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Abstract 
In this work, we consider three-dimensional distributions obtained using cop-
ulas to jointly study pollutants monthly maxima collected in three regions of 
Mexico City. The copula models taken into account are the usual Gumbel-
Hougaard and a nested copula with this copula as the base copula. Fréchet 
distributions are used as the marginal distributions in the copula formulations. 
Parameters of the models are estimated under the Bayesian point of view via 
Markov chain Monte Carlo algorithms. The models are applied to three pol-
lutants obtained from the monitoring stations placed in three regions of the 
Mexico City metropolitan area. 
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1. Introduction 

Mexico City is among many cities whose inhabitants suffer the consequences of 
high levels of air pollution. As many other countries and cities around the world, 
Mexico and, in particular, Mexico City have implemented actions aiming to re-
duce pollutants emission, as well as to prevent population exposure to high levels 
of pollution. As part of the actions taken are the large monitoring network located 
in Mexico City and its metropolitan area, and many regulations that have been 
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approved at local and country levels. Among them are [1]-[6]. In particular, [1] 
establishes the levels of ozone (O3) and particulate matter with diameter smaller 
than 10 microns (PM10) in order to declare emergency alerts in Mexico City. De-
pending on how many locations their corresponding environmental thresholds 
are exceeded a type of emergency alert is declared. These pollutants are also part 
of the set of pollutants used to classify the air quality in Mexico City [2]. In addi-
tion to these two pollutants, we also have particulate matter with diameter smaller 
than 2.5 microns (PM2.5). The interest in studying these three pollutants is mainly 
because of their potential well known harmful impact on human health. For in-
stance, if we have ozone levels above 0.11 parts per million (0.11 ppm), the ill, 
newborn, and elderly may experience serious health deterioration (see, for exam-
ple, [7]-[10], among others). Additionally, exposure of pregnant women to PM10 
and PM2.5 may produce adverse effects on the newborn [11]-[13]. PM10 and PM2.5 
may also cause cardiovascular problems in the population in general and an in-
crease in mortality of at-risk groups [14]-[17]. Therefore, to study the behavior of 
these and other pollutants, and in particular, the behavior of concentrations that 
present extreme values when compared to the remaining measurements are im-
portant issues. If extreme values are of interest, then extreme value models are one 
way of analyzing this problem. 

Many issues in the environmental area are analysed taking into account the be-
havior of extreme values, see for instance [18]-[22] when the univariate approach 
is taken. When it comes to higher dimensional settings, [23] presents a bivariate 
extreme value model using a copula approach. The copula approach was also con-
sidered in the study of a variety of problems. For instance, [24]-[26] have applied 
this methodology to study multivariate flood frequency, and [27] have used it to 
analyze rainfall frequency. We also have [28] where a multivariate multi-parame-
ter extreme value model is considered using a copula approach, as well as [29] 
using copula to study multidimensional association with an application to air pol-
lution problems. 

In the present study, we also consider extreme value and copula models, but 
now to study the association among pollutants obtained from three regions in the 
Mexico City metropolitan area. The pollutants considered are O3, PM10, and PM2.5 
where their monthly maxima collected in regions northeast (NE), center (CE), 
and southwest (SW) are used as data. These three regions are taken into account 
because they are in the main prevailing wind path which goes from the northeast 
region of the city to the southwest. In a first instance, we will consider three 
three-dimensional vectors where in the first coordinate we have the pollutants 
measurements collected in region NE; in the second coordinate we have the 
same pollutant collected in region CE; and in the third coordinate are the data 
collected in region SW. Therefore, we consider the vectors ( ) ( ) ( )( )NE CE SW

3 3 3O ,O ,O , 
( ) ( ) ( )( )NE CE SW
10 10 10PM , PM ,PM , and ( ) ( ) ( )( )NE CE SW

2.5 2.5 2.5PM ,PM ,PM , with pollutant(x) mean-
ing the pollutant measurements collected in region x. In a second instance, a nested 
copula [24] is taken into account. In this nested model, the order in which regions 
appear depends on the associated correlations between pairs of pollutants in the 
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corresponding region. The specific ordering will be given when the model is ap-
plied to the data sets. In all cases, the base copula used is the Gumbel-Hougaard 
(see [30]-[32]) using the Fréchet extreme value distribution. 

