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Abstract

This paper presents a Surface-Volume-Surface (SVS) EFIE formulation that
integrates surface and volume integral representations to improve the accu-
racy and stability of electromagnetic field computation in composite struc-
tures. The exact solution of the Surface-Volume-Surface Electric Field Inte-
gral Equation (SVS-EFIE) is presented for both electric current (J-type and
magnetic current based or M-type) formulations for the problem of radia-
tion and scattering in the vicinity of homogeneous dielectric sphere. The
SVS framework enhances field continuity across interfaces and reduces nu-
merical errors associated with conventional EFIE implementations, particu-
larly in near-field and multi-region scenarios. The formulation is implemented
using the Method of Moments (MoM) with appropriate basis and testing
functions to ensure numerical stability and convergence. It also reveals the
spectral properties of its individual operators. The MoM impedance matrix
features bounded condition number with increasing order of discretization,
similar with analogous exact MoM solution of the surface EFIE on Perfectly
Electrically Conducting (PEC) sphere. It also shows that SVS-EFIE-] formu-
lation tends to infinity at low frequency and suffers from low-frequency break-
down issue, likewise regular EFIE. However, with SVS-EFIE-M, the formu-
lation is stable at low frequency. Also, this work suggests that with SVS-EFIE-
M, the spectral behavior is almost constant after a certain range of the dis-
cretization order.
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1. Introduction

Accurate analysis of electromagnetic scattering and radiation is essential for the
design and optimization of modern communication and sensing systems, includ-
ing antennas, radar platforms, and Electromagnetic Compatibility (EMC) solu-
tions. Among various numerical techniques, the Electric Field Integral Equation
(EFIE) has been widely adopted due to its suitability for open-region problems
and its compatibility with surface discretization methods such as the Method of
Moments (MoM). However, conventional surface-based EFIE formulations often
encounter limitations when applied to structures involving material inhomogene-
ities, dielectric regions, or complex multi-domain interactions. In particular, sur-
face-only EFIE approaches may fail to accurately capture volumetric polarization
effects and field continuity across interfaces, leading to reduced accuracy in near-
field prediction and scattering analysis. Additionally, numerical challenges such
as slow convergence and instability can arise due to the improper handling of in-
teractions between surface and volume regions. These limitations motivate the need
for a more comprehensive formulation that integrates both surface and volumet-
ric electromagnetic behavior.

To address these challenges, this paper proposes a Surface-Volume-Surface
(SVS) EFIE formulation that combines surface current representations with vol-
ume integral contributions in a unified framework. The SVS-EFIE is a type of sin-
gle-source integral equation [1]-[5] which is formed by constraining of a single-
source field representation with the volume equivalence principle [6] enforced on
the boundary of the scatterer but only for the tangential component of the total
electric field. The term “single-source” here represents as the obtained electric
field integral equations via a single unknown surface current density rather than
two independent physical currents. The SVS-EFIE formulation is implemented
within a Method of Moments framework, employing suitable basis and testing
functions to ensure numerical stability and computational efficiency. From a sig-
nal-processing perspective, the proposed method can be interpreted as a struc-
tured coupling mechanism that enhances numerical conditioning and mitigates
errors arising from discontinuities and singular interactions. As a result, the ap-
proach offers improved convergence characteristics compared to conventional EFIE
techniques.

In order to validate the rigorous nature of the SVS-EFIE, we performed its exact
solution for a homogeneous spherical scatterer using Galerkin MoM with a com-
plete set of orthogonal rotational and irrotational spherical functions introduced
on the surface of the sphere by analogy with how the exact solution of the tradi-
tional surface EFIE (S-EFIE) and surface Magnetic Field Integral Equation (S-
MFIE) was obtained for PEC sphere in [7]. Due to diagonal nature of the resultant
SLAE, each coefficient in the current expansion can be expressed as the ratio of a
corresponding spherical harmonic expansion coefficient in the excitation vector

element and its corresponding diagonal matrix element, which are both available
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in either closed form or the form of 1D integrals [8]. This provides the formal
exact solution for the fictitious current playing the role of the unknown function
in the SVS-EFIE in the form of infinite series over rotational and irrotational sets
of surface vector spherical functions. The expansion is truncated at the orders fully
capturing bandwidth of the incident field and providing accuracy of the solution
close to the machine precision. Upon substitution of the fictitious current solution
into the single-source field representation inside the sphere, we can obtain exact
expressions for the electric and magnetic field components. The latter is numeri-
cally compared to the classical Mie series solution of the radial electric dipole ra-
diation problem in the presence of the dielectric sphere [6]. Upon sufficient num-
ber of terms retained in the MoM solution of the SVS-EFIE and Mie series, the
two are shown to agree to 12 digits of accuracy, hence validating the SVS-EFIE
formulation.

