
Journal of Applied Mathematics and Physics, 2026, 14(9), 3551-3570 
https://www.scirp.org/journal/jamp 

ISSN Online: 2327-4379 
ISSN Print: 2327-4352 

 

DOI: 10.4236/jamp.2026.149177  Sep. 18, 2026 3551 Journal of Applied Mathematics and Physics 
 

 
 
 

Optimal Control and Numerical Simulation  
of a SIHR Model with Nonlinear Birth and 
Incidence Rates 

Qi Zhang 

School of Science, Tianjin University of Technology and Education, Tianjin, China 

 
 
 

Abstract 
This paper investigates optimal control strategies for an SIHR epidemic model 
with a nonlinear birth rate, a nonlinear incidence rate, and limited medical 
resources. Based on the original model, three control variables are introduced: 
transmission-suppression control, medical-resource saturation relief control, 
and treatment-efficiency enhancement control. An optimal control model is 
then formulated. The existence of an optimal control is established by apply-
ing the Fleming and Rishel theorem, and the necessary optimality conditions 
are derived from Pontryagin’s maximum principle. Numerical simulations 
show that the combined control strategy can substantially reduce the numbers 
of infected and hospitalized individuals as well as the saturation pressure on 
medical resources. The results indicate that coordinated interventions and ex-
pansion of medical capacity are important for disease prevention and control. 
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1. Introduction 

Epidemic dynamical models are important tools for studying transmission mecha-
nisms, predicting epidemic trends, and evaluating public health interventions. Since 
Kermack and McKendrick proposed the classical SIR model [1], a large number of 
epidemic models have been developed and widely used to study disease transmis-
sion. To describe more realistically the effects of behavioral changes, increased self-
protection awareness, and governmental interventions during an epidemic, Ruan 
and Wang [2] studied an epidemic model with a nonlinear incidence rate and re-
vealed the influence of nonmonotone incidence on system dynamics. Zhang et al. 
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[3] further incorporated both saturated incidence and a saturated treatment func-
tion into an SEIR model and analyzed the stability of equilibria and the influence of 
limited treatment on disease spread. Chen and Xiang constructed several time-de-
pendent control strategies [4], including transmission control, vaccination, and 
treatment, for epidemic models with nonlinear incidence rates, and numerical sim-
ulations showed that combined control is superior to a single control strategy.  

Limited medical resources are also an important factor that cannot be ignored in 
practical epidemic prevention and control. Zhang and Liu studied an epidemic 
model with a saturated treatment function [5] and pointed out that limited treatment 
resources may lead to backward bifurcation. Shan and Zhu further discussed the in-
fluence of the number of hospital beds on the complex dynamics of an SIR model [6], 
showing that medical capacity is an important parameter affecting disease transmis-
sion and bifurcation structure. Wang et al. [7] considered both individual and public 
medical resources in a network-based transmission model and analyzed the influence 
of medical resources on backward bifurcation and optimal control. 

By introducing time-dependent control variables, the infection scale and dis-
ease burden can be reduced while intervention costs are taken into account, lead-
ing to a more economical and effective control scheme. Laarabi et al. formulated 
an optimal control problem for an SIR model with saturated incidence and char-
acterized the optimal control by means of adjoint variables [8]. Lenhart and Work-
man systematically introduced applications of optimal control theory to biological 
models and provided a common framework for solving optimality systems by the 
forward-backward sweep method [9]. Balderrama et al. studied optimal control 
for an SIR model with limited quarantine time [10], and Du et al. investigated a 
stochastic SEIR model with nonlinear incidence and treatment rates, verifying 
through numerical simulations the inhibitory effect of control variables on disease 
transmission [11]. 

However, the optimal control problem for SIHR epidemic models that include 
both nonlinear incidence and limited medical-resource constraints still requires fur-
ther investigation. Motivated by this observation, this paper introduces three time-
dependent controls into a doubly nonlinear SIHR model: transmission-suppression 
control, medical-resource saturation relief control, and treatment-efficiency en-
hancement control. The corresponding optimal control model is then established. 

