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Abstract 
In this paper, we propose a decentralized version of elastic-net broad learning 
systems, focusing on the case when directed graphs characterize the commu-
nication between agents. This novel proposed algorithm is referred to as Di-
rected-DENBLS, which involves decentralized learning for feature fine-tuning 
and decentralized learning for output weights. However, considering that in a 
directed graph, it may not be possible to construct a doubly stochastic matrice 
in a distributed manner. So the proposed algorithm is built on the AB/Push-
Pull algorithm, which creates a row stochastic matrix and a column stochastic 
matrix to address the resulting problem in a decentralized manner. Simulation 
results on the datasets demonstrate the effectiveness of the proposed Directed-
DENBLS algorithm. 
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1. Introduction 

In the big data environment, there may be a large dataset where that data may not 
be contained in a single controller but is spread across a connected network [1]. 
In general, a single agent’s implementation for large amounts of data can be con-
strained by the communication load and storage resource restrictions. In addition, 
unrestricted data transformations across agents might cause significant privacy 
and security problems. This issue has attracted widespread public attention. Fur-
thermore, traditional centralized algorithms require that all data be achieved in a 
single agent. This operation is neither practical nor secure, particularly in a big 
data environment [2]. To this end, in order to overcome the difficulties posed by 
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the flood of big data, a distributed algorithm that relies on local data and commu-
nication between agents is required [3]. As we all know, there are three primary 
distributed architectures in the current distributed settings [4]. In this study, we 
concentrate on the decentralized setting or distributed learning over networks, 
where all agents are interconnected and the overall training process can be carried 
out by each agent independently with little information exchange [5]. Clearly, this 
decentralized setting has a wider application for large-scale data in contrast to the 
centralized setting and may further ensure data privacy. Up to now, this decen-
tralized learning approach has been employed frequently in machine learning re-
search. 

On the one hand, numerous strategies have been researched to address the de-
centralization issue in diverse network topologies. With regard to undirected graphs, 
the most frequently used methods fall into two main categories. Among them, 
gradient-based techniques are the first category. One of the original algorithms of 
this type is Distributed Gradient Descent (DGD), which is introduced in [6] and 
[7]. This algorithm is computationally simple but converges slowly. In order to 
solve the above problem, Nesterov’s method was introduced into DGD and an 
accelerated algorithm was obtained [8]. There is also a noteworthy method, EX-
TRA [9], which achieves linear convergence. The second type is the dual-based 
approach. The most directly related is the distributed implementation of alternat-
ing direction method of multipliers (ADMM), which is based on the augmented 
Lagrangian [10] [11]. It is worth noting that the above distributed algorithms as-
sume that the communication topology is an undirected graph. However, in many 
more real-world scenarios, the underlying graph could be directed. Moreover, the 
doubly stochastic matrice often required in distributed optimization cannot be 
generated on directed graphs in general. Therefore, it is natural to investigate 
some distributed algorithms for directed graphs. 

With respect to directed graphs, several decentralized training algorithms have 
been studied in the last few years. The research work in [12], a distributed ADMM 
on a directed graph algorithm (D-DistADMM) was proposed. In [13], a push-sum 
protocol was proposed to do away with the requirement for doubly stochastic ma-
trice. Subsequently, this protocol was applied to distributed optimization to obtain 
a new algorithm [14]. This algorithm reaches an average consensus on directed 
graphs. The study in [15] combines push-sum with EXTRA to obtain a novel algo-
rithm called D-EXTRA. This algorithm ultimately converges linearly to the prob-
lem’s optimal solution. But D-EXTRA is limited by the range of step sizes. So an 
ADD-OPT algorithm has been proposed to alleviate this problem in [16]. This 
algorithm allows for a larger, more sensible step size. However, as noted, these 
algorithms only construct column random matrices. Considering that row ran-
dom matrices are easier to implement in a distributed manner than column ran-
dom matrices, a class of algorithms considering only row random have been stud-
ied in [17] and [18]. More recently, the AB/Push-Pull method was designed in [19] 
and [20]. Unlike push-sum techniques, this algorithms blend local decision vari-
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ables through a row stochastic matrice while considering a column stochastic ma-
trice to blend auxiliary variables in monitoring the average gradient. It has been 
implemented to achieve linear convergence on arbitrary networks.  

