.’. Scientifi Journal of Applied Mathematics and Physics, 2026, 14(10), 4197-4217
< cientific ) ) . )
‘ 4 Research https://www.scirp.org/journal/jamp

4% Publishing ISSN Online: 2327-4379
¢ ISSN Print: 2327-4352

Existence and Multiplicity of Solutions for
Double Phase Problems with Indefinite Weight
in R"

Hailan Li

College of Mathematics and Statistics, Northwest Normal University, Lanzhou, China
Email: lihlmath@163.com

How to cite this paper: Li, H.L. (2026) Abstract

Existence and Multiplicity of Solutions for

Double Phase Problems with Indefinite In this paper, we study a class of double phase problems with indefinite weight:

Weightin RN . journal of Applied —div(a(x)|Vu|p*2 vu+[vu|"’ Vu)+V ()u[Fu=K(x)f(u) inR", where

Mathematics and Physics, 14, 4197-4217.

https://doi.org/10.4236/jamp.2026.1410204 N>3, 1< q< N, g<p< q* _ Nq . ae Co,a (RN ,[O,oo)) . az0,
N-q

Received: September 30, 2026
Accepted: October 25, 2026
Published: October 28, 2026 ous function with a quasicritical growth. Using variational methods, we prove

ae (0,1] , V,K are nonnegative continuous functions and f isa continu-

the existence of nontrivial solutions via the mountain pass theorem. In addi-
Copyright © 2026 by author(s) and

Scientific Research Publishing Inc.
This work is licensed under the Creative

Commons Attribution International ing the multiplicity results for double phase problems in R" .
License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

O Keywords

Double Phase Problem, Indefinite Weight, Variational Methods, Critical
Point Theory

tion, employing the symmetric mountain pass theorem, we prove the existence
of infinitely many solutions when the nonlinearity f isodd, thereby enrich-

1. Introduction

In this paper, we study the following double phase problem with indefinite weight:
—div(a(x)|Vu|p72 vu+ |Vl Vu)+V ()u[Fu=K(x)f(u) inRY,
u(x)>0 inRY, (1.1)
ue D (R"),

where N>3, 1<gq<N, (< p<q*=NN—q, aeCO'“(RN,[O,oo)), a0,
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a<(01], V,K:R" >R are nonnegative continuous functions, and
f:R— R isacontinuous function with quasicritical growth.

In recent years, quasilinear elliptic equations with nonstandard growth conditions
have been widely applied in fields such as nonlinear elasticity, non-Newtonian
fluids, strongly anisotropic materials, and phase transition theory. The study of
such problems has long been an important direction in the fields of nonlinear
partial differential equations and variational analysis, see [1]-[9]. Among various
problems with nonstandard growth, the double phase operator initially intro-
duced and systematically investigated by Zhikov has attracted considerable atten-
tion, as it can characterize composite materials with both p-growth and q-growth

behavior in [10]-[13]. In 1986, he introduced the energy functional
a(x
U J‘[Q|Vu|p +£|Vu|qjdx, (1.2)
p q

which serves as a prototype for functionals whose ellipticity behavior changes ac-
cording to the vanishing set of the coefficient a(x), we refer the reader to [14]
[15]. This model describes strongly anisotropic materials, where the modulation
coefficient a(x) determines a composite material with two distinct power hard-
ening exponents p and (. In this context, Zhikov discovered a gap phenome-
non with further mathematical applications in homogenization theory.
Li et al [16] investigated ground states for nonlinear Schrodinger equations in

RN :

—Au+V (x)u = f(xu),

ueH'(R"),

weakened the standard Ambrosetti-Rabinowitz super-linear condition and re-
laxed the superlinear conditions of nonlinearities to guarantee ground states via
Nehari manifold arguments. Later, Alves and Souto [17] further studied Schro-
dinger equations with weighted nonlinearity K(x) f (u) and potentials vanish-
ing at infinity in R":

—Au+V (x)u=K(x)f(u) inR",
u(x)>0 inRY,
ue D" (RY),

where N >3, the potentials V and K are nonnegative continuous functions,
and the nonlinearity f satisfies the quasicritical growth condition. They proved
the existence of positive ground state solutions via Hardy-type inequalities and
variational arguments. However, the above works only deal with linear Laplace
operator and nonnegative weight functions, and ignored the nonstandard growth
induced by double phase diffusion.

