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Abstract

This paper presents a two-dimensional finite-difference time-domain (FDTD)
investigation of the local specific absorption rate (SAR) distribution in a het-
erogeneous human brain model derived from a segmented magnetic resonance
imaging (MRI) dataset. The electromagnetic problem is solved at 900 MHz for
a normally incident plane wave using a total-field/scattered-field (TF/SF) for-
mulation. A uniaxial perfectly matched layer (UPML) is employed to truncate
the computational domain and reduce artificial boundary reflections. The an-
atomical model is derived from the BrainWeb database and includes gray mat-
ter, white matter, cerebrospinal fluid (CSF), and skull. Published dielectric-prop-
erty data at 900 MHz are assigned to the different tissue classes. The numerical
model uses a spatial resolution of 1 mm, a 280 x 290 computational grid, a 40-
cell absorbing layer, and 15,666 time steps. The calculated SAR distribution is
strongly non-uniform as a consequence of the dielectric contrasts between tis-
sues, multiple reflections at tissue interfaces, and local electromagnetic-field
interference. The CSF exhibits the largest mean and maximum SAR values
among the considered tissues, whereas the skull exhibits the lowest mean SAR.
The tissue-averaged absorption is quantitatively interpreted through the de-

composition SAR =(0'/ p)<|E |2> , which separates a material factor deter-

mined by the tissue properties from a field factor governed by the local elec-
tromagnetic environment. Tissue-wise statistical indicators are reported in
terms of the mean, standard deviation, and maximum SAR. A systematic ver-
ification strategy is established using one-dimensional benchmarks for nu-
merical dispersion, dielectric interfaces, and parallel dielectric slabs, together
with a two-dimensional benchmark based on the Mie-series solution for a lossy
dielectric cylinder. These tests provide a quantitative assessment of the numeri-
cal accuracy of the FDTD solver and establish the reliability of the computed
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electromagnetic fields used for the anatomical configuration. The results demon-
strate the relevance of anatomically heterogeneous models for investigating
local electromagnetic absorption in brain tissues. The present two-dimen-
sional framework provides a controlled and quantitatively verified basis for
future three-dimensional electromagnetic and electromagnetic-thermal dosi-
metric studies.
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1. Introduction

The widespread deployment of wireless communication systems has increased
human exposure to radiofrequency (RF) electromagnetic fields, with the head be-
ing a particularly relevant anatomical region. This exposure has motivated nu-
merous numerical and experimental studies aimed at characterizing the electro-
magnetic energy absorbed by biological tissues.

The specific absorption rate (SAR) is one of the principal physical quantities
used in electromagnetic dosimetry. It characterizes the rate at which electromag-
netic energy is absorbed per unit mass of biological tissue. Accurate prediction of
SAR is therefore essential for assessing RF exposure and for investigating spatially
localized electromagnetic absorption, and provides the physical basis for regula-
tory exposure limits [1] [2].

The finite-difference time-domain (FDTD) method is particularly suitable for
this class of problems because Maxwell’s equations are solved directly in the time
domain, while heterogeneous and lossy media can be represented naturally [3]
[4]. The electric field is obtained throughout the computational domain, allowing
the local SAR to be evaluated directly from the simulated electromagnetic fields.

The accuracy and physical relevance of numerical dosimetry depend strongly
on the anatomical representation. Homogeneous and multilayer head models are
useful for studying fundamental electromagnetic phenomena, but they cannot fully
reproduce the geometrical complexity and dielectric heterogeneity of anatomical
structures. Several studies have therefore investigated SAR in simplified and het-
erogeneous head models using FDTD techniques [5]-[8].

The influence of tissue dielectric properties on RF absorption has also been in-
vestigated. Husni et al. [9] examined the influence of dielectric properties on RF
absorption in human-head models, while Wiart et a/ [10] investigated differences
in RF exposure between children and adults. Dimbylow and Gandhi [11] demon-
strated the importance of heterogeneous anatomical models in FDTD calculations
of SAR. These studies highlight the need to account for tissue-dependent electro-
magnetic properties when analyzing local absorption.

The objective of the present work is to develop and investigate a two-dimen-
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sional FDTD model of a heterogeneous human brain based on a segmented MRI-
derived anatomical dataset. The model considers gray matter, white matter, cere-
brospinal fluid (CSF), and skull and is exposed to a normally incident plane wave
at 900 MHz. Particular attention is given to the spatial distribution and statistical
characteristics of the local SAR, as well as to the differences in absorption among
the considered tissue classes.

