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Abstract 
This paper investigates the existence and multiplicity of positive solutions for 
the Kirchhoff-type elliptic equation  
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∫  where 0λ ≥  is a parameter, 

( )1N NΩ⊂ ≥  is a bounded smooth domain, and [ ): 0,M +∞ →  and 

:f Ω× →   are smooth functions satisfying ( ),0 0f x >  for all x∈Ω . 
By employing the bifurcation method, the existence of positive solutions is 
successfully proved under appropriate hypotheses regarding M  and f . F 
Furthermore, when the nonlinearity f  admits two zeros on the intery 

[ )0,+∞ , further multiplicity results for the positive solutions are derived. 
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1. Introduction 

This paper investigates the existence and multiplicity of positive solutions for the 
Kirchhoff-type elliptic equation 
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∫  (1) 

where 0λ ≥  is a parameter, ( )1N NΩ⊂ ≥  is a bounded smooth domain, 

[ ): 0,M +∞ →  and :f Ω× →   are smooth functions. The Kirchhoff-
type equation is a class of non-classical elliptic partial differential equations. It was 
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proposed by Kirchhoff [1] to describing the equilibrium state of strings or mem-
brane vibrations, and it has a wide range of applications in theoretical physics, 
biochemistry, engineering mathematics, and other disciplines. When the Kirch-
hoff-type equation does not contain a nonlocal term, that is, when 1M ≡  in 
Equation (1), there have been some results on the existence of positive solutions 
for this class of equations; see references [2]-[5]. For example, Carmona and Mart-
nez [2] studied the semilinear elliptic problem 

 
( )

( )
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u f u x

u x x
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where ( )1N NΩ⊂ ≥  is a bounded smooth open set, and f  is a nonnegative 
continuous real-valued function with multiple zeros. Based on topological degree 
theory and the Rabinowitz global bifurcation theorem, they obtained. 

Theorem A ([2] Theorem 1.1) Let f  be a nonnegative continuous function, 
and let 0 α β< <  be two adjacent positive zeros of f , that is,  
( ) ( ) 0f fα β= = , and ( ) 0f s >  for any ( ),s α β∈ . Assume that for σ α=  

and σ β= , the following condition holds: there exist 0M > , 0>  such that 
the function ( )f s Ms+  is increasing on the interval ( ),σ σ−  . Define 

( ) [ ) ( ) ( ) ( ){ }: , 0, : 2 has a solution satisfying .LS u L u uαβ λ α β∞
∞

Ω
= ∈ +∞ × Ω < <  

Then there exists an unbounded connected component ,Sα βΣ ⊂ , and the fol-
lowing conclusions hold:  

1) ( ){ }inf : ,uαβλ λ λ= ∈Σ ;  

2) 0αβλ > , and for any αβλ λ≥ , problem (2) has at least one solution u , sat-

isfying ( )Luα β∞ Ω
< < ;  

3) for any αβλ λ> , there exist at least two distinct solutions 1 2u u≠  in Σ , 

such that ( ) ( )1 2, , ,u uλ λ ∈Σ , and ( )i Luα β∞ Ω
< < ( )1,2i = . 

Unlike semilinear elliptic equations, a prominent feature of Equation (1) is that 

it contains a nonlocal term 2 du x
Ω
∇∫ , which makes Equation (1) not a pointwise 

identity, and its solutions cannot be verified pointwise, thus bringing essential dif-
ficulties to the study of the problem. In recent years, many scholars have adopted 
different methods to study this class of equations and have obtained a series of 
results; see references [6]-[12]. Recently, Ambrosetti and Arcoya [6] used the Rab-
inowitz global bifurcation theorem to study the existence of positive solutions for 
problem (1), and assumed the following: 

(A1) ( ),0 0f x = , x∀ ∈Ω , ( ) ( ): ,0 0ua x D f x= > ; 

(A2) ( ) ( ) ( ), ,f x u b x u g x u= + , where ( ) 0b x > , ( ),
lim 0
u

g x u
u→∞

= ; 

(A3) there exists 0α >  such that ( ),f x u uα≥ , ( ),x u∀ ∈Ω× ; 

(A4) there exists 0 0m >  such that ( ) 0M t m≥ , 0t∀ ≥ ; 

(A5) there exists 0M∞ >  such that ( )lim
t

M t M∞→+∞
= . 