2. Model Formulation 

We consider the following epidemic model: 
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In this study, we consider a general acute infectious disease with hospitalization 
dynamics. Here, S , I , H  and R  denote the numbers of susceptible indi-
viduals, infectious individuals who have not yet been hospitalized, hospitalized 
individuals, and recovered individuals at time t , respectively.  

The nonlinear birth rate is A b
N
+ , µ  is the natural death rate ( b µ< ), β  

denotes disease transmissibility, and 2
1

1Iα +
 reflects the reduction in transmis-

sion caused by protective behavior. The parameter r  is the transfer rate from  
the infected class to hospitalization, k  is the maximum hospital admission ca-
pacity, 1v  and 2v  are the recovery rates of infected and hospitalized individuals, 
respectively, and 1ε  and 2ε  are the disease-induced death rates of infected and 
hospitalized individuals, respectively. 

The nonlinear incidence rate considered in the model describes the inhibition 
of transmission. When the number of infected individuals is small, the incidence 
rate is close to the SIβ ; when the number of infected individuals increases, the 
incidence rate may instead decrease. This reflects the fact that, during a severe 
epidemic, individuals may spontaneously adopt preventive measures because of 
heightened risk awareness, social restrictions, or behavioral changes, thereby 
slowing disease transmission. Such phenomena have been observed in epidemics 
such as SIRS-type infections and COVID-19.  

The basic reproduction number of model (1) at the disease-free equilibrium 

0 ,0,0,0AE
bµ

 
=  − 

 is given by 
( )( )0

1 1

AR
b r v

β
µ ε µ

=
− + + +

.  

If 0 1R < , then the disease-free equilibrium 0E  of the model is locally asymp-
totically stable; if 0 1R > , it is unstable. 

3. Optimal Control Strategy 

Three bounded time-dependent control functions ( )1u t , ( )2u t  and ( )3u t  are 
introduced into the model. Here, ( )1u t  suppresses disease transmission by re-
ducing the effective incidence rate, for example through mask wearing and avoid-
ance of crowded places. The control ( )2u t  reduces the effective saturation pres-
sure on medical resources, for example through hierarchical treatment, flexible 
scheduling, and simplified admission procedures. The control ( )3u t  represents 
treatment-efficiency enhancement, such as increasing medical staffing, optimiz-
ing treatment protocols, and improving the recovery rate of hospitalized individ-
uals. The admissible control set is assumed to be 

( ) ( ) ( ){
( ) }

3
1 2 3

,max

, , | 0, ,

0 , 1, 2,3 ,

i

i i

U u u u u t L T

u t u i

∞= ∈

≤ ≤ =
 

where ,maxiu  represents the maximum achievable intensity of each intervention 
strategy. 

The optimal control model is established as follows: 
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 (2) 

In the proposed model, the term H
k

 represents the original medical-resource 

saturation level. The introduction of ( )2u t  reduces the effective saturation level 

to 
( )( )21 u t H

k
−

, which reflects the improvement in healthcare efficiency. 

3.1. Existence of an Optimal Control 

To reduce the numbers of infected and hospitalized individuals while controlling 
intervention costs, we define the objective functional as 

 ( ) 2 2 231 2
1 2 3 1 2 1 2 30
, , d

2 2 2
T BB BJ u u u A I A H u u u t = + + + + 
 ∫  (3) 

where T  is the terminal time; 1 2, 0A A >  represent the social costs associated 
with infected and hospitalized individuals, respectively; and 1 2 3, , 0B B B >  repre-
sent the implementation costs of the three control measures. These coefficients 
are selected to balance epidemic reduction and intervention costs in the numerical 
experiments. 

Theorem 1: The optimal control problem defined by system (2) and objective 
functional (3) admits an optimal control 

( ) ( )* * * *
1 2 3, ,u t u u u U= ∈  

such that 

( ) ( ) ( ){ }* * *
1 2 3 1 2 3 1 2 3, , min , , | , ,J u u u J u u u u u u U= ∈  

Proof: To prove the existence of the optimal control, we verify the conditions 
of the Fleming-Rishel optimal control existence theorem. 

