4

Journal of Applied Mathematics and Physics, 2026, 14(9), 3658-3697

““ Scientific https://www.scirp.org/journal/jamp
0 “ Research :
94% Publishing ISSN Online: 2327-4379

o,

ISSN Print: 2327-4352

On a Mathematical Model with
Non-Pharmaceutical Interventions for
Long-Term Dynamics of Viral Infections

James A. Njongwe12(5, Miranda I. Teboh-Ewungkem3®, Gideon A. Ngwal+*

'Applied Mathematical and Computer Assisted Modelling Unit, Department of Mathematics, University of Buea, Buea, Cameroon
“Department of Mathematics and Computer Science, The University of Bamenda, Bamenda, Cameroon

3US Department of Defense, Government, Forte Meade, MD, USA

‘Department of Mathematics and Applied Mathematics, University of Pretoria, Pretoria, South Africa

Email: njongwejames@gmail.com, mit703new@gmail.com, *gideon.ngwa@ubuea.cm

How to cite this paper: Njongwe, J.A., Abstract
Teboh-Ewungkem, M.I. and Ngwa, G.A.
(2026) On a Mathematical Model with

Non-Pharmaceutical Interventions for

A non-linear ordinary differential equation mathematical model is developed

and used to study long-term dynamics for viral disease transmission. The model
Long-Term Dynamics of Viral Infections. explicitly incorporates human behaviour and environmental transmissions
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from viral particles shed into the environment by infected humans. The pro-
posed compartmental model is sufficiently general to capture key epidemio-

logical features common to a broad class of viral infections, while accounting
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for behavioural changes as individuals transition between disease states and
adapt their contact patterns within each stage of infection. The model allows
a contaminated environment to act as a reservoir of infection, thereby captur-
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ing environmentally mediated transmission arising from viral particles shed
by infected humans. The population is stratified into quarantined and non-
quarantined classes, allowing the model to assess the impact of non-pharma-
ceutical interventions on disease progression. Analytical results are used to
establish the existence and stability of disease-free and endemic equilibria. The
basic reproduction number TR, is calculated taking into consideration dif-
ferent combinations of transition and new infection pathways, and its thresh-
old-like nature is well established. Numerical simulations are performed using
COVID-19 informed parameter values to illustrate the model dynamics under
different scenarios. The theoretical and numerical results from the model’s
output highlight the significant role of human behavioural dynamics and en-
vironmental transmission in shaping long-term disease outcomes.
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Dynamics

1. Introduction and Background

Viral diseases remain a major global public health challenge, causing substantial
mortality and persistent social and economic disruption [1]-[3]. Their rapid trans-
mission, continuous evolution, and ability to spread through human, environmen-
tal, and behavioural pathways have contributed to some of the most devastating
epidemics and pandemics in history, including influenza, Ebola, SARS, HIV/AIDS,
and COVID-19 [4]-[8]. Increasing global mobility, urbanization, and pathogen
evolution further increase the likelihood of large-scale outbreaks, while limited
therapeutic options and viral mutation can complicate their control [9]. Conse-
quently, effective disease control requires not only medical interventions but also
surveillance, quarantine, isolation, public health education, and sustained behav-
ioural compliance [10] [11].

Mathematical modelling provides a powerful framework for understanding dis-
ease transmission, identifying key epidemiological thresholds, and evaluating in-
tervention strategies. Since the foundational compartmental models of Ross, Hamer,
McKendrick, and Kermack [12] [13], numerous models have incorporated quar-
antine, behavioural responses, environmental transmission, and other epidemio-
logical mechanisms [14]-[18]. However, these features are often considered sepa-
rately. For example, models incorporating quarantine may neglect reinfection or
environmental contamination, while environmentally mediated models may omit
behavioural heterogeneity, treatment-centre capacity, or disease transmission from
quarantined individuals [16]-[18]. This motivates the development of a more in-
tegrated framework capable of capturing the interacting mechanisms that shape
long-term viral disease dynamics.

In this study, we develop a general deterministic compartmental framework
that unifies key epidemiological, environmental, and behavioural mechanisms
within a system of nonlinear ordinary differential equations. The model incorpo-
rates non-constant recruitment, limited treatment-centre capacity, reinfection,
environmental viral particles, disease-induced mortality and cadaver-mediated
transmission, contact tracing, quarantine and isolation, and behavioural hetero-
geneity among susceptible, suspected, and infectious freely roaming individuals.
In particular, non-quarantined populations are stratified according to their adop-
tion of barrier measures, allowing behavioural responses to influence transmis-
sion dynamically. To the best of our knowledge, this provides a unified framework
for simultaneously capturing these interacting mechanisms while remaining suf-
ficiently flexible for application to a broad range of viral infections through ap-
propriate parameterization. The resulting model provides a mathematical plat-
form for analysing disease thresholds, transmission pathways, intervention strat-

egies, and behavioural feedback in long-term viral disease dynamics.
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The rest of the paper is organised as follows. In Section 2, we outline the deri-
vation of the model showing the state variables and parameters, their possible
ranges and baseline values used and how they relate together in a conceptual
framework; we present a mathematical analysis of the derived model to ascertain
that the results are physically realizable and then re-parametrized the model. In
Section 3, we present detail analysis of the general disease free model and on the
epidemiological model with no barrier measures. Section 4 provides sensitivity
analysis and numerical simulations. Finally, discussion of results and conclusion

are provided in Section 5.

2. The Mathematical Model

In this section, we give a detailed description of the mathematical model studied.
We start with the assumption that there exist N barrier/control measures
b.,b,, -, by , putin place by a supervisory authority, and that the barrier measures
have been combined into sets C,, k=0,1,2,---,N, already ordered so that
b=CycCcC,c--cC,. Each C,, is a set that contains up to k barrier
measures so that any individual X , indexed by the subscript £, X, ,is consid-
ered to adhere to all barrier measures b;, j<k.We briefly write

X =(X,,X,,-,X,) torepresenta vector of length N +1 containing individ-
uals with different adherent indices. Thus each individual can be adhering to any
number of these barrier measures. Our proposed model shall therefore focus on
dynamics involving non-pharmaceutical interventions such as quarantining
and behavioural changes during a viral outbreak, captured in the form of barrier

measures.

2.1. Model Formulation and Description

At any time ¢, we divide the total human population into compartments repre-
senting disease status as well as adherent state to barrier measure(s). The com-
partments include: §(7) a vector of susceptible individuals, S, (¢), a vector of
suspected asymptomatic freely-roaming individuals, S, () suspected asympto-
matic quarantined individuals, I, (), a vector of symptomatic non-isolated in-
fected/infectious freely-roaming individuals, 1, (¢) confirmed isolated sympto-
matic infectious at homes, /7, (7) confirmed isolated symptomatic infectious at
treatment centres, R,(7) recovered, R, (¢) cadavers, and to these, we add a
compartment for environmental transmission contamination by E, (¢). So, from
a base set of N barrier measures, the vectors S,S,,1,., are each of length
N +1 as explained above, and we construct a system comprising 3N +9 com-
partments linked by the viral disease pathogen in a dynamical system. The con-
ceptual framework for the model is shown in Figure 1. The following model as-
sumptions may be highlighted:

A1l. Non-constant living human population.

A2. Infected individuals can shed viral particles onto the environment.

A3, Individuals can become infected when they come in contact with infected/in-
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fectious individuals, the cadavers of the viral disease victims or with a contami-
nated environment.

A4. Non-Pharmaceutical control is introduced in our model via barrier measures.

A5. Infected, suspected and infectious individuals in the population can be ei-
ther quarantined or freely roaming.

A6. Quarantined/isolated individuals are assumed to adhere to all the barrier
measures.

A7. All freely roaming humans can choose to adhere to none, one or more
forms of barrier measures.

A8. On recovery, recovered individuals gradually lose their immunity to the
viral disease and return into the susceptible compartment.

A9. The number of available hospital beds is limited by a fixed maximum ca-
pacity.

Suspected Freely Roaming
Population (Sg) Ay

|
Sro en Sen /
Bi; H
Isolated Infectious S R 4 j- , i
Individualsin ¢ i e ]
Treatment Centres (I
b n \ e Infectious Freely Roaming ™\
{ Populati \
H | Kolated Infectious “7;‘,/4‘ opulation (Ip)
Individualsat \\ /
Homes (1) S /

v
T‘ Vg
\ A
VQ Environmental
Contributors (E, ) U
d

7 Y Y

Figure 1. Conceptual framework of the compartmental viral outbreak model. Compart-
mental flows are described in the text, with notation defined in Tables 1-4.

The state variables, their descriptions, and their corresponding quasi-dimen-

sions are summarised in Table 1.

Table 1. Description of state variables and their quasi-dimensions.

Variable Description Quasi-dimension
H, Density of living humans at time ¢ H
H Density of living humans together with cadavers at time ¢ H

5 Vector of dimension N +1 representing susceptible
humans at time ¢.
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Continued

Vector of dimension N +1 representing suspected

S H
r humans at time ¢ .

s Density of suspected asymptomatic quarantined humans at
¢ time ¢

I Vector of dimension N +1 representing infected and
F

infectious individuals at time ¢

Densities of confirmed symptomatic infectious isolated
I, I, humans at the treatment centres and at homes at any time H
t respectively

Ry Density of recovered humans at time ¢ H
R, Density of viral disease related deaths at time ¢ H
Ry, Density of humans due to natural deaths at time ¢ H
E, Density of viral particles at time ¢ v

2.2. The Model’s Equations

In this section, we describe the equations that govern the time rate of change of
each of the entities in Table 1.