Denote 
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( ) [ ] [ ]0 1 10 , .M a M bλ λ∞ ∞Λ = Λ =  

where [ ]1 aλ  is the principal eigenvalue of 

( )
( )
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0,

u a x u x
u x x
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and ( ) ( )a x C∈ Ω  with ( ) 0a x > . The main results obtained in this paper are as 
follows: 

Theorem B ([6] Theorem 2.6) Assume that (A1)-(A5) hold. Then there exists 
a connected branch Γ  of positive solutions of problem (1) bifurcating from 
( )0 ,0Λ , satisfying the following properties: 

1) Γ  connects to the point ( ),∞Λ ∞ ;  

2) if ( )lim
t

M t
→∞

= ∞ , then [ )Proj ,lΓ = +∞ , where 0
1l ≤ Λ .  

It should be pointed out that the results in reference [6] depend on condition 
(A1), and their branch of positive solutions emanates from ( )0 ,0Λ . However, this 
paper allows ( ),0 0f x > , in which case 0u ≡  is no longer a solution of the orig-
inal equation, and the original bifurcation framework is no longer applicable; fur-
thermore, when the nonlinear term f  has two zeros on [ )0,+∞ , this paper will 
continue to explore the multiplicity of positive solutions of problem (1). This 
makes the model possess a broader physical background. Therefore, this paper 
investigates the existence and multiplicity of positive solutions of problem (1) un-
der the condition ( ),0 0f x > .  

The general assumptions of this paper are as follows:  
(A6) ( ),0 0f x > , x∀ ∈Ω ; 
(A7) there exist 0 s s′ ′′< <  such that when [ ],u s s′ ′′∈ , ( ), 0f x u ≤ , and when 

( ) ( )0, ,u s s′ ′′∈ ∪ +∞ , ( ), 0f x u > , x∀ ∈Ω . 

Let ,u v  belong to the Sobolev space ( )1
0:X H= Ω , then the inner product and 

norm on it are respectively 

( ) ( )
1

2 2, d , d .u v u v x u u x
Ω Ω

= ∇ ∇ = ∇∫ ∫  

Theorem 1 Assume that (A2)-(A4) and (A6) hold. Then problem (1) has two 
unbounded connected continua 0 R X+Σ ⊂ ×  and R X+

∞Σ ⊂ × , satisfying: 
1) Assume that (A5) holds. Then 0Σ  connects to the point ( ),∞Λ ∞ , where 

[ ]1: M bλ∞ ∞Λ = . That is, 0 ∞Σ = Σ ;  

2) if ( )lim
t

M t
→∞

= ∞ , then ( )0Proj Proj 0,∞Σ = Σ = +∞  , where 0Proj Σ  and 

Proj ∞Σ  denote the projections of 0Σ  and ∞Σ  in the R  direction, respec-
tively. 

Theorem 2 Assume that (A2), (A4)-(A7) hold. Then problem (1) has no posi-
tive solution u  satisfying ( ) [ ]max ,

x
u x s s

∈Ω
′ ′′∈ . In this case, the connected con-

tinua 0Σ  and ∞Σ  are disjoint. 

Corollary 1 Assume that (A2)-(A4) and (A6) hold. Then 
1) Assume that (A5) holds. If ( )0,λ ∞∈ Λ , then problem (1) has one positive 

https://doi.org/10.4236/jamp.2026.1411213


J. H. Zhu 
 

 

DOI: 10.4236/jamp.2026.1411213 4354 Journal of Applied Mathematics and Physics 
 

solution. 
2) If ( )lim

t
M t

→∞
= ∞ , then when 0λ > , problem (1) has one positive solution. 

Corollary 2 Assume that (A2), (A4)-(A7) hold. If λ ∞> Λ , then problem (1) 

has at least two positive solutions 1 2,u u , where 1u  satisfies ( )1max
x

u x s
∈Ω

′< , 

and 2u  satisfies ( )2max
x

u x s
∈Ω

′′> . 

