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Abstract

The rapid development of artificial intelligence technology has placed new de-
mands on university-level public foundational mathematics courses. How to
organically integrate the core algorithmic concepts of artificial intelligence
into the teaching of the three courses—Advanced Mathematics, Linear Alge-
bra, and Statistics—and develop a systematic, integrated design has become
an important issue in current mathematics education. Using “machine learn-
ing model training” as an example, this paper proposes an integrated design
of AI application cases across the three foundational mathematics courses.
This approach aims to break down barriers between courses, help students
build a cross-course mathematical knowledge network, and enhance their
comprehensive ability to apply mathematical tools to solve practical problems
in artificial intelligence.
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1. Introduction

As a strategic technology leading a new round of scientific and technological rev-
olution and industrial transformation, artificial intelligence is profoundly reshap-
ing the content and mode of higher education teaching. In 2018, the Ministry of
Education issued the “Action Plan for Al Innovation in Higher Education Insti-
tutions”, explicitly calling for “emphasis on the cross-disciplinary integration of
AT with mathematics, computer science, physics, biology, psychology, sociology,
and other disciplines”. In 2024, the Ministry of Education further launched the

“Al Empowering Education Initiative”, using AI technology as an engine to drive
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deep transformation in the form of education and teaching [1]. Against this back-
ground, how to integrate the core ideas and methods of Al into the teaching of
foundational mathematics courses has become an important proposition facing
university mathematics educators.

Advanced Mathematics, Linear Algebra, and Statistics are foundational mathe-
matics courses widely offered at universities, particularly at engineering institutions
focusing on information-related disciplines. In many universities, these courses are
delivered as separate subjects. They are often scheduled in different semesters and
taught by different instructors, so students may not always see how ideas from one
course relate to those from another [2]. Therefore, we explored whether there are
practical cases that can effectively connect the content of these courses. Machine
learning provides a useful illustration. It involves the gradient descent algorithm
(derivatives and optimization in Advanced Mathematics), matrix computation (ma-
trix multiplication and eigendecomposition in Linear Algebra), and probabilistic
modeling of loss functions (maximum likelihood estimation in Probability and Sta-
tistics). These three components naturally form a complete knowledge chain.

In recent years, scholars at home and abroad have conducted extensive explo-
rations on the integration of mathematics courses with Al Li Hang [3] demon-
strated the key role of probabilistic and statistical methods in the design of ma-
chine learning algorithms in Statistical Learning Methods. Goodfellow et a/ [4]
systematically expounded the core roles of linear algebra, probability theory, and
numerical computation in deep learning in the book Deep Learning, providing
rich application materials for mathematics teaching. Domestic scholars Zhao
Qiuxia et al [5] explored extended teaching models that integrate AI into Proba-
bility and Statistics courses; Zhang Yu et al [6] designed probability and statistics
cases based on the concept of curriculum ideology and politics; Yang Wenxia et
al. [7] empowered Linear Algebra course teaching with knowledge graphs and ex-
plored pathways for constructing educational knowledge graphs. However, exist-
ing research mostly focuses on the level of a single course, lacking a systematic
design that treats the three foundational mathematics courses as an integrated
whole and threads a single case throughout all of them.

Based on this, the present paper proposes an integrated design scheme for Al
application cases centered on “machine learning model training” as the core case,
organically linking three major modules—the gradient descent algorithm (Ad-
vanced Mathematics), matrix computation (Linear Algebra), and probabilistic
statistical modeling (Probability and Statistics)—to achieve collaborative teaching
of the three courses within the same case framework. This design aims to break
down course barriers, help students understand the mathematical foundations of
AI from a holistic perspective, and enhance their cross-course knowledge transfer

ability and comprehensive competence in solving real-world problems.