On the other hand, an efficient learning model known as the broad learning 
system (BLS) has been studied in [21]. Due to the wide range of machine learning 
applications of this model, it has recently attracted a lot of interest. It broadly ex-
tends neurons consisting of feature and enhancement nodes, does not require deep 
stacking layers, and computes weights by pseudo-inversion [22]. In addition, the 
elastic-net BLS (ENBLS) was developed in order to take advantage of both ridge 
regression and sparsification trends [23]. Afterwards, considering the large data 
environment, the BLS model has been expanded to a decentralized version under 
undirected graphs term as D-BLS [24]. However, to the best of our knowledge, 
BLS has not been extended to a completely decentralized setting over directed 
graphs. Hence, it is quite desirable to study consensus learning of decentralized 
BLS over directed graphs in a big data environment. Therefore, this paper focus 
on developing a decentralized version of ENBLS over directed graphs following 
the recent work in [19] [20], which we referred to as Directed-DENBLS. The fol-
lowing are the primary contributions of this paper:  

• A decentralized learning algorithm for ENBLS is developed, considering the 
case where the agents between communication networks are directed graphs. 

• The proposed consensus learning algorithm for Directed-DENBLS consists of 
a two-part distributed optimization process, both of which are built based on the 
AB/Push-Pull algorithm.  

The remainder of the paper is divided into different sections. We briefly review 
ENBLS and describe the problem in Section 2. In Section 3, we propose an algo-
rithm for a decentralized version of ENBLS over directed graphs and introduce 
several algorithms on gradient tracking. Section 4 presents numerical experiments. 
The conclusions are outlined in Section 5.  

2. Preliminaries and Problem Formulation  

In this section, we first introduce the elastic-net broad learning system (ENBLS), 
and in what follows, we formulate the problem.  

2.1. Elastic-Net Broad Learning System (ENBLS)  

BLS is an efficient learning model developed by Chen et al. [21]. The model pro-
vides a powerful and effective learning framework, and its specific components 
and structure are shown in Figure 1. As seen in Figure 1, the structure of BLS is 
straightforward and similar to the random vector functional-link neural network 
(RVFLNN) [25]. Compared to deep learning models, which has only one hidden 
layer and few model parameters. 

The creation of a standard BLS can be succinctly described as follows. 
1) Let the training dataset be ( ){ }, | ,N M N C× ×∈ ∈X Y X Y  . Since each fea-

ture mapping in the BLS model contains F  neurons and there are n  feature 
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mappings ( )iφ ⋅  from the input data X , the relevant formula is:  

 ( ) , 1, , .
i ii i e e i nφ= + =Z XW β  (1) 

where 
i

M F
e

×∈W   and 
i

N F
e

×∈β  are randomly generated. However, the 
ieW  

in 1) is typically adjusted by sparse autoencoder in order to eliminate the conse-
quences of randomness. It is equivalent to solving the following problems.  

 

 
Figure 1. Structure of broad learning system (BLS). 

 

 
2

2 1

1min
2 i i

ei
i e eλ− +

W
Z W X W  (2) 

where λ  is a constant parameter. Based on the above solution, we can get the 
sparse autoencoder solution 

ieW , and then obtain all the feature nodes as  
[ ]1, ,n

n=Z Z Z  in the feature layer. 
2) After that, nZ  goes through a nonlinear transformation to generate en-

hancement nodes. The following formula can be used to define the output matrix 
of the k th enhancement node:  

 ( ) , 1, , .
k k

n
k j h h k mζ= + =H Z W β  (3) 

where 
k

nF E
h

×∈W   and 
k

N E
h

×∈β  are also randomly generated, ( )jζ ⋅  is a 
nonlinear function. The presentation of all the enhancement nodes is  

[ ]1, ,m
m=H H H . 

3) Finally, we obtain the output weights of the BLS model by concurrently 
combing nZ  and mH . Thus, the final form of the BLS model is as follows:  

 ,=Y AW  (4) 

where [ ]1 1| , , | , ,n m
n m=   =A Z H Z Z H H  ; W  stands for the output weight 

matrix, which can be calculated by +=W A Y . 
In general, we also think about integrating an elastic-net regularizer with BLS 

to obtain a more robust model. This model is termed elastic-net BLS (ENBLS), 
and its specific problems are as follows:  

 ( )( )2 2
2 1 2

1min 1
2

λ α α− + + −
W

Y AW W W  (5) 

where [ ]0,1α ∈ . 

