( ), ,p x p xφ φ≡  with  

( )ˆ ˆ, , ,Lp x X X p xφ φ=  

( )ˆ ˆ, , ,Lp x P P p xφ φ=                      (6) 

where  
ˆ ,L

pX x i= + ∂  

ˆ ,L
xP p i= − ∂                          (7) 

and  

( ) ( ) ( ) ( ) ( ), , , , , e .L i px xpU p x p x p x U p x p p x xφ φ φ ′ ′−′ ′ ′ ′ ′ ′≡ = − −     (8) 

Furthermore, we have a realization of the quantum Hilbert space as a closed 
(polarization) subspace of ( )2L Π , the space of the wavefunctions ( ),p xφ  on 
which LU  acts as a (projective) representation of the Heisenberg-Weyl group. 
We can see again that ˆ LP  and ˆ LX  generate translations in x and p, respec-
tively. The wavefunction ( ),a p xφ  for the coherent state ,a ap x  is given by  

( ) ( ) ( ) ( )2 21
2, , , e e ;a aa a

p p x xi p x x p
a a ap x p x p xφ

 − − + −−   ≡ =          (9) 

in particular, the 0,0  state wavefunction is denoted by ( )0 ,p xφ  and  

( ) ( )1
2

0 , e
i i

i ip p x x
p xφ

− +
= , which is a symmetric Gaussian of unit width. The ex-

pression , ,a ap x p x  may also be taken as giving the overlap of two different 

coherent states. ( ),a p xφ  is a test function belonging to the Schwartz space of 

smooth rapidly decreasing functions ( )S Π . In what follows, we will denote the 
Hilbert space of wavefunctions by  . The representations, with or without the 
superscript L (i.e. on   or on  ), are of course unitarily equivalent. The 

natural inner product on   is ( ) ( )1 ˆd d , ,
πn p x p x p x Iφ φ φ φ′ ′=∫  with  

1ˆ d d , ,
πnI p x p x p x= ∫ , which keeps ( ),a p xφ  as a normalized wavefunction. 

Note that we use n for the dimension of the classical physical space, though we 
only consider 3n =  here. 

For a full discussion of the algebra of smooth observables, we will go beyond 
the Hilbert space of pure states for the limited class of bounded observables. 
Pure states for smooth observables are unit rays in ( )S≡ Π ∩   [26], though 
at times we may not pay full attention to the difference below. 

4. The Observable Algebra from the WWGM Formalism 

In this article, we emphasize the key role of the associated structures of the 
symmetry group behind the physical theory. We have seen that the Heisen-
berg-Weyl group manifold, or the isomorphic coset space of the extended Gali-
lean group, provides a direct description of the coherent state basis [4] for the 
Hilbert space. Here, we see how the group ring provides a description of the set 
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of operators and the observable algebra. The set of operators  

( )
( )

( ) ( )1

1, , d d d , , , , ,
2π np x p x p x U p xα θ θα θ θ+

′Ω =   ∫       (10) 

where ( ), ,p xα θ  is a distribution on the group manifold, is a Heisenberg-Weyl 
ring [23]. Consider ( ) ( )1, ,p x p xα α≡  in the expansion  

( ) ( ), , d , e .n ip x p xλ λθα θ λ λ α −= ∫               (11) 

It can easily be seen that the θ-integration in ( ), ,p xα θ′Ω     can be performed 
to give a ( )2π 1δ λ − , which in turn yields ( ) ( ), , ,p x p xα θ α′Ω = Ω        with  

( )
( )

( ) ( )1, d d , , .
2π np x p x p x U p xα αΩ =   ∫              (12) 

λ  can be interpreted as an eigenvalue of the central charge generator which is 
always unity under the representation. We have the latter as a continuous linear 
injection from ( )1L Π  into ( )IB  . As such, it is a *-algebra homomorphism 
with respect to the twisted convolution product �  and the involution ∗  de-
fined by  

( )
( )

( ) ( ) ( )1, d d , , e
2π

i p x x p
np x p x p x p p x xα β α β ′ ′−′ ′ ′ ′ ′ ′= − −∫�       (13) 

and  

( )* , ,p xα α= − −                        (14) 

respectively, where α  is the complex conjugate of α . That is,  
[ ] [ ] [ ]α β α βΩ = Ω Ω�  and [ ]*α α Ω = Ω 

† . Self-adjoint elements of ( )IB   
and their counterparts in ( )1L Π  represent the bounded observables. Here, Π  
is the ( ),p x -space, which can be considered as the coherent state manifold and 
is also the “classical phase space” 2nIR  on which we have the wavefunctions 
( ),p xφ . Note that the Ω  map takes a delta function aδ  of mass 1 centered 

on ( ),a ap x  to ( ) ( )ˆ ˆ
, e a ai p X x P

a aU p x −
= , and o oα δ δ α α= =� �  for the delta 

function oδ  centered on ( )0,0 . The inverse mapping can be written as  

( ) [ ] ( )†, 2 Tr , ,np x U p xα α = Ω                  (15) 

where the trace is to be evaluated over the set of coherent states as  
1 d d , ,
πn p x p x p x′′ ′′ ′′ ′′ ′′ ′′⋅∫  and we have  

( ) ( ) ( )†Tr , , π , , , .nU p x U p x p p x x p x p xδ ′ ′ ′ ′ ′ ′= − −        (16) 

Similarly, we have  

( )
( )

( ) ( )1, d d , , ,
2π

L L
np x p x p x U p xα α′ ′ ′ ′ ′ ′ ′ ′Ω =   ∫          (17) 

where ( ) ( ) ( ) ( )ˆ ˆ
, e e e

L L
p xi p X x P p xi p x x pLU p x

′ ′− ′ ′− ∂ + ∂′ ′−′ ′ = = , with the set of [ ]L αΩ  con-
sidered as operators on ( )2L Π  satisfying [ ] [ ] [ ]L L Lα β α βΩ = Ω Ω� . Naturally1  

 

 

1Here ( ) ( )1ˆ ˆTr d d
π

L L
a a a an p xα φ α φ  =  ∫ . 
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( ) [ ] ( )†, 2 Tr , .n L Lp x U p xα α = Ω                (18) 

In fact, the left-invariant vector fields, or differential operator realization of the 
generators, of the group manifold  

,L
pX ix iθ= ∂ + ∂  

,L
xP ip iθ= ∂ − ∂  

,LI i θ= ∂                           (19) 

have their action on a function ( ), ,p xα θ  in the form of Equation (11) given  
by the action on ( ),p xλα  defined by px iλ + ∂ , pp iλ − ∂ , and 0, respectively.  

Hence, 1λ =  yields the differential operators ˆ LX  and ˆ LP  of Equation (7), as  
in ( )† ,LU p x , which are exactly the corresponding operators acting on  
( ) ( )1, ,p x p xα α ≡  . 
The symplectic Fourier transform  

( ) [ ]( )
( )

( ) ( )1, , d d , e .
2π

i p x x p
f np x F p x p x p xα α α ′ ′−′ ′ ′ ′= ≡ ∫       (20) 

is a continuous isomorphism of ( )S Π , as a Fréchet space, onto itself extending 
to a unitary transformation on ( )2L Π  with 2 1F = . The twisted product   
satisfies  

[ ] [ ] [ ]F F Fα β α β= �                   (21) 

and2  

[ ] [ ] [ ]1 1 1 ,F F Fα β α β− − −= �                 (22) 

with 1 oα α δ α= = � , in which case the two products commute. We also have  

[ ] .Fα β α β=�                       (23) 

This is the usual Moyal star product, which can be written as  

( ) ( ) ( ) ( ), , e , ,p x x pip x p x p xα β α β− ∂ ∂ −∂ ∂
=

� �

             (24) 

or in the integral form  

( )

( )
( ) ( ) ( ) ( ) ( )

2

,
1 d d d d , , e e e .

2π
i px xp i px xp i p x x p

n

p x

p x p x p x p x

α β

α β ′ ′ ′′ ′′ ′′ ′ ′′ ′− − − −′ ′ ′′ ′′ ′ ′ ′′ ′′= ∫



(25) 

In particular, we have  

( ) ˆ ,L
px x i Xα α α= + ∂ =  

( ) ˆ .L
xp p i Pα α α= − ∂ =                    (26) 

The Fourier transform F is a continuous *-algebra isomorphism between  

( ) , ,S Π  �†  and ( ) , ,  S Π   , the latter involution being simple complex con-
jugation. Both the   and �  products can be extended to the space ( )S ′ Π  of 

 

 

2We use F−1 instead of simply F to keep track of difference which only manifests at the classical con-
traction limit discussed in the next section. 
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tempered distributions. Notice that F is more commonly written as a transform 
between functions of two different spaces, one being the parameter space for the 
Heisenberg-Weyl group modulo θ , while the other is identified as the classical 
phase space, or rather the variable space of the Moyal star functional algebra. 
Our perspective of looking at quantum mechanics and its classical limit, focus-
ing on the coherent state picture [4], may be considered a justification for iden-
tifying the two, as done in Refs. [24] [25] for example, at the quantum level. The 
“classical phase space” then is also the coherent state manifold with parameters 
characterizing, however, half the position and momentum expectation values3. 

