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Abstract

Foremost arguments supporting the second law rely on a false dichotomy be-
tween the microscale (u-Scale), where negentropy can be generated by 7-Odd
symmetry but is inaccessible due to the absence of thermodynamic interac-
tion, and the macroscale (AM-Scale), where massive coarse graining provides
interactions but erases the negentropy. Operating at the mesoscale (m-Scale)
bypasses this catch-22. Some negentropy is destroyed but the rest is harvested.
A MIM diode used as a vehicle in this analysis is inherently spatially asymmet-
ric but becomes 7-Odd symmetric when a time-varying signal—such as the
Johnson-Nyquist noise—modulates its asymmetry, causing carriers to move
preferentially in one direction. An index of asymmetry Z,.» quantifying the
operating position along m-Scaleis defined as the ratio of the free energy gen-
erated by the 7-Odd symmetry to the energy dissipation due to 7-Even sym-
metry. Power output to the load is maximized at the geometric mean of m-
Scale where Z,ym, = 1. Thermal energy converted to electricity sent to the load
cannot exceed 1/4 of the free energy provided by the work function difference
at the gap of the diode and cannot exceed 1.0829437T per carrier. The law is
extended to AS > —@/4T for m-Scale operation. This result is unopposed by
theories and experiments all directed to u-Scale and M-Scale, and has been
previously reproduced twice—in optimizing Maxwell’s Demon and the £ x
B Thermoelectric Effect. A MIM diode rectifying Johnson-Nyquist noise at
300 K generates up to 14.43 mW/mm? or nearly 42.8 times the power per unit
area of a solar cell.
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G.S. Levy

You can’t have your cake and eat it too... but you can eat half your cake and still
have the other half.

1. Introduction

This is the second of a two-part paper. The first paper [1] presented an axiomatic
analysis probing the foundational assumptions of the law and its applicability at
the mesoscale (m-Scale), the borderline region between:

1. The microscale (u-Scale) where fine entropy remains constant in time-rever-
sal (7-Even) symmetric phenomena or may even decrease in time-reversal asym-
metric (7-Odd) phenomena, and

2. The macroscale (M-Scale) where coarse entropy always increases due to over-
whelming averaging or integrating that destroys microscopic information.

A previous publication [2] derived the inapplicability of the second law at the
mesoscale by using Maxwell’s demon as a vehicle. Part 1 of this paper [1] uses the
Ex BThermoelectric Effect. The present paper uses a MIM diode. All three papers
reach the same conclusions using different analytical methods. The following top-
ics are covered:
¢ False Dichotomy and Catch-22 in the Second Law—All arguments support-

ing the law scrutinize systems at the microscale or the macroscale. No theory
or experiment provides any evidence for the law at the mesoscale.

e T-Odd Symmetry of Rectifiers—All such devices are inherently configured
as spatially asymmetric. However, they acquire their 7-Odd symmetry when
their spatial configuration is modulated by a time varying signal.

o MIM-Class Diodes are used as a vehicle for this analysis because of their out-
standing bandwidth and sensitivity.

¢ Thermodynamic cycle. The operation of a diode is discussed as a thermody-
namic cycle. The concept of configuration energy, entropic drive and free com-
pression are introduced.

e The Index of Asymmetry. This index quantifies the concept of m-Scale and
allows the precise determination of design parameters such as the work func-
tion difference in a MIM diode.

¢ Optimizing Z,,m Three methods show that the optimal value for the index is
Zasyn= 1 exactly at the geometrical mean of m-Scale. At that point, the thermal
energy converted to the electrical energy sent to the load cannot exceed % of
the free energy provided by the diode in the form of a difference @ in work
function. The change in entropy is limited to AS > — @/4T. This result is
congruent with the two earlier papers.

¢ The Johnson-Nyquist Noise. The peak spectral frequency of the noise is cal-
culated and found to coincide with Stefan-Boltzmann’s law and Planck’s radi-
ation law.

e Dimension of MIM Diode. A large area MIM diode spontaneously subdivides
itself into small, correlated areas, each rectifying independently. No explicit
lithographic division is needed.

¢ Matching the Threshold to the Noise. The conduction threshold of the diode
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is defined to maximize the energy harvested from plasmons. The energy sent
to the load cannot exceed 1/2 of the energy generated at the threshold.

o Absolute Values of the Work Functions. This section covers diode-specific
parameters including optimizing the absolute value of work functions.

¢ Deviation from Optimality Due to Multiple Quanta Threshold Interaction.
This section briefly discusses the impact on performance of multiple quanta
combining at the diode’s threshold.

e Appendices A and B discuss the isothermality of Maxwellian and Fermi gases
in equilibrium in a potential field.

e Appendix C provides a bird’s-eye view of the model required for rectifying
very small amplitude and high frequency signals such as the Johnson-Nyquist
noise.

e Appendix D describes the thermodynamic cycle of a MIM diode.

e Appendix E is a list of symbols used in this paper.

2. False Dichotomy and Catch-22 in the Second Law

This paper is a continuation of the “axiomatic analysis” study [1] aimed at probing
the cornerstone logic supporting the foremost second law arguments. This analy-
sis found that, without exception, all arguments supporting the second law con-
sider two points of view:

1. The p-Scale where collisions are absent. In systems with 7-Even symmetry,
fine entropy remains constant dSz../d¢ = 0; in those with 7-Odd symmetry, fine
entropy can decrease dSs./d¢ < 0.

2. The M-Scale where thermodynamic interactions such as collisions are pre-
sent. From a macro-observer’s point of view, massive averaging, integration and
“coarse-graining” destroys microscale information and ensures that coarse-
grained observed entropy always increases dScoarse/d?> 0.

These two points of view present a catch-22:

1. At p-Scale, systems with 7-Odd symmetry can produce negentropy, but this
negentropy is inaccessible because of a lack of thermodynamic interaction. With
no input-output mechanism, no negentropy can be extracted.

2. Conversely, at M-Scale, massive thermodynamic interactions do provide an
input/output capability, but they also destroy any u-Scale negentropy, leaving
none to extract.

This outlook presents a false dichotomy—a false choice between two extremes.
Current arguments supporting the second law can be stated in colloquial language
as “You can’t have your cake and eat it t0o.” In the same colloquial language, this
paper suggests “ You can eat half your cake and still have the other half” However,
it is best eaten at the mesoscale (m-Scale), in half portions, between u-Scale and
M-Scale.!

This framework is in full compliance with the conventional second law as it

"This statement is an accurate reflection of the conclusion reached in this paper that the thermal energy
converted to electricity by a “loaded” diode cannot exceed half the free energy defined by the voltage
across the gap in the “loaded” state.

DOI: 10.4236/jamp.2026.1410195

4015 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.1410195

G.S. Levy

guarantees that negentropy is inaccessible at the endpoint (u-Scale, M-Scale) of
m-Scale as proven by all H-Theorems and as confirmed by all experimental
data [1]. Conversely, no theoretical argument or experimental data forbids the
existence and accessibility of negentropy at m-Scale. This paper applies these ideas
to diodes as formerly presented in the optimization of Maxwell’s Demon [2] and
the E x B Thermoelectric Effect [1].

3. T-0dd Symmetry of Rectifiers

Diodes and fluidic valves are configured at fabrication time as spatially asymmet-
ric, not time asymmetric. Therefore, at first glance, these devices should conform
to all H-theorems and should not rectify anything. Being strictly spatially asym-
metric, their time symmetry demands that, at equilibrium, any transition in one
direction must be exactly counterbalanced by a transition in the opposite direc-
tion, making isothermal rectification of the Johnson-Nyquist noise an impossible
task.

Upon closer examination, however, one realizes that a diode becomes time
asymmetric when it is exposed to a time varying signal that switches polarity with
time. The signal produces physical changes that alter its electronic configuration
and conductivity, as the diode goes back and forth between forward mode and
reverse mode.

1. In a PN diode, the thickness of the depletion layer changes with the direction
of the bias: the layer is thin in forward mode and thick in reverse mode which
leads to a change in resistance and to rectification.

2. Similarly, in a one-way fluidic check valve, a disk or piston moves, opening
or closing the valve in response to fluid flow.

This dynamic change in spatial asymmetry is crucial in producing a 7-Odd
symmetry. Furthermore, it is associated with a change in a state variable, it is not
instantaneous, and must use energy borrowed from the signal. This idea is obvi-
ous. Yet it confirms that diodes and valves are not bound by the H-theorem.
Interestingly, very few experiments involving diodes have succeeded in producing
observable rectification of thermal noise.

Nikulov [3] and Gurtovoi et al [4] observed a DC voltage on an asymmetric
microscopic superconducting ring when the ring or its segments are switched be-
tween superconducting and normal state by non-equilibrium noises (Ze, an AC
signal flowing through a spatially asymmetric device.) This voltage indicates that
one of the ring segments operates as a DC power source.