The novelties here are the copula and dimension used, as well the data sets. The 
differences from previous works also using data from Mexico City is the observa-
tional period, the data taken into account, and the fact that we want to see the 
association of pollutants collected in different regions. 

This work is organized as follows. In Section 2, we present the mathematical 
and the Bayesian formulations of the models. Section 3 gives an application to the 
case of Mexico City monthly maximum measurements of the three pollutants con-
sidered here. In Section 4, a discussion of the results, as well as some additional 
comments are presented. Two appendices, given after the list of references, present 
the explicit forms of the likelihood functions and some of the computational details. 

2. The Stochastic Model 

Denote by ( )i
tZ  the concentration of the pollutant in study at the ith site at time t ; 

1,2, ,i d=  ; 1,2, ,t T=  , ( 0T > , 1d ≥ ). (In the present case a site will corre-
spond to a region in the Mexico City metropolitan area). Let  

( ) ( ){ }: 1, 2, ,i i
tZ t T= = Z  be the process recording the pollutant concentration val-

ues during the observational period [ ]0,T  at site i , 1,2, ,i d=  . We assume that 
( )i
tZ  has distribution and density functions ( )iF ⋅  and ( )if ⋅ , respectively,  

1,2, ,i d=  ; 1,2, ,t T=  . Denote by ( ), ,ijkF ⋅ ⋅ ⋅  and ( ), ,ijkf ⋅ ⋅ ⋅  the joint distri-
bution and density functions of a given pollutant collected at sites i , j , and k , 
respectively; , , 1, 2, ,i j k d=  ; ,i j k≠ ; j k≠ . We assume that ( ), ,ijkF ⋅ ⋅ ⋅  is 

given by a copula function ( ), ,Cθ ⋅ ⋅ ⋅ , i.e., ( ) ( ) ( ) ( )( ), , , ,ijk i j kF C F F Fθ⋅ ⋅ ⋅ = ⋅ ⋅ ⋅ ;  

,i j k≠ , j k≠ ; , , 1, 2, ,i j k d=  . 

Due to the nature of the correlation between pairs of measurements ([23]), in 
the present case we assume a three-dimensional version of the Gumbel-Hougaard 
copula [30]-[32] for the triplets distribution functions, as well as for the base copula 
in the nested model. Therefore, two cases are taken into account. One in which we 
use the Gumbel-Hougaard (GH) copula in its three-dimensional version where only 
one association parameters is present, i.e., we consider the copula given by  

 ( ) ( ) ( ) ( )( )1, , exp log log log ,C u v w u v w
θθ θ θ

θ
 = − − + − + −            

 (1) 

where [ )1,θ ∈ ∞  is the association parameter. (Note that when 1θ =  we have 
independence of the three random variables whose joint distributions we are try-
ing to model). 

In another case the three-dimensional model is obtaining by nesting Gumbel-
Hougaard (NGH) copulas in which two association parameters are present. This 
is a generalization of the Arquimedean copulas. Hence, when the nested copula 
[24] is taken into account, we consider the following formulation,  

 ( ) ( )( )1 2, , , , ,C u v w C w C v u=  (2) 
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where ( )1 ,C ⋅ ⋅  and ( )2 ,C ⋅ ⋅  are copulas with association parameters 1θ  and 2θ , 
respectively, with 2 1θ θ> . 

Remarks. 1) If the copulas ( )1 ,C ⋅ ⋅  and ( )2 ,C ⋅ ⋅  are symmetric, i.e.,  
( ) ( ), ,i iC u v C v u= , 1,2i = , then 

 ( )( ) ( )( )1 2 1 2, , , , .C w C v u C C u v w=   

In the present case, we take ( ),iC ⋅ ⋅  a Gumbel-Hougaard copula with association 

parameter iθ , 1,2i = ; i.e., ( ) ( ) ( )( )1, exp log log
ii i

i
C u v u v

θθ θ
θ

 = − − + −        
 

2) The Gumbel-Hougaard copula is used because the interest resides in working 
with max-stable copulas since the data under analysis correspond to monthly 
maxima. Another reason for this choice is that the Gumbel-Hougaard copula cap-
tures the possible dependence between measurements in different regions in the 
upper tail of each marginal distribution. Other copulas that satisfy these assump-
tions, such as the Galambos and Hüsler-Reiss copulas, have also been considered 
and comparative analyses show no significant differences with respect to the 
Gumbel-Hougaard copula, see, for instance, [33]. 