2.2. Formulation of Directed-Decentralized ENBLS  

Consider J  network agents, which have the ability to communicate with their 
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neighbors and perform some local computations. One can think of the commu-
nication network as a directed graph ( ),   , where { }1, , J=   serving as 
the corresponding set of vertices and   represents the connections between 
agents. in

j  means the collection of in-neighbors of agent j , out
j  stands for 

the group of out-neighbors of agent j . 
Based on this strategy, this paper focuses on resolving a parameter learning 

problem for ENBLS on the above multi-agent network. In particular, the agents 
work together to tackle the following optimization problem:  

 ( )( )2 2*
1 22

1

1: arg min 1
2

J

j j
j

λ α α
=

= − + + −∑
W

W Y A W W W  (6) 

Our goal is that each agent j  in the network cooperatively seeks the optimal 
weight matrix W  for problem (6) when the underlying graph   is directed. 

3. Decentralized ENBLS over Directed Graphs  

In this section, we start to review the AB/Push-Pull algorithm. In what follows, we 
detail a decentralized version of ENBLS over directed graphs, called Directed-
DENBLS. Finally, we introduce the accelerated version of the AB/Push-Pull algo-
rithm. 

3.1. Overview of the AB/Push-Pull Algorithm  

The AB/Push-Pull algorithm [19] [20] is a technique that can tackle distributed 
optimization problems on directed graphs . It is often utilized to solve distributed 
optimization problems as follows:  

 ( ) ( )
1

min :
J

j
j

f f
=

= ∑x x  (7) 

where x  is the global decision variable, each objective : p
jf →   is convex.  

Assumption 3.1 Each jf  is µ -strongly convex and its gradient is L-Lip-
schitz continuous. i.e., for any , p∈′x x   

 ( ) ( ) 2
2,j jf f µ′ ′ ′∇ −∇ − ≥ −x x x x x x  

 ( ) ( ) 22
.j jf f L′∇ −∇ ≤ ′−x x x x  

As a result, the only optimal solution *x  for the problem (7) can be found 
under the condition that Assumption 3.1 is satisfied. By recalling the AB/Push-
Pull algorithm in [19] and [20], we know that in this algorithm, each node j  
maintains two variables: ( )j kx  and ( )j kD . The role of ( )j kx  is used to esti-
mate the optimal value, while ( )j kD  is employed in monitoring the average gra-
dient. The specific iterative procedure of this algorithm is as follows:  

 ( ) ( )( ) ( )
1

1 ,
J

j jj j j j
j

k x k kρ′ ′
=′

+ = −∑x R D  (8) 

 ( ) ( ) ( )( ) ( )( )
1

1 1 .
J

j jj j j j j j
j

k k f k f k
=

′ ′
′

+ = +∇ + −∇∑D C D x x  (9) 
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where 0j ≥ρ  stands for step size, R  and C  satisfy the conditions of the fol-
lowing assumption.  

Assumption 3.2 The matrix J J×∈R   is nonnegative row stochastic, and  
J J×∈C   is nonnegative column stochastic, i.e., =R1 1 , =C 1 1 .  

3.2. Directed-Decentralized Feature Fine-Tuning 

It is worth noting that the procedure of Directed-DENBLS includes decentralized 
learning for feature fine-tuning and decentralized parameter learning of the out-
put weights. 

Thus, Directed-DENBLS first designs decentralized feature fine-tuning over di-
rected graphs. We consider a directed graph of J  agents interconnected. Next, 
the matrices iZ  and 

ieW  are replicated and taken over by { }, , 1
,

i

J

i j e j j=
Z W . In 

this way, we introduce consensus constraints , ,i ie j e j′=W W  and break problem (2) 
into the following group of sub-problems:  

 { },

2

, , , 1
1 2

, ,

1min
2

s.t. , , .

i i
e ji

i i

J

i j e j j e j
j

e j e j j

J

j j

λ
=

′

 
− +  

 
= ∈′∈

∑
W

Z W X W

W W  

 (10) 

Recalling the advantages of the AB/Push-Pull technique, we use this algorithm 
for the mentioned optimization problem. We first construct R  and C , where 
R  and C  satisfy Assumption 3.2. Next, an auxiliary local variable, jD , is in-
troduced so that the following procedure can solve the optimization problem (10).  