First, the admissible control set U  is nonempty, closed, and convex. 
Second, for any , 1, 2,3iu U i∈ = , since 21 0Iα+ > , the right-hand side of sys-

tem (2) is continuous with respect to the state variables in the feasible region. 
Moreover, the system satisfies the local Lipschitz condition with respect to the 
state variables. Therefore, the state system admits a unique solution for every ad-
missible control. 

Third, since the uncontrolled system (1) is bounded, the controlled system (2) 
is also bounded. In addition, the terms related to the control variables in system 
(2) can be rewritten as 
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and 

( )2 3 2 3v u H v H u H+ = + . 

Hence, the state system is linear with respect to the control variables 1 2 3, ,u u u . 
Fourth, the integrand of the objective functional is convex with respect to the 

control variables. Define 

( ) 2 2 231 2
1 2 3 1 2 1 2 3, , , ,

2 2 2
BB BL I H u u u A I A H u u u= + + + + . 

Since the quadratic terms are positive and 1 2 3, , 0B B B > , L  is convex with re-
spect to ( )1u t , ( )2u t , ( )3u t . 

Finally, the integrand satisfies the required growth condition: 

( ) { }( )2 2 2
1 2 3 1 2 3 1 2 3

1, , , , min , ,
2

L I H u u u B B B u u u≥ + + . 

Therefore, all the assumptions of the Fleming-Rishel optimal control existence 
theorem are satisfied. Hence, there exists an optimal control  

( ) ( )* * * *
1 2 3, ,u t u u u U= ∈ , 

such that 

( ) ( ) ( ){ }* * *
1 2 3 1 2 3 1 2 3, , min , , | , ,J u u u J u u u u u u U= ∈ . 

3.2. Characterization of Optimal Controls 

The optimal control problem can be transformed into an equivalent Hamiltonian 
system by applying Pontryagin’s Maximum Principle [8]. For this purpose, the 
Hamiltonian function is defined as  
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where , 1, 2,3, 4i iλ =  are the adjoint variables associated with the state variables 
, , ,S I H R , respectively. 
Theorem 2: Let ( )* * * *

1 2 3, ,u u u u=  be the optimal control. Then there exist adjoint 
variables , 1, 2,3, 4i iλ =  satisfying the following adjoint system: 
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with the transversality conditions ( ) 0, 1,2,3,4i T iλ = = . The optimal controls are 
given by 

 ( )
( )

2 1*
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Proof: According to Pontryagin’s Maximum Principle, there exist adjoint variables 

, 1, 2,3, 4i iλ =  such that the Hamiltonian satisfies d , , , ,
d

i
i

i

H x S I H R
t x
λ ∂

= − =
∂

, with 

the transversality conditions ( ) 0, 1,2,3,4i T iλ = = . 

Taking the partial derivatives of the Hamiltonian with respect to the state 
variables , , ,S I H R , respectively, yields the adjoint system (5). 

Furthermore, the optimality conditions satisfy d 0, 1,2,3
d i

H i
u

= = . 

Solving these equations gives the corresponding interior optimal controls: 
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Considering the control constraints 
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,max0 ( ) , 1, 2,3,i iu t u i≤ ≤ =  

the optimal controls are obtained by projecting the interior solutions onto the 
admissible control set, which leads to Equations (6)-(8). 

4. Numerical Simulations 

In this section, numerical simulations are performed to verify the proposed opti-
mal control strategy and to investigate the effects of different control measures on 
the number of infected individuals, hospitalized individuals, and medical-re-
source saturation pressure. 

The numerical simulations are conducted using MATLAB. The state system is 
solved by the fourth-order Runge-Kutta method, while the adjoint system is 
solved backward in time according to the terminal conditions. The optimal con-
trol variables are updated by using the forward-backward sweep method [8]. 

