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Abstract 
When constructing a physical model, the researcher inevitably limits the num-
ber of quantities used to describe the phenomenon under study. This paper 
develops the Finite Information Quantity (FIQ) approach, which allows for 
the quantitative assessment of the information limitation arising from such a 
choice. A physical model is considered a finite representation of the system 
under study, the information content of which is determined by the set of 
physical quantities used. Based on this, an expression for comparative uncer-
tainty is derived and the value of εopt is determined. This value is calculated 
directly from the information structure of the model before the experiment 
and without using measurement results. The equiprobability of information-
ally indistinguishable FIQs is justified by the principle of maximum entropy; 
the invariance of the criterion under changes in units of measurement and 
informationally equivalent representations of the model is also examined. For 
experimental verification, a procedure is proposed for independently deter-
mining experimental comparative uncertainty εexp from published data and 
comparing it with εopt without adjusting FIQ parameters. The method was ap-
plied to measurements of liquid zirconium density, heat transfer in a bulk 
layer, and two independent measurements of the gravitational constant. The 
resulting εexp/εopt ratios were ≈2.92 for zirconium density and ≈4.44 and 4.43 
for the two gravitational-constant measurements. Analysis of the heat transfer 
data revealed the need to independently determine the experimental uncer-
tainty and the range of possible values of the measured quantity. The results 
demonstrate that the FIQ defines a priori computable benchmark for the in-
formation content of a physical model, comparable with the achieved experi-
mental uncertainty without adjusting FIQ parameters. εopt is treated as a de-
scriptive balance benchmark, not as a lower bound. 
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1. Introduction 

A mathematical model is one of the fundamental tools for studying the physical 
world. It describes the phenomenon under study using a limited set of physical 
quantities, relationships, and parameters selected by the researcher. Therefore, 
constructing a model inevitably involves a tradeoff between simplicity and com-
prehensiveness of description. A model that is too simple may fail to capture es-
sential properties of the object, while excessive complexity increases the number 
of parameters, the volume of experimental data, and calculations, without neces-
sarily improving the description of new data. 

A number of well-established methods have been developed for selecting the 
optimal model complexity. The Akaike Information Criterion (AIC) considers the 
goodness of fit of the model to observations and imposes a penalty for the number 
of estimated parameters [1]. The Bayesian Information Criterion (BIC) uses a 
similar principle, but the magnitude of the penalty also depends on sample size 
[2]. The Minimum Description Length (MDL) principle links the quality of a 
model to the length of the combined description of the model and the data [3]. 
Cross-validation evaluates a model’s ability to describe data not used to adjust its 
parameters; under certain conditions, it is asymptotically related to the AIC [4]. 
Regularization methods address a related problem: ridge regression reduces the 
instability of parameter estimates when input variables depend on each other [5], 
while LASSO can simultaneously constrain coefficients and exclude some varia-
bles from the model [6]. 

Despite their differences, these approaches primarily address the same problem: 
determining which of the models under consideration best fits the existing data 
or best predicts new data. A different question is addressed here: is it possible to 
quantify the limitation imposed by the choice of physical quantities included in 
the model before analyzing the experimental data? This question pertains not to 
the statistical quality of the existing model, but to its physical structure. 

In metrology, this distinction is particularly significant. The Guide to the Ex-
pression of Uncertainty in Measurement (GUM) establishes a procedure for esti-
mating measurement uncertainty based on the measurement model, the uncer-
tainties of the input quantities, and their propagation to the output quantity [7]. 
JCGM 101 extends this procedure by using Monte Carlo propagation of probabil-
ity distributions through the model [8]. However, in both cases, the measurement 
model and its constituent quantities must be specified before estimating uncer-
tainty. Consequently, these methods characterize the uncertainty within an al-
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ready chosen model but do not answer the question of whether the choice of its 
physical quantities imposes a quantifiable information constraint. 

Information theory allows us to pose this question differently. Shannon linked 
the quantity of information to the probabilities of possible states of a system [9]. 
Jaynes showed that, under incomplete information, the principle of maximum en-
tropy allows one to obtain the least biased probabilistic description consistent with 
known constraints [10]. Brillouin developed the application of information rep-
resentations to physical systems, linking information, entropy, and the physical 
constraints of the observation process [11]. These ideas allow us to consider a 
physical model not only as a system of equations whose parameters are deter-
mined from data, but also as a finite information representation of the object un-
der study. 

This approach was developed in the Finite Information Quantity (FIQ) method. 
Its original formulation introduced comparative uncertainty, intended to quantify 
the discrepancy between the object under study and its model depending on the 
qualitative and quantitative composition of the physical quantities used [12]. A 
related concept of finite physically accessible information was considered by Del 
Santo and Gisin, who introduced finite-information quantities in their interpre-
tation of classical physics [13]. Subsequently, the physical model was considered 
as an information channel between the phenomenon under study and the ob-
server, which made it possible to distinguish between the uncertainty arising in 
the choice of the model structure and the uncertainty of subsequent measure-
ments and data processing [14]. Subsequent work applied FIQ to the analysis of 
the simplicity of physical laws [15] and to the choice of physical models [16]. 

However, the successful application of the method to individual problems does 
not yet establish the generality of its physical conclusions. This requires a clear 
distinction between the initial assumptions of the FIQ, the results following from 
information theory, and their physical interpretation. Specifically, it is necessary 
to establish the conditions for the existence of an optimal value of comparative 
uncertainty, justify the probabilistic representation of the FIQ used, and deter-
mine which transformations of the physical model representation do not alter the 
resulting criterion. It is equally important to test this representation using exper-
imental data not used in the development of the method. 