Consider  
( ) [ ] ( ) [ ]

( )
( ) ( ) ( ) ( )

( )
( ) ( )

1

2

,

1 d d d d , e ,
2π
1 d d , ,

2π

L L

i px xp L
n

L
p xn

F

p x p x p x U p x

p x p x

α α

α

α

−

′ ′−

 ∆ ≡ Ω  

′ ′ ′ ′=

= ∆

∫

∫

       (27) 

where we have4  

( )

( )
( ) ( ) ( ),

1 d d e , .
2π

L i px xp L
p x n p x U p x′ ′−′ ′ ′ ′∆ = ∫               (28) 

In these expressions, we are putting the two cases, with and without the super-
script L, in a single set. This is the Weyl correspondence, i.e. we have  

( ) ( )ˆ ˆˆ , ,L L L LP X p xα α α≡ = ∆     and ( ) ( )ˆ ˆˆ , ,P X p xα α α≡ = ∆     with, howev-
er, ˆ Lα  here thought of as operators on wavefunctions on the manifold of cohe-
rent states. Then the bijective map L∆  takes ( )S ′ Π  to ( ) ( )( ),S S ′Π Π , and 
we have  

( ) ( ) ( )
,ˆ, 2 Tr .L Ln

p xp xα α = ∆ 
†                   (29) 

Moreover, ( ) ( ) ( ) ( ) ( ) ( ), , ,L L Lp x p x p xα β α β∆ = ∆ ∆            gives a *-algebra 

isomorphism between the Moyal algebra [ ], ,     and the corresponding al-

gebra of smooth “observables” ( )( )S+ Π , with  

( ) ( ) ( ){ }: ,S S Sβ β α α β α′≡ ∈ Π ∈ Π ∀ ∈ Π   ; and between [ ], ,  ′   

and ( ) ( )( )2,S L+ Π Π  as algebra of bounded “observables”, with  

( ) ( ) ( ){ }2 2: : ,S L Lβ β α α β α′ ′= ∈ Π ∈ Π ∀ ∈ Π   . Note that  

( ) ( ) †
, ,p x p xα α∆ = ∆       ; hence physical observables with †ˆ ˆα α= , are given 

 

 

3Note that though it looks like we have inconveniently made the group parameters and the coherent 
state expectation values differ by a factor of 2 by using 2=�  instead of 1=�  units, it is really re-
sults like Equation (26) that naturally prefer the convention. The parameter space for the wavefunc-
tions φ  can be exactly identified with that of the Moyal star functional algebra. 
4We have ( ) ( ) ( ) ( )

, 0,0,L L L
p x U p x∆ = ∆  with ( )

0,0
L∆  being the phase space parity operator of Grossmann- 

Royer [44] [45]; i.e. 0,0 , ,p x p x′ ′ ′ ′∆ = − −  and ( ) ( )0,0 , ,L p x p xφ φ′ ′ ′ ′∆ = − − . Note that ( )
,

L
p x∆  is ac-

tually selfadjoint, besides being unitary. 
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by real elements of the Moyal algebras. We will, however, mostly not pay much 
attention to the difference between   and ′  below. 

We define (  -)multiplicative operators acting on the distributions by  

[ ] .M α α≡                         (30) 

Then, we have the simple and elegant result  

( ) ( ) ( )ˆ ˆˆ, , ,L L L LM p x p x P Xα α α α= ∆ = =               (31) 

which can be interpreted as the Bopp shift. The representation given through 
ˆ LX  and ˆ LP  of Equation (7) on   directly extends to arbitrary functions 
( ),p xα  and coincides with the   product structure with α̂ φ  described in 
  as ˆ Lα φ α φ=   and ( )α β α β=     as ( ) ( )α β φ α β φ=    . It is 
the left regular representation of the functional algebra on itself, which can be 
extended further to all of ( )S ′ Π . One can even associate the wavefunction φ  
with a ˆLφ φ=   operator, though the latter does not correspond to a physical 
observable. It remains to be seen if the operator has any particular physical 
meaning. Looking at a real wavefunction, or φ , makes more sense as the abso-
lute phase of a quantum state has no physical meaning anyway. φ   makes a 
legitimate physical observable. We are interested only in applying all these ma-
thematical results to the Gelfand triple ′< <    and that is the background 
on which the explicit results concerning the states are to be understood. We will 
see at the end that   is essentially the left ideal of ( )2L Π  that carries an ir-
reducible representation of the Moyal algebra. 

The Wigner functions that describe states, pure or mixed, are to be given in 
terms of functions ρ  of the density operator ρ̂ . For a pure state φ , the lat-
ter is denoted by ˆφρ φ φ≡ . Two different pure states give ˆφφρ φ φ′ ′≡ , 
with a non-diagonal Wigner function given as †

,ˆ2 Trn
p xφφ φφρ ρ′ ′ = ∆  . Focusing 

on the set of basis coherent states, one can check that actually [ ]a aF φ φ=  and 

a aF φ φ−  =  . For ˆ , ,ab b b a ap x p xρ ≡ , we have, with Equation (23),  

( ) [ ]2 2 2, 2 2 2 .n n n
ab b a b a b ap x Fρ φ φ φ φ φ φ= = =�             (32) 

Explicitly,  

( ) ( ) ( ) ( )
( ) ( )2 2

2, 2 e e e e ,
a b a b

a b a b b b a a

p p p x x x
i p x x p i p x x p i p x x pn

ab p xρ
− − + − −

−− − − −=    (33) 

which for b a=  reduces to  

( )
( ) ( )2 22 2

2, 2 e .
a ap p x x

n
a p xρ

− + −
−

=                 (34) 

The latter is the Wigner function for the coherent state ,a ap x , a Gaussian of 
unit width centered at ( )2 ,2a ap x  the point with coordinates exactly at the ex-
pectation values. We can then obtain  

( )1 1ˆTr d d d d
π π

L
a a a an np x p xα φ α φ  =  ∫ ∫                (35) 

( ) ( )
1 1 1d d d d d d ,

π2 2π 2 2π
a a an n nn n

p x p x p xα ρ α= =∫ ∫ ∫           (36) 

https://doi.org/10.4236/jhepgc.2019.53031


C. S. Chew et al. 
 

 

DOI: 10.4236/jhepgc.2019.53031 565 Journal of High Energy Physics, Gravitation and Cosmology 
 

in which we have used the associativity and trace properties of the star product. 
This result corresponds to the standard trace expression for α , or rather α   
( 1α α=  ). We also denote this by [ ]Tr α  for simplicity. From a transition 
amplitude, we have  

( )
( )

1 1 1d d Tr d d .
π 2 2πn n np x p xφφ φφα φ φ α ρ αρ′ ′′  = = ∫ ∫          (37) 

The latter result includes as special cases the standard ˆ Tr φφ α φ αρ =    and 

the somewhat strange looking 
( )

1 1 1d d d d
π 2 2πn n np x p x φφφ ρ=∫ ∫ 5. Actually, we 

have  

[ ]2 2 22 2 2 ,n n nFφφρ φ φ φ φ φ φ′ ′ ′ ′= = =�                 (38) 

which may be considered as following from Equation (32), since any state (wa-
vefunction) can be taken as a linear combination of the aφ  basis states. One can 
further check explicitly that [ ]2Tr Tr 1a aρ ρ  = =  , a a aρ ρ ρ= , and  

a a aρ φ φ=  for the functions aρ  and aφ . Another interesting result is  

[ ]( ) [ ] ( )1, d d Tr , ,
πa a b b ab b bnp x p x p xα φ αρ φ= ∫            (39) 

which is the key result in Ref. [37] giving, together with Equation (33), the expli-
cit integral kernel of the operator α  ; more specifically we have  

( ) [ ] ( )1, d d Tr , .
πa a b b ab b bnp x p x p xφ ρ φ= ∫               (40) 

The set of abρ  spans the Hilbert space ( )2L Π , or equivalently the set of abρ   
spans ( )2  , which is the space of Hilbert-Schmidt operators, with the inner 
product [ ]| Trα β αβ= . ( )2 , ,L − Π   is a generalized Hilbert algebra [42] 
and ( ) , ,S − Π   a subalgebra. 

