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Abstract 
A non-linear ordinary differential equation mathematical model is developed 
and used to study long-term dynamics for viral disease transmission. The model 
explicitly incorporates human behaviour and environmental transmissions 
from viral particles shed into the environment by infected humans. The pro-
posed compartmental model is sufficiently general to capture key epidemio-
logical features common to a broad class of viral infections, while accounting 
for behavioural changes as individuals transition between disease states and 
adapt their contact patterns within each stage of infection. The model allows 
a contaminated environment to act as a reservoir of infection, thereby captur-
ing environmentally mediated transmission arising from viral particles shed 
by infected humans. The population is stratified into quarantined and non-
quarantined classes, allowing the model to assess the impact of non-pharma-
ceutical interventions on disease progression. Analytical results are used to 
establish the existence and stability of disease-free and endemic equilibria. The 
basic reproduction number 0  is calculated taking into consideration dif-
ferent combinations of transition and new infection pathways, and its thresh-
old-like nature is well established. Numerical simulations are performed using 
COVID-19 informed parameter values to illustrate the model dynamics under 
different scenarios. The theoretical and numerical results from the model’s 
output highlight the significant role of human behavioural dynamics and en-
vironmental transmission in shaping long-term disease outcomes. 
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Dynamics 

 

1. Introduction and Background 

Viral diseases remain a major global public health challenge, causing substantial 
mortality and persistent social and economic disruption [1]-[3]. Their rapid trans-
mission, continuous evolution, and ability to spread through human, environmen-
tal, and behavioural pathways have contributed to some of the most devastating 
epidemics and pandemics in history, including influenza, Ebola, SARS, HIV/AIDS, 
and COVID-19 [4]-[8]. Increasing global mobility, urbanization, and pathogen 
evolution further increase the likelihood of large-scale outbreaks, while limited 
therapeutic options and viral mutation can complicate their control [9]. Conse-
quently, effective disease control requires not only medical interventions but also 
surveillance, quarantine, isolation, public health education, and sustained behav-
ioural compliance [10] [11]. 

Mathematical modelling provides a powerful framework for understanding dis-
ease transmission, identifying key epidemiological thresholds, and evaluating in-
tervention strategies. Since the foundational compartmental models of Ross, Hamer, 
McKendrick, and Kermack [12] [13], numerous models have incorporated quar-
antine, behavioural responses, environmental transmission, and other epidemio-
logical mechanisms [14]-[18]. However, these features are often considered sepa-
rately. For example, models incorporating quarantine may neglect reinfection or 
environmental contamination, while environmentally mediated models may omit 
behavioural heterogeneity, treatment-centre capacity, or disease transmission from 
quarantined individuals [16]-[18]. This motivates the development of a more in-
tegrated framework capable of capturing the interacting mechanisms that shape 
long-term viral disease dynamics. 

In this study, we develop a general deterministic compartmental framework 
that unifies key epidemiological, environmental, and behavioural mechanisms 
within a system of nonlinear ordinary differential equations. The model incorpo-
rates non-constant recruitment, limited treatment-centre capacity, reinfection, 
environmental viral particles, disease-induced mortality and cadaver-mediated 
transmission, contact tracing, quarantine and isolation, and behavioural hetero-
geneity among susceptible, suspected, and infectious freely roaming individuals. 
In particular, non-quarantined populations are stratified according to their adop-
tion of barrier measures, allowing behavioural responses to influence transmis-
sion dynamically. To the best of our knowledge, this provides a unified framework 
for simultaneously capturing these interacting mechanisms while remaining suf-
ficiently flexible for application to a broad range of viral infections through ap-
propriate parameterization. The resulting model provides a mathematical plat-
form for analysing disease thresholds, transmission pathways, intervention strat-
egies, and behavioural feedback in long-term viral disease dynamics. 
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The rest of the paper is organised as follows. In Section 2, we outline the deri-
vation of the model showing the state variables and parameters, their possible 
ranges and baseline values used and how they relate together in a conceptual 
framework; we present a mathematical analysis of the derived model to ascertain 
that the results are physically realizable and then re-parametrized the model. In 
Section 3, we present detail analysis of the general disease free model and on the 
epidemiological model with no barrier measures. Section 4 provides sensitivity 
analysis and numerical simulations. Finally, discussion of results and conclusion 
are provided in Section 5. 

2. The Mathematical Model  

In this section, we give a detailed description of the mathematical model studied. 
We start with the assumption that there exist N  barrier/control measures  

1 2, , , Nb b b , put in place by a supervisory authority, and that the barrier measures 
have been combined into sets kC , 0,1,2, ,k N=  , already ordered so that 

0 1 2 NC C C C∅ = ⊂ ⊂ ⊂ ⊂ . Each kC , is a set that contains up to k  barrier 
measures so that any individual X , indexed by the subscript k , kX , is consid-
ered to adhere to all barrier measures jb , j k≤ . We briefly write  

( )0 1, , , NX X X=X   to represent a vector of length 1N +  containing individ-
uals with different adherent indices. Thus each individual can be adhering to any 
number of these barrier measures. Our proposed model shall therefore focus on 
dynamics involving non-pharmaceutical interventions such as quarantining 
and behavioural changes during a viral outbreak, captured in the form of barrier 
measures.  

2.1. Model Formulation and Description  

At any time t , we divide the total human population into compartments repre-
senting disease status as well as adherent state to barrier measure(s). The com-
partments include: ( )tS  a vector of susceptible individuals, ( )F tS , a vector of 
suspected asymptomatic freely-roaming individuals, ( )QS t  suspected asympto-
matic quarantined individuals, ( )F tI , a vector of symptomatic non-isolated in-
fected/infectious freely-roaming individuals, ( )HI t  confirmed isolated sympto-
matic infectious at homes, ( )TI t  confirmed isolated symptomatic infectious at 
treatment centres, ( )RR t  recovered, ( )DR t  cadavers, and to these, we add a 
compartment for environmental transmission contamination by ( )vE t . So, from 
a base set of N  barrier measures, the vectors , ,F FS S I , are each of length 

1N +  as explained above, and we construct a system comprising 3 9N +  com-
partments linked by the viral disease pathogen in a dynamical system. The con-
ceptual framework for the model is shown in Figure 1. The following model as-
sumptions may be highlighted:  

A1. Non-constant living human population.  
A2. Infected individuals can shed viral particles onto the environment.  
A3. Individuals can become infected when they come in contact with infected/in-
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fectious individuals, the cadavers of the viral disease victims or with a contami-
nated environment.  

A4. Non-Pharmaceutical control is introduced in our model via barrier measures.  
A5. Infected, suspected and infectious individuals in the population can be ei-

ther quarantined or freely roaming.  
A6. Quarantined/isolated individuals are assumed to adhere to all the barrier 

measures.  
A7. All freely roaming humans can choose to adhere to none, one or more 

forms of barrier measures.  
A8. On recovery, recovered individuals gradually lose their immunity to the 

viral disease and return into the susceptible compartment.  
A9. The number of available hospital beds is limited by a fixed maximum ca-

pacity.  
 

 
Figure 1. Conceptual framework of the compartmental viral outbreak model. Compart-
mental flows are described in the text, with notation defined in Tables 1-4. 

 
The state variables, their descriptions, and their corresponding quasi-dimen-

sions are summarised in Table 1. 
 

Table 1. Description of state variables and their quasi-dimensions. 

Variable Description Quasi-dimension 

LH  Density of living humans at time t    

H  Density of living humans together with cadavers at time t    

S  
Vector of dimension 1N +  representing susceptible 
humans at time t . 

  

https://doi.org/10.4236/jamp.2026.149181


J. A. Njongwe et al. 
 

 

DOI: 10.4236/jamp.2026.149181 3662 Journal of Applied Mathematics and Physics 
 

Continued 

FS  Vector of dimension 1N +  representing suspected 
humans at time t .   

QS  Density of suspected asymptomatic quarantined humans at 
time t    

FI  Vector of dimension 1N +  representing infected and 
infectious individuals at time t    

TI , HI  
Densities of confirmed symptomatic infectious isolated 
humans at the treatment centres and at homes at any time 
t  respectively 

  

RR  Density of recovered humans at time t    

DR  Density of viral disease related deaths at time t    

MR  Density of humans due to natural deaths at time t    

vE  Density of viral particles at time t    

2.2. The Model’s Equations  

In this section, we describe the equations that govern the time rate of change of 
each of the entities in Table 1.  

(i) The force of infection: The exposure rate of susceptible humans to infection. 
We denote by 

Nkλ , 0,1,2, ,k N=  , the exposure rate of susceptible humans of 
class k  to the infection. We take into consideration susceptible individual’s con-
tacts with infected/infectious humans, cadavers and the contaminated environ-
ments. We use a standard incidence model where we append the size of cadavers 
to LH , the total living human population to get H . So that:  

 
( ) ( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( )
0

;

.

N

L Q T H R k Fk Fk
k

L D

H t S t I t I t R t S S I t

H t H t R t
=

= + + + + + +

= +

∑  (1) 

For all 0,1,2, ,k N=  , the equation for the force of infection takes the follow-
ing form: 

 
( ) ( ) ( )



( )


( )


( )


( )
( )

, ,
0 4 5 63 71 2

1 .
N

N

k k j Fj k j Fj k Q k T k H k D k v
j

S I S I I d R Z E
H

λ τ ϕ ε φ ζ χ
=

 
 
 
 

 
 = + + + + + +  
  

∑


 

 (2) 

where ( ) 0H t >  is defined in Equation (1). Each of the terms in Equation (2) are 
explained below by listing the numbers in the underbraces.  

(1) Contacts between susceptible humans with adherence index k  and sus-
pected asymptomatic freely-roaming humans with adherence index j . Here, we 
have simply considered a contact pattern through the formula 

,i j
i Fj i FjS S S Sτ+ →  according to standard mass action law with rate constant 

,i jτ , , ,k j j kτ τ≠ . So the mixing pattern k FjS S  will meet with contact rate ,k jτ  
while j FkS S  will meet with contact rate ,j kτ . We shall demand for simplicity 
that the contact weight, ,k jτ , shall be the same, and write,  
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 , , ,
1, , , 0,1, 2, , , 0.

1k kk j S k j k j Sk j N
k j

τ ϕ τ τ ϕ= = = >
+ +

  (3) 

Here, 0
kSϕ >  is interpreted for each k  as the effective contact rate. Two ma-

jor requirements for the choice of ,k jτ  are: (i) monotonicity and (ii) positivity. 
That is, 0,0 , 0N Nτ τ> >  and , , 1 0k j k jτ τ +> > . One form is shown in Equation (3) 
which we can identify with the entries of a finite Hilbert matrix [19]. Other forms 
for ,k jτ , such as ( )

, e k j
k jτ − +=  are possible. 

(2) Infection from contacts between susceptible humans with adherence index 
k  and freely-roaming infected individual with adherence index j . Using similar 
argument as in (1) above, we set,  

 , , , 0,1, 2, , , 0.,
k kk j I k j Ik j Nϕ ϕ τ ϕ= = >

 (4) 

Here, 0
kIϕ > , 0,1,2, ,k N=   is the effective contact rate. From our assump-

tions, one will expect that 
k kS Iϕ ϕ≤ . 

(3) Infections from contacts between susceptible humans with adherence index 
k  and suspected asymptomatic quarantined individuals.  

(4) Infections from contacts between susceptible humans with adherence index 
k  and confirmed isolated symptomatic individuals in the treatment centres. 

(5) Infections arising from contacts between susceptible humans with adher-
ence index k  and confirmed self isolated symptomatic individuals at homes.  

(6) Infections arising from contacts between susceptible humans with adher-
ence index k  and the cadavers of the viral infected victims. 

(7) Infections from contacts between susceptible humans with adherence index 
k  with the contaminated environments. While some authors, see for example [20], 
have considered an unbounded linear form for the function ( )vZ E , we shall as-
sume that [ ): 0,Z +∞ →  is a bounded and monotone increasing function. In our  
formulation, ( )vZ E  is indexed with two parameters: vB  that measures the su-

premum of Z  and vA  to measure the concentration level where ( ) 1sup
2 vZ B= .  