In this paper, this problem is addressed in two stages. First, an information-
theoretical description of the final physical model is constructed, and the εopt 
benchmark is derived, determined by its information structure before the use of 
experimental results. The conditions for the equiprobability of informationally 
indistinguishable FIQs based on the principle of maximum entropy and the in-
variance of the criterion under changes in units of measurement and information-
ally equivalent representations of the model are considered separately. εopt is then 
independently compared with the experimental comparative uncertainty εexp, cal-
culated from published experimental data. The model structure and the quantities 
required for calculating the FIQ are established before this comparison, eliminat-
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ing subsequent selection to bring εexp closer to εopt. 
Three independent examples not involved in the development of the method 

are used for experimental verification: a measurement of the density of liquid zir-
conium under microgravity conditions, an experimental study of heat transfer 
and flow in a bulk layer, and two independent methods for measuring the gravi-
tational constant. These examples differ significantly in their physical nature and 
the structure of the measurement model and allow us to verify not only the nu-
merical relationship between εexp and εopt but also the conditions under which such 
a comparison is generally valid. Thus, the aim of the work is not to postulate a 
predetermined universal limit of accuracy, but to examine whether the finite in-
formation content of a physical model determines, before the analysis of experi-
mental uncertainty, a calculated value of comparative uncertainty εopt, and how 
the independently determined εexp is positioned relative to it. In this paper εopt is 
interpreted as a descriptive balance benchmark: the point of equality of the two 
normalized information contributions to ε for the chosen GOP. It is not a hypoth-
esized physical lower bound on experimental uncertainty, and the comparisons in 
Section 5 do not test such a bound.  

2. Finite Information Representation of a Physical Model 

Any physical model is constructed using a specific set of physical quantities de-
scribing the properties of the object under study and the relationships between 
them. The choice of these quantities determines not only the mathematical form 
of the model but also the amount of information about the object that can be rep-
resented within its framework. However, a physical quantity cannot contain an 
infinite amount of physically accessible information. A related idea of finite infor-
mation content in physical quantities was considered by Del Santo and Gisin [13]. 
The present FIQ approach to physical-model construction and comparison was 
developed in [12] [14]-[16]. 

For quantitative application of FIQ, it is necessary to define the system of quan-
tities within which the model is constructed. In the present approach, the initial 
structure is the System of Primary Quantities (SPQ; denoted SPV in [12] [14]-
[16]). SPQ is understood as a selected system of independent primary quantities 
through which the dimensions of the physical quantities of a model are repre-
sented. SPQ should be distinguished from the concept of a system of quantities 
adopted in metrology. According to the International Vocabulary of Metrology 
(VIM), a system of quantities is a set of quantities together with consistent equa-
tions relating to these quantities [17]. The International System of Quantities (ISQ) 
is based on seven base quantities: length, mass, time, electric current, thermody-
namic temperature, amount of substance, and luminous intensity [17], while the 
International System of Units (SI) is a system of units based on the ISQ [18]. 

FIQ is not limited to the SI. In physics, the CGS and its electrostatic, electro-
magnetic, and Gaussian variants, atomic and natural units are also used; NIST, in 
particular, considers CGS units and their relationships with the SI [19]. The SI is 
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then used as the most common system in modern science, engineering, and me-
trology. This ensures a unified quantitative representation without limiting the 
FIQ mathematical scheme exclusively to the SI. 

For the SI, the set of primary quantities used in the FIQ is written as 

 L,M,T, I, , J,F,Θ  (1) 

where L denotes length, M denotes mass, T denotes time, I denotes electric current, 
Θ denotes thermodynamic temperature, J denotes luminous intensity, and F de-
notes the amount of substance [12]. The notation F is retained in accordance with 
the original FIQ notation and ensures unambiguous reference to previous publi-
cations. 

The dimension of any quantity q representable in the chosen SPQ can be writ-
ten as 

 [ ] L ,M ,T , I ,Θ , J ,Fl m t i j fq θ= , (2) 

where l, m, t, i, θ, j, and f are the exponents of the corresponding primary quanti-
ties. is representation corresponds to the usual definition of dimension as the 
product of powers of the dimensions of the base quantities [17]. 

Each dimension corresponds to an ordered set of seven integer exponents (l, m, 
t, i, θ, j, f). e set of all such ordered 7-tuples is denoted by 7

 . For example, the 
dimension of velocity LT−1 corresponds to (1, 0, −1, 0, 0, 0, 0), and the dimension 
of force LMT−2 corresponds to (1, 1, −2, 0, 0, 0, 0). When multiplying physical 
quantities, the exponents are added, when dividing, they are subtracted, and the 
transition to the reciprocal corresponds to a change in the signs of all exponents. 
ese operations have the properties of an Abelian group; erefore, the dimen-
sional system built on the seven SI primary quantities can be represented as a free 
Abelian group Z7 [20] [21]. 

Within the FIQ framework, the finite information space is constructed not from 
all mathematically possible products of powers of the primary quantities, but from 
the dimensions of established physical quantities used in scientific and engineer-
ing practice. e variables of a physical model represent measurable or computable 
physical quantities, rather than arbitrary algebraic combinations of dimensions. In 
the SI, the dimension of a derived quantity is represented as a product of powers 
of the seven base dimensions; the corresponding dimensional exponents can be 
positive, negative, or zero and, as noted in the SI Brochure, are typically small in-
tegers [18]. 

An initial assessment of the FIQ information space was made based on an anal-
ysis of the dimensions of physical quantities presented in the CRC Handbook of 
Chemistry and Physics [22]. For each primary quantity, a range of exponents oc-
curring in the considered set of physical quantities was determined. As a result, 
the following working intervals were adopted: 

 
3 3, 1 1, 4 4, 2 2,
4 4, 1 1, 1 1.

l m t i
j fθ

− ≤ ≤ − ≤ ≤ − ≤ ≤ − ≤ ≤
− ≤ ≤ − ≤ ≤ − ≤ ≤

 (3) 

These intervals are not the mathematical limits of all dimensions that can be 
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formed in the SI. They define a finite set of dimensions of physical quantities ac-
cepted in the FIQ. Formally, higher-order derived quantities may have exponents 
outside these intervals, but this does not expand the accepted set of FIQ unless 
such quantities are included in the set of independent physical quantities used in 
constructing models. 

Each interval (3) contains a finite number of admissible exponent values. We 
denote them by dimensional cardinalities: 

 7, 3, 9, 5, 9, 3, 3l m t i j fе e e e e e eθ= = = = = = =  (4) 

The total number of formally possible combinations of dimensions within a 
given finite space is determined by the product 

 7 3 9 5 9 3 3 76545.N = × × × × × × =  (5) 

This set excludes the combination in which all the parameters are equal to zero: 

 1 76544.N − =  (6) 

Dimensional combinations that differ by simultaneous reversal of the signs of 
all dimensional exponents correspond to mutually inverse quantities. In the in-
formational account adopted in FIQ, such a pair is considered a single independ-
ent combination. Therefore: 

 ( )1 2 38272.N − =  (7) 

After eliminating the seven primary quantities, we obtain 

 ( )si 1 2 7 38265Nµ = − − =  (8) 

Therefore, 

 si 38265µ =  (9) 

where μSI represents the total number of available FIQs available in the SI repre-
sentation under consideration [12] [16]. The value μSI = 38265 is not an empirical 
or universal physical constant: it follows from the adopted procedure for con-
structing a finite space of dimensional combinations and characterizes the infor-
mation capacity of the chosen SPQ. 