In the algebraic formulation on ( ) ( ) ( )2S L S ′Π < Π < Π , the (normalized) 
states are to be defined by the positive and normalized functionals on  

( )( )S+ Π  given by ( ) [ ]Trρω α αρ= ; hence, essentially the set of density op-
erator functions ρ  (we will use the term density matrix for such a function 
below). Each φρ   is a projection operator, and the one-dimensional projec-

 

 

5It is interesting to see the consistency of this result for the explicit case of a coherent state aφ . The 
normalization condition for a wavefunction in   can be written in the form  

( )
( ) ( ) ( ) ( )

( )
( ) ( )

2 2

2 2

1 2 2
2

1 2 2 2 2
8

1 1 11 d d d 2 d 2 e
π 2 2π

1 1 d d e ,
2 2π

a a

s s
a a

p p x x

nn n

p p x x
s s

nn

p x p x

p x

φφ
 − − + −  

 − − + −  

= =

=

∫ ∫

∫
� �

� �
 

to be compared with  

( ) ( )
( ) ( )2 21 2 2

21 1 11 d d d d e .
2 2π 2π

a ap p x x

n nan p x p xρ
 − − + −  = =∫ ∫  

In terms of the new variables we have ( ) ( ) ( ) ( )2 21 2 2
82, e e

s ss s
a aa a

i p p x xp x x ps s
a p xφ

 − − + −−   =
� �� �

� � , a Gaussian centered at 

the expectation values ( )2 ,2a ap x  with width 1
2

. 
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tions correspond to pure states 
φφ ρω ω≡ . The Hilbert space is to be constructed 

as the completion of the quotient o   of closed left ideals with a (pre-)inner 
product on   through an φω  to which o  is the kernel [26] [38] [39]. An 
obvious choice here is the Hilbert space ( ){ }2:o Lα ρ α= ∈ Π   and o  of 

( )2 , ,L − Π   with the inherited inner product  
( )| |

o o o oω
α β α ρ β ρ ω α β≡ =    for which { }0o = . Note that the 

inner product is exactly the same as ˆˆ o oαφ βφ  illustrating that the Hilbert 
space is equivalent to   or  . In fact, 2n

o oρ φ= ; hence   and   differ 
only in normalizations.   is invariant under the action of the Moyal algebra 

′  and as a representation it is a faithful and irreducible one, which matches 
with it being irreducible as a representation of the Heisenberg-Weyl symmetry. 
After all, the algebra of observables is to include the enveloping algebra of the 
latter. Any particular wavefunction φ  of   can be used to give a representa-
tion through φω  which are all unitary equivalent. So, we come full circle to the 
representation on   giving an explicit illustration of the more abstract alge-
braic language through the WWGM framework. 

5. Lie Algebra Contraction Limit 

Consider the contraction [40] [41] of the Lie algebra for the Heisenberg-Weyl 
subgroup of the full relativity symmetry given by the k →∞  limit with the 
rescaled generators  

and .c c
i i i iX X P P

k k
= =
� �                    (41) 

We have ( )2

2, 0c c
i j ijX P i I

k
δ  = → 
�

� . Here, k is a pure numerical parameter  

while �  is Planck’s constant, which is needed to allow c
iX  and c

jP  to take 
on independent physical units, such as the usual classical units. One can take the 
parameter k here as 2  to give the standard form of the commutator  

,c c
i jX P i I  =  �  and think of the contraction limit as the 0→�  limit, i.e. as 

the classical limit is usually envisaged. However, as discussed in Ref. [4], naively 
taking �  to zero everywhere in the theory written with �  carrying nontrivial 
physical units is not the right thing to do; case examples can be seen below. On 
the other hand, the contraction limit is of course independent of the contraction 
parameter used, and the physical units for c

iX  and c
iP  differ from those of 

iX  and iP  by the same factor of the physical unit (that of � ), even in the 
limit. To keep track of things carefully, in a way that enables the reader to see 
expressions in their familiar forms with a nonzero �  as well as the contraction 
limit results, we keep �  and k separate in this section. As we mentioned above, 
substituting 2  for k yields the familiar quantum expressions with their prop-
er �  dependence, and then we can interpret the naive choice of taking 0→�  
(which can be interpreted in the classical system of units) as the classical limit; 
however, we instead take k →∞  as the appropriate choice for describing the 
classical limit in the symmetry (representation) contraction perspective. 
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We first rewrite the Heisenberg-Weyl group element in the usual form  

( ) ( ), , e
i c i c

i i
i p X x P Ii iW p x

θ
θ

− +
=

� � �
�� � , where  

, and .i i i ip kp x kx= =� �� �                 (42) 

Here, �  is introduced so that ip�  and ix�  carry the same units as c
iP  and 

c
iX , respectively. As for the invariant vector fields acting on the group manifold, 

we have  

2 ,Lc
p p

xX i i i
k θ= ∂ + ∂ → ∂� �

�
� �  

2 .Lc
x x

pP i i i
k θ= ∂ − ∂ → − ∂� �

�
� �                   (43) 

Note that the contraction limits of these vector fields, as given above, carry a 
factor of � . This is needed in order to have the correct physical units; the drop-
ping out of the terms i θ∂  is to be expected, as the central charge I fully de-
couples from the rest of the algebra. In particular, observe that, had we replaced 

2k  by 2, taking the naive 0→�  limit would yield an incorrect result with only 
i θ∂  in the classical limit. 

To trace the contraction of the coherent state representation, simply relabeling 

the set of ,p x  states by ( ), , 0p x U p x=� � � �  with ( ) ( )ˆ ˆ
, e

i c i c
i i

i p X x P
U p x

−
=

� �
�� �  is  

not the right thing to do. It should be emphasized that the basic idea for taking 
the classical approximation as the symmetry contraction limit is to take the 
original representation which describes the quantum physics to the required 
limit rather than directly building the classical physics description from the con-
tracted symmetry. We will see that the contraction of the representation does 
indeed give a representation of the contracted symmetry though. The essence of 
the coherent state representation is to have the states labeled essentially by their  

(finite) expectation values. However, we have 2

2ˆ, ,s c
i i ix p x X p x x

k
≡ =� � � � �  and 

similarly 2

2s
i ip p

k
= � . Let us instead take ,s sp x  and note that  

2 2, and .s sp p x x
k k

= =
� �                  (44) 

On the Hilbert space   of wavefunctions , we then have  

2

2ˆ ,
2 2

L
s s

c
sp

x xX i
k

= + ∂ →
�  

2

2ˆ .
2 2

L
s s

c
sx

p pP i
k

= − ∂ →
�                    (45) 

The difference between these results and those of Equation (43) is remarkable. 
The overlap between the different coherent states , ,s' s' s sp x p x  can be ob-
tained easily from Equation (9). As discussed in Ref. [4], it vanishes at the con-
traction limit and  , as a representation for the observable algebra, which is to 
be interpreted as functions of ˆ cX  and ˆ cP  reducing to a simple sum of the 
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one-dimensional spaces for each ,s sp x . On  , the coherent state wavefunc-
tions ( ),s s

a p xφ  are each, apart from a phase factor, a Gaussian with width  
2
k
� , and hence collapse to the delta function ( ),s s

a p xδ  in the limit. The  

classical coset space picture [4] of the Newtonian phase space can be considered 
as having been retrieved. Sticking to the Hilbert space picture,  

( ) ( ), ,s s s s
a ap x p xφ δ→  makes   the whole of ( ) ( )2 2 sL LΠ ≡ Π , which is 

the Koopman Hilbert space for classical mechanics [36]. A word of caution is 
warranted on the integration measure. The normalization condition of  

( )0 ,s sp xφ  reads  

( ) ( )
2 2 22

4d d e 1,
4π

s sn k p x
s sk p x

 
− + 

  
= 

 
∫ �

�
               (46) 

the measure of which apparently diverges at the k →∞  limit. Similarly, 
21ˆ d d , , d d , ,

4 ππ

n
s s s s s s

n

kI p x p x p x p x p x p x
 

= =  
 

∫�
. The delta function 

limit has the measure 
( )

1 d d
2π

s s
n p x∫
�

 instead. As the k-dependence drops at  

the k →∞  limit, we need the �  to fix the physical units. The set of  

( ),s s
a p xφ , then as aδ , as a basis for   is maintained. However, a generic 

function as a linear combination of ( ),s s
a p xφ  loses the status of being a phys-

ical state at least as far as pure states are concerned. The basis coherent states, or 
rather their classical limit as given by ( ),s s

a p xφ  (or simply points ( ),s sp x  of 
the familiar classical phase spaces), are the only pure states. 