2. Core Connections between Foundational Mathematics
Courses and Artificial Intelligence

The core task of artificial intelligence can be summarized as: given data, find a
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function or model that optimally fits the data, and use it for prediction and deci-
sion-making. This process naturally involves three types of mathematical tools:
characterizing optimization processes with calculus, representing and processing
data with linear algebra, and modeling uncertainty with probability and statistics.
Table 1 shows the mapping relationships between some of the typical Al tasks we
designed and the core knowledge points of the three mathematics courses.

Table 1. Mapping relationships between typical Al tasks and core knowledge points of foundational mathematics courses (Partial).

Typical Al Tasks Calculus Core Knowledge Points  Linear Algebra Core Knowledge Points

Probability and Statistics Core
Knowledge Points

Least squares method, gradient

Linear Regression

Maximum likelihood estimation,
Matrix inversion, vector projection  normal distribution, central limit

theorem
Backpropagation (chain rule), . . o o .
o . . Matrix operations (multiplication, Batch normalization, Bayesian
Neural Networks  vanishing/exploding gradients, . . . .
. . . transpose), welght matrices interpretation
derivatives of activation functions
Reinf ¢ Policy gradient theorem Value function vectors, policy parameter Markov decision process,
einforceme-n
L ] (log-derivative trick), matrices, matrix operations under linear  expected return, Monte Carlo
earnin
& gradient ascent approximation sampling, likelihood ratio

As can be seen from Table 1, the complete implementation of an Al task almost
always requires simultaneously drawing upon knowledge from all three mathe-
matics courses. For example, training a linear regression model to predict housing
prices first requires representing housing feature data with matrices (Linear Alge-
bra), then defining the mean squared error loss function (Probability and Statis-
tics), and finally iteratively solving for the optimal parameters via gradient descent
(Advanced Mathematics). The knowledge from the three courses in this process
is not simply in a parallel relationship but forms an organic whole that is interde-
pendent and synergistic. However, in traditional discipline-segregated teaching,
these three links are split across three semesters and three instructors’ classrooms,
making it difficult for students to establish the logical connections between them,
thus leading to the dilemma of “learning without knowing how to apply”.

Therefore, it is necessary to proceed from a unified perspective and design a
teaching case that can thread through the core knowledge points of the three
courses, so that when studying each course, students can understand the applica-
tion scenarios of the knowledge learned and its connections with knowledge from
other courses within the framework of this case, thereby forming a systematic

mathematical knowledge network.

3. Integrated Teaching Design Centered on “Linear
Regression” as the Core Case

This section takes the most classic problem in machine learning—the training of
linear regression models—as the core case threading through the three courses,

elaborating in detail on how to conduct teaching around this case in each course
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and achieve knowledge continuity between the three courses.

3.1. Advanced Mathematics Perspective: Optimization Principles
of Gradient Descent

In the Advanced Mathematics course, when covering chapters on derivatives, par-
tial derivatives, and extrema of multivariate functions, the gradient descent algo-
rithm is introduced as a core case. First, taking one-dimensional linear regression
as an example, given a dataset, the mean squared error (MSE) loss function is de-
fined [8]:

J(w,b)z%i:(w'yi—b-x,.)2 . (1)
i=l1
At this point, the instructor can naturally introduce the geometric meaning of
the derivative—the rate of change of a function at a given point—as well as the
concepts of directional derivatives and gradients. The gradient
VJ =(&J/ow,8J/ob) indicates the direction of steepest ascent of a function;
therefore, moving along the negative gradient direction causes the loss function
value to decrease. This application can help students understand a practical use of
the important concept of using partial derivatives to find extrema of a function.
Furthermore, the instructor should introduce the concept of learning rate «

and the parameter update formulas can be given:

wi=w-a-dJ/ow, b:=b-a-3J/b. (2)

Using Python’s Matplotlib library to plot the iterative trajectory of gradient de-
scent will help students intuitively observe the process of parameters gradually
converging from initial values to the optimal solution. In this part, the multivari-
ate function case can be derived, and parameters are generalized to vector form,
laying the groundwork for matrix form in the subsequent Linear Algebra course.
When the limitations of gradient descent are discussed, the relevant optimization
context should first be clarified. For linear least-squares regression, the mean
squared error loss function is convex and, more specifically, quadratic with re-
spect to the model parameters. Therefore, convergence to the unique global min-
imum can be guaranteed under an appropriately selected learning rate, and the
issue of local minima does not arise. The discussion may subsequently be extended
to general non-convex optimization problems, such as those encountered in deep
neural networks, in which multiple local minima and saddle points may present
substantial challenges. As supplementary content, stochastic gradient descent
(SGD) and momentum-based methods may also be introduced to encourage fur-

ther student exploration.