Counting protocol. The dimensions of physical quantities used to establish the 
working intervals (3) are taken from the CRC Handbook of Chemistry and Phys-
ics, 97th Edition [22]. For each primary quantity, the working interval is the range 
of exponents occurring in this set. Each dimension corresponds to an ordered set 
of seven integer exponents (l, m, t, i, θ, j, f); physical quantities with identical di-
mensions (for example, work and torque, both L2MT−2) correspond to the same 
ordered set, are informationally indistinguishable, and are counted as one FIQ. 
This procedure is not tied to the SI. For another SPQ (for example, CGS), the same 
steps applied to its primary quantities and its working intervals give another value 
of μ, while the mathematical structure of the FIQ and the subsequent relations are 
formulated for a general μ. The catalogue is used to establish the working expo-
nent intervals, rather than to enumerate every FIQ individually. The finite FIQ 
space is subsequently constructed from all dimensional combinations within these 
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intervals according to Equations (4)-(8), including combinations not explicitly 
listed in the catalogue. 

For a different SPQ, the number of dimensional combinations and the corre-
sponding μ will generally be different. However, the mathematical structure of the 
FIQ does not depend on the specific value of μ: the subsequent relations are for-
mulated for a general μ, and μSI = 38265 is its particular value for the adopted SI 
representation [14]-[16]. 

A real physical model never utilizes the entire set μ of possible FIQs. The nature 
of the phenomenon being studied determines which primary quantities are 
needed to describe it. In FIQ, the corresponding set of primary quantities is called 
a Group of Phenomena (GOP). For example, mechanical processes can be repre-
sented by a GOP LMT; the description of thermal processes additionally requires 
temperature Θ, and electromagnetic processes require electric current I. Thus, the 
choice of a GOP is the first constraint on the full information space of the SPQ. 

If z′  denotes the total number of dimensional variants allowed within the 
chosen GOP, and β ′  is the number of primary quantities excluded when form-
ing independent dimensionless complexes, then the information capacity of the 
GOP is defined as 

 GOP zγ β′ − ′=  (10) 

For example, the GOP≡LMT uses the following ranges of dimensional expo-
nents for L, M, and T: 

 ( ) ( )1 2 7 3 9 1 2 94,l m tz е e e= − = −⋅ ⋅ =′ ⋅ ⋅  (11) 

 3β ′ =  (12) 

Therefore, 

 GOP 94 3 91zγ β =′− − =′=  (13) 

Thus, from the total space of μSI = 38265, γGOP = 91 informationally admissible 
combinations remain for a mechanical phenomenon. This reduction is not related 
to the quality of the experimental data. It occurs earlier—at the moment when the 
researcher defines the physical class of the phenomenon and thereby limits the set 
of quantities that can participate in its description. 

The next level of limitation arises when constructing a specific model. Even 
within a chosen GOP, the model does not use all admissible FIQs, but only a sub-
set of them. Let z′′  denote the total number of quantities considered at the level 
of a specific model, and β ′′  the number of primary quantities included in its de-
scription. Then the number of FIQs used by the model is determined as 

 mod .zγ β′′ ′′= −  (14) 

Thus, the FIQ structure is hierarchical: 

 SPQ GOP model,→ →  (15) 

or in terms of the number of available FIQs: 

 GOP mod.µ γ γ→ →  (16) 
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moreover, 

 mod GOP .γ γ µ< <  (17) 

This hierarchy reflects a sequential restriction of the set of available FIQs: from 
the full space defined by the chosen SPQ, to the space of the chosen GOP, and 
then to the set of FIQs used by a specific model. Therefore, for further analysis, 
not only the numbers μ, γGOP, and γmod are important, but also the ratios 

 GOP .γ µ  (18) 

mod GOP .γ γ  (19) 

The first expresses the fraction of the FIQ of the selected GOP relative to the 
total FIQ space, and the second expresses the fraction of FIQs used by a particular 
model relative to the space of the selected GOP. These two dimensionless ratios 
are used in the next section to derive comparative uncertainty. 

The introduction of a finite information space does not mean that a physical 
phenomenon itself contains only μ possible characteristics. The limitation con-
cerns its representation within the chosen system of primary quantities and the 
accepted range of dimensions. This distinction is significant: the FIQ characterizes 
not the “finiteness of nature,” but the finiteness of the physical-mathematical de-
scription available to the observer. Therefore, changing the experimental tech-
nique can reduce measurement uncertainty, and expanding or modifying the 
structure of a model can change its information content; however, these two pro-
cesses relate to different levels of description and should not be confused. This 
formulation creates the basis for the next step—a quantitative determination of 
the uncertainty that arises precisely as a result of the sequential limitation of in-
formation during the transitions SPQ → GOP and GOP → model. 

3. Information-Theoretical Derivation of Comparative 
Uncertainty 

In the previous section, the physical model was presented as the result of two suc-
cessive constraints on the information space: from a full SPQ containing μ admis-
sible FIQs, to a selected GOP with γGOP FIQs, and then to a specific model using 
γmod FIQs. These transitions correspond to the ratios γGOP/μ and γmod/γGOP. Let us 
establish their relationship with comparative uncertainty. 

We will consider FIQs to be equally probable if there is no additional infor-
mation that allows us to a priori prefer one over the other. For a finite set of N 
such elements, the entropy has the form [11] [12] 

 ( )  lnH k N= ⋅ . (20) 

where k determines the selected unit of information. The information-theoretical 
justification for the equiprobability of FIQs is presented independently in Section 4. 