The effectiveness of the proposed method is demonstrated through several bench-
mark electromagnetic scattering problems, where it shows enhanced accuracy in
field distribution and Radar Cross-Section (RCS) estimation. Owing to its improved
performance and flexibility, the SVS-EFIE formulation is applicable to a wide
range of practical problems in antenna design, EMC analysis, and advanced wire-

less communication systems.

2. Surface-Volume-Surface Electric Field Integral Equation

Given by the volume equivalence principle [6]

E(r) =E™ (r)+k§ (6—1).[660 (r,r')~E(r')dv’, Yr (1)

which produces the following well-known V-EFIE with respect to the unknown
electric field inside the scatterer upon localization of the observation point to the
volume of the scatterer
—ky (e-1 .f (r)dv'=E™ (r), reV. (2)
Vv

Volume equivalence principle can be also used to constrain the single-source

representation [4]

E(r')= jé )-aJ (r")ds"

(3)
I bn"xJ( )ds", reVv,
S

where J is the fictitious electric current density, ¢ and b are arbitrary con-
stants, @ is the cyclic frequency of the time harmonic field under time conven-
tion e, which is suppressed here and throughout the paper. To produce the
integral equation with respect to the fictitious surface current density J(r'). For
that purpose, we substitute (3) into (2) and enforce the latter for the tangential
component of the electric field as we tend the observation point r to the bound-

ary S from the inside
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—iwyoﬁxjée( (r,r")-ad (r")ds"+ax J-ém( (r,r")-bA"xJ (r")ds"
N N
—ky (e-1)ax J.(_;eo (r,r'){—iwyojéef (r',r")-aJ (r")ds" (4)
Vv N

+J.Gm€ (r',r”)~bﬁ"><J(r")ds"}dv’ =axE"™(r), reV, r—S.
5

The above integral equation is the Combined-Source SVS-EFIE (CS-SVS-EFIE)
with respect to the unknown current J . Here, the “combined-source” is a for-
mulation combining electric and magnetic single-source representations, scaled
by parameters a and b toimprove robustness. In its complete form (4), it was
hypothesized in [4]. To produce the integral equation with respect to the fictitious
surface current density J(r"), we substitute (3) with particular case of a=1
and =0 into (2) and enforce the latter for the tangential component of the
electric field as we tend the observation point r to the boundary S from the
inside

ia),uoﬁxJ.E“ (r,r")-J(r")ds"

v

tiouht (¢ =1)iix [Gy (r,#)- [, (¥'.r")-T (r")ds"dv’ (5)
N
=axE"™(r), res.

It has been shown that the SVS-EFIE can also be formulated in terms of M .
Where M is the fictitious magnetic current density. In that case, CS-SVS-EFIE
can be written in terms of current M =#axJ by considering a=0 and b=1
and hence we call SVS-EFIE-M formulation

nx J.(_;mf (r,r")-AxJ(r")ds"
—ky (e-1)n I (r r')J.ém( (¢, r")-Ax T (r")ds"dV' (6)
Vv S

=axE"™(r), res,

The SVS-EFIE-] (5) can also be represented as the following operator form
T od+ Ty  oT)* oJ =AxE™(r), res, (7)

where the operators are defined, as follows:

,Z-equ OJ = ia)/uOﬁXJ.EEf (r,r")'-](r")ds", re S’ (8)
N
TV o g =i G, (r.r") S (F) s, Fe, ©)
N
T3 =k i [Gu () i) res (o
4

Conveniently, the above SVS-EFIE-M (6) can also be represented as the follow-

ing compact operator form

TSS oM =TS o TS o M =ix E™ (r), reS. (11)
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Here, the integral operators are defined, as follows:

’Tmsf‘SoMzﬁxJ.EmE (r,r")-M(r")ds", res, (12)
’Z;Z’SOM:IEW (r',r”)-M(r")ds”, rev, (13)
N
T3 oi=ki (e=1)ix [G, (r,r')-i(F)dv, res. (14)
Vv