A further objective is to provide a physical interpretation of the tissue-averaged

absorption through the decomposition

SAR =2

P

which separates the contribution associated with the intrinsic material properties

[E[,

of each tissue from that associated with the local electromagnetic field. This de-
composition provides a direct framework for distinguishing material-dependent
and field-dependent effects in heterogeneous anatomical media.

Finally, a systematic verification procedure is established before interpreting the
anatomical results. The numerical implementation is assessed using one-dimen-
sional benchmarks for numerical dispersion, dielectric interfaces, and parallel di-
electric slabs, together with a two-dimensional benchmark based on the Mie-series
solution for a lossy dielectric cylinder. The purpose of this verification strategy is
to quantify the numerical accuracy of the FDTD solver and to establish a con-

trolled basis for the subsequent analysis of SAR in the heterogeneous brain model.

2. Anatomical Model and Electromagnetic Properties
2.1. BrainWeb Anatomical Model

The anatomical model used in this study is derived from the BrainWeb Normal
Anatomical Brain Model (Version 1.0) database, which provides simulated three-
dimensional MRI brain datasets with an isotropic spatial resolution of 1 mm [12].
The volume considered in the present study has dimensions 181 x 217 x 181 mm”.

A single coronal slice extracted at the exact middle index Y =100 along the
anterior-posterior dimension (corresponding to an anatomical position of ap-
proximately 100 mm with respect to the posterior boundary of the volume) is used
to construct the two-dimensional computational model. The original BrainWeb
segmentation contains several anatomical and non-anatomical tissue labels. To
construct the present electromagnetic model, a crisp segmentation thresholding
criterion was applied, and four principal biological tissue classes were retained:
e gray matter (GM),
e white matter (WM),
e cerebrospinal fluid (CSF),
e skull

All other anatomical labels present in the original dataset (such as skin, fat,
muscle, and glial tissue), as well as internal cavities or nasal sinuses, were excluded
from the computational domain and treated as background air.

The spatial step of the FDTD grid is chosen as Ax =Ay =1 mm, matching the
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native isotropic resolution of the BrainWeb dataset. This choice avoids introduc-
ing additional spatial interpolation into the segmented anatomical map and pro-
vides a direct correspondence between the anatomical labels and the FDTD com-
putational cells. A finer FDTD grid could improve the numerical representation
of electromagnetic field variations and tissue interfaces, but would not introduce
additional anatomical information beyond that contained in the original 1-mm
segmented dataset.

The brain is surrounded by an air region to provide sufficient space between the
anatomical structure and the absorbing boundary. An absorbing layer is applied
at the outer boundary to emulate an open electromagnetic domain and to minimize
artificial reflections. Specifically, a minimum air-buffer distance of 15 cells (15 mm)
is maintained between the outermost skull boundary and the total-field/scattered-
field (TF/SF) framework. The computational arrangement is schematically repre-
sented in Figure 1, showing the brain region, surrounding air, the location of the

TF/SF boundary, and the bounding uniaxial perfectly matched layer (UPML).

UPML

UPML
UPML

UPML

Figure 1. Schematic representation of the computational domain.

2.2. Electromagnetic Properties of the Tissues

The electromagnetic properties of biological tissues are frequency dependent. At
900 MHz, the relative permittivity, electrical conductivity, and mass density adopted
in this study are listed in Table 1. The dielectric data are taken from the published
database of Gabriel et al. [13].

Table 1. Electromagnetic properties of the tissues considered in the model at 900 MHz.

Tissue £, o (S/m) p (kg/m?)
White matter 389 0.59 1041
Gray matter 52.7 0.94 1045
CSF 68.6 2.41 1007
Skull 12.45 0.14 1908
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The strong differences in conductivity and relative permittivity between the tis-
sue classes are expected to affect both the propagation and absorption of the elec-

tromagnetic field.

3. FDTD Formulation and Numerical Parameters

3.1. Maxwell Equations

The electromagnetic propagation is simulated using the FDTD method introduced
by Yee [3]. The two-dimensional formulation adopted here corresponds to the
transverse magnetic (TM,) configuration, for which the electric field has one non-
zero component, E_, while the magnetic field has components H, and H,.