Kondo et al [5] developed a new organic thermoelectric device constructed as
a MIM diode, capable of functioning at room temperature without any tempera-
ture gradient. Their device is driven by the Johnson-Nyquist noise. It produces an
open-circuit voltage of 384 mV, a short-circuit current density of 1.1 pA/cm? and

maximum output Pmax of 94 nW/cm?.?

*The power output (94 nW/cm?) of Kondo’s device is far below what could be achieved. The device is
not Zusym optimized as recommended in this paper, its @is far from the optimum 111.98 meV, and
its bandwidth is not matched to the Johnson-Nyquist noise.
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Given the scarcity of experimental evidence, one could legitimately ask, “Why
can’t PN diodes routinely produce an isothermal thermoelectric effect by rectify-
ing thermally induced electrical Johnson-Nyquist noise?” In other words, why
can’t diodes produce a DC output isothermally without requiring a temperature
difference as in the Seebeck effect?

Even though these devices are time-reversal asymmetric while in operation,
they are enormously mismatched in energy and frequency to the noise. The built-
in potential of a silicon device is about 0.7V, about fifty times larger than the % kz7"
energy of the noise at 12.9meV, and the cutoff frequency of a diode is about 1IMHz,
seven orders of magnitude lower than the peak frequency of the noise at 18THz.

Accordingly, two conditions must be met for a device to bypass the second law:

1. Asymmetric Condition: The device must be 7-Odd symmetric as required
by the H-theorems. This condition is necessary to make bypassing the law theo-
retically possible. A diode meets this requirement in operation when a signal ren-
ders it 7-Odd symmetric by modulating its spatial asymmetry.

2. Matching Condition: The device must be matched in energy and bandwidth
to the noise being rectified. This condition is necessary to make their output ex-
perimentally observable and economically useful. A diode can meet this condition
by operating at m-Scale, a thermodynamic regime mostly unexplored both theo-
retically and experimentally.

As shall be discussed in Sections 6 and 7, an index of asymmetry, Z,m, shall be
defined that quantifies the position of a MIM diode at m-Scale. Section 10 opti-

mizes the diode to the Johnson-Nyquist noise.

4. MIM-Class Diode Model as Vehicle for Analysis

The first step in this analysis is to select a diode architecture with sensitivity and

bandwidth matching the signal to be rectified.

4.1. MIM Frequency Response and Sensitivity

Figure 1 is a scatter diagram illustrating the capabilities of several diodes as a

function of signal energy versus frequency [6].

4.2. MIM Models and Reconfiguration Energy

Given the suitability of MIM-class diodes for high frequency, high sensitivity rec-
tification, this kind of diode has been selected as a vehicle for the following anal-
ysis with the goal of optimally rectifying the Johnson-Nyquist noise.

The emergence of time-reversal asymmetry is due to a dynamic change in con-
figuration associated with a state variable (thickness of depletion zone, disk posi-
tion) modulated by the polarity and amplitude of the input signal. This state var-
iable affects the resistance and bandwidth of the device. A change in this state
variable requires a reconfiguration energy provided by the signal and is limited by
the bandwidth of the device.
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Figure 1. Performance map for several diode architectures. The diagonal line maps the
peak spectral energy of the Johnson-Nyquist noise: Epeat = Afpeak = Drearks T, where the peak
power frequencies and signal levels are located as a function of temperature. MIM-class
diodes with one or more insulating layers, overlap this high frequency, low amplitude re-
gion. They include PN, Pin, Schottky, Tunnel, and MIM-class diodes (which include MIMs,
MIIMs, MIIIMs and other multilayers variants). The line at the bottom right corner repre-
sents the frequency range and signal level of the Johnson-Nyquist noise as described by
equation Epea = Afreat, Where Epearis the energy of a plasmon at the peak spectrum frequency
freak (This topic is discussed in Section 8). As the diagram shows, the MIM-class diodes are
the only ones capable of operating in that region. They stand out for their performance at
terahertz and even optical frequencies.

MIM diode models by Tsu-Esaki [7], Simmons [8] [9], Grover [10] and others
[11]-[13] do include a state variable in the form of the changing Fermi distribution
across the gap, but they do not account for the configuration energy and band-
width required to change this distribution. This omission renders them instanta-
neous and inappropriate for modeling the rectification of Johnson-Nyquist fluc-
tuations. As far as this author knows, no diode model exists which is suitable for
thermal noise rectification. It should include:

1. A reconfiguration energy @consg supplied by the signal, to modify the state
variable.

2. A time constantlinked to the change in the state variable.

For the sake of simplicity this paper discusses the simplest MIM diode which
includes a single insulating layer. In such a diode, the state variable is associated
with the movement of charges that affect the occupancy and vacancy distribution
on either side of the gap and change its effective width (in analogy to the change
in thickness of the depletion zone in a PN diode). Figure 2 shows a MIM diode
fabricated with:

1. On the left: a high density of occupied states and low density of vacant states,
and

2. On the right: a low density of occupied states and high density of vacant
states.

The effective width of the gap varies depending on the polarity of the applied
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Figure 2. The sides of the gap can be designed to have high occupancy and low vacancy on
the left, and low occupancy and high vacancy on the right. a) In forward mode, the charge
layers on the surfaces are thin, causing the gap to have a thin effective width. b) In reverse
mode they are thick, causing the gap to have a thick effective width.

1. A positive voltage + V'shifts the Fermi levels causing the diode to operate in
forward mode with a high occupancy on the left and high vacancy on the right.
Therefore, a carrier transiting across the gap, from left to right, originates near the
surface of the metal on the left and ends up near the surface on the right. As a
result, the gap has a narrow effective width, and its probability of transmission is
high.

2. Conversely, a negative voltage — V' causes the diode to operate in reverse mode
with alow occupancy on the right and low vacancy on the left. Therefore, a carrier
transiting from right to left originates far from the surface on the right, and it ends
up far from the surface on the left. The gap has a large effective width, and its
probability of transmission is low.

Accordingly, tunneling requires traversing three regions: a left one of width d,
the central gap of width di and a right one of width dx. Therefore, the effective
expected gap size is deg= d; + dg + dr. Since d; + dris smaller in forward bias, des

is also smaller in forward bias. A sub-nanometer change in a one-nanometer gap
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results in a large difference in its conductivity. Full integration of this concept into
existing models is the subject of a future paper. It is briefly discussed in Appendix
C.

5. Thermodynamic Cycle of Diode

5.1. Entropic Drive

The change in the configuration of the electronic states is 7-Odd symmetric be-
cause it is synchronized with the input signal. It always favors a forward current
over a reverse current. Unlike the Seebeck effect which requires a temperature
difference, or Ohmic conduction which requires a voltage, this driving mecha-
nism is purely entropic, caused by the synchronicity between the signal and the
dynamic configuration of the states. At issue is not whether a diode can rectify a
signal, it is how small this signal can be. This underlines the importance of the
configuration energy @cons,: it is commensurate with the signal to be rectified and

must be included in the following analysis.

5.2. Free Compression across the Gap

It is assumed that carriers tunnel through the nanometer gap much faster than the
average period of a Johnson-Nyquist fluctuation and that, despite the fluctua-
tions, they remain in local equilibrium. When a fluctuation produces a forward
voltage bias, carriers maintain their equilibrium by tunneling (reversibly) up the
energy barrier across the gap. This process is both isothermal and adiabatic:

1. Carriers remain isothermal in compliance with the second law (a Fermi gas
in equilibrium in a field is isothermal) and with the proof of the isothermality of
a Fermi gas in Appendix B.

2. Carriers remain adiabatic because direct tunneling implies no collision that
changes the carrier’s energy.

Conventional thermodynamics admits one process which is both isothermal
and adiabatic. It is called a free expansion. A gas freely expanding in a chamber
retains its temperature and internal energy but increases its volumetric entropy.

In contrast to a free expansion, carriers crossing the gap lower their positional
entropy, while remaining isothermal and adiabatic. Therefore, their change in po-
sition is the exact reverse of the free expansion. Let us call it “free compression.”
The process is not driven by a temperature difference as in the Seebeck effect, yet
it does lower the temperature equally on both sides of the junction:

1. The emitting side of the gap drops in temperature because it loses the most
energetic carriers which are more prone to tunneling.

2. The receiving side also drops in temperature because the incoming carriers
lose kinetic energy as they tunnel adiabatically against the barrier potential.

Overall, both sides of the gap remain in isothermal equilibrium with respect to
each other because tunneling affects them equally. However, the junction, as a
whole, experiences a drop in temperature with respect to its surroundings. This

temperature difference causes an inflow of heat that replenishes the thermal en-
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ergy converted to electricity. This temperature difference and heat flow is a Fou-
rier heat conduction effect and not a Carnot thermodynamic requirement. There
is no need for a heat sink, but the device must still be colder than the surroundings.