3. Exact Solution of SVS-EFIE with Galerkin MoM on Sphere

Expansion of Electric Field Dyadic Green’s Function over Vector
Spherical Functions

Expansion of current over spherical basis functions is reported in detail in the pre-
vious work [9] [10]. The magnetic field dyadic Green’s function of homogenous

medium with wavenumber % can be expanded over vector spherical functions
p and ¢,as[11] or (68)in [7]:

G, (r,r')=VxG, = -ik*y d,,

{Pﬁlﬁ( g, (r')+4.) (’)Pf)m () [r] <. (15)

o (g, (r)+ ) (r) P, () e > |-

When |r| = |r'| , the average of the two above representations is taken.

4. MoM Matrix Assembly

As a result of the MoM discretization of the integral operators 7,>°, 7./,
7,o" and the incident field, the SVS-EFIE (6) is reduced to the system of linear
algebraic equations with respect to the vector of unknown coefficients 5, and
¢,, in the expansion of the auxiliary single source surface current density,

nm

M =nxJ that has the compact representation as in (54) of [10]
Zws I=E, (16)

and Z, isthe diagonal matrix defined as

0o 2z
Zoys = |: 2 SVS}
Zsvs 0 (17)

o ziw] [zy" o [T o[ 0 oz
Tlzes oo [T o zenlo o) zes o |

me

and the Gram matrix blocks [, are defined as in (57) of Goni (2023) [9].

4.1. Absence of Oversampling Breakdown

The behaviour of the eigenvalues of the operators forming the SVS-EFIE-M at
significant value of n can be shown to be, as follows:

AV = A5+ AT ALY~ 0(n), (18)

1,me,n
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AY =ASS A AL ~0(n°). (19)

2,me,n 2,me,n

That is, the eigenvalues AS) and A(nz) of the Galerkin MoM impedance ma-
trix tend to constants. This will also be numerically demonstrated in Figure 4 in
Section 5. Hence, the condition number upon the increased order of discretiza-
tion n remains constant. This means that the proposed formulation does not
suffer from oversampling breakdown. This is a result of Galerkin MoM solution
of the SVS-EFIE-M soughtin L’(S) space by analogy with the solution of the
S-MFIE [7]: as both SVS-EFIE-M and S-MFIE feature the magnetic field surface

operator.

4.2. Absence of Low Frequency Breakdown

Unlike the earlier J-formulation of SVS-EFIE, its proposed M-formulation does not
suffer from the low-frequency breakdown either. At low frequencies, eigenvalues

can be shown to behave as
AS) ~a°, Aiz) ~a°, (20)

as also shown numerically in Figure 3. As a result, SVS-EFIE-M is free from low-
frequency breakdown formulation.

Overall, the SVS-EFIE-M formulation is inherently immune to the low-fre-
quency and oversampling breakdowns' unlike its SVS-EFIE-] predecessor due to
its surface-to-surface operator being in the desired form of sum of a constant op-
erator and a compact operator and its MoM discretization being performed in the

% (S) functional space.

4.3. Internal Resonances Breakdown

At certain discrete frequencies @ = "

n

.S SV {1 A V.S
ASS =—ASY FIIA

1,me,n 1,e0,n 1,me,n>

when
(21)
®

n

2)

n

nth eigenvalue A’ becomes zero. Similarly, nth eigenvalue A;” becomes zero

. 2
at frequencies @ = a),g ), when

AYS ==AYh TTIALS (22)

2,me,n 2,e0,n 2,me,n"*

Frequencies a)f,l) and wgz) are not equal to each other. At each such frequency
a)r(,l) or a),(f) , solution of the SVS-EFIE-M (6) loses its uniqueness and experi-
ences the internal resonance breakdown, similarly with the SVS-EFIE-] (5) for-

mulation. Notice that these resonance frequencies " and o

n n

do not coin-
cide with the resonant frequencies of the surface-to-surface operator eigenvalues
Al or A,

Neither SVS-EFIE-] nor SVS-EFIE-M formulation eliminates spurious reso-
nances, as tangential components of electric field vanish at the surface of the sphere
due to the boundary conditions. Solutions of those two formulations result in un-

known electric current J and magnetic current M at the boundary, manifest-

'For simply connected smooth objects.
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ing PEC- and PMC-like sphere. In both formulations, tangential component of
the electric field exists on the right-hand side, which produces the same nth res-
onance frequencies of the cavity at which those eigenvalues become zero. Hence,
this current version of the SVS-EFIE formulations does not guarantee for the
elimination of the spurious resonances even though we make linear combination
of those two formulations. Exploring possibilities for elimination of these spuri-
ous resonances through the combination of different SVS-EFIE formulations will

be a subject of future work.