The simulation time interval is set as [ ]0,160  and the initial values are given 
as follows: 

( ) ( ) ( ) ( )( ) ( )0 , 0 , 0 , 0 150,20,6,20 .S I H R =  

4.1. Parameter Values and Verification of Theoretical Conditions 

The parameter values used in the numerical simulations are selected based on bio-
logical plausibility and previous epidemic modeling studies. Since this work focuses 
on evaluating the qualitative effects of different control strategies, the parameters 
are not obtained through calibration with a specific outbreak dataset. The parameter 
values used in the numerical simulations are selected as follows (Table 1):  

 
Table 1. Parameter values used in the numerical simulations. 

Parameter value Parameter value 

A  16.4947 b  0.0441 

µ  0.1064 β  0.0074 

α  0.0002 r  0.2066 

k  16.8749 1v  0.1474 

2v  0.1924 1ε  0.0084 

2ε  0.0122   

 
For these parameter values, the basic reproduction number is calculated as 

0 4.183 1R = > . 
The control cost parameters are selected as 1 1A = , 2 1.4A = , 1 120B = ,  

2 8B = , 3 80B = .  
Considering the limitations of medical technology and implementation costs, 

the upper bounds of the three control variables are set as 1,max 0.75u = ,  

2,max 0.95u = , 3,max 0.35u = . 
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4.2. Effects of Key Parameters on Infected and Hospitalized  
Individuals 

To investigate the effects of the main parameters on disease transmission dynam-
ics, the parameters β , α , k , and r  are varied individually while keeping the 
other parameters unchanged under the uncontrolled scenario. Figure 1 and Fig-
ure 2 illustrate the effects of these parameters on the number of infected individ-
uals ( )I t  and hospitalized individuals ( )H t , respectively. 

As shown in Figure 1, the number of infected individuals increases signifi-
cantly with the increase of the transmission rate β , indicating that reducing 
the effective transmission rate is a key measure for controlling the scale of dis-
ease transmission. With the increase of the nonlinear inhibition coefficient α , 
the number of infected individuals decreases due to the enhanced inhibitory ef-
fect of the nonlinear incidence term. This result reflects the potential role of 
preventive awareness and social intervention measures in reducing disease trans-
mission. 

 

 
(a) 

 
(b) 

https://doi.org/10.4236/jamp.2026.149177


Q. Zhang 
 

 

DOI: 10.4236/jamp.2026.149177 3559 Journal of Applied Mathematics and Physics 
 

 
(c) 

 
(d) 

Figure 1. Effects of β , α , k , and r  on ( )I t . 

 

 
(a) 
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(b) 

 
(c) 

 
(d) 

Figure 2. Effects of β , α , k , and r  on ( )H t . 
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Comparing Figure 1 and Figure 2, it can be observed that the medical capacity 
k  and the hospitalization transfer rate r  jointly affect the distribution relation-
ship between infected individuals and hospitalized individuals. A larger k  alle-
viates the limitation of hospital capacity, allowing more infected individuals to 
receive hospitalization treatment. Consequently, the number of infected individ-
uals ( )I t  decreases, while the number of hospitalized individuals ( )H t  in-
creases. A larger r  accelerates the transition from infected individuals to hospi-
talized individuals, which is reflected by a reduction in the number of infected 
individuals and an increase in the number of hospitalized individuals. These re-
sults indicate that medical capacity and hospitalization transfer rate do not di-
rectly eliminate infections, but rather modify the dynamic transition process be-
tween infected and hospitalized compartments. 

4.3. Comparison of Different Control Strategies 

To evaluate the effects of the three control measures, the following five control 
strategies are considered:  

1) No control, namely 1 2 3 0u u u= = = ; 
2) Only the transmission reduction control 1u ; 
3) Only the medical-resource saturation mitigation control 2u ; 
4) Only the treatment efficiency improvement control 3u ; 
5) The combined control strategy involving 1 2 3, ,u u u . 
As shown in Figure 3 and Figure 4, different control strategies have distinct 

effects on the dynamics of infected and hospitalized individuals. When only the 
transmission reduction control 1u  is implemented, the number of infected indi-
viduals decreases significantly, and the number of hospitalized individuals also 
decreases accordingly. This indicates that reducing the effective transmission rate 
plays an important role in controlling disease spread. 

