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Abstract

We consider the following two dimensional Schrédinger-Poisson equation
2 _ p-2
Au+|x|"u+ypu = Au+alu|" " u, 0.1
Ap= u?,
where a,A€R, and p>4. We prove that problem (0.1) admits a local
minimizer U,.Moreover, we investigate the asymptotic behaviour of U, as

p — 4", and establish the stability of the solution.
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(OMONMY open pcces: |

1. Introduction

In this paper, we study the Schrodinger-Poisson system

i, —Al//+|X|21//+(pl// :a|1//|p721// in R*xR,

(1.1)
Ago:|1//|2 inR*xR

in the dimension two, where  :R?*xR — C is the time-dependent wave func-
tion, a€R, and p>4. We seek for the standing wave solution of (1.1) of the
form

w(x.t)=e"u

().

The function U then satisfies

{—Au+|x|2u+(pu:/1u+a|u|pZu, (1.2)

Ap=u°.

Solving the second equation in (1.2) via the Newtonian potential
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1
N (x) = —In[x,

problem (1.2) can be reduced to the single equation

—Au +|x|2 u +(IJRZ In|x— y|u2(y)dy)u = Au +a|u|p_2 u inR% (1.3)

The study of the three-dimensional Schrédinger-Poisson system (1.2), also
known as the Schrédinger-Newton system, has a long history. With appropriate
positive coupling constants, it first emerged in 1954 in the context of the quantum
mechanics of a polaron at rest [1]. Subsequently it was employed in [2] to model
an electron trapped in its own hole in 1976, and later in 1996, it appeared in the
framework of self-gravitating matter [3]. In particular, the existence of a unique
ground state of (1.2) in the three-dimensional case was established in [2] by solv-
ing a suitable minimization problem; this ground state is positive, spherically sym-
metric, an d strictly decreasing. Since then, the system has been extensively stud-
ied for N >3. Variational methods have been employed to derive existence and
multiplicity results for standing wave solutions [1]-[7], as well as for standing
wave solutions with prescribed L?-norm [8]-[11].

Compared with the higher-dimensional counterparts, problem (1.3) exhibits
several new features, which originate from the Newtonian potential A(X) .
Moreover, this potential is sign-changing, and has singularities both at the origin
and at infinity, which introduce additional difficulties in the analysis. One such

difficulty is that the energy functional

1 1

)= LIS o L b o

(1.4)
1 a

+Z.[]R2 I}R? In |X_ y|uz (X)uz (Y)dydx—gj.ﬂ{2 |U|p dx

is not well-defined on Hl(]Rz) as noted in [12]. To overcome this difficulty,
Stubbe [12] introduced a new Hilbert space

X:{u e HI(RZ):_[Rzln(1+|x|)u2(x)dx<oo}

endowed with the norm

Jull, = (IRZ [|Vu|2 +u?+In (1+|x|)u1dx);.

It can be verified that the functional E (u) is C' onthespace X.

Using rearrangement theory, Stubbe [12] proved the existence and uniqueness
of ground state solutions for (1.3). This work opened up a new approach to the
study of two-dimensional Schrédinger-Poisson equations and has inspired many
subsequent investigations, see [13]-[18] and the references therein. In particular,
in [19] the authors employed a closed subgroup of the O(2) to prove that the
Cerami sequence of the associated invariant functional has a convergent subsequence.
For both critical and subcritical problems, various existence results have been ob-
tained for (1.3) under different potential functions.

The existence and concentration of normalized solutions of (1.3) were investi-
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gated in [14] [16] [18] for mass-subcritical and mass-critical cases. In particular,
for the mass-subcritical case p e (2, 4), Cingolani and Jeanjean [14] established
existence and multiplicity results for normalized solutions of (1.3).