 ( ) ( )( ) ( ), ,
1

1 ,
i i

J

e j jj e j j j
j

k k kρ′
=

′
′

+ = −∑W R W D  (11) 

 ( ) ( ) ( )( ) ( )( ), ,
1

1 1 .
i i

J

j jj j j e j j e j
j

k k f k f k
=

′ ′
′

+ = +∇ + −∇∑D C D W W  (12) 

where ( ) ( ) ( ), , , , ,sign
i i ij e j i j i j e j j e jf

J
λ

∇ = − +W Z Z W X W . Based on the result of (11)- 

(12), we find that at the kth iteration, agent j  computes ( )( ),1 i

J
jj e jj k′ ′′=∑ R W , 

which aims to average the information received from its neighbors. The following 
step is to add the gradient difference term ( )( ) ( )( ), ,1

i ij e j j e jf k f k∇ + −∇W W  to 
( )1j k +D , together with the initialization condition eventually shows that it 

tracks the average gradient across the network [26]. Therefore, the expected re-
sults of decentralized feature fine-tuning can be obtained immediately by (11)-
(12). Then the nodes of the feature layer can be recomputed with this outcome as 

11, , , ,, , , ,
n

n
j j n j j e j j e j ′ ′ = =   Z Z Z X W X W 

  . As soon as that is done, n
jZ  under-

goes a nonlinear transformation by (3) to produce the enhancement nodes  

1, ,, ,m
j j m j′ ′ =  H H H  for the enhancement layer. In the end, we put the n

jZ  
and m

jH  together to create jA , i.e.,  

1, , 1, ,| , , | , ,n m
j j j j n j j m j′ ′  ′ ′ = =  A Z H Z Z H H  .  

3.3. Directed-Decentralized Optimal for the Output Weights 

In what follows, we focus on solving the output weights of the model output layer. 
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To begin with, let us reformulate the problem in (6) by introducing a collection of 
local variables , 1, ,j j J=W  . Thereby, problem (6) is reformulated as a distrib-
uted problem.  

 { }
( )2 2

2 1 2
1

11min ‍
2

s.t. , , .
j

J

j j j j j
j

j j j

J J
j j

λ αλα

′

=

− 
− + + 

 
= ∈ ′∈

∑
W

A W Y W W

W W  

 (13) 

As in the first phase of the process, in the second step of Directed-DENBLS, we 
also introduce the AB/Push-Pull algorithm to address the mentioned optimization 
problem. Similarly, the extra variable jB  plays a role in monitoring the gradient. 
In the same way, the variables for each iteration k  are iteratively updated by the 
following procedure based on the AB/push-pull algorithm:  

 ( ) ( )( ) ( )
1

1 ,
J

j jj j j j
j

k k kρ′ ′
′=

+ = −∑W R W B  (14) 

 ( ) ( ) ( )( ) ( )( )
1

1 1 .
J

j jj j j j j j
j

k k f k f k
=

′ ′
′

+ = +∇ + −∇∑B C B W W  (15) 

where ( ) ( ) ( ) ( )2 1
signj j j j j j j jf

J J
λ αλα −

∇ = − + +W A A W Y W W . R  and C  

satisfy the conditions of the Assumption 3.2. 
Likewise, from the (14), we know that at each iteration k , agent j  receives 

local decision variables j′W  from its neighbors. Moreover, according to (15), 
agent j  transmits jB  to its neighbors. Thus, from (14) and (15), we derive the 
expected performance of Directed-DENBLS. Finally, to illustrate the Directed-
DENBLS algorithm more clearly, the process of Directed-DENBLS is described in 
detail in Algorithm 1.  