Ge et al. [18] investigated double phase equations on bounded domains:

_div(|Vu|’Jf2 Vu + a(x)|Vu|q*2 Vu) =Af(xu) inQ,
u(x)=0 on oQ,
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where N>2, 1<p<q<N and A4>0, they derived the existence of infinitely
many solutions via the fountain theorem, dual fountain theorem and Krasnoselskii’s
genus theory. Furthermore, researchers have investigated double phase elliptic
problems with indefinite weightsin R" , and establish the existence and multiplicity
of solutions.

Liu and Dai [19] studied multiplicity results for double phase problemsin R":
_div(|Vu|p’2 vu+a(x)[vul"” Vu)+|u|‘”2 u+a(x)uf“u=f(xu) inRY,

ueW™(R"),
where 1<p<q<N, %Sl-i—%, OSaECO’“(RN), a (0,1] . After weakening

the Ambrosetti-Rabinowitz condition, they obtained positive and negative ground
state solutions as well as one sign-changing solution with a single sign transition.
Meanwhile, they established the existence of infinitely many solutions for even
functionals.

Motivated by the above analysis, we discuss the existence and multiplicity re-
sults for the problem (1.1). Our primary difficulty of the problem (1.1) is the loss
of compactness in R" . To overcome this, we establish the compactness by ap-
plying the Alves’s some proof and complete relevant verification with Hardy-type
inequalities together with variational methods. Furthermore, we establish the ex-
istence of infinitely many solutions via the symmetric mountain pass theorem.

Let us now state the precise hypotheses to problem (1.1) and the main results.
Throughout of this paper, we suppose that the potential (V,K)e K satisfy the
following conditions:

(D V(x).K(x)>0 vxeR" and Kel”(R").

(D) If {A}=R" is a sequence of Borel sets such that |A1| <R, forall n
and some R >0, then

rIlrpwfmaﬁ(o)K(x)dx:0, uniformly in n e N. (K1)

(IIT) One of the below conditions occurs:

ée L”(RN) (K)

or thereis se (q, q*) such that

K(x)

0 as|x| > +oo. (K3)
[V (x) ]

Related to the function f , we assume the following conditions:

(£)

f(t
Iimsup| ()|=0 if (K3) holds,

-1
t—0 tq
or

[ ()

lim suptp— <400 if (K3) holds.

-1
t—0"
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(6) f hasa quasicritical growth, that is

lim sup@ =0.
to+o Y -1

f(t)

tP?

(£) the cap t> is a non-decreasing functionin (0,+%) and its prim-

itive F is super-p-power at infinity, that is

Iimsupipt) = +o0.

t—+o0

Now, we present the main results of this paper.

Theorem 1.1 Suppose that | satisties(£)-(£) and (V, K) € IC, then problem
(1.1) possesses a positive ground state solution.

Theorem 1.2 Suppose that | satisfies ()-(£) and (V, K) e K, and that

f (X, —t) =—f (X,t) , then problem (1.1) admits infinitely many solutions with
negative energy values.

This paper is organized as follows. Section 2 lists necessary preliminary results.
Section 3 is devoted to prove the energy functional of problem (1.1) satisfying the
Cerami condition, further obtain the existence of a positive solution. In Section 4,
we prove the existence of infinite many solutions by the symmetric mountain pass

theorem.

2. Preliminary Results

This section first introduces some notations, and proves that the space X isa
separable and uniformly convex Banach space. Similar to reference [20], the space
X is given by

X ={ue D™ (RY): [,V (x)|uf" dx<-+oo),
endowed with the norm
o = [ (RO +vf 4V ()",
where
D (RY) ={ue Ly (R"): [, (2(0)[Vul” +[ Vo' ) < o},

the space D'* (]RN ) is defined as the completion of C; (RN ) under the norm
||Vu||§ , see Proposition 2.18(ii) of [21]. Furthermore, we will prove that X is
compactly embedded into the weighted Lebesgue space

L (RY) = {u :R" — R uis measurable and [ , K (x)|u[ dx < oo}.

Next we present the energy functional associated with problem (1.1) is given by

J(u)= %LRN a(x)|vul’ dx+§fRN [Vu[* dx

ALV OO 8- [ K (OF (0)a
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for all ue X . Thanks to the regularity assumptions imposed on f , we obtain
J eC!(X,R), and its Gateaux derivative is

J'(u)v= .[]RN (a(x)|Vu|"72 VUV +[Vul" vuvv +V (x)|uf"? uv)dx
—_[RN K (x) f (u)vdx, forall u,ve X.

It is easy to check that critical points of J are weak solutions of problem (1.1).