When ( ), ,ijkF ⋅ ⋅ ⋅  is given by (1), the associated joint density function ( ), ,ijkf ⋅ ⋅ ⋅  
is 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )( ), , , , ,ijk i j k i j kf x y z f x f y f z c F x F y F zθ=  (3) 

where ( ) ( )3 , ,
, ,

C u v w
c u v w

u v w
θ

θ

∂
=

∂ ∂ ∂
 is given by  

 
( ) ( ) ( ) ( ) ( )

( )

1 1 1 1 3 1
1 1

2 1 1 2
1 1 1

1, , log log log exp

1 2 3 1 3 ,

c u v w u v w
uvw

θ θ θ θ θ
θ

θ θ θ

κ κ

θ θ κ κ κ

− − − − += − − − −

 × + + − + − + 

  

with ( ) ( ) ( )1 log log logu v wθ θ θκ = − + − + − . 

In the case where ( ), ,ijkF ⋅ ⋅ ⋅  is given by (2) we have 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )( )1 2,, , , , ,ijk i j k i j kf x y z f x f y f z c F x F y F zθ θ=  (4) 

where ( ) ( )
1 2

1 2

3
,

,

, ,
, ,

C u v w
c u v w

u v w
θ θ

θ θ

∂
=

∂ ∂ ∂
 is given by 

 

( ) ( ) ( ) ( )

( )

( )

1
2 2 1 1 2

1 2

1 1
11 2 1 1 2

1
11 2

1

1 3 21 1 1
, 2 3

1 1 2
2

2 3 2 2 1 3

1

1 2 3 1 2 2

1

2 2 2

1, , log log log

exp 1 3 log

1 2 log

1

c u v w u v w
uvw

w

w

θ
θ θ θ θ θ

θ θ

θ θ
θθ θ θ θ θ

θ
θθ θ

θ

κ κ

κ κ κ κ θ κ

θ κ κ θ θ κ

κ θ κ

− −− − −= − − −

        − − + + − −          
  
  + − + − − +

  
  


+ − +



,

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with ( ) ( )( ) ( )
1

2 2 12
2 log log logu v w

θ
θ θ θθκ = − + − + −  and  

( ) ( )2 2
3 log logu vθ θκ = − + −  

In the present case, we are studying monthly maximum measurements and, 
when using a copula in order to obtain the joint distributions of the pollutants 
measurements, we will use as marginal distributions Fréchet(α , σ ) distribu-
tions which is given as follows ([34]). A random variable X  is said to have Fré-
chet(α , σ ) distribution if its distribution ( ( )XF ⋅ ) and density ( ( )Xf ⋅ ) func-
tions are of the following forms,  

 ( ) ( )
1

exp and exp ,X X
x x xF x f x

α α αα
σ σ σ σ

− − − −        = − = −        
           

 (5) 

with , , , 0x y α σ > . 
In the present case, the Fréchet marginal distribution is considered based on 

the results reported by [23], where the marginal analysis shows that it provides a 
better fit compared to other extreme value distributions. 

Denote by ( ) ( ) ( )( ), ,i j k
t t tZ Z Z  the random vector recording the pollutant concen-

tration we are studying, 1,2, ,t T=  ; , , 1, 2, ,i j k d=  ; ,i j k≠ ; j k≠ . (In the 
present work, each coordinate represent the monthly maximum concentrations 
of a given pollutant in one of the regions in the main wind corridor in Mexico 
City metropolitan area). Let ( ),i iα σ , ( ),j jα σ , and ( ),k kα σ  denote the vector 

of parameters of the distribution functions ( )iF ⋅ , ( )jF ⋅ , and ( )kF ⋅ , respec-

tively. We also assume that ( ), ,ijkF ⋅ ⋅ ⋅  is given either by the copula (1) or by the 

copula (2) with ( ), ,ijkf ⋅ ⋅ ⋅  the associated density function. Hence, in all cases the 

vector of parameters to be estimated is either ( ), , , , , ,GH i j i j k kα σ α σ α σ θ=ϕ  or 

( )1 2, , , , , , ,NGH i j i j k kα σ α σ α σ θ θ=ϕ  where α  and σ  are the parameters of 

the particular Fréchet distribution, θ  is the association parameter present in the 
copula given by (1), and 1θ  and 2θ  are the association parameters present in 
the nested copula (2). 