When only the treatment efficiency improvement control 3u  is applied, the 
number of hospitalized individuals is significantly reduced, while its effect on re-
ducing the number of infected individuals is relatively limited. This is because 3u  
mainly improves the recovery efficiency of hospitalized individuals rather than 
directly affecting the infection process. 

When only the medical-resource saturation mitigation control 2u  is adopted, 
the number of infected individuals is close to that in the uncontrolled scenario, 
and the number of hospitalized individuals does not decrease significantly, or 
may even be slightly higher than that without control. This is because the primary 
role of 2u  is not to directly reduce infections or accelerate recovery, but to alle-
viate the restriction caused by limited medical capacity on the hospitalization 
process. 

The combined control strategy simultaneously reduces transmission risk, alle-
viates medical-resource saturation, and improves treatment efficiency. Therefore, 
it achieves the most significant reduction in both ( )I t  and ( )H t , demonstrat-
ing the superiority of the integrated intervention strategy. 
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Figure 3. Dynamics of ( )I t  under different control strategies. 

 

 

Figure 4. Dynamics of ( )H t  under different control strategies. 

4.4. Optimal Control Profiles under the Combined Control Strategy 

Figure 5 presents the optimal trajectories of the three control variables under the 
combined control strategy. It can be observed that the transmission reduction 
control 1u  remains almost at its upper bound throughout the entire simulation 
period. This indicates that, under the selected weighting parameters, reducing the 
effective transmission rate is the dominant intervention strategy for controlling 
disease transmission. 

The medical-resource saturation mitigation control 2u  initially remains close 
to its maximum value during the early stage of the epidemic, indicating that med-
ical-resource allocation is particularly important when the disease burden is high. 
Subsequently, 2u  decreases rapidly and remains at a moderate level during the 
later period, suggesting that the pressure on healthcare resources gradually de-
clines as the number of infected individuals decreases. 
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(a) 

 
(b) 

 
(c) 

Figure 5. Optimal trajectories of 1 2 3, ,u u u  under the combined control strategy. 
 

The treatment efficiency improvement control 3u  maintains a positive value 
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throughout the simulation period, although its magnitude is lower than those of 

1u  and 2u . This indicates that improving treatment efficiency serves as a con-
tinuous auxiliary measure, which works together with transmission reduction and 
medical-resource management to alleviate hospitalization pressure. 

These results demonstrate that, under the given parameter settings and cost 
weights, reducing the effective transmission rate remains the most cost-effective 
strategy for controlling disease spread, while medical-resource allocation and treat-
ment enhancement play important complementary roles. 

4.5. Comparison of Cumulative Disease Burden under Different  
Control Strategies 

Since the social cost terms in the objective functional are positively associated with 
( )I t  and ( )H t , the cumulative disease burden can be used to evaluate the long-

term effects of different control strategies. Therefore, we define ( )
0

d
T

IB I t t= ∫  
and ( )

0
d

T
HB H t t= ∫ , which represent the cumulative infection burden and cu-

mulative hospitalization burden, respectively.  
 

 

Figure 6. Cumulative infection burden under different control strategies. 
 

 

Figure 7. Cumulative hospitalization burden under different control strategies.  
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Figure 6 and Figure 7 illustrate the comparison of these two indicators under 
different control strategies. It can be observed that the combined control strategy 
achieves the lowest cumulative infection burden and cumulative hospitalization 
burden. 

Specifically, under the no-control scenario, the cumulative infection burden and 
cumulative hospitalization burden are 9080.7874IB =  and 1856.3709HB = , re-
spectively. Under the combined control strategy, these values decrease to 512.8115 
and 233.6586, respectively. 