(i) The force of infection: The exposure rate of susceptible humans to infection.
We denote by A, » k=012, N, the exposure rate of susceptible humans of
class k to theinfection. We take into consideration susceptible individual’s con-
tacts with infected/infectious humans, cadavers and the contaminated environ-
ments. We use a standard incidence model where we append the size of cadavers

to H,, the total living human population to get H . So that:

=S, (041, (1) 1, O+ RO+ 2 (S, + S+ 1)(0:
H(t)=H,(1)+R,(¢).

Forall £=0,1,2,---, N, the equation for the force of infection takes the follow-
ing form:
1 N
=—| D0 S+ 1y |+&Sy+ bl +$ A, +d R, |+ 1 Z(E,). ()
—_— e —— - 7

A
N H —
) ) (3) ) (5) (6) )

where H(z)>0 isdefined in Equation (1). Each of the terms in Equation (2) are
explained below by listing the numbers in the underbraces.

(1) Contacts between susceptible humans with adherence index & and sus-
pected asymptomatic freely-roaming humans with adherence index ;. Here, we
have simply considered a contact pattern through the formula
S;+8y —1 5SS 7 according to standard mass action law with rate constant
T,
while §,S; will meet with contact rate 7, . We shall demand for simplicity

» Ty, #7;,- So the mixing pattern §,S; will meet with contact rate 7, ;

that the contact weight, 7, ;, shall be the same, and write,
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Tk,j = (pSka,j’ Tk,j :k+—j+1, ks] = 0,1,2,"',N, q)gk >0. (3)

Here, ¢, >0 isinterpreted foreach k as the effective contact rate. Two ma-
jor requirements for the choice of 7, ; are: (i) monotonicity and (ii) positivity.
Thatis, 7,,>7y, >0 and 7, ,>7, ., >0.One form is shown in Equation (3)
which we can identify with the entries of a finite Hilbert matrix [19]. Other forms

- = _ (k+))
for 7, ;,suchas 7, ,=¢

are possible.
(2) Infection from contacts between susceptible humans with adherence index
k and freely-roaming infected individual with adherence index ;. Using similar

argument as in (1) above, we set,

¢k,j :¢1kz_-k,j’ kyj:(),lyza.“:N; (Djk >0' (4)

Here, ¢, >0, k=0,1,2,---,N isthe effective contact rate. From our assump-
tions, one will expect that ¢, <¢, .

(3) Infections from contacts between susceptible humans with adherence index
k and suspected asymptomatic quarantined individuals.

(4) Infections from contacts between susceptible humans with adherence index
k and confirmed isolated symptomatic individuals in the treatment centres.

(5) Infections arising from contacts between susceptible humans with adher-
ence index k and confirmed self isolated symptomatic individuals at homes.

(6) Infections arising from contacts between susceptible humans with adher-
ence index k and the cadavers of the viral infected victims.

(7) Infections from contacts between susceptible humans with adherence index
k with the contaminated environments. While some authors, see for example [20],
have considered an unbounded linear form for the function Z (EV) , we shall as-

sumethat Z:[0,00) >R" isabounded and monotone increasing function. In our
formulation, Z(E,) is indexed with two parameters: B, that measures the su-

1
premumof Z and A, tomeasure the concentrationlevel where sup(Z)= 5 B, .

We demand that, Z(E,)—>0 as E, >0 and Z(E,)—> B, as E, > . One
such function is:

Z(Ev)—% (5)

CA+E’
a Holling’s Type II functional response.

(ii) The susceptible individuals: This class of individuals represented by the
variable S e R""', comprises humans that have not in anyway been infected by
the viral disease. The individualsin the S class are categorized into N +1 groups;
8,58, ++,8y determined by their adherence to barrier measures. For example,
S,, k=0,1,2,---,N are individuals that adhere up to &k forms of barrier
measures. The rate of change of the number of susceptible individuals with time
decreases when members of this class become exposed and are either moved to

the suspected asymptomatic quarantined compartment or to the suspected asymp-
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tomatic non-quarantined freely-roaming compartment. While the density in-
creases when some confirmed quarantined individuals who returned negative tests,
false suspected non-quarantined freely-roaming individuals who are not sick of
the virus and those individuals who recovered from the disease and have lost their
immunity all return to the susceptible pool. Figure 2(a) shows the various flows
in and out of an arbitrary class S, , of the susceptible compartment. So, the net
rate of change of individuals in the S, compartment, for £=0,1,2,---,N at

any time ¢ can be written in the form:

gk

(a)

o \L“'f.l \l/"ki AN bkr‘{l/ \l/bh,l \Lbk.j by
‘ 5, Sy

Sro| Spa| see | Sey| eve | Sew

k ﬁ

(b)

Figure 2. Conceptual diagram showing the flows for an arbitrary group.

J=0.j#k

N N
% =(New Births), +[ 2 a.i,kS_ij+[zaj,kSHj+anSQ
} (6)
+og Ry —ﬂ«kNSk _(Ak +:u)Skv where A :( Z aks/)’

Jj=0,j#k
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where the parameters in 4, ~ are as given in Equation (2). We suppose that the
total out flow rate for individuals from the S, class due to exposure to the viral
infectionis 4, ,then we expect the conservation equation

27:0 A Sk + AoSy =4, S, » where 7, is as defined in Equation (2) to hold.
Now, let 6, bethefractionof 4, S, individualsthatwere identified and placed
in quarantine and the remaining 6, ; be the fraction that escaped detection and
so enter the suspected freely roaming class. Our conservation equation will now
take the form; 6, +27:0 6,;=1;for A,=64 ,and A =6, 4 .

(iii) The suspected asymptomatic freely-roaming individuals: This class
comprises individuals who came in contact with or where near a known viral in-
fected patient. They are described by the variable §, e R and are categorized
into N+1 freely-roaming suspected groups represented by the variables
Si0sSkis Sy - Outflow from this class is driven by the development of symp-
toms or that they were not infected of the viral disease at all. The rate of change of
the density of members in this group decreases when some of these individuals
return to the susceptible pool because they were not sick of the viral disease, some
developed symptoms and progressed to the infected/infectious freely roaming
compartment and others who developed symptoms, were identified and isolated
either in the treatment centres or at homes. The density of these individuals in-
creases when the susceptible individuals are exposed by having come in contact
with or being associated with any of the possible infectious cases. For a particular
class, S, , k=0,1,2,---,N ofthe S, compartment,theflowsinand out of this
subclass is as shown on Figure 2(b) and the equation that governs the rate of
change of the S, individuals at any time ¢, is given by:

ds v il
d_?:[z/lf’ksj}{ 5 bj’kSFj]—(ka+Gk+,u)SFk 7)
=0

J=0,j#k

N N
Where j;cN:é.‘:Fk+a)Fk+z(ak,j+ﬁk,j) and Gk:[ Z bk’jJ’ k:O,l,z,“',N_

Jj=0 J=0,j#k

(iv) The suspected asymptomatic quarantined individuals: This class com-
prises the other group of suspected individuals who were in contact with or in the
vicinity of a known infected patient but are traced, via contact tracing or some
other means and quarantined. Members in this class, described by the variable
S, » are either self-quarantined or isolated in approved facilities. Individuals in
this class move to the susceptible class (following a negative test result) or they
move to the confirmed infected/infectious symptomatic isolated classes (follow-
ing a positive test result) and depending on the availability of space at the treat-
ment centres. The rate of change of the density of individuals increases when a
fraction of the susceptible individuals who got exposed get traced and quarantined.
The density is reduced when some of these individuals returned to the susceptible
pool after returning negative viral test results, while those who are confirmed pos-
itive, either move to the treatment centres depending on whether there is space or

are forced to isolate at homes. Thus:
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N N
%:[;’lfgsjj_(fgﬂfﬂ)sﬁ Joy :;agﬁ'?’*’ﬂ- (@)
(v) The symptomatic non-isolated infected/infectious freely-roaming pop-
ulation: This class is made up of those asymptomatic non-quarantined freely-
roaming individuals who are infectious but do not exhibit symptoms or may ex-
hibit symptoms but for some reason, cannot get a test. These are the super spread-
ers. They are described by the variable 7, e RV and are categorized into
N +1 subgroups represented by the indexed variables [/.,,/,-:-,{z, . We be-
lieve these are key disease drivers in the community and their level of contribution
to disease spread via human-to-human contacts and rate of viral shedding into
the environment would be determined by the respective level of compliance to the
barrier measures. We assume that the rate of viral shedding in to the environment,
in terms of the subgroups is in the order /,,>1,, >--->1,, whereby individu-
als in the subgroup /,, could be termed super disease spreaders. The rate of
change of the density of symptomatic infected/infectious freely roaming individ-
uals in the population increases when a fraction of the suspected asymptomatic
freely-roaming individuals developed symptoms, progressed to this class. Outflow
from this class occurs when some of these individuals are removed by recovery
from the disease at rate r,, , by death caused by the virus at rate o,, or to iso-
lated units at homes or in treatment centres at rates p,, and o, respectively
while others die due to natural death. For an arbitrary class, [, ,ofthe I, com-
partment, the equation that governs the rate of change of the /,, individuals at

any time f, is given by:

d/ ul S
d_?:(jz-:oﬁj,ksﬂj+[ 2 cj‘k[p,}_(ngerer)IFk, k=01 N; (9)