Estimation of the parameters will be performed under the Bayesian point of 
view using information provided by the so-called posterior distribution of the vec-
tor of parameters. If φ  is the vector of parameters of a model describing a dataset 
D , then the posterior distribution of φ , denoted by ( )|P φ D , is such that 
( ) ( ) ( )| |P L Pφ φ φ∝D D , where ( )|L φD  and ( )P φ  are, respectively, the like-

lihood function of the model and the so-called prior distribution of φ . The task is 
made easier by using the software OpenBugs ([35] [36]) where only the likelihood 
function of the model and the prior distributions of the parameters need to be 
specified. 

In the present case, the observed data are given by the set  
( ) ( ) ( )( ){ }, , , 1, 2, , ; , , 1, 2, , ; , ;i j k
t t tz z z t T i j k d i j k j k= = = ≠ ≠ D . The prior distri-

butions of the parameters will be specified when the models are applied to the 
Mexico City data. In all cases we will assume their prior independence. The gen-
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eral form of the likelihood function of the model is given by,  

 ( ) ( ) ( ) ( )( )
1

| , , ,
T

i j k
ijk t t t

t
L f z z z

=

=∏D ϕ  (6) 

with ( ), ,ijkf ⋅ ⋅ ⋅  the appropriate joint density function. 
Remark. Note that we are assuming that the triplet containing the data from the 

different regions are temporally independent. This assumption presents a limita-
tion of the present model. However, when we look at the application to the present 
data, this limitation seems not to pose a problem and the fit of the estimated dis-
tributions to the observed are good. In order to make the model more general we 
could consider a temporal Markovian dependence on the triplet or even some type 
of modification in order to include some seasonal dependence. However, this is 
not pursued here. 

3. Application to Mexico City Data 

Application will be made to O3, PM10, and PM2.5 measurements collected at Mex-
ico City monitoring network  
(http://www.aire.cdmx.gob.mx/default.php?opc=%27aKBh%27) in the three re-
gions of Mexico City in the main wind path, i.e., regions NE, CE, and SW. Pollu-
tants concentrations are measured in parts per billion (ppb) in the case of O3 and 
in micrograms per cubic meter (μg/m3) when we consider PM10 and PM2.5. Mon-
itoring stations are place in several sites in these regions. Measurements in each 
station are obtained minute by minute and the averaged hourly result is reported 
at each station. The data actually used in the application are the monthly maxi-
mum measurements of these pollutants. The monthly maximum measurement in 
a given month in a given region is the maximum of all measurements collected in 
all stations located in that region at the given month. 

Remarks. 1. In the cases where a monitoring station was removed or introduced 
in a given region during the observational period, the data from that station were 
included only for the time interval in which the station was operational. A com-
parative analysis of the maxima with and without these stations was conducted, 
and no significant differences were found. The resulting statistics were similar, no 
outliers were detected, and the interquartile ranges remained consistent. 

2) Even though, in the case of ozone, the estimation of the parameters is made 
using the original unit of measure (i.e., ppb) the discussion of the results is made 
in terms of ppm since legislations are stated in this unit of measure. 

Depending on the pollutant we have an observational period. In the case of 
ozone the data used were collected from January 1990 to December 2021 giving a 
total of 384T =  monthly maxima; from January 1995 to December 2021 in the 
case of PM10, giving a total of 324T =  measurements; and from August 2003 to 
December 2021 for the PM2.5 data with a total of 221T =  values. Analysis will 
be performed for each pollutant separately. Hence, we have that each coordinate 
of the vector will represent a specific pollutant collect at a specific region. 

https://doi.org/10.4236/jep.2026.177030
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The observation period for ozone data started in January 1990 because from 
that year on records are considered more reliable. In the case of PM10 and PM2.5, 
the starting data of the observational periods correspond to the points in time 
where measurements of these pollutants became available in the regions taken 
into account in this study. In all cases, the observational period ends December 
2021.  

