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E 1. Introduction

Within group theory, quantity is an interesting subject and also occupies an im-

portant position. Examples include the order of a group, the order of an element,
the element of maximum order in a group, and the set of orders of its elements,
and so on. Early results show that we can determine the type of a group using
quantities alone. A celebrated result is the Feit-Thompson theorem: every finite
group of odd order is solvable. Since the classification of finite simple groups was
completed, the quantitative properties within simple groups have become highly
interesting. In a recent paper [1], finite simple groups without elements of order
10 are obtained. And then, finite non-solvable groups without elements of order
10 and finite groups without elements of order 10 are obtained successively ([2]
and [3]).

All groups in this paper are finite, and all simple groups are nonabelian. For a
finite group G, 7(G) stands for the set of prime divisors of the order of G,
and ®(G) denotes its spectrum, namely the set of orders of elements of G .
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Since ®(G) is closed under divisibility, it is uniquely determined by the subset
#(G) of maximal elements of ®(G) under divisibility.

The spectrum @(G) of a finite group G defines its Gruenberg-Kegel graph
GK(G). The vertex set of GK(G) is 7(G),and two primes p,qez(G) are
adjacent whenever G contains an element of order pg. Clearly, »(G) uniquely
determines GK(G).Hence, w(G)=w(L) implies GK(G)=GK(L).

A finite group G is called quasi-recognizableby spectrum if every finite group
H satisfying a)( H)= a)(G) possesses a unique nonabelian composition factor
isomorphic to G. A finite group G is recognizable by spectrum provided that
any finite group H with @(H)=w(G) isisomorphic to G.Equivalently, G
is recognizable if h(G)=1, where h(G) denotes the number of pairwise non-
isomorphic finite groups H with ®(H)=w(G). By a well-known observation
of W. J. Shi, a finite group admitting a nontrivial normal soluble subgroup cannot
be recognizable. Therefore, the recognizability problem is of interest mainly for
groups with trivial soluble radical, especially for simple and almost simple groups.

Let Sbe a finite simple group of Lie type of characteristic r, and let A be an
abelian r -group equipped with an S-action. An element seS is said to be
unisingularon Aif s has a nonzero fixed point on A. The group Sis called unis-
ingular if every element seS acts unisingularly on every finite abelian r -
group A admitting an § -action.

In [4], finite simple linear groups over fields of characteristic 2 are recognized
by spectrum. Applying the adjacency criterions of finite simple groups ([5] and
[6]), we solve the recognizability problem for simple groups of type A (5), which
is the goal of this paper. This work enriches the existing body of research on the
recognition of finite simple groups by spectrum.

For prime p, if the Gruenberg-Kegel graph of simple group A (5) is
disconnected ([7] Table 2a-2¢c), then 4| p+1. After treating with them separately,
we draw the following conclusions:

Theorem 1. Let L=A,(5) be a finite simple group with disconnected
Gruenberg-Kegel graph. Then L is recognizable by spectrum whenever p>3.
The following conclusion is an immediate consequence of the known results.

Theorem 2. Let L=A, (5) be a finite simple group with disconnected
Gruenberg-Kegel graph. Then L is recognizable by spectrum for p >3, quasi-
recognizable by spectrum for p =3, and satisfies h(G)=2 for p=2.

2. Preliminary Results

This section contains several auxiliary results required in the sequel.

Gruenberg and Kegel obtained the following description of finite groups with
disconnected graph GK (G), which was summarized in ([8] Lemma 1).

Lemma 2.1 (Gruenberg-Kegel Theorem). I G is a finite group with disconnected
graph GK (G), then one of the following holds:

(a) s(G)=2, G isa Frobenius group;

(b) s(G)=2, G isa2-Frobenius group;

DOI: 10.4236/jamp.2026.1410208

4289 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.1410208

H.Y.He

(0) Let K denote a nilpotent normal subgroup of G . Then there exists a non-
abelian simple group S satistying S <G =G/K < Aut(S); moreover, K and
G/S are m,(G) -groups, the graph GK(S) is disconnected, s(S)=s(G),
and for every i, 2<i<s(G), there exists | satistying 2< j<s(S) such that
w,(G)=w,(S).

A more constructive result, which generalizes the Gruenberg-Kegel theorem in
a certain sense, was obtained in [5].

Lemma 2.2 ([5] Corollary 7.2). Let L be a finite non-abelian simple group other
than A, (3),%A;(3),C,(3),Alty and Alt, with n satistying
{rIn-3<r<n,ris prime} =@ . Let G be a finite group with o(G)=w(L),
and K denote the maximal normal soluble subgroup of G. Then there exists a finite
nonabelian simple group S satistying S <G =G/K < Aut(S). Moreover,
t(S)>t(G)-1, and one of the following statements holds:

(1) S=Alt, or A(q) forsomeodd q,and t(S)=t(2,S)=3.