Once that we intend to find positive solution, we will assume that
f(t)=0 Vte(—»,0].
Accordingly, there is a sequence {U,} < X such that
J(u,)—>c and (L+]u,])[9"(u,)

o 0, (2.1)

where c is the mountain pass level given by

c=inf maxJ (y(t))

el te[0]]
and construct the set
r:={yeC([0,1],X):7(0)=0.7(1)=e¢}.

The above sequence is the so-called Cerami sequence for J atlevel c, arguing
as in Willem [22].
Now, we are ready to show our main results of continuous embedding theorem,

see the reference [23] for more details.
Lemma 2.1 Let &:R"x[0,00) >[0,0), and p, (u)= I}RN (a(x)|u|p +|u|q)dx .
Then, the embedding L° (RN )9 L (RN ) Is continuous.

As a consequence of Lemma 2.1 and Sobolev embedding in W™* (RN) and
D" (RN ) for 1<qg< N, we have the following embedding result.

Lemma 2.2 Let &: RN X[0,00) - [O,oo), P (u) = .[RN (a(x)|u|p +|u|q)dX .
Then, the embedding \W** (RN ) > Wh (RN) > L (RN) is continuous, for any
q<r<q . Moreover, the embedding D“¢ (RN ) > DM (RN ) > L (RN ) is con-
tinuous.

Next, we present some properties of space X .

Lemma 2.3 The space X = (X Al ) is a separable and uniformly convex Ba-
nach space.

Proof. We first verify that X is complete. Let {un} be a Cauchy sequence in
X, then for any ¢ >0, there exists N >0 such thatif n,m>= N, we have

lu, U, <e- (2.2)
By the definition of X , we know that
[ova()[vu, =vu,[* dx <[lu, —u, [} <&,
[ VU, =vug [ dx <[u, —ug[f} <&,

By the completeness of D"¢ (RN ) , there exists u e D™ (]RN ) such that
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u, —>u in D" (RN ) , We can extract a subsequence {unk } such that u, —u

ae.in RV as k — oo. Therefore, by the Fatou’s Lemma and (2.2), we obtain

[V (X)|uf dx<liminf [V (x)|u, | dx

k—o0

u

g

q
=+l )

<(z+uy], ) <

< liminf (

k—o0

which implies that Ue X .Let n> N, then we get

<¢g

Ju, —ul,, < liminf )

u, _unk

thatis u, —>u in X.Hence, the space X iscomplete.

Next, we prove that X is uniformly convex. Fix >0, let u,ve X with
||u||x :||V||X =1 and ||u —V||X 2¢ . For q22, by the following inequality (see
[24])

a+bl* la—=bl* |a*+b|*
+ <

fora,beRR,
2] |2
we have
q
u+v[' Ju-v| urv)’ u=v)" P
——| = =| [ a()\V| = dx+[  a(x)|V|——] dx
2 I, 12, = 2 R 2

q

O P

+[ L. t [, q dx}

q

u+vl' Ju—v[’
Y (X){T — de
q
g%(.[RN a(x)[vul® dx+  a(x)|vv]’ dx)p (2.3)

+%(IRN [Vu[* dx+ .[]RN [Vv|* dx)

1
+3 IRNV(x)(|u|q+|v|°')dx

1
=S Jull +I ) =1

q q
sl—(fj .
X 2
Yq

q
Taking o =1- {1— (gj :l >0, we obtain that

Then we have

u+v

u+v

<1-9.

X
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For 1<q<2,let q'zil. We can write

1

Juls = (J]RN a(x)[vu]” dx+ [ [Vul* dx+ [V (x)[uf* dx)a

N N N 1y (24)
<20t {(I}RN a(x)|vul’ dx)EH +(IRN [vuf* dx)‘H +(LRNV (X)|uf’ dx)qu.

In view of (2.4) and the reverse Minkowski inequality (see [24] Theorem 2.13), we

deduce
1 ,
2%
X
1 1

S{IRN a(x) Vu;Vv P deq_l +[.[RN a(x) Vu;Vv

q 1 . 1

+[IRN w dx]q 1+[J'RN Vu;Vv dx}q 1
1

LH-ququl+(jRNV(x)u

q q-1
3 2 dXJ
(2.5)
. N
< ,[RN a(X)UVU + V(a1 +|Vu —Vv|at

u+v|° 4

2

u-v

2

X

+( RNV(X)

d
2 | T2 |7
L 1
|Vu+Vv|q' |Vu—Vv|q' ! qfl
jN + dx
=2 [ ] 2 |

g\t i
j dx .

