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Abstract

This paper studies electromagnetic-wave propagation in anisotropic dipole-
active crystals under nonstationary stimulated Raman scattering (SRS) by po-
laritons when interacting waves have different polarizations. We derive a cou-
pled system of nonlinear differential equations for the laser pump, Stokes-
wave components, polariton-wave components, and dipole-active phonon vi-
brations. The model combines shortened Maxwell’s equations for waves of
different polarizations and frequencies with a forced-oscillator equation for
the dipole-active phonons. We then verify the resulting system by deriving the
corresponding Manley-Rowe relation, which provides an energy-consistency
criterion for the proposed nonstationary SRS model. The main contribution
of this paper is the derivation of an energy-consistent nonstationary SRS
model for anisotropic dipole-active crystals in which the interacting electro-
magnetic waves may have different polarizations. The Manley-Rowe relation
is used not as an auxiliary result but as a consistency test showing that the
coupled pump, Stokes, polariton, and phonon equations preserve the expected
balance of energy exchange.

Keywords

Nonstationary SRS, Polaritons, Phonons, Polarization, Manley-Rowe

1. Introduction

In recent years, nonlinear optics has advanced from studies of bulk crystals to
micro- and nanoscale photonic systems [1]-[16]. Work on soliton frequency-
comb generation in X-cut ferroelectric materials, thin-film lithium niobate, and

lithium tantalate microresonators shows that Raman effects, photorefractive ef-

DOI: 10.4236/jamp.2026.1410202 Oct. 27, 2026 4164 Journal of Applied Mathematics and Physics


https://www.scirp.org/journal/jamp
https://doi.org/10.4236/jamp.2026.1410202
http://www.scirp.org
https://www.scirp.org/
https://doi.org/10.4236/jamp.2026.1410202
http://creativecommons.org/licenses/by/4.0/

V. P. Feshchenko, G. P. Feshchenko

fects, anisotropy, and nonlinear coupling are central to modern integrated pho-
tonic platforms [5]-[9]. These developments motivate further research on nonsta-
tionary stimulated Raman scattering by polaritons in nonlinear anisotropic crys-
tals [17]-[22]. Building on our earlier studies of nonstationary SRS by polaritons
for a stationary pump field [23] and soliton solutions for the pump, Stokes, and
polariton waves [24], this paper derives a more general nonlinear system for ani-
sotropic dipole-active crystals. We also show that the system satisfies the Manley-
Rowe relation, which confirms its energy-consistent structure [25]-[30]. The pa-
per is organized as follows. Section 2 states the wave, phonon, and polarization
assumptions and derives the coupled nonlinear equations for the pump, Stokes,
polariton, and phonon amplitudes. Section 3 introduces dimensionless ampli-
tudes and uses them to derive the Manley-Rowe relation for waves with different

polarizations. Section 4 summarizes the result.

2. Basic Principles and Equations

We assume that the pump field is a linearly polarized plane electromagnetic wave
and that the nonlinear medium is a crystal layer bounded by the planes z= 0 and
z= L. The crystal is taken to have cubic symmetry. As shown in [22], a pumped
cubic crystal becomes anisotropic because the linearly polarized pump wave de-
forms the dielectric constant. Under these assumptions, the pump wave is written

E,(F,t):é,A(z,t)exp[i(R,~F—w,t)]+c.c. (1)

The subscripts Z s, p, and fdenote the pump (laser), Stokes, polariton wave
fields, and phonon vibration; @ are the frequencies, nand k are the refractive
indices and the wave vectors in the unpumped medium, and € are the real unit
vectors of electromagnetic fields. The medium is nonmagnetic and transparent at

frequencies @, . We use the Stokes and polariton fields as

E (F.t)= Y &“Ak (z,t)exp[i (RS F —a)st)} +cc.,

- _ (2)
E,(F.t)= gse(p")Aff)(z,t)exp[l( -r—a)pt)]+c.c.,

where: &%) LK, &M 18P, k =qn,, 9, =w,/c, W=k -k, ég’z) LW,

) sz a@m W

e(pl)J_e(pz), e(p?')zw, 0, =0 — ;.