Jj=0,j#k

N
where C, :{ > ck)/.] and g, =04 + P+ + 05 -

J=0, %k

(vi) The confirmed isolated symptomatic infectious individuals at homes:
This class of individuals comprises all those individuals who are now presenting
with symptoms. They are described by the variable I, . Recruitment into this
class depends on whether the treatment centre has attained it carrying capacity,
B .. ornot. Therate of change of the number of /,, increases as a result of flow
from the S, and were unable to be admitted at the treatment centres because
there is no space in the treatment centres or they chose to isolate themselves at
homes, from S, class who developed symptoms, and then forced to isolate them-
selves at homes. Further more, increment in this class is also caused by cases from
the I, class. The rate of change of the density of [, class is reduced when
some of the individuals are removed, or moved to the treatment centres. Removal
could be as a result of recovery at rate 7, or as a result of disease induced death
atrate O, , or of natural cause at rate x . At time f, we have:

d7
d_;leHN (SQ’SF’IF)_(ﬂH+ﬂ)]H9 (10)

DOI: 10.4236/jamp.2026.149181

3666 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.149181

J. A. Njongwe et al.

where the function F,, ~measures the flow rate into the /,, compartment as a

function of the size of the treatment centre and it is given by:

N
(ﬁ+7)SQ+ZICj, if [1;]> B
Fy (SgsSeid )= L, , (11)
'BSQ+Z(§FJ'SH+'DFJ'IFJ')’ if [1,] < B,
=0
for K, =wg5Sg+&5Sy + 05l + prly , j=0,1,2,---,N R and

By =1, +n, +0, isthe total out flow rate from this compartment with:

_ 0’ %fIIIT]]>Bmax (12)
n, if[1;]< B

H

where [1;] is is the floor of I, which is also the greatest integer smaller or
equalto /,.Mathematically, [/;]|=/<n<I<n+1, neNU{0}.Thus [I,]
is the effective number of individuals at the treatment centres, capped by the max-
imum treatment centre carrying capacity B, .

(vii) The confirmed isolated symptomatic infectious individuals in treat-
ment centres: This is the class of individuals who at some point had tested positive
and were asymptomatic, not exhibiting any viral disease-like symptoms but are
now presenting with symptoms. They are described by the variable I, flow into
this compartment is greatly conditioned on the size of the treatment centre. The
rate of change of the /; individuals increases as a result of flow from the S,
class by individuals who returned positive viral tests, from S, class who devel-
oped symptoms, were traced and then taken to the treatment centres. Increment
is also caused by cases from the 7, class, when it is noticed that there is space at
the treatment centre and, from the S, class. The rate of change of the density of
1, individuals is reduced when some of the individuals are removed as a result
of recovery atrate 7. orasaresultof disease related death atrate o, andlastly,
as a result of natural death at rate 4 . Attime f, we have:

d/
d_tT:FTN (SQ’IHasF’IF)_(ﬁTJrfu)]T; Br=r;+0r, (13)

where the function F; measures the flow rate into the /; compartment as a

function of the size of the treatment centre and it is modelled by:

0, if [1,]> B

Fy (Sgdyy 8.1, )= (14)

N
¥Sp+nly + Y (0, +oyly), if[1]<B,,
j=0

(viii) The recovered individuals: The class of recovered individuals denoted by
R, , contains all individuals who once got infected by the virus and did not die of
the disease. Since recovery from the disease may not confer permanent immunity
against further infections, these recovered individuals eventually return into the
susceptible pool and can be reinfected if proper precautions are not taken. The

equation governing the rate of change of recovered individuals at time {, takes
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the form:

dR N
R :[ZFF/‘IFJJ"_FTIT +r,1y, —(aRN +,u)RR; (15)
=0

N
where a, = le_zoaRj .

(ix) The cadavers: Here, we have two kinds of deaths; (i) disease induced deaths,
collected into the compartment R, at rates J,, o, and o, form the I,,
I, and I, compartments respectively. (ii) natural deaths collected into the
compartment R,, ata constantrate ux from all living population classes. It is
known that the dead bodies of some viral disease victims are still very infectious
and can still infect susceptible individuals upon effective contact. Thus, in this
work, we consider 7, to be the rate at which cadavers are properly disposed of
through burial or cremation. The rate of change of the population of disease in-

duced deceased individuals at time f is:

dR,
dt

N
:(25ﬁlﬁ]+§rlr+5HlH—rDRD. (16)
J=0

In Equation (16), 7,R, are disease related disposed cadavers. It is a collection
dD

class modelled by; —2=7r,R,,. Next, we define R,,, another collection class
dr

that tracks all natural deaths, occurring at rate x , from all the living population

classes. It is modelled by:

N
% = USy + ply + pul + uRy +;}(,qu +uSy +'UIE/') =uH,. (17)

We use the classes R,, and D, , only as place holders.

(x) The environmental transmission contributors: This compartment com-
prises all viral particles shed by infected humans into the environment and it is
described by the variable E,.The shedding of these viral particles by infected/in-
fectious humans occur at different rates depending on the adherence index of the
infected human. Thus, the rate of change of the density of viral particles shedded

into the environment at time ¢, is modelled by the equation:

N
Z(‘/’FJSFJ"‘VF, Fj)-i-V Sy +vyly +v,I, —dE,. (18)
j=0

In the absence of viral disease, E, decays steadily to zero at rate d .

(xi) Dynamics of the total human populations: The total living human popu-
lation is not constant since the model accounts for births and deaths. We assume
that all new births, enter the class of susceptible individuals who adhere to all N
control measures. Let b(HL) =7, (1 —?J where 7, and K, are positive

h
constants. So that the net rate of new births that enters the susceptible compart-

ment, §,atanytime { is given by:
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b(H,)H,, k=N

. (19)
0, k#N

(New Binhs)k = {

At any given time {, the rate of change of the total living population is:
dH Y
L I, —[Zéﬁlﬁj. (20)
7=0

de
Equation (20) shows the dependence of the size of the living population on
disease related deaths. If 5, =6, =6, =0 for j=0,1,2,---,N, then all deaths

in the system are only due to natural causes and the total living human population

:(b(HL)_'“)HL 6,1, =6,

satisfies the equation:

i, _ 7 1—i H, — uH, ; which can be solved directly
¢ h K L L
h
K K,(r,-
K here k= Kulnza)
1+ Be 7,

h

) B_Kh (ke r=r—u

h

to have H, (t) =

and ceR. Clearly, if (i) n,>u, H,(1)>K as t—>o andif (i) <y,
H,(t)—>0 as t—o. In either case, H,(¢) remains bounded as t—>.
We shall assume that 7, > i . Also, applying similar arguments, the equation

for the rate of change of the total living human population and the cadavers is

given as:
dH H
Ezrh[l—?:jHL—,uHL—rDRD. (21)
Putting all the equations together, we get:
ds, . ul ul
—L=(New Births), +| > a,,S, |+| D a,,Sy |[+a,S,
J=0,j#k Jj=0

+ Ry _)]’k A _(Ak +:u)Sk9k:051929"'3N;

dr N N
“ :{Zﬂj,ksﬁ}'j+[ _ Z cj,klf_‘j]_(gk +C, +:u)IFk7k:0:1927"'9N;

d‘[it (22)
d_f = FH]\/ (S S I ) ﬁ )
d/

(
dtT v (S Lo Spdp )= (B + 1)1

Z ]+rTIT+rHIH—(aRN +,u)RR;

N
[Z5Fj HJ+5T]T +0,1, —1Rp;

Jj=0

N
Z(l//F,SFﬂLVFJ F,)+V Sy +vyl, +v,l, —dE,.

J=

The equations for the total living human populations are given by:
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dH H 3
L =7, (l——L\JHL —uH, =61 =6,1, —{255/151}
d[ Kh /=0 (23)
dH H
E=r,,[1—7jJHL—uH—<rD—u>RD-

where 4, is as given in Equation (2); 4,, Equation (6); G, and f, , Equa-
tion (7); f,, > Equation (8); C, and g, , Equation (9); F, (SQ,SF,IF) ,
Equation (11) and FTN (SQ,IH,SF,IF) Equation (14).

One form of initial conditions could be those that start off the process with

some initial density of the form:
Si(0)=5¢s S5 (0)=Sps 1 (0)=1Ts So(0)=Sg, 1, (0)=Tps  (29)
L (0)=17, Ry (0)=Ry, R, (0)=Ry, E,(0)=E], (25)

where the variables with superscript 0 are typical variables attime =0 whose
values will be provided as initial conditions.

Definition 2.1 (Realistic solution). A solution of system (22) is called realistic
if it is non-negative and bounded.

For all intents and purposes, since the rates are polynomials and rational func-
tions, we can easily establish using standard techniques as shown in [21] that sys-
tem (22) is mathematically and physically well-posed. Also, the solutions lie in the
bounded region,

Q= {(Sl. (6):83 (£)2So (£) Ly (). 1 (£) 1y (£) . R (1) Ry, (2), E, (2))

eRM:H, (I)S%and E, (Z)S%}CR?/”, (26)

— - rhKh icT
0. = Z(WFi+VI_7)+VQ+VH+VT an ,iel.