Physically, p=4 is the critical point separating different regimes. In particu-
lar, in [20] the authors studied Bose-Einstein condensates with attractive interac-
tions in two dimensions, described by the Gross-Pitaevskii energy functional.
They considered the case where the condensate is confined to a trapping potential
V(x), including the harmonic potential V (x) :|X|2. In the mass critical case

p =4, it was shown in [20] that there exists a critical particle number a >0 for
collapse of the Bose-Einstein condensate, even when 2 < p <4. They proved that
the condensate survives by showing that the corresponding minimization prob-
lem is attained for 0<a<a’ . However, for the supercritical case, thatis p >4,
the minimization problem admits no minimizer for any a>0. Furthermore, in
[21], the authors studied the evolution of the condensate as p — 4, and proved
that the minimizers blow up in this limit.

In the present paper, we study the existence, asymptotic behavior and stability
of solutions to problem (1.3) under the supercritical condition p >4, subject to

the normalization constraint
_[R2|u(x)|2 dx =1. (1.5)

Such solutions are called normalized solutions. The variational framework on the
space X provides a fundamental tool for the study of problem (1.3). However,
the analysis still requires many new ideas and delicate estimates because the norm
on X isnot translation-invariant, and the quadratic part of E is not coercive.

Unlike the mass-critical exponent p =4, the case p> 4 is a mass-supercritical.
The key difference is that the corresponding energy functional E,, when con-

strained on the sphere
S(1) ={u € HZLRZ|U|2 dx =1},
is neither bounded above nor below, where
H= {u € Hl(RZ):J']R{2|x|2 |u|2 dx<oo}.
To overcome this difficulty, we consider the local minimization problem

My =inf E, (u), (1.6)

where k>0 to be determined and
A ={u E S(l):_|'R2|Vu|2 dx < k}.
We note that the space H 1is a closed subspace of A, since the inequality
IRZ In(1+[x)u?(x)dx<CJ , X[ u? (x)dx

holds. Therefore, we can define a norm
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1
i, = (J.o (v + e u)

on 'H,and then the functional E, is well-defined on .

To state our results, we recall that the positive ground state solution ¢, (X) of
the scalar field equation
2,2

u=
-2 p-2

—Au+

|u|p’2 u in R? (1.7)

is unique and radially symmetric [22] [23]. It satisfies the Pohozaev identity

2
IRZ ¢P|2 dx:EIRZ

see for instance [22] [24].
Let

Vo[ dx=], oy x, (1.8)

% =lolf " 09

Theorem 1.1 Suppose that 0<a<a . Thereexistsa & >0 such that, for any
pe (4, 4+6 ) , the minimization problem ./\/lp 2 has a minimizer

b
u,eS()n AT% , where
L2
p-4
b= [%J (1.10)
and AT% denotes the interior of Arg .
The threshold constant @~ in Theorem 1.1 is given by
a =|w, (1.11)
where W is the ground positive solution of the equation
—AU +u=|u|2u in R? (1.12)
It is well-known (see [21]-[23]) that W is unique and radially symmetric. More-
over, |W| and |VW| decay exponentially, in the sense that

ol [V = o[|x|i e-xj as [x] > . (113)

By the Pohozaev identity, we have
_[RZ [V dx = IRZ w|” dx = %J'Rz |w|* dx. (1.14)

Next, in contrast of [24], we investigate the asymptotic behavior of the mini-

mizer U, of M, ~ as p— 4" . The asymptotic behavior for p — 4"
P

reveals a universal attraction toward the critical state. Indeed, even though the
system starts from the supercritical side, its profile near the critical point is cap-
tured by the solutionat p=4.