(2) Each prime pen(G) non-adjacent to 2 in GK(G) satisfies that the
Sylow p-subgroup of G is isomorphic to the Sylow p-subgroup of S. In particular,
t(2,5)2t(2,G).

For a finite group, we write p(G) (p(r, G)) for some independent set in
GK(G) (containing r) with a maximal number of vertices, and put
t(G) :|p(G)| and t(l’,G) = |p(r,G)| . Let s= S(G) denote the number of
connected components of GK(G), and let 7; =7,(G) be its ith connected
component for i=1,---,5. For any even order group G, we adopt the convention
that 2er,.Foreach i,let 1 =y (G) (resp. @ =, (G)) be the collection of
all ne ,u(G) (resp. all ne a)(G) ) such that every prime divisor of n lies in
7; . The symbol [x] stands for the integral part of X.

Lemma 2.3 ([7], Lemma 1.1). Let G be a finite simple group whose graph
GK(G) is disconnected. Then 1 (G) is a singleton for 2<i<s(G). Write
n, for the unique element in (G) whenever i>1. The group G, the value
t(G), and n(G) with 2<i<s(G) arelisted in Tables 1-3, where p stands for
an odd prime.

Let g be a natural number and ran odd prime satisfying (r,q)=1. We write
e ( r, q) for the minimal positive integer number n such that q" = 1(mod r).If
gisodd, we set €(2,q)=1 when g=1(mod4) and e(2,q)=2 when
q=-1(mod4). An odd prime r with e(r,q)=n is called a primitive prime
divisor of "-1, denoted by r, . Zsigmondy proved the existence of such a
prime in [9].

Lemma 2.4 ([10], Lemma 1). Suppose G is a finite group and N <G . Assume
G /N isa Frobenius group with kernel F and a cyclic complement C. If
(|F|,|N|:1) and F G NC; (N )/N , then there exists a prime divisor p of |N|
such that p|Cle w(G).

3. Proof of Theorem 1

In this section, we investigate the spectrum recognizability of the simple group
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A, (5) whose Gruenberg-Kegel graph is disconnected, which is stated in Theorem
1.

At first we assume the following hypothesis:

Let L=A, (5) where p>3,andsuppose G isa finite group satistying
o(G)=w(L). Then GK(G)=GK (L), t(L)z[mz} p(2L)= {21},

2

p_
-1, 1003.

p(5.L)={51,.1,.1}, s(L)=2 and n,(G)=n,(L)=

By Lemma 2.1 and Lemma 2.2, if K denotes the maximal normal soluble
subgroup of G, then there exists a finite non-abelian simple group S such that
S<G=G/K < Aut(S). Furthermore, s(S)>s(G)=2,and

p_
n(S)=n,(G) :¥ for some i with 2<i<s(S).

By Lemma 2.3, the group G, the value t(G) and n, (G) with 2<i< S(G)
are listed in the following Table 1.

Table 1. Finite simple groups Gsatiffying s(G)>2, t(G)>4 and n; >1093.

(&) Restrictions on G HG) na na Ty ns
Alt,, 6<n=p,p—2are primes p—2 P
Alt, 6<n=p,p+1l,p+2 P
(not both n and
n — 2 are primes)
Ap-1(a) (p.a) # (3,2), (3,4) (B or 4| ohoa
Ay(q) (@=1)1(p+1) [254] =
2Ap-1(q) (25 or 4 TJ}(;I{W
24,(q) (a+1) | (p+1); (23] o
(p.a) # (3,3),(5,2)
Balg) n=2">4, qodd (Bt ikl
By(3) [22E2] A
Clq) n=2m=>2 [%] (—quq%ll)
Cpla) q=2,3 (P52 or 4 Gl
Dy(q) p>5q=235 2] =
Dy1(9) q=2,3 2] A=Y
2D(q) n=2m>4 [3ndd) At
2D,(2) n=2"+4125 (3] 2141
2D, (3) 9<n=2"+1#p [3nt5) ol
2Dy (3) 5<p#A 41 %] 3
2Dy (3) p=2"+1 (2] - o
Eo(a) 5 Gt
2Es(q) q>2 5 T
E-(3) 7 757 1093
Fil(q) q even 4dorb gt +1 ¢t —g®+1
q odd 5 gt —q?+1
2}:4({” q= 2‘2rn+1 =92 5 q2 _ 2{}:‘ + (‘,2 + Qq:t +
+q—2q+1 +qg+2q+1
2Ga(q) g=3>"t1 >3 5 g—3q+1 q++3g+1
2Bsy(q) g=22mtl 5 2 4 g—1 g—v2+1 | g+ v2g+1
Ex(q) 1=2,3(5) 12 it L | gf gt 41
q=0,1,4 (5) 12 e LAl | g8 gy ot
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All n(G) (2<i<s(G)) are quoted from the three tables above and will not
be reproduced unless required.