3.4. Compared with Others Decentralized Algorithms  

In this section, a few unique acceleration algorithms are introduced. We start by 
reformulating the optimization problem (16) as  

 
( )

1
min

s.t. , , .

n

j j
j

j j j

f

j j′

=

= ∈ ′∈

∑ W

W W  
 (16) 

where ( ) ( )2 2

2 1 2
1

11
2

J

j j j j j j j
j

f
J J

λ αλα
=

− 
= − + + 

 
∑W A W Y W W . ABm: Distrib-

uted heavy-ball (ABm) [27] extends AB by introducing Polyaks heavy-ball  
momentum to accelerate the convergence of AB and Push-Pull. The iterations of 
the ABm algorithm are as follows: 

 ( ) ( )( ) ( ) ( ) ( )( )
1

1 1 ,
J

j jj j j j j
j

k k k k kρ β
=

′ ′
′

+ = − + − −∑W R W B W W  (17) 

 ( ) ( ) ( )( ) ( )( )
1

1 1 .
J

j jj j j j j j
j

k k f k f k
=

′ ′
′

+ = +∇ + −∇∑B C B W W  (18) 

where 0β ≥  stands for momentum parameter. 
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ABN: ABN [28] is an accelerated version of another AB algorithm. This algo-
rithm adds Nesterov’s momentum method which seeks to improve the conver-
gence and applies it to arbitrary graphs. The specific procedure of the ABN algo-
rithm is as follows:  

 ( ) ( )( ) ( )
1

1 ,
J

j jj j j
j

k k kρ′
=

′
′

+ = −∑S R W B  (19) 

 ( ) ( ) ( ) ( )( )1 1 1 ,j j k j jk k k kβ+ = + + ⋅ + −W S S S  (20) 

 ( ) ( ) ( )( ) ( )( )
1

1 1 .
J

j jj j j j j j
j

k k f k f k
=

′ ′
′

+ = +∇ + −∇∑B C B W W  (21) 

where kβ  is momentum parameter. 

4. Numerical Experiments  

This section compares the proposed Directed-DENBLS method with its acceler-
ated version on four real datasets. All datasets were downloaded from the UCI 
Machine Learning Repository1, which is provided in Table 1. The misclassifica-
tion rate (MCR) and root mean square error (RMSE) are used to measure the 
model prediction performance.  

 
1http://archive.ics.uci.edu/ml/datasets.php  
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Table 1. The information of the datasets. 

Datasets Train data Test data Attributes Task type 

Quake 1452 720 3 Regression 

Cleveland 200 100 13 Regression 

WBC 348 348 9 Classification 

Optdigits 3800 1700 64 Classification 

4.1. Datasets  

Cleveland: Cleveland is a heart disease dataset. The dataset is divided into two 
major categories, namely: with and without heart disease. 

Quake: Quake describe the relationship between quake and focal_depth integer, 
latitude real, longitude real, richter real. 

WBC: The Breast Cancer Wisconsin (WBC) dataset are divided into two classes: 
patients with benign symptoms or malignant diagnoses. 

Optdigits: The Optdigits is a 10 classification dataset with a total of 5620 sam-
ples. The image data are represented by an 8 × 8 pixel matrix with 64 pixel dimen-
sions. 

4.2. Parameter Setting  

In the experiments of this paper, we consider a connected directed graph consist-
ing of 4 agents, and the weight matrices R  and C  are built on the same basis 
graph, where R  and C  are shown in Figure 2. R  and C  are created by 
the following corresponding equations.  

 

 
Figure 2. Communication network. 

 

 1 1, .
2 2in out

max maxd d
= − = −R CR I L C I L  

where in
maxd  is the maximum in-degree, and out

maxd  is the maximum out-degree. 
And RL  and CL  are the Laplace matrices corresponding to R  and C . 

 

3 1 1 10 0 0 0
4 4 2 4
1 3 1 30 0 0 0
4 4 4 4,
1 1 1 1 1 30 0
4 4 2 4 4 4

1 3 1 30 0 0 0
4 4 4 4

   
   
   
   
   

= =   
   
   
   
   
   

R C  
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The step size ρ  for all experiments is 10−5 and the regularization parameter 
λ  is 2−30. The experimental results are the average of fifty trials to reduce random 
errors.  