Theorem 1.2 For any sequence {p,} with p,—4" as k— oo, there exists
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a corresponding subsequence of minimizers {u o } of M (still denoted as

Pk.7
k PE

{upk } ) such that U, —U, stronglyin H,and U, isaglobal minimizer of the

problem My :=inf, g, E, (u), thatis, E,(uy)=M,.
Finally, we study the stability of the minimizer u,.
We first establish the well-posedness of the time-dependent equation

iy (x,8) = A (0 +xw (6 8)+ (I (20w (x,0)

|p72 (1.15)

=a|l//(X,t) w(xt) inR*xR
with the initial data y, € H , that is,
w(%,0)=yp,(x), xeR%. (1.16)

Theorem 1.3 Suppose y,eH and pe (4,4+§) , 0< 6 <. Then the Cauchy
problem (1.15)-(1.16) admits a global-in-time solution W (X,t) . Moreover,

w(x,t) satisties the conservation laws of energy and mass, namely,
By (v (+1)) =By (wo), M (y(-1)) =M (vo), (117)
where the corresponding energy and mass are
Ep(‘/’):%.[RZWV/F dx+%j}R2|x|2 ly|” dx -
+%IR2 [ aMn|x- y|l//2(X)l//2(y)dde—%.[R2 v dx '
and

w| dx, (1.19)

M (W) = .[R"

respectively.

Based on Theorem 1.3, we have the following stability result. Let 91, denote

the set of local minimizers U, € A, of the minimization problem Mp 2
Tp ’TD

Theorem 1.4 Suppose that 0<a< a’ and pe (4,4+5) with 0 e (0,1) . For

any ueM  , the normalized standing-wave solutions y(x,t)=e"*u(x) of

p b
(1.3) is stable. More precisely, for every & >0, there exists n>0 such that for
any @eH satisfying

it o ~ul, <1
we have
(-l <o

where W isthe unique solution of (1.15) with initial data ¢ .

The rest of this paper is organized as follows. In Section 2, we collect some

preliminary facts that will be used throughout. In Section 3, we prove that Mp 2
Tp

is attained. The asymptotic behaviour of the minimizer and the stability result are

established in Sections 4 and 5, respectively.
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2. Preliminaries

In this section, we collect some auxiliary facts that will be used in the sequel.
Let ¢, and W be ground state solutions of (1.12) and (1.7) respectively. By

Lemma 2.1 in [25], we have

@, > W in Hl(RZ) (2.1)
and

a,—>a asp-o4" (2.2)

It is known from [26] that a’; gives the best constant in the Gagliardo-Nirenberg

inequality:

Jiul’

We now define on H the following symmetric bilinear forms

(.[ |Vu| dx)p I]R2|u|2 dx fOI’UeHl(RZ). (2.3)

P

B (0) = [ [ eyl ()2 (), 2
Bl(u,u)szszzIn(1+|x—y|2)u2(x)u2(y)dxdy (2.5)

and
B, ( IRZIRZIn[1+|X 1y| ] u’(x)u®(y)dxdy. (2.6)

Then we have the relation
1
Bo(u,u)zg[Bl(u,u)—Bz(u,u)]. (2.7)

Using the elementary inequality 0<In(1+r)<r for r>0, we obtain

%|Bz(uu| |2 IRZIH( v J *(x)u’ (y)dxdy

<Je oy 0u° (1) vy

(2.8)

Consequently, by the Gagliardo-Nirenberg inequality (2.3) and the Hardy-Little-

wood-Sobolev inequality in dimension two [27]:

4
[z IR2ﬁ|u(x)||v(y)|dxdy < C||u||§ ||v||§ where u,ve L*(R?),  (2.9)

we have
3

8 1
_[Rz fﬂgz%uz (x)u?(y)dxdy <C (LRZ u3de2 <C (I}R2|Vu|2 dx)2 . (2.10)

Therefore,

;|B (u,u) | (j vu[* dx) (2.11)
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Similarly,

%|Bl(u,u)| < .[RZ IRZ[In(1+|x|2)+ In(1+|y|2)]u2 (x)u?(y)dxdy
gZLRZIn(1+|x|2)u2(x)dx_[]Rzuz(y)dy. (2.12)
<2, X" u? (x)dx[_,u(y)dy.

The following results can be verified as in Lemma 2.2 of [19].