In summary, the thermodynamic cycle includes a free (isothermal) compres-
sion of the carriers in the diode, followed by an isothermal expansion in the load.
The work function difference @ defines the 7-Odd asymmetry of the diode and
provides it with the free energy used in rectifying heat to electrical energy. The
potential across the gap acts as a catalyst in the sense that it is not consumed in

the heat to work conversion process.

6. The Index of Asymmetry as a Measure of m-Scale

The catch-22 dilemma posed by the second law can be summarized as such: At
the u-Scale, T-Odd systems can generate negentropy, but it is not accessible be-
cause of the dearth of thermodynamic interactions such as collisions. At M-Scale,
these interactions are abundant, but they destroy any negentropy before it can be
accessed. The theory advanced in [1] [2] and in this paper, is that these two pro-
cesses compete with each other. The first generates negentropy but does not pro-
vide the means to access it, the second allows it to be accessed but destroys it. At
m-Scale, interactions are moderate enough to leave some negentropy on the table,
yet large enough to provide the input/output means for its harvesting.

The basic generator of free energy (and negentropy) in a MIM diode is the
asymmetry produced by the difference @in the work functions of the metal plates
across the gap. The generative and dissipative processes both compete for @. At
H-Scale, generation uses up all @ and there is nothing left for the dissipative
(through collisions) export of negentropy. At M-Scale, the reverse happens,
negentropy can be accessed but there is none left to be exported. These two end
points are the domain of the second law. The region in between, m-Scale, is off-
limit to the law.

An index of asymmetry Z,.,is defined to quantify the position of a system
along m-Scale. Z,.,1is a dimensionless ratio that comprises a generative factor and
a dissipative factor. It is infinite at y-Scale and zero at M-Scale.

The Z,ym ratio includes:

1. The numerator, @ — eVioud — Pconsig — Presist- 1S the generative factor. It repre-
sents the 7-Odd asymmetry of the device quantified by the actual potential step
at the loaded gap. In an open-circuit unloaded state, the potential across the gap
is @. However, when the diode is connected to a load, the rectified Johnson-
Nyquist fluctuations produce a current through the diode and the load. The re-
sulting load voltage, V..., the configuration potential energy, @cons, and the in-
ternal resistance of the diode @zesi Oppose this current and result in a reduction
of the gap potential from @to @ - eVia— Pconsig — Presiss Therefore, the actual free
energy available at the gap is:

Generated Free Energy =@ —eV, 4 — Peontiq — Presist (1)
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2. The denominator, eView + @consg » Presis i the dissipative factor. It represents
the 7-Even symmetry of the dissipative processes which includes: eV;o.adissipated
in the load, @conse used to configure the forward/reverse electronic states of the

diode, and @gegs dissipated by the internal resistance of the diode:

Dissipated Free Energy =eV, 4 + Peontig + Presist 2)

As originally defined in [1], Z.m is the ratio of root-power quantities (such as
vyand v, whose squares are directly proportional to power). Therefore, the square
of Z,ym can be stated as the ratio of the energies associated with the generative and

dissipative processes:

2 _ Generated Free Energy _ D —eV ~ Peonfig ~ Presist
M Dissipated Free Energy €Voas + Poontig T Presis

(3)

One should note that eV ou4 @consg and @gesise perform double duty:

1. In the numerator, they act as potentials that oppose the work function dif-
ference @.

2. In the denominator, they represent the energy dissipated in a full for-

ward/reverse cycle driven by the AC Johnson-Nyquist noise.

7. Optimizing Zasym

Finding the optimal value of Z,,,, that maximizes power transfer to the load is a
three-level “nested” linear programming allocation problem:

1. The inner allocation requires selecting the best internal resistive dissipation
@resise that maximizes the available free energy @ — Vi — @Pcontig — Presis. Obvi-
ously, the best @gesis is the minimum one as determined by material limitations.
The next two outer allocations assume this minimum fixed @gesis

2. The middle allocation can be stated as a Maximin function that distributes
a fixed amount of energy Eu;.;, earmarked for dissipation to eV o.s and to @conse =

Edissip - € I/Load — PResist-

eVLoad = MaXimin (eVLoad ’¢C0nfig )

= Maximin (eVLoad  Eissip —€Vioad — (pResm) @
The optimum result reassuringly concurs with the MPTT:

Vg = g =220 Pt e (5)
Applying Equation (5) to Equation (3) simplifies Zq:

7 ;Sym _P- 26V gag ~ Presis (6)

26V gag + Presist

3. The outer allocation distributes the unloaded gap potential @ to the gener-
ative process represented in Equation (6) by the numerator, and to the dissipative
process, by the denominator. Therefore, the maximum energy transferred to the

dissipative process is:

2eVLoad + gDResist = MaXImm (@ - 2eVLoad - ¢Resist ' 2eVLoad + (DResist ) (7)
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Since @gesis is fixed, this also yields the maximum energy transferred to the load.
Expressing Z.ym as a tangent Zygm= tan(6iym) of the asymmetry angle 6., and

using Equation (6) yields:
2eVLoad T Presist = @ COSZ (6 )1 and

asym

» (8)
D - 2eVLoa\d ~ Presist = @sin (easym )
Therefore, Equation (7) can be stated as
1 L
Vi =5 @ Mammm(smz(ﬁasym),cosz(Hasym)) (9)
Hence the maximum energy transfer occurs at:
T
Hasym =Z; Zasym =1 (10)
1
e\/Load = ¢Config = Z(Cp - 2(pResist ) (1 1)

As shown in Figure 3, the maximum energy transferred per carrier to the load
occurs at Guym = m/4, and Z,ym = 1. These results exactly match the ones in the
optimization of Maxwell Demon in [2] and in the optimization of the £ x Beffect

in [1] obtained using different phenomena as vehicles, and different techniques.

easym
L0 0 /8 /4 31/8 /2
0.8 N /|
Max Free Epergy ax Free Energy
0.6 Dissipation Generation|

N4
WA
0 | MeScate” // \\ p-Scale

Center of\

m-Scale

Free Energy Utilization Factor

0.00

0 0.414 1 2.414 00
Asymmetric Index Z,,,,

Figure 3. Free Energy Utilization Factor as a function of Zgm.
The Maximin maximum occurs at the intersection of the
$in?( Basym) and cos?(Baym) function.

The role played by the configuration energy @consg is interesting. As mentioned
in Section 5.1 Entropic Drive, it is associated with the polarization or chemical
change required for electronic reconfiguration, and, therefore, is essential in
providing the diode with 7-Odd symmetry. It is drawn from the input signal as
heat to SET the diode’s potential energy into its forward bias configuration,

thereby causing a lowering of entropy of the surroundings.
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_ q’Config

AS (Reverse — Forward) = (12)

Surroundings

When the diode is RESET to its reverse bias configuration, potential energy
@contig 1s dissipated as heat back to the surroundings causing a corresponding in-

crease in entropy of the surroundings:

¢C0nfig

AS Forward — Reverse) =+ (13)

Surroundings (

Over a whole cycle, the change in entropy due to the change in configuration
is zero, but net heat Qhas been converted to electrical work eVi,.e. Therefore, in
the absence of any resistive 10ss @zesss the overall change in entropy is:

_ eVLoad — _2

AS(Cycle) = T

(14)

These results represent a limiting case of a “perfect” MIM diode. It is assumed
that a diode in forward bias uses @couse to fully turn ON, and that in reverse bias
it dissipates @consg to fully turn OFF. The thermodynamic cycle of a “perfect” di-
ode is discussed in Appendix D. Integrating these concepts into a realistic MIM

diode model is briefly discussed in Appendix C and is the topic of future research.

8. The Johnson-Nyquist Noise

Equation (11) eVieas = @consig = 1/4( @ — 2 @Pregsr) relates design parameters eVipaa
and @ to each other but is silent about how they relate to the magnitude of the
input Johnson-Nyquist fluctuations. This section describes this noise in terms of
its amplitude and frequency for the purpose of providing a means for scaling these
design parameters.