5. Evaluation of Electric Field inside the Sphere

After determining coefficients b, and c,, inthe MoM expansion of the ficti-

tious current nxJ on S over complete set of basis functions u"” and u"?,
the electric field E in the scatterer volume } can be evaluated using the sin-

gle-source representation (3) under condition a=0 and b=1, ie

:J‘émf (r,r")-AxJ(r')ds', reV (23)
N

To evaluate the field inside the sphere according to (23), we substitute expres-
sion (15) for G, into (23)

( )=—lkzzdnm [pnm ( ) qfff,)n (r’).ﬁxJ(r')ds'
’ (24)
+qfi;) (r) p,(ffzn (r')-it xJ(r')ds'], reVl.
S

Plugging current expansion J [(17) in [10]] into field definition (24), we get

( )__lkzzdnm(pnm anm an —m nXunm( )dS,

n,m

+an()20nm qn () o (1) ds”

(1¢) (2¢) ~ (1) ’ ’ (25)
+q,. ( ) nm_[pn o )-nxun"mn(r)ds
+qnm ( ) Z Cn m" pn m( ’) ﬁxufﬁlzﬂ' (r’)dS'J'
By using orthogonality relations,
( )__lk Zdnm (pnm ( ) Z n"'m" qEL r)n( ') ﬁxur(i%}?n" (r')dS,

n",m" S (26)

0 S e [ ()l )6 )

( ) lkzzdnm [pnm ( ) Z cn m" |:k ah (kfa)] 5 5mm dnmdfi/izn
n,m n",m" f (27)
0l (1) 3 o () (1)), 0 j
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Electric Field inside Sphere Due to Tangential Electric Dipole

In the case of sphere excited by the tangential dipole situated above it, both coef-
ficients b, and c,, in (27) are non-zero. This gives the following expressions
for the components of the field inside the sphere after using the expansion over
functions p and ¢ in (21) - (22) of [10] (see also [11]) and the fact that only

|m| =1 terms survive per (100) and (102) in [10].

0 1 |
Er = _lk(zz Z d;i/wfbnm [%]n (krr)})n‘m‘ (COS 9) elm¢J|:_ah’52) (kra):|’ (28)
n=1 m=-1,1 Er
1 v d
B o ' j —_— ‘m‘ img 2
= —ik’ ;mz‘hd { [kfr[kg’yn (kfr)] 10 P! cos@ J[ ah J
- (29)
+c”’”(sil;ne B (c0s0)j, (k.r)e 'm¢j[k, [(k.a)A? (k.a) }
T k2 dl/2 k k P‘ ‘ im¢p 2
i ,,Z;MZ:U nm|: i [k rsmﬁ[ ”Jn I”)J n cosH ( |
30

[-%P;" (w011 | 2kt k) ﬂ

Our numerical example is for the dielectric sphere with relative permittivity
of ¢=10 and excited with the tangential & -directed electric dipole. In this
case, both the TE -and TM, -waves are produced, all components of electric
field are present, and they are functions of all three spherical coordinates. The
tangential electric dipole is placed on z -axis at the radial distance 5, =10m.
The frequency of analysis is 599.584916 MHz. We also demonstrate the spectral
properties of the SVS-EFIE-M formulation, where the functional space L) ()
is required in MoM testing for the bounded condition number of the impedance
matrix. In Figure 1 and Figure 2, the eigenvalues A;; are the product of the
eigenvalues A}y I';}A}; and their weighted sum is shown under condition of
the Galerkin MoM testing performed in L’ (S ) space. The eigenvalues depicted
in Figure 1 and Figure 2 correspond to the solution of the tangential dipole radi-
ation problem.

Eigenvalues AS) and Aflz) for the low-frequency breakdown behavior are
also shown in Figure 3. One can observe that eigenvalues A(nl) for SVS-EFIE-]
formulation tend to infinity at low frequency, whereas AS) with SVS-EFIE-M for-
mulation is stable at low frequency.