Lemma 2.1 The following statements hold:

1. The embedding H > L (RZ) is compact, where Qe [2, +oo) .

2. The functionals B, (u,u),B,(u,u) and B,(u,u) areofclass C' on H.

3. B, (u, u) is weakly lower semi-continuous on H.

We also have the following compact result.

Lemma 2.2 Suppose V e Ly, (RZ) and lim,
qe[2,»), the embedding H> L° (]Rz) is compact.

V (X)=oo. Then for any

3. Existence of Minimizers

In this section, we prove Theorem 1.1. The proof consists of two parts. First, we
show M, isattained bysome ue A ,thenweprove ueA forsome k>0.

Proof of Theorem 1.1 Fix k>0. Let {u,} be a minimizing sequence of
M, - Since A is a bounded closed set in 7, {un} is bounded. Hence, by

Lemma 2.2 we may assume that

U, —=u inH; u, —uin Lq(RZ), gef[2,%); u, >uae R’ (3.1)
This yields
[oalvuf dx<tim [ [V, [ dx, fim [ fu, " dx= [, Jul” dx. (3.2)

Since u, »>u in L (Rz) , there exists v e L? (Rz) such that

U, (X)) Ju(x)|<v(x), xeR?

for any N [22]. Therefore,
In(1+|x—y|2)un2(x)u§(y)sIn(1+|x—y|2)v2(x)v2(y)

and

—]vz(x)vz(y).

x=y[

In [1+%Ju§(x)u§(y) <In [1+
=

By the Lebesgue dominated convergence theorem, we deduce that
lim LRZ J'RZ In (1+|x— y|2)un2 (x)u? (y)dxdy

= Joe Joatn (1= v u? (x)u® () dxaly.

and

DOI: 10.4236/jamp.2026.1410189

3877 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.1410189

D. H.Yang

limf.[.. In[1+

IRZ IRZ In [l+ |X 1y| Juz (X)U2 (y)dxdy.

}uz(x)uf(y)dxdy

x=yf

Consequently,
!EUOIRZ IRZ In|x—y|uZ (x)uZ(y)dxdy = J.RZ LRZ In|x—y|u?(x)u®(y)dxdy. (3.3)
Combining (3.2) and (3.3), we obtain
M, <E, ( )< limE, (un):Mp,k'

pk =

Thus U isa minimizer of M,, .

In order to prove that U is a weak solution of (1.3), it is necessary to show
ue A, . To this end, we shall choose k>0 appropriately.

Forany UeS$ (1) from (2.3) and (2.11) we deduce

j IVul* dx += [81 B, (u,u)]
22* (IRZ vu[* dx)T ij Juf* dx

1 P2 1
> EIRZ vu[* dx—%(]}R<2 vu[* dx) 2 _C (LR2|Vu|2 dx)2 :

Consider the function

It attains its maximum at

. 2a, |0 (3.4)
Tp = a( p _2) . .

Let
1 1
I, u)=§_[Rz|Vu|2dx+ZIRZIR2In|x—y|u2(x)uz(y)dxdy—%.[R2|u|pdx. (3.5)
Then
1 a . p-4
Ip(u)ZETE_ a;TSZ_CrPZZ(p_Z) T _g( )
Choose 6= P then

9(z, )20, >+0 as p—>4°.

Since Ep(u)Z Ip(u) R

-4
inf E > inf | >_P 2_Cr,. )
UEé‘Az ( ) UEOAZ ( ) 2(p—2) P p (3 6)
p p
DOI: 10.4236/jamp.2026.1410189 3878 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.1410189

D. H.Yang

We now show that ue AT,Z, .
Let peCy (RZ) be such that ¢ >0 and ||go||§ =1.Choose t,>0 such that
@, (x) =t,0(t,)
satisfying

2 1
Vgo[p‘ dx = tiJ'R2|V(o|2 dx = Zﬁrf,,

Joo

which implies @, € A, . Thus,
P

1 L
t, :E(H 22 |Vgo|2 dx) g Ty

This implies that t, >0 as p—>4",since 7, >+x.