We demand that, ( ) 0vZ E →  as 0vE →  and ( )v vZ E B→  as vE →∞ . One 
such function is:  

 ( ) ,v v
v

v v

B EZ E
A E

=
+

 (5) 

a Holling’s Type II functional response.  
(ii) The susceptible individuals: This class of individuals represented by the 

variable 1NS +∈ , comprises humans that have not in anyway been infected by 
the viral disease. The individuals in the S  class are categorized into 1N +  groups; 

0 1, , , NS S S  determined by their adherence to barrier measures. For example, 

kS , 0,1,2, ,k N=   are individuals that adhere up to k  forms of barrier 
measures. The rate of change of the number of susceptible individuals with time 
decreases when members of this class become exposed and are either moved to 
the suspected asymptomatic quarantined compartment or to the suspected asymp-
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tomatic non-quarantined freely-roaming compartment. While the density in-
creases when some confirmed quarantined individuals who returned negative tests, 
false suspected non-quarantined freely-roaming individuals who are not sick of 
the virus and those individuals who recovered from the disease and have lost their 
immunity all return to the susceptible pool. Figure 2(a) shows the various flows 
in and out of an arbitrary class kS , of the susceptible compartment. So, the net 
rate of change of individuals in the kS  compartment, for 0,1,2, ,k N=   at 
any time t  can be written in the form:  

 

 
(a) 

 
(b) 

Figure 2. Conceptual diagram showing the flows for an arbitrary group. 
 

 
( )

( )

, ,
0, 0

,
0,

d New Births
d

, where ,
N

N N
k

j k j j k Fj Qk Qk
j j k j

N

Rk R k k k k k k j
j j k

S a S S S
t

R S A S A a

α α

α λ µ

= ≠ =

= ≠

   
= + + +   

   
 

+ − − + =  
 

∑ ∑

∑
 (6) 
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where the parameters in 
Nkλ  are as given in Equation (2). We suppose that the 

total out flow rate for individuals from the kS  class due to exposure to the viral 
infection is 

Nkλ , then we expect the conservation equation  

,0 N

N
k j k kQ k k kj S S Sλ λ λ

=
+ =∑ , where 

Nkλ  is as defined in Equation (2) to hold. 
Now, let kθ  be the fraction of 

Nk kSλ  individuals that were identified and placed 
in quarantine and the remaining ,k jθ  be the fraction that escaped detection and 
so enter the suspected freely roaming class. Our conservation equation will now 
take the form; ,0 1N

k k jjθ θ
=

+ =∑ ; for 
NkQ k kλ θ λ= , and , , Nk j k j kλ θ λ= . 

(iii) The suspected asymptomatic freely-roaming individuals: This class 
comprises individuals who came in contact with or where near a known viral in-
fected patient. They are described by the variable 1N

F
+∈S   and are categorized 

into 1N +  freely-roaming suspected groups represented by the variables 

0 1, , ,F F FNS S S . Outflow from this class is driven by the development of symp-
toms or that they were not infected of the viral disease at all. The rate of change of 
the density of members in this group decreases when some of these individuals 
return to the susceptible pool because they were not sick of the viral disease, some 
developed symptoms and progressed to the infected/infectious freely roaming 
compartment and others who developed symptoms, were identified and isolated 
either in the treatment centres or at homes. The density of these individuals in-
creases when the susceptible individuals are exposed by having come in contact 
with or being associated with any of the possible infectious cases. For a particular 
class, FkS , 0,1,2, ,k N=   of the FS  compartment, the flows in and out of this 
subclass is as shown on Figure 2(b) and the equation that governs the rate of 
change of the FkS  individuals at any time t , is given by:  

 ( ), ,
0 0,

d
d N

N N
Fk

j k j j k Fj k k Fk
j j j k

S S b S f G S
t

λ µ
= = ≠

   
= + − + +   
   
∑ ∑  (7) 

where ( ), ,
0

N

N

k Fk Fk k j k j
j

f ξ ω α β
=

= + + +∑  and ,
0,

N

k k j
j j k

G b
= ≠

 
=  
 
∑ , 0,1,2, ,k N=  . 

(iv) The suspected asymptomatic quarantined individuals: This class com-
prises the other group of suspected individuals who were in contact with or in the 
vicinity of a known infected patient but are traced, via contact tracing or some 
other means and quarantined. Members in this class, described by the variable 

QS , are either self-quarantined or isolated in approved facilities. Individuals in 
this class move to the susceptible class (following a negative test result) or they 
move to the confirmed infected/infectious symptomatic isolated classes (follow-
ing a positive test result) and depending on the availability of space at the treat-
ment centres. The rate of change of the density of individuals increases when a 
fraction of the susceptible individuals who got exposed get traced and quarantined. 
The density is reduced when some of these individuals returned to the susceptible 
pool after returning negative viral test results, while those who are confirmed pos-
itive, either move to the treatment centres depending on whether there is space or 
are forced to isolate at homes. Thus:  
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 ( )
0 0

d
; .

d N N

N N
Q

jQ j Q Q Q Qj
j j

S
S f S f

t
λ µ α γ β

= =

 
= − + = + + 
 
∑ ∑  (8) 

(v) The symptomatic non-isolated infected/infectious freely-roaming pop-
ulation: This class is made up of those asymptomatic non-quarantined freely-
roaming individuals who are infectious but do not exhibit symptoms or may ex-
hibit symptoms but for some reason, cannot get a test. These are the super spread-
ers. They are described by the variable 1N

F
+∈I   and are categorized into  

1N +  subgroups represented by the indexed variables 0 1, , ,F F FNI I I . We be-
lieve these are key disease drivers in the community and their level of contribution 
to disease spread via human-to-human contacts and rate of viral shedding into 
the environment would be determined by the respective level of compliance to the 
barrier measures. We assume that the rate of viral shedding in to the environment, 
in terms of the subgroups is in the order 0 1F F FNI I I≥ ≥ ≥  whereby individu-
als in the subgroup 0FI  could be termed super disease spreaders. The rate of 
change of the density of symptomatic infected/infectious freely roaming individ-
uals in the population increases when a fraction of the suspected asymptomatic 
freely-roaming individuals developed symptoms, progressed to this class. Outflow 
from this class occurs when some of these individuals are removed by recovery 
from the disease at rate Fkr , by death caused by the virus at rate Fkδ  or to iso-
lated units at homes or in treatment centres at rates Fkρ  and Fkσ  respectively 
while others die due to natural death. For an arbitrary class, FkI , of the FI  com-
partment, the equation that governs the rate of change of the FkI  individuals at 
any time t , is given by:  

 ( ), ,
0 0,

d , 0,1, , ;
d

N N
Fk

j k Fj j k Fj k k Fk
j j j k

I S c I g I k N
t

β µ
= = ≠

   
= + − + + =   
   
∑ ∑   (9) 

where ,
0,

N

k k j
j j k

c
= ≠

 
=  
 
∑  and k Fk Fk Fk Fkg rσ ρ δ= + + + . 

(vi) The confirmed isolated symptomatic infectious individuals at homes: 
This class of individuals comprises all those individuals who are now presenting 
with symptoms. They are described by the variable HI . Recruitment into this 
class depends on whether the treatment centre has attained it carrying capacity, 

maxB  or not. The rate of change of the number of HI  increases as a result of flow 
from the QS  and were unable to be admitted at the treatment centres because 
there is no space in the treatment centres or they chose to isolate themselves at 
homes, from FS  class who developed symptoms, and then forced to isolate them-
selves at homes. Further more, increment in this class is also caused by cases from 
the FI  class. The rate of change of the density of HI  class is reduced when 
some of the individuals are removed, or moved to the treatment centres. Removal 
could be as a result of recovery at rate Hr  or as a result of disease induced death 
at rate Hδ , or of natural cause at rate µ . At time t , we have:  

 ( ) ( )d , , ,
d N

H
H Q F F H H

I F S I
t

β µ= − +S I  (10) 
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where the function 
NHF  measures the flow rate into the HI  compartment as a 

function of the size of the treatment centre and it is given by:  

 ( )
( )

 

( )  

max
0

max
0

, if
, , ,

, if
N

N

Q j T
j

H Q F F N

Q Fj Fj Fj Fj T
j

S I B
F S

S S I I B

β γ

β ξ ρ

=

=


+ + >

= 
 + + ≤

∑

∑
S I



 (11) 

for j Fj Fj Fj Fj Fj Fj Fj FjS S I Iω ξ σ ρ= + + + , 0,1,2, ,j N=  , and 

H H H Hrβ η δ= + +  is the total out flow rate from this compartment with:  

  

 

max

max

0, if
, if ,

T
H

T

I B
I B

η
η
 >=  ≤

 (12) 

where 
 TI  is is the floor of TI , which is also the greatest integer smaller or 

equal to TI . Mathematically, 
 

1TI I n I n= ⇔ ≤ < + , { }0n∈ ∪ . Thus 
 TI  

is the effective number of individuals at the treatment centres, capped by the max-
imum treatment centre carrying capacity maxB . 

(vii) The confirmed isolated symptomatic infectious individuals in treat-
ment centres: This is the class of individuals who at some point had tested positive 
and were asymptomatic, not exhibiting any viral disease-like symptoms but are 
now presenting with symptoms. They are described by the variable TI , flow into 
this compartment is greatly conditioned on the size of the treatment centre. The 
rate of change of the TI  individuals increases as a result of flow from the QS  
class by individuals who returned positive viral tests, from FS  class who devel-
oped symptoms, were traced and then taken to the treatment centres. Increment 
is also caused by cases from the HI  class, when it is noticed that there is space at 
the treatment centre and, from the FS  class. The rate of change of the density of 

TI  individuals is reduced when some of the individuals are removed as a result 
of recovery at rate Tr  or as a result of disease related death at rate Tδ  and lastly, 
as a result of natural death at rate µ . At time t , we have:  

 ( ) ( )d , , , ; ,
d N

T
T Q H F F T T T T T

I F S I I r
t

β µ β δ= − + = +S I  (13) 

where the function 
NTF  measures the flow rate into the TI  compartment as a 

function of the size of the treatment centre and it is modelled by:  

 ( )
 

( )  

max

max
0

0, if
, , , .

, ifN

T
N

T Q H F F
Q H Fj Fj Fj Fj T

j

I B
F S I

S I S I I Bγ η ω σ
=

 >
=  + + + ≤


∑
S I  (14) 

(viii) The recovered individuals: The class of recovered individuals denoted by 

RR , contains all individuals who once got infected by the virus and did not die of 
the disease. Since recovery from the disease may not confer permanent immunity 
against further infections, these recovered individuals eventually return into the 
susceptible pool and can be reinfected if proper precautions are not taken. The 
equation governing the rate of change of recovered individuals at time t , takes 
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the form:  

 ( )
0

d ;
d N

N
R

Fj Fj T T H H R R
j

R r I r I r I R
t

α µ
=

 
= + + − + 
 
∑  (15) 

where 0N

N
R Rjjα α

=
=∑ . 