3.2. Linear Algebra Perspective: Data Matrix Representation and
Computation

In the subsequent Linear Algebra course, the case previously introduced in Ad-
vanced Mathematics may be extended from the one-dimensional setting to a mul-

tivariate setting when matrix multiplication, matrix inverses, and systems of linear
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equations are studied. Specifically, a dataset containing m samples and 2 features
is represented as a matrix X € R™", the target variable as a vector Y € R”, and
the parameters as a vector [ € R", then the linear regression model to be con-

cisely written in matrix form:
y=Xp+e¢. (3)

The expressive power of linear-algebraic notation is demonstrated by this con-
cise matrix formulation. It also provides a suitable framework through which the
practical significance of matrix multiplication may be understood: the product of
a matrix and a vector is interpreted as a linear combination of features, while each
row of the resulting vector is associated with the predicted value of an individual
sample. From this, two paths for solving optimal parameters £ can be intro-
dued—the numerical solution via gradient descent and the analytical solution via
the normal equation—corresponding respectively to two different thinking para-
digms: iterative optimization (Advanced Mathematics) and matrix inversion (Lin-
ear Algebra) [9].

Additionally, when covering the chapter on eigenvalues and eigenvectors, the
principal component analysis (PCA) dimensionality reduction method can be in-
troduced as an extended case. PCA performs eigendecomposition on the covari-
ance matrix of centered data, selecting the eigenvectors corresponding to the larg-
est eigenvalues to form a projection matrix, thereby achieving a low-dimensional
representation of high-dimensional data. This case not only reinforces the geo-
metric meaning of eigenvalues and eigenvectors but also provides the mathemat-
ical foundation for students to understand data preprocessing (dimensionality re-
duction, denoising) in machine learning. Moreover, the study of PCA can be con-
nected with singular value decomposition (SVD): computationally, PCA is often
implemented via SVD of the centered data matrix (rather than explicit eigen-
decomposition of the covariance matrix), which is numerically more stable. How-
ever, the two are not equivalent in all respects—their interpretation depends on
whether the data have been centered (PCA requires centering; SVD does not) and
on which matrix is being decomposed (the data matrix itself versus the covariance
matrix) [10].

3.3. Probability and Statistics Perspective: Probabilistic
Interpretation of Loss Functions and Model Evaluation

In the Probability and Statistics course, the linear regression case can be inter-
preted from a brand-new perspective—probabilistic modeling. When covering
maximum likelihood estimation (MLE), the instructor can pose a key question:
“Why is mean squared error chosen as the loss function in linear regression, rather
than absolute error or other forms?” The answer to this question precisely reveals
the deep connection between probability and statistics and machine learning.
Assume that the error term ¢ in the linear regression model follows an inde-
pendent and identically distributed normal distribution N (0, 0'2) . Then, given

the parameters /7, the likelihood function of observing the data yis derived from

DOI: 10.4236/jcc.2026.148004

73 Journal of Computer and Communications


https://doi.org/10.4236/jcc.2026.148004

S.Yan

[8]:

(yﬁxirﬁ)z
m 1 - 3
U T > W
-1 N2mo

By taking the negative logarithm of the likelihood function, the maximization
of the likelihood is transformed into the minimization of the sum of squared er-
rors, which is equivalent to the minimization of the mean squared error loss func-
tion. Through this derivation, it can be shown that least-squares estimation coin-
cides with maximum likelihood estimation under specific assumptions: the error
terms are assumed to be independent and identically distributed according to a
normal distribution with zero mean and constant variance (Z.e., homoscedastic-
ity). It should be emphasized that, when these assumptions are violated—for ex-
ample, in the presence of heteroscedasticity or correlated errors—the equivalence
between least-squares estimation and maximum likelihood estimation may no
longer hold. In such cases, alternative estimation procedures, including weighted
least squares and generalized least squares, may be more appropriate.