The paper is organized as follows. Section 2 is devoted to the preliminary 
knowledge. More precisely, we introduce the solution operator T  associated 
with the Kirchhoff-type elliptic equation, prove that T  is compact, and then es-
tablish the existence of an unbounded connected continuum 0Σ  connecting 
( )0,0  to infinity as well as an unbounded connected continuum ∞Σ  emanating 
from ( ),∞Λ ∞ . The proofs of our main results are provided in Section 3. We first 
obtain the existence of positive solutions by using the global bifurcation method, 
and then, under the assumption that f  possesses two zeros on [ )0,+∞ , we 
prove the multiplicity of positive solutions and show that the two branches 0Σ  
and ∞Σ  are disjoint. 

2. Preliminary Knowledge 

Let F  denote the Nemitski operator associated with f , and define the linear 
operator ( )2:L L XΩ →  by 

( ) 1: .Lv v−= −∆  

Since ( )2 0M u > , we define the operator :T X X× →  by  

( ) ( )
( )2, , .

LF u
T u u X

M u

λ
λ = ∈  

Clearly, a solution of ( ),u T uλ=  is a solution of (1). 
Lemma 1 Assume that (A2), (A4) and (A5) hold, and that :f Ω× →   is a 

Carathodory function satisfying the growth condition 

( ) ( ) ( ) ( ) ( )1 * * 2, 1 , 2,2 , 2 3 , 1,2 .
2

p Nf x u C u p N p N
N

−≤ + ∈ = ≥ < ∞ =
−

 

Then :T X X× →  is a compact operator. 
Proof. According Theorem 1.2.1 in [13] and (A2), the Nemitski operator F  is 

continuous from X  to ( )2L Ω . To see this, note that the convergence nu u→  
in X implies strong convergence in ( )pL Ω  and pointwise convergence almost 
everywhere. Combining this with the growth condition and Lebesgue’s dominated 
convergence theorem yields ( ) ( )nF u F u→  in ( )2L Ω . Since the inverse Lapla-
cian ( ) ( )1 2:L L X−= −∆ Ω →  is a compact mapping from ( )2L Ω to X , the 

:LF X X→  is consequently compact. 
Now choose an arbitrary bounded sequence { }ku X⊂ , In view of (A4) and 

(A5), after passing to a subsequence, we may assume ku r→ , or at least that 

{ }ku  is bounded. The continuity of M then gives 
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( ) ( )2 2
0: 0,kM u M r C→ = >  

where 0C  is a constant. Hence 

( ) ( )
( )2, k

k
k

LF u
T u

M u

λ
λ =  

admits a convergent subsequence in X , this proves that T  is compact.    □ 
Lemma 2 Assume that (A2), (A4) and (A5) hold. Then problem (1) possesses an 

un-bounded connected continuum 0 X+Σ ⊂ ×  connecting ( )0,0  to infinity.  
Proof. Since the operator :T X X× →  is continuous and compact, and 
( )0, 0T u ≡ , By Theorem 3.2 in [14] that the equation ( ),u T uλ=  has an un-

bounded connected continuum 0Σ  contained in X+ ×  and containing 
( )0,0 , that is, 

( ) 0 00,0 , ,X+∈Σ Σ ⊂ ×  

and 0Σ  is unbounded in X+ × , i.e., it connects ( )0,0  to infinity. 
On the other hand, from ( ),0 0f x >  we have  

( ) ( ) ( )
( ) ( )0

0 0, ,0 0 0 .
0

LF
F T

M
λ

λ λ≠ = ≠ ≠  

Hence ( ),0λ  is a solution of problem (1) only when 0λ = , while ( )0,u  is a 
solution of problem (1) only when 0u = . By (A6) and the continuity of the positive 
solution branch, it follows that those sufficiently small solutions bifurcating from 
( )0,0  satisfy 0u > . Hence all solutions in ( ){ }0 \ 0,0Σ  are positive. Therefore, 
problem (1) possesses an unbounded connected continuum 0 X+Σ ⊂ × , which 
connects ( )0,0  to infinity.                                       □ 

Lemma 3 Assume that (A2), (A4) and (A5) hold. Then problem (1) possesses 
an unbounded connected continuum ∞Σ  emanating from ( ),∞Λ ∞ , and 
( ),∞Λ ∞  is the unique bifurcation point of problem (1) at infinity.  