1

q-1
fora,beRR,

+

u+vl|*

2

u—-v

2

+

fvo]

By the following inequality (see [24])

la+bf" Ja=b" _[[a]"+]of
L2 2] 2

it follows from (2.5) that
Zﬁ ( u+v|’

2

' } < 21’lq [(IRN a(x)[vul’ dx+.[]RN a(x)|vv|® dx)“11

u-v
2

X X

1
+ (J.RN [Vu[* dx + LRN [Vv[* dx)a

([ 0P e v 0T o

1

N ES T
<2 (Jolf, |l ) =27 2 -
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Then we have

q Yo
Taking & :l—{l—(g) } , we can get

u+v

<1-6.

X

Hence, the space X is uniformly convex.

Finally, we show that X is separable in four steps.

Step 1: We establish the basic density property. The space C; (RN) is dense
in X, Le,everyelementin X can be approximated by mollifiers:

WH'HX _x
That is, for any U e X, there exists a sequence {¢,} = C{’ (RN ) such that
| ~ul 0.

Step 2: Proof of separability. Consider the map
T:X - L2 (R )xL(R")x L] (R"), defined by
T (u)=(a¥"Vu,vu,v¥u),

where L7 (RN ) = {v : J.RN a(x)|"dx < oo} ,and
L (RN ) = {v : .[RNV (X)|V|q dx < oo} . Then T is an isometric embedding of X

into the product space L? (]RN )x L (]RN )x Ld (RN ) Since 1< p,q <o, each of
the weighted Lebesgue spaces L?, L', and L} is separable. Therefore their
product is separable. Any subspace of a separable metric space is separable, and
hence X is separable. The uniform convexity follows from the uniform convexity
of L, L%, and Ly together with the fact that the norm |-|, is equivalent to

the product norm. This completes the proof.

3. Existence of Nontrivial Solutions

Proposition 3.1 (Hardy-type inequality) Assume that (V, K)eK hold. Then,
X is compactly embedded in Ly (RN ) forall me (q, q*) If(Ky) holds. If (K3)
holds, X iscompactly embedded in L3 (]RN ) .

Proof. The proof will be made into two parts, we first derive the conclusion
under condition (K3), then handle the case for (Kj).

Suppose (K;) holds. Fix me (q, q*) ,forany &>0,thereexist 0<t, <t and
C >0 such that

KOO <2 (V R+ +CK (0 2 ()1 vEeR )
Hence,
J.Bf(o) K(X)|u|" dx <eCQ(u)+C |t1|q* J-AmBrC(O) K(x)dx Vue X (3.2)
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where
Q(u)= IRNV (X)|uf’ dX+.fRN |u|q* dx,
and
A={xeR":t, <|u(x)|<t}.
If {v,} isa sequence such that v, =v in X, then there exists a constant
M, >0 satisfying
[ (|an|q +V ()], |q)dx <M, and |, |vn|q* dx<M, vneN,
this implies that the sequence {Q(V,)} is bounded. On the other hand, let

A, ={xeR":t, <|v, (x)|<t,},

the last inequality implies that

A< [, o[ <M, vnen,

showing that sup,_y A1| <40 . Therefore, by virtue of (K7), there exists >0

such that

£
J‘%ABE(O)K(x)dx<tf—,, forallneN. (3.3)
Now, (3.2) and (3.3) lead to

o K (I, " dx < £CM, +7 | K(x)dx<(CM,+1)¢ VneN. (3.4)

A MBF(0)

Since me (q, q*) and K isa continuous function, Sobolev embeddings imply
that

lim jBr(O) K(X)|v,|" dx = IB,(O) K(x)v]" dx. (3.5)
Combining (3.4) and (3.5), we have
lim [ KV, ["dx= [ K(x)]v" dx, (3.6)

N—-+owo
which gives
v, >V in Ly (RN) Vme(q,q*).
We now assume that (&) holds. First of all, it is important to observe that for any

fixed xeR", the function

h(t)=V (x)t +tq*’5, vt >0,

q-s
attains its minimum value CV (X)a"a , where

g-s

e el
g -s)la’ ~q

Hence,
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CV (x)ﬁ <V (x)t*° +17°, vxeR" andt > 0.