When moving from the full SPQ space to the selected GOP, the reduction in 
the number of available FIQs from μ to γGOP corresponds to an information dif-
ference 
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 ( )GOPlnA k µ γ′∆ =  (21) 

According to the Brillouin relationship between the information difference and 
the uncertainty contribution used in FIQ [11] [12], the first normalized contribu-
tion is written as 

 ( ) GOPexpS A k γ µ′ ′∆ = ∆ =  (22) 

where S is the interval of variation of the variable under study. This contribution 
is determined by the relative number of FIQs remaining after selecting the GOP. 

When moving from the GOP to a specific model, the number of available FIQs 
decreases from γGOP to γmod. Similarly, 

 ( )GOP modlnA k γ γ′′∆ = ⋅  (23) 

and 

 ( ) mod GOPexpS A k γ γ′′ =′ = −∆′∆  (24) 

The connection between finite model information and comparative uncertainty 
rests on two distinct elements. The first is the Brillouin information-theoretical 
relationship [11], according to which the reduction in the number of equiprobable 
possibilities from μ to γGOP and from γGOP to γmod determines the information dif-
ferences (21) and (23). The second is the physical modeling assumption intro-
duced in the original FIQ formulation [12] and further developed through the 
interpretation of a physical model as an information channel [14]. Within this 
framework, the normalized fractions of FIQs retained at each stage are interpreted 
as contributions to the comparative uncertainty, representing the discrepancy be-
tween the physical system and its model relative to the interval S of the measurand. 
This interpretation is specific to FIQ and does not follow from information theory 
alone. The maximum-entropy principle (Section 4) justifies equiprobability in the 
absence of discriminating information, yielding H = kln(N), but does not inde-
pendently establish the relationship between dimensional information and meas-
urement uncertainty. 

In the two-stage FIQ construction, these contributions correspond to two con-
secutive constraints in the construction of the model. According to the composi-
tion rule adopted in the original formulation of FIQ [12] [14], they are summed: 

 ′ ′′∆ = ∆ + ∆  (25) 

Therefore, the comparative uncertainty ε = Δ/S has the form 

 GOP mod GOPε γ µ γ γ= +  (26) 

Formula (26) is the central expression of the FIQ. The first term characterizes 
the limitation of the information space during the transition from SPQ to GOP, 
the second-during the transition from GOP to a specific model. 

Adding the information differences (21) and (23) yields 

 ( )modlnA A k µ γ′′∆ + ∆ =′  (27) 

The total logarithmic information difference between the original SPQ space 
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and the final model depends only on μ and γmod; the intermediate value γGOP can-
cels out. Therefore, for fixed μ and γmod, the value of γGOP determines the distribu-
tion of the information difference between two successive transitions without 
changing its overall value. 

The comparative uncertainty in (26), however, is determined by the sum of the 
corresponding normalized contributions. For fixed μ and γmod, for two positive 
terms in (26), the inequality between the arithmetic mean and the geometric mean 
yields 

 ( ) ( ) ( )1 2 1 2
GOP mod GOP mod2 2ε γ µ γ γ γ µ ≥ ⋅ ⋅ = ⋅   (28) 

Hence, 

 ( )1 2
mod2ε γ µ≥ ⋅  (29) 

Equality in (29) is achieved if and only if the two normalized information con-
tributions are equal: 

 GOP mod GOPγ µ γ γ= , (30) 

Whence 

 ( )2
GOP modγ µ γ= ⋅  (31) 

Thus, for fixed μ and γmod, the expression on the right-hand side of (29) repre-
sents the minimum possible value of ε for a continuous change in γGOP, with the 
minimum being achieved when (31) is satisfied. 

In a real physical problem, GOP is determined by a set of primary quantities 
necessary to describe the phenomenon under study, so γGOP is usually not a free 
variable. For given μ and γGOP, condition (31) determines the value of γmod at which 
the two normalized contributions to (26) are equal: 

 ( )2
mod,opt GOPγ γ µ=  (32) 

e corresponding value of comparative uncertainty is 

 ( )1 2
opt GOP mod,opt2 2ε γ µ γ µ= ⋅ = ⋅  (33) 

The index “opt” in (32) and (33) requires careful interpretation. For fixed μ and 
γmod, the minimum in (29) is achieved relative to γGOP when (31) holds. If the GOP 
is physically specified, (32) is not the result of minimizing ε relative to γmod: it 
follows from (26) that, for fixed μ and γGOP, ε monotonically increases with γmod. 
Therefore, γmod,opt denotes the value of γmod at which the two normalized infor-
mation contributions are equal, and εopt is the corresponding value of comparative 
uncertainty. Accordingly, εopt is used in this paper as a descriptive balance bench-
mark for the chosen GOP, not as a minimum attainable by a model and not as a 
lower bound on experimental uncertainty. 

For a specific model with an actual γmod, its comparative uncertainty is deter-
mined directly from (26). For a given GOP, in contrast, the quantities γmod,opt and 
εopt are determined from (32) and (33) without using experimental uncertainty 
data. For the mechanical GOP LMT, where γGOP = 91 and μSI = 38265, we obtain 
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2

mod,opt

opt

91 38265 0.2164

2 91 38265 0.004756

γ

ε

= =

= ⋅ =
 (34) 

For GOP≡LMT, γmod,opt = 0.2164 is a formal balance point and cannot be at-
tained by a physical model with an integer number of FIQs. Since Equation (26) 
increases monotonically with γmod for fixed μ and γGOP, the minimum admissible 
value occurs at γmod = 1, giving εmin = 91/38265 + 1/91 ≈ 0.01337. Thus, εopt = 
0.004756 represents the formal equality of the two normalized information con-
tributions, rather than the attainable minimum comparative uncertainty. This dis-
tinction does not affect the use of εopt as a priori information-balance benchmark. 

For GOP≡LMTΘ, with γGOP = 846, respectively 

 
2

mod,opt

opt

846 38265 18.71 19

2 846 38265 0.04421

γ

ε

= = ≈

= ⋅ =
 (35) 

In this case, γmod,opt = 18.71 is close to the permissible integer value γmod = 19. 
The obtained values −correspond to previously published FIQ results [12] [16], 
but the presented derivation clarifies their mathematical interpretation. 