Proof. Let  

( )2 0 .uz u
u

= ≠  

Then problem (1) is transformed into  

 

( )

2
2 2

1 , , ,

0, ,

z zM z f x x
z

x

z

z x

λ
    
− ∆ = ∈Ω           


= ∈∂Ω

 (3) 

The linearization of problem (3) at 0z =  is  

 
( )

( )
, ,

0, ,
M v b x v x

v x x
λ∞− ∆ = ∈Ω

 = ∈∂Ω
 (4) 

Since the bifurcation of (1) at infinity corresponds to the bifurcation of (3) at 
the trivial solution, by the Rabinowitz global bifurcation theorem ([14], Theorem 
2.3) there exists an unbounded connected continuum ∞Σ  of positive solutions of 
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problem (3) bifurcating from ( ),∞Λ ∞ .  
Since the principal eigenvalue of Equation (4) is [ ]1M bλ∞ , and the corre-

sponding eigenfunction does not change sign, ( ),∞Λ ∞  is the unique bifurcation 
point of problem (1) at infinity.                                       □ 

Lemma 4 Assume that (A3)-(A5) hold. Then there exists * 0λ >  such that 
( ),u T uλ=  has no positive solution ( ),uλ  whenever *λ λ> .  

Proof. Suppose, on the contrary, that there exists a positive solution ( ),uλ  of 
( ),u T uλ= . By integration by parts, we obtain  

( ) ( ) ( )2 2
1, ,M u u f x u M u uφ λ φ λ φ

Ω Ω Ω
− ∆ = =∫ ∫ ∫  

where [ ]1 1 1λ λ=  is the principal eigenvalue of  

, ,
0, ,

v v x
v x

λ−∆ = ∈Ω
 = ∈∂Ω

 

and φ  is the corresponding eigenfunction. By (A4)-(A5), the function M  is 
bounded above. Set  

( )
0

sup .
t

M M t
≥

=  

Then  

( ) 1, .f x u M uλ φ λ φ
Ω Ω

≤∫ ∫  

From (A3) it follows that  

( ) 1, ,u f x u M uλα φ λ φ λ φ
Ω Ω Ω

≤ ≤∫ ∫ ∫  

that is, 

1 .Mλλ
α

≤  

Taking 1
*

Mλλ
α

= , we conclude that ( ),u T uλ=  has no positive solution 

( ),uλ  when *λ λ> .                                              □ 

3. Proofs of the Main Results 

Proof of Theorem 1 
1) By Lemma 2, problem (1) has an unbounded connected continuum 

0 R X+Σ ⊂ ×  connecting ( )0,0  to infinity. Then by Lemma 3, problem (1) has 
an unbounded connected continuum ∞Σ  emanating from ( ),∞Λ ∞ . Further-
more, ( ),∞Λ ∞  is proven to be the sole bifurcation point of positive solutions of 
problem (1) at infinity. On the other hand, by Lemma 4, both 0Σ  and ∞Σ  are 
bounded in the λ  direction, so the unbounded connected continuum 0Σ  must 
intersect ( ),∞Λ ∞ , that is, 0Σ Σ∞= . 

2) By Lemma 2, problem (1) has an unbounded connected branch 0Σ . How-
ever, if ( )lim

t
M t

→+∞
= ∞ , then no bifurcation occurs at infinity. For this reason, we 

will prove that the solutions u  of problem (1) have a priori bounds. 
Let 0λ ≥ , and suppose u X∈  is a positive solution of problem (1) corre-
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sponding to λ . Taking u  as a test function in problem (1), we obtain  

( ) ( )2 2 , ,M u u f x u uλ
Ω

= ∫  

From condition (A2), it follows that there exists a constant 0K >  such that 
for any 0u ≥ , ( ),f x u Ku≤ . Hence  