The longitudinal component of the Stokes wave can be neglected, but this can-
not be done for the polariton wave in the phonon region. As will be seen from
formulas that follow, with further advance into this region all three polariton am-
plitudes become comparable. The phase shift of the polariton wave is determined
by the vector W and not by k, (k, :qp\/a, 9, =w,/C, &,=¢,+igy is
the dielectric constant at the frequency w,).

The expression for the phonon vibration is:

Q,(r,t)=> é(f")u(,")(z,t)exp[i( v ~F—a)ft)J+c.c., 3)
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where €, is collinear with € . This vibration is supposed to be combinational
active and solitary.
The fields E, b

P o (F,t). The sources of transient anisotropy are the processes of SRS where

are related through the nonlinear part of the polarization
the polarization is proportional to the cubic power of the amplitude [22]. In this
case, the strength of the nonlinear polarization along a specific crystal axis scales
with the projection of the electric field strength onto that exact axis

2 2 2 (4 2
(R nlAF A+ (A A ) and by (0 [AF A2 42| A2 ).

Here we consider the system of right-handed unit vectors with the z-axis along

which the electromagnetic waves propagate (z-axis is to the right), the x-axis is
upwards (& =6 =& =1), and the y-axis is out of the page (&*) =) = j). The
corresponding polarizations can be presented as follows:

2

(%)

X) A(X) A(X) (X 2 X) A(X) A(X) A(X
Pl,x Oc(yxxxxel( )el( )el( )el( )|A| A +7/xxxxel( )eg )eg )el( ) A
) (4)
 Fel e |0 A,
where:
7II = 7xxx><eI(X)el(X)el(X)el(X)'
7I(5X)E7/xxxxel(>()e£) g) ()—7/I(s)’ (5)
1= el el =
2
Ps,x (7xxxxes el el |A1| & +7/xxxx s _2) £X)e£X) AS(X) '%(X)j’
(6)
Ps,yoc(yyxxyg eI eI |A1| '% +7yyyys s ‘& ‘ '% j
where:
7/§I )= - 7;1) = }/xxxx .E,X)el )el & gx ’ 7/55 - 7/§) yxxxx §X)e(X) g egx ' (7)

14 =180 = B ) =12 =, D)

Thus, because of the presence of the components of the fourth-rank suscepti-

bility tensor 7,5 Vo @0d 7y, the third-order nonlinear anisotropy

=¥ s
parameter o is defined as o =y, iy( Yoy T ¥y T )/XWX) , will not be zero,
which means that the cubic crystal becomes anisotropic.

The shortened equations for the amplitudes A(,é’,’ﬁ) are obtained from Max-
well’s equations by the standard procedure [31]. The phonon equation is obtained

by treating the vibration as an oscillator under an external force (o, £ =1,2):

- - (1)
oA 10A . 2ng waer @) e o
=i AT T A
oz Voot cn, cos ' AR AT

g(f)

(8)

+7 |'Aﬁ|2 Aﬁ*+7|(s”)
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a'%(ﬂ)* 1 apg(ﬂ)* . 27[0)5 * (o) nfa)?a(f) * (o)
+ =—i ZoAA +——AT
oz v at cn') cos 92+ AR gt At 9)
2 < 1 2 *
AT A
oA 1 oAl wel oAl
+ —
oz V;<G> at 2W: oz
2 o 2 2 2
& . S{O O, (o«
=iqp2£Vsz—]Ago)—'#”(f) (10)
2W° | g,¢e, 29 c
. 2T|:q2 o 2 o)* 2 o)*
i (7§|)|A| AY 10 A Af)))'
(o) @* = AAR)
—iwe("” B 0B e w f)z)+i—2w"f" X —kZAL
Z oz c ot
S, @’ 2 v
(3 o 2 o)* o)*
- ;(ff)czp 0f" = 4nq} (7§|)|A| A | A AT j’
8G(fy)* Vi * * -g(f) *
p +70<;’> —iAwal”) -i2 A
@ (12)