Through this derivation, the optimization methods studied in Advanced Math-
ematics, the matrix representations introduced in Linear Algebra, and the param-
eter-estimation methods considered in Probability and Statistics can be integrated
within a unified framework. Moreover, the logical coherence among these math-
ematical tools, as well as the importance of validating model assumptions, can be
illustrated. For model evaluation, statistical measures such as the coefficient of
determination R?, adjusted &7, the F-test, and the #test may be introduced, through
which model quality can be assessed from the perspective of statistical signifi-
cance. In addition, the relationships and distinctions between traditional statisti-
cal inference and modern machine-learning methodologies can be demonstrated
through the introduction of training-test set partitioning, cross-validation, and

other model-selection methods [10].

4. Implementation Pathway for the Integrated Three-Course
Linkage Case

4.1. Progressive Design in the Temporal Dimension

Typically, these courses are offered in the sequence of “Advanced Mathematics >
Linear Algebra > Probability and Statistics” in the curriculum. The integrated case
design should be developed with this chronological feature, through which the
complete structure of the case may be progressively presented. At the Advanced
Mathematics stage, the one-dimensional case of linear regression and the concept
of the loss function are initially introduced with gradient descent as the core. At
this stage, students are not required to fully master matrix computation and prob-
abilistic modeling; they only need to establish the basic concepts of optimization.
At the end of this stage, the suspenseful question of “how to efficiently represent
and compute when the feature dimension increases” is proposed, and the motiva-

tion for learning Linear Algebra is planted.
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At the Linear Algebra stage, the linear regression problem is reformulated in
matrix form, the normal equation and matrix calculus are taught, and PCA di-
mensionality reduction is introduced as an extension. At this stage, the instructor
can review the matrix form of gradient descent from Advanced Mathematics, en-
abling students to see the correspondence between different mathematical expres-
sions of the same problem. At the end of this stage, the question of “why choose
squared loss rather than other forms” is left to provoke students’ thinking about
probabilistic models.

As for the Probability and Statistics stage, the probabilistic basis of the least-
squares method may be elucidated through maximum likelihood estimation,
while the extension to logistic regression may be used to demonstrate the intrinsic
correspondence between the selection of a loss function and the assumed proba-
bility distribution. At this stage, a complete mathematical framework is expected
to have been established, through which the full workflow of a linear regression
model—namely, “data > model > loss function > optimization procedure-> sta-
tistical evaluation”—may be systematically understood and organized into a co-

herent knowledge structure.

4.2. Modular Articulation in the Content Dimension

To ensure consistency and coherence in the transmission of the case across
courses, standardized “interface documentation” should be developed, in which a
unified system of notation, data formats, and modes of problem formulation for
the core case are specified. For example, X' may be consistently used to denote the
feature matrix, y the target vector, and /Jthe loss function throughout the three
courses, thereby reducing potential cognitive confusion caused by inconsistent
notation. In addition, a shared case dataset, such as the Boston Housing dataset
or the California Housing dataset, should be established. Through the use of the
same dataset in different courses, students may be enabled to observe directly the
differences and complementarities among mathematical tools when they are ap-
plied to the same problem [10].

Furthermore, information-based teaching platforms, such as the Chaoxing
Learning Platform and Zhihuishu Platform, may be utilized for the construction
of cross-course knowledge graphs, in which the knowledge points involved in the
core case are annotated and linked according to course affiliation and logical re-
lationships. When studying a particular knowledge point, students can intuitively
see its connections with related knowledge in other courses through the knowledge
graph, realizing a self-directed learning style akin to “following a map to find what
one seeks”. The introduction of knowledge graphs can also help teaching teams
track students’ learning trajectories, providing data support for teaching improve-

ment [7].