Thus, it is necessary to distinguish three quantities: ε of a specific model, calcu-
lated from (26) with its actual γmod; εopt, corresponding to the equality of two nor-
malized information contributions for a given GOP; and εexp, determined inde-
pendently from experimental data using the appropriate interval S. In an inde-
pendent experimental test, μ and γGOP, and therefore εopt, are established before 
using experimental uncertainty. Then, εexp is independently calculated and the ra-
tio εexp/εopt is examined. The actual γmod of a specific model can be analyzed addi-
tionally using (26), but is not used to fit εopt to the experiment.  

4. Information-Theoretical Basis for Equiprobability of FIQs 

In Section 3, the condition of equiprobability of FIQs was used to derive compar-
ative uncertainty if there were no additional information that would allow one to 
a priori prefer one element over another. We will show that under this condition, 
equiprobability follows from the principle of maximum entropy and does not re-
quire a separate postulate. 

Let a finite set contain N admissible FIQs with probabilities 0ip ≥  and 

1 1N
ii p

=
=∑ . The entropy of the distribution P is determined by Shannon’s expres-

sion [9] 

 ( ) 1 lnN
i iiH P k p p

=
= − ⋅ ⋅∑  (36) 

Suppose that the available information does not provide grounds for distin-
guishing the prior probabilities of individual FIQs. According to the principle of 
maximum entropy [10], one should choose the distribution that maximizes (36) 
under the normalization condition. 

Let U denote the uniform distribution on the same set, 1iu N= . For an arbi-
trary distribution P, the non-negativity of the Kullback-Leibler divergence [23] 
yields 
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where 1iu N= , the normalization condition, and the definition of entropy (36) 
are used. Since ( ) 0D P U ≥ , it follows directly 

 ( ) ( )ln ,H P k N≤ ⋅  (38) 

Equality is achieved if and only if ( ) 0D P U = , that is, P U= . Therefore, 

 1 , 1, ,ip N i N= =   (39) 

Thus, for a finite set of informationally indistinguishable FIQs, the uniform dis-
tribution is the unique distribution of maximum entropy. Therefore, the expres-
sion H = kln(N) used in Section 3 represents the maximum entropy value in the 
absence of information that would allow a priori discrimination between the ele-
ments of the set. 

This result does not imply that different physical quantities are equally frequent 
in nature, have the same physical significance, or are included with equal proba-
bility in a particular model. Uniform probability pertains only to the а priori in-
formation weight of the elements of an already defined feasible set. In the absence 
of discriminating information, assigning them different a priori probabilities 
would introduce a difference not contained in the original description. 

This condition is consistent with the SPQ → GOP → model hierarchy introduced 
in Section 2. At each level, a finite set of FIQs is considered: μ for the SPQ, γGOP 
for the chosen GOP, and γmod for the specific model. The transition to the next 
level reduces the number of admissible FIQs, but does not in itself determine dif-
ferences between the a priori probabilities of the remaining elements. In the ab-
sence of additional discriminating information, the maximum-entropy distribu-
tion of the corresponding set is uniform. Thus, the informational differences used 
in Section 3 for the SPQ → GOP and GOP → model transitions receive an infor-
mation-theoretical justification. 

However, this justification is valid only under the stated condition. If there is 
additional physical information distinguishing admissible FIQs or imposing con-
straints on their probabilities, entropy maximization must take these constraints 
into account, and the resulting distribution will generally not be uniform. 

Consequently, equiprobability is not a universal property of physical quantities 
and is not introduced into FIQ as an independent physical postulate. It is a maxi-
mum-entropy assignment for a finite set of FIQs in the absence of information 
allowing a priori discrimination of its elements. Under this condition, the expres-
sion H = kln(N), used in Section 3, receives information-theoretical justification. 

5. Independent Applications and Comparison 

Experimental comparison with the FIQ benchmark requires distinguishing be-
tween the relative uncertainty reported by the experimental authors and the ex-
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perimental comparative uncertainty εexp used in the present approach. e latter is 
typically not reported in the original publication and must be calculated from the 
published data independently of εopt. 

e comparisons below are descriptive: they show where the experimental com-
parative uncertainty εexp lies relative to the benchmark εopt and do not test εopt as a 
lower bound. For each study, two independent procedures are applied. First, the 
GOP is established using the published measurement model and γGOP is deter-
mined. On this basis, without using experimental uncertainty, εopt is calculated ac-
cording to Section 3. 

en, the published experimental data are used. If the relative uncertainty rexp is 
reported for the measured value z, the corresponding absolute uncertainty is de-
termined as 

 exp expz r∆ = ⋅ . (40) 

Experimental comparative uncertainty is calculated as  

 exp exp Sε = ∆ , (41) 

where S is a physically justified interval of possible values −of the quantity under 
study. Thus, εopt is compared to εexp, not the published relative uncertainty rexp. 

This difference is significant: relative uncertainty is normalized to the measured 
value z, while comparative uncertainty is normalized to the interval S. Therefore, 
a direct comparison of rexp with εopt is generally incorrect. 

In the IARU (Information Approach-Relative Uncertainty) procedure, the in-
terval S is established from independent published measurements of the same 
measurand under physically comparable conditions. Alternatively, S may be de-
fined as the full width of the 95% uncertainty interval provided by an independent 
critical evaluation (IUPAC/IATP), when available: 

 max minS z z= − . (42) 

e reference data used to establish S must be independent of the experiment 
under examination and selected without regard to the expected εexp/εopt ratio. 

Aer independently determining εexp and εopt, the ratio 

 exp optR ε ε= . (43) 

The value of R indicates the position of the experimentally achieved compara-
tive uncertainty relative to εopt. For R → 1, the values −converge, while R > 1 means 
εexp > εopt. R is reported as a descriptive measure; R < 1 would not contradict the 
framework but would indicate that the achieved comparative uncertainty is below 
the balance point of the two information contributions for the given GOP. 

5.1. Independent Application: Measuring the Density of Liquid 
Zirconium in Microgravity 

As a first independent test, we consider the experiment by Zhong et al. [24], per-
formed on the Electrostatic Levitation Furnace (ELF) of the Chinese Space Station. 
This work is not related to the development of FIQ and allows the method to be 
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tested using experimental data obtained independently of its theoretical assump-
tions. The authors measured the density, surface tension, and viscosity of molten 
zirconium in microgravity. Here, only the density measurement is considered. 