Jj=0

2.3. Non-Dimensionalisation and Re-Parametrisation

To scale the system, we make the following change of variables:

S 5 Swog Soj _Im j_Ij I p_Re
S A A A A
- R - R, =~ D, ~ H =~ H =~ E ‘
p=— Ry=—p Dp=—0  H=—7%, H =—%, E =—5, 1=—5,

R’ R, o H HY T

where S¢, Sp., So, 1%, I, Iy, Ry, RY, Ry, Dy, E’, Hf and H°,
are reference quantities associated with the different human and viral compart-

ments, and 7° is a characteristic time frame for the system. We set;

Kh (rh _/J)

K= sr=r—pu; Vkel, §) =8, =Sy =1p =1, =K;

1y
' | (27)
I =Ry=Ry=R),=D),=H)=H"=K; E)=4; TO:;;

and then define the following dimensionless parameter groupings:
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0, ifkeN
0 : oA _ %k
7, =T (At p)s = Arh , ifk:N’h_K_h’a”_Akw’
 TH
i . Thj D~ Gor A &
Q= S = P = Ay = £ =
T Tho P Tho O At Tho
gy, é: :i. — k0 ./{,:szv.j/ =T0(f +G +,U)
Ak‘h“’ ¢ Tk,O’ ‘ Ak+/4’ Tk0 P S ‘ ’
6 -0 o e g G0, (s )
i, - 9 ',k_ ) A ) S, )
S, G+ u / S, TGt / So, tu C O
0 " ¢k 2 ﬂj,k ~ Cik
v, =T (g, +C.+u); ¢ =—; B, = 36, = ;
ek ( e ) * Tr0 s & +C +u sk & +C +u (28)
7 £ 0 ~_Thoa 5*1 p
Vg =T @y +1)s oy = =1y, =11y F =50, == 1y =2
R ( Ry ) 1 ay, + Rp D U 1 " d
I° v,S? - — ~
o =T = vy = By = P P 6 2T
ﬂ+7.B: Bz Pty . _OntPy . @y
ﬂH"’ﬂ’ ﬂH+lu’ K Bu+u T By +u T ﬂH"’/“’
__ % Ly o= Y s _ % h=—T .
s s Wry s O s s
Bu+u Br+u ’ Br+u ! Br+u Br+u
B. - d o vSy
=—idy=—ty,, =T (By+u)iy, =T° (B + 1)y =—
1; Tio dE;

T s rk(l_hHL)HL+ > a/kSJ+z 145k

T =0k =0

+ko§Q+de1§R—ak/1k(jz)§k—Sk},Vk:O,I,Z,---,N;

dSFk 5 s -\ & Yoo~ g =

1o = Von | 20uA (9)S;+ X b8y = Sp | V=012, N,
v j=0 J=0,j#k

dS N, L

[ ~
Ter B4 6055,

Jj=0
~Fk & s & ul = =
S+ ¢ dn—15 |;

dr 7/[1-‘/: ,Z:(:) JkSE j:oz,,;¢k jk*Fj Fk (29)
a7, o
F:%H |:F;;( Q’SF"IF)_IH:|9
Ezﬂr [F;(SQ’IH’SF’IF)_ T}

dR Nooo L.

: R =¥, |:Zr}-‘jlfj+rTlT+rH1H_RRi|ﬂ

T )

dR N e Ae A -

dD =Yz, {Zé)‘ﬁ 5Ol + 0,1, — D},

T P

dE, N

dr :7Ev |:Z(‘//F/SF/+VF/'IF/)+VQSQ+VH1H+VT T_Ev:|5

Jj=0
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and the total populations satisfy the scaled equations:

A0, . s wa e Mo
=F(1=H, ) H, =61, =0, 1, = 5,0 5
dr < o0
E:r(l_hHL)HL_H_ »Rp
where:
0oS(s Sus In)isSe 5L s ]
‘k(y):Z[“fﬁwjﬁ}ekﬁ’wgmggﬁ'
" P ~ (31)
~ R . E
+dkTD+ k(1+;§ ];
~5 N ~ o~ . -
780+ 2 (8nSi + Pl ) €[] > by
Fh(SQ’SF’IF): - ];) ) ) : (32)
ﬂSQ‘f‘Z(CbHSFj‘f‘ON'F]IF])’ 1f[[1T]]<bmax
Jj=0
and
0, if IVT]] >b,.
F(S.1..8.0.)=1 . _ «~ . ) )
t(Q H9F ) PS+iily +>.Q,, 1f[[r]]3bmax
j=0

7

For, O, = (aA)FjSFj +6'HI~F/.)

Table 2. Model’s parameter values and their Quasi-dimensions.

Parameter Description Units Range of possible values  Baseline values  References
7 Recruitment rate of humans -l 6 16.6 9.58904 %107 [22]
' T 1000%365°1000x365 | > 0+
yri Natural mortality rate of humans -1 ! ! 4.56621x107° (22]
Y ' T 89.8x365 54.4x365 0021
K, Human environmental carrying capacity H Varies 10¢ Assumed
Proportions of susceptible individuals
with adherence index k& who become
suspected asymptomatic freely-roaming
o, .(6 0,1 . 2 Al
kg ( k) individuals with adherence index j, [ ] 0.75(0.25) ssumed
(respectively, suspected asymptomatic
quarantined individuals).
Total outflow rate for suspected
asymptomatic freely-roaming (and 11 1
fo (So) VTP yroaming and =, - [23]
suspected quarantined) individuals with 14°2 8
adherence index £ .
Flow rate from the S, classin the
d freel i tment 11 Assumed,
a, suspected freely-roaming compartmen . 11 0.04375 weighted with
J to the S ; class in the susceptible 5002 /
P
compartment. !
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Continued
Rate at which individuals from the
S, class in the suspected
freel ] ment Assumed,
B reely-roaming compar men. - L,l 0.025 weighted with
N progressed to the [, class in the 5002 /

Ty
symptomatic infectious freely-roaming '
compartment.

Rate at which suspected freely roaming EER Assumed,
e individuals are removed and isolated at 7! —_— = 0.04375 weighted with
1500 2
homes. Sy
Rate at which suspected freely roaming ERE Assumed,
Oy individuals are removed and isolated into 7! 50072 0.0125 weighted with
the treatment centres. - - ka .
Rate at which suspected quarantined SERE Assumed,
Ay, individuals moved to the susceptible 7! 20072 0.04375 weighted with
class k. - - Joy
Rate at which suspected quarantined
individuals who are confirmed to be 11 Assumed,
V4 infected with the virus progressed to the 7! —_— = 0.05 weighted with
. . T 200 2
isolated infectious individuals at the Jou -
treatment centre.
Rate at which suspected quarantined
individuals who are confirmed to be 1 1 Assumed,
y/j infected with the virus progressed 7! —_— = 0.03125 weighted with
. . T 200 2
to the isolated infectious individuals Jou -
at homes.
oy .Rate at Yvhich recovered individualslose 2 73x1 O,ﬁ’i 1/120 24].
immunity. 120
Rates at which susceptible, suspected
freely-roaming and infectious
4 b freely-roaming individuals change
k,j> k,j?
! " their adherence status, from adherence 7! Varies Varies Estimated
b status index k& to adherence status
index j within the respective
compartments.
Total outflow rates for individuals
who are infected/infectious
2> By symptomatic freely-roaming, 3 1 3
> Pu ymp el Y 8 71 — = — [25] [26]
B symptomatic isolated at homes and 500 5 20
at treatment centres with adherence
index k, k=0,1,2,---,N
Rate e?.t wblzl.l %gfecltlous freely ; 1 Assumed,
roaming individuals are remove . .
. - 0,— 0.0375 weighted with
i and isolated into the treatment r { 5} g 8
.-

centres.
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Table 3. Model’s parameter values and their Quasi-dimensions.

Parameter Description Units  Range of possible values Baseline values References
.Ratfe z.1t which infectious freel).f roaming { Assumed, weighted
Prx individuals are removed and isolated at 7! 0,— 0.0375 .
5 with g, .
homes.
Recovery rate of confirmed
. infected/infectious symptomatic freely . 0 1 0.0375 Assumed, weighted
Fk roaming individuals with adherence r ’5 ’ with g,.
index k.
Disease related death rate for
infected/infectious symptomatic freel 1 Assumed, weighted
O cenmEeIom symp Yoo 0,- 0.0375 , &
roaming individuals with adherence 5 with g, .
index k.
Rate at Whl(.Zh vconﬁfmed' 1sc?la'ted 1 Assumed, weighted
Ty symptomatic infectious individuals at 7! 0,— 0.075 .
5 with 3, .
homes recover from the infection.
Rate at which confirmed isolated
symptomatic infectious individuals at ] Assumed, weighted
n homes become confirmed isolated 7! 0,— 0.03 .
o . 5 with £, .
symptomatic infectious individuals in
treatment centres.
Disease rela.ted de.ath rates. for. c.()nﬁrmed S5 Assumed, weighted
Oy symptomatic self-isolated individuals at 7! 0,— 0.045 .
5 with 3, .
homes. -
Recovery ra.te.of corhlﬁrrr.1ed .1s.olated‘ S5 Assumed, weighted
T symptomatic infectious individuals in 7! 0,— 0.09 .
5 with g, .
treatment centres. -
Disease rela.tefi death Ijate. f(.)r conf."lrmed © 1 Assumed, weighted
or symptomatic isolated individuals in T 0,— 0.06 .
5 with g, .
treatment centres. T
Entries of Hilbert-Like matrix for
contacts between susceptible humans
with adherence index k£ and suspected
T freely-roaming humans or 1 [0, 1] Varies Assumed
infected/infectious freely roaming
humans with adherence index j,
k,j=0,1,2,---,N.
Effective contact rate between susceptible
humans with adherence index %4 and
-1 0.002,1.12 0.18 20] [25] [27] [28
Prs infected/infectious freely-roaming [ ] (201 [25] [27] (28]
individuals with adherence index ;.
Proportionsof I., S., I,, I,, SQ
and R, humans who come in contact
C, . [0, 1] Varies Assumed
with § humans. Here,
xe{l,,8,.1,.1,.55.R, }
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Continued

Contact rate between susceptible humans

with adherence index % and suspected - [0.0002’1 .12] 0.15 Weighted with o -

’j asymptomatic freely-roaming humans

with adherence index ;.