The governing equations are written as

oD, 1 (OH, O0H,
- = - ) ( 1 )
ot \/ Loy \ Ox Oy
OH_ : 1 OF, @)
ot VHoE, ,
and
oH 1 O©OE
e . 3)
ot \/ Ho&o ox

For alossy dielectric, the frequency-domain constitutive relation can be expressed

in terms of the complex relative permittivity

. o
e (0)=¢,+ P (4)

so that
D.(w)=¢ (0)E. (o). ©)

3.2. Propagation Direction and Polarization

The two-dimensional computational domain corresponds to the selected coronal
anatomical slice and is represented in the (x,y) plane. The electromagnetic ex-
citation is restricted to the TM, configuration. Accordingly, the electric field has

only an out-of-plane component,
E=E_ (x,y,)3,
whereas the magnetic field lies in the plane of the coronal slice,

H=H, (x,y,t)fc+Hy (x,y,t)j/.

The incident plane wave propagates along the +x direction. Consequently, the
present configuration represents a single, highly specific two-dimensional expo-
sure geometry with a fixed propagation vector and a uniform out-of-plane polar-
ization. The dosimetric results and conclusions reported in this work are strictly
bounded by this 2D framework and TM, polarization state, and must not be in-

terpreted as polarization-independent characteristics of electromagnetic absorp-
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tion in a real three-dimensional human head.

3.3. UPML Absorbing Boundary

A uniaxial perfectly matched layer (UPML) is used to emulate an open electro-
magnetic domain and reduce artificial reflections at the boundaries [14] [15]. The
absorbing boundary condition is implemented using a standard polynomial grad-
ing profile of order m =3 for the conductivity scaling, with a target theoretical
reflection coefficient at normal incidence setto R, = 10° (-120dB).

The implementation uses the standard auxiliary-variable formulation. The elec-

tric-displacement update is written in the form
DI (i j) =g (i)l () D22 (i, )

A 1 1
+gi(2) (i)gSZ) (])—t{]—[)” (i+5,jj—H;f (i——,jj (6)

Mo Ax 2

1 1

—H"| i j+—|+H" i, j-=]].

( ! 2J ( ’ 2ﬂ

The magnetic-field updates are

1 1 1
H™ = =D j+= |H! i+~
p ( J 2] ST S A

of ., 1 At nlf2 (2N /2 (s
+J(j (j'f‘zjm[Ez (l,]) Ez (l,]+1):| (7)

+fi(]) (l-)l;zl/z (i’j+%j’

Y o, W pyul. 1.
H] (z+§,]j=fi 1+5 H] l+5,]

)] 1 At n+l/2 (- . 2 (s .
+ O i4— |——E +1, /)= E™ (i, 8
ﬁ (l 2) ,UogoAx[ ) (l J) (l ]):| ®

N
+fj(1)(j)IHyl/2 (1+5,1j.

and

The auxiliary variables and dissipative coefficients are determined by the selected
UPML profile.

3.4. Electric-Field Update in Lossy Tissues

After updating the electric displacement, the electric field is recovered according
to
Dzn+1/2 (i,j) _ G(i’j)At E:—I/Z (
€
o(i,j)At
&

i)
E" (i, j)=

)
e (i,))+

This formulation allows each FDTD cell to be associated with the electromagnetic

properties of the corresponding segmented tissue.
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3.5. Incident-Field Excitation

A normally incident plane wave is introduced using a total-field/scattered-field
formulation, following the two-dimensional prescription of Sullivan [15]. The TF/SF
boundary is positioned exactly 10 cells away from the inner interface of the UPML

absorbing layer. The incident electric field is defined by

E (x,t)zEosin(a)t—lgx)(l—e’t/’), (10)

where
E,=2745V/m, o=2nf,. (11)

The amplitude E; ischosen such that the incident time-averaged power density
Sue =B /(2Z,) equals 1 W/m? with Z,=377Q the free-space impedance.
Under this normalization, the SAR values reported in Section 5 scale linearly with
the actual incident power density and can therefore be transposed to any exposure
scenario.

The factor 1—e™* provides a progressive establishment of the field and re-
duces the influence of the initial transient. The numerical wavenumber is calcu-

lated from the FDTD dispersion relation:
k :iarcsin ﬂsin oAl . (12)
Ax cAt 2

3.6. Numerical Parameters

Table 2. Main numerical parameters of the FDTD simulation.