Suppose K #1.Foreveryprime rex(K),wehave O"(K)=K ([6] Lemma
22).Let G = G/Or (K) and K= K/Or (K) denote these factor groups. Then
K is a nontrivial r-group. Write ¢(K) for the Frattini subgroup of K, and
define the factor groups G= G/¢(K) and K = K/gé(K) .As G/K = GA/I{ , the
relation a)(é) G (L) implies @(G)& o(L).It follows that we are allowed to
replace G and Kby G and K, respectively. After this reduction, we may
assume that Kis a nontrivial elementary abelian r -group ([4], Proposition 1).

Lemma 3.1. S is not isomorphic to any sporadic groups.
5P -1

Proof. When S isa sporadic group, we have n, (S) <71< ,then S is

not isomorphic to any sporadic groups by Table 1. O
Since t(L,(q))=3<t(L)-1,wehave S2 A (q).Thus the second statement
of Lemma 2.2 holds, then 1, ¢ 7(K) and p(Z,G) = {2, I’p} c p(2, S) . We now
examine all possibilities for the non-abelian simple group S listed in Table 1.
Lemma 3.2. S Alt, (n>5).
Proof. Let S = Alt (n>5), then at least one prime among n,n-1,n-2,n-3
equals r,.Since n;(S)=n,(L),wehave n>11 and

5P -1
r, =

. On the other hand, r,,|5" +1 and 5P +1=0(mod4), then

5P +1 5P-1

< <

2p —

-6<r,-6.50 rzpeﬂ(S) and r,, <n-3,then r,, is

adjacent to 5in GK (S) ([5], Proposition 1.1). However they are non-adjacent
in GK (L), we obtain a contradiction. 0.

Lemma 3.3. S isnotisomorphic to any simple exceptional groups of Lie type.

Proof. Let S=°D,(q), then t(L)<t(S)+1<4, therefore p<5. However
in this case where n,(L)=n,(S)<1093, a contradiction.

Let S=E,(q), then t(L)<t(S)+1=13, therefore p<17 . And since
3len(S), then p=17 .But in this case, GK(L) is not disconnected since
g—1 does not divisible p+1, a contradiction by Table 1.

Let S=E,(q), then t(L)<t(S)+1=8, therefore p<7.If >4, then
s(S)=1<s(G), a contradiction. If q<4, then n,(S)<1093, we obtain a
contradiction by n,(S)=n,(L).

Let S=G,(q),then t(L)<t(S)+1=4,therefore p=3 or5.By
n,(L)=n(S), p=3 and q=4 or 3, then 2l¢w(L) and 30¢w(L). If
q=4,then 2le®(S),a contradiction. Thus q=3,then 5e7z(K) for
G/K < Aut(S). And since G,(3) includes a Frobenius subgroup with kernel of
order 13 and cyclic complement of order 6, then 30 € & (G), a contradiction.

Let S=F,(q) or E;(q),then t(L)<t(S)+1<6,therefore p<7.Ifp=3,
then 21¢ w(L), however 2le (S),a contradiction. If p= 5, then 33¢ w(L).
Since 11=r,e€7(S), we have 33c®(S), a contradiction. Thus p = 7, and
n, (L)=1093. However the equation n,(S)=n,(L) admits no solutions ([11]

Theorem 3), a contradiction.
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Let S be isomorphic to a finite simple Suzuki or Ree group, then
t(L)<t(S)+1<6, therefore p<7.However in this case the equation n(S)=
n,(L) admits no solutions, a contradiction ([11], Theorem 7). O

Lemma 3.4. S is not isomorphic any group of B (q), C,(q) or D;(q).

Proof.If S=B (q) or C,(q),then S=C_(2) by the condition

p_
t(2,5)>3, with m a prime. Then n,(S)=2"-1= > 2 ! , and this equation

admits no solutions whenever p >3 ([11], Theorem 7).

n-1 n
If S=°D,(q), then ni(S)e{q"+l,2”1+1,3 2”,3 4*1} by Table 1 and

n-1
t(2,S),where q iseven. Obviously, when n(S)e {q“ +1,2" 41, 3 2”} , the

3 +1, the

p_
equation n;(S)=n,(G)= % has no solutions. And for n,(S)=

equation has also no solutions ([11] Theorem 1).