Since a Bayesian estimation of the parameters is performed and the software 
OpenBugs is used, we need to specify both the likelihood functions of the models 
and the prior distributions of the vectors of parameters. The explicit forms of the 
likelihood functions are given in Appendix A. The prior distributions, as well as 
the computational details such as burn-in periods, sampling gaps, and sample 
sizes are presented in Appendix B. 

When the usual three-dimensional Gumbel-Hougaard copula (i.e., (1)) is used 
we have that ( ) ( ) ( )( ), ,i j k

t t tZ Z Z  corresponds to measurements in regions NE, CE, 
and SW. In the case of the nested version (i.e., the copula given by (2)),  

( ) ( ) ( )( ), ,i j k
t t tZ Z Z  represents the pollutants O3 and PM10 in the following order of 

regions (CE, SW, NE). In the case of PM2.5, ( ) ( ) ( )( ), ,i j k
t t tZ Z Z  represents data from 

regions NE, SW, and CE. The selection of the order in which regions are placed 
in the case of the nested copula is a result of the values of the correlations between 
pollutants for the different pairs of regions. Hence, in the case of ozone we have 
that these values are 0.782, 0.942, and 0.732 if we consider the pairs (CE, NE), (CE, 
SW), and (NE, SW), respectively. The corresponding values in the case of PM10 
are 0.676, 0.748, and 0.676, respectively, and in the case of PM2.5 they are 0.619, 
0.633, and 0.646. 

The estimated parameters of interest for both versions of the three-dimensional 
copulas are given in Table 1.  

 
Table 1. Estimated means, standard deviations (indicated by SD), and MC Error of the 
quantities of interest for all pollutants and copulas considered in the analysis. The symbol 
– is used to indicate that the specific parameter was not part of the model. In the case of 
the GH copula we represent θ  by 1θ . 

  Mean SD MCError 

  GH NGH GH NGH GH NGH 

O3 

1α  4.72 3.764 0.112 0.0723 1.39E−3 1.69E−3 

2α  3.759 3.644 8.82E−2 0.0696 1.14E−3 1.56E−3 

3α  3.649 4.739 8.72E−2 0.11 1.112E−3 2.71E−3 

1σ  131.3 151.3 0.896 1.042 1.13E−2 2.207E−2 

2σ  152.6 166.1 1.242 1.178 1.58E−2 2.22E−2 

3σ  167 132.8 1.421 0.904 1.75E−2 1.74E−2 

1θ  2.485 2.21 8.38E−2 9.03E−2 1.052E−3 2.55E−3 

2θ  – 4.694 – 0.163 – 3.78E−3 
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Continued 

PM10 

1α  1.983 2.063 5.07E−2 0.045 5.87E−4 7.89E−4 

2α  2.051 2.238 5.69E−2 0.0473 6.937E−4 7.897E−4 

3α  2.218 1.984 5.96E−2 0.0488 7.035E−4 8.53E−4 

1σ  296.1 172.1 5.493 2.455 7.098E−2 3.84E−3 

2σ  173 147.4 3.01 1.962 3.71E−2 3.178E−2 

3σ  147.9 298 2.386 5.339 2.93E−2 0.084 

1θ  2.029 1.928 6.93E−2 0.0496 9E−4 8.492E−4 

2θ  – 2.215 – 0.0655 – 1.1E−3 

PM2.5 

1α  2.243 2.326 8.29E−2 6.46E−2 1.02E−3 8.63E−4 

2α  3.61 3.34 0.125 8.9E−2 1.472E−3 1.27E−3 

3α  3.343 3.623 0.11 0.119 1.31E−3 1.53E−3 

1σ  103.4 103.7 1.978 1.696 2.37E−2 2.45E−2 

2σ  83.4 76.29 1.029 0.864 1.16E−2 1.1E−2 

3σ  76.32 83.47 1.049 1.024 1.24E−2 1.36E−2 

1θ  1.689 1.636 6.84E−2 2.92E−2 8.25E−4 4.25E−4 

2θ  – 1.704 – 2.84E−2 – 3.38E−4 

 

 
Figure 1. Blocks represent the empirical density, solid black line represents the smoothed empirical density, 
solid blue line corresponds to the GH fit, and red solid line represents the NGH fit. 
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Figure 1 shows that the Fréchet distributions estimated using the GH method 
(solid blue line) and the NGH method (red solid line) are very similar, to the 
point that they almost overlap. Additionally, the marginal distributions esti-
mated in each case fit the data well, each displaying a single mode, in contrast 
to the smoothed empirical distribution (solid black line), which exhibits a more 
irregular shape. 