Next, we look at all of the above integral transformations in order to track the 
Weyl correspondence at the contraction limit. Here, it is not so clear whether we 
should use the group parameters p�  and x�  or the coherent state parameters. 
In fact, both work. Note that in the discussion of the coherent state above, in 
view of things in the last section, it is better to use ,c cp x  with  

, and
2 2

s s
c cp xp p x x

k k
= = = =

� �               (47) 

instead, especially as that gives the ratio between the old and new parameters as 
the same as that between the operators [cf. Equation (41)]. sp  and sx  were 
mostly used there for easy reading of familiar results (at 2 2k = ). Explicitly, we 
have  

2

1ˆ ,Lc c c
cp

X x i x
k

= + ∂ →  

2

1ˆ ,Lc c c
cx

P p i p
k

= − ∂ →                    (48) 

giving a nice contraction limit. That is of course nothing more than a convenient 
choice of convention, one we adopted in the beginning through labeling the co-
herent states by half their expectation values. In terms of the new parameters, we 
have  
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( ) [ ] ( ) ( ) ( )
2

d d , , ,
2π

n
L Lc c c c c ck p x p x U p xα α

 
Ω =  

 
∫�

         (49) 

and  

[ ] ( ) ( )
22

d d , e .
2π

c c c c
n ik p x x pc c c ckF p x p xα α

′ ′− 
=  
 

∫ �

�
          (50) 

Note that—despite the factor of 2nk  in front—the latter two expressions are 
k-independent. The factor of 2nk  cancels after integration; note also that  

( ) ( )
( ) ( )2

ˆ ˆ
, e

L Lc cik p X x PL c cU p x
 −  = � . It follows that  

( ) [ ] ( ) [ ]

( ) ( ) ( ) ( )

( ) ( )

2

1

22

2

,

d d d d , e ,
2π

d d , ,
2π

c c c c

c c

L L

n ik x p p x Lc c c c c c c c

n
Lc c c c

p x

F

k p x p x p x U p x

k p x p x

α α

α

α

−

′ ′−

 ∆ = Ω  

  ′ ′ ′ ′=  
 

 
= ∆ 
 

∫

∫

�

�

�

 (51) 

where we have  

( ) ( ) ( ) ( )
22

, d d e , .
2π

c c c c
n ik x p p xL Lc c c c

p x
k p x U p x

′ ′−  ′ ′ ′ ′∆ =  
 

∫ �

�
         (52) 

The Weyl correspondence is obviously maintained6; explicitly, we have  
( ) ( )ˆ ˆ, ,c c c cp x P Xα α ∆ =   and ( ) ( )ˆ ˆ, ,L L Lc c c cp x P Xα α ∆ =  . Analogous trace 

formulas for the inversion of the transforms work as well. With the original �  
with ( )LΩ  written in terms of the parameters cp  and cx , we have the Moyal 
star product given by  

( )2exp ,c c c c
c

p x x p

i
k
− ∂ ∂ − ∂ ∂  

� � � ��
                  (53) 

 

 

6One may also consider  

( ) [ ]
( )

( ) ( ) ( )1 d d , , ,
2π

c L L
n p x p x U p xα αΩ ≡ ∫
� � � � � �

�
 

and  

[ ]
( )

( ) ( )1 d d , e .
2π

c ci px xpc
nF p x p xα α

−
≡ ∫

� �
�� � � �

�
 

Actually, we have ( ) [ ] ( ) [ ]2c L Lnkα αΩ = Ω  and [ ] [ ]2c nF k Fα α=  formally ( 1c cF F− ≠ ). It follows 
that  

( ) [ ] ( ) [ ]

( )
( ) ( ) ( ) ( )

( )
( ) ( )

1

2

,

1 d d d d , e ,
2π

1 d d , ,
2π

c c

c c

L c L c

i xp px Lc c c c
n

c Lc c c c
n p x

F

p x p x p x U p x

p x p x

α α

α

α

−

−

 ∆ = Ω  

=

= ∆

∫

∫

� �
�� � � �

�

�  

with ( )

( )
( ) ( ) ( ) ( )2

,,

1 d d e ,
2π

c c

i xp pxc L L Ln
n p xp x

p x U p x k
−

 ∆ = = ∆ ∫
� �

�� � � �
�

 The twisted convolution required to main-

tain ( ) ( ) [ ] ( ) [ ]c L c L c Lcα β α βΩ = Ω Ω  �  is simply given formally by 2nk α β� , i.e. 

( )
( )

( ) ( )
( )21, d d , , e .

2π

i px xp
c k

np x p x p x p p x xα β α β
′ ′−

′ ′ ′ ′ ′ ′= − −∫
�� ��

�� � � � � � � � � ��
�
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which is the same old expression written in terms of the new parameters serving 
as arguments for the (observable) functions, though we denote it by c  for 
convenience of later referral. The star product reduces to the simple product in 
the k →∞  limit, as it should. The equation ( ) ( ), ,c c c c cM p x p xα α  =    is 
maintained for all finite k and at the k →∞  limit where the M   becomes the 
simple multiplication of the then classical observable ( ),c cp xα . The suggestive 
notation of the multiplicative operator ( ),c cM p xα 

  , or simply Mα , is stan-
dard for an operator on the ( )2L Π  Hilbert space representing classical obser-
vables in the Koopman-von Neumann formulation of classical mechanics [36]. 

The coherent state Wigner function is  

( )
( ) ( )2 2

2 2 2

2, 2 e ,

c c c c
a ap p x xk

c c n
a p xρ

− − −
−

= �               (54) 

with width 
k
� , and it reduces to a delta function as k →∞ . For the classical  

case, any “density matrix” ( ),p xρ  beyond the delta functions are to be inter-
preted as statistical distributions; hence they are mixed states. A generic  
( ),p xρ  has the form  

( ) ( ) ( )2, . 2 .
m

n
m m m m

m m
p x c p x c p xφρ ρ φ φ = =  ∑ ∑            (55) 

for pure states ( ).m p xφ ∈ , and mc  are positive real numbers with  
1mm c =∑ . Therefore, we have  

( ) ( ) ( ) 22 2, 2 , 2 ,c c n c c c n c c
m m m m m

m m
p x c p x c p xρ φ φ φ = → ∑ ∑      (56) 

as k →∞ . To be more rigorous, one would have to introduce a rescaled/re- 
normalized cρ  for the limiting classical density matrix as the conventional 
distribution to describe the classical statistical state through a bounded  

( ) ( )2, lim ,c c c n c c
kp x k p xρ ρ→∞=  in order to maintain 

( )
1 d d 1

2π
c c c

n p xρ =∫
�

.  

The classical wavefunction cφ , satisfying 
2c cφ ρ≡ , for the Koopman-von 

Neumann formulation may then be introduced. It is important to emphasize 
that a function cφ  describes a mixed state. Only the limiting distributions of 
the delta functions describes the (classical) pure states. 

An even better formal picture of the classical limit, which is also particularly 
useful for the description of dynamics and symmetries below, is offered by the 
notion of a Tomita representation [42] as presented in Ref. [43]. Note that the 
representation is not an irreducible one—an aspect that fits the Koopman-von 
Neumann formulation well. We present only a specific description based on the 
wavefunctions ( ),p xφ , although also using the φ  notation when it is more 
illustrative and convenient. Consider the Hilbert space �  of square ket vectors 
α  defined as the span of all φφφ φ ρ ′′  ≡  with the inner product given by  

[ ]| Tr .ψψ φφψ ψ φ φ ρ ρ′ ′′ ′  =                       (57) 
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�  is thus a tensor product of   with itself. It is essentially the space of Hil-
bert-Schmidt operators on  , and can be thought of as the span of all abρ . A 
vector α  corresponds to ( )2Lα ∈ Π  or the Hilbert-Schmidt operator α   
on   and we can identify it with α , introduced towards the end of the last 
section. That is, within our formulation,   can be identified as ( )2L Π . Next, 
one can introduce the conjugation J as an antiunitary operator with the proper-
ties:  

†

2

(i) C ,

(ii) ,

(iii) .