Contact rate between susceptible humans
with adherence index & and confirmed
O ; infected/infectious symptomatic freely- 7! [0.0002,1.12] 0.18 Weighted with o, -
roaming humans with adherence index
Jj.
Effective contact rate between susceptible

humans with adherence index 4 and

&, 7! [0.0002,1.12] 0.06 Weighted with ¢, .

suspected quarantined asymptomatic
humans.

Effective contact rate between susceptible
humans with adherence index k& and
&, confirmed isolated symptomatic 7! [0.0002,1.12] 0.09 Weighted with or, -
infected/infectious humans in the
treatment centre.

Table 4. Model’s parameter values and their Quasi-dimensions.

Parameter Description Units Range of possible values Baseline values References

Effective contact rate between susceptible

i i Weighted with
‘ humans with adherence index %4 and - [0.0002,1.12] 0.12 g
confirmed isolated symptomatic oy, -
infected/infectious humans at home.
Effective contact rate between cadavers of
i - i Weighted with
d, f:on.ﬁfmed isolated/ nonl 1s01.ate(.1 .symptorflatlc » [0.0002,1.12] 0.03 g
individuals and susceptible individuals with ?r, -

adherence index & .

The environmental contamination factor,
7, standing for the per capita rate of people who ) [0,1] 0.000007 [20]
interact with the environment daily

Effective contact rate between susceptible

Weighted with
Xe humans with adherence index k& andviral 7! [0.0002,1.12] 1.26x10°° o
contaminated environment. Tr
d Dec.ay rate of viral particles from the - i,1.275 0.85 [20]
environment. 16
Rate at which cadavers are removed and 1 1 129
p ) T —,— oo [29]-[31]
buried. 112717 3808
Measures the maximum possible
B, concentration of viral particles in the % |:1 0,10 ] 30,000 Assumed
environment.
Measures the concentration level when the
maximum concentration of viral particles in ;
A, |:1 0,10 ] 15,000 Assumed

the environment is exactly half (%ij
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Continued

Rate of shedding viral particles into the

environment by the infected/infectious 1 16
Vik . g . VH T [0’05] —_—
symptomatic freely-roaming individuals with 129
adherence index k& .
d,, Proportions with s#* e {IF,SF Ay, ,IT,SQ} 1 [0, 1] Varies
Rate of shedding viral particles into the
. . 64
74 environment by the suspected quarantined ~ VH'T" [0,0.5] s
individuals with adherence index & .
Rate of shedding viral particles into the
v, environment by confirmed symptomatic VHOT [ 0,0. 5] ﬁ
infected/infectious self isolated individuals at 645
homes.
Rate of shedding viral particles into the
v, env1r0nmer.1t l.)y conﬁr.med 1.solatv.ed N VAT [ 0.0. 5] £
symptomatic infected/infectious individuals 645
in the treatment centres.
Rate of shedding viral particles into the
. . 16
Vo environment by the suspected quarantined ~ V1~'7[0,0.5] s
individuals.
B, k€I Per capita birth rate of humans per unit time 7{~'7~' Varies Varies
A real-valued function representing the force
of infection. The index & indicates the flow
A s rate from the S, classinthe S 7! Varies Varies
compartment to the S 5 compartment,
where k,j=0,1,2,---,N.
A real-valued function representing the force
of infection. The index k indicates the flow
Ao rate from the S, classinthe S 7! Varies Varies

compartment to the S o compartment,

where £=0,1,2,---,N .

[20] [32]

Assumed

Weighted with

Vig -

Weighted with

Vi -

Weighted with

Vg -

Weighted with

Vig

Estimated

Estimated

3. Mathematical Analyses of the Scaled Model

In this section, we perform mathematical analyses on the scaled system (29).

3.1. The Scaled Disease Free Model

In the absence of the disease, system (29)-(30) reduces to:

ds, . yoooo2)
Sy |:rk(1—hHL)HL+( > aj,ijj—Sk}
e

Here, the dimensionless parameters; Vs, oleohoa j,k,f and 7

Equation (28). When there is no barrier measure, that is when

and Equation (34) reduces to

(34)

(35)

are as defined in
N=0, H, =5,
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6(115_;:7% [ (1-18,)8, =S, |[=#(1-A,) A, (36)

a single equation which can be rearranged to give Equation (35). Equation (35)

can be solved directly to have, §,(7)=H,(r)= — 5 | c=¢% with ¢ eR.

e 7

Now,as 7o, H . (r) — 1. Thus, based on the scaling adopted, the equation for
the scaled total living human population is always bounded, ze, 0<H, (T) <1.Let

. 2(50’51,...’5'N)T, for =(O,Oa""}/SNrN (1—th)ﬁL)T and

Vs, VsoBo  Vsy%ao o Vsy@no
V5,0, =75 Vs oo Vs O
Apr =| 75,80, Vs Gin Vs, - Vsdyo |- (37)
Vsy@on  Vsydn Vsyban - TVsy

Then system (34)-(35) can be written in the form:
deF
dr
% S S ~x \T 7 T
Let us further define, S = (SO,S] ,---,SN) and b :(O,O,---,—rN (l—h)) .
Theorem 1 (On the existence of steady states). The disease free system (34)-

= AppXpr + for (T)a Xpr (O):xo' (38)

(35), has two steady states: 1) the trivial steady state; given by
X = (S'*,I:IZ ) =(0,0), with 0 a Ix(N+1) zero vector and 2) the non-trivial
steady state given by x! = (S'*,I?Z) = (S']*,l) :

Proof. At equilibrium, % = % =0. From Equation (35), H, =0 or 1. For
H, =0, Equation (34) gives S, =0 for all k, yielding the trivial steady state.
For H, =1, Equation (34) gives AS" =b,where A has negative diagonal and
non-negative off-diagonal entries. By the Gershgorin Circle Theorem [33], A is
nonsingular; hence §" =A47'b exists, establishing the non-trivial disease-free
steady state.

Theorem 2 (Stability of the steady states).

The steady states defined by Theorem 1 have the following stability properties:
(i) The trivial steady state is locally unstable for all parameters, and (ii) The non-
trivial steady state is globally asymptotically stable.

Proof Stability is determined by the eigenvalues of the Jacobian at the steady
states. From the block structure of the Jacobian, the characteristic equation can be

written as
or ()= 21| = | #(1-210; )= 2 ]| 4y = 21] =0, (39)

A=r>0,
implying instability. At the non-trivial steady state x., 1=-7<0, while 4,

552

where A, isdefined in Equation (37). At the trivial steady state x.,
has negative diagonal and non-negative off-diagonal entries. Hence, by the Gersh-
gorin Circle Theorem [33] [34], all eigenvalues of A, have negative real parts,
establishing local asymptotic stability of x. . Moreover, the corresponding solu-

tion remains bounded as 7 — o0 [21], completing the proof. O
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3.2. The Epidemiological Model with No Barrier Measures

In this subsection, our goal is to analyse the scaled epidemiological system when

there are no barrier measures (that is N =0) but other non-pharmaceutical in-

terventions such as quarantine are still in place. From our scaling and when

N =0, we observe that y, =7,,=1, r, =7 .System (29) now reduces to:

and

i—%:f(thL)HL+a00§F0+&QO§Q+o7RORR_ao%(y)so_so,

dfio =750 [ G000 (F)S, =S50 %—}/SQ [0, (7)5,-5, |

%:71T [ft(sgjﬂjmaim —ff]; (40)
%:“D [ Srilro 48,1 +6,1, - R, ;

C;E; = Ve, [FroSro +Prod o +78g + VI, + 7,1 E, |

dr (41)

(42)

/. (SQ’iHﬂgFmiFO):

7S+l +Qy. i1 ] < by

where O, = @,(Sy,+ 64y, - The dimensionless parameters in the case when

N =0 can be deduced from the parameter groupings in Equation (28).

3.2.1. Basic Reproduction Number of the Epidemiological Model
The basic reproduction number, R, measures the average number of secondary

infections generated in an absolutely susceptible population by a single infectious

individual throughout the period within which the individual is infectious [35].

To compute R, using the next generation matrix approach [36], we identify the

vector of new infection, F , and the vector of transitions, ), and identify R,

as the dominant eigenvalue of the next generation matrix FV~' where

DOI: 10.4236/jamp.2026.149181

3678 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.149181

J. A. Njongwe et al.

oF, 0V [ .
F= {6)6] (Ed/e):l , V={%(Edfe):l , 1,j=1,2,---,10. Here,

dfe (1 0,0,0,0,0,0,0,0 1) is the non-trivial disease free steady state of system
(40)-(41). To proceed, we identify all state variables for the infection from system (40)

as, S,o» SQ y Inys 1> I, R,, E,,and their corresponding equations to be:

dfio = gps [Gro (7)8, =510 ]: % =75, O (3)8, 5, :
e AT =, [ A8 S )1}
df;’ Vo[ Srolro +6,1, 6,1, Ry |:

It is known that the value of R, obtained from the next generation approach
is sensitive to the manner in which we interpret transitions and new infections
[37]. Here, we can interrogate possibilities concerning the viral particles and the
environment: (i) Environmental contamination seen as a transition, (ii) Environ-
mental contamination seen as new infections.