As described by Johnson, [14], the RMS voltage associated with this noise across

a resistance R over a frequency band Afis given by:
V2, = 4k TRAT (15)

Maximum noise power APis sent to a matching load, when the voltage across
the load is Viass/2:

V2
AP =B — kT Af (16)
4R

This equation describes the power as boundlessly increasing with bandwidth
Af—the ultraviolet catastrophe. In fact, it does increase but eventually reaches a
maximum and then drops because of a quantum cut-off not shown by the equa-
tion. Both the frequency at which this maximum occurs, and its magnitude are
highly relevant in the rectification of this noise. Therefore, a more accurate equa-

tion is required.
A high frequency description of the Johnson-Nyquist noise can begin by de-
scribing it in terms of plasmons on a surface, each having energy Af The power

produced per plasmon is limited by the quantum cutoff [15]:

1

AP = et 1
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Assuming a plasmon wavelength A, this power can be expressed as an intrinsic

quantity per unit frequency and per unit area A*

1 hf

AP = e 1 17

Af (18)
A normalized frequency n;, (ie., expressed as the number of units of “4s7” in

one Johnson-Nyquist plasmon) can be defined as:

N, = LS (19)
kg T
and the wavelength A can be written in terms of fand of the dielectric constant x

of the material:

c _ hc (20)

l =
f i KmnjnkBT

Combining equations (18), (19) and (20) yields the power of the noise per unit

area and per unit normalized frequency

dp _K‘(kBT)4 n?n
a - h3c? enj"—lAnjn (21)

Note that Equation (21) shows a fourth-power dependency on temperature,
and compares exactly with Planck’s blackbody radiation spectrum x*/(e* — 1) of
[16]-[18] as expressed in [19] (eq. 12) with two adjustments:

1. Equation (21) assumes the dielectric constant x # 1 to account for the reduc-
tion of the speed of light in the material.

2. Reference [19] includes a factor of 2 to account for the total radiated power
in both polarizations, whereas Equation (21) describes the measured Johnson-
Nyquist power which, even in the best case of perfect source-load matching, is half
the available power.

The normalized power distribution in Equation (21) is shown in Figure 4 as a

function of n,.
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Figure 4. Normalized Johnson-Nyquist power spectrum. Peak power occurs at npex =
2.8214.
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The definite integral of x*/(e* - 1) from x = 0 to « in Equation (21) is equal to
1*/15 = 6.4939. Therefore, an upper bound for the noise power per area for all
frequencies is:

L @
dA 15 h'c
The noise power in Equation (21) peaks at the normalized frequency rpe. which

is obtained by differentiating and setting to zero x*/(e* - 1) in Equation (21), yield-

ing:
Npe = 2.8214 (23)
Substituting this value into equations (19) yields the peak-power frequency:
kT kg T
foeax = Mpeak BT = 2.8214BT (24)

As an example, setting 7'= 300K into Equation (24) yields the peak power fre-
quency of the Johnson-Nyquist noise:

o =17.64 THz (25)

Peal

and substituting this value in Equation (20) yields the peak power wavelength in
the material:

Jeat = fpeaffc“ = npleak KV?EBT :0.35447(]/'21% (26)
The noise energy for a plasmon at fpe. is therefore:
Epeak = Npeak = NpeacKs T (27)
and at 300K it is:
Epeax = Moo Ka T = 72.94 meV =11.68x107* Joules (28)

This is the peak energy of a Johnson-Nyquist plasmon at a given frequency

(temperature) per unit area A%

9. Dimensions and Power Output of the Diode

Such diode stacks could be integrated into semiconductor chips to provide the
chips with power in situ. How small should such diodes be? This section covers
the following topics:

e Area of diode.

e Thickness of diode

e Power Output

9.1. Maximum Area Diode

To determine the best area of a diode, one may begin with the observation that
the Johnson Nyquist noise is uncorrelated at different points on a surface if these
points are spaced further apart than the coherence length of the noise or the wave-
length A. of a plasmon. To calculate A in the material, one can first observe that
in free space, at 7= 300K, the wavelength at peak power is,
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LM ~16.99x10°m (29)

ﬂ“Peak = f
PeakK

where the dielectric constant x is assumed to be unity. However, in a MIM struc-
ture with a nanometer-scale insulator (1 - 5 nm), the surface plasmon polaritons
(SPPs) are strongly compressed by the effective mode index which is about n.s=
30 for copper at that frequency [20]-[26]. Therefore, the plasmon wavelength for
the copper example along the surface is about:

Ao =—S  ~0.566x10°m (30)

c
1:Peak neff

The area of a coherent pixel is therefore:

CZ

———~0.320x10?m’ (31)

2
fPeak neff

A=

One could imagine a large flat MIM diode subdivided into little pixels of area

A= 27, and thickness A,, with each pixel connected in parallel between two com-

monly shared conductive plates, each operating as a small diode, each operating

uncorrelated and independently of each other, each rectifying its own local corre-

lated noise, and each feeding its DC outputs in parallel to the plates. Figure 5
shows a stack of MIM diodes.

Ml
T |
M2 11/2=2nm
Penetration depth
Ml ~15.5nm
l ~~}
M2 “Surface plasmon
wavelength 566nm
Ml
I M
M2
Ml
I
M2

Figure 5. Large area MIM-class diodes can be stacked in layers forming a
multiplicity of independently operating diodes, the volume of each diode
defined by the correlation area of a surface plasmon and the penetration
depth of the peak power frequency.

This visualization of a diode as an assembly of distinct pixels is useful as an
explanatory tool but in practice there is no need for explicitly dividing the diode
because separate correlation areas are formed spontaneously by the signal itself.
The lithographic complexity of fabricating individual diodes is thereby elimi-
nated. In principle, there is no limit to the size of the area of the diode.
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9.2. Thickness of Gap. A Fabry-Perot Resonator for Electrons

Conductance through the gap can be promoted by favoring the transmission of
electrons. Since the dielectric constant of the gap is lower than that of the metal,
this can be achieved by setting the thickness of the gap to one half the de Broglie
wavelength of an electron to cancel destructive interference due to reflections as
in a Fabry-Perot resonator. Setting the width of the gap dg to half the de Broglie
wavelength, yields the thickness for maximum transmission:
1 3 h 3 h

27 2 My By 2J2My N kT

Using mes=n1 at T'= 300K, provides an upper bound for the optimal thickness

de

(32)

of the gap*:
dg =2.27 nm (33)

This thickness is an upper bound because:

1. The effective mass of the electrons is assumed to be myand

2. The change in effective gap thickness due to variations in occupancy and va-
cancy states as discussed in Section 4.2 and shown in Figure 2 is not included in
de.

Fabricating a device with this dimension is challenging but can be achievable
with tailored self- assembling monolayers (SAM), atomic layer deposition (ALD),
and other semiconductor technology.

9.3. Thickness of Diode

The diode’s metal layers need to be as thick as the skin penetration depth A, of the
Johnson-Nyquist noise at the peak power frequency fpeu:

_ P
Ay = (34)
lumagn Peak

where i, is the magnetic permeability, and p is resistivity. For a non-magnetic

metal, one can assume g = 471 x 10”7 H/m, reducing the equation to:

, 3182 [ p (35)
P 271: fPeak

For example, using copper with a resistivity of about p=0.167 x 107 Q-m, the
penetration depth at 17.64 THz is:

A =0.0155x10°m (36)

pCopper

The classical skin-depth formula in Equation (34) is marginal at 17.64 THz,
where copper’s Drude relaxation time makes conductivity complex. The true pen-
etration depth there is set partly by the plasma frequency. Accordingly, the result
of Equation (36) shall be treated as an approximation. Diode layers arranged in a

*Carriers near the Fermi level have eV-scale kinetic energies and sub-nm wavelengths inside the gap
region significantly smaller than the one provide by the Fabry-Perot condition.
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stack, much thinner than this roughly estimated penetration depth would have to

share thermal plasmons, and, therefore, become less efficient.

10. Matching the Threshold to the Noise
10.1. Variability of the Gap Potential

Unlike a battery with a fixed chemical potential, the free energy available from a
diode is not fixed: it is a function of the load. An unloaded diode has an open-
circuit potential difference @across the gap due to the different work functions of
its metal plates. However, if a load is connected to the diode, the rectification of
the Johnson-Nyquist noise produces a current. This current generates potentials
€Vieaa across the load and @conse across the diode and @gesis: due to internal diode
resistance. These three potentials oppose and reduce the potential across the gap

from @to @ - eVipaa— Pconsig — Presis- Hence, the gap potential is variable:

Loaded Gap Potential = @ — eV .,y — @config — Presist (37)

Therefore, a diode optimized such that Z,., = 1 and according to equations (3)

and (11) has an actual gap potential:

Loaded Optimized Gap Potential = %(D =26V, oag + Presist (38)

10.2. Total Power of Johnson-Nyquist Noise

The power spectrum of the Johnson-Nyquist noise per unit normalized frequency

Any, is given by Equation (21):

dP K(kBT)4 n?n
WA e o _1Anjn (39)

The total power over all frequencies is obtained by integrating from 0 to oo as

shown in Equation (22).

4 4 4
9P _m k) g 4e302cT).