( ) [ ]
2 2 22

1

,KM u u K u u
a

λλ
λΩ

≤ ≤∫  

that is,  

( ) [ ]
2

1

.KM u
a

λ
λ

≤  

Moreover, since ( )lim
t

M t
→+∞

= ∞ , there exists a constant 0Cλ >  such that 

2u Cλ≤ . Therefore 2u  has a priori bounds, and since the connected branch 

0Σ  is unbounded, we have ( )0Proj 0,Σ = +∞ .                         □ 

Proof of Theorem 2 
Assume that u X∈  and ( ) ( ) [ ]0 0max ,

x
u x u x s s s

∈Ω
′ ′′= = ∈ . Then  

( ) ( )( )0 0, .u x T u xλ=  

On the one hand, since ( ) ( ) [ ]0 0max ,
x

u x u x s s s
∈Ω

′ ′′= = ∈ , we have  

( )
( )( )

( )
0 0

0 2

,
0.

f x u x
u x

M u

λ
∆ = − ≤  

On the other hand, by condition (A4), we have ( )2
0 0M u m≥ > , so  

( ) ( ) ( )( ) ( )2
0 0 0 0 0Δ , , .M u u x f x u x f x sλ λ− = =  

Combining the assumption [ ]0 ,s s s′ ′′∈  with condition (A7), we get 

( )0 0, 0f x s ≤ . Therefore  

( ) ( )
( )

0 0
0

0

,
Δ 0.

f x s
u x

M s
λ

= − ≥  

Hence ( )0Δ 0u x = . Applying maximum principle ([15], Theorem 2.2), if the 
function u  is not identically constant, it cannot achieve a nonnegative maxi-
mum within the interior of +Ω . This forces 0u ≡ , which stands in direct con-
tradiction to the initial condition, which contradicts ( )0 0 0u x s= > . Therefore, 

problem (1) has no positive solution satisfying ( ) [ ]max ,
x

u x s s
∈Ω

′ ′′∈ . 

Next, we prove that the connected branches 0Σ  and ∞Σ  are disjoint. By 
Lemma 2, problem (1) has a connected branch 0 R X+Σ ⊂ ×  emanating from 
( )0,0  and going to infinity, and it has been proved that the solutions on this 
branch do not satisfy ( ) [ ]max ,

x
u x s s

∈Ω
′ ′′∈ . By the connectedness of solutions, all 

positive solutions on 0Σ  satisfy 
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( )max .
x

u x s
∈Ω

′<  

On the other hand, by Lemma 3, problem (1) has an unbounded connected 
branch ∞Σ  emanating from ( ),∞Λ ∞ , and ( ),∞Λ ∞  is the unique bifurcation 
point of positive solutions of problem (1) at infinity. From u → +∞ , together 
with the connectedness of solutions and the fact that solutions cannot lie in the 
interval [ ],s s′ ′′ , all positive solutions on ∞Σ  satisfy  

( )
Ω

max .
x

u x s
∈

′′>  

Since 0 s s′ ′′< < , in summary, we finally obtain that 0Σ  and Σ∞  are disjoint. 
□ 

Funding  
Supported by the National Natural Science Foundation of China (No.12461036). 

Conflicts of Interest 

The author declares no conflicts of interest regarding the publication of this paper. 

References 
[1] Kirchhoff, G. (1883) Vorlesungen ber Mechanik. Teubner. 

[2] Tapia, J.C., Aparicio, A.J.M. and Martínez-Aparicio, P.J. (2025) Intervals of Bifurca-
tion Points for Semilinear Elliptic Problems. Advances in Nonlinear Analysis, 14, Ar-
ticle ID: 20240061. https://doi.org/10.1515/anona-2024-0061 

[3] Ambrosetti, A. and Hess, P. (1980) Positive Solutions of Asymptotically Linear Ellip-
tic Eigenvalue Problems. Journal of Mathematical Analysis and Applications, 73, 411-
422. https://doi.org/10.1016/0022-247x(80)90287-5 

[4] Ambrosetti, A., Arcoya, D. and Buffoni, B. (1994) Positive Solutions for Some Semi-
Positone Problems via Bifurcation Theory. Differential and Integral Equations, 7, 
655-663. https://doi.org/10.57262/die/1370267698 