In the range of 1800-2220 K, Zhong et al. obtained the dependence 

 ( ) ( ) 36489 0.25 ,kg m ,mT T Tρ −= − ⋅ − ⋅  (44) 

where Tm is the melting point of Zr. The relative standard combined uncertainty 
of the density measurement is 0.51%. This value is not εexp in the FIQ sense and is 
used only as initial experimental information for its calculation. 

Since density is studied as a function of temperature, the measurement model 
refers to the GOP≡LMTΘ. For this model, γGOP = 846 and, according to (33), εopt 
= 0.04421. Thus, εopt is determined by the GOP information structure and is inde-
pendent of the experimental results of Zhong et al. 

The IARU procedure is used to determine the experimental comparative un-
certainty. Since published values −of the density of liquid Zr depend on the meas-
urement method, the interval S is formed from comparable modern containerless 
measurements normalized to the melting point. Earlier measurements using cru-
cibles are excluded, since for chemically active liquid Zr, interaction with the con-
tainer material can create additional systematic discrepancies [25]. The selection 
criterion is the physical comparability of the experiments, not the resulting εexp/εopt 
value. 

The IARU procedure is applied using an independent reference correlation for 
the density of liquid zirconium established by Ntonti et al. [26]. Their critical eval-
uation of published experimental data provides a reference density of approxi-
mately 6100.0 kg m−3 at the melting temperature Tm = 2128 K, with a relative ex-
panded uncertainty of 2.1% at the 95% confidence level. The evaluated data set 
does not include the result of Zhong et al. [24]. 

In the present comparison, Sρ is defined as the full width of this independently 
established 95% reference interval, rather than the difference between the extreme 
experimental values: 

 32 0.021 6100 256.2 kg m .Sρ
−= ⋅ ⋅ = ⋅  (45) 

The primary experimental data underlying the reference correlation are identi-
fied in Table 1 of Ntonti et al. [26]. 

The absolute standard uncertainty of Zhong et al.’s measurement is calculated 
independently: 

 3
exp 6489 0.0051 33.09 kg m .rρρ ρ −∆ = ⋅ = ⋅ = ⋅  (46) 

Therefore, 

 exp exp 33.09 256.2 0.1292.Sρε ρ= ∆ = =   (47) 

For GOP≡LMTΘ, εopt = 0.04421, giving 

 exp opt 0.1292 0.04421 2.92.R ε ε= = ≈  (48) 

The measured density of Zhong et al. lies outside the independently established 
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reference interval. This discrepancy does not affect the independence of Sρ, which 
was determined without using their result. The comparison employs the pub-
lished standard uncertainty of Zhong et al. and the full width of the independently 
evaluated reference interval. If an expanded uncertainty with coverage factor k = 
2 is used for the Zhong et al. measurement, the ratio becomes approximately 5.84. 
Thus, the numerical comparison depends on the uncertainty convention, while 
εexp remains above the FIQ balance benchmark under both conventions. 

The obtained ratio shows that the experimental comparative uncertainty in this 
experiment is higher than the εopt calculated for GOP≡LMTΘ. However, neither 
the experimental uncertainty nor the measured density values −were used to de-
termine εopt, so there is no fitting of the FIQ criterion to the experimental result. 

εopt should also be distinguished from the characteristics of a specific measure-
ment model. In Section 3, γmod,opt was defined as the γmod value at which the two 
normalized information contributions are equal. This does not mean that the in-
dependently constructed model by Zhong et al. must contain exactly this FIQ 
number. Therefore, the actual γmod of this model is not used as an adjustable pa-
rameter when calculating ratio (48). 

The numerical value of εexp depends on the choice of interval S. Including his-
torical measurements of liquid Zr, performed by other methods and subject to 
melt-container interaction, would change this interval. Therefore, the rule for 
forming the comparison set must be established before calculating εexp and based 
on the physical comparability of the measurements. 

The independent reference interval yields εexp/εopt ≈ 2.92 for liquid zirconium. 
This result does not establish equality between experimental comparative uncer-
tainty and the FIQ benchmark; rather, it provides a quantitative comparison with-
out using the tested measurement to construct the reference interval. 

5.2. Independent Application: Heat Transfer in a Shallow Bulk 
Bed 

As a second independent test, we consider the data of Weber et al. [27] on transi-
ent heat transfer and air flow in a shallow bulk bed at low Reynolds numbers. This 
work was performed independently of the FIQ and is of particular interest because 
the authors published the original data and conducted replicated experiments to 
assess reproducibility. A total of nine experiments were performed; three repli-
cates were conducted for cooling air flow rates of 15 and 38 Nm3/h. In each repe-
tition, the bed was rebuilt, while the heater and insulation configuration remained 
the same. Temperature was recorded by more than 40 thermocouples at a rate of 
approximately 60 measurements per second [27]. 

Weber et al. report two different types of metrological information: the accu-
racy of the sensors used and the scatter of the results of the replicate experiments. 
Neither of these characteristics is directly related to εexp in the FIQ sense. The 
measurement model includes geometric parameters, mass, time, air movement, 
pressure, and temperature, and therefore relates to GOP≡LMTΘ. For this model, 
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γGOP = 846 and εopt = 0.04421. As in the previous example, εopt is set before analyz-
ing the experimental scatter. 

For repeated experiments, the authors synchronized the time series and calcu-
lated the standard deviation of the corresponding temperature measurements us-
ing numpy.std [27]. However, the numerical time series of these standard devia-
tions are not tabulated in the paper. Therefore, extracting individual σ values 
−from the plots was not used, as this would introduce additional uncertainty. 

The range S cannot be determined from the same three repeated measurements 
used to calculate σ. If we take 

 exp max min ,,z S z zσ∆ = = −  (49) 

where zmax and zmin refer to the same three values, the numerator and denominator 
are statistically dependent. For any three values, the ratio of the population stand-
ard deviation to their range satisfies the condition 

 ( )max min0.40825 0.47140z zσ≤ − ≤ . (50) 

Considering εopt = 0.04421 from (50) it follows 

 exp opt9.23 10.66ε ε≤ ≤ . (51) 

However, (51) is not an experimental result of the comparison of εexp with εopt. 
e obtained interval is due to the mathematical dependence of σ and S, calculated 
using the same three-point set. erefore, such a definition of S does not satisfy 
the IARU requirement for independent range formation. 