(ix) The cadavers: Here, we have two kinds of deaths; (i) disease induced deaths, 
collected into the compartment DR  at rates Fkδ , Tδ  and Hδ  form the FI , 

TI  and HI  compartments respectively. (ii) natural deaths collected into the 
compartment MR  at a constant rate µ  from all living population classes. It is 
known that the dead bodies of some viral disease victims are still very infectious 
and can still infect susceptible individuals upon effective contact. Thus, in this 
work, we consider Dr  to be the rate at which cadavers are properly disposed of 
through burial or cremation. The rate of change of the population of disease in-
duced deceased individuals at time t  is:  

 
0

d .
d

N
D

Fj Fj T T H H D D
j

R I I I r R
t

δ δ δ
=

 
= + + − 
 
∑  (16) 

In Equation (16), D Dr R  are disease related disposed cadavers. It is a collection 

class modelled by; 
d
d

D
D D

D r R
t

= . Next, we define MR , another collection class  

that tracks all natural deaths, occurring at rate µ , from all the living population 
classes. It is modelled by:  

 ( )
0

d .
d

N
M

Q H T R j Fj Fj L
j

R S I I R S S I H
t

µ µ µ µ µ µ µ µ
=

= + + + + + + =∑  (17) 

We use the classes MR  and DD , only as place holders. 
(x) The environmental transmission contributors: This compartment com-

prises all viral particles shed by infected humans into the environment and it is 
described by the variable vE . The shedding of these viral particles by infected/in-
fectious humans occur at different rates depending on the adherence index of the 
infected human. Thus, the rate of change of the density of viral particles shedded 
into the environment at time t , is modelled by the equation:  

 ( )
0

d .
d

N
v

Fj Fj Fj Fj Q Q H H T T v
j

E S I S I I dE
t

ψ ν ν ν ν
=

= + + + + −∑  (18) 

In the absence of viral disease, vE  decays steadily to zero at rate d . 
(xi) Dynamics of the total human populations: The total living human popu-

lation is not constant since the model accounts for births and deaths. We assume 
that all new births, enter the class of susceptible individuals who adhere to all N   

control measures. Let ( ) 1 L
L h

h

Hb H r
K

 
= − 

 
, where hr  and hK  are positive  

constants. So that the net rate of new births that enters the susceptible compart-
ment, S , at any time t  is given by:  
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 ( ) ( ) ,
  New Births .

0,
L L

k

b H H k N
k N
=

= 
≠

 (19) 

At any given time t , the rate of change of the total living population is:  

 ( )( )
0

d .
d

N
L

L L T T H H Fj Fj
j

H b H H I I I
t

µ δ δ δ
=

 
= − − − − 

 
∑  (20) 

Equation (20) shows the dependence of the size of the living population on 
disease related deaths. If 0T H Fjδ δ δ= = =  for 0,1,2, ,j N=  , then all deaths 
in the system are only due to natural causes and the total living human population  

satisfies the equation: d 1
d

L L
h L L

h

H Hr H H
t K

µ
 

= − − 
 

; which can be solved directly 

to have ( )
1 eL rt

KH t
B −=

+
, where ( )h h

h

K r
K

r
µ−

= , ( )e hr ch

h

KB
r

µ− −= , hr r µ= −   

and c∈ . Clearly, if (i) hr µ> , ( )LH t K→  as t →∞  and if (ii) hr µ≤ , 
( ) 0LH t →  as t →∞ . In either case, ( )LH t  remains bounded as t →∞ . 

We shall assume that hr µ> . Also, applying similar arguments, the equation 
for the rate of change of the total living human population and the cadavers is 
given as:  

 d 1 .
d

L
h L L D D

h

HH r H H r R
t K

µ
 

= − − − 
 

 (21) 

Putting all the equations together, we get:  

 

( )

( )

( )

( )

, ,
0, 0

, ,
0 0,

0

d New Births
d

, 0,1,2, , ;

d , 0,1, 2, , ;
d

d
;

d

d

N

N

N

N N
k

j k j j k Fj Qk Qk
j j k j

Rk R k k k k

N N
Fk

j k j j k Fj k k Fk
j j j k

N
Q

jQ j Q Q
j

S a S S S
t

R S A S k N

S S b S f G S k N
t

S
S f S

t

α α

α λ µ

λ µ

λ µ

= ≠ =

= = ≠

=

   
= + + +   

   
+ − − + =

   
= + − + + =   
   
 

= − + 
 

∑ ∑

∑ ∑

∑





( )

( ) ( )

( ) ( )

( )

, ,
0 0,

0

0

, 0,1, 2, , ;
d

d , , ;
d

d , , , ;
d

d ;
d

d
d

N

N

N

N N
Fk

j k Fj j k Fj k k Fk
j j j k

H
H Q F F H H

T
T Q H F F T T

N
R

Fj Fj T T H H R R
j

N
D

Fj Fj T T H H
j

I S c I g I k N
t

I F S I
t

I F S I I
t

R r I r I r I R
t

R I I I
t

β µ

β µ

β µ

α µ

δ δ δ

= = ≠

=

=

   
= + − + + =   
   

= − +

= − +

 
= + + − + 
 
 

= + + − 
 

∑ ∑

∑

∑

S I

S I



( )
0

;

d .
d

D D

N
v

Fj Fj Fj Fj Q Q H H T T v
j

r R

E S I S I I dE
t

ψ ν ν ν ν
=

































= + + + + −∑

 (22)

 

The equations for the total living human populations are given by:  
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( )

0

d 1 ;
d

d 1 .
d

N
L L

h L L T T H H Fj Fj
jh

L
h L D D

h

H Hr H H I I I
t K

HH r H H r R
t K

µ δ δ δ

µ µ

=

  
= − − − − −   

   


  = − − − −  
  

∑
 (23) 

where 
Nkλ  is as given in Equation (2); kA , Equation (6); kG  and 

Nkf , Equa-
tion (7); 

NQf , Equation (8); k  and kg , Equation (9); ( ), ,
NH Q F FF S S I , 

Equation (11) and ( ), , ,
NT Q H F FF S I S I  Equation (14). 

One form of initial conditions could be those that start off the process with 
some initial density of the form:  

 ( ) ( ) ( ) ( ) ( )0 0 0 0 00 , 0 , 0 , 0 , 0 ,k k Fk Fk Fk Fk Q Q H HS S S S I I S S I I= = = = =  (24) 

 ( ) ( ) ( ) ( )0 0 0 00 , 0 , 0 , 0 ,T T R R D D v vI I R R R R E E= = = =  (25) 

where the variables with superscript 0  are typical variables at time 0t =  whose 
values will be provided as initial conditions.  

Definition 2.1 (Realistic solution). A solution of system (22) is called realistic 
if it is non-negative and bounded.  

For all intents and purposes, since the rates are polynomials and rational func-
tions, we can easily establish using standard techniques as shown in [21] that sys-
tem (22) is mathematically and physically well-posed. Also, the solutions lie in the 
bounded region,  

 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )

( ) ( )

( )

3 9 3 9max

max
0

, , , , , , , ,

; and ,
4

, .
4

i Fi Q Fi T H R D v

N Nh h
L v

N
h h

Fj Fj Q H T
j

S t S t S t I t I t I t R t R t E t

r K QH t E t
d

r KQ i

µ

ψ ν ν ν ν
µ

+ +
+ +

=

 Ω = 

 ∈ ≤ ≤ ⊂ 

 
    = + + + + ∈       

∑

 



 (26) 

2.3. Non-Dimensionalisation and Re-Parametrisation  

To scale the system, we make the following change of variables:  

 
0 0 0 0 0 0 0

0 0 0 0 0 0 0

, , , , , , ,

, , , , , , ,

Qk Fk Fk T H R
k Fk Q Fk T H R

k Fk Q Fk T H R

vD M D L
D M D L v

D M D L v

SS S I I I RS S S I I I R
S S S I I I R

ER R D HH tR R D H H E
R R D H H E T

τ

= = = = = = =

= = = = = = =

      

     

 

where 0
kS , 0

FkS , 0
QS , 0

FkI , 0
TI , 0

HI , 0
RR , 0

DR , 0
MR , 0

DD , 0
vE , 0

LH  and 0H , 
are reference quantities associated with the different human and viral compart-
ments, and 0T  is a characteristic time frame for the system. We set;  

 

( ) 0 0 0 0 0

0 0 0 0 0 0 0 0 0

; ; , ;

1; ; ;

h h
h k Fk Q Fk H

h

T R D M D L v v

K r
K r r k S S S I I K

r

I R R R D H H K E A T

µ
µ

µ

−
= = − ∀ ∈ = = = = =

= = = = = = = = =


 (27) 

and then define the following dimensionless parameter groupings:  
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( )

( )

0
,0

,

, , ,
, , ,

,0 ,0 ,0

,0 0

,0 ,0

,

0, if
; ; ; ;

, if

; ; ; ; ;

; ; ; ; ;

ˆ ˆˆ

ˆ ˆ

k

Fk N

j kL
S k k j kh

h k
k

j k k j k j Qk k
j k k j k j Qk k

k k k k k

kRk k k v
Rk k k S k k

k k k k

j k

k N
aHT A r h ar

k N K A
A

A A
B

a T f G
A A

γ µ
µ

µ
α τ ϕ α ε

α τ ϕ α ε
µ τ τ µ τ

τα ζ χ
α ζ χ γ µ

µ τ µ τ

θ

≠
= + = = = = + +

= = = = =
+ +

= = = = = + +
+ +



 



 ( )

( )

( )

, ,0 , ,0 0
,

, ,0
, ,

,0

0 01 1
1 1

0
1

; ; ; ;

; ; ; ;

; ; ; ;

ˆ

ˆ

ˆ ; ;

;

Q N
N N N

Fk

R N D
N

v

j k j j k j j
j k j S Q

k k k k Q

j k j kk
I k k k j k j k

k k k k k

h D
R R R D d

R D

E

b
b T f

f G f G f
c

T g c
g g

rr rT r T r r r
r

T d

θ τ θ τ
θ γ µ

µ µ µ
βφ

γ µ φ β
τ µ µ

δ
γ α µ γ δ

α µ µ µ

γ ν

∗ ∗
∗ ∗

∗

= = = = +
+ + + + +

= + + = = =
+ + + +

= + = = = = =
+

= =







 




 

00
01 1

1 10 0

max
max 0

; ; ; ; ;

; ; ; ; ;

; ; ; ; ;

ˆ

ˆ ˆ ˆ

ˆ;

Q Q hD
Q D

v v

Fj Fj Fj Fj Fj
Fj Fj Fj

H H H H H

Fj Fj Fj
Fj Fj Fj

H T T T T

k
k

T

S rI rr r T
dE dE

B d
b d

I

ν µν µ
ν δ δ

µ µ
ω ξ σ ρ ωβ γ βγ β ξ ρ ω

β µ β µ β µ β µ β µ
σ ω σγ ησ γ ω σ η

β µ β µ β µ β µ β µ

τ

∗ ∗
∗ ∗

−−
= = = =

+ ++
= = = = =

+ + + + +

= = = = =
+ + + + +

= =



 

 

  



( ) ( )
0

0 0
0

,0

; ; ; .
H T

Fj Fj
I H I T Fj

k v

S
T T

dE
ψ

γ β µ γ β µ ψ

































= + = + = 




(28)

 

With { }1 , ,Fk T H∗ ∈ . This leads to the scaled system:  

 

( )

( )

( )

( )

, ,
0, 0

, ,
0 0,

0

d
1

d

, 0,1, 2, , ;

d
, 0,1, 2, , ;

d
d
d

ˆ

k

Fk

Q

N N
k

S k L L j k j j k Fj
j j k j

Qk Q Rk R k k k k

N N
Fk

S j k j j j k Fj Fk
j j j k

N
Q

S j j
j

S
r hH H a S S

S R a S S k N

S
S b S S k N

S

γ α
τ

α α λ

γ θ λ
τ

γ θ λ
τ

= ≠ =

= = ≠

=


= − + +


+ + − − ∀ =

 
= + − ∀ = 

 

=

∑ ∑

∑ ∑

∑

y

y

y





  



  

  



 




 







( )

( )

, ,
0 0,

0

0

;

d
;

d
d

, , ;
d
d

, , , ;
d
d

;
d

d
d

Fk

H

T

R

D

j Q

N N
Fk

I j k Fj j k Fj Fk
j j j k

H
I h Q F F H

T
I t Q H F F T

N
R

R Fj Fj T T H H R
j

N
D

R
j

S S

I
S c I I

I F S I

I F S I I

R r I r I r I R

R

γ β
τ

γ
τ

γ
τ

γ
τ

γ
τ

= = ≠

=

=

 
− 

 
 

= + − 
 

 = − 

 = − 
 

= + + − 
 

=

∑ ∑

∑

S I

S I





   





   



   



   

  



( )
0

;

d
;

d

ˆ ˆ ˆ

v

Fj Fj T T H H D

N
v

E Fj Fj Fj Fj Q Q H H T T v
j

I I I R

E
S I S I I E

δ δ δ

γ ψ ν ν ν ν
τ =

 
+ + − 

 
 

= + + + + − 
 

∑

∑

   



    

    

 (29)

 

https://doi.org/10.4236/jamp.2026.149181


J. A. Njongwe et al. 
 

 

DOI: 10.4236/jamp.2026.149181 3672 Journal of Applied Mathematics and Physics 
 

and the total populations satisfy the scaled equations:  

 
( )

( )
0

d 1 ;
d

d .