Combining the last inequality with (K3), for any ¢e (O,Cp) , there exists >0
sufficiently large, such that

KOO <2V (R 4" ) veerand|q=r, (3.7)
which implies
J'Bf(o) K (x)|u[ dx < 5!55(0)(\/ (X)|uf’ +|u|q*)dx Vue X.
If {v,} isasequencesuchthat v, =~V in X,thereis M, >0 such that
[V (V| dx <M, and [, |vn|q* dx<M, VneN,
consequently,
J'BrC(O)K(x)|vn|S dx<2¢M, VneN. (3.8)
Since pe(q,q) and K is a continuous function, the Sobolev embeddings
vield
lim Is,(o) K (X)), dx = fBr(o) K (X) V] dx. (3.9)

Combining (3.8) and (3.9), we obtain
lim [ K (), [ dx = [ K(x)]v[ dx,

which implies
v, >V in L (RN).
Thus, we completes the proof of the proposition.
The following lemma provides a key step for establishing the boundedness of
the Cerami sequence given in (2.1).

Lemma 3.2 Assume that f satisties (£)-(£) and (V, K) ek. Let {Vn} be
a sequence such that v, =~V in X . Then

lim [ K(x)F(v,)dx=[  K(x)F(v)dx,

nN—+oo
and

lim [ K (x) f (v )vdx = [ K (%) f (v)vdx.

N
n—o+oo R

Proof. We start the argument under condition (K3). Given fixed me (q,q*)
and £>0, thereis C >0, the assumptions (£)-(£) yield that

K (x)F(t)|<eC (v OO+t )+ KOOI forallteR  (3.10)
By Proposition 3.1,
IRN K (%)[v,|" dx — I}RN K (x)]v" dx,

then thereis r >0 such that
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.[BE(O)K(X)|VH|"‘ dx<e& VneN. (3.11)
Since {v,} isboundedin X, thereis M, >0 such that
[V () ['dx <M, and [, |vn|q* dx<M,.
Combining the last inequalities with (3.10) and (3.11),
IBS(O) K (X)F (v, )dx

Now, if (K3) holds, we employ the repeating the same arguments explored in the

<(2CM,+1)e VneN. (3.12)

proof of Proposition 3.1. For sufficiently small &> 0,taking r>0 large enough
such that

K(x)< g(V )" +|t|q*7s) forallte Rand |x|>r.
Hence,
K(x)|F(t)|sg(v(x)|F(t)||t|‘H+|F(t)||t|‘f*5) vteRand|x|>.
From (£) and (), there are C,t,,t, >0 verifying
KO[F (] =ec(V (0 +f" ) veet and]=r,

where | ={teR:[t|<t,ort|>t}. Thus, for any ue X, we have the following

estimate
ooy K (X)F (u)dx<2CQ(u)+C, . K(x)dx
with
Q(u) =V (Ol e [ Jul"
and

A={XERN 'ty £|u(x)|§t1}.
Once that {v,} isboundedin X, thereis M, >0 such that
[V (), ['dx <M, and [, |vn|q* dx<M,.

Thereby,

K(x)F(vn)dx£2M15+Cj )K(x)dx,

Jio

A,NBF(0
where

A1={X€RN ity <

v, (x)| < tl} .
Repeating the same arguments used in the proof of Proposition 3.1, it follows that

J'AWB?(O) K (x)dx—0 as|x| - +oo,

and so, for n large enough
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<(2M;+1)e.

.[Bg(o) K (X)F (v,)dx
To complete the proof, we need to verify that
lim J.B,(O) K(X)F(v,)dx= -[B,(O) K(x)F(v)dx.

However, this limit result can be derived via using the compactness lemma of
Strauss ([25], Theorem A.I). Specifically, BF(O) is a bounded domain, the
sequence |vn|Lq*(B ) is bounded. Assumption (%) together with almost every-

where convergence imply the required limit convergence.
Next, we prove that the Cerami sequence sequence associated with (2.1) is

boundedin X.
Lemma 3.3 The Cerami sequence {un} c X defined by (2.1) is bounded.
Proof Let t, €[0,1] satisfy J(tu,)= max J (tu, ). We first show that

J(t,u,) is bounded from above. In fact, if either t, =0 or t, =1, we are done.
Thus, we can assume t, €(0,1), and so, J'(tu,)t,u, =0. Then,

pJ (tnun) =pJ (tnun)— J '(tnun)tnun
p p
(Bl oce( B-afe v (e
+J.RN K (X)( f (tnun )tnun - pF (tﬂu” ))dX

_ [ap_l}g ([ 70l dc [V () [ )+ [ K (x) H (8,0, ) dx
: [Ep_lj(.[k"‘ |Vu”|q dX+J.RNV (X)|u”|q dx)+J-RN K (X) H (Un)dX,

where

H(t)=tf (t)- pF(t) VteR.