[5] Hai, D.D. (1998) Positive Solutions to a Class of Elliptic Boundary Value Problems. 
Journal of Mathematical Analysis and Applications, 227, 195-199.  
https://doi.org/10.1006/jmaa.1998.6095 

[6] Ambrosetti, A. and Arcoya, D. (2017) Positive Solutions of Elliptic Kirchhoff Equa-
tions. Advanced Nonlinear Studies, 17, 3-15. https://doi.org/10.1515/ans-2016-6004 

[7] Dai, G., Wang, H. and Yang, B. (2015) Global Bifurcation and Positive Solution for a 
Class of Fully Nonlinear Problems. Computers & Mathematics with Applications, 69, 
771-776. https://doi.org/10.1016/j.camwa.2015.02.020 

[8] Figueiredo, G.M. (2013) Existence of a Positive Solution for a Kirchhoff Problem 
Type with Critical Growth via Truncation Argument. Journal of Mathematical Anal-
ysis and Applications, 401, 706-713. https://doi.org/10.1016/j.jmaa.2012.12.053 

[9] Figueiredo, G.M., Morales-Rodrigo, C., Santos Júnior, J.R. and Suárez, A. (2014) 
Study of a Nonlinear Kirchhoff Equation with Non-Homogeneous Material. Journal 
of Mathematical Analysis and Applications, 416, 597-608.  
https://doi.org/10.1016/j.jmaa.2014.02.067 

[10] Li, F., Shi, J. and Liang, Z. (2014) Positive Solutions to Kirchhoff Type Equations with 
Nonlinearity Having Prescribed Asymptotic Behavior. Annales de l’Institut Henri 
Poincaré C, Analyse non linéaire, 31, 155-167.  

https://doi.org/10.4236/jamp.2026.1411213
https://doi.org/10.1515/anona-2024-0061
https://doi.org/10.1016/0022-247x(80)90287-5
https://doi.org/10.57262/die/1370267698
https://doi.org/10.1006/jmaa.1998.6095
https://doi.org/10.1515/ans-2016-6004
https://doi.org/10.1016/j.camwa.2015.02.020
https://doi.org/10.1016/j.jmaa.2012.12.053
https://doi.org/10.1016/j.jmaa.2014.02.067


J. H. Zhu 
 

 

DOI: 10.4236/jamp.2026.1411213 4359 Journal of Applied Mathematics and Physics 
 

https://doi.org/10.1016/j.anihpc.2013.01.006 

[11] Naimen, D. (2015) On the Brezis-Nirenberg Problem with a Kirchhoff Type Pertur-
bation. Advanced Nonlinear Studies, 15, 135-156.  
https://doi.org/10.1515/ans-2015-0107 

[12] Zhong, X. and Tang, C. (2017) Multiple Positive Solutions to a Kirchhoff Type Prob-
lem Involving a Critical Nonlinearity in 3 . Advanced Nonlinear Studies, 17, 661-
676. https://doi.org/10.1515/ans-2016-6006 

[13] Antonin, A. and David, A. (2011) An Introduction to Nonlinear Functional Analysis 
and Elliptic Problems. Birkhäuser, 1-199. 

[14] Rabinowitz, P.H. (1971) Some Global Results for Nonlinear Eigenvalue Problems. 
Journal of Functional Analysis, 7, 487-513.  
https://doi.org/10.1016/0022-1236(71)90030-9 

[15] Gilbarg, D. and Trudinger, N.S. (1983) Elliptic Partial Differential Equations of Sec-
ond Order. Springer, 1-513. 

https://doi.org/10.4236/jamp.2026.1411213
https://doi.org/10.1016/j.anihpc.2013.01.006
https://doi.org/10.1515/ans-2015-0107
https://doi.org/10.1515/ans-2016-6006
https://doi.org/10.1016/0022-1236(71)90030-9

	Existence of Positive Solutions for a Class of Nonlocal Elliptic Differential Equations
	Abstract
	Keywords
	1. Introduction
	2. Preliminary Knowledge
	3. Proofs of the Main Results
	Funding 
	Conflicts of Interest
	References