Parameter Value
Frequency 900 MHz
Spatial step Ax=Ay=1mm
Temporal constant =37,
Time step At = Ax/(Zc)
Computational domain 280 x 290 cells
UPML thickness 40 cells
UPML Profile order (m ) 3
UPML Target reflection ( R, ) 1076
TF/SF boundary offset 10 cells from UPML
Minimum Air padding 15 cells
Number of time steps 15,666
Incident electric-field amplitude 27.45V/m

The principal numerical parameters are summarized in Table 2. At the operat-
ing frequency of 900 MHz, the optical period is 7, =1/f, =1.111 ns. With the
chosen time step At = Ax/ (20) =1.6678 ps, a single harmonic period is discre-
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tized into exactly 666 time steps. The total number of time steps (15,666) corre-
sponds to 47.04 full optical periods. This window consists of a transient phase of
15,000 steps (equivalent to 22.5 periods), after which the ramp envelope 1-— e /0%
exceeds 0.9994 and the SAR bias associated with an unestablished regime remains
below 0.1%, followed by a single full period (666 steps) used to compute the root-
mean-square electric field. Given the lossy nature of the biological tissues, internal
multi-reflections are rapidly attenuated, ensuring that the computational domain

has rigorously reached a harmonic steady state prior to the final sampling period.

4. SAR Calculation

The local SAR in tissue k& is evaluated from the RMS electric field as

2

o, |E

k,rms

P

SAR, = (13)
Here, o, isthe electrical conductivity and p, is the mass density of tissue % .
The RMS electric field is calculated after the transient regime has decayed and
the harmonic steady state has been reached. The SAR is evaluated cell by cell and
then statistically analyzed separately for each tissue class.
For each tissue, the following quantities are calculated:
e mean SAR,
¢ standard deviation,
e maximum local SAR.
The resulting distribution provides a direct measure of the spatial heterogeneity

of electromagnetic energy absorption.

5. Results and Discussion

5.1. Spatial Distribution of Dielectric Properties

The segmented anatomical model produces a strongly heterogeneous distribution
of electromagnetic properties as shown in Figure 2. In particular, the CSF presents
a much larger conductivity than gray matter and white matter, whereas the skull
exhibits comparatively low conductivity.

The heterogeneous distribution of permittivity and conductivity determines the
local propagation, reflection, transmission, and absorption of the electromagnetic
field.

5.2. SAR Distribution

The spatial distribution of SAR at 900 MHz is shown in Figure 3.

The calculated SAR distribution is strongly non-uniform. Local variations oc-
cur near tissue interfaces and in regions where the electric field is enhanced by
electromagnetic interference.

This behavior results from the differences in permittivity and conductivity be-
tween the tissue classes. These differences modify the local electric field and con-

sequently the absorbed electromagnetic power.

DOI: 10.4236/jemaa.2026.189009

160 Journal of Electromagnetic Analysis and Applications


https://doi.org/10.4236/jemaa.2026.189009

M. Fall, S. B. Gueye

Permittivity er Conductivity o (S/m)

140

120

100 1.5

- 40
80

Y (mm)
Y (mm)

30 10

60

40

20

20 40 60 80 100 120 140

X (mm) X (mm)

Figure 2. Spatial distribution of the dielectric parameters in the segmented brain model.
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Figure 3. Spatial distribution of SAR in the heterogeneous brain model at 900 MHz.

5.3. Statistical Analysis of SAR

Table 3 summarizes the mean, standard deviation, and maximum SAR obtained
for the four tissue classes.
The average SAR in gray matter is higher than that in white matter. This is con-

sistent with the higher conductivity of gray matter.
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Table 3. SAR statistics for the different tissue types at 900 MHz.

Tissue Mean SAR Standard deviation Maximum
(107 W/kg) (107 W/kg) (107 W/kg)
White matter 3.08 3.69 25.27
Gray matter 5.73 7.40 41.36
CSF 12.15 16.20 109.64
Skull 1.82 2.54 12.92

The CSF exhibits the largest average and maximum SAR values among the con-
sidered tissues. Its comparatively high electrical conductivity facilitates conver-
sion of electromagnetic-field energy into dissipated power.

The dependence of the SAR on the local tissue properties can be made explicit
by rewriting Equation (14) as SAR, = (0',c /P )<|E f |2> This decomposition sep-
arates a material factor o,/p, , fixed by the tissue class, from a field factor
<|E . |2> , which depends on the local electromagnetic environment. The ratios ob-
tained from Table 3 illustrate the balance between these two contributions. The
CSF-to-gray-matter SAR ratio is 2.12, whereas the corresponding o/p ratio is
2.66; the mean square field is therefore smaller in the CSF by a factor of about
0.80, consistent with the partial shielding associated with the high permittivity of
this tissue. Conversely, the skull-to-white-matter SAR ratio is 0.59 fora o/p ra-
tio of only 0.13, indicating a mean square field about 4.6 times larger in the skull.
This is consistent with the peripheral location of the skull, where the field is en-
hanced by the incident wave before it is progressively absorbed by the underlying
tissues. Conductivity alone therefore does not determine the spatial distribution
of the SAR: the local field structure plays a comparable role.