We may assume U, >0 without loss of generality, the condition (£) implies that

H is non-decreasing for each x.Hence,

pd (t,u,) < (Ep— J(J'RN Vu, [Fdx+ [V ()]u, dx)+IRN K (x)H (u, )dx

=pJ (un)_‘]'(un)un
=pJ(u,)+0,(1).

Since J(U,) converges, we conclude that J(t,u,) is bounded from above.
Now, we will prove that {un} is bounded. For this purpose, suppose by

contradiction that "un"x — o and set Vv, = % Since ||Vn || =1, we note that

Jual

{vn} is bounded. Thus, after passing to a subsequence, we may assume that
v,—=V in X,as N—+ow0.

If v#0,thecondition (f,) impliesthatforeach 7>0,thereis £>0 such
that
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%21 forft|>¢.

Thus, we have

_lim c+o(pl) _lim J (ur;)
ol

. 1 1 1
=lim il (—LRN a(x)|vu,|’ dx+a_[RN |Vu,|* dx
nilx

+1J.RNV(X)|UH|(] dx—.[RN K(x)F(un)dxj
<timg b G KOO ()0

—Iimj de
el

K(x)F (u,)
|P

=lim P
" au [

B n—w .[Qm{\un\zf} |Vn | ' dX

U

(X)|Vn|de,

—zlim j
n—a s QN {Jup[2¢}

where Q:{XERN tw(x );tO} ByFatou’s Lemma
0< TI JvPdx V7 >0,

which is a contradiction.

If v=0.Foreach B>0, we have B . [0,1] for n large enough. Hence

Juall

()2 (u ol ] }(B%)

BP B
- TJ'RN a(x)[vv,|° dx+?_[m{N Vv, [ dx

+%qLRNV (V" dx= [ K (x) F (Bv, )dx

BP
2T||vn||‘l — [on K(X)F(Bv, )dx

BP

X K (x)F (Bv,)dx.

By Lemma 3.2
lim [, K (x)F (Bw,)dx=0,

from where it follows that

q
liminf J (t,u,) >B for every B >0,
p

n—oo

(3.13)

which is a contradiction with the fact that J(t,u,) is bounded from above.
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Next, we will prove that the functional J satisfies the Cerami condition at the
level c.

Lemma 3.4 Let hypotheses () (£) be satistied. Then the functional J ful-
fills the Cerami condition.

Proof. By Lemma 3.3, it follows that {un} is bounded, up to some subsequence,

we can assume that thereis Ue€ X such that
u, —uin X.
Since J'(u,)u, =0, (1), we can deduce
IRN a(x)|vuy,|’ dx+.|'RN Vu,|* dx+_[RNV (X)|u,[* dx
= [ K(X) T (uy)u,dx,
that is

lim

Nn—>+o0

U, 5 = lim

N
n—+0 JR

K (x) f (u,)u,dx, (3.14)

By Lemma 3.2,
lim .[]RN K(x) T (up)u,dx = | K(x) f (u)udx,

N—+00
then,

lim [Ju, [} = [ K (x) f (u)udx.

Since J'(u,)u=0,(1),
Jull}, = o K (x) f (u)udx. (3.15)
Therefore, combining (3.14) and (3.15), we obtain

tim flu, [ =fulf

nN—+0
which implies that

u, > u in X.

Consequently
J(u)=c and J'(u)=0,

Thus, the proof is completed.

To verify that J has the geometric structure required by the mountain pass
theorem, we need to introduce the following results.

Lemma 3.5 Let fsatisfies (£)-(£) and (V, K) € K. The following properties
are fulfilled for the functional J :
e there exists «,pp >0 suchthat J (u) >qa forall ue X such that

Jull = -

o thereexists ee X satisfying J(e)<0 and ||e||X >p.

Proof. (i) If (K:) holds, then K(X)<CV(X), by (£), we have |F(t)| s§|t|q.

q

Then, for O<e< C_p , we can deduce
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J (u)=%jRN a(x)[vul” dx+%.[RN [Vu[* dx

1

+EIRNV (X)|uf* dx—j]RN K (x)F (u)dx
1

L K (0F ()0
1 £

- L -Sof,v ()l o

1 &
2ol £l

(2o >0

P q

that is

3 (u) z(%—écqu —a>0=1(0).

If (K;) holds, then K (x)< g[V (x)]ﬁ . In view of (£), we obtain |F (t)| <C, |t|p .