ˆ

1
d

N
L

L L T T H H Fj Fj
j

L L D D

H r H H I I I

H r hH H H r R

δ δ δ
τ

τ

=

= − − − −

= − − −

∑


      



   

 

 (30) 

where:  

 
( ) , ,

0

ˆ ˆˆ ˆˆ

ˆ ˆ ;
1

N
Fj Fj Q T H

k k j k j k k k
j

vD
k k

v

S I S I I
H H H H H

ERd
H E

λ τ ϕ ε φ ζ

χ

=

 
= + + + +  

 
 

+ +  + 

∑y
 

 



    



 

 (31) 

 ( )
( )

( )

max
0

max
0

, if
, , ;

, if

N

Q Fj Fj Fj Fj T
j

h Q F F N

Q Fj Fj Fj Fj T
j

S S I I b
F S

S S I I b

γ ξ ρ

β ω σ

=

=


+ + >

= 
 + + ≤

∑

∑
S I

    

 

  

 

 


   



 














 (32) 

and  

 ( )
max

max
0

0, if
, , , .

,ˆ iˆ f

T

Nt Q H F F
Q H j T

j

I b
F S I

S I I bγ η
=

 >


= 
+ + ≤


∑

S I

 

 
 

 

 



 

 



  

 
 (33) 

For, ( )ˆ ˆ ˆj Fj Fj Fj FjS Iω σ= +  . 
 
Table 2. Model’s parameter values and their Quasi-dimensions. 

Parameter Description Units Range of possible values Baseline values References 

hr  Recruitment rate of humans 1T −  
6 46.6,

1000 365 1000 365
 
 × × 

 59.58904 10−×  [22] 

µ  Natural mortality rate of humans. 1T −  
1 1,

89.8 365 54.4 365
 
 × × 

 54.56621 10−×  [22] 

hK  Human environmental carrying capacity   Varies 106 Assumed 

( ),k j kθ θ  

Proportions of susceptible individuals 
with adherence index k  who become 
suspected asymptomatic freely-roaming 
individuals with adherence index j , 
(respectively, suspected asymptomatic 
quarantined individuals). 

1 [ ]0,1  0.75(0.25) Assumed 

Nkf (
NQf ) 

Total outflow rate for suspected 
asymptomatic freely-roaming (and 
suspected quarantined) individuals with 
adherence index k . 

1T −  
1 1,

14 2
 
  

 1
8

 [23] 

,k jα  

Flow rate from the FkS  class in the 
suspected freely-roaming compartment  
to the jS  class in the susceptible 

compartment. 

1T −  
1 1,

500 2
 
  

 0.04375 
Assumed, 
weighted with 

Nkf . 
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,k jβ  

Rate at which individuals from the  

FkS  class in the suspected  
freely-roaming compartment  
progressed to the FjI  class in the 

symptomatic infectious freely-roaming 
compartment. 

1T −  
1 1,

500 2
 
  

 0.025 
Assumed, 
weighted with 

Nkf . 

Fkξ  
Rate at which suspected freely roaming 
individuals are removed and isolated at 
homes. 

1T −  
1 1,

500 2
 
  

 0.04375 
Assumed, 
weighted with 

Nkf . 

Fkω  
Rate at which suspected freely roaming 
individuals are removed and isolated into 
the treatment centres. 

1T −  
1 1,

500 2
 
  

 0.0125 
Assumed, 
weighted with 

Nkf . 

Qkα  
Rate at which suspected quarantined 
individuals moved to the susceptible  
class k . 

1T −  
1 1,

200 2
 
  

 0.04375 
Assumed, 
weighted with 

NQf . 

γ  

Rate at which suspected quarantined 
individuals who are confirmed to be 
infected with the virus progressed to the 
isolated infectious individuals at the 
treatment centre. 

1T −  
1 1,

200 2
 
  

 0.05 
Assumed, 
weighted with 

NQf . 

β  

Rate at which suspected quarantined 
individuals who are confirmed to be 
infected with the virus progressed  
to the isolated infectious individuals  
at homes. 

1T −  
1 1,

200 2
 
  

 0.03125 
Assumed, 
weighted with 

NQf . 

Rkα  Rate at which recovered individuals lose 
immunity. 

1T −  
6 12.73 10 ,

120
− ×  

 1/120 [24]. 

,k ja , ,k jb , 

,k jc  

Rates at which susceptible, suspected 
freely-roaming and infectious  
freely-roaming individuals change  
their adherence status, from adherence 
status index k  to adherence status 
index j  within the respective 
compartments. 

1T −  Varies Varies Estimated 

kg , Hβ , 

Tβ  

Total outflow rates for individuals 
 who are infected/infectious 
symptomatic freely-roaming, 
symptomatic isolated at homes and  
at treatment centres with adherence 
index k , 0,1,2, ,k N=   

1T −  
3 1,

500 5
 
  

 3
20

 [25] [26] 

Fkσ  

Rate at which infectious freely  
roaming individuals are removed  
and isolated into the treatment  
centres. 

1T −  
10,
5

 
  

 0.0375 
Assumed, 
weighted with 

kg . 
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Table 3. Model’s parameter values and their Quasi-dimensions. 

Parameter Description Units Range of possible values Baseline values References 

Fkρ  
Rate at which infectious freely roaming 
individuals are removed and isolated at 
homes. 

1T −  
10,
5

 
  

 0.0375 
Assumed, weighted 
with kg . 

Fkr  

Recovery rate of confirmed 
infected/infectious symptomatic freely 
roaming individuals with adherence 
index k . 

1T −  
10,
5

 
  

 0.0375 
Assumed, weighted 
with kg . 

Fkδ  

Disease related death rate for 
infected/infectious symptomatic freely 
roaming individuals with adherence 
index k . 

1T −  
10,
5

 
  

 0.0375 
Assumed, weighted 
with kg . 

Hr  
Rate at which confirmed isolated 
symptomatic infectious individuals at 
homes recover from the infection. 

1T −  
10,
5

 
  

 0.075 
Assumed, weighted 
with Hβ . 

η  

Rate at which confirmed isolated 
symptomatic infectious individuals at 
homes become confirmed isolated 
symptomatic infectious individuals in 
treatment centres. 

1T −  
10,
5

 
  

 0.03 
Assumed, weighted 
with Hβ . 

Hδ  
Disease related death rates for confirmed 
symptomatic self-isolated individuals at 
homes. 

1T −  
10,
5

 
  

 0.045 
Assumed, weighted 
with Hβ . 

Tr  
Recovery rate of confirmed isolated 
symptomatic infectious individuals in 
treatment centres. 

1T −  
10,
5

 
  

 0.09 
Assumed, weighted 
with Tβ . 

Tδ  
Disease related death rate for confirmed 
symptomatic isolated individuals in 
treatment centres. 

1T −  
10,
5

 
  

 0.06 
Assumed, weighted 
with Tβ . 

,k jτ  

Entries of Hilbert-Like matrix for 
contacts between susceptible humans 
with adherence index k  and suspected 
freely-roaming humans or 
infected/infectious freely roaming 
humans with adherence index j , 

, 0,1,2, ,k j N=  . 

1 [0, 1] Varies Assumed 

F
ϕI  

Effective contact rate between susceptible 
humans with adherence index k  and 
infected/infectious freely-roaming 
individuals with adherence index j . 

1T −  [ ]0.002,1.12  0.18 [20] [25] [27] [28] 

C∗  

Proportions of FI , FS , HI , TI , QS  

and DR  humans who come in contact 
with S  humans. Here, 

{ }, , , , ,F F H T Q DI I S R∗∈ I S  

1 [0, 1] Varies Assumed 
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Continued 

,k jτ  

Contact rate between susceptible humans 
with adherence index k  and suspected 
asymptomatic freely-roaming humans 
with adherence index j . 

1T −  [ ]0.0002,1.12  0.15 Weighted with 
F

ϕI . 

,k jϕ  

Contact rate between susceptible humans 
with adherence index k  and confirmed 
infected/infectious symptomatic freely-
roaming humans with adherence index 
j . 

1T −  [ ]0.0002,1.12  0.18 Weighted with 
F

ϕI . 

kε  

Effective contact rate between susceptible 
humans with adherence index k  and 
suspected quarantined asymptomatic 
humans. 

1T −  [ ]0.0002,1.12  0.06 Weighted with 
F

ϕI . 

kφ  

Effective contact rate between susceptible 
humans with adherence index k  and 
confirmed isolated symptomatic 
infected/infectious humans in the 
treatment centre. 

1T −  [ ]0.0002,1.12  0.09 Weighted with 
F

ϕI . 

 
Table 4. Model’s parameter values and their Quasi-dimensions. 

Parameter Description Units Range of possible values Baseline values References 

kζ  

Effective contact rate between susceptible 
humans with adherence index k  and 
confirmed isolated symptomatic 
infected/infectious humans at home. 

1T −  [ ]0.0002,1.12  0.12 
Weighted with 

F
ϕI . 

kd  

Effective contact rate between cadavers of 
confirmed isolated/non-isolated symptomatic 
individuals and susceptible individuals with 
adherence index k . 

1T −  [ ]0.0002,1.12  0.03 
Weighted with 

F
ϕI . 

3η  
The environmental contamination factor, 
standing for the per capita rate of people who 
interact with the environment daily 

1−  [ ]0,1  0.000007 [20] 

kχ  
Effective contact rate between susceptible 
humans with adherence index k  and viral 
contaminated environment. 

1T −  [ ]0.0002,1.12  61.26 10−×  
Weighted with 

F
ϕI . 

d  
Decay rate of viral particles from the 
environment. 

1T −  
1 ,1.275

16
 
  

 0.85 [20] 

Dr  Rate at which cadavers are removed and 
buried. 

1T −  
1 1,

112 17
 
  

 129
3808

 [29]-[31] 

vB  
Measures the maximum possible 
concentration of viral particles in the 
environment. 

  710,10    30,000 Assumed 

vA  

Measures the concentration level when the 
maximum concentration of viral particles in 

the environment is exactly half 1
2 vB 

 
 

 
  710,10    15,000 Assumed 
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Fkν  

Rate of shedding viral particles into the 
environment by the infected/infectious 
symptomatic freely-roaming individuals with 
adherence index k . 

1 1T− −  [ ]0,0.5  16
129

 [20] [32] 

d∗∗  Proportions with { }, , , ,F F H T QI I S∗∗∈ I S  1 [0, 1] Varies Assumed 

Fkψ  
Rate of shedding viral particles into the 
environment by the suspected quarantined 
individuals with adherence index k . 

1 1T− −  [ ]0,0.5  64
645

 
Weighted with 

Fkν . 

Hν  

Rate of shedding viral particles into the 
environment by confirmed symptomatic 
infected/infectious self isolated individuals at 
homes. 

1 1T− −  [ ]0,0.5  48
645

 
Weighted with 

Fkν . 

Tν  

Rate of shedding viral particles into the 
environment by confirmed isolated 
symptomatic infected/infectious individuals 
in the treatment centres. 

1 1T− −  [ ]0,0.5  32
645

 
Weighted with 

Fkν . 

Qν  
Rate of shedding viral particles into the 
environment by the suspected quarantined 
individuals. 