The standard deviations are relatively large compared with the corresponding
mean values, indicating substantial spatial variability within individual tissue clas-
ses. This variability is associated with the non-uniform electric field resulting from
the anatomical interfaces and multiple electromagnetic interactions.

The skull exhibits the lowest average SAR among the considered tissues, con-
sistent with its relatively low conductivity.

The absolute SAR values reported here correspond to a normalized incident
power density S, =1 W/m? The largest local value (about 0.11 W/kg in the CSF)
is therefore approximately eighteen times smaller than the ICNIRP local basic re-
striction of 2 W/kg for the head and trunk averaged over 10 g of tissue [1], and
correspondingly below the IEEE C95.1-2019 basic restriction [2]. The comparison
is illustrative rather than regulatory, since a full compliance assessment would re-
quire a three-dimensional anatomical model, a 10 g spatial averaging procedure,

and a realistic exposure configuration.

5.4. SAR Attenuation along the Propagation Direction

The mean SAR profile along the direction of propagation is shown in Figure 4.
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Figure 4. SAR attenuation along the direction of electromagnetic-wave propagation.

The SAR generally decreases from the incident side toward the opposite side of
the brain, reflecting the progressive absorption of electromagnetic energy.

The decrease is not strictly monotonic because the wave interacts with succes-
sive tissue interfaces. Local increases in SAR may occur in regions associated with
tissues having higher conductivity, particularly the CSF.

These observations illustrate the importance of representing the heterogeneous
anatomical structure of the brain when evaluating local electromagnetic absorp-

tion.

6. Discussion

The numerical results demonstrate that the SAR distribution in a heterogeneous
brain model cannot be described adequately by a uniform absorption model. The
electromagnetic response depends simultaneously on the local tissue properties
and their anatomical arrangement.

The CSF exhibits the largest mean and maximum SAR values in the present
simulation. This behavior is consistent with its comparatively high electrical con-
ductivity. However, conductivity alone does not completely determine the spatial
distribution of SAR, because the local electric field is also controlled by reflection,
transmission, interference, and geometrical effects.

The decomposition SAR, = (O'k /P )<|Ek |2> provides a compact way to
quantify this statement. In the present model, the material factor o,/p, spans
nearly two orders of magnitude between the skull and the CSF, whereas the tissue-
averaged squared field spans roughly a factor of five in the opposite direction. The
final SAR ordering is set by the competition between these two factors: the CSF
combines a large o/p with a moderately reduced field to yield the largest ab-
sorption, while the skull combines the smallest o/p with the largest peripheral
field to yield an intermediate absorption level. This structure supports the general
observation that dielectric contrasts drive both the local field redistribution and

the resulting energy deposition, reinforcing the relevance of anatomically hetero-
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geneous head models compared with homogeneous or few-layered approxima-
tions.

The quantitative verification against the analytical Mie solution for a lossy die-
lectric cylinder, detailed in Appendix A.7, yields a tissue-averaged SAR error of
2.7% at the working resolution of Ax=1 mm. However, in accordance with the
well-documented behavior of staircased FDTD meshes on curved lossy bounda-
ries, this error does not scale monotonically with sub-millimeter refinement due
to localized phase dispersion mismatches. Therefore, this 2.7% metric must be
interpreted strictly as a performance indicator for the canonical cylinder geome-
try, rather than a universal accuracy floor or direct uncertainty bound for the het-
erogeneous brain anatomy. Nevertheless, the macroscopically resolved tissue bound-
aries at 1 mm, coupled with the massive physical contrasts in tissue conductivities,
ensure that the reported statistical SAR ordering (CSF > Gray Matter > White
Matter > Skull) remains robust and invariant to grid-sensitivity variations.

The substantial standard deviations observed within each tissue class further
demonstrate that a single average value does not fully describe the local dosimetric
behavior.

The present results are qualitatively consistent with previous FDTD investiga-
tions of heterogeneous head models [7] [10] [11]. They also reinforce the importance
of realistic anatomical representations in numerical dosimetry.