Using the deviance information criterion (DIC) (see, for instance, [37]) to select 
the models that best explain the data, when the copula (1) is used, the values of 
the DIC are 3.072E+08, 2.592E+08, and 1.768E+08 in the cases of ozone, PM10, 
and PM2.5, respectively. In the case of the copula (2) the corresponding values of 
the DIC are 3.84E+08, 3.24E+08, and 2.21E+08. Hence, in all cases the selected 
model is the one where the copula (1) is considered since the smallest DIC is ob-
tained when using that copula model. Therefore, we just have one association pa-
rameter. 

4. Discussion and Comments 

In this work, we have used three-dimensional copula models to study the joint 
behavior of the monthly maximum measurements of the pollutants ozone, PM10, 
and PM2.5 in three regions in Mexico City. We assume Fréchet distributions func-
tion as possible marginal distributions to be considered in the copulas. Two ver-
sions of a copula model are considered. In one of them we have the usual three-
dimensional Gumbel-Hougaard copula with association parameter θ . In another 
we have a nested copula where the Gumbel-Hougaard copula is used as the base 
copula. In this nested version, two association parameters are present. One of 
them corresponds to the two-dimensional copula nested within the three-dimen-
sional, and another is the outer copula association parameter. 

Using the DIC to select the model that best fits the data, the usual three-dimen-
sional Gumbel-Hougaard copula is the selected model for all three pollutants con-
sidered in this study. We see, looking at Table 1, that the largest association pa-
rameter in the selected model is related to the pollutant ozone followed by PM10 
and PM2.5. That is a reasonable result since ozone travels long distances and its 
precursors travel in the direction where these three regions are. Hence, it is more 
likely that the association parameter related to this pollutant is the largest. In the 
case of PM10 we have the presence of sources of this pollutant in the northeast 
region due to the large number of factories and also in the south region and north-
west region due to the large presence of trucks. In the case of PM2.5 there is a large 
presence of factories in the northeast region, but also a large number of vehicles 
in regions center and southwest. Hence, perhaps this may the reason for the small-
est association parameter produced. 

In addition to the information provided by the values of the association param-
eters, another information that may be obtained is related to the probability of 
having a given pollutant in intervals of interest in each of the regions. For instance, 
if we consider the rule for declaring Phase I of an emergency alert in Mexico City 
due to ozone [1], then it is necessary to have ozone levels above the threshold 
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0.154 ppm in one of its regions. In the case of PM10, it is necessary that the corre-
sponding threshold of 214 μg/m3 is exceeded in at least two of its regions. We may 
also be interested in the case where we have Phase I, but no Phase II [1] declared 
due to ozone exceedances in these three regions of the main wind corridor. Hence, 
ozone measurements should be in a given interval of interest in all regions. Simi-
larly, in the cases of PM10 and PM2.5. 

As an example, consider the cases of Phase I in the three regions of study. As-
sume we are interested in knowing the probability of having the threshold neces-
sary to declare Phase I but not Phase II exceeded by the monthly maximum in all 
of the three regions. This means that in at least one day in a given month a Phase 
I emergency alert would be declared due to either ozone or PM10 exceedances of 
the thresholds 0.154 ppm (154 ppb) and 214 μg/m3, respectively. However, the 
thresholds 0.204 ppm (204 ppb) and 354 μg/m3 for Phase II are not exceeded in 
any of the three regions. In this case, we would calculate the following probabili-
ties. If the pollutant of interest is ozone, then  

 
( ) ( ) ( )( ) [ ) [ ) [ )( )NE CE SW
3 3 3O ,O ,O 0.154,0.204 0.154,0.204 0.154,0.204

4.36E 2

P ∈ × ×

= −
  

and 

 
( ) ( ) ( )( ) [ ) [ ) [ )( )NE CE SW
10 10 10PM ,PM ,PM 214,354 214,354 214,354

1.56E 2,

P ∈ × ×

= −
  

if the pollutant of interest is PM10. Hence, for both pollutants the probability of 
having Phase I but not Phase II declared in all regions of the main wind path is 
very small. 