40
dA 15 h’c? hc? (40

Using copper plates with x = nezff =900, [20] [26] and the total power at 300K
is:

g—i = 6.4939x10.130 = 65.780 mW/mm? (41)

10.3. Matching Gap Potential to Noise for Maximum Power

The diode is a threshold device, conductive only when the energy of a fluctuation
nkpTexceeds the threshold potential n274ksTdetermined by the energy barrier

across the gap as per Equation (38):

1
njnkBT 2 nThresthT = ECD = 26VLoad + (pResist (42)

Furthermore, each successful rectification event delivers a fixed energy nsres-

ksT'= eVipad + Qcontig + Presise to be shared by the load, the configuration process,
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and the internal resistive loss, regardless of how much the plasmon energy ex-
ceeds the threshold; the excess is thermalized. The work function difference @
acts as a catalyst and remains unchanged.

Accordingly, the power rectified at the threshold is the product of the rate of
above-threshold events and the fixed energy delivered per event.

The rate of all candidate events (regardless of the threshold) within a normal-
ized bandwidth An, is obtained by dividing the plasmon energy spectrum of
Equation (22) by the energy per plasmon n,kzT:

d’N K(kBT)3 ni,

A - e = _1Anjn (43)

where d>’N/d Ad¢is the number of plasmon crossing a unit area. A single plasmon
with energy n,ksT > npresnksT traverses the diode and generates an energy fixed
by the threshold potential n7xreskzT. Taking the product of nzaesksT"and the plas-
mon distribution in Equation (43) and integrating from na.s to infinity yields

the total power carried by rectified plasmons through the diode:

Power through diode = K

4 2
(kBT) J‘°° nThreshnjn dn. (44)
h3C2 Mhresh enj” -1 In

To maximize power, we maximize the definite integral with respect to nzares. A

numerical analysis yields the optimum normalized threshold frequency:
Nppresn = 2.1657 (45)

which corresponds to a maximum integral of 2.8494. Note that nzaes = 2.1657
is not equal to 12per = 2.8214 as per Equation (23) and shown in Figure 4. Hence

K (kgT )4

hc?

Maximum Power through Diode = 2.8494 (46)

Comparing Equation (46) with Equation (40) yields the maximum power effi-
ciency through the threshold:

Fraction of Total Power through Diode = 2.8494
6.4939

=0.43878 (47)

For the sake of simplicity, we shall assume in the rest of this paper that the
diode resistive 1oss @gesir = 0. Therefore, as established in Equation (42), the ac-
tual power that reaches the load is only one half of the power through the diode:
(€Vioaa= Y2 DrnresnksT). Dividing Equation (46) by two yields:
x(kgT)*

Power to Load =1.4247 (48)
hc?

At T'= 300K, with copper layers and & =n% ~900, the power to the load is:

5 =

k,T)*
Power to Load = 1.4247’((h3;) =1.4247x10.130 =14.432 mW/mm?  (49)
c

This is approximately 42.8 times the power per unit area defined by the Shock-
ley-Queisser efficiency limit [27] [28] of 0.337 mW/mm? of solar cells.
Since the thickness of MIM diodes is typically in the submicron range, stacking
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such devices as shown in Figure 5 could achieve substantial power output per unit
volume. The power per unit volume is obtained by dividing the power per unit
area in Equation (48) by the optimal thickness of the metal layers A,. At 300K, and
for Adpcopper + dg=15.5 nm + 2.27 nm as per Equation (36) and (33):

dp 3
— ~812W/mm 50
(dv jLoad / ( )

Of course, the rapid conversion of thermal energy to DC power quickly lowers
the temperature of the device. Heat exchangers interleaved within the stack then

become the real limitation to the power generated per unit volume.

10.4. Optimal Design

When a plasmon’s energy is equal to nzuesksT; it is exactly and fully allocated:
some of it, @resiss, is dissipated in the diode—The rest is equally shared by the load,
and by the configuration, and nothing is left over at threshold.
1
njnkBT = nThresthT = §¢ = 26VLoad + (oResist = 2quOnfig + ¢Resist (51)
This equation is illustrated by Figure 6 for an ideal diode with @gesic = 0 and

operating under optimal design conditions:

m] ohnson-Nyquist Noise Configuration

+Load

1
—

Load Thresh

L lea=2ev, =29, ~N

Left Metal Layer Gap Tunneling Right Metal layer Circuit

= e Configuration
Diode +Load

Relative Potential Energy (k,T units)

Figure 6. Potential energy profile around circuit for an ideal diode with @gesiz = 0. The load
potential eVz.as and configuration potential @conse decrease the potential across the gap
from the work function difference, @, to @ — eVioud — @conse. The left work function @ is
arbitrarily selected at zero relative potential.

From Equation (45), nzaresn = 2.1657, and with Equation (51) assuming an ideal

optimized diode with @ges: = 0:

eV, gag = Peoniig =1.0829k,T and @ =4.3314k,T (52)
At 300K,
€V oas = Poontig = 27-995 meV;
MrpresnKa T = 55.990 meV; and (53)
@ =111.98 meV

Thus, a stack of about 36 diodes, each less than a micron thick, connected in
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series could produce up to 1V.

11. Absolute Values of the Work Functions

Equation (51) relates the work function difference @= @z - @; between the right
and left plates to other design parameters but is silent on the absolute values of @
and @;. The plates and the gap present a tunneling barrier to carriers. The height
of this barrier is the energy separation between the plate’s Fermi level and the
conduction band edge of the insulator filling the gap. In the ideal (Schottky-Mott)
limit, this barrier height equals the plate’s work function minus the electron affin-
ity, Yins of the insulator; real interfaces carry dipoles and defect states that can shift
the actual barrier from this nominal value. Maximizing the transmitted current
while preserving rectification requires operating near the boundary between
quantum tunneling and classical over-barrier transport, referred to here as the
marginal tunneling mode. Too large a mean barrier is detrimental because it ex-
ponentially suppresses the tunneling current. Too small a mean barrier is also det-
rimental because it moves the diode into classical over-barrier transmission and
eliminates its rectifying function. Optimally, the mean barrier should therefore be

approximately equal to the threshold energy of the plasmons:

(D + @)

2 ~Xins = nThresthT (54)

Combining this equation with the optimal @ = @r — @; = 2nmeasksT from

Equation (51) yields absolute work functions in terms of n7sesks T’
¢R = Xins = 2nThresthT; CDL = Xins = 0 (55)
Equations (51) and (55) links many design parameters together:

1 1

nThresthT =-0= _(CDR - lins) = ZeVLoad * Presist = 2¢C0nfig + Presist»

2 2 (56)

CDL = ;(ins

The equality @; = yus can be approximated using pure metals and insulators as
shown in Table 1 and Table 2. If desired, a more precise match can be achieved
by alloying metals and using compound or mixed-oxide insulators or by altering

fabrication methods.

Table 1. Insulators.

Insulator (Oxides) Electron Affinity yims
TiO2 ~3.9-43eV
Nb2Os ~3.9-43eV
SnO; ~4.5eV
ZnO ~4.2 -4.35eV
In»0; ~3.5-4.50 eV (typically ~4.45 eV)
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Table 2. Metals.

Metal Work Function @
Hafnium (Hf): ~3.9eV
Niobium (Nb): ~3.95-43eV
Aluminum (Al): ~4.06 - 4.28 eV
Cadmium (Cd): ~4.07 - 4.08 eV

Indium (In): ~4.09 eV
Tantalum (Ta): ~4.00 - 4.25 eV
Lead (Pb): ~4.14 - 425 eV

Titanium (Ti): ~4.33 eV
Silver (Ag): ~4.26 -4.74 eV
Copper (Cu): ~45-510eV

The above values are approximate depending on preparation, fabrication and
orientation of crystal faces and on the surface treatment of the plates comprising
the diode. Their variability can be of benefit in fine tuning the work functions:

1. @= Qg - D, to twice the threshold energy 2n7esks T, and

2. Dp= Yins

A future detailed analysis will have to include the influence of the effective mass,

image-force corrections, and an over-barrier transport model.

12. Deviation from Optimality Due to Multiple Quanta
Threshold Interaction

The model presented herein assumes a single quantum interacting with the gap
threshold potential. In practice multiple plasmons may combine to overcome the
threshold. Such addition and subtraction of boson quanta is well established. For
example, multi-quantum barrier crossing by incoherent noise such as photon-as-
sisted tunneling with n-photon sidebands, is discussed in Tien-Gordon [29],
Tucker-Feldman [30], Grover-Joshi-Moddel [31] and Asada, M. and Suzuki [32].
The analysis of section 10.3 can be extended to cover multiple quanta interac-
tions. In the single plasmon interaction, the energy generated across the threshold
is the product of the threshold energy nza.sks7 and the plasmon distribution of
Equation (43) integrated from nzu.sksTto oo as in Equation (46):
(kg T )4

hc?