1 1T− −  [ ]0,0.5  16
645

 
Weighted with 

Fkν . 

kB , k∈  Per capita birth rate of humans per unit time 1 1T− −  Varies Varies  

,k jλ  

A real-valued function representing the force 
of infection. The index k  indicates the flow 
rate from the kS  class in the S  
compartment to the FjS  compartment, 

where , 0,1,2, ,k j N=  . 

1T −  Varies Varies Estimated 

kQλ  

A real-valued function representing the force 
of infection. The index k  indicates the flow 
rate from the kS  class in the S  
compartment to the QS  compartment, 

where 0,1,2, ,k N=  . 

1T −  Varies Varies Estimated 

3. Mathematical Analyses of the Scaled Model  

In this section, we perform mathematical analyses on the scaled system (29).  

3.1. The Scaled Disease Free Model  

In the absence of the disease, system (29)-(30) reduces to:  

 ( ) ,
0,

d 1 ;
d k

N
k

S k L L j k j k
j j k

S r hH H a S Sγ
τ = ≠

  
= − + −  

   
∑



  

  (34) 

 ( )d 1 .ˆ
d

L
L L

H r H H
τ

= −


   (35) 

Here, the dimensionless parameters; ,, , , ˆ,
kS k j kr h a rγ   and r  are as defined in 

Equation (28). When there is no barrier measure, that is when 0N = , 0LH S=   
and Equation (34) reduces to  

https://doi.org/10.4236/jamp.2026.149181


J. A. Njongwe et al. 
 

 

DOI: 10.4236/jamp.2026.149181 3677 Journal of Applied Mathematics and Physics 
 

 ( ) ( )0
0

0 0 0 0
d 1 ˆ 1 ,
d S L L
S r hS S S r H Hγ
τ

 = − − ≡ − 


      (36) 

a single equation which can be rearranged to give Equation (35). Equation (35) 

can be solved directly to have, ( ) ( )0 ˆeL rS H τ
ςτ τ

ς−= =
+

  , 0ecς =  with 0c ∈ .  

Now, as τ →∞ , ( ) 1LH τ → . Thus, based on the scaling adopted, the equation for 
the scaled total living human population is always bounded, i.e., ( )0 1LH τ≤ ≤ . Let 

( )T

0 1, , ,DF NS S S=x 

   , ( )( )T
0,0, , 1

NDF S N L Lr hH Hγ= −f  

  and  

 

0 0 0 0

1 1 1 1

2 2 2 2

1,0 2,0 ,0

0,1 2,1 ,1

0,2 1,2 ,2

0, 1, 2,

.

N N N N

S S S S N

S S S S N

DF S S S S N

S N S N S N S

a a a

a a a

A a a a

a a a

γ γ γ γ

γ γ γ γ

γ γ γ γ

γ γ γ γ

− … 
 

− … 
 = − … 
 
 
 … − 

  

  



  

 



 

 

 (37) 

Then system (34)-(35) can be written in the form:  

 ( ) ( ) 0
d , 0 .
d

DF
DF DF DF DFA τ

τ
= + =

x x f x x  (38) 

Let us further define, ( )T* * * *
0 1, , , NS S S=S 

    and ( )( )T
0,0, , 1Nr h= − −b  .  

Theorem 1 (On the existence of steady states). The disease free system (34)-
(35), has two steady states: 1) the trivial steady state; given by  

( ) ( )0 * *, ,0ss LH= =x S  0 , with 0  a ( )1 1N× +  zero vector and 2) the non-trivial 
steady state given by ( ) ( )1 * * *

1, ,1ss LH= =x S S  .  

Proof. At equilibrium, d d 0
d d

k LS H
τ τ
= =

 

. From Equation (35), * 0LH =  or 1. For  

* 0LH = , Equation (34) gives * 0kS =  for all k , yielding the trivial steady state. 
For * 1LH = , Equation (34) gives *A =S b   , where A  has negative diagonal and 
non-negative off-diagonal entries. By the Gershgorin Circle Theorem [33], A  is 
nonsingular; hence * 1A−=S b    exists, establishing the non-trivial disease-free 
steady state.  

Theorem 2 (Stability of the steady states).  
The steady states defined by Theorem 1 have the following stability properties: 

(i) The trivial steady state is locally unstable for all parameters, and (ii) The non-
trivial steady state is globally asymptotically stable.  

Proof. Stability is determined by the eigenvalues of the Jacobian at the steady 
states. From the block structure of the Jacobian, the characteristic equation can be 
written as  

 ( ) ( )*1 2 0,ˆDF ss L DFJ I r H A Iλ λ λ − = − − − = x   (39) 

where DFA  is defined in Equation (37). At the trivial steady state 0
ssx , ˆ 0rλ = > , 

implying instability. At the non-trivial steady state 1
ssx , ˆ 0rλ = − < , while DFA  

has negative diagonal and non-negative off-diagonal entries. Hence, by the Gersh-
gorin Circle Theorem [33] [34], all eigenvalues of DFA  have negative real parts, 
establishing local asymptotic stability of 1

ssx . Moreover, the corresponding solu-
tion remains bounded as τ →∞  [21], completing the proof.              □ 
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3.2. The Epidemiological Model with No Barrier Measures  

In this subsection, our goal is to analyse the scaled epidemiological system when 
there are no barrier measures (that is 0N = ) but other non-pharmaceutical in-
terventions such as quarantine are still in place. From our scaling and when 

0N = , we observe that 
0 0,0 1ˆSγ τ= = , 0r r=  . System (29) now reduces to:  

 

( ) ( )

( ) ( )

( )

0

0

0
0,0 0 0 0 0 0 0 0

0
0,0 0 0 0 0 0 0

0
0,0 0 0 0 0

d 1 ;
d

dd ; ;
d d

d d; , , ;
d d

d
d

ˆ
F Q

F H

T

L L F Q Q R R

QF
S F S Q

F H
I F F I h Q F F H

T
I t

S r hH H S S R a S S

SS S S S S

I IS I f S S I I

I f

α α α λ
τ

γ θ λ γ θ λ
τ τ

γ β γ
τ τ

γ
τ

= − + + + − −

  = − = −   

  = − = −   

=

Y

Y Y



     

  





    

 

 



   

 



( )0 0

0 0

0 0

0 0 0 0

, , , ;

d

ˆ ˆ

;
d
d ˆ ;
d

d .
d

R

D

v

Q H F F T

R
R F F T T H H R

D
R F F T T H H D

v
E F F F F Q Q H H T T v

S I S I I

R r I r I r I R

R I I I R

E S I S I I E

γ
τ

γ δ δ δ
τ

γ ψ ν ν ν ν
τ

 − 

 = + + − 

 = + + − 

 = + + + + − 

  



   

  



   



    

    

 (40) 

The total populations satisfy the scaled equations:  

 
( )

( )

0 0
d 1 ;
d

d 1 ;

ˆ

d

L
L L T T H H F F

L L D D

H r H H I I I

H r hH H H r R

δ δ δ
τ

τ

= − − − −

= − − −



      



   

 

 (41)  

and  

 

( )

( )

( )

0 0
0 0,0 0 0 0 0 0

0 0 0 0 max
0 0

0 0 0 0 max

0 0

;
1

, if
,

ˆˆ ˆˆ

,
, if

0
, , ,

ˆ ˆQF F vT H D

v

Q F F F F T
h Q F F

Q F F F F T

t Q H F F

SS I EI I Rd
H H H H H H E

S S I I b
f S S I

S S I I b

f S I S I

λ ϕ ε φ ζ χ

γ ξ ρ

β ω σ

 
= + + + + + +  + 

 + + >= 
+ + ≤

=

Y


    

      

 



   

 

  

    

 

  

 
 

 

 
 

max

0 max

, if
,

, ifˆˆ

T

Q H T

I b

S I I bγ η








 > 

 
+ + ≤  

 

 
 

 



  

 
 

 

 (42)  

where 0 0 0 0 0
ˆ ˆ ˆF F F FS Iω σ= +  . The dimensionless parameters in the case when 

0N =  can be deduced from the parameter groupings in Equation (28). 

3.2.1. Basic Reproduction Number of the Epidemiological Model 
The basic reproduction number, 0 , measures the average number of secondary 
infections generated in an absolutely susceptible population by a single infectious 
individual throughout the period within which the individual is infectious [35]. 
To compute 0  using the next generation matrix approach [36], we identify the 
vector of new infection,  , and the vector of transitions,  , and identify 0  
as the dominant eigenvalue of the next generation matrix 1FV −  where  
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( )*i
dfe

j

F E
x

 ∂
=  

∂  


, ( )*i

dfe
j

V E
x

 ∂
=  

∂  


, , 1, 2, ,10i j =  . Here,  

( )* 1,0,0,0,0,0,0,0,0,1dfeE =  is the non-trivial disease free steady state of system 
(40)-(41). To proceed, we identify all state variables for the infection from system (40) 
as, 0FS , QS , 0FI , HI , TI , DR , vE , and their corresponding equations to be: 

 

( ) ( )

( )

( )

0

0

0
0,0 0 0 0 0 0 0

0
0,0 0 0 0 0

0 0

0 0

dd ; ;
d d

d d; , , ;
d

ˆ

d
d , , , ;
d
d
d

ˆ ˆ ˆ

F Q

F H

T

D

QF
S F S Q

F H
I F F I h Q F F H

T
I t Q H F F T

D
R F F T T H H

SS S S S S

I IS I f S S I I

I f S I S I I

R I I I

γ θ λ γ θ λ
τ τ

γ β γ
τ τ

γ
τ

γ δ δ δ
τ

  = − = −   

  = − = −   

 = − 

= + + −

y y




    

 

 

     



   



   

0 0 0 0

;

d .
d v

D

v
E F F F F Q Q H H T T v

R

E S I S I I Eγ ψ ν ν ν ν
τ












    


  = + + + + −  



    

    

 (43) 

It is known that the value of 0  obtained from the next generation approach 
is sensitive to the manner in which we interpret transitions and new infections 
[37]. Here, we can interrogate possibilities concerning the viral particles and the 
environment: (i) Environmental contamination seen as a transition, (ii) Environ-
mental contamination seen as new infections. 

CASE I: The contaminated environment as a transition. This pathway is 
common with viral infections whereby the viral particles’ population cannot main-
tain itself through growth in the environment. So, the shedding of viral particle 
terms by infectious individuals are placed in the transition state rather than the 
new infection state, giving:  

 
0 0 0 max

0
0 0 0 max

; if
.