4.3. Collaborative Innovation in Teaching Methods

The implementation of the integrated case design requires corresponding reforms
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in teaching methods. First, a cross-course teaching team for foundational public
courses should be established, with instructors of the three courses regularly con-
ducting joint teaching and research activities to jointly refine case details and en-
sure consistent expression and logical coherence of the case across different
courses. Second, the project-based learning (PBL) method [11] [12] should be in-
troduced. After the three courses are completed, a practical training project—such
as “implementing a linear regression predictor from scratch”—is set up, requiring
students to comprehensively apply the knowledge from the three courses to com-
plete the full workflow of data preprocessing, model design, parameter solving,
and result evaluation, and to implement it through programming. Of course, after
each course, students may also complete only the project content related to that
specific course, and only finish the entire project once they have completed all
three courses. Third, the use of computational tools such as Python or MATLAB
should be integrated into classroom teaching, making abstract mathematical con-
cepts perceptible and knowable through visualization and numerical experiments.
For example, Matplotlib can be used to dynamically demonstrate the iterative pro-
cess of gradient descent, and NumPy can be used to demonstrate the efficiency of
matrix operations. This dual-track teaching approach of “theoretical derivation +
programming verification” has been explored in prior studies and is expected to
enhance students’ learning interest and practical ability [5] [13]; the present paper
provides the conceptual design for such an approach, with empirical validation
planned as future work. Moreover, the rapid development of generative Al has
made programming more accessible to students. Finally, online assessment plat-
forms can be utilized to assign staged programming assignments, providing stu-
dents with immediate feedback through automatic grading systems, and analyzing
teaching weak points based on student response data to achieve data-driven pre-

cision teaching.

5. Conclusions

This paper addresses the problems of distinct course barriers and fragmented
knowledge connections in the current teaching of foundational mathematics
courses in universities, and proposes a conceptual integrated design scheme for
AT application cases centered on “linear regression” as the core case. With the
linear regression model adopted as the practical case, three major knowledge
modules—namely, gradient-descent optimization in Advanced Mathematics, ma-
trix representation and computation in Linear Algebra, and parameter estimation
and model evaluation in Probability and Statistics—are systematically integrated.
Consequently, a complete instructional sequence for the mathematical founda-
tions of artificial intelligence is established. In the temporal dimension, a spiral
progressive approach is adopted to gradually reveal the complete picture of the
case; in the content dimension, cross-course coherence is ensured through a uni-
fied symbol system and shared datasets; in the teaching method dimension, pro-

gramming practice and knowledge graph technology are employed to support the

DOI: 10.4236/jcc.2026.148004

76 Journal of Computer and Communications


https://doi.org/10.4236/jcc.2026.148004

S.Yan

teaching design. It should be noted that this paper presents a conceptual teaching
design rather than empirical evidence of teaching effectiveness. Planned evalua-
tion indicators for future classroom implementation include: 1) cross-course
knowledge transfer measured through pre- and post-intervention assessments; 2)
model interpretation ability evaluated through student explanations of model out-
puts; 3) programming performance assessed via project-based assignments; and
4) student learning interest and self-efficacy surveyed through validated question-
naires. The authors intend to conduct a controlled implementation study across
multiple course sections to quantitatively evaluate the proposed design.

The AI era has imposed new demands on mathematics education while also
bringing new opportunities. Seamlessly integrating the core ideas and methods of
Al into foundational mathematics teaching and cultivating interdisciplinary tal-
ents with solid mathematical skills and Al literacy is an important direction that
mathematics educators should continuously explore. It is hoped that the inte-
grated design approach presented in this paper can provide useful reference for
university faculty and jointly promote the reform and innovation of foundational

mathematics course teaching.
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