Therefore, for 0< ¢ < , combined with Lemma 2.2 and (3.7), we have

pC,
1 p 1 q
J(u):BfRNa(x)|Vu| dx+aJ']RN [Vu|" dx
+%J.RNV(X)|U|q dx—j]RN K (x)F (u)dx

1
> E||u||‘j( _C1J.B,(o) K (X)|ul? dx—Cl.fo(o) K (x)|ul® dx

1 o
> L -0, ul} o€,y v (00 <l 0

1 *
>l e ul} ~eG.f oV OO o

1 *
23"“"1 —eCy|u]} -eC, Y (x)|u[* dx—gCljRN Ju[* dx

l *
2l =Gyl — G e, uf* ox

1 *
(Ll - ol o, e
for q<p<q and ||u|| sufficiently small with ||u||<1, then
J(u)= (%—5C1qu —£Cp* —6Cp® =a>0=1 (0).

Thus there exists p,a >0 such that J (U)Z a>0 for all ue X such that
jul, -

(ii) It follows from (£) that, for any M >0, such that F (x,tu) > MtP |u|p for
t>0. Then
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J(tu) =%J'RN a(x)|vul® dx+%.[RN |Vu[* dx

+%JRNV (X)|uf* dx—.|']RN K (x)F (tu)dx
tp
£E||u||i [ K (x)F (tu)dx

< Il Mo K (ol
since g<p , when M >0 sufficiently large and t—>+0 , we deduce
J(tu)—>-oo . Let e=tu, |le|>p,and J(e)<0. Hence, there exists ee X
such that J(e)<0 and [e, >p.

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. By Lemma 3.3, any Cerami sequences of the functional
J isbounded, by Lemma 3.4, J satisfies the Cerami condition, and by Lemma
3.5, J satisfies the mountain pass geometric structure. Since J(u)>0=J(0)
implies U0 and u>0. Then the strong maximum principle for the double

phase operator yields u>0 in R".

4. Existence of Infinitely Many Solutions

In this section, we aim to prove the existence of infinitely many solutions of prob-
lem (1.1). More precisely, by using the symmetric mountain pass theorem (see
[26]), we obtain an unbounded sequence of critical values of the energy functional
J . If, in addition, the corresponding critical values are negative, then the associ-
ated solutions have negative energy. This completes the proof of Theorem 1.2.

First, by the assumption f (X, —t) =—f (X,t) , which implies that the associated
energy functional J is even, so that J(-u)=J(u) forevery ue X .Further-
more, J(0)=0 and JeC!(X,R).

To prove Theorem 1.2, we will use the following symmetric mountain pass the-
orem of Rabinowitz [26], which we explicitly state below for reference.

Proposition 4.1 (symmetric mountain pass theorem [26]) Let X be an infi-
nite-dimensional real Banach space, J e€C'(X,R) is even, satistying (C),
condition, and J (0) =0. Suppose:

1. There exist constants p >0, « >0 such that J (u) >a forall ueX
with "U" =p;

2. For every finite-dimensional subspace X — X , there exists R = R()z ) >0
such that J(u)<0 forall ue X with ||u|| >R.

Then | possesses an unbounded sequence of critical values.

First, we state the following lemma, which will be needed in the sequel.

Lemma 4.2 Suppose that(£)-(£) and (V , K) e K are satisfied. Then for any

finite dimensional subspace X — X , we have

J(u)—>—oo as ||u||—>oo with ue X .
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Proof. Suppose that for some sequence {un} c X with ||un||)< — +00, then

exists M >0 such that
J(u)=-M forallne N (4.1)

Write v, , thenit is obvious that ||Vn || =1, we note that {Vn } is bounded.

||u I

Since X is finite dimensional, up to a subsequence, we may assume that
v, >V in X,
" N (4.2)
v, >V aeonR",
which implies that ||V|| =1 andso Vv=#0.Itfollows that thereis &, >0, such that
meas{x e R" :|v(x)|2 5} > &.
Set A= {X eRV: |V(X)| > go} .Forae. xeA, from (4.2) we can easily see that
lim un(x)|=oo.For 0<a<hb,let

n—o

Qn(a,b)={XeRN ac<

u, (x)| <b}.
A direct argument shows that AcQ, (r,,) for neN large enough. By (£),

we have

F(xu,(x F(xu,(x
J.A ( P( ))z.[A ( (P)) V”(
Juall U, (X))
If (K3) holds, by () and (£), for q<p< q*, there exists ¢>0 small enough,
and exists C, >0, such that

x)|p dX —> +o0 as N — oo, (4.3)