If S=D,(q),then S=D,(5) or D,(2) byTableland t(2,S).Obviously,
since n;(S)=n,(G),wehave S2D,(2);otherwise,
2"-1=n, ( D, (2)) = % , which has no solutions whenever p> 3 ([11] Theorem
7). When S =D, (5),by n(S)=n,(G), we infer that n=p, ie, S=D,(5).
Noticing that S<G/K < Aut(S) implies $(G/K)=1 ([10] Theorem 5), we
have S=G/K.Suppose K =1 and |ez(K),then Kcan taken as an element
abelian | -group. Suppose that C=C;(K)=K .Since C isnormalin G and
G/K is simple, we have C/K=G/K =S . Therefore r-r,ew(G)=o(L).
However r, is non-adjacent to any other primes in GK (L), a contradiction.
Thus C=K and Sacts faithfully on K.If |=5, then Sacts unisingularly on
K ([12] Theorem 1.3). Denote the natural semidirect product KXS by M,
then @(M)c @(G). Denote by 0o(x) the order of an element X.Let xeK
and yeS suchthat o(x)=5 and o(y)=r,,then (x,y)eM and
0(x,y)=5-r,, therefore 5r, € w(G), a contradiction. If |1#5, then Sincludes a
Frobenius subgroup with kernel of order g°° and cyclic complement of order

r,. Therefore |-r, e ®(G), a contradiction. Thus K =1, ie, §= G. However

t(s):[3p4+1

} and t(G)= pTJrl , we obtain a contradiction. Then S 2D, (5).

U
Lemma 3.5. S=A (5).
Proof. Suppose false. Let S=A’(q) where g=r" and =5, then the
group S is one of the groups in the following list by Table 1:
A(q), where q>2 and q is even; A _(Qq), where N is an odd prime,
(n,q)#(3,2),(34); A (q), wherenisan oddprime, (q-1)|(n+1); *A(q),
where n is an odd prime; *A, (q) , where n is an odd prime, (q +1) [(n +1) ,

(n.q)#(3.3).(52).

n-2
In this case n—2>p for p>11. We have n2(8)2 q2 , therefore <5
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by n,(S)=n,(G).When q=2 and p=>11,wehave n,(S)=2"-1 or
2" +1

JIf n,(S)=2"-1, then 2"?-5° =3, which is impossible. If

n,(S)= 2 +1 , we have 2"?=3.5" -7, which is also impossible. Similarly, we
3

infer that q#3 or4for p=11.Thuswehave p<1l.Letp=5,then s=A, (5)
or A(5) by n,(S)=n,(G). However in this case, t(2,5)=2<t(2,G), a
contradiction. Similarly we can exclude p=7. Similarly S isn’t isomorphic to
any other case.

When S=A (5),by n(S)=n,(G), weinfer that n=p,ie, S=A (5).

Thus the Lemma is proved. O

Lemma3.6. S=G

Proof. By Lemma 2.2, we obtain S <G =G/K < Aut(S).

Suppose K #1, then K may be assumed to be an elementary abelian r -
groupwith rex(K).Let r=5,thenthegroup A, (5) actsunisingularon K,
so 5.1, e®(G), which is a contradiction. Hence r#5, and r-r, ew(G).
However r, is non-adjacent to any other prime in GK( L), which gives
another contradiction. Therefore K =1,and S <G <Aut(S).

If S<G<Aut(S), then there exists an order-2 graph automorphism £ such
that G/S = (ﬁ) ([13] Theorem 5). Consider Cg(f3), the centralizer of fin .
Since 71'(CS (,8)) = 71'(Bp71 (5)) ([5] Table 4.5.2), we deduce that 5- Mypo € a)(G) ,
which yields a contradiction. Consequently, G=S=A (5). O

By virtue of Lemmas 3.1-3.6 above, the proof of Theorem 1 is now complete.
Grechkoseeva and Zvezdina investigated the spectrum recognition problem for
simple classical groups L,(q) and U,(q) over finite fields of odd characteristic
(see [14]). They proved that every finite group isospectral to L,(q) is almost
simple with socle L,(q),so L,(q) isquasi-recognizable. In particular,
L,(5)= A;(5) is only known to be quasi-recognizable, and the pure spectrum-
recognition remains open for this group. Mazurov showed in [10] that
h(A2 (5)) =2. Hence, the spectrum-recognition problem for all simple groups
A, (5) is fully settled, and Theorem 2 is proved.
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