CASE I: The contaminated environment as a transition. This pathway is
common with viral infections whereby the viral particles’ population cannot main-
tain itself through growth in the environment. So, the shedding of viral particle
terms by infectious individuals are placed in the transition state rather than the
new infection state, giving:

Ry =Ry +Ry: if |1 | < by
Ry=y , . : (44)
RO,,:RO,,+RO,,; lfIIIT]]>bmax

For; Ry =0y M, +0,M,5 Ry = 7,(60M, +0,M,), and R} =6, T; +6,T; 5

Ry = #o(6hTy + 6,7, ) - Where:
M, = 1"'@0 oBoo +¢o (ﬂo 0Oro +03F0)+¢0 (ﬂo 0O ro + Dpg +77<ﬂ0 000 +C‘~’F0))
4o Boo (8ro+ Grab + 8160 116,50 )+ B (81 + 78, ) + 86030 )
M, =¢, +ﬂ§0 +¢0 (7;+ﬁﬁ)+do (ﬂ5H +70; +ﬁﬂ5r);
M3 = ‘/7F0 + &FOﬂ0,0 + ‘7T (é)FO + C91?0[”0,0 + ﬁ(ﬁo,oa'm + CZ)FO )) (45)
+Vy (&)FO +61050.0 )
M, ﬂvH—i-v +VT( ,B+;/)
T; —1+¢00ﬁ00 +§o (ﬂOOpFO +§F0>+d (ﬁoo (5Fo + Pro, )+§F0 )

T, =&, +77§o +do775H; T, =y, +‘7F0ﬂ0,0 +Vy (§F0 +:5F0ﬁ0,0); T,=yvy +‘7Q'

The quantities 7?0’: and Ry, ie{a,b},defined in Equation (44), correspond,
respectively, to the average number of secondary infections through human-to-
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human and environment-to-human transmissions caused by one infectious indi-
vidual in its infectious lifetime. From the expression of R, defined in Equation
(44), the contribution of each transmission pathway in a viral disease outbreak is
separable. Hence, the control efforts can be focused on infectious individuals or
the contaminated environment depending on the amount of effort required to
reduce the sum of Pﬂhl and Ry, ie{a,b}, toless than unity.

CASE II: Contaminated environment as a reservoir of infection. By this we
mean the environment is assumed to act as a reservoir, where secondary viral par-
ticles are added into the environment solely through viral particle shedding by
infectious host. By this, we mean, infectious individuals shed viral particles into
the environment, these viral particles exists independently, they accumulate and
decay over time. Also, these viral particles go on to infect new individuals. Intui-
tively, infection can happen even after infectious individuals leave, through the
environment. Hence, all the shedding rates are placed in the F matrix. Then,

after some calculations, we have:

gy AR

‘ 2

Ry = : (46)
720}; + (R(fb ) + 47301
2

Ry = i A 7] b

Here, Rﬂ’z and R, , ie{a,b},retain their definitions above. Thus,
Ry € {RO],RO” } separates human-to-human and environmental transmission.
Hence, R, allows the contributions of quarantined individuals, non-quaran-
tined individuals, human transmission, environmental transmission, or all path-
ways to be examined separately. We therefore obtain the following result for R’
in Equation (46).

Lemma 3. Let R/ >0 and R >0 be given. Define:

A “(Rﬂh )2 ARy . (47)

2

() If R} =RS=0,then R,=0.

(ii)) If Ry =0,then R, a/ﬁ andif R{ =0,then R,=7R,.Thus,
0<R, <1< 0<Ri<l,and 0<R, <1< 0<R) <I.

(iii) 0<Ry <1< 0<R)+RE<1 and R, >l Ry +Ry >1.

Proof. The proofs of (i) and (ii) are straightforward and are therefore omitted. We
prove only the first part of (iii); the second part follows by a similar argument. Sup-
pose R, >0, Ry >0 andrationalizing R, defined in Equation (47) we get

0<Ry=le=0< 2Ry <1
V(L) ams R,
= 0<4(Ry) +4RER! < 4R
SO0<Ry+Ry <1.
U]
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Theorem 4. Let R and R, be given as in Equations (44) and (46) respec-
tively. Then:

(i) R =1leR =1.

(i) Ry <R, whenever R; <1 and R, >R, whenever R, >1.

(iii) Ry =R, =R, whenever RS =0, and R >R, whenever R, =0
and Ry >1.

Proof. We will prove only the first point here as the second point has been

proven already in Lemma 3 and the third point is straightforward.

Rl =1e i +R; =10 R =1-R; o (RY) +4R; =(1+7;)
o RI 1.

U
Remark. Throughout this article, we shall continue with R defined by Equa-
tion (46) and simply refer to itas R, .

3.2.2. Existence and Stability of Steady States
We consider only realistic solutions in the sense of Definition 2.1.

Theorem 5 (Existence of steady state solutions). System (40) possesses:

(i) A trivial disease free steady state: E; =0= (0, 0,0,0,0,0,0,0,0, O) , which ex-
ists whenever H, =0;

(ii) a non-trivial disease free steady state: E;e = (1, 0,0,0,0,0,0,0, 0,1) , which
exists whenever H, =1;and

(iii) an endemic steady state: E, = (55,5;0,55,f;o,f,:,f;,ﬁ;,ﬁ;,ﬁj,ﬁ*) ,which
exists whenever H Z € (0, 1) where H L satisfies:

P(FIZ) = q3l—~lz3 +q21':lz2 +qlf~lz +q,=0, for [[iTﬂ <bh

max 2

or (48)
Ps(]:IZ): p3l:123 +P2[:]Z2 +p1ﬁz +p, =0, for [[ir]] > Dy (49)

The coefficients g¢;,q,,q,,q, areasdefined in Equation (64) and p;, p,, p;, P,
are as defined in Equation (65).

Proof. The steady states of system (40) are solutions of the algebraic system of
equations obtained by setting the right hand sides to zero. Let
X = (5;,5;0,§;,f;0,1~;,1~;,ﬁ;,ﬁ;,ﬁ:,l:]*) be a steady state solution of system
(40), we get;

F(1=hH, ) Hy +@y,,Spo + @gySg + @Ry —aydy (¥7) S, = S, = 0; (50)
S;o = ~0,oﬂo(i’*)‘§;; 5; = éolo (17*)55, Iy = ﬁo,os;o; (51)
Iy = 1, (85:810: i ) 17 = £ (Sos Lo Sros T ) (52)
Ry =Fol o + 7l + 7,155 Ry =60l g+ 6,15 + 6,1, (53)
W roSro + Veol o +VpSy + VI + VI - E, = 0; (54)
F(1-hH, ) H, —H ~7\R, = 0; (55)
F(1=H} ) H; = 8,07 = 6,03 = 80170 =0 (56)
with
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NP U TS SN R P
ﬂo(Y)—?Jr%,o?Jfgo?Jr%ﬁ—lJr?o ot dy = LE ) (57)
xf Sx o Sx ~x 7§;+§F0§;0+ﬁ170i;0’ if[[~T]]>bmax
fh(SQ’SFm[FO)z s s — e ; (58)
BSg + @poSro+ ol lf[[ r]]ﬁbmax
and
- 0, if [[fT >b
f(S I SFO’IFO) . (59)
7Sy +ily +Qy, if [ I | < by
From (51),
=i\ o 1
70(7°) S0 =55k (60)
0,0

We now express Sy, Iy, I, I, Ry, R, and E asafunctionof §j,

and consider the following cases.
Case 1

Let us now consider the case where [[INT]] <b,,. - Here, 5; (S’;O) = (%J S’;O;
0,0
Ity (S;o) = :Bo,o‘g;o s 1y (‘S:;o) =4S, I (S;o) = 4,85 R, (S;o) = 4,550
R, (5';0) =4,S,, and E (5;0) = A,S},. Expressing S;, in Equation (56), S

in Equation (50), A" in Equation (55) each in terms of H, and substituting

appropriate expressions into Equation (57), we get;

Spo(H,)= 4 (1-H, ) H};
S3(5)= [ (1= 1)+ (1001} ) ) 1
7 (1;) = F(\= i} )~ 7, d,dy (1= 11, ) | 11, (61)
o e | A 7oA | s
3 (P ) (S0 )= H+1+ZT}S
for
4 == ﬁ 0 +a)F0+0'F0ﬁ00, 9 L4714, +a)F0+0'F0ﬂ00,
b o
Ay =T By + Ay + 7 Ay Ay = 8400+ 6,4y + 8, 4
A =M, +~é M5 Ay =@y +Gpods + ooy ;
0, Gy, (62)

A
A

r

5 A, + SHAI + SFOﬁO,O ,

4, M+9£9 M,; 4, =

colugfeeas

where M ,M,,M, and M, areas defined in Equation (45). Now, using Equa-
tions (60) and (61), we have that, either
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v (o A Fods oy L
Spo(H;)=00r ﬁ*<}]2)+1+A5§;0<g2) S, (H;) 7 0. (63)

Therefore, SFO( ) 0 implies that, A (l H ) =0. Which gives

H, =0 or H, =1.Hence, we obtain the trivial and non-trivial disease free equi-

*

libria given by E, and E;fe respectively. Replacing H" (PNI Z) , 5’0 (I:I Z) and
S (I:I f ) in Equation (63) and simplifying, we obtain the third order degree pol-
ynomial, P(ﬁ Z) as defined in Equation (48) where:

= Ag (A, +7h)[ (A, A + Zoh) = By Ay A |+ /;ng (7, 4,4, —7h);
—Ag (Ay+F)[ (A A+ Zh) = 2o A4y |
A (A9 +fh)[(A A+ 2oF) = R Ay Ay |
—r(l+h):|

9 (64)
( )[(A7A8+/1’;OF)_;2()FDA4A3:|_A7 (A9 +fh)
—%[/%Ax(f — iy Aydy) + (7p Ay Ay = 7h) ]

-4, (4 +f)+éL(fDA4A8 7).