; if
a a a

b b b

I h e
TI

I h e
T

I b

I b

 = + ≤= 
= + >

 

 
 

 



 






  


  
 (44) 

For; 0 0,0 1 0 2
ˆ

a

h M Mθ θ= + ; ( )0 0 0,0 3 0 4
ˆˆ

a

e M Mχ θ θ= + , and 0 0,0 1 0 2
ˆ

b

h T Tθ θ= + ;

( )0 0 0,0 3 0 4
ˆˆ

b

e T Tχ θ θ= + . Where:  

( ) ( )( )
( ) ( )( )

( ) ( )

1 0,0 0,0 0 0,0 0 0 0 0,0 0 0 0,0 0 0

0 0,0 0 0 0 0 0 0

2 0 0 0 0

3 0 0 0,0

ˆ ˆˆ ˆˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆˆ

ˆˆ ˆ ˆ ˆ ˆ

1

;ˆ ˆ ˆ

;

ˆ

F F F F F F

F F H T F T F F H T T F

H T T

F F T

M

d

M d

M

ϕ β ζ β σ ω φ β σ ω η β σ ω

β δ σ δ δ σ ηδ σ ω δ ηδ δ ω

ε βζ φ γ ηβ βδ γδ ηβδ

ψ ν β ν ω

= + + + + + + +

+ + + + + + +

= + + + + + +

= + +

   

   



   

   

 



   ( )( )
( )

( )
( ) ( )( )

( )

0 0 0,0 0,0 0 0

0 0 0,0

4

1 0,0 0,0 0 0,0 0 0 0 0,0 0 0 0

2 0 0 0 3 0 0 0,0 0 0 0,0 4

ˆ

ˆ

ˆˆ ˆ ˆ ˆˆ

;

;

1 ;

ˆˆ ˆ ; ;ˆ

F F F F

H F F

H Q T

F F F F H F H

H F F H F F

M

T d

T d T T

σ β η β σ ω

ν ω σ β

βν ν ν ηβ γ

ϕ β ζ β ρ ξ β δ ρ δ ξ δ

ε γζ γδ ψ ν β ν ξ ρ β γν

+ + +

+ +

= + + +

= + + + + + +

= + + = + + + =

 

 



  

 

   

    

 

  

        .H Qν
















+ 

(45) 

The quantities 0i

h  and 0i

e , { },i a b∈ , defined in Equation (44), correspond, 
respectively, to the average number of secondary infections through human-to-
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human and environment-to-human transmissions caused by one infectious indi-
vidual in its infectious lifetime. From the expression of 0

I  defined in Equation 
(44), the contribution of each transmission pathway in a viral disease outbreak is 
separable. Hence, the control efforts can be focused on infectious individuals or 
the contaminated environment depending on the amount of effort required to 
reduce the sum of 0i

h  and 0i

e , { },i a b∈ , to less than unity. 
CASE II: Contaminated environment as a reservoir of infection. By this we 

mean the environment is assumed to act as a reservoir, where secondary viral par-
ticles are added into the environment solely through viral particle shedding by 
infectious host. By this, we mean, infectious individuals shed viral particles into 
the environment, these viral particles exists independently, they accumulate and 
decay over time. Also, these viral particles go on to infect new individuals. Intui-
tively, infection can happen even after infectious individuals leave, through the 
environment. Hence, all the shedding rates are placed in the   matrix. Then, 
after some calculations, we have:  

 

( )

( )

2

0 0 0
0 max

0
2

0 0 0
0 max

4
; if ,

2

4
; if ? .

2

a a a

a

b b b

b

h h e
II

T
II

h h e
II

T

I b

I b

 + + = ≤= 
 + +
 = >






 

 
 

 

 
 

  



  



 (46) 

Here, 0i

h  and 0i

e , { },i a b∈ , retain their definitions above. Thus,  
{ }0 0 0,I II∈    separates human-to-human and environmental transmission. 

Hence, 0  allows the contributions of quarantined individuals, non-quaran-
tined individuals, human transmission, environmental transmission, or all path-
ways to be examined separately. We therefore obtain the following result for 0

II  
in Equation (46).  

Lemma 3. Let 0 0h ≥  and 0 0e ≥  be given. Define:  

 
( )2

0 0 0
0

4
.

2

h h e+ +
=
  

  (47) 

(i) If 0 0 0h e= =  , then 0 0= .  
(ii) If 0 0h = , then 0 0

e=   and if 0 0e = , then 0 0
h=  . Thus,  

0 00 1 0 1e< ≤ ⇔ < ≤  , and 0 00 1 0 1h< ≤ ⇔ < ≤  .  
(iii) 0 0 00 1 0 1h e< ≤ ⇔ < + ≤    and 0 0 01 1h e> ⇔ + >   .  
Proof. The proofs of (i) and (ii) are straightforward and are therefore omitted. We 

prove only the first part of (iii); the second part follows by a similar argument. Sup-
pose 0 0h > , 0 0e >  and rationalizing 0  defined in Equation (47) we get  

 

( )
( )

0
0 2

0 0 0

2

0 0 0 0

0 0

20 1 0 1
4

0 4 4 4

0 1.

e

h e h

e e h e

h e

< ≤ ⇔ < ≤
+ −

⇔ < + ≤

⇔ < + ≤




  

   

 

 

□ 
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Theorem 4. Let 0
I  and 0

II  be given as in Equations (44) and (46) respec-
tively. Then:  

(i) 0 01 1I II= ⇔ =  .  
(ii) 0 0

I II<   whenever 0 1I <  and 0 0
I II>   whenever 0 1I > .  

(iii) 0 0 0
I II h= =    whenever 0 0e = , and 0 0

I II>   whenever 0 0h =  
and 0 1e > .  

Proof. We will prove only the first point here as the second point has been 
proven already in Lemma 3 and the third point is straightforward.  

 ( ) ( )2 2

0 0 0 0 0 0 0 0

0

1 1 1 4 1

1.

I h e h e h e e

II

= ⇔ + = ⇔ = − ⇔ + = +

⇔ =

       


 

□ 
Remark. Throughout this article, we shall continue with 0

II  defined by Equa-
tion (46) and simply refer to it as 0 .  

3.2.2. Existence and Stability of Steady States 
We consider only realistic solutions in the sense of Definition 2.1.  

Theorem 5 (Existence of steady state solutions). System (40) possesses:  
(i) A trivial disease free steady state: ( )*

0 0,0,0,0,0,0,0,0,0,0E = =0 , which ex-
ists whenever * 0LH = ;  

(ii) a non-trivial disease free steady state: ( )* 1,0,0,0,0,0,0,0,0,1dfeE = , which 
exists whenever * 1LH = ; and  

(iii) an endemic steady state: ( )* * * * * * * * * * *
0 0 0, , , , , , , , ,ee F Q F H T R D vE S S S I I I R R E H=           , which 

exists whenever ( )* 0,1LH ∈  where *
LH  satisfies:  

 ( )* *3 *2 *
3 2 1 0 max0, for ;L L L L TP H q H q H q H q I b= + + + = ≤    

 

 
 

 or (48) 

 ( )* *3 *2 *
3 3 2 1 0 max0, for .L L L L TP H p H p H p H p I b= + + + = > 

 
 

      (49) 

The coefficients 3 2 1 0, , ,q q q q  are as defined in Equation (64) and 3 2 1 0, , ,p p p p  
are as defined in Equation (65).  

Proof. The steady states of system (40) are solutions of the algebraic system of 
equations obtained by setting the right hand sides to zero. Let  

( )* * * * * * * * * * *
0 0 0, , , , , , , , ,F Q F H T R D vS S S I I I R R E H=x            be a steady state solution of system 

(40), we get; 

 ( ) ( )* * * * * * * *
0,0 0 0 0 0 0 0 01 0;L L F Q Q R Rr hH H S S R a S Sα α α λ− + + + − − =Y     





   (50) 

 ( ) ( )* * * * * * * *
0 0,0 0 0 0 0 0 0 0,0 0;ˆ; ;F Q F FS S S S I Sθ λ θ λ β= = =Y Y          (51) 

 ( ) ( )* * * * * * * * * * *
0 0 0 0, , ; , , , ;H h Q F F T t Q H F FI f S S I I f S I S I= =         (52) 

 * * * * * * * *
0 0 0 0

ˆ ˆ; ;ˆ
R F F T T H H D F F T T H HR r I r I r I R I I Iδ δ δ= + + = + +       

    (53) 

 * * * * * *
0 0 0 0 0;F F F F Q Q H H T T vS I S I I Eψ ν ν ν ν+ + + + − =    

      (54) 

 ( )* * * *1 0;L L D Dr hH H H r R− − − =   

   (55) 

 ( )* * * * *
0 01 0ˆ L L T T H H F Fr H H I I Iδ δ δ− − − − =        (56) 

with  
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 ( )
** * ** * *

* 0 0
0 0,0 0 0 0 0 0* * * * * * *

ˆˆˆ ˆ ;ˆ
1

ˆQF F vT H D

v

SS I EI I Rd
H H H H H H E

λ ϕ ε φ ζ χ
 

= + + + + + +  + 
Y



    

      

  (57) 

 ( )
* * *

0 0 0 0 max* * * *
0 0 * * *

0 0 0 0 max

, if
, , ;

, if

Q F F F F T
h Q F F

Q F F F F T

S S I I b
f S S I

S S I I b

γ ξ ρ

β ω σ

 + + >= 
+ + ≤

 

 
 

 

 

    



 

  

    

 



 (58) 

and  

 ( ) max* * * * *
0 0 * * *

0 max
ˆˆ

0, if
, , , .

, if

T
t Q H F F

Q H T

I b
f S I S I

S I I bγ η

 >= 
+ + ≤

 

 
 

 

 




 







 

 
 (59) 

From (51),  

 ( )* * *
0 0 0

0,0

1 .FS Sλ
θ

=Y  



  (60) 

We now express *
QS , *

0FI , *
HI , *

TI , *
RR , *

DR  and *
vE  as a function of *

0FS  
and consider the following cases.  

Case 1  

Let us now consider the case where maxTI b≤ 


 
 

. Here, ( )* * *0
0 0

0,0

ˆ
Q F FS S Sθ

θ

 
=   
 

  



; 

( )* * *
0 0 0,0 0F F FI S Sβ=   ; ( )* * *

0 1 0H F FI S A S=  ; ( )* * *
0 2 0T F FI S A S=  ; ( )* * *

0 3 0R F FR S A S=  ;  

( )* * *
0 4 0D F FR S A S=   and ( )* * *

0 5 0v F FE S A S=  . Expressing *
0FS  in Equation (56), *

0S   

in Equation (50), *H  in Equation (55) each in terms of *
LH  and substituting 

appropriate expressions into Equation (57), we get;  

 

( ) ( )
( ) ( ) ( )
( ) ( ) ( )

( )( )

* * * *
0 8

* * * * *
0 9

* * * * *
4 8

* * * *7 0 5
0 0 0* *

5 0

1 ;

1 1 ;

1 1 ,

, ,
1

ˆ

F L L L

L L L L

L L D L L

F F
F

S H A H H

S H A H r hH H

H H r hH r A A H H

A AS H S
H A S

χλ

= −

 = − + −  
 = − − −  
  = + +   

Y

   

    



    











 (61) 

for  

 

0 0
1 0 0 0,0 2 1 0 0 0,0

0,0 0,0

3 0 0,0 2 1 4 0 0,0 2 1

0 00
5 3 4 6 0,0 0 3

0,0 0,0

0
7 1 2 8

0,0 2 1 0 0

ˆ ˆˆ ˆ ˆ

ˆ ˆ ˆ

ˆˆ

ˆ

; ;

; ;

; ;

;
ˆ

F F F F

F T H F T H

Q
R

T H F

A A A

A r r A r A A A A

A M M A A

rA M M A
A A

βθ γθω σ β η ω σ β
θ θ

β δ β δ δ

α θθ α α
θ θ

θ
θ δ δ δ β

= + + = + + +

= + + = + +

= + = + +

= + =
+ +



 

 

 

 

  



 

 

    

( )
,0

0 8
9 6 8 0,0 6 0

0,0 0,0

;

.a AA A A A aθ
θ θ













 
= − = −     



 

 (62) 

where 1 2 3, ,M M M  and 4M  are as defined in Equation (45). Now, using Equa-
tions (60) and (61), we have that, either  
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 ( ) ( ) ( ) ( )* * * *7 0 5
0 0* * * *

0,05 0

ˆ 10 or 0.
1F L L

L F L

A AS H S H
H H A S H

χ
θ

 
 = + − =
 + 

  



  

 (63) 

Therefore, ( )* *
0 0F LS H =   implies that, ( )* *

8 1 0L LA H H− =  . Which gives  
* 0LH =  or * 1LH = . Hence, we obtain the trivial and non-trivial disease free equi-

libria given by *
0E  and *

dfeE  respectively. Replacing ( )* *
LH H  , ( )* *

0 LS H   and  

( )* *
0F LS H   in Equation (63) and simplifying, we obtain the third order degree pol-

ynomial, ( )*
LP H  as defined in Equation (48) where:  

 

( ) ( ) ( )

( ) ( )
( ) ( )

( )

( ) ( )

5 8
3 5 9 7 8 0 0 4 8 4 8

0,0

2 5 9 7 8 0 0 4 8

5 9 7 8 0 0 4 8

5 8
4 8

0,0

1 5 9 7 8 0 0 4 8 7 9

;

2

ˆ ˆ

ˆ ˆ

ˆ

;

ˆ

1

ˆ

ˆ

D D

D

D

D

D

A Aq A A rh A A rh r A A r A A rh

q A A r A A rh r A A

A A rh A A r r A A

A A r A A r h

q A A r A A r r A A A A

χ χ
θ

χ χ

χ χ

θ

χ χ

 = + + − + − 

 = − + + − 
 − + + − 

− − +  

 = + + − − + 

    



  

  

 



   ( )

( ) ( )

( ) ( )

5 8 4 8 4 8
0,0

0 7 9 4 8
0,0

1 ;

1 .