If we are interested in knowing the probability of having the Mexican ozone 
environmental threshold of 0.09 ppm (90 ppb) exceeded by the monthly maxi-
mum measurements but not the old threshold of 0.11 ppm (110 ppb) in all three 
regions in the main wind path, we would need to obtain,  

 
( ) ( ) ( )( ) [ ) [ ) [ )( )NE CE SW
3 3 3O ,O ,O 0.09,0.11 0.09,0.11 0.09,0.11

2.83E 3,

P ∈ × ×

= −
  

which is also very small. 
Consider now the case where we want to know the probability of having Phase 

I threshold exceeded by the ozone monthly maxima in only one of the regions 
with no exceedances of the Phase II threshold in a given month. Hence, we would 
need to obtain,  

 

( ) ( ) ( )( ) [ ) [ ) [ )( )
( ) ( ) ( )( ) [ ) [ ) [ )( )
( ) ( ) ( )( ) [ ) [ ) [ )( )

NE CE SW
3 3 3

NE CE SW
3 3 3

NE CE SW
3 3 3

O ,O ,O 0.154,0.204 0,0.154 0,0.154

O ,O ,O 0,0.154 0.154,0.204 0,0.154

O ,O ,O 0,0.154 0,0.154 0.154,0.204

0.006 0.042 0.132 0.18,

P

P

P

∈ × ×

+ ∈ × ×

+ ∈ × ×

≈ + + ≈
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which is not so small. 
If we consider the case of PM10 monthly maxima exceedances of Phase I thresh-

old occurring in only two of the regions in the main wind corridor, with no ex-
ceedances of the Phase II threshold, we need to obtain  

 

( ) ( ) ( )( ) [ ) [ ) [ )( )
( ) ( ) ( )( ) [ ) [ ) [ )( )
( ) ( ) ( )( ) [ ) [ ) [ )( )

NE CE SW
10 10 10

NE CE SW
10 10 10

NE CE SW
10 10 10

PM ,PM ,PM 214,354 214,354 0,214

PM ,PM ,PM 214,354 0,214 214,354

PM ,PM ,PM 0,214 214,354 214,354

0.0612 0.0254 0.0009 0.0875.

P

P

P

∈ × ×

+ ∈ × ×

+ ∈ × ×

≈ + + ≈

  

Remarks. 1) We would like to call attention to the fact that these probabilities 
correspond to the probabilities that the monthly maxima fall in the specified in-
tervals and not the probabilities of the daily or hourly measurements belong to 
them. 

2) These probabilities were calculated using the well know relation 

 

[ ] [ ] [ ]( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

1 1 2 2 3 3

1 2 3 1 2 3 1 2 3 1 2 3

1 2 3 1 2 3 1 2 3 1 2 3

, , ,

, , , , , , , ,

, , , , , , , , ,

P a b a b a b

F b b b F a b b F b a b F b b a

F a a b F a b a F b a a F a a a

× ×

= − − −

+ + + −

  

where the three-dimensional distribution functions are given by the selected cop-
ula model (1). 

3) Note that the probability of having Phase I declared because the Phase I thresh-
old is exceeded by ozone monthly maxima in one of the regions in the main wind 
path is not so negligible. 

4) One could also consider a five dimensional model to jointly study the monthly 
maxima in all the five regions of the Mexico City metropolitan area. However, we 
do not pursue that here. It could be the topic of future analysis. 

5) A copula model to jointly study the hourly/maximum daily measurements 
in the five regions could also be considered. We just need to change the type of 
distribution used as marginal distributions. 
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Appendices 
Appendix A. The Particular Forms of the Likelihood Functions 

In this appendix, we present the expressions for the likelihood functions when the 
marginal distributions used in the copula are Fréchet (α , σ ) distributions. We 
present first the case where the three-dimensional distribution is constructed us-
ing the usual Gumbel-Hougaard copula (1) and then we present the expression in 
the case of the nested model (2). 