0,0

Case 2

This is the case when [[i T]] >b,.. - Following similar steps as in the first case,

we obtain the cubic polynomial in Equation (49), where:
Py =0, N, N;N, (N +7h)+ NN (7,N,N; — ih)
~ 0,0 20N, (N, +7h)x (7, NNy — 7h);
Py =0y 2N,y (Ng +7)(7, N, Ny = 7h) + NN, (7 7, N, Ny )
~0,0 2N, (Ng +7h) (7 =7, N;Ny ) = 0y N, NN, (N +7)

~ (65)
=0y N NN, (N +Fh)— (17 NN —Fh);
=0y yN,NsN, (Ng +7)+ 8, o 7o N, (N +7) (7~ 7, N, Ny )
—90,0N7(N6+rh)+(rh—rDN3N5)—N4N5(F—fDN3N5);
Po =0y N, (Ng +7)+ (7N, Ny — 7).
For
By . a s
N, :é_o"'égFo +pF0ﬂ0,09 N, = ’”Foﬂo,o +7y Ny,
0,0
7,0,
N, 5Foﬂoo+5 N, N, V/F0+VF0ﬁ00+ 0 +VHN
0,0 (66)
r a N, /=
stﬁ;Naz( 8_~_0st:~_5 Ho,oNx_ao >
Oy N, + 61000 G0 o ( )
(4 G
N, =149, 080 + & é_ §0N +d oN3s Ny =y o +ap, N, + .
0,0
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O
Theorem 6 (On the existence of an endemic steady state). Let R, >1.1If,
Ry, (F+ AgAy) + Ty Ay Ay < (7 +ay A, 4y )
- é(é&of +a, 4Ry, ) for [[iT]] <b_; (67)
Ry, (F+ NyNy)+7,NyNg < (7 +a,NsN,)
:;(éo,of+a0N5ROhb ), for [[fT]] >h. (68)
0,0

then there exists at least one real positive solution of A, in Equation (48) and
Equation (49) in the interval (0,1).
Proof. We examine two cases: (i) Case One. When [[fr]] <bh

max *

In this case,
P (I:I Z), a third degree polynomial in #, as defined in Equation (48) is a con-
tinuous function on the interval [0,1].

P(0) =g, = 4 (4, +f)+éL(fDA4A8 7

0,0

- éi[ngg (Goods —ay) + P Ay +7( Ry 1) |s Ry =604,
=9~L[R§a (7 Aoy )+ 7y Ay Ay = (7 +ay 4, 45) |,

and P(O) <0 whenever inequality (67) holds. Also, after some calculations,

1 rx .
P(l) Shtg Tt = é_[go,oAslo +6,04; _1]

0,0

LI R 5—0(50,01\43 +O,M, )+ (0,0M, +6,M) -1

90,0 0,0
- [(Ry R )-1],
0,0

and P(1)>0 whenever (R: +Ry ) >1. Thus, by the Intermediate Value The-
orem, there exists at least one positive real solution of the equation P(H Z) =0,
for FIZ € (0,1) whenever (Ré’ +Ry ) >1.

(ii) Case Two: When Hir]] > b, - In this case, P, (I:IZ) is as defined in (49),
and proceeding in a similar manner, Equation (68) holds. Thus, by the Interme-
diate Value Theorem, there exists at least one positive real solution of H Z € (0,1) .

O

Lemma 7. The disease free steady states defined by Theorem 5 have the follow-
ing stability properties:

1) The trivial steady state, E; , is locally unstable for all parameters, and

2) The non-trivial steady state, E;/e , is locally asymptotically stable if R, <1
and unstable if R, >1.

Proof. The local stability of E,, isdetermined by the eigenvalues of the Jaco-
bian matrix evaluated at this equilibrium. By exploiting the block structure of the

Jacobian and applying the Gershgorin Circle Theorem [33], sufficient conditions
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ensuring that all eigenvalues have negative real parts are obtained. For I, <bh

max

these conditions simplify to:
RLI = (éo,oéoﬁo,oAzAl ) x ([?)Fo + B + &FO)
X(@pg + 7+ 6o +17) (69)
x(SFO +6, +$T) <1.

where A=1+£+¢, +Co+dy+dy+ 7, and A, =1, +Vy + Vo +Vy +V, . Sim-
ilarly, for [[f T]] > b, .. » we obtain

R =(éo,oéo o,oAz)X(EFo +77+/3F0)
x(8pg + 8, +6) (70)

><(¢/7F0+17Q+17F0+17H +17T)<1.

Hence, E;fe is locally asymptotically stable whenever the corresponding
threshold condition is satisfied. O
Theorem 8 (Global Stability of the non-trivial disease free steady state). The
non-trivial disease free steady state of system (40) defined in Theorem 5 is globally
asymptotically stable whenever R, <1 and unstable whenever R, >1.
Proof. Using the result of Kamgang and Sallet [38], system (40) can be written
in the form:
X, =Al(x)-(xl—xl*)+A12(x)-x2 o1
x,=4,(x)-x,
where x= (SO,SFO,SQ,INFO,INH ,iT,kR,ﬁD,EV,ﬁ)T IS RLO is the vector of states. We
then decompose this vector of states into x, :(SO,ﬁR,ﬁ )T e R’} which repre-
sents densities of susceptible individuals, recovered individuals and the total hu-
man population with cadavers,and x, = (S’FO,S’QJFOJH 0., R,,E, )T eR’ which
represents densities of suspected freely roaming/quarantined individuals, infected/
infectious freely roaming individuals, infected/infectious individuals at homes

and treatment centres, disease induced death, and the environmental contributing

o2 2T
compartment respectively, so that x =(x,,x,). Thus, X, = (SO, Ry, H ) and

2 cor o2\
X, =( 85089 Lros L1y T,RD,E‘,) , where (7) represents derivative with respect
to time. When [[ir <b

the matrices A4,, A4, and A, are given as;

max >

_l_r(1—2h1—~]2) Zyt+apy Iy

4,(x)= 0 e 0|, (72)
Z, Z, -1
Z, Z Zy Zs Zi Zg  Zy
A12(x): 0 0 ¥rJro VaJu 7Vaedr 0 0], (73)
Z, Z, Z, Z, Z, -, 0
and
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Zyn Zyy Iy Zys Zg Zyg Zy9
232~ Zy3 2y Zys Zy Zyg Z39
7’1F0ﬂo,0 0 V1o 0 0 0 0
A, (x) = Zsy Zsy Zsg TV, 0 0 0 , (74)
Z62 Zes  Zea Zes TV, 0 0
0 0 Zg4 Zgs Zgs TRy 0
Zoy Zo3  Zog Zos Z9g 0 7k,

where the Z, ;’sand the z, ;’s are matrix entries expressed in terms of the corre-

sponding scaled parameters. Let us now consider the bounded set D defined by

D= {(xl, x,)eRY c R x, = 0}. (75)

We write the disease free steady state E;e = (1, 0,0,0,0,0,0,0, 0,1)T as
x' =(x,0) with x/=(1,0,1)' €R} and 0=(0,0,0,0,0,0,0)" eR].

Using these notations and following the approach in [38], one can easily verify
that conditions H, - Hs are fully satisfied by our system in the bounded set, D
as defined in Equation (75). This therefore establishes the fact that the non-trivial
steady state E;e =(1,0,0,0,0,0,0,0, 0,1) is GAS for system (40). O

4. Sensitivity Analysis and Numerical Simulations

In this section, we carry out simulations in the original parameters of the system
when the treatment centres are not full, that is [/, ] < B, . Thus system (22)

with no barrier measures is given by:

ds, H
d_to =7, EI_FLJHL +0Spo +peSy + ARy —(ﬁoo +y)S0;
h
ds
d;o = o,oﬁooso _(§F0 + g, +ﬂ0,0 T+, +ﬂ)SF05
ds
Y4 .
_l=(1—90,0)z%so —(B+y+ag, +u)S,:
dlpg _ S — o I,,;
ar = Lo.0Sro (GFO+pF0+rF0+ F0+ﬂ) FO>
dz, . (76)
?: BSo +SreSro+ Prolro _(rH +17+0y +/1)1H’
dz, .
o 7S+ OpoSpo + ol pg +11y —(1p + 6, + 1) I
dR
d_tR: Feodpo + 1Ly + 1y Ly — (0o + 1) Ry
dR
dtD = 5F0[F0 +0p1 + 0,1, — 1Ry,
dEV
e YroSro Vel po ¥VSg +Vyly +vil, —dE,.
The equations for the total living human populations
d#, =1, l_i H, —uH; =61 = 6,1, —6polr; (77)
dt K,
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dH H
d—:’h(l‘?JH“”H_(r”_“)R”; (78)
h

and

1 BE
Ao, = E[TO,OSFO + 0yl po + Sy + Iy + ol + dORD] + % (m] (79)

v

4.1. Sensitivity Analysis

Sensitivity analysis identifies parameters that most influence R, and hence dis-
ease transmission. It may be local or global; here, the Forward Sensitivity Analysis
is employed to quantify parameter effects through derivatives of R, at a fixed
point [39]. The corresponding parameter set is therefore considered in the origi-

nal parameterization as follows:
H :{70,0’(/70,0s‘90>§o’¢0’d0’?(0sBvaAV’UFOspFo’rFOséFOsKhs’”hu“s?/’ﬁsag()s
QEFO’wFO’aO,OvﬁO,OﬂU’V/FWVFO’VQ’VH’VT’d’rH’rTDHO,O’rDﬂéHﬂéT’aRO}'

According to Chitnis et al [40], the normalized forward sensitivity index of
R, with respect to a factor, say xeH is the ratio of the relative change in R,
v =R,

to the relative change in x and represented as: 3
X

- . For example,
Ry

using the baseline parameter values defined on Tables 2-4, we obtained specific
values of the normalized local sensitivity coefficients, summarized in Table 5 and
illustrated in Figure 3. With this set of values, we got R, =2.53.

0.3 1
0.24

0.