When only the transmission reduction control 1u  is implemented, the cumu-
lative infection burden and cumulative hospitalization burden decrease to 1116.5956 
and 566.7082, respectively, indicating that reducing the effective transmission rate 
plays a significant role in controlling disease spread. 

When only the treatment efficiency improvement control 3u  is applied, the 
cumulative hospitalization burden decreases to 1347.2779, while the cumulative 
infection burden remains relatively high at 8109.1681. This demonstrates that im-
proving treatment efficiency mainly alleviates hospitalization pressure but has a 
limited effect on reducing infection transmission. 

When only the medical-resource saturation mitigation control 2u  is adopted, 
the cumulative infection burden is 9080.3431, which is close to the uncontrolled 
scenario, while the cumulative hospitalization burden is 1856.6231, slightly higher 
than that without control. This result indicates that medical-resource saturation 
mitigation mainly improves the capacity for hospitalization rather than directly 
reducing the number of infections. Therefore, it should be combined with trans-
mission reduction and treatment enhancement strategies to achieve better epi-
demic control. 

4.6. Analysis of Medical Resource Saturation Pressure 

Since 2u  is introduced to alleviate medical-resource saturation, the effective sat-

uration pressure ( ) ( )21 u H t
k

−
 is further investigated. 

 

 

Figure 8. Medical-resource saturation pressure under three different control strategies. 
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As shown in Figure 8, without control, the medical-resource saturation pres-

sure H
k

 remains at a relatively high level throughout the simulation period.  

When only the medical-resource saturation mitigation control 2u  is applied, this 
indicator does not decrease significantly, indicating that increasing medical-re-
source allocation alone cannot fundamentally reduce hospitalization pressure. 

In contrast, the combined control strategy significantly reduces the effective 
saturation pressure. This result demonstrates that medical-resource mitigation 
measures need to be implemented together with transmission reduction and treat-
ment efficiency improvement strategies to achieve better epidemic control effects. 

4.7. Evaluation of the Effect of Medical Capacity Expansion on  
Epidemic Control 

The medical capacity parameter k  represents a key indicator of limited healthcare 
resources in the proposed model. In system (1), the effective transition rate from  

infected individuals to hospitalized individuals is given by 1 HrI
k

 − 
 

, where 

H
k

 represents the proportion of hospitalized individuals relative to the available  

medical capacity. When H  approaches k , the ability of infected individuals to 
enter the hospitalization stage is significantly restricted due to healthcare resource 
saturation. 

Therefore, in this section, the effects of different medical capacities on disease 
transmission dynamics are investigated while keeping all other parameters un-
changed. The following four scenarios are considered: 

00.5k k= , 0k k= , 01.5k k= , 02k k= . 

where 0 16.8749k = . To highlight the role of medical capacity, the effects of dif-
ferent values of on the numbers of infected individuals, hospitalized individuals, 
and medical-resource saturation pressure are simulated under the combined op-
timal control strategy. 

 

 
(a) 
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(b) 

 
(c) 

Figure 9. Effects of different medical capacities on ( )I t , ( )H t  and H
k

. 

 
As shown in Figure 9, the number of infected individuals decreases significantly 

with increasing medical capacity k . This is because an increase in healthcare ca-
pacity weakens the restriction imposed by limited medical resources on the hos-
pitalization transition process, allowing infected individuals to enter the hospital-
ization stage more efficiently and reducing the number of individuals who con-
tinue transmitting the disease in the community. 

In Figure 9(b), the hospitalization curves under different values of k  exhibit 
similar peak values during the early stage of the epidemic. However, smaller med-
ical capacities lead to higher numbers of hospitalized individuals in the later stage, 
indicating that insufficient healthcare capacity prolongs hospitalization pressure. 