Additional information is provided by the sensor characteristics. Weber et al. 
report an accuracy of ±4.57 K in the range of 323 - 523 K and ±2.28 K in the range 
of 573 - 823 K for calibrated type N thermocouples, and ±2.5 K in the range of 233 
- 606 K for a control type K thermocouple [27]. ese values −cannot be identified 
with the experimental uncertainty Δzexp, but they can be used for an auxiliary scale 
check. 

When normalizing the published accuracy to the corresponding instrument 
range, we obtain 

 
( )
( )
( )

4.57 523 323 0.02285,

2.28 823 573 0.00912,

2.50 606 233 0.0067,

− =

− =

− =

 (52) 

and relatively εopt = 0.04421 

 * 0.517,0.206,0.152R = , (53) 

where *R  denotes an auxiliary ratio, not the main ratio εexp/εopt, since the instru-
ment range is used, not the physically established interval S for the measured value. 

To test sensitivity, we also consider the interpretation of ±a as the half-width of 
a rectangular distribution: 

 ( )1 23u a= . (54) 

When using u, the *R  values are 0.298, 0.119, and 0.088, respectively, while for 
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U = 2u, they are 0.597, 0.238, and 0.175. us, none of the considered interpreta-
tions of instrument accuracy yields * 1R ≈ ; the maximum value is approximately 
0.60. 

A reverse check can also be performed. If we formally require * 1R = , the cor-
responding range is determined by the condition 

 *
FIQ optS ε= ∆ , (55) 

from where for the three characteristics of the devices we obtain 

 FIQ 103.35 K,51.56 K,56.55 KS = . (56) 

These values are 103.35, 51.56, and 56.55 K, respectively, and are significantly 
smaller than the instrument ranges of 200, 250, and 373 K. However, using the 
obtained values −for subsequent selection of S would be a post-hoc adjustment: 
the range would be selected after calculating εopt in order to obtain * 1R = . 

Thus, unlike Zhong et al. [24], the data of Weber et al. [27] do not allow one to 
determine a strict εexp/εopt ratio directly from the published article. Using the same 
three replicate measurements to determine Δzexp and S creates a statistical depend-
ence, whereas instrument accuracy and sensor range provide only an auxiliary in-
dicator of *R , not εexp/εopt. 

This example therefore does not serve as a confirmation or refutation of the 
FIQ, but as a boundary test of the applicability of the procedure. For a valid inde-
pendent test, experimental uncertainty Δzexp and a physically justified interval S, 
related to a single measurement and determined independently of each other and 
of εopt, are required. If these conditions are not met, the ratio εexp/εopt should not 
be used for comparison with the benchmark εopt. 

5.3. Independent Application: Two Precision Measurements of 
the Gravitational Constant 

The third independent test is based on measurements of the Newtonian gravita-
tional constant G published by Li et al. [28]. The authors used two different tor-
sional pendulum methods—time-of-swing (TOS) and angular-acceleration-feed-
back (AAF)—implemented on different experimental setups. This allows compar-
ison of the results of two independent determinations of the same physical quan-
tity. 

For the TOS method, GTOS = 6.674184 × 10−11 m3∙kg−1∙s−2 was obtained with a 
relative standard uncertainty of 11.64 ppm, while for the AAF method, GAAF = 
6.674484 × 10−11 m3∙kg−1∙s−2 was obtained with an uncertainty of 11.61 ppm [28]. 

To determine S independently of the two measurements under examination, 
we use the published compilation of gravitational-constant measurements [29]. 
The extreme values are Gmin = 6.67191 × 10−11 m3∙kg−1∙s−2 (LENS-14, Table 3, entry 
10) and Gmax = 6.67559 × 10−11 m3∙kg−1∙s−2 (BIPM-01, entry 2). After excluding 
these extrema, the next limiting values are 6.67222 × 10−11 (HUST-05, entry 5) and 
6.67554 × 10−11 (BIPM-14, entry 9). All four measurements are independent of the 
Li et al. results evaluated here 
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 ( ) 11 14 3 1 2
max min 6.67559 6.67191 10 3.680 10 m kg sGS G G − − − −= − = − × ⋅ ⋅= × . (57) 

The SG range is thus determined independently of subsequent comparison with 
the FIQ. The dimension of the gravitational constant [G] is L3M−1T−2. The meas-
urement models under consideration are based on the mechanical interaction of 
masses and therefore relate to GOP≡LMT. For this model, γGOP = 91 and εopt = 
0.004756. 

 GOP opt91, 2 91 38265 0.004756γ ε= = ⋅ = . (58) 

For the TOS measurement, the absolute experimental uncertainty calculated 
from the published relative standard uncertainty is: 

11 6 16 3 1 2
Gexp,TOS TOS TOSΔ 6.674184 10 11.64 10 7.769 10 m kg sG G r − − − − −= = × × ⋅× ⋅× =⋅ (59) 

Therefore, 

 ( )16 14
exp,TOS exp,TOS 7.769 10 3.680 10 0.02111GG Sε − −= ∆ = × × = . (60) 

and 

 exp,TOS opt 0.02111 0.004756 4.44ε ε = ≈ . (61) 

For the independent AAF method we similarly obtain 

 
11 6 16 3 1 2

exp,AAF 6.674484 10 11.61 10 7.749 10 m kg sG − − − − −∆ = × × × ⋅× = ⋅ , (62) 

 ( )16 14
exp,AAF 7.749 10 3.680 10 0.02106ε − −= × × = , (63) 

and 

 exp,AAF optε / ε 0.02106 / 0.004756 4.43= ≈  (64) 

Thus, the two independent methods yield virtually identical values −of εexp and 
the εexp/εopt ratio: 4.44 and 4.43, respectively. In both cases, the experimental com-
parative uncertainty significantly exceeds εopt. 

To test the sensitivity of the result, we simultaneously exclude the maximum 
and minimum values from the original population [29]. The following limits are 
approximately 6.67222 × 10−11 and 6.67554 × 10−11 m3∙kg−1∙s−2, therefore 

 14 3 1 23.320 10 m kg sGS −
′

− −⋅ ⋅= × , (65) 

and the corresponding relations are equal 
 exp,TOS opt exp,AAF opt4.92, 4.91ε ε ε ε≈ ≈ . (66) 

Excluding the extreme values −changes the ratios by approximately 11%, to 4.92 
and 4.91, but does not change the main result: εexp remains several times higher 
than εopt. 