The two-dimensional nature of the present model must nevertheless be empha-
sized. The simulation represents one selected anatomical section and does not re-
produce the complete three-dimensional geometry of the human brain. Conse-
quently, out-of-plane scattering, axial wave diffraction, cross-polarization varia-
bles, and complex near-field effects typical of real-world exposure scenarios—
such as mobile phone proximity or ambient oblique fields—are entirely ignored.
The present numerical results are strict mathematical descriptions of a transverse-
magnetic 2D exposure and must not be used as polarization-independent compli-
ance limits for a real 3D human head. Instead, this 2D formulation serves as a
highly controlled, verified environment for examining the intrinsic coupling be-
tween dielectric tissue property factors and field distribution profiles.

In addition, the present study considers one frequency and one incidence con-
figuration. A systematic investigation of frequency, polarization, incidence angle,
and anatomical orientation is therefore required before general conclusions con-
cerning RF exposure can be drawn.

Finally, the present SAR values describe electromagnetic energy absorption and
do not directly provide the associated temperature rise. Such an analysis requires
coupling the electromagnetic model to a thermal model, for example through the

Pennes bioheat equation.

7. Conclusions

A two-dimensional FDTD model was developed to investigate the spatial distri-

bution of the specific absorption rate in a heterogeneous human brain model de-
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rived from an MRI-based anatomical dataset.

The electromagnetic problem was solved at 900 MHz using a TF/SF formula-
tion for the normally incident plane wave and a UPML to truncate the computa-
tional domain. The anatomical model includes gray matter, white matter, cere-
brospinal fluid, and skull, with electromagnetic properties assigned from pub-
lished tissue-property data.

The calculated SAR distribution is strongly heterogeneous. The CSF exhibits
the highest mean and maximum SAR values, whereas the skull presents the lowest
mean absorption among the considered tissues. The large spatial variability within
each tissue class demonstrates the importance of local electromagnetic-field dis-
tributions in determining dosimetric quantities. The tissue ordering is quantita-
tively interpreted through the decomposition of the SAR into a material factor and
a field factor, showing that both factors contribute at comparable levels to the ob-
served absorption pattern.

A systematic verification strategy was also established for the numerical imple-
mentation. It includes one-dimensional benchmarks for numerical dispersion, di-
electric interfaces, and parallel dielectric slabs, together with a two-dimensional
comparison against the analytical Mie solution for a lossy dielectric cylinder.
These tests provide quantitative verification of the numerical solver for the corre-
sponding canonical configurations. The Mie-cylinder benchmark, in particular,
characterizes the performance of the complete solver at the working spatial reso-
lution, but does not by itself constitute a direct uncertainty bound for the SAR
values obtained in the anatomically heterogeneous model.

The primary limitation of this work remains its simplified two-dimensional pla-
nar configuration, which omits out-of-plane scattering and cannot reproduce the
complex field patterns induced by 3D head features or portable communication
devices. The quantitative framework established here constitutes an essential val-
idation benchmark rather than a complete standard compliance test. Future works
will extend this verified foundation toward complete three-dimensional anatom-
ical head models, heterogeneous mobile phone source placements, wide-spectrum
parametric frequency sweeps, and fully coupled electromagnetic-thermal solvers

using the Pennes bioheat equation to assess local temperature elevations.
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Appendix A: Verification

Before applying the FDTD model to the heterogeneous anatomical brain, the nu-
merical implementation was tested using canonical configurations for which an-
alytical solutions are available. The verification strategy combines one-dimen-
sional benchmarks that characterize the intrinsic properties of the Yee scheme
(numerical dispersion, dielectric interface, parallel dielectric slab, mesh conver-
gence in a homogeneous medium) with a two-dimensional benchmark against the
analytical Mie solution for a lossy dielectric cylinder. The latter test exercises the
complete solver chain - UPML, TF/SF, staircased curved interfaces, lossy medium
- on a configuration whose dielectric properties are representative of the anatom-
ical tissues used in the anatomical simulation. Table A1 summarizes the principal

quantitative results.

Table Al. Quantitative results of the numerical verification tests.

Test Quantity Result

ol di ) Maximum relative error, .
Numerical dispersion (1D) Ax e [0.5’2] mm 4.44x10
Numerical dispersion (2D) Anisotropy at Ax=1 mm <107

UPML reflection (2D)

‘R‘ for 40 cells

45%10° (~107 dB)

Dielectric interface Relative error in R 4.03x10™
Dielectric interface Relative error in T 9.48x107°
Relati in R
Parallel slab cative err?r n . 39%x107™*
(frequency-domain extraction)
Relati in T
Parallel slab clative err(?r n . 1.1x10™
(frequency-domain extraction)
Mesh
oS convergence Observed order 1.999
(homogeneous)
Mie cylinder (2D) L, error on the field 3.1x107
Mie cylinder (2D) Error on the tissue-averaged SAR 2.7x107

The detailed configurations, analytical reference solutions, numerical results,
error metrics, and additional verification figures are provided in the following

subsections.