4 2
P = K(kBT) J‘Dc nThresh njn d
! h3C2 Mhresh enj" -1

The proposed extension uses the product of n27arenksT and the joint distribu-

n,, =2.8494 (57)

tion of multiple plasmons whose individual energy is smaller than n7x.eskzT but

whose total energy is equal or greater than n7.:k57. This product is doubly inte-

grated:
4 2 2
P — 1 K(kBT) Mrivesh Mrhresh I”|jn:l Mhresh Mrhresh I”|jn2 d d (58)
2= 3n2 Jo Njn1 ,[ “n: Nin2 Ninz2 [Ny
2 h c el _1 Mrhresh ~Njn1 e _1
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The total power produced by combining a single and a double plasmon channel

is the sum of the two:

P..=R+PF, (59)

The power generated by such multiquanta threshold activation has an upper
bound: it cannot exceed the total power of the Johnson-Nyquist spectrum for all
channels combined as per Equation (40):

¢ k(keT)' keT)'

P 7 K(KeT) g gge(Kel). (60)

dA 15 h'c h°c

which, from Equation (46), is 6.4939/2.8494 = 2.28 times greater than the single
plasmon interaction model of Equation (57). Refining this analysis is left for fu-

ture study.

13. Conclusions

As highlighted by the axiomatic analysis in [1], all theories and experiments sup-
porting the second law, without exception, investigate two limiting conditions: u-
Scale and M-Scale:

1. At u-Scale negentropy can be produced by 7-Odd symmetry but remains
inaccessible due to the lack of thermodynamic interactions.

2. At M-Scale abundant interactions provide the means for accessing this
negentropy but destroy it before it can be accessed.

This catch-22 constrains conventional thermodynamics. However, it is a false
dichotomy between the u-Scale and M-Scale extremes, which gives no considera-
tion to the m-Scale middle ground. No theory or experiment supporting the law
probes m-scalewhere some negentropy is destroyed but the rest can be harvested.

A diode is intrinsically spatially asymmetric due to an imbalance in the config-
uration of occupied and vacant states across the gap. The diode becomes T-Odd
symmetric when a time-varying signal—for example, the Johnson-Nyquist
noise—modulates this asymmetry, thereby allowing carriers to move preferen-
tially in one direction. A state variable with an associated energy is defined to de-
scribe changes in this configuration.

In the absence of any externally forced signal—and only driven by the Johnson-
Nyquist noise—carriers remain in thermal equilibrium as they tunnel back and
forth across the gap. They do so isothermally (there is no temperature difference
across the gap), and adiabatically (they do not experience any collision in direct
tunneling). However, the emerging 7-Odd symmetry caused by an input signal
favors tunneling in the forward direction over the reverse direction. This unidi-
rectional tunneling lowers the positional entropy of the carriers. Being isother-
mal, adiabatic and negentropic, this process is a free compression, the exact re-
verse of the well-known free expansion. A full thermodynamic cycle comprises
a free (isothermal) compression in the diode and an isothermal expansion in the
load.

Operation at the m-Scale is optimized by defining a dimensionless index of
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asymmetry Z,ym that quantifies the position of a system along this scale. This in-
dex is a ratio of two factors, 1) a free energy generative factor which dominates at
H-Scale where Zym = oo, and 2) a dissipative factor which dominates at M-Scale
where Z,y, = 0. It is shown that power output to the load is maximized at the
geometric mean of m-Scale where Z,y,, = 1.

The free energy provided by the potential @across the gap of a MIM diode, can
be used to convert heat to electrical work Wsent to aload. @ operates as a catalyst
and is not consumed. The linear programming maximin function is applied sev-
eral times in a nested fashion to maximize power output: 1) to the allocation of
free energy to the dissipation due to internal electrical resistance, 2) to the alloca-
tion of @ between generation and dissipation of free energy and 3) to the alloca-
tion of energy between the diode as a source, and to the load.

Accordingly, the optimal configuration for maximum power transfer requires
an ideal diode with zero internal resistance, and a work function difference @ de-
fined by 1/4 @D = €Vioaa = Pconsig Where eViq is the load potential and @cons, is the
configuration energy. Hence the maximum work transferred to the load is limited
to 1/4 .

Furthermore, the maximum amount of energy that can be rectified from the
Johnson-Nyquist noise by a MIM diode and sent to the load is shown to be
1.082943T. Accordingly, the optimal configuration for maximum power transfer
per plasmon is 1/4@ = eVioad = @consig = 1.0829ksT.

A MIM diode rectifying the above-threshold portion of the Johnson-Nyquist
noise at 300K can produce up to 14.432 mW/mm? or nearly 42.8 times the power
per unit area of a solar cell (with x= 900 for copper plates).

Considering @ as a Helmholtz energy Agem, the second law, extended for m-

Scale operation, becomes:

AS z-%z—% (61)

When the diode is “loaded,” its available free energy decreases from @to @oudea
= @ - eVioad — Pcontig — Presiss which under fully matched optimal conditions is
Droaded = Y2 @. The second law extension of Equation (61) with a loaded diode be-

comes:

AS > — ¢Loaded —_ A14elm7L0aded (62)

2T 2T

This extension of the second law does not contradict any evidence—theoretical
or experimental—supporting the law, simply because such evidence does not exist
at m-Scale. This result has been reproduced with different methodologies applied
to two different vehicles: The optimization of Maxwell’s Demon [2] and the opti-
mization of the E x B Thermoelectric Effect [1].
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Appendix

Appendix A: Maxwellian Gas Column Is Isothermal

Two proofs that a Maxwellian gas column is isothermal are presented herein.
Al. Isothermality of Maxwellian Gas Due to Exponential Nature of Max-

wellian Distribution.

At ground level Maxwellian gas molecules have a given Maxwellian distribution:
fue (E) = Ae &k’ (63)

where A is the normalization factor, and £ is the average kinetic energy of the

particles. At a given elevation A, potential energy ngh must be added to Z, yielding:

fu (E,h) = Ag (Ermon/iel (64)
Factoring out mgh produces:
fug (E.h) = Ag moVkeT g E/keT (65)
and renormalizing yields:
fus (E.h)= A ®" = A'f, . (E,0) (66)
where:
A = Ag Mo (67)

Comparing equations (63) and (66) indicates that the exponential Boltzmann
factor is left unchanged, but the normalization constant is altered. Hence, the gas
column is isothermal, but its density changes with elevation.

A2. Isothermality of Maxwellian Gas Due to Relative Nature of Potential
Energy

Consider gas particles observed at elevation /4 with a distribution defined by the

Boltzmann factor:
fu (E,h) = Ag (Ermon/iel (68)

Since potential energy mgh is relative to the observer, a more accurate version

of Equation (68) should include the observer’s reference “ground” energy mghg.s
o (E, h) _ Ae—[EHﬂQ(h—hpef )]/kBT (69)

A change in potential energy mgAh of gas particles is equivalent to a change in
elevation of the frame of reference of the observer. To remain invariant across
multiple observers this change must be applied equally to the potential mgh and
to the reference potential mghg.rfor any observer. Hence:

mgh — mg (h+ Ah)
(70)
mghref - mg(href +Ah)
Applying these changes to Equation (69) yields:
fus (E.h) = AL MO an)~(heer <o) T (71)
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leaving the distribution invariant in any frame:
o (E,h) _ Ae—[E+mg(h—hRef )]/kBT 72)

Hence a Maxwellian gas column at equilibrium is isothermal. The key idea in
this proof is that potential energy is relative to the frame of the observer, leaving

the Boltzmann factor invariant.

Appendix B: Fermi Gas Column Is Isothermal

This appendix presents a proof that fermions remain isothermal in a potential
energy gradient. To avoid circular reasoning, this proof does not depend on the
second law. It relies on the relative nature of potential energy which requires ob-
servers in frames with different elevations to perceive changes in potential energy
equally.

For the purpose of providing an educational introduction to this topic, Appen-
dix A provides two proofs that a column of Maxwellian gas remains isothermal in
the absence of any forcing agent.

Bl. A Fermi Gas Column is Isothermal

Consider a change in potential energy Au in a Fermi gas characterized by the

distribution:

feo (Ev 1) = (73)

1+ e(E—y—Ay)/kBT

Does the change Au cause a change in the temperature of the gas? Since the
distribution is not strictly exponential, one cannot prove isothermality by factor-
ing a change in potential energy term Ay out of the distribution as done in Ap-
pendix A for a Maxwellian gas.

The proof presented below relies on the relative nature of potential energy with
respect to an observer’s frame. This property leads to the invariance of the Boltz-
mann factor for any observer. The dependency of the Fermi-Dirac distribution on
the Boltzmann factor renders the distribution isothermal with elevation. A de-
tailed explanation follows.