Mhllln.l.....__________,_,“““l

—-0.1

Normalized Sensitivity Index

-0.2 4

QENUEPET AP 1D B WO 0 4@ N80 ® e MR ORS00 ¥ ¥

Model Parameters

Figure 3. Graph of sensitivity indices of R, with respect to the model parameters.

A positive sensitivity index indicates that increasing (decreasing) a parameter
leads to an increase (decrease) in R, while a negative index implies the opposite
effect. For example, §,,=+0.336277 (Figure 3, Table 5) implies that a 10% in-
crease (decrease) in @), results in a 3.36277% increase (decrease) in R,
thereby enhancing (reducing) disease transmission. Biologically, §,, represents
the fraction of susceptible individuals who become suspected and freely roaming
in the community, suggesting that reducing this rate can help control disease

spread.
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Table 5. Local sensitivity indices of the threshold parameter R, using the parameters’

baseline values on Tables 2-4.

Parameter Sen. Index Parameter Sen. Index
00,0 +0.336277 M —0.183905
Xo +0.201837 py 0.000000

d -0.201837 K, +0.201837
V4 —0.009693 ry -0.091473
Ay —0.238855 1 4% +0.034792
) +0.002696 Vo +0.009601
S +0.091413 7 +0.115214
7 —0.072646 d, +0.072646
&y +0.037839 r —-0.062352
To0 +0.283790 Vio +0.023996
Fro —0.030942 v, +0.018234
Po.o +0.056741 P, +0.053897
ﬁo,o —0.012682 Pro -0.012016
n -0.010151 Ory -0.017267
Sro —0.020474 5, —0.024526
or —-0.009748 Ero —-0.106333
Wy —0.040885 B, 0.000000
Apo —0.040400 V4 —0.009693

It is important to note that model parameters influence R, differently. To il-
lustrate the effects of parameter variations, Figure 4 represents 2-D, and 3-D plots
of R, as a function of: (i) ¢,,<(0.0002,1.12) and v,,€(0,0.5) sub-plots
4(a)-(c); (ii) &, €(0,0.2) and d e(0.0625,1.275) sub-plot 4(b)-(d) respec-
tively with all other parameters as given on Tables 2-4 fixed.

14.4

5.70
12.6 5.25
10.8 4.80
9.0 4.35
(=) = =
= 72 & 390 %
5.4 3.45
3.6 3.00
1.8 2.55
0.0 2.10
0.25 0.50 0.75 1.00 0.00 0.05 0.10 0.15 0.20
©0,0 SFo
(a) (b)
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35

3.0

Figure 4. 2-D, and 3-D plots of R .

4.2. Numerical Simulation

In this subsection, we perform some numerical simulations on the system (76), using

the parameter values on Tables 2-4. In all choices, we used the initial conditions:
S,(0)=970000; S,.,(0)=0; Sy (0)=0; 1,,(0)=10; 7,,(0)=0;

1,(0)=0; Ry (0)=0; R, (0)=0; E, (0) = 10. (50

Scenario I: The impact of effective contact rate. Using the baseline parameter
values in Tables 2-4, we obtain R, ~1.89, Ry ~1.62,and R, ~2.53>1, with
the corresponding numerical trajectories shown in Figure 5(a), Figure 5(c), Fig-
ure 5(e) and Figure 5(g). Reducing the effective contact rate to 10% ( ¢, , = 0.018),
while keeping all other parameters unchanged, yields R ~0.189, R¢ ~0.162,
and R, ~0.508 <1, as illustrated in Figure 5(b), Figure 5(d), Figure 5(f) and
Figure 5(h). These results demonstrate the substantial impact of reducing effec-

tive contact on disease transmission.

200000 A
= Sro 25 = Sro
175000 — o ' — 5%
150000 4 2.0
125000 4
g 151
5 100000 A ki
= =
& s
& 75000 10 -
50000 A
0.5 1
25000 A
0 1 0.0 1
100 200 300 0 100 200 300
Time (days) Time (days)
(a) (b)
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Figure 5. Time series curves for system (76).

Population

Population

Population

Iro

100 200 300

Time (days)

(d)

—_
[=))
1

-
~
!

—_
[ 9]
!

,_.
(=]
!

o
o
|

o
=N
)

=]
J;
L

.o
o
)

o
S
!

_IH

_[T

o4

100 200 300
Time (days)

¢9)

10 A

100 200 300
Time (days)

(h)

DOI: 10.4236/jamp.2026.149181 3690

Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.149181

J. A. Njongwe et al.

Scenario II: Estimation of cumulative infection burden and peak sensitivity.
To quantify the cumulative disease burden over the 300-day simulation period,

we compute the time-integrated infectious prevalence
300
A(v):j0 Lo (tv)dt, (81)

where v denotes a parameter of interest. The quantity A4(v) represents the cu-
mulative infectious person-time (person-days), thereby accounting for both the
magnitude and duration of infection. Since 7,.,(#;v) is obtained numerically,
the integral is evaluated using the composite Simpson’s rule implemented in
scipy.integrate.simpson, with 2001 uniformly spaced points over [0,300] days,

corresponding to a step size of Af=0.15 asillustrated in Figure 6(a) and Figure

6(c).
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Figure 6. Cumulative burden and peak infectious to parameter variations over 300 days for system (76).
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To further assess the influence of key epidemiological parameters, a numerical
sensitivity analysis was performed over the same 300-day period. Each parameter
range was discretized into 1000 equally spaced values, and the corresponding peak
values of /., and E, were computed. These peaks represent, respectively, the
maximum number of confirmed infectious freely roaming individuals and the
maximum density of viral particles shed into the environment during the simula-

tion period as illustrated in Figure 6(b) and Figure 6(d).

5. Discussion and Conclusions

We developed a comprehensive mathematical framework for the long-term trans-
mission dynamics of viral diseases that incorporates human behavioural dynamics,
non-pharmaceutical interventions, quarantine, re-infection, and environmental
viral contamination. The model distinguishes individuals according to their adop-
tion of barrier measures and allows behavioural responses to evolve across disease
stages. Treatment-centre capacity is incorporated through two occupancy-depend-
ent regimes. When the treatment-centre occupancy reaches the prescribed capac-
ity B, > newly arising cases that cannot be accommodated are redirected to
home isolation. The full-capacity and non-full-capacity regimes are therefore for-
mulated and analysed separately, providing the appropriate framework for de-
scribing the resulting regime switching at the capacity boundary. Fundamental
properties of the model, including existence, uniqueness, non-negativity, and
boundedness of solutions, were established. The model was subsequently repara-
metrized and non-dimensionalized to facilitate its mathematical analysis and nu-
merical investigation.

The analysis of the scaled system considered both the general disease-free model
with N barrier measures and the epidemiologically relevant case without barrier
measures. The disease-free model admits a non-trivial globally stable equilibrium,
with the scaled total human population remaining bounded. For the epidemiolog-
ical model, the existence of disease-free and endemic equilibria was established,
and the basic reproduction number R, was derived using two transmission sce-
narios corresponding to treatment centres being non-full or full. In both cases,
‘R, naturally decomposes into human-to-human and environmental contribu-
tions, allowing the relative roles of quarantined and non-quarantined individuals
and the different transmission pathways to be assessed.

Numerical simulations using SARS-CoV-2-related parameter values demon-
strate the strong influence of effective contact rates on disease transmission. In
particular, reducing the effective contact rate between susceptible and freely roam-
ing infectious individuals substantially decreases R, and can drive the system
towards disease control when R, <1. This highlights the importance of effective
contact tracing, rapid identification of infectious individuals, and appropriate
quarantine enforcement. However, when contact rates remain sufficiently high,
quarantine alone may be inadequate to eliminate transmission and may instead

support persistent endemic infection. The model further demonstrates that envi-
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ronmental contamination can make a non-negligible contribution to viral trans-
mission, particularly during the early stages of an outbreak. Incorporating envi-
ronmental viral particles therefore provides a more comprehensive representation
of transmission pathways and enhances the potential applicability of the frame-
work to broader One Health settings. The results also emphasize that accurate
estimation of R, 1is essential for effective policy design, since both overestima-
tion and underestimation may result in inappropriate levels of intervention and
associated epidemiological or socio-economic consequences.

Opverall, the findings demonstrate that human behavioural dynamics, contact
tracing, isolation, quarantine, and environmental exposure play important roles
in shaping viral disease transmission. Although the basic epidemiological model
incorporates intervention-related mechanisms such as contact tracing, isolation,
and quarantine, the present epidemiological threshold and numerical analyses
primarily consider the no-barrier case. Consequently, the implications regarding
adherence to multiple barrier measures should be interpreted prospectively. The
adherence-transition rates are treated as fixed parameters within each simulation
and represent behavioural changes that may reflect prevailing disease risk, public
awareness, beliefs, and policy sensitization. Thus, the framework captures behav-
ioural responses through adherence stratification without imposing an explicit
prevalence-dependent feedback mechanism, while providing a flexible basis for
investigating how adherence, reductions in effective contact rates, and reduced
environmental exposure may influence disease transmission.

A limitation of the present study is that the numerical simulations are scenario-
based rather than calibrated predictions, as several transition, contact, and viral-
shedding parameters are assumed or weighted using available information rather
than estimated from a specific population-level dataset. Explicit analysis of inter-
actions among multiple barrier measures, vaccination and other pharmaceutical
interventions, as well as stochastic effects, remains an important direction for fu-
ture work. In addition, incorporating well-defined epidemiological datasets and
appropriate statistical parameter-estimation methods will improve model calibra-
tion and predictive capacity, thereby providing a more comprehensive represen-

tation of viral disease dynamics.
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