A.1. Free-Space Propagation

The first test considers the propagation of a modulated plane-wave packet in a

homogeneous lossless medium. The analytical solution is

E. (x,t)=E, exp{—(wj }cos[k(x—xo—ct)], k=2 (14)
w c
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The numerical and analytical spatial profiles are compared after a prescribed

propagation time. The relative L’ error is defined by

||EFDTD - Eanalytical

| E

analytical

€ps =

: (15)

2

For Ax=1 mm, the measured relative error is 8.10 x 10~%. The numerical and

analytical profiles are shown in Figure Al.

0.08

—— FDTD
—=- Analytical

0.06

0.04 1

E;

0.02 4

0.00 A

—-0.02 T T T T
700 800 900 1000 1100 1200

X (mm)

Figure Al. Free-space propagation test: FDTD field compared with the analytical solution.

The error is sufficiently small for the intended anatomical simulation, but it also
shows that the finite grid and time step produce a measurable numerical phase
and amplitude error. This error is further quantified independently through the

dispersion test.

A.2. Numerical Dispersion

For the one-dimensional Yee scheme, the numerical wavenumber satisfies

sin| 2AL) AL G| KX ] (16)
2 Ax 2
Hence,
Eziarcsin ﬁsin(w—mj . (17)
Ax cAt 2

The relative dispersion error is
-4
G=—r
At 900 MHz, with the Courant factor S=cA7/Ax=0.5 used in the anatomical

(18)
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simulation, the maximum relative error over Ax e [0.5, 2] mm is 4.44 x 107, and
the error at Ax=1 mm is 1.11 x 107°. Figure A2 shows the rapid reduction of

the dispersion error with mesh refinement.

—&— FDTD Error (S = 0.5)
---- Slope Ax? (theorical)

10—5_

Relative dispersion error

6x 101 100 2 x 10°
Ax (mm)

Figure A2. Numerical-dispersion error as a function of the spatial step at 900 MHz.

A.3. UPML Reflection (Two-Dimensional Benchmark)

10—5<

|R|] (Residual reflection)

———

10 20 30 40 50 60 70 80
PML layer thickness (cells)

Figure A3. Residual reflection of the 2D UPML at 900 MHz.

The residual reflection of the two-dimensional UPML was characterized di-
rectly on the production solver by propagating a plane wave in a homogeneous
medium (free space) using the TF/SF formulation, and measuring the residual

field in the scattered-field region after the transient regime has decayed. In this
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configuration, the field in the scattered-field region should vanish identically, so
any non-zero value measures the combined residual of UPML reflection and
TF/SF leakage. The measured reflection coefficient is

max |E,

-2
0

(19)

For UPML thicknesses of 10, 20, 30 and 40 cells, the measured values are 2.6 x
1075, 6.4 x 1075, 5.5 x 107° and 4.5 x 107%, respectively, corresponding to reflection
levels of =92, —104, —105 and —107 dB. The residual reflection saturates at approx-
imately —107 dB for thicknesses of 20 cells and above. Figure A3 shows the result-

ing reflection coefficient as a function of the absorbing-layer thickness.

A.4. Verification at a Dielectric Interface

The material-interface treatment was verified for normal incidence on a lossless
interface between two media with &, =1 and ¢, =4. The analytical reflection

and transmission coefficients are

2

2
R={ilal p oy 2m | (20)

n +n, n (n +n,

The analytical values are R=0.111111 and 7 =0.888889. The FDTD calcula-
tion gives R=0.111156 and T =0.888973, corresponding to relative errors of
4.03 x 107 and 9.48 x 107, respectively. The results illustrated in Figure A4
demonstrate that the material-interface treatment is accurately reproduced by the

FDTD discretization.

—— Reflected N
. f\
0.6 4 = Transmitted “," \
[\
| |
‘:r \
| |
0.4 4 ﬁ ‘\
r{f |
| \
[\
| \
. 024 | \
w | \
/ \
\
0.0 Z \
-0.2
0 1 2 3 4 5

Time (ns)

Figure A4. FDTD reflected and transmitted fields for a normally incident wave at a dielec-

tric interface.