Set M =sUpP,p, |X|2 . By Lebesgue dominated convergence theorem,

.[R2|X|2
as p—4". Moreover, since
1
o Lm0 ()07 () sy = 2 (8, () B, u.0).
by (2.12) and (3.7) we obtain

B (fpt,, P, )

2

2
“ax= [, 1% Jof dx<

Rr2

[ o|ef dx—0 (3.7)

X
@, t_
p

’ dx—>0 as p—>4" (3.8)

1
s E.[]Rz |X|2 (ptp

In view of (3.7),
1

.
v, dsz s%ceﬂzrp.

<c(].

B, ((ptp &, )
Consequently,

2
dx

2 1
dX+EJ.R2|X|2

Ep(vﬁtp)S%fRZ

1
2 [ [l vlol, (x) o, (y)xdy

V(Ptp 28

1 1 2 (3.9)
Szé’rf) +C[Zef;j +0(1)
< 1 92
hS E Tp <dg (Tp)
for p>4 sufficiently close to 4. Hence we obtain
M, , <E, (golp ) <,inf E, (u). (3.10)
P
The proof is complete. O

4. Asymptotic Behavior
In this section, we investigate the asymptotic behavior of the minimizers U, of

Mp,Z as p—o4.

p
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By Proposition 2.3 in [19], critical points ueH of E, onthe L? -sphere are
strong solutions of (1.3) in W?¢ (RZ) for all g=1, and, in the present setting,
they are classical solutions in C? (RZ) . Moreover, it is shown in the same prop-

osition that for every o >0,
Ju(x)|e” >0 as|x| - .
Consequently, U satisfies the Pohozaev identity:

VO 0x= [ b o o2 o) +%J'Rz|u|pdx 41

Lemma 4.1 Any sequence of minimizers {u p} of Mp , Isuniformly bounded
va

in 'H for p>4 sufficiently close to 4.
Proof Let peC/ (RZ) be such that
0<p<1and ||(o||2 =1.

Since z‘i given in (1.10) tends to infinity as p—>4", we have pe A, for
o
p >4 sufficiently close to 4. Therefore,

E,(u,)=inf E (u)<E, (o). (4.2)

ueA 2

By the Gagliardo-Nirenberg inequality (2.3),

IRZ |¢|p

which implies, since a; —a" as p — 4", that

[Llof dx<cC (4.4)

p-2

o =
< ([elvel ax) 2 [ [l o, (4.3)

for some constant C >0 independentof p.

Moreover, the estimate
[z e Inx=y]0* (x)¢ (y) dxdy| <C (4.5)

combined with (4.4) yields
E,(p)<C (4.6)

with C>0 independentof p.
We now claim that

(4.7)

with C>0 independent of p. Indeed, by the Pohozaev identity (4.1) we de-
duce, for p>4 close to 4, that

2., |Vup|2 dx = 2E, (Up)—%sz [2In[x=y]u? (x)u? (y)dxdy

1 a(4-p) p
+Z+—p J'R2|up| dx (4.8)
SZEP( ) j _[ In|x—y|u? dxdy+—.
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Note that Bl(u u) >0. From (2.7) and (2.11), we have
IRZ ij In|x—y|u? y ) dxdy

_IRZIRZIn[1+ ! ]uz()uf)(y)dxdySC(_[R2|Vup|2dx)2.

- yf
From (4.2) and (4.6), we have
E, (up) <C.