Jc cJ c

J J

J I

α α

α γ γ α

 =  ∀ ∈ 
  =    

=

|

                 (58) 

State vectors in �  are introduced as vectors in a self-dual cone �  of with 
real and positive inner products. The vectors correspond to the mixed states. 
They satisfy | ] | ]J ρ ρ ρ= ≡ . For any operator α   on  , we have an operator 
( )T
α   on �  defined by  

( ) ( ) ( ) ,
T φφφ α φα φ φ α φ φ ρ α ρ ′′′ ′ ≡ = =                 (59) 

as 22 n
φφρ φ φ′ ′=  . We have J φ φ φφ′ ′ =   , hence ( ) ( )T

J J φφ α φ φα ρ ρ′ ′=  . 
Note that ( )T

α   and ( )T
J Jα   act on different parts of the tensor product; 

explicitly ( ) ( ) 1
T

α α= ⊗   and ( ) ( )1
T

J Jα α= ⊗  . More explicitly, we 
have  

,Jβ β=                           (60) 

and  

( ) ,
T

α β α β=   

( ) ,
T

J Jα β β α=                       (61) 

where we have extended the results for φφρ ′  to a generic β ∈ � , and utilized 

some algebraic properties of the star product, including α β β α=  . A pure 

state is then represented by φρ φφ ≡   and we have  
2

| Tr |ψ φ ψ φρ ρ ρ ρ ψ φ   = =    ; hence | ]φρ  is normalized. The expectation 

value ( )Tφ φρ α ρ 
   for a pure state is the same as on  , i.e. equal to  

ˆφ α φ  and Tr φαρ   ; and for a mixed state ( ) [ ]Tr
T

ρ α ρ αρ  =  . Tran-

sition probabilities are given by  

( ) ( ) ( )22ˆ| Tr
T T

J Jψ φ ψφρ α α ρ ψ αφ αρ   = =     . Note that | ]ρ ∈ �  al-

ways gives ( ) ( )T T
J Jα α ρ∈

�   . Observables on �  are to be taken from 

those within the ( )T
α   and ( )T

J Jα   set. Other vectors outside �  and 

operators on �  beyond this collection are not of much interest. 
As �  is essentially the space of Hilbert-Schmidt operators on  , the clas-

sical picture from the contraction limit of the latter as a representation of the 
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Heisenberg-Weyl symmetry obviously maintains the basic notion of the Hilbert 
space as ( )2L Π  to be coordinated by the classical phase space variables 

( ),c cp x , though a renormalization may again be necessary to trace them from 
the explicit original quantum ( )α  . The original �  is really the real span of 

aρ  for the coherent state basis; hence it becomes the real span of the delta func-
tions in the classical limit. That is to say, the set of classical “density matrices” 
fills the whole real part of ( )2L Π . Formally, c�  is simply the real part of c� . 
We can see further that ( )T

Mαα →  and ( )T
J J Mαα → . More features of 

the classical picture obtained will be seen in Section 7, where we discuss the de-
scription of dynamics. 

6. Description of Quantum Symmetries and Time Evolution 

The description of the quantum symmetries in connection with the WWGM 
formalism has been well presented in Ref. [46] [47], from which we summarize 
the basic features and give explicit details for applications to our framework with 
particular emphasis on the elements of the relativity symmetry. Hermitian oper-
ators, as physical observables, play the role of the symmetry generators giving 
rise to a group of unitary flow on the Hilbert space(s), as well as an isomorphic 
group of automorphisms on the set of pure state density operators. Here we only 
focus on   and the matching set of φρ , while extending from the latter to all 
of ∈ ��   in the language of the Tomita representation. 

Firstly, we have on   symmetries as the group of unitary and antiunitary 
operators factored by its closed center of phase transformations. The isomorphic 
automorphism group ( )Aut   of the set   of φρ  is characterized by the 
subgroup of the group of real unitary transformations ( )R

�   compatible with 
the star product, i.e. ( )Autµ ∈   satisfies  

( ) ( ) ( )µ α β µ α µ β=                    (62) 

[or ( ) ( ) ( )µ α β µ α µ β=    ]. R
�  is the real subspace of the Hilbert space 

of Hilbert-Schmidt operators. Symmetry groups represented as subgroups of 
( )Aut   can be considered. For a star-unitary transformation U  on wave-

functions φ ∈ , we have a real unitary operator on R
�   

( ) .U U Uα µ α α= =�
                    (63) 

We write a generic one parameter group of such a (star-) unitary transforma-

tion in terms of real parameter s as ( ) 2e s
is G

U s
−

=


   with sG   as the gene-
rator. Note that the factor 2 is put in the place of � , consistent with our choice 
of units7. For time translation, as a unitary transformation on  , we have the 
Schrödinger equation of motion  

d2 .
d ti G

t
φ φ=                          (64) 

 

 

7For readers who find the factor of 2 difficult to appreciate, our results below in the next section— 
especially with the symmetry description in terms of the rescaled parameters in the usual units with 
an explicit �—should make the full picture more transparent. 
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In the Tomita representation picture, the unitary transformation ( )U s   on 
  gives a corresponding unitary transformation on �  as the Hilbert space of 
square kets, which are here simply elements in ( )2L Π , given by [43]  

( ) ( ) ( )
( ) ( )2e .

s sT T
is G J G J

U s U s JU s J
−  −  = =�  

               (65) 

From Equation (61), one can see that this is just a fancy restatement of Equation 
(63) above, with now an explicit form of ( )U s�

  as an operator in terms of the 
real generator function ( ),sG p x . Consider the generator sG�  as defined by  

( ) 2e s
is G

U s
−

=
�

�
 , we have  

( ) ( ) { }, ,
T Ts s s s s s sG G G J G J G G Gρ ρ ρ ρ ρ ρ ≡  = −  = − =   

� �


    (66) 

where { },⋅ ⋅


 is the star product commutator, i.e. the Moyal bracket. Hence, 

with ( ) ( ) ( )0s U s sρ ρ= =�
 ,  

( ) ( ){ }d 1 , .
d 2 ss G s
s i
ρ ρ=


                  (67) 

The result is of course to be expected. When applied to the time translation as a 
unitary transformation, it gives exactly the Liouville equation of motion for a 
density matrix as the Schrödinger equation for the latter taken as a state in �  
with Hamiltonian operator tGκ = �� . ( ) ( ) ( )ˆ ˆ, , ,L Li i

s s i i s i iG p x G p x G P X= =    
is the operator that represents the (real) element ( ),s i iG P X  in the algebra of 
observables as well as  . { },s sG G= ⋅�


 then represents the algebra element on 

� . It is interesting to note that by introducing the notation ( )ˆ ,L i i
s sG G p x≡   

as a left action, we have a corresponding right action ˆ R
sG  given by  

ˆ R
s sG Gα α=   with ˆ ˆL R

s s sG G G= −� . The explicit expression for the ˆ R
sG  action 

follows from  
ˆ ,i

R
i i p

X x i= − ∂  

ˆ .i
R

i i x
P p i= + ∂                         (68) 

These operators match to the right-invariant vector fields of the Heisenberg- 
Weyl group as ˆ LX  and ˆ LP  corresponds to the left-invariant ones. When  

( ),sG p x  is an order one or two polynomial in the variables, which covers the 
cases of interest here, sG�  has a very simple explicit form. Another important 
feature to note is that sG�  determines ( ),sG p x  only up to an additive con-
stant. This is a consequence of the fact that the density matrix φρ  is insensitive 
to the phase of the pure state φ . Constant functions in the observable algebra 
correspond to multiples of Î  on   which generates pure phase transforma-
tions, i.e. ( ), 1G p xθ =  and 0sG =� . 

Let us focus first on the observables x   and p   as symmetry generators 
on  , and look at the corresponding transformations on � . From Equation 
(8),  

( ) ( ) ( ) ( )2, e , , e ,
2

ix p ixpxU x p x p x p xφ φ φ
−

− ′ ′ ′ ′ ′ ′ ′= = + 
 



   
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( ) ( ) ( ) ( )2, e , , e ,
2

ip x ipxpU p p x p x p xφ φ φ
−

′− ′ ′ ′ ′ ′ ′= = + 
 



        (69) 

giving, in terms of explicit ix  and ip  parameters,  

, 2 ,i i ii ix x x
G p p G i

− −
= = = ∂��   

, 2 .i i ii ip p p
G x x G i= = = ∂��                   (70) 

The factors of 2 in the translations ( )U x   and ( )U p   may look somewhat 
suspicious at first sight. They are actually related to the fact that the arguments 
of the wavefunction correspond to half the expectation values, due to our cohe-
rent state labeling. Thus, we find that x   and p   generate translations of 
the expectation values, which is certainly the right feature to have. To better ap-
preciate these results, one can also think about a sort of “Heisenberg picture” for 
the symmetry transformations as translations of the observables instead of states 
giving the same transformations of the expectation values. One can see that the 
differential operators play an important role as operators on � . We can con-
sider the set of ix , ip  ix�  and ip�  as the fundamental set of operators—func- 
tions of which essentially describe the full algebra of observables—versus the 
case on   for which the set is given only by ix   and ip  . Note that the 
only nonzero commutators among the set are given by  

, , 2 .i j i j ijx p p x iδ   = = −   � �                   (71) 

The similar fundamental set of operators was long ago introduced within the 
Koopman-von Neumann formulation [48]. We see here the analogous structure 
in the quantum setting. For a generic ( ),i ip xα , the function itself (i.e. the sim-
ple multiplicative action Mα ), ˆ Lα , ˆ Rα , and α�  are all operators to be consi-
dered on � , though only two among the four are linearly independent. 