—ia e 2n/(huo)(|A |2 +‘A(“)
where: 7, and 7,00 4 7 )
tractions of non-resonant quadratic and cubic nonlinear polarizabilities with unit

2 s
i,

are the corresponding tensor con-

y2
vectors of polarization of interacting waves; 7, = (Sf / (27:ha)f VO)) ; v, is the

volume of the elementary cell; s; is the oscillator strength of the oscillation w; ;
g'") s the ratio of effective charge to effective mass for a given vibration; g, 1is
the non-resonant part of dielectric permeability at frequency @, ;

Gisp =@ s, /Cs o' = e;e,jai(jf); ai(jf) is the tensor of combinational scattering

per one elementary cell; '”) =u!” -exp(-iAat); Aw=w; -w,; y; isthe con-
stant of phonon attenuation; vy, , -z- components of velocities of waveson @, , .

Here we consider the processes in the vicinity of the phonon resonance
(Aw= o, - w,). Consequently, we omit the equation simulating the evolution of
the difference between the populations of the upper and lower levels characterized
by 7i (the time of longitudinal relaxation) while keeping the equation for phonon
vibration. Nonstationary processes caused by the ultrashort pulses result in mini-
mization of dissipation since the duration of the ultrashort pulses 7 obeys
r<y;t (y;* after averaging over all vibrations would become 7; (the time of
transverse relaxation)). That is why we omit the term y, ﬁ(fa)* / 2 and keep

iAa)U(f“)* , which makes sense in the non-resonant range of polariton frequencies
|Aw|> 7, /2. As was shown in [22], in the case of non-resonant polariton fre-

quencies, the contribution of AS) can be neglected. To illustrate it, let’s consider

the case of strong absorption:
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anlr A" qler( w? -
| 1 |<<qup W4 Aif)7 (13)

oz v at | 2w age;

when we can neglect in (10) and (11) the terms with derivatives, after which these

2
(o)
)
2
(o)
A7)

Since the right parts are approximately the same, we equate the left parts as well.
o o) 3)*
(W —azes ) A" | = |2 A| (14)

We assume that W corresponds to the polariton dispersion as W? = qf)gp

equations yield

(WZ qp :)AEJO')*: g(f)c f +4TCq (7p| |A| A +}/EJZ) Af/‘)

A

(f +4ng? (7;,. |A] Al 4yl

(8;3 = Re{gp}) s 2 = q,z)e;"; This allows us to express the ratio of amplitudes as

Wz_?sg:I (15)
p

p
This ratio can be generalized for both the lower polariton branch (@, <@, ) and

the upper one (@, > @, ) as

, (16)

Where the sign + corresponds to the case of the upper branch in which the polar-

iton frequency approaches the resonance from the right. In this case, &,

ative and becoming even more negative (due to the normal dispersion), resulting

is neg-

in increasing (16) toward unity. And conversely, if the polariton frequency were
togoto @; fromtheleft, & ispositive and becoming more positive (it corre-
sponds to the - sign in (16)).

After applying these approximations, the final system of equations is

; ; N
%+ 126A i 2nam, : Ag") Aga) L Ef) &(ﬂ) Gl
z v ot cn, cosé g
(17)
2 2
+7’|||A| A +7|(sﬂ) Ag”) ],
() ()" . o2V
OA . Zl OA i 2no, : A A(cr)+77ff—fAﬁ(fa)
oz Vs(ﬂ) ot cng*‘)cosﬁs(“) (t)
(18)
+ | | an (W plur
7sl A '% yss As '% '
(o')* (U)* 2 o 2 _2
oA 1A :iqup(wz ) ]A(")* _Sioje; _gir
2(o) z 2 o p (
owT A ARG weet (19)
2 q 2
- Wz ( pI |A| A +7ps As(ﬂ) Ag)j,
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()
—idoi —i 9 A" iga Y 27/(hy ( Al + (A
at f 20, " /(hoo )| A ‘

2 *
ja&“’ . (20
o,u=12.