In a Fermi gas, quantum state can only be in one of two conditions: occupied
by an electron or empty (occupied by a hole), and these two distributions must

add up to unity:
fFD_e(E':u)+ fFD_h(EuU):l (74)

Furthermore, the ratio of occupied to empty states follows the Boltzmann factor.
Physically, this means the probability of finding an occupied state relative to the
probability of finding an unoccupied state is governed by the energy difference

represented by chemical potential g

fFD,e(E"u) _ fFD(EuU)

_ o~ (E-n)/keT
= =e (75)
fFD_h(Ehu) 1- fFD(E'/u)

Since potential energy u is relative to the observer, a more accurate version of
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Equation (75) should include the observer’s reference “ ground’ energy pig.

fFD(E,/J) _ {E*(ﬂ*ﬂRef)]/kBT
1- fFD(EuU)_e 7o

The Fermi-Dirac distribution can now be derived using Equation (76) which
includes the ground energy. Rearranging terms yields:

1
fFD(EUU):

— (77)
1+ e[E—(#—#Ref )J/kBT

A change in potential energy Au of the fermions is equivalent to a change in
elevation of an observer. To remain invariant across multiple observers, this
change must be applied equally to the potential i1 and to the reference potential
HUrer for any observer. Hence a change Ay produces a change in gand in pges >

+Apand prer> prer+Ap. Applying these changes to Equation (77) yields:

1
fep (B 1) = 78
FD ( ,u) 1+ e[E_((/“"Aﬂ)_(/‘Ref +Aﬂ))]/kBT (78)
The A/s cancel each other, thereby leaving the distribution invariant:
1
fep (E, ) = (79)

1+ e[E’(#’/JREf )]/kBT

Therefore, a Fermi gas column in equilibrium has been proven to be isothermal,
independently of the second law. The key concept in this proof is that potential
energy is relative to the observer, allowing the Boltzmann factor to be invariant
across observers, and independent of the potential energy measured in any given
frame of reference. The proof also applies to any gas such as bosons, whose statis-

tics can be derived from the Boltzmann factor as shown in Equation (75).

Appendix C: A Dynamic MIM Model for Thermal-Noise
Rectification

This appendix provides a bird’s eye view of the model required for rectifying very
small amplitude and high frequency signals such as the Johnson-Nyquist noise.
The formulation of an actual model is left for a future paper.

Cl1. Basic Requirements for Johnson-Nyquist Noise Rectification

Requirements for the model include:

1. It must be 7-Odd symmetric: the configuration of the diode must change in
response to the polarity of the signal. In a PN diode, the thickness of the depletion
zone changes depending on forward or reverse bias. In a fluidic valve, the disk or
piston moves in response to the direction of fluid flow.

2. The configuration should be described by a state variable which changes be-
tween forward and reverse bias and affects the transmittivity of the diode. This
change requires energy @cons, provided by the signal and it occurs over a time
period Tconsg.

Without such a state variable, current models cannot properly assess how a di-

ode behaves when the signal—the Johnson-Nyquist noise—has an energy Ererma
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and characteristic frequency wzsema respectively matching the diode’s @cons, and
1/ Tconsi- For example:

1. If @consyis much greater than Erpermas the noise cannot pay the reconfiguration
cost; the configuration remains frozen, the device is merely spatially asymmetric,
and it does not rectify.

2. If @consig is much smaller than E7rsermas the noise flips the configuration freely
in both directions; with no energetic cost distinguishing SET from RESET, the
modulation is itself an equilibrium fluctuation, and the device does not rectify.

3. If 1/ Tconse is much smaller than @rsema, the diode cannot follow the signal; it
remains static and does not rectify.

4. If 1/ Tconsy is much greater than @szmermas the diode follows the signal quasi-
statically; it reduces to the instantaneous static model of Section C.2 and cannot
rectify.

These four failure modes are the two endpoints of m-Scale approached along
two different axes. Cases 1 and 3, in which the configuration is frozen, and no
reconfiguration energy is dissipated, correspond to u-Scalewhere Zm > oo. Cases
2 and 4, in which reconfiguration is free or instantaneous, and all free energy is
dissipated, correspond to M-Scale where Z,., > 0. Rectification is only possible
between these endpoints. As shown in this paper, the optimum between the con-
figuration energy and the thermal noise is @consg = ¥2 Ethermar and the optimal point
occurs at m-Scale where Z,g, = 1.

C2. Why Existing Models Are Inapplicable

No diode model currently satisfies these requirements. The models of Tsu-
Esaki [7], Simmons [8] [9], Grover [10] and Brinkman-Dynes-Rowell [11] com-
pute the current from the instantaneous voltage across a barrier of fixed geometry.
Writing the Tsu-Esaki current explicitly in terms of the transmission function
Trunnes and the gap width da:

) 4nmeJ-

J (V unnel E dG ! (pB) Supply (Ex’v )dEx (80)

where E is the carrier energy normal to the gap and the supply function Ssuppy
counts the net carriers available for tunneling at that energy:
Ee-E,
1+e '
Er—Eq—eV
1+e '

S V)=kTIn (81)

Supply (Ex

The transmission function is computed in the WKB approximation through a

barrier profile gs(x) of fixed width dg

T(E,;dg, 5 ) exp[ [ Jj d \/( (x)+EF—EX))dx}

(Zme(BB)
h

(82)
~exp| —2dg

where @, isthe mean barrier height and the last form holds for carriers near the
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Fermi level. Three observations show why this formulation cannot describe ther-
mal-noise rectification:

1. Equation (80) is “ Voltage Asymmetric’ and not T-Odd, because all parame-
ters except the voltage are fixed. The width d; appears only as a fixed parameter
in the exponent of Equation (82): the barrier geometry cannot respond to the sig-
nal. When the device is in thermal equilibrium and in the absence of an input
voltage V; the equation is perfectly time symmetric (7-Even). Therefore, by the
argument of Section 3, it cannot rectify the equilibrium Johnson-Nyquist noise.

2. The response is instantaneous. The equations do not include any device time
constant Tcous, OF NOise frequency wrsermar

3. No energy is assigned to the signal, and no cost in energy @cons is extracted
from the signal to achieve a change in configuration. Furthermore, the density of
states enters only through the free-electron supply function of Equation (81) and
is completely decoupled from the transmission function—yet it is precisely the
asymmetry in the DOS that generates the space-charge layers whose modulation
renders the device 7-Odd.

These are precisely the omissions identified in Section 4.2. It is worth noting
how sensitively the transmission depends on the gap width: for @, = leV the
decay constant in Equation (82) is 2sqrt(2m,@, )/A = 10.2nm ", so a modulation
of d.#by only 0.2nm changes the transmission by a factor of about 8. A sub-na-
nometer configurational change is sufficient to produce a strong rectification ratio,
as anticipated in Section 4.2.

C3. The Brillouin Diode Paradox

Furthermore, Equation (80) shows its inadequacy by giving the appearance of
a second law violation. If a voltage-asymmetric static I-V curve is naively driven
by a zero-mean Johnson-Nyquist voltage, time-averaging produces a spurious DC
output—the well-known Brillouin diode paradox [33]. The conventional resolu-
tion is that a self-consistent kinetic treatment—one that includes the diode’s own
thermal fluctuations and its back-action on the signal by van Kampen—restores
detailed balance and yields zero output [34].

But this argument negates the very essence of a diode: its configuration is not
static; it is modulated by the input signal. The present framework agrees with the
conventional resolution of the paradox at the endpoints of m-Scale (u-Scale and
M-Scale) but shows that a dynamic device—one that borrows reconfiguration en-
ergy from the signal—retains a net output within m-Scale, bounded by equations
(42) and (46).

C4. Proposed Model Outline

It is proposed that the configuration that changes dynamically, as required by
T-Odd symmetry, is the thickness of the space charges on either side of the gap.
These thicknesses depend on the spatial asymmetry in the density of states (DOS)
between the two metal plates across the gap. In combination they become 7-
Odd—thin in forward mode and thick in reverse mode, as illustrated in Figure

2—because of the input signal. This change in configuration changes the effective
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width d.gof the gap, causing preferential tunneling in the forward mode. Hence,
for a proper description, d.; must be expressed in terms of the DOS, and the
change in d.;must require energy @conse and occur over a time period Tconsg.
Perhaps, the most suitable starting point is the transfer-matrix formulation
used by Grover and Moddel [10] for multi-insulator diodes, typically solved by
numerical methods. The potential profile across the junction is decomposed into
N thin slices, each with constant potential Uj and thickness Jj. Within slice jthe

wave function is a superposition of forward and backward waves:

(2”¥(EX_U1))

—ik;x)

v, (x)= Aje(ikix) + Bje(

i where k i =

(83)
where 4;is imaginary inside classically forbidden slices. Continuity of yand dy/dx
at each interface relates adjacent amplitude pairs through a 2 x 2 matrix M and
the product over all slices,

k| 1 [

M =MMy ;M and T (E,) ="
1

1
My,

(84)

yields the transmission through the entire structure.