Moreover, eigenvalues Ag) and A(nz) for the range of discretization order are
also shown in Figure 4. One can observe that eigenvalues AS) for SVS-EFIE-]
formulation (Goni, 2023) [9] increase with the increasing of the discretization or-
der and hence suffer from oversampling breakdown, whereas, for the present work
with SVS-EFIE-M formulation, Ag) is almost constant after certain range of the

discretization order.
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Figure 1. Eigenvalues A = of the surface-to-surface operator, the product of eigenvalues A’ r ;anV’S corresponding to

1,me,n 1,e0,n 1,me,n
the product of the surface-to-volume and volume-to-surface operators and eigenvalues for the total SVS-EFIE-M operator

AV =ASS 4 Afe’gnﬁ,'n/\” . One can observe the accumulation of those eigenvalues A | A" f;}nAV'S and Al atcon-

1,me,n 1,me,n 1,me,n > 1,e0,n 1,me,n

S8
1,me,n

stant values. We can also notice the behavior of the eigenvalues of surface-to-surface operator A encompassing a unit circle
with centre at a constant of —1/2, which occurs due to their —(1/2+4,) form stemming from the “constant + compact” operator

composition [7].

o S, S
+ A2
S,V -1 ,V,8
1| o o AT A,
S, S S,V ~-1,V,S
o o A2 +A2 1"1 A2
o
05 o a ++
(o) +
i ° o++++25 + © oy, 5
< o o + ob o o
£ ol ° : Z@O soo ©
- ¢ g ©0¢9 *
N o o0 ++
o Tt ¢ *
05" ¢ 0 o b+ Fh
(o] ¢ O O
¢
@ ¢
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N
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Figure 2. Eigenvalues A of the surface-to-surface operator, the product of eigenvalues A3 lA"l”‘nAV'S corresponding to the

2,e0,n 2,me,n

product of the surface-to-volume and volume-to-surface operators, and eigenvalues AD ZASS A f;LAV’S for the total SVS-

n 2,me,n 2e0,n 2,me,n
. : S, SV f-lAV.S
EFIE-M operator. One can observe the accumulation at constant values for all three sets of eigenvalues: Ay, ., Ay, I, Ay . and

2 . . . . o .
AE ). We can also notice the behavior of the eigenvalues of surface-to-surface operator encompassing a unit circle centered at accumu-

lation point of 1/2 due to the *constant plus compact’ operator structure, resultingin A3, =1/2—14, [7].

2,me,n
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Figure 3. Eigenvalues AS) and Aff) for the low-frequency breakdown. Notice that solid lines
for the SVS-EFIE-] formulations and dashed lines correspond to SVS-EFIE-M formulations. One

can observe that eigenvalues As) for J formulation tend to be infinite at low frequency, whereas

A(n') is stable at low frequency.

104 T T T T T T

|A], ©

10-4 L 1 I I 1 I
20 40 60 80 100 120

Figure 4. Eigenvalues AQ) and /\Ef) for the range of discretization order. Solid lines dic-
tate SVS-EFIE-] formulations and dashed lines correspond to SVS-EFIE-M formulations.
One can observe that eigenvalues A(n') for SVS-EFIE-] formulation increase with the
increasing of the discretization order and hence suffer from oversampling breakdown,

whereas, A" is almost constant after certain range of the discretization order.

n
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6. Conclusion

The paper presents an analytic solution of the Surface-Volume-Surface Electric
Field Integral Equations (SVS-EFIE) with Galerkin Method of Moments (MoM)
for the problem of scattering due to tangential electric dipole excited on a homog-
enous dielectric sphere. It is shown that in order for the MoM impedance matrix
condition number to remain bounded under the condition of increasing discreti-
zation order 7, the SVS-EFIE-M can be tested in L’ (S) space. This investiga-
tion also dictates that performing MoM solution in this L’ (S) space can, in prin-
ciple, eliminate the oversample breakdown and the low-frequency breakdown, un-
like the SVS-EFIE-]. Note that alternative formulations such as PMCHWT, Mul-
ler, EFIE, MFIE, CFIE, and SVS-EFIE-] do not possess such desired spectral prop-

erties and suffer from the above breakdowns upon discretization.
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