Consider ( )ij i j j iG x p x p
ω

= − . We have  

( ) ( ) ,ij j i j ii j i jx p x p
G x p ix ip i j

ω
= − ∂ + ∂ + ∂ ∂ − ↔  

( ) ( )2 .ij j ii jx p
G i x p i j

ω
= − ∂ − ∂ − ↔�                (72) 

with the explicit action  

( ) ( ) ( ) [ ]
ˆ ˆ

2 2 2, e , , e e , ,
ij ij ij

ij ij ij
i i iG G GijU p x p x p x p xω ω ω

ω ω ω

ω φ φ φ φ
− − 

 
 

 
′ ′ ′ ′ ′ ′ ′ ′ = = =

 
 



  (73) 

where ˆ ˆ ˆ ˆ ˆ
ij i j j iG X P X P

ω
= −  is the angular momentum operator on the Hilbert  

space   and [ ]
ˆ

2e ,
ij

ij
i G

p xω
ω

′ ′  (no sum over the ,i j  indices) the rotated 

( ),p x′ ′ . This corresponds to the coset space action [4], i.e. a rotation about the  

k-th direction of both the p and x as three dimensional vectors8. Together with 

 

 

8Note that ˆ
ijG

ω
 carries the units of � , which are taken as 2. Hence, for the dimensionless parame-

ter ijω , ˆ
2 ij

iji G
ω

ω  with 2 standing in for � , is the right dimensionless rotation operator. A rotation 

on the p or x vector corresponds to the same rotation on 2p or 2x as the expectation values. 
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the ix
G  and ip

G
−

 (and Gθ ) parts, we have the full set of operators from the 
generators of the ( )3RH  subgroup of the U(1) extended Galilean symmetry 
with the time translation taken out. This portion of the ten generators sG , is of 
course a commutative set. The set of L

s sG G=   represents the symmetry on 
 , and constitute a subalgebra of the algebra of physical observables. We can 
easily see that the R

sG  set does the same as a right action. A L
sG  always com-

mutes with a R
sG ′  since, in general, ˆ ˆ, 0L Rα γ  =  . Explicitly, we have  

( )/ / / / / /, 2 ,ij hk ih ik jk jh
L R L R L R L R L R L R

jk jh ih ikG G i G G G G
ω ω ω ω ω ω

δ δ δ δ  = ± − + −   

( )/ / / /, 2 ,ij k i j
L R L R L R L R

jk ikx x x
G G i G G

ω
δ δ

− − −
  = ± −   

( )/ / / /, 2 ,ij k i j
L R L R L R L R

jk ikp p p
G G i G G

ω
δ δ  = ± −   

/ / /, 2i j
L R L R L R

ijp x
G G i Gθδ

−
  = ±   
/ / / /, , 0,i j i j

L R L R L R L R
p p x x

G G G G
− −

   = =                     (74) 

and / 1L RGθ =  commutes with all other generators. Note that the factors of 2 are 
really taking the place of �  because of the choice of units. The upper and lower 
signs correspond to the L

sG  and R
sG  results, respectively. For the sG�  set, we 

can see that the set of commutators is same as that of L
sG  with however the va-

nishing Gθ
�  giving a vanishing ,i jp x

G G
−

 
 
� � . As a result, we can also see the sG�  

set without Gθ
�  as giving the symmetry without the central extension, similar to 

the classical case. Besides, we have  

( ), 2 ,ij hk ih ik jk jhjk jh ih ikG G i G G G G
ω ω ω ω ω ω

δ δ δ δ  = − + − 
�  

( ), 2 ,ij k i jjk ikx x x
G G i G G

ω
δ δ

− − −
  = − − 

�
 

( ), 2 ,ij k i jjk ikp p p
G G i G G

ω
δ δ  = − − 

�
 

( ), 2 ,ij k i jjk ikx x x
G G i G G

ω
δ δ

− − −
  = − − 
�

 

( ), 2 ,ij k i jjk ikp p p
G G i G G

ω
δ δ  = − − 

�
 

, , 2 ,i j i j ijp x x p
G G G G iδ

− −
   = − =   

� �
 

, , 0.i j i jp p x x
G G G G

− −
   = =   

� �                   (75) 

The time translation generator /L R
tG , needed to complete the above set of ten  

/L R
sG  into the full extended Galilean symmetry, is given by 

2

i
i

t
p p

G
m

=  where m  

is the particle mass. One can see that /L R
tG  commutes with each generator, ex-

cept for having9 

 

 

9The usual presentation of the symmetry uses the Galilean boost generators iK  in place of iX , 

which corresponds to /
i

L R

p
G  here. We have iK  be matched to /

i
L R

p
mG . 

https://doi.org/10.4236/jhepgc.2019.53031


C. S. Chew et al. 
 

 

DOI: 10.4236/jhepgc.2019.53031 576 Journal of High Energy Physics, Gravitation and Cosmology 
 

/ / /2, .i i
L R L R L R

tp x

iG G G
m −

  = ± 
                    (76) 

Similarly, we have 2
i

i
t x

iG p
m
−

= ∂�  giving 2,i itp x

iG G G
m −

  = 
� � � . A generic Hamil-  

tonian for a particle would have tG κ=  to be given with an extra additive part 
as the potential energy ( ) ( ),p x xυ υ= . It is also of some interest to illustrate 
explicitly the Heisenberg equation of motion in considerations of evolution, 
both in   and � . For the time dependent operator ( ), ;p x tα  , on    

we have [ ]d 1 ,
d 2t i
α α κ=   , while for ( ), ;p x tα  on �  we have  

[ ] ( ) [ ]d 1 1 1ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ, , ,
d 2 2 2

L L L R L L R L

t i i i
α α κ α κ α κ κ α κ α α κ= = − − + =�       (77) 

where ˆ ˆL R
tGκ κ κ≡ − = �� ; hence, we arrive at the same equation as that on  . 

This equation can simply be written as  

{ }d 1 , .
d 2t i
α α κ=


                      (78) 

Taking 2
i

i
x

i p
m

κ υ−
= ∂ +� �  explicitly and applying this to the observables ix  

and ip , we have  

( )
1

odd

d .
d !i ii

i n
n n
px x

n

p i
t m n
α α α υ

−

= ∂ − ∂ ∂∑               (79) 

υ  with vanishing third derivatives, or α  with 0
i

n
p α∂ = , provide particularly 

important examples of the equation α  being ix  and ip . The equation re-
duces to a form exactly the same as the one for α , and κ , as if it is a classical 
observable. 

7. To The Relativity Symmetry at the Classical Limit 

We have presented the formulation of the classical limit of quantum mechanics 
from the perspective of a contraction of the relativity symmetry, and the corres-
ponding representations, in Ref. [4] within the Hilbert space picture on   and 
 . In Section 2, we have presented a formulation within the WWGM setting, 
focusing on the key part of the Heisenberg-Weyl subgroup. We are now going to 
push that to the full relativity symmetry. Taking the full extended Galilean sym-
metry with abstract generators iX , iP , ijJ , H and I as represented on   by 
the set of eleven ( )L

s sG G=  above, the contraction is to be given by  

c
i iX X

k
=
� , c

i iP P
k

=
� , 

2
c
ij ijJ J=
� , 

2
cH H=
� , and cI I=  taken to the  

k →∞  limit. Note that setting 1k =  gives the usual commutator set with an 
explicit �  (in the place of the factor 2), which can be considered as having the 
generators in the usual, classical system of units. Again, we take the contraction 
of the representation(s), with cx  and cp  standing in for x and p. As the 
whole algebra of ( ),p xα   reduces to the Poisson algebra ( ),c cp xα  of clas-
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sical observables ( ),c cp xα , all of the ( ),sG p x   yield the ( ),c c
sG p x , which 

all commute among themselves. The noncommutative observable algebra for the 
Hilbert space of pure states  , upon the symmetry contraction, reduces to a 
commutative algebra as a result of the reduction of   to the simple sum of 
one-dimensional subspaces of each coherent state [4]. Each ( ),c cp xα  is di-
agonal on the resulting Hilbert space of pure states, which contains only the del-
ta functions. How do we recover the noncommutative relativity symmetry at the 
classical level then, either on the observable algebra or in the Koopman-von 
Neumann formulation? The answer is to be found from the Tomita representa-
tion picture of the Hilbert space � . The Koopman Hilbert space essentially 
comes from � . 