D D

D

rh

A A r r A A r A A rh

q A A r r A A r

θ

θ














 − − + −  

= + + − 




   



  



 (64) 

Case 2  
This is the case when maxTI b> 



 
 

. Following similar steps as in the first case, 
we obtain the cubic polynomial in Equation (49), where:  

 

( ) ( )
( ) ( )

( )( ) ( )
( )( ) ( )

( ) ( )

3 0,0 4 5 7 6 4 5 3 5

0,0 0 4 6 3 5

2 0,0 0 4 6 3 5 4 5 3 5

0,0 0 4 6 3 5 0,0 4 5 7 6

0,0 4 5 7 6 4 5 3 5

1 0,0 4

;ˆ

ˆ

ˆ

;

D

D

D D

D

D

p N N N N rh N N r N N rh

N N rh r N N rh

p N N r r N N rh N N r r N N

N N rh r r N N N N N N r

N N N N rh N N r N N rh

p N N

θ

θ χ

θ χ

θ χ θ

θ

θ

= + + −

− + × −

= + − + −

− + − − +

− + − −

=



  



  



    

 

   



  

 ( ) ( )( )
( ) ( ) ( )

( ) ( )

5 7 6 0,0 0 4 6 3 5

0,0 7 6 3 5 4 5 3 5

0 0,0 7 6 3 5

;

ˆ

.

D

D D

D

N N r N N r r r N N

N N rh rh r N N N N r r N N

p N N r r N N r

θ χ

θ

θ












+ + + − 
− + + − − − 
= + + − 



   



    



  

 (65) 

For  

 

( )

0
1 0 0 0,0 2 0 0,0 1

0,0

0
3 0 0,0 1 4 0 0 0,0 1

0,0

0 5
5 6 8 5 0,0 8 0

1 0 0,0 0,0 0,0

0
7 0,0 0,0 0

0,0

, ,

,

ˆ

ˆ
ˆ ˆ

ˆ

ˆ
ˆ

;

1 ˆ

;

F F F H

Q
F H F F H

H F

N N r r N

N N N N

a NrN N N N N a
N

N

γθ ξ ρ β β
θ

ν θ
δ β δ ψ ν β ν

θ

θ
δ δ β θ θ

θϕ β ε
θ

= + + = +

= + = + + +

 
= = − = −  +  

 
= + +   

 



  

  





 

  





    





0 0
0 1 0 3 8 0,0 0 2

0,0

ˆ .
ˆ

ˆ ; Q
RN d N N N

α θ
ζ α α

θ













+ + = + +




 



 (66) 
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□ 
Theorem 6 (On the existence of an endemic steady state). Let 0 1> . If,  

 
( ) ( )

( )
0 6 8 4 8 0 7 8

0,0 0 8 0 max
0,0

1 , for ;

a

a

h
D

h
T

r A A r A A r a A A

r a A I bθ
θ

+ + ≤ +

= + ≤ 

 

  

 












 (67) 

 
( ) ( )

( )
0 5 8 3 5 0 5 7

0,0 0 5 0 max
0,0

1 , for ;

b

b

h
D

h
T

r N N r N N r a N N

r a N I bθ
θ

+ + ≤ +

= + > 

 

  

 












 (68) 

then there exists at least one real positive solution of *
LH  in Equation (48) and 

Equation (49) in the interval ( )0,1 .  
Proof. We examine two cases: (i) Case One: When maxTI b≤ 



 
 

. In this case, 

( )*
LP H , a third degree polynomial in *

LH  as defined in Equation (48) is a con-
tinuous function on the interval [ ]0,1 .  

 

( ) ( ) ( )

( ) ( )

( ) ( )

0 7 9 4 8
0,0

7 8 0,0 6 0 4 8 0 0 0,0 7
0,0

0 6 8 4 8 0 7 8
0,0

10

1 1 ;

1 ,

a a

a

D

h h
D

h
D

P q A A r r A A r

A A A a r A A r A

r A A r A A r a A A

θ

θ θ
θ

θ

= = + + −

 = − + + − = 

 = + + − + 

  



 

 



  



 



 

and ( )0 0P ≤  whenever inequality (67) holds. Also, after some calculations,  

 

( )

( ) ( )

( )

3 2 1 0 0,0 5 0 0,0 7
0,0

0
0,0 0,0 3 0 4 0,0 1 0 2

0,0 0,0

0 0
0,0

11 1

1 1

ˆ

ˆ ˆ ˆ

1 1 ,
a a

h e

P q q q q A A

M M M M

θ χ θ
θ

χθ θ θ θ θ
θ θ

θ

 = + + + = + − 

 
= × + + + − 

  

 = + − 

 



  

 



 

 

and ( )1 0P >  whenever ( )0 0 1
a a

h e+ >  . Thus, by the Intermediate Value The-
orem, there exists at least one positive real solution of the equation ( )* 0LP H = , 
for ( )* 0,1LH ∈  whenever ( )0 0 1

a a

h e+ >  . 
(ii) Case Two: When maxTI b> 



 
 

. In this case, ( )*
3 LP H  is as defined in (49), 

and proceeding in a similar manner, Equation (68) holds. Thus, by the Interme-
diate Value Theorem, there exists at least one positive real solution of ( )* 0,1LH ∈ .  

□ 
Lemma 7. The disease free steady states defined by Theorem 5 have the follow-

ing stability properties:  
1) The trivial steady state, *

0E , is locally unstable for all parameters, and  
2) The non-trivial steady state, *

dfeE , is locally asymptotically stable if 0 1<  
and unstable if 0 1> .  

Proof. The local stability of *
dfeE  is determined by the eigenvalues of the Jaco-

bian matrix evaluated at this equilibrium. By exploiting the block structure of the 
Jacobian and applying the Gershgorin Circle Theorem [33], sufficient conditions 
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ensuring that all eigenvalues have negative real parts are obtained. For maxTI b≤ , 
these conditions simplify to:  

 

( ) ( )
( )

( )

1 2
0,0 0 0,0 1 0 0

0 0

0

ˆ

ˆ ˆ ˆ

Λ

ˆ

Λ

1.ˆ ˆ

c F F

F F

F H T

θ θ β ω β σ

ω γ σ η

δ δ δ

= × + +

× + + +

× + + <

  

 





 (69) 

where 0,0 0 0 0 0
ˆˆ ˆˆ1 ˆ ˆdε ϕ ζ φ χΛ = + + + + + +  and 1 0 0F Q F H Tψ ν ν ν νΛ = + + + +     . Sim-

ilarly, for maxTI b> 


 
 

, we obtain  

 

( ) ( )
( )
( )

2 2
0,0 0 0,0 0 0

0

0 0 1.

ˆ

ˆ ˆ ˆ
c F F

F H T

F Q F H T

θ θ β ξ γ ρ

δ δ δ

ψ ν ν ν ν

= Λ × + +

× + +

× + + + + <

  

 

    



 (70) 

Hence, *
dfeE  is locally asymptotically stable whenever the corresponding 

threshold condition is satisfied.                                       □ 
Theorem 8 (Global Stability of the non-trivial disease free steady state). The 

non-trivial disease free steady state of system (40) defined in Theorem 5 is globally 
asymptotically stable whenever 0 1<  and unstable whenever 0 1> .  

Proof. Using the result of Kamgang and Sallet [38], system (40) can be written 
in the form:  

 
( ) ( ) ( )
( )

*
1 1 1 1 12 2

2 2 2

 = ⋅ − + ⋅


= ⋅

x A x x x A x x

x A x x





 (71) 

where ( )T 10
0 0 0, , , , , , , , ,F Q F H T R D vS S S I I I R R E H += ∈x             is the vector of states. We 

then decompose this vector of states into ( )T 3
1 0 , ,RS R H += ∈x      which repre-

sents densities of susceptible individuals, recovered individuals and the total hu-
man population with cadavers, and ( )T 7

2 0 0, , , , , ,F Q F H T D vS S I I I R E += ∈x          which 
represents densities of suspected freely roaming/quarantined individuals, infected/ 
infectious freely roaming individuals, infected/infectious individuals at homes 
and treatment centres, disease induced death, and the environmental contributing  

compartment respectively, so that ( )1 2,=x x x . Thus, ( )T

1 0 , ,RS R H=x  









  and  

( )T

2 0 0, , , , , ,F Q F H T D vS S I I I R E=x     

      





 , where ( )⋅  represents derivative with respect 
to time. When maxTI b≤ 



 
 

, the matrices 1A , 12A  and 2A  are given as;  

 ( )
( )*

0 0 110

1

0 0

1 1 2

0 0 ,

1
R

L R

R

r hH z z

z z

α

γ

 − − − +
 
 = −
 
 − 

A x




 

 

 (72) 

 ( )
12 13 14 15 16 18 19

12 0

0 0 0 0 0

0 0 0 0 ,

0
R R RR F R H R T

D

z z z z z z z
r r r

z z z z z r

γ γ γ
 
 

=  
 − 

A x
      

  

    

 (73) 

and  
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 ( )
0 0

22 23 24 25 26 28 29

32 33 34 35 36 38 39

0,0

52 53 542

62 63 64 65

84 85 86

92 93 94 95 96

0 0 0 0 0

0 0 0 ,
0 0

0 0 0

0

F F

H

T

D

v

I I

I

I

R

E

z z z z z z z
z z z z z z z

z z z

z z z z

z z z

z z z z z

γ β γ

γ

γ

γ

γ

 
 
 
 −
 

− =
 

− 
 − 
 − 

A x

      

     



 (74) 

where the ,i jz ’s and the ,i jz ’s are matrix entries expressed in terms of the corre-
sponding scaled parameters. Let us now consider the bounded set   defined by  

 ( ){ }10 3 10
1 2 1, , .N+

+ += ∈ ⊂ ≠x x x  0  (75) 

We write the disease free steady state ( )T* 1,0,0,0,0,0,0,0,0,1dfeE =  as  

( )* *
1 ,=x x 0  with ( )T* 3

1 1,0,1 += ∈x   and ( )T 70,0,0,0,0,0,0 += ∈0 . 
Using these notations and following the approach in [38], one can easily verify 

that conditions H1 - H5 are fully satisfied by our system in the bounded set,   
as defined in Equation (75). This therefore establishes the fact that the non-trivial 
steady state ( )* 1,0,0,0,0,0,0,0,0,1dfeE =  is GAS for system (40).           □ 

4. Sensitivity Analysis and Numerical Simulations  

In this section, we carry out simulations in the original parameters of the system 
when the treatment centres are not full, that is 

  maxTI B≤ . Thus system (22) 
with no barrier measures is given by:  

 

( )

( )

( ) ( )

( )

( )

0

0

0

0
0,0 0 0 0 0 0

0
0,0 0 0 0 0 0,0 0,0 0

0,0 0 0 0

0
0,0 0 0 0 0 0 0

0 0 0 0

d 1 ;
d

d ;
d

d
1 ;

d
d ;
d

d ;
d

d
d

L
h L F Q Q R R

h

F
F F F

Q
Q Q

F
F F F F F F

H
Q F F F F H H H

T

S Hr H S S R S
t K

S S S
t

S
S S

t
I S r I
t

I S S I r I
t

I
t

α α α λ µ

θ λ ξ ω β α µ

θ λ β γ α µ

β σ ρ δ µ

β ξ ρ η δ µ

γ

 
= − + + + − + 

 