Therefore,

); , (4.9)

(%

which proves the claim (4.7). Combining (4.7) with the Pohozaev identity (4.1),

we obtain

o |x|2 |up|2 dx < J.RZ

Hence,

Ju, ], <c.
H

The proof of Lemma 4.1 is complete. U

Proof of Theorem 1.4. Let {up} be a sequence of minimizers of Mp .. By
Tp

Lemma 4.1, "up”H <C. In view of Lemma 2.2, there exists a sequence p,,

p, > 4" as K— oo suchthat the corresponding sequence of minimizers {upk }
of M, ., satisfies
Pk

NI in L9(R?
U, —Uy inH and u, —>u,inL (R )

for qe[2,+x) as k — . The Lagrange multiplier /4, satisfies

N

+j j In|x—y[u? ( y)dxdy — j

vu, |2+|x|2 |upk |2)dx

dx,

which implies that {ﬂk} is bounded. Thus, up to a subsequence, we may assume

A=Ay

Furthermore, for any ¢ eC; (RZ) , We write

g
Jel

In view of the weak convergence,

g

The the mean value theorem and the L" interpolation inequality imply

P2 Uy, —|u0|2 uo)godx

P

P2
<

upk _|qu

upk)(pdx +

g

Pk Pk qu —|UO|2 UO)(DdX '

—0 ask > .

Pk

U, —|u0|2 uo)godx
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P2
u —

o —0 ask - oo

u

Pk u

Pk

Il

Hence, applying the Lebesgue dominated convergence theorem and passing to the

2
U, )(pdx

limit kK — o in the weak formulation

IRZ(VUPKV¢)+|X|2 upk¢)dx+LR2 I]RZ In|x—y|u (y)dyu, (x)e(x)dx

(4.10)
Pk—2
= [ up [ Tup x4 [ Luy pdx,
we obtain that u, satisfies
[ (Vu(JVgoJr|x|2 uo(p)dx + [ 2] 2 Infx=ylug (v)dyu, (x)o(x)dx
(4.11)

= [L2Juo [ vppdx + 4o [, uggpx.
Similarly, the Lebesgue dominated convergence theorem, we have
.[Rz J.]RZ In|x—y|u (x)u? (y)dxdy — IRZ Lo Inx=y|ug (x)u3 () dxdy

as k —oo0. Moreover,

IR2 " dx = .[RZ

By Brézis-Nirenberg lemma and the convergence of U, in L’ (]RZ) for any
g=2, we obtain

4
IRZ Un, | dx = -[RZ

as k — . Using the mean value theorem, we have

"d ‘d ‘d
X_IRzupk| X+ mzupk| X.

upk

upk

U, —u0|4 dX+IR2|U0|4 dx+0(1)=_[]Rz |u0|4 dx+0(1)

4+0,(pt

infu, |, 6, <(0.).

P 4
|upk| k _|upk| =P _4)|upk

We estimate

4+0, (P-4 -1

) 4+6(p—4)
|upk ‘In|upk H£C|upk (upk +{Up, )
3+6(pk—4) 5+ (px—4)
<C (|upk e )
By the L" interpolation inequality, we deduce that
I 1-oq oy 1-ay
< < < <
|upk 340 (P —4) _|qu 2 Up, 4 T C, |upk 540 (px—4) _|qu 2 Up, 6 C,
where
1 :ﬂ_’_l—oc1 1 o 1o
3+Hk(pk—4) 2 4 5+Hk(pk—4) 2 6
Therefore,
Py 4
J'Rz(upk —|upk| )dx <(p,-4)C—>0
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as kK—ooo.
Thus, from the equality

Tl

_]RZ

vu,, |2 + |5 |u,, |2)dX+_[R2 [ In[x=y|u? (x)u? (y)dxdy

™ dx+ ﬂk_[Rz

2
upk| dx,

upk

we deduce that

J'RZ(V(upk —uo)‘2 +[x* |upk —u0|2)dx+jR2 [oIn[x=yug (x)u3 (v)dxdy

= __[Rz (|Vu0|2 +|x|2 |u0|2)dx+ e |uo|4 dx+0(1)

as kK — . This together with (4.11) yields

IRZ(V(UPK —uo)‘2 .:,.|x|2 |upk —u0|2)dX=O(l).