A.5. Verification Using a Parallel Dielectric Slab

A finite dielectric slab with &, =4 and thickness d =20 mm was considered
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as a second interface benchmark. For a lossless slab, the analytical reflection and
transmission coefficients were calculated using the Fabry-Pérot formulation. En-

ergy conservation imposes

A=1-R-T, (21)

where A is the absorption coefficient, which vanishes identically for a lossless
medium. The analytical values at 900 MHz are R=0.208788, T =0.791212,
and A=0. A frequency-domain extraction of the FDTD reflected and transmit-
ted fields at 900 MHz gives R=0.208685, T =0.791308, and A= 7x107°, the
latter being a numerical round-oft-level residual of the energy balance. The rela-
tive errors in Rand 7T are 4.9 x 10* and 1.2 x 10™* respectively, consistent with
those obtained for the single interface (Section A.4). The small energy-balance
residual, several orders of magnitude smaller than the individual errors in R and
T, indicates that the numerical scheme conserves electromagnetic energy: the er-
rors on Rand 7 compensate one another rather than accumulating.

Figure A5 compares the analytical and FDTD reflection, transmission, and ab-

sorption coefficients for the dielectric slab benchmark.

Reflection, transmission and absorption coefficients
for a lossless slab (e, = 4.0, d = 20 mm) at 900 MHz

0.8 1 BN Analytical

== FDTD
0.7 1

Coefficient
© o o o
N w IS 6,]

o©
=

0.0-

R T A

Figure A5. Comparison of analytical and FDTD reflection, transmission and absorption
coefficients for the dielectric slab benchmark.

A.6. Mesh-Convergence Study in a Homogeneous Medium

The spatial convergence of the Yee scheme was evaluated using a periodic plane-
wave problem in a homogeneous, lossless medium. The spatial step was varied
from 2 to 0.5 mm, while the Courant factor was kept constant. The relative L,
error was calculated with respect to the analytical plane-wave solution.

The measured errors are 1.26 x 1073, 7.09 x 107, 3.15 x 107, 1.77 x 10* and
7.86 x 107 for Ax=2,1.5,1,0.75 and 0.5 mm, respectively. A least-squares fit in

logarithmic coordinates gives an observed convergence order of 1.999, in excellent
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agreement with the expected second-order convergence of the Yee scheme.

This result certifies the correctness of the implementation in the regime where
the scheme admits an exact dispersion analysis. The behavior of the solver in the
presence of curved staircased interfaces, which is the regime relevant to the ana-
tomical model, is characterized independently in Section A.7. The measured con-

vergence is shown in Figure A6.

10—3_

Relative L, error

10—4 4

6x 1071 100 2x10°
Ax (mm)

Figure A6. Spatial convergence of the FDTD solution. The observed order is approximately
two.

A.7. Two-Dimensional Benchmark against the Mie Series

The complete solver - Yee scheme, staircased curved interfaces, UPML, TF/SF -
was benchmarked against the analytical Mie series for a two-dimensional lossy
dielectric cylinder illuminated by a plane wave. The cylinder radius is 40 mm, and
its dielectric properties are those of gray matter at 900 MHz (&, =52.7, 0 =0.94
S/m, p=1045 kg/m’). The complex Mie series was truncated at N =80 mul-
tipoles, well above the convergence radius ka =0.75 that governs the truncation
error.

At the working spatial step Ax=1 mm, the relative L, error between the
FDTD phasor and the Mie phasor is 3.1% inside the cylinder and 2.5% on a 5-mm-
thick boundary annulus. The corresponding error on the tissue-averaged SAR is
2.7% on the mean value and 4.3% on the maximum value. When the spatial step
is refined to 0.75 and 0.5 mm, the L, error on the field reaches 3.2% and 4.0%,
respectively. The error does not decrease with refinement, which is consistent with
the theoretical behavior of a Yee-based TF/SF formulation on a lossy scatterer: the
residual is dominated by a small dispersion mismatch between the one-dimen-
sional numerical wavenumber used to inject the incident field and the two-dimen-
sional numerical dispersion of the surrounding grid. Consequently, these bench-

mark errors characterize the baseline performance of the mathematical formula-
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tion on a staircased canonical object, but they do not constitute a direct baseline
or geometric limit for the real anatomical brain configuration. The observed error
level remains fully comparable to that reported in the FDTD dosimetric literature

for staircased voxel models [11] [16].
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