= − + + + +

= − − + + +

= − + + + +

= + + − + + +

= ( )

( )

0 0 0 0

0 0 0

0 0

0 0 0 0

;

d ;
d

d ;
d

d .
d

Q F F F F H T T T

R
F F T T H H R R

D
F F T T H H D D

v
F F F F Q Q H H T T v

S S I I r I

R r I r I r I R
t

R I I I r R
t

E S I S I I dE
t

ω σ η δ µ

α µ

δ δ δ

ψ ν ν ν ν

















+ + + − + +



= + + − + 



= + + − 

= + + + + − 

 (76) 

The equations for the total living human populations  

 0 0
d 1 ;
d

L L
h L L T T H H F F

h

H Hr H H I I I
t K

µ δ δ δ
 

= − − − − − 
 

 (77) 
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 ( )d 1 ;
d

L
h L D D

h

HH r H H r R
t K

µ µ
 

= − − − − 
 

 (78) 

and  

 
00 0,0 0 0,0 0 0 0 0 0 0

1 .v v
F F Q T H D

v v

B ES I S I I d R
H A E

λ τ ϕ ε φ ζ χ
 

 = + + + + + +    + 
 (79) 

4.1. Sensitivity Analysis 

Sensitivity analysis identifies parameters that most influence 0  and hence dis-
ease transmission. It may be local or global; here, the Forward Sensitivity Analysis 
is employed to quantify parameter effects through derivatives of 0  at a fixed 
point [39]. The corresponding parameter set is therefore considered in the origi-
nal parameterization as follows:  

 
{

}
0,0 0,0 0 0 0 0 0 0 0 0 0 0

0 0 0,0 0,0 0 0 0,0 0

, , , , , , , , , , , , , , , , , , ,

, , , , , , , , , , , , , , , , , .

v v F F F F h h Q

F F F F Q H T H T D H T R

d B A r K r

d r r r

τ ϕ ε ζ φ χ σ ρ δ µ γ β α

ξ ω α β η ψ ν ν ν ν θ δ δ α

=
 

According to Chitnis et al. [40], the normalized forward sensitivity index of 

0  with respect to a factor, say x∈  is the ratio of the relative change in 0   

to the relative change in x  and represented as: 0 0

0

.x
x

x
∂

ϒ =
∂

 


. For example,  

using the baseline parameter values defined on Tables 2-4, we obtained specific 
values of the normalized local sensitivity coefficients, summarized in Table 5 and 
illustrated in Figure 3. With this set of values, we got 0 2.53≈ . 

 

 

Figure 3. Graph of sensitivity indices of 0  with respect to the model parameters. 
 

A positive sensitivity index indicates that increasing (decreasing) a parameter 
leads to an increase (decrease) in 0 , while a negative index implies the opposite 
effect. For example, 0,0 0.336277θ = +  (Figure 3, Table 5) implies that a 10% in-
crease (decrease) in 0,0θ  results in a 3.36277% increase (decrease) in 0 , 
thereby enhancing (reducing) disease transmission. Biologically, 0,0θ  represents 
the fraction of susceptible individuals who become suspected and freely roaming 
in the community, suggesting that reducing this rate can help control disease 
spread. 
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Table 5. Local sensitivity indices of the threshold parameter 0  using the parameters’ 
baseline values on Tables 2-4.  

Parameter Sen. Index Parameter Sen. Index 

0,0θ  +0.336277 µ  −0.183905 

0χ  +0.201837 0Rα  0.000000 

d  −0.201837 hK  +0.201837 

γ  −0.009693 Hr  −0.091473 

0,0α  −0.238855 Hν  +0.034792 

β  +0.002696 Qν  +0.009601 

0ζ  +0.091413 0Fψ  +0.115214 

Dr  −0.072646 0d  +0.072646 

0ε  +0.037839 Tr  −0.062352 

0,0τ  +0.283790 0Fν  +0.023996 

0Fr  −0.030942 Tν  +0.018234 

0,0ϕ  +0.056741 0φ  +0.053897 

0,0β  −0.012682 0Fρ  −0.012016 

η  −0.010151 0Fσ  −0.017267 

0Fδ  −0.020474 Hδ  −0.024526 

Tδ  −0.009748 0Fξ  −0.106333 

0Fω  −0.040885 vB  0.000000 

0Qα  −0.040400 γ  −0.009693 

 
It is important to note that model parameters influence 0  differently. To il-

lustrate the effects of parameter variations, Figure 4 represents 2-D, and 3-D plots 
of 0  as a function of: (i) ( )0,0 0.0002,1.12ϕ ∈  and ( )0 0,0.5Fν ∈  sub-plots 
4(a)-(c); (ii) ( )0 0,0.2Fδ ∈  and ( )0.0625,1.275d ∈  sub-plot 4(b)-(d) respec-
tively with all other parameters as given on Tables 2-4 fixed. 

 

  
(a)                                         (b) 

https://doi.org/10.4236/jamp.2026.149181


J. A. Njongwe et al. 
 

 

DOI: 10.4236/jamp.2026.149181 3689 Journal of Applied Mathematics and Physics 
 

  
(c)                                         (d) 

Figure 4. 2-D, and 3-D plots of 0 . 

4.2. Numerical Simulation  

In this subsection, we perform some numerical simulations on the system (76), using 
the parameter values on Tables 2-4. In all choices, we used the initial conditions:  

 
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

0 0 00 970000; 0 0; 0 0; 0 10; 0 0;

0 0; 0 0; 0 0; 0 10.
F Q F H

T R D v

S S S I I

I R R E

= = = = =

= = = =
 (80) 

Scenario I: The impact of effective contact rate. Using the baseline parameter 
values in Tables 2-4, we obtain 0 1.89h ≈ , 0 1.62e ≈ , and 0 2.53 1≈ > , with 
the corresponding numerical trajectories shown in Figure 5(a), Figure 5(c), Fig-
ure 5(e) and Figure 5(g). Reducing the effective contact rate to 10% ( 0,0 0.018ϕ = ), 
while keeping all other parameters unchanged, yields 0 0.189h ≈ , 0 0.162e ≈ , 
and 0 0.508 1≈ < , as illustrated in Figure 5(b), Figure 5(d), Figure 5(f) and 
Figure 5(h). These results demonstrate the substantial impact of reducing effec-
tive contact on disease transmission.  

 

 
(a)                                         (b) 
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(c)                                         (d) 

 
(e)                                         (f) 

 
(g)                                         (h) 

Figure 5. Time series curves for system (76). 
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Scenario II: Estimation of cumulative infection burden and peak sensitivity. 
To quantify the cumulative disease burden over the 300-day simulation period, 

we compute the time-integrated infectious prevalence  

 ( ) ( )300
00

; d ,FA I t tν ν= ∫  (81) 

where ν  denotes a parameter of interest. The quantity ( )A ν  represents the cu-
mulative infectious person-time (person-days), thereby accounting for both the 
magnitude and duration of infection. Since ( )0 ;FI t ν  is obtained numerically, 
the integral is evaluated using the composite Simpson’s rule implemented in 
scipy.integrate.simpson, with 2001 uniformly spaced points over [ ]0,300  days, 
corresponding to a step size of Δ 0.15t =  as illustrated in Figure 6(a) and Figure 
6(c). 
 

 
(a)                                          (b) 

 
(c)                                          (d) 

Figure 6. Cumulative burden and peak infectious to parameter variations over 300 days for system (76). 
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To further assess the influence of key epidemiological parameters, a numerical 
sensitivity analysis was performed over the same 300-day period. Each parameter 
range was discretized into 1000 equally spaced values, and the corresponding peak 
values of 0FI  and vE  were computed. These peaks represent, respectively, the 
maximum number of confirmed infectious freely roaming individuals and the 
maximum density of viral particles shed into the environment during the simula-
tion period as illustrated in Figure 6(b) and Figure 6(d). 

5. Discussion and Conclusions 

We developed a comprehensive mathematical framework for the long-term trans-
mission dynamics of viral diseases that incorporates human behavioural dynamics, 
non-pharmaceutical interventions, quarantine, re-infection, and environmental 
viral contamination. The model distinguishes individuals according to their adop-
tion of barrier measures and allows behavioural responses to evolve across disease 
stages. Treatment-centre capacity is incorporated through two occupancy-depend-
ent regimes. When the treatment-centre occupancy reaches the prescribed capac-
ity maxB , newly arising cases that cannot be accommodated are redirected to 
home isolation. The full-capacity and non-full-capacity regimes are therefore for-
mulated and analysed separately, providing the appropriate framework for de-
scribing the resulting regime switching at the capacity boundary. Fundamental 
properties of the model, including existence, uniqueness, non-negativity, and 
boundedness of solutions, were established. The model was subsequently repara-
metrized and non-dimensionalized to facilitate its mathematical analysis and nu-
merical investigation. 

The analysis of the scaled system considered both the general disease-free model 
with N  barrier measures and the epidemiologically relevant case without barrier 
measures. The disease-free model admits a non-trivial globally stable equilibrium, 
with the scaled total human population remaining bounded. For the epidemiolog-
ical model, the existence of disease-free and endemic equilibria was established, 
and the basic reproduction number 0  was derived using two transmission sce-
narios corresponding to treatment centres being non-full or full. In both cases, 

0  naturally decomposes into human-to-human and environmental contribu-
tions, allowing the relative roles of quarantined and non-quarantined individuals 
and the different transmission pathways to be assessed. 

Numerical simulations using SARS-CoV-2-related parameter values demon-
strate the strong influence of effective contact rates on disease transmission. In 
particular, reducing the effective contact rate between susceptible and freely roam-
ing infectious individuals substantially decreases 0  and can drive the system 
towards disease control when 0 1< . This highlights the importance of effective 
contact tracing, rapid identification of infectious individuals, and appropriate 
quarantine enforcement. However, when contact rates remain sufficiently high, 
quarantine alone may be inadequate to eliminate transmission and may instead 
support persistent endemic infection. The model further demonstrates that envi-
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ronmental contamination can make a non-negligible contribution to viral trans-
mission, particularly during the early stages of an outbreak. Incorporating envi-
ronmental viral particles therefore provides a more comprehensive representation 
of transmission pathways and enhances the potential applicability of the frame-
work to broader One Health settings. The results also emphasize that accurate 
estimation of 0  is essential for effective policy design, since both overestima-
tion and underestimation may result in inappropriate levels of intervention and 
associated epidemiological or socio-economic consequences. 

Overall, the findings demonstrate that human behavioural dynamics, contact 
tracing, isolation, quarantine, and environmental exposure play important roles 
in shaping viral disease transmission. Although the basic epidemiological model 
incorporates intervention-related mechanisms such as contact tracing, isolation, 
and quarantine, the present epidemiological threshold and numerical analyses 
primarily consider the no-barrier case. Consequently, the implications regarding 
adherence to multiple barrier measures should be interpreted prospectively. The 
adherence-transition rates are treated as fixed parameters within each simulation 
and represent behavioural changes that may reflect prevailing disease risk, public 
awareness, beliefs, and policy sensitization. Thus, the framework captures behav-
ioural responses through adherence stratification without imposing an explicit 
prevalence-dependent feedback mechanism, while providing a flexible basis for 
investigating how adherence, reductions in effective contact rates, and reduced 
environmental exposure may influence disease transmission. 

A limitation of the present study is that the numerical simulations are scenario-
based rather than calibrated predictions, as several transition, contact, and viral-
shedding parameters are assumed or weighted using available information rather 
than estimated from a specific population-level dataset. Explicit analysis of inter-
actions among multiple barrier measures, vaccination and other pharmaceutical 
interventions, as well as stochastic effects, remains an important direction for fu-
ture work. In addition, incorporating well-defined epidemiological datasets and 
appropriate statistical parameter-estimation methods will improve model calibra-
tion and predictive capacity, thereby providing a more comprehensive represen-
tation of viral disease dynamics. 
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