4.3. Results and Discussion 

In the experiments with the Quake dataset, the results of the three algorithms with 
the same network structure for 500 iterations are shown in Figure 3(a) and Table 
2. From the experimental results in Figure 3(a), we can see that ABN and ABm 
converge faster than AB. AB converges after 100 iterations, while ABN and ABm 
converge after about 50 iterations. The numerical results in Table 2 show that the 
REMSE of the three algorithms are the same. 
 

 
(a) Quake 

 
(b) Cleveland 

Figure 3. The results of RMSE for the AB/Push-Pull, ABN and ABm algorithms. 
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Table 2. RMSE for different algorithms on the test datasets. 

Datasets Algorithms n F m Test RMSE 

Quake 

AB/Push-Pull 5 5 100 0.013 

ABN 5 5 100 0.014 

ABm 5 5 100 0.013 

Cleveland 

AB/Push-Pull 20 20 300 0.009 

ABN 20 20 300 0.011 

ABm 20 20 300 0.013 
 

For Cleveland, we considered a 20-20-300 model structure for all algorithms. 
The results of 500 iterations for the three algorithms are shown in Figure 3(b) and 
Table 2. The Table 2 shows that the RMSE of AB is smaller than that of ABN and 
ABm. And Figure 3(b) demonstrates that AB, ABN, and ABm converge after 
about 50 iterations, but it is obvious that ABN and ABM onverge faster than AB. 

For WBC dataset, the simulation outcomes are displayed in Figure 4(a) and 
Table 3. From the results in Table 3, we can see that the MCRs of the three algo-
rithms are similar, but from the simulation results in Figure 4(a), ABN converges 
after 200 iterations and converges faster than AB. Figure 5 compares the test con-
fusion matrices of ABN and ABm. ABN has an overall accuracy of 91.3%, while 
ABm achieves 91.6% with fewer misclassified samples. 

 
Table 3. MCR of different algorithms on the test datasets (%). 

Datasets Algorithms n F m Test MCR 

WBC 

AB/Push-Pull 10 10 5000 9.90 

ABN 10 10 5000 8.70 

ABm 10 10 5000 8.40 

Optdigits 

AB/Push-Pull 30 5 500 9.90 

ABN 30 5 500 9.90 

ABm 30 5 500 8.90 
 

 
(a) WBC 
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(b) Optdigits 

Figure 4. The results of MCR for the AB/Push-Pull, ABN and ABm algorithms. 
 

 
(a) ABN 

 
(b) ABm 

Figure 5. The results of confusion matrix for the ABN and ABm algorithms (WBC). 
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For Optdigits, a 10 classified dataset, we took a 30-5-500 model structure and 
compared the MCRs of the three algorithms. From the results in Table 3, we can 
see that AB and ABN have the same MCR and ABm has the smallest MCR. From 
the simulation outcomes in Figure 4(b), after 800 iterations, ABm converges 
faster than the other two algorithms, while ABN and AB have the same trend. 
Figure 6 compares the test confusion matrices of ABN and ABm on the Optdigits 
dataset. ABN achieves an overall accuracy of 90.1%, while ABm reaches 91.1% 
with fewer misclassified samples.  

 

 
(a) ABN 

 
(b) ABm 

Figure 6. The results of confusion matrix for the ABN and ABm algorithms (Optdigits). 
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5. Conclusion 

In this study, we propose a decentralized version of the ENBLS algorithm on di-
rected graphs, which is referred to as Directed-DENBLS. Since it is difficult to 
construct a doubly stochastic matrix over a directed graph. The Directed-DENBLS 
algorithm introduces the AB/Push-Pull method for solving the objective function 
and guarantees convergence by constructing a row stochastic matrice and a col-
umn stochastic matrice. The row random matrix is used to determine the decision 
variables and the column random matrix is used to track the average gradient. In 
addition, two accelerated versions of the AB algorithm, ABN and ABm, are intro-
duced for comparison. Finally, the experimental results show the effectiveness of 
the Directed-DENBLS algorithm and that ABN and ABm can accelerate conver-
gence. In future work, we will consider the following two aspects for improvement. 
First, the algorithm is poor for classification tasks, and we will consider developing 
decentralized versions of other variants of BLS, such as fuzzy BLS [29]. Second, 
each agent in this algorithm needs to constantly communicate with its neighbours, 
which requires high communication cost, and we will consider quantitative meth-
ods for optimization. 
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