IF(xt) |_—|t|cI +C " (4.4)

It then follows from (4.2)-(4.4), and by the assumption (I) and Fatou’s Lemma
that

0=lim—" < IimsupM

inl TN S Y
p q q
=limsup iJ.RN%dx_i_l . |VUnl|) dX+l RNV(X)|l:n|
noe | P Jua I O fualy @ g
: K(x)F (u,)
—1 V7 /Yy
Rl T
K(X)F(U,), s
< — —limsup —— =y, |” dx
P b p
—Ilmsupj —(X)F Iv,|” dx

N> Qn(rp.) | | p

sc(§+cgrgqu I|m|nfj )Fp(u”)|vn|pdx

n—o
Uy

<C (%-ﬁ-cgroq*q] [ liminf Lp(u”)|vn|p dx
N—o0 un

= —00,
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If (K3) holds, by (£) and (%), for q< p< q’, there exists C,,C, >0, such that

q*

t

[F(xt)|<Cftf"+C, (4.5)

By (4.2), (4.3), (4.5) and the assumption (I), combining (£) - (£) with Fatou’s
Lemma, we obtain

3 (u,)

0=lim—M < limsup——~

n—o "un"P - ”un"p
i KO)F (U)o
<—= | KOIFU) g
<Q||Un||§7q ITj:ij‘Qn(Oyro) |Un|p [va " dx
i K(X)F(u ) P
_“Tffpfowro,w)T“h’J dx

<c(C,+C5 )~ liminf fAM|vn|pdx

Jua|”

<c(c,+Cr ")~ |, liminf KOF (W), 1o g

n—o0 p
n

= —00

which implies that whether (X) or (&) holds, we all have a contradiction for &
sufficiently small. The proof of Lemma 4.2 is complete.

In the following, we will prove that the functional J has the geometric prop-
erty, which is needed by Proposition 4.1.

Lemma 4.3 Suppose that (£)-(£) and (V, K) € K aresatisfied. Then the fol-
lowing results are satisfied for the functional J :

1. There exist constants p,a >0 such that J(u)>a for all ueX with
o=

2. For every finite-dimensional subspace X c X , there exists R = R()Z ) >0
such that J (u) <0 forall ue X with ||u|| >R.

Proof. (i) From the prove of Lemma 3.5 in Section 3, we know that J satisfies
the geometric condition (i) of the mountain pass theorem.

(ii) For ue X with ||u|| >1 sufficiently large. By (£), we obtain that there ex-
ists T>0 such that F(I)Z M |'[ P for |t| >T and < p<(q . Then we have

J (U)Z%J]RN a(x)|vul® dx+%j}RN [Vu[* dx

+%IRNV (X)|uf’ dx—J‘]RN K (x)F (u)dx
1

<Ll [0 K (R (u)ox

1
<Ll M K () o

since q<p, when M >0 sufficiently large, we deduce J(u)<0. Thus for
every finite-dimensional subspace X — X , there exists R=R(X ) >0 such
that J(u)<0 forall ueX with |u|>R.
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Therefore, all the assumptions of Proposition 4.1 are satisfied, so that problem
(1.1) admits infinitely many solutions with negative energy in X . This completes
the proof.

Now, we are ready to prove Theorem 1.2.

Proof of Theorem 1.2. We know that J satisfies the Cerami condition from
Lemma 3.4. Thus, it follows from Lemma 4.3 that all conditions of Proposition 4.1
are satisfied. Namely, problem (1.1) possesses an unbounded sequence of critical
values and hence infinitely many nontrivial solutionsin X . If the additional neg-
ativity condition on the critical values is imposed, these solutions have negative

energy.

5. Conclusion

In this paper, we have studied a class of double phase elliptic problems with in-
definite weight in R" . By combining weighted compact embedding results with
variational methods, we first established the boundedness of Cerami sequences
and verified the Cerami condition for the associated energy functional. Using the
mountain pass theorem, we obtained the existence of at least one nontrivial solu-
tion. Furthermore, when the nonlinearity f is odd, we applied the symmetric
mountain pass theorem and proved the existence of an unbounded sequence of
critical values, which yields infinitely many nontrivial solutions. The main diffi-
culty caused by the lack of compactness in R was overcome by Hardy-type
inequalities and weighted embedding theorems. The results obtained here enrich
the multiplicity theory for double phase problems with indefinite weights. It
would be interesting to further study the regularity and asymptotic behavior of
these solutions, as well as the case of variable exponents and more general double

phase operators.
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