Thatis, U, —U, in H as k—>oo0.In the same way, we can deduce that

E,, (upk ) — E, (up).
Thus, for any >0 thereexists k, >0 suchthat E (upk ) >E,(uy)—& when-

ever k>k,.

We now claim that E, (u,) = M, =inf g, E, (u). Indeed, if it is not the case,

we would have ¢, =E, (u,)—M, >0. Moreover, by the definition of A, there
existsa WeS(1) suchthat M, >E,(W)—¢. Therefore,

E, (upk)> E,(Up)—e=cy+ My—&>c,+E, (W)—2e.

Note that for Kk sufficientlylarge, we A, since rf]k — o if k— 0. Hence,
i

. 1 .
choosing &< ECO , we obtain

1
E, (upk)>c0 +My—g2¢,+E,(W)-2¢ >Mpk,rp§ 5% > M

Pk 2!
kpg

which is a contradiction to E,, (u b ) =M, ., . Theassertion follows. g
Pk

5. Stability

In this section, we prove the stability for any minimizer U e, . More precisely,
we shall prove Theorem 1.4.

Let w, €M be theinitial data of (1.15). It was established in [28] [29] [30] the
local well-posedness of the Cauchy problem of (1.15) with initial data (1.16).

Lemma 5.1 Let y, € H . Then there exists a unique solution y €C ([O,T )i ’H)
of the Cauchy problem (1.15)«(1.16) for some maximal existence time T € (0, oo] R
and y (-, t) satisfies the energy and mass conservation laws (1.17).

Proofof Theorem 1.3. By [26] [30], in order to prove global existence, it suffices
to obtain a time-independent bound on ||1//(-,t)||H . We proceed as follows.
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",/,(t)"; =2E, (l//(.,t))—%J'R2 Lo Infx— ylw (xt) w (y.t)" dxdy

+2_;‘ [l (x.t)] dx (5.1

<26, (1 (1) + B (v (-0 (10) 22 Ll (o) o

By the Gagliardo-Nirenberg inequality (2.3),

p-2
Lalw COF ax< P [avw (0 ax) 7 [ (oo 62
p

Similarly, from (2.11) we have
[ [aIn[x=y|w? (x )y (y.t)dxdy < B, (w (- 1),y (1)),

By (2.8) and (2.10),

Bz(y/(~,t),1//(-,t))sC0||y/(-,t)||§, (5.3)
where
1
eyt
C0=7rE 2 {ﬂ} =272
Fm r(2)
2
By (5.2),
8 4C 2 % 2
Jelw COpax<ZE(Lavw (O oxf [ (of o )
3

Using the conservation laws of energy and mass (1.17) together with (5.1)-(5.4),

we obtain

4C, "'/’0 ||§ .

| (Jalvof o)

E (5.5)

v (-0, < 2E, (o) +

p-2

2
ally S
+—"a;0"2 (IR2|VV/(.,t)|2 dx) 2.

Since pe(4,4+5) with & €(0,1), the desired global existence assertion fol-
lows from (5.5). Indeed, if there existed T, >0 such that

lim [V (- t)]], =+,

t>Ty

we would obtain a contradiction to (5.5). This completes the proof of Theorem
1.3.

We now turn to the proof of stability.

Proof of Theorem 1.4.

We argue by contradiction. Suppose that for each neN, there exist g >0,

functions ¢, andtimes t, such that
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. 1
it lo-ul, <2 66
and
ui!?nfp ¥, () -yl 2 5, (5.7)

where W, is the solution of (1.15) with the initial data ¢, . By (1.17) and (5.6),

we have

EP (\Pﬂ ("tn))z Ep (Q”)_)Mp,rﬁ (5.8)

and

,=lenl; >1 (5.9)

¥, (4t,)

as N—> o,
Since 7, >+ as p—> 4", using (5.6), (5.8) and (5.9), for pe (4, 4+5) as

in Theorem 1.1 we may choose N, €N such that forall n> N,
lonli <2 and [Vo,[; <o, 75 (5.10)
We now claim that for any n> N,