Take the set of sG� , we have  

( ) ,2ij ij jc ic ic jc
c c c c c

i j j ix p x p
G G i x p x p

ω ω
= = − ∂ − ∂ − ∂ + ∂
�� � �  

,
2 ci i

c c
t t i x i x

i iG G p p
m m
− −

= = ∂ = ∂
� � �� �                 (80) 

and again 0cG Gθ θ= =� � . These results are independent of the contraction para-

meter k; in fact, they are independent of c c

p x
p x

= . The unitary operators can be 

written as  

( ) ( )e , e .
ij c c

t
i iG tG

U U tωω
ω

− −

= =
� �

� �� �
   

Similarly, if we take 2

2
c

c
p p p

iG G
k k

= = ∂
� �� �  and 2

2
c

c
x x x

iG G
k k− −= = ∂
� �� �  (we  

drop the spatial index in x and p for simplicity, similarly for ω  above), the re-
sults vanish in the k →∞  limit. This seems to create a problem, however, we 
are not interested in the operators generating translations in p and x. We should 
be looking at translations in cp  and cx , i.e. rewriting ( )U p�

  and ( )U x�
  

as ( )cU p�
  and ( )cU x�

 . Introducing generators c
c
p

G�  and c
c

x
G

−
�  satisfying  

( ) ( ) ( )2 2e e , e e ,
c c c c

p p x x
i ip i ixp G G x G Gc cU p U x− −

− − −
−

= = = =
� � � �

� �� �
   

we can see that  

, ,c c c cp p x x
G i G i

−
= ∂ = ∂� �� �                      (81) 

which are again independent of c c

p x
p x

= , and therefore independent of k. Note 

that cp
G�  and cx

G�  are exactly the invariant vector fields of the manifold of  

( ), ,c cp x θ  corresponding to the contracted symmetry from the Heisenberg- 
Weyl group. To summarize, we have the set of cGω

� , c
tG� , c

c
p

G� , c
c

x
G

−
� , and cGθ

�  
giving the commutators exactly as the as the old set of Gω

� , tG� , pG� , xG−
� , and 

Gθ
� , with the factors of 2 all replaced by � . With Gθ

�  taken out, the rest con-
stitute a representation of the contracted Galilean symmetry without the U(1) 
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central extension, which at the abstract Lie algebra level is trivialized and de-
coupled from the rest. 

Next, take the multiplicative operators ij
c c c c c

i j j iG x p x p
ω

= − , 
c ic

c i
t

p p
G

m
= , 

c
c c
p

G x= , and c
c c

x
G p

−
= . We have the formal relation  

2 2, ,ij ij
c c

t tG G G G
k kω ω

= =
� �  

, .c c
c c

p xp x
G G G G

k k −−
= =
� �                 (82) 

The commutator results for the classical operators with the c
c
s

G�  (with cω ω=  
and ct t= ) set above correspond again to results in Equation (75) with 2 re-
placed � . Thus, we recover the full algebraic structure introduced in Ref. [48] 
for the Koopman-von Neumann classical setting. 

8. To the Koopman-Von Neumann Classical Dynamics 

Finally, we check the explicit dynamical description obtained for the classic set-
ting, focusing especially on the Koopman-von Neumann formulation. The 
Schrödinger equation, Heisenberg equation, and Liouville equation are to be cast 
in the following forms in the contraction limit  

( ) ( ) ( )
2d , ; , , ; ,

d 2
c c c c c c c cki p x t p x p x t

t
φ κ φ= →∞�            (83) 

( ) ( ) ( ){ } ( ) ( ){ }
2d , ; , ; , , , ; , , ,

d 2 c
c c c c c c c c c c c ckp x t p x t p x p x t p x

t i
α α κ α κ= →

� 
(84) 

( ) ( ) ( ){ } ( ) ( ){ }
2d , ; , , , ; , , , ; ,

d 2 c
c c c c c c c c c c c ckp x t p x p x t p x p x t

t i
ρ κ ρ κ ρ= →

� 
(85) 

with the classical (antisymmetric) Poisson bracket { },⋅ ⋅  of classical phase space 
coordinates ( ),c cp x . So, the Schrödinger equation on the Hilbert space of pure 
state fails to make sense at the contraction limit, while the Heisenberg equation 
and the Liouville equation give the correct classical results. The problem of the 
Schrödinger equation is not beyond expectations. The Hilbert space of pure 
states, as an irreducible unitary representation, collapses to the simple sum of 
one-dimensional subspaces of the coherent states, so there is no continuous 
evolution to described on it any more. Recall that the Heisenberg equation can 
be seen as one on � , and hence it survives. Moreover, the Liouville equation is 
the Schrödinger equation on � . The reducible representation is on the Hilbert 
space �  containing all the states—pure or mixed—and therefore it is not at all 
bothered by the fact that most of the pure quantum states become mixed states 
in the classical limit. Furthermore, note that the (classical) Liouville equation is 
insensitive to the rescaling/renormalization of ρ  to cρ , and similarly for the 
classical equation of motion going from α  to cα . 

In the Koopman-von Neumann formulation, a classical wavefunction cφ  is 
to be introduced with 

2c cρ φ≡  for each cρ . Each cφ  describes a mixed 
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state in general, as does cρ . The Koopman-von Neumann Hilbert space is one 
of a reducible representation, A Koopman-Schrödinger equation for cφ  relating  

to the classical Liouville equation { }d ,
d

c c c

t
ρ κ ρ=  can be written then as  

d .
d

c c ci
t
φ κ φ=�                       (86) 

One can rewrite the classical equation of motion in the Koopman-Heisenberg 
form [36] as  

{ },
, ,ccM M X M

t α ακκ α

∂  = =  ∂
                 (87) 

where c ic ic c
i i

X
p x x pκ
κ κ ∂ ∂ ∂ ∂

= − ∂ ∂ ∂ ∂ 
 is the (classical) Hamiltonian vector field, 

which gives  

( )
( ) ( )e e e e .c c c cit iX it iX tX tX

tM M Mκ κ κ κ
α αα

− − − −
= =            (88) 

Recall that the multiplicative operator Mα α=  is just the classical limit of the 
α   [cf. Equation (30)]; hence it is a simple multiplication with ( ),c cp xα  on 
the classical Hilbert space ( )2L Π . Taking a closer look, we see that the solution 
to the equation of motion (84) before taking k →∞  can be written as  

( ) ( ) ( ) ( )
2 2

2 2e 0 e .
c c c ck kit itc ct

κ κ
α α

−
 =  

� �
 

                (89) 

This equation is nothing other than the ( )tα   solution to the original Hei-
senberg equation of (78) written in terms of the rescaled classical variables. Ex-
panding Equation (53) and keeping only the first two terms, we have  

( ) ( )
22 2

2
2

22 2e e e e .
c cc c c c

k ik ik tit Xit tXkU t
κ

κ
κκ κ
 

− − − − − = → =
�

�� �


            (90) 

This result is obviously consistent with Equation (88), as the first exponential 
factor simply cancels itself out. The classical limit is taken as the k →∞  limit, 
but the dynamics is determined by the noncommutative part of the star product; 
therefore it is determined by the first nontrivial term in the expansion, which is 
also the dominating real term. For the Schrödinger picture considerations, how-
ever, one would keep only the dominating first term. The limit ( )U t  is then 
consistent with the limiting Schrödinger equation, but both involve the diverg-
ing 2k  factor. Again, the quantum Schrödinger equation is an equation of mo-
tion for the pure states the classical limit, and there do not form a connected set 
in the reduced Hilbert space (except formally at the zero magnitude point). The 
Koopman-Schrödinger equation is exactly given by putting 2 2k =  back into 
the limiting Schrödinger equation for the diverging k. 

The solution to the Koopman-Schrödinger equation is given in terms of the 

Koopman-Schrödinger flow ( ) e
it

KSU t κ
−

= �


 in Ref. [36] with the generator κ  
given by  
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( ) .M M i Xκ κ κϑ κ= + − �                      (91) 

The first two terms contribute a change of a complex phase for cφ  with no ef-
fect in the Heisenberg picture. The last term, and thus the whole set of ( )KSU t , 
gives the Koopman-Heisenberg equation we obtained above, as well as a time 
translation of (the magnitude of) cφ  in the Schrödinger picture. The ( )Mϑ κ  
part is responsible for the geometric phase [49] [50], a notion which requires 
formulating states, quantum or classical, as sections of a ( )1U  principal bundle 
or a Hermitian line bundle [49] [50] [51] for its description. ( )M i Xαϑ α − �  is re-
ally a covariant derivative (ϑ  a connection form) associated to the function 

( ),c cp xα  which guarantees { }, ,i α βα β  =  �   , i.e. the operators α  form a 
representation of same Lie algebra as the Poisson algebra. Adopting the canoni-
cal trivialization of the ( )1U  bundle over Π , coordinated by c ic

ip dx−  as a 
Kähler manifold with a Euclidean metric on ( ic c

id dx dpϑ = ∧  is the symplectic 
form)10, α  can be taken as acting on the wavefunction ( )2c Lφ ∈ Π  with  

( ) 1
2

c c
i ic c

i i

p x
p x
κ κϑ α

 ∂ ∂
= − + ∂ ∂ 

 [52]. It would be interesting to see a full ( )1U  

bundle formulation of the WWGM formalism and its contraction limit, which is 
however beyond the scope of this article. 