If, instead of an independent population, we define S as the difference between 
the two results of Li et al., we obtain: 

 15 3 1 2
HUST AAF TOS 3.00 10 m kg sS G G − − −= − ⋅ ⋅= ×  (67) 

and εexp/εopt will increase to approximately 54. However, this option is not used, 
since S would be formed from the same results whose uncertainty is being tested. 
As in the case of Weber et al. [27], this would violate the requirement for an inde-
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pendent determination of the comparison interval. 
The scatter of modern G measurements is a known metrological problem un-

related to FIQ. CODATA also notes the significant inconsistency of G measure-
ment results and the need to expand the initial uncertainties when reconciling 
them [30]. Therefore, the SG range reflects the existing scatter of independent ex-
perimental results. 

Thus, the TOS and AAF methods yield virtually identical ratios εexp/εopt ≈ 4.4, 
robust to a moderate change in the comparison set. They do not confirm the 
equality εexp = εopt: the experimental comparative uncertainty in both cases is sig-
nificantly higher than εopt. At the same time, the example shows that with inde-
pendent determination of experimental uncertainty and physically based S, the 
IARU procedure yields a reproducible quantitative result. 

6. Discussion 

These results allow us to clarify the physical meaning of εopt and the limits of its 
experimental interpretation. In FIQ, εopt is determined by the information struc-
ture of the selected GOP and is independent of the subsequent experimental result. 
In contrast, the experimental comparative uncertainty εexp is determined by the 
experimental uncertainty Δexp and the physically justified range S of a particular 
measurement. Therefore, the published relative uncertainty itself is not εexp and 
should not be directly compared with εopt. 

Experimental verification requires that the GOP, Δexp, and the formation rule S 
be established independently before calculating εexp/εopt. Changing the GOP or S 
after obtaining the result would turn the verification into a fitting. 

Three independent applications in Section 5 demonstrate different aspects of 
this requirement. For Zhong et al. [24], the published relative standard combined 
uncertainty of the density of liquid zirconium and independent containerless 
measurements [26] allow us to separately determine Δρexp and Sρ. The obtained 
εexp/εopt ≈ 2.92 shows that the experimental comparative uncertainty is higher than 
εopt for the GOP≡LMTΘ. 

The example of Weber et al. [27] reveals a limitation of the verification proce-
dure. The published data are insufficient to independently determine both Δexp 
and the physically based S of a single measurement. Using the same small set of 
replicate measurements to determine both parameters creates a statistical depend-
ence, and the sensor range is not the physical range of the measurand. Therefore, 
a strict εexp/εopt ratio cannot be determined for this experiment. 

In Li et al. [28]’s measurements of the gravitational constant, the independent 
TOS and AAF methods, when using a comparison set of modern definitions of G 
[29], yield virtually identical ratios of εexp/εopt ≈ 4.44 and 4.43. After excluding the 
extreme values, these ratios change to 4.92 and 4.91, preserving the main result. 
The known inconsistency of high-precision G measurements is also noted by CO-
DATA [30]. 

Thus, the results reviewed do not demonstrate a universal tendency for εexp/εopt 
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to approach unity. In two cases that allow full quantitative application of the IARU, 
εexp > εopt was obtained; the example of Weber et al. demonstrates conditions under 
which this ratio should not be calculated at all. In this paper εopt is used as a de-
scriptive balance benchmark for the chosen GOP, not as a lower bound on exper-
imental comparative uncertainty; the ratios R describe the position of the achieved 
εexp relative to it. 

The critical element of verification is the choice of S. It should relate to the same 
measurand, be based on physically comparable measurements, and be determined 
independently of the expected εexp/εopt. Using a range of different operating con-
ditions, the instrument’s rated range, or the same small sample from which Δexp is 
determined changes the meaning of comparative uncertainty and does not pro-
vide an independent verification. Therefore, to experimentally verify the FIQ, it is 
necessary to determine the measurement model and GOP a priori, independently 
establish Δexp and the physically justified S, and either exclude or explicitly account 
for the statistical dependence between them. Under these conditions the compar-
ison is reproducible and involves no fitting: the experimental value need not ap-
proach εopt. 

Further testing should be based on pre-defined series of independent measure-
ments for different GOPs with full uncertainty budgets and an independent rule 
for forming S. Such studies will make it possible to establish whether εexp changes 
systematically with εopt when passing from one GOP to another; this is the test that 
would give the benchmark a predictive meaning. 

7. Conclusions 

This paper proposes an information-based procedure for selecting a physical 
model, in which the comparative uncertainty is determined by two contributions: 
the information space of the selected GOP and the number of FIQs used by a par-
ticular model within this GOP. For a finite FIQ space, a value of εopt corresponding 
to the balance of these contributions is obtained, which is used as a descriptive 
balance benchmark. 

The value of εopt is determined by the GOP structure independently of the re-
sults of a particular experiment. This allows it to be compared with the experi-
mental comparative uncertainty εexp, independently calculated from experimental 
data using IARU, and thus allows εopt to be compared with experiment without 
adjusting the FIQ parameters. 

Three independent applications yielded different results. For measuring the 
density of liquid zirconium, Zhong et al. [24] obtained εexp/εopt ≈ 2.92. The data of 
Weber et al. [27] showed that the correct ratio cannot be determined without in-
dependently establishing Δexp and S. For two independent measurements of the 
gravitational constant, Li et al. [28] obtained εexp/εopt ≈ 4.44 and 4.43; the result 
persists when changing the comparison set. 

These comparisons demonstrate the applicability of the proposed normaliza-
tion procedure but neither test a physical lower bound nor establish the predictive 
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validity of the FIQ benchmark. Assessing its predictive value requires further in-
dependent experiments across different GOPs, with predefined rules for selecting 
the measurement model, evaluating experimental uncertainty, and determining 
the reference interval S. 

The comparisons presented do not test a lower bound. Whether the benchmark 
has predictive value requires a more extensive independent verification for differ-
ent GOPs under pre-established rules for determining the measurement model, 
experimental uncertainty, and range S. 

The main result of the work is a priori computable benchmark εopt, determined 
by the information structure of the model, which can be compared with the ex-
perimental comparative uncertainty without adjusting the parameters to the 
measurement results. 
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