[V, Gl <l 72 (5.11)

If not, there would exist n> N, such that

[V (0l =l 7

By (5.10) and the continuity of solutions of (1.15) with respect to t, there exists
7, <t  such that

[V, ()l =l 7 < 225 (5.12)
Set
1 1
W, =r——V (X7,)=r— ¥, (X7,)
"‘Ijn ("Tn )"2 "¢n "2
Then,
il =1 [vw, [ = 7. (5.13)
Consequently,
E,(w,)= u:IsDI% E,(u). (5.14)
On the other hand,
1
|, (-z,) ; =2E, (¥, (-,rn))—EJ'R2 e Inx=y, (%, 7,) ¥, (y,7,) dxdy
+2—:‘.[R2 Y, (x7,) P dx

2a
< 2Ep (\{ln (',Tn ))+ BZ (an ('v Tn),\{’n ('vrn ))+FJ.R2 an (X’ Tn) ' dX'
(5.15)
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Note that p is fixed, using (2.3), (5.12) and (5.13), we obtain

p-2
p p 2 > 2
ij ‘I"H(X,rn) dx < 2a; (IR2|V‘Pn(X, z’n) dx) 2 (IRZ ‘Pn(x, rn) dX)
b4 (5.16)
<2 Z*Cr;’*z <C.
ap
Similarly, from (2.12), we have
1
_.[RZ e INx=y['¥, (x7, YW, (y,z,) dxdy < C|‘I’n (xz)| (5.17)
Inserting (5.16) and (5.17) into (5.15), and using (5.8) we deduce that
|#, (.2l <c. (5.18)
Let 4, = "%”;1‘ Then, by the definition of E,
1
EP (Wn) = EP (\Iln (" Th ))+E|1_ﬂ’nz an (" z-n) ;
1 2 2
+Z|1—/l: [ fomlx=y|¥, (x7,) ¥, (y.7,) dxdy‘
a
+E|1—/1np IRZ ¥, (x7,) dx
From (5.9), (5.16)-(5.18), we obtain
E,(w,)<E, (¢n)+c(%|1—/1§ -]+ - 20 j (5.19)
On the other hand, from (3.10) and (5.8), we have
MP:T;ZJ < uigl;fz Ep (U),
P
and
E, (p,)— /\/lp’rg
as N— 0. Hence, for all sufficiently large n> N,
1 .
E, (¢H)+C(E|1—A§ -4 +|1—,1np|j <,inf E;(u).
p
Combining this with (5.19), we arrive at
£, (w,) < inf E,(u),
P
which contradicts to (5.14). Therefore, the claim (5.11) holds.
Next, following the same argument as in (5.18), we can prove that
l¥, ()l <c. (5.20)

Let v, =4,¥,(-t,), where 4 = 28 ||;1 Then,

[oval dx =22, “ax=A2[ o dx =1,

¥, (xt,)
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and by (5.11),

[V dx = 22 [ [V, (x.t, )] dx < 22| [ 22 = 22

for n sufficiently large. Hence, v, € A, . Moreover, since A4, -1 as N—o,
“p
it follows from (5.20) that

E, (4, (xt,))-E, (¥, (xt,)) >0 asn— .
Therefore, by (5.8),

E, (Vo) =E, (W, (+1,))+(E, (AW, (x1,)) - E, (¥, (x.1,)))
=E,(¢,)+0(1) > M

P
as N— oo,

Therefore, {Vn} is a minimizing sequence of Mp » - As in the proof of Theo-
Tp

rem 1.1, we can show that Vv, converges stronglyin H to alocal minimizer U

of Mp - Consequently, using (5.9) and (5.20), we obtain

p

||‘I’n (~,tn)—u||H <|v, —ul,, +||‘Pn (1) =i,
=V, —ull, +(¥, (+t,) (2= 4,)], =0

as N — o0, which contradicts (5.7). The proof is complete.
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