9. Conclusions 

We have explicitly presented a version of the WWGM formalism for quantum 
mechanics, which we propose as the most natural prescription unifying, the 
formalism most familiar to a general physicist (the one base on a Hilbert space 
of wavefunctions) and the abstract mathematical algebraic formalism related to 
noncommutative geometry. On the (pure state) Hilbert space   of wavefunc-
tions ( ),i ip xφ  from the canonical coherent state basis, the observable algebra 
as a functional algebra of the iP  and iX  operators ( ),i iC P X  can be seen as 
both the operator (functional) algebra ( ),i iC p x   as well as ( ),i iC p x  with a 
Moyal star product; ( ) ( ), ,i i i ip x p xα φ α φ=   . We advocate the former pic-
ture and the important notion that the algebra is essentially an irreducible (cyclic) 
representation of the group (C*-) algebra from the relativity symmetry within 
which the Hilbert space is a representation for the group. The modern mathe-
matics of noncommutative geometry [1] [53] [54] essentially says that the non-
commutative algebra ( ),i iC p x   is to be seen as an algebra of continuous 
functions of a geometric/topological space with the six noncommutative coor-
dinates ip   and ix  , and coordinates are of course the basic observables in 
terms of which all other observables can be constructed. ( ),i iC p x   as a 
C*-algebra corresponds to the set of compact operators on   is a Moyal sub-
algebra of ( )IB   as given by ′  (which is a W*-algebra). The mathematics 
also offers another geometric object as a kind of dual object to the C*-algebra, 

 

 

10The metric is essentially the restriction of the Fubini-Study metric on the quantum phase space 
(the projective Hilbert space) as the Kähler manifold CP∞  to the coherent state submanifold [33]. 
It is hence totally compatible with the quantum description. 

https://doi.org/10.4236/jhepgc.2019.53031


C. S. Chew et al. 
 

 

DOI: 10.4236/jhepgc.2019.53031 581 Journal of High Energy Physics, Gravitation and Cosmology 
 

namely the space of pure states φω  [22], which is equivalent to the (projective) 
Hilbert space (of  ) [55]. The projective Hilbert space is the infinite-dimen- 
sional Kähler manifold CP∞  [33] [56], with a set of “six times ∞ ” homoge-
neous coordinates. One key purpose of the article is to help a general physicist to 
appreciate such a perspective. Of course such an algebraic-geometric perspective 
also works perfectly well with Newtonian physics for which the observable alge-
bra is commutative and contains functions of the classical phase space coordi-
nates. We illustrate here also how that classical limit is retrieved from the quan-
tum one. 

This geometric notion is usually considered as only about the quantum phase 
space. Actually, the standard description of quantum mechanics breaks the con-
ceptual connection between the phase space, the configuration space, and phys-
ical space itself in classical mechanics—physical space is the configuration space 
(all possible positions) of a free particle, or of the center of mass as a degree of 
freedom for a closed system of particles; the configuration space is sort of like 
half the phase space, with the other half being the momentum space of conjugate 
variables. However, from both the noncommutative geometry picture and the 
CP∞  picture (for a single quantum particle) discussed above, it certainly looks 
like it does not have to be the case. In particular, CP∞  is a symplectic manifold 
and the Schrödinger equation is an infinite set of Hamiltonian equations of mo-
tion with the configuration and conjugate momentum variables taken as, say, the 
real and imaginary parts of ( ),i ip xφ  at each ( ),i ip x  (or those of naφ  for 
any set na  of orthonormal basis). In Ref. [4], we have constructed a quantum 
model of physical space, or the position/configuration space of a particle, along 
parallel lines of the coherent state phase space construction as a representation 
of the relativity symmetry. Moreover, we showed that the model reduces back to 
the Newtonian model as the classical limit formulated as a relativity symmetry 
contraction limit. Part of the analysis in the current article was motivated by the 
idea of illustrating the solid dynamical picture underlying that framework. 

The quantum physical space obtained in Ref. [4] is actually a Hilbert space 
equivalent to that of the phase space. The key reason is that for the quantum re-
lativity symmetry ( )3G�  as the ( )1U  central extension of the classical Gali-
lean symmetry ( )3G , phase space representations are generally irreducible 
while in the classical case they may be reduced to a sum of the position/configu- 
ration space and the momentum space ones. The central charge generator, as the 

i iX P−  commutator generates, a complex phase rotation in relation to the nat-
ural complex structure in i iX iP+  with the complex coordinates ( ),i ip xφ  
mixing the position/configuration coordinates with the momentum coordinates, 
the division of which would otherwise be respected by the other relativity sym-
metry transformations. The analysis here establishes explicitly that the ( )3G�  
group plays the full role of a relativity symmetry for quantum mechanics with 
the quantum model of the physical space and gives all the corresponding aspects 
for the Newtonian theory as an approximation to be described as a relativity 
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symmetry contraction. The results also gives a comprehensive treatment of the 
classical limit of quantum mechanics, to which there are otherwise quite some 
confusing notions about in the literature. 

The explicit analysis in Ref. [4] focused only on the ( )3RH  subgroup with 
the time translation generator taken out, which is good enough for the mostly 
kinematical considerations there. Along these lines, we put strong emphasis on 
the (relativity) symmetry group as the starting point. The observable algebra is 
essentially the group ( *C ) algebra or an irreducible representation of it. Actually, 
we focus only on the Heisenberg-Weyl subgroup ( )3H , and take into consid-
eration the full relativity symmetry ( )3G�  only as unitary transformation on the 
Hilbert space and as automorphisms on the observable algebra. All of this works 
very well because the relevant (e.g. spin zero) representation of the ( )3G�  group 
algebra is contained in ( ),i iC p x  . This is a natural parallel to the Hilbert 
space of pure states as an representation of ( )3H  and ( )3RH  (or ( )3G� ). 
This is more or less the physical statement that (orbital) angular momentum and 
Hamiltonian variables/operators are to be written in terms of the position and 
momentum ones. It is really a consequence of the structure of ( )3G�  with the 
series of invariant subgroups  

( ) ( ) ( ) ( )1 3 3 3 ,RU H H G�≺ ≺ ≺  

giving the following semidirect product structures:  

( ) ( ) ( )( )3 3 3 ,G H SO T= ×�   

where T denotes the one parameter group of time translations. The other rela-
tivity transformations act on H(3) as outer automorphisms and on its group al-
gebra as inner automorphisms. Again, the Hilbert space as a group representa-
tion naturally sits inside the representation of the group algebra with the natural 
(noncommutative, algebraic) multiplicative actions of the latter as the operator 
actions. 

It is also interesting that while the rotational symmetry SO(3) is naturally to 
be included in the mathematical picture of even just the H(3) symmetry, the Ga-
lilean time translation is not. Moreover, we have no problem describing the 
transformations generated by any real/Hermitian Hamiltonian function ( ),i ip xκ  
or operator ( ),i ip xκ   as unitary transformations on the Hilbert space and 
automorphisms of the observable algebra, just like any Hamiltonian flow on a 
symplectic manifold. But then there is no reason to single out the parameter of a 
particular Hamiltonian flow as physical time and the generator of physical ener-
gy. We may have to look for a more natural relativity symmetry framework in 
order to truly understood time, for example with Lorentz symmetry incorpo-
rated. For the current authors, we are particularly interested in using the relativ-
ity symmetry as the basic key mathematical structure, and plan on pushing for-
ward for models of quantum spacetime and its related dynamics on the deep 
microscopic scale based on the idea of relativity symmetry deformation/stabi- 
lization [17]. 
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In summary, quantum mechanics can be, and we believe should be, seen as a 
theory of particle dynamics on a quantum/noncommutative model of the physi-
cal space with a picture as the infinite dimensional Kähler manifold CP∞ . It has 
a relativity symmetry of ( )3G�  and the observable algebra is naturally the re-
presentation of the group C*-algebra corresponding to the representation of 
( )3G�  (time-independent spin-zero) that describes the physical space. The 

WWGM formalism is just such a representation theory, and hence also essen-
tially the Hilbert space theory. Dynamics is included in the Hamiltonian flows 
on CP∞  as well as the corresponding automorphism flows on the C*-algebra. 
The mathematical framework is valid for any group as relativity symmetry, and a 
group obtained as the contraction limit of another serves as an approximation of 
the latter with the full theory retrievable from pushing the contraction through-
out the original theory, as our illustration of obtaining the Newtonian theory 
from quantum mechanics. Lie group/algebra deformations in the reverse process 
to contraction, hence giving natural candidates for theories the quantum and 
classical mechanics serves as approximation. The fully deformed/stabilized (spe-
cial) relativity symmetry, probably for Planckian physics, is expected to give full 
noncommutativity among all X and P to which quantum mechanics is the mi-
nimal case with noncommutativity. It suggests all noncommutative models of 
spacetime should have be phase space models; energy-momentum is much a 
part of the physical space only in the classical approximation to which one can 
consider the configuration and the momentum parts separately. 
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