The strength of this formulation for the present purpose is that the potential is
already discretized: the space-charge layers on either side of the gap are naturally
represented as additional slices whose potentials U;depend on the local density of
states and occupancy, and whose extents d; and dx depend on the configuration
state. It is therefore suggested to modify this model so that:

1. The slice potentials adjacent to the gap are functions of a configuration state
variable determined by the DOS asymmetry of Figure 2, giving the effective width
d.i= dp + dg+ drits bias dependence.

2. Each change of configuration draws energy @cous from the signal.

3. The configuration relaxes over a time 7cons, Set by the charge-relaxation dy-
namics of the space-charge layers—a time constant distinct from, and much
longer than, the femtosecond transit time of a tunneling carrier. The brevity of the
transit time is often invoked to justify applying static models at terahertz frequen-
cies; that argument addresses the wrong time constant, since it is the reconfigura-
tion of the space-charge layers, not the transit of a single carrier, which governs
the dynamic response.

C5. Relation to Photon-Assisted Tunneling

Dynamic tunneling models do exist, and the best known is photon-assisted tun-
neling (PAT), introduced by Tien and Gordon [29], generalized by Tucker and
Feldman [30], and applied to rectenna solar cells by Grover, Joshi, and Moddel
[31]. However, PAT is dynamic in a fundamentally different sense. In PAT, the
time-varying potential modulates the energy of the carriers, producing sidebands
at £+ n/iwweighted by Bessel functions, while the barrier geometryremains fixed
and no energy cost is charged for any reconfiguration. PAT correctly describes the

rectification of coherent, non-equilibrium illumination. Driven by equilibrium
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noise, it respects detailed balance and yields zero output. In the language of this
paper, PAT is an endpoint theory: it governs the u-Scaleand M-Scalelimits where
the conventional second law holds, while the interior of m-Scale is opened only
by a configurational state variable carrying an energy cost.

A structural analog of such a state variable appears in the theory of resonant-
tunneling diodes, where the frequency response is modeled through the potential
change of the quantum well caused by its own electron charge, with an associated
relaxation dynamic [32]. That approach, however, is directed at oscillator band-
width and includes no thermodynamic accounting of the reconfiguration energy.
To the author’s knowledge, no published model combines a configurational state
variable tied to the DOS asymmetry, an explicit reconfiguration energy @cons,
drawn from the signal, and an explicit relaxation time 7conge applied to the recti-
fication of equilibrium noise. The formulation of such a model is the subject of a

future paper.

Appendix D: Thermodynamics Cycle of a MIM Diode

The thermodynamic cycle of the diode shall assume an idea diode with zero in-
ternal resistance dissipation, @gesis = 0.

1. Optimal index of asymmetry Z» = 1 in the center of m-Scale, and source
load matching as in Equation (3):

2 _ D - evLoad ~ Pcontig
asym —
eVLoad + (DConfig

=1 (85)

2. Source load matching:
eVLoad = q’Config (86)
3. Johnson-Nyquist noise matching threshold level at gap:

nThresthT =0- eVLoad - (pConfig (87)

which implies:
1 1
—@= EnThresthT (88)

eVLoad = (/)Config = 4

Furthermore, since electrons cross the gap of a MIM diode much quicker than
the period of the Johnson-Nyquist noise, electrons shall be assumed to be in quasi
thermal equilibrium and isothermal across the gap as proven in Appendix B.

As illustrated in Figure 7, the cycle comprises two stages, BA, and AB.

Initial Conditions.

To monitor the changes in entropy of the electrons, and the environment
around the cycle, we begin by setting them to zero:

AS =0; AS =0 (89)

Electrons Surroundings

D1. Stage BA
This stage begins when a fluctuation with energy nzuesksT = 1/2@ has barely
enough energy to clear the gap potential step 1/2@ = @ — €V oud — Pconsg- This stage

comprises 1) a configuration process and 2) a compression of the electron gas.
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T Isothermal expansion
AT=0;A0=W=4%D
ASEIeclroms‘ =+%® /T

A Tunneling
Isothermal free compression
AT = 0; AQ=0;
ASEI.ectrons =-%®/T

W=T ASEIectrons o eVLoad
=YD = %hTThreshakBT

0 Sa Sz S

Figure 7. Thermodynamic cycle of Temperature versus Entropy. Electrons cycling through
the diode and load follow two stages: 1) A free compression in blue due to the tunneling
through the gap where they go from low potential and high entropy, to high potential and
low entropy, and 2) an isothermal expansion in green through the rest of the circuit from
high potential and low entropy, to low potential and high entropy.

D.1.1 Configuration BA

Half of the fluctuation energy @cons; = 1/4®P = 1/2n1nrenks T is used to configure
the electronic distribution. It SET's the diode into a FORWARD mode that favors
forward tunneling of electrons through the gap. Since the configuration energy is
potential, the only change in entropy is due to the transfer of heat from the sur-
roundings:

~0; AS __ 12 (90)

Surroundings 4T

AS

Electrons

D.1.2. Compression BA

This upward tunneling step is the exact reverse of the well-known “free expan-
sion” which is isothermal, adiabatic, and entropic. This upward step can be called
a “free compression” because it is isothermal, adiabatic and negentropic:

1. Isothermalbecause electrons undergo unforced equilibrium tunneling as ex-
plained in Appendix B. (Isothermality of a gas column in equilibrium is also
mandated by the second law.)

AT =0 (91)

2. Adiabatic. Electrons are not in thermal contact with their surroundings, as

they undergo direct tunneling through the gap, therefore:
AQ=0 (92)

3. Negentropic. Electrons lower their positional entropy by —1/4@/ T as they
narrow down their position, and step into a higher potential across the gap. Only
the eVioq = 1/4@ share is stored in the electron gas; the @cons, share is stored in
the diode’s configuration and returned to the surroundings on RESET —The cu-

mulative changes in entropies are:
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1o 1o

AsEIectrons: = _Z?’ ASSurroundings = _Z? (93)

D2. Stage AB

This stage comprises a reconfiguration of the diode and an expansion of the
electron gas:

D.2.1 Reconfiguration AB

This stage is initiated when the fluctuation changes sign and RESETS the diode
to REVERSE mode. The potential configuration energy @consz = 1/4@ = 1/2 n1presh-
kpT1is dissipated in the environment. Therefore, the cumulative changes in entro-
pies are:

1o lo 1o

ASElectrons = _Z?; ASSurroundings = _Z? + Z? =

D.2.2 Expansion AB

As electrons expand isothermally against the load voltage, they receive Q =

0 (94)

eVieaa= 1/4@from the surroundings and perform work W= eV p.a= 1/4®@. There-
fore, the cumulative change in entropy is:
ASEleclrons = _%g +%$ =
The diode is back to its starting point, but work W = 1/4® has been per-
formed, heat Q= 1/4@has been extracted from the surroundings, and the entropy
of the surrounding has decreased by 1/4@/ T.

0; AS = 19

Surroundings _Z T (95)

Appendix E: List of Variables

1 Potential energy

Hmag: Magnetic permeability

A: Constant

Areim: Helmholtz free energy

B: Magnetic field vector

¢ speed of light

d.s: Effective thickness of gap

dg: Nominal thickness of gap

d;: Thickness of left addition to gap

dg: Thickness of right addition to gap

e: Charge of electron

E: Electric field vector

Egsip: Energy earmarked for dissipation
Epea: Energy of Johnson-Nyquist plasmon at the spectrum peak
Epermat Energy of a thermal plasmon
eViead: Potential energy across the load
£ Frequency

frp: Fermi-Dirac distribution

Lrear: frequency at the spectrum peak

& acceleration of gravity
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h: Planck’s constant

J. Current through MIM diode

kp: Boltzmann’s constant

m: mass

m.q: Effective mass of electron

M-Scale: Macroscale

m-Scale: Mesoscale

nes: = square root of dielectric constant x

n;,;: normalized frequency expressed as the number of “A37” units in one Johnson-
Nyquist plasmon

N7aress: Normalized frequency for threshold potential in A7 units
Npeai: Value of 1y, at the peak power in the spectrum
N number of plasmon quanta

P. Power

Pro.a: Power to the load

R:Resistance

S Entropy

T Temperature

T-Even: time-reversal symmetric

T-Odd. time-reversal asymmetric

Virus: RMS voltage of the Johnson-Nyquist noise
Zasynm Index of asymmetry

Af bandwidth

Ousym: asymmetry angle = atan(Z,gym)

i dielectric constant

A: Wavelength

Az Plasmon’s wavelength for Johnson-Nyquist noise
Ap: Penetration depth

Arear: Wavelength at the spectrum peak

H-Scale: Microscale

p: resistivity

Tconsig: time period of the configuration

@. Work function difference between metal plates
@y : Mean barrier height

@contig: Configuration energy of the diode

@resis: Potential energy drop due to internal diode resistance
Xans electron affinity of the insulator

Wrrermatt Characteristic frequency of thermal noise
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