More importantly, the medical-resource saturation pressure H
k

 decreases sig-

nificantly as k  increases, demonstrating that medical capacity expansion can ef-
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fectively alleviate healthcare system saturation. 
Furthermore, the peak number of infected individuals maxI , the peak number of 

hospitalized individuals maxH , the cumulative infection burden ( )
0

d
T

IB I t t= ∫ , 

the cumulative hospitalization burden ( )
0

d
T

HB H t t= ∫ , and the maximum med-

ical-resource saturation pressure max H
k

 
 
 

 are calculated. The results are pre-

sented in Table 2. 
 

Table 2. Effects of different medical capacities on epidemic indicators. 

k  maxI  maxH  IB  HB  max H
k

 
 
 

 

8.4375 47.4327 6.3003 796.1781 315.9099 0.7467 

16.8749 32.7209 6.3418 512.8115 233.6586 0.3758 

25.3124 28.6782 6.3556 460.8530 215.4125 0.2511 

33.7498 26.9087 6.3626 439.4709 207.5966 0.1885 

 
As shown in Table 2, when the medical capacity k  increases from 8.4375 to 

33.7498, the peak number of infected individuals decreases from 47.4327 to 
26.9087. Meanwhile, the cumulative infection burden decreases from 796.1782 to 
439.4709, and the cumulative hospitalization burden decreases from 315.9099 to 
207.5966. 

At the same time, the maximum medical-resource saturation pressure de-
creases significantly from 0.7467 to 0.1885. Although the peak number of hospi-
talized individuals maxH  slightly increases with the increase of k , this phenom-
enon occurs because a larger medical capacity weakens the restriction caused by 
limited healthcare resources, allowing more infected individuals to enter the  
hospitalization stage during the early period of the epidemic. From the perspec-

tives of the cumulative hospitalization burden and the saturation pressure H
k

, a 

larger medical capacity can effectively alleviate long-term hospitalization pressure. 
Therefore, the expansion of medical capacity not only reduces the saturation 

pressure of the healthcare system but also decreases the peak number of infected 
individuals and the overall disease burden by improving the transition efficiency 
from infected individuals to hospitalized individuals. This result highlights the 
importance of incorporating medical capacity constraints into epidemic models. 
In practical epidemic control, increasing healthcare capacity should not only be 
regarded as improving hospital admission capability, but also as an intervention 
measure that can influence disease dynamics by modifying the transition process 
between community infection and hospitalization. 

In summary, the numerical results demonstrate that although individual con-
trol measures can reduce the number of infected or hospitalized individuals to 
some extent, their effects remain limited. The combined control strategy, together 
with sufficient medical capacity, can simultaneously reduce infection burden, hos-
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pitalization burden, and medical-resource saturation pressure, providing a more 
effective and comprehensive approach for epidemic control. 

5. Conclusions 

In this paper, an optimal control problem for an SIHR epidemic model with non-
linear birth rate, nonlinear incidence rate, and limited medical resources are in-
vestigated. By introducing three time-dependent control variables, including trans-
mission reduction control, medical-resource saturation mitigation control, and 
treatment efficiency improvement control, an optimal control model is established. 
The existence of optimal controls is proved by applying Fleming-Rishel’s optimal 
control existence theorem, and the necessary conditions for the optimal controls 
are derived based on Pontryagin’s Maximum Principle. 

The numerical results demonstrate that the combined control strategy can sim-
ultaneously reduce the number of infected individuals, hospitalized individuals, 
and the overall disease burden, and its performance is superior to that of any sin-
gle control strategy. Among the three control measures, transmission reduction 
plays the most important role in suppressing disease transmission, treatment ef-
ficiency improvement is effective in alleviating hospitalization pressure, and med-
ical-resource saturation mitigation mainly influences the transition process from 
infection to hospitalization. 

Furthermore, the results indicate that increasing medical capacity can effec-
tively alleviate healthcare-system saturation pressure and reduce disease transmis-
sion by improving the hospitalization transition process. These findings suggest 
that coordinated intervention strategies and rational allocation of medical resources 
are of great significance for epidemic prevention and control. Future research may 
extend the proposed model by incorporating time delays, stochastic effects, and 
vaccination strategies to further improve its applicability in describing realistic 
epidemic transmission dynamics. 
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