Usual three-dimensional Gumbel-Hougaard copula 
When we use the usual three-dimensional Gumbel-Hougaard copula given by 

(1) and Fréchet distributions as marginal distributions, the joint density function 
used in the likelihood function is 

 

( )
22 2 1

1

3

1 1 2 1
2

1 1 1 1

, , exp

1 2 3 3 1

ji k

j ji i k k

i j k
ijk

i j k

i j i k j k

x y zf x y z
xyz

x y x z y z

α θα θ α θ

θ

α θ α θα θ α θ α θ α θ

θ θ θ θ

α α α
κ

σ σ σ

σ σ σ σ σ σ

κ θ κ κ θ κ

−

       
= −                 

            + +                         

+ − + + − +
  
      

  

where 

 1 ,
ji k

i j k

x y z
α θα θ α θ

κ
σ σ σ

−− −    
= + +         

  

Gumbel-Hougaard nested copula 
When we use the nested three-dimensional Gumbel-Hougaard copula given by 

(2) and Fréchet distributions as the marginal distributions, the joint density func-
tion used in the likelihood function is  

 

( )
2 22 3 1 2

1

13 11 1

2 1 2

2
1

2

3 1
2

3 2 1 3

, ,

1 exp 1

j ji i

j

i j k
ijk

i j k i j

k j

x y z x yf x y z
xyz

z z

α θ α θα θ α θ α θ
θ

α θα θθ θ
θ θ θ

α α α
κ

σ σ σ σ σ

κ κ θ κ
σ σ

θ

−

−

            = +                        
              + − − +                 
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         + − + + − +                  
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with 2κ  and 3κ  given as in the main text with the appropriate substitution. 
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Appendix B. Computational Details 

In this appendix we present the prior distributions used in each version of the 
model, as well as information related to the burn-in periods, sampling gaps, and 
sample sizes. We start by describing the information related to the three-dimen-
sional Gumbel-Hougaard copula and move to the nested three-dimensional cop-
ula. 

When we consider the Gumbel-Hougaard copula in three dimension and the 
Fréchet distributions as marginal distributions, the parameters iα  will have uni-
form prior distribution U (0, 10) for all pollutants, 1,2,3i = . The parameters iσ  
will have U (0, 200) prior distribution, 1,2,3i = , in the case of ozone, and when 
we consider PM10 and 2σ  and 3σ . In the case of PM2.5 the parameters 2σ  and 

3σ  will have U (0, 100) prior distribution. When we consider the parameter 1σ  
and the pollutants PM10 and PM2.5, it will have U (0, 350) and U (0, 150) prior 
distributions, respectively. The parameter θ  will have as prior distribution a U 
(1, 15) in all cases. The burn-in period was of 20,000 steps and samples of size 
8000 collected every 50th generated values were used to the estimate the parame-
ters in all cases. 

Consider now the nested copula where the copulas involved in the nesting still 
are Gumbel-Hougaard with Fréchet distributions as marginal distributions. When 
this copula is considered, the parameters iα  will have U (0, 10) prior distribu-
tion in all cases, 1,2,3i = . If we consider the parameters iσ , 1,2,3i = , and 
ozone and 1σ  and 2σ  and PM10, the prior distribution is U (0, 200), and in the 
case of PM2.5, 2σ  and 3σ  will have a U (0, 100) prior distribution. If we take 
into account the parameter 3σ  and the pollutant PM10 and 2σ  and the pollu-
tant PM2.5, then the prior distributions are U (0, 350) and U (0, 150), respectively. 
In the cases of the parameters 1θ  and 2θ  we have the following. If we consider 

1θ , then it has prior distributions U (1, 2.5), U (1, 2), and U (1, 1.67) in the cases 
of ozone, PM10, and PM2.5, respectively. The prior distributions in the case of 2θ  
are U (2.6, 15), U (2, 15), and U (1.671, 15) if the pollutants are ozone, PM10, and 
PM2.5, respectively. The burn-in period was of 20,000 steps in the cases of ozone 
and PM10 and was 30,000 steps in the case of PM2.5. Samples of sizes 8000, 7000, 
and 12,000 collected every 50th generated values were used to the estimate the 
parameters when the pollutants considered were O3, PM10, and PM2.5. 
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