The system’s structure reflects the different temporal responses of non-resonant
electronic and resonant phonon components of the quadratic and cubic polariza-
bilities to ultrashort laser pulses. The non-resonant components respond almost
instantaneously, whereas the resonant components respond with a delay arising
from inertia and the mass difference between electrons and ions. In the equations,
the terms associated with non-resonant polarizabilities are multiplied by the cor-
responding electromagnetic field strengths, while the resonant terms include
dglor

0" In the stationary case (—

=0) in (20), substituting the solution for

l](fa)* into (17) - (19) and collecting like terms yields the standard expressions for
the polarizabilities, with their non-resonant and resonant components combined.
This system generalizes the nonlinear systems considered earlier in [32]-[34] by
allowing waves with different polarizations to be coupled through the polariton

and phonon amplitudes.

3. The Manley-Rowe Relation for Waves Propagating with
Different Polarizations at Frequencies @, , ¢

We consider nonstationary SRS by polaritons when the polariton frequencies lie
close to the phonon resonance, Aw>> y, / 2 .In this regime, the phonon contri-
bution to SRS can be described through the phonon displacement, which forms
the basis for the transverse polarization with the characteristic transverse relaxa-
tion time T, rather than through the population difference between the upper and
lower levels, as in the resonant case. Because the polarization-induction and elec-
tromagnetic-wave re-emission processes are very fast (7 < T, ), energy exchange
between the propagating electromagnetic waves and the medium is expected to be
negligible. Consequently, the Manley-Rowe relation is expected to hold only for
the average characteristics of the electromagnetic waves.

To derive the Manley-Rowe relation, we first introduce dimensionless amplitudes
that normalize the pump, Stokes, polariton, and phonon variables with respect to

the characteristic laser-pulse amplitude and duration:

2(u) \V2
M =(Cnl cos g TZA M @ = et 00595(”_) A
[ 2 ! s 2 !
Tz, T, Z,
(@) cos 02 V2 (@) cos 92 V2
I\7I§,")E cn,’ cosd, Agj’),l\ﬂﬁ")z cn, ' cosd, ﬁ(f"),

2nw,z,

where '531'5%(#)"&530)EA\/Abv'%(ﬂ)/Ao’AEJG)/A\)3 ﬁ(f")zﬁ(fg)/zo; 2,=C15, A

and 7, are the peak amplitude and characteristic duration of the laser pump

2nw,z,

pulse. The amplitudes A(‘S'g) and 0'°) are complex because they have phase

differences relative to the real-valued quantity A,. By contrast, intensities and
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photon numbers are real. We therefore use the absolute values of M,(‘S’;) The

2
quantities ‘M are proportional to the instantaneous number of photons

l,s,p ‘
generated at a certain frequency per unit time at a certain position relative to the

total energy of pump photons passed the boundary. For phonons, we do it
dagt)

~0).

formally, keeping in mind that the group velocity of phonons is small (

With these definitions, system (17)-(20) can be written in dimensionless form

as follows:

m[ﬂéﬂj Si(CINNL TN 4 C2N NN
oz b of 1)
+C3|M, [ +ca) M [ M )
m,*[a_“{"émlj_ (CIFNN (2 + Co N
o7 W ot
! (22)
~ 2
+C3YM, [+ 4 |M, M )
| T L VT oA )+ N A
S 82 \7(/,)2 6t | S p | f
s (23)
+C4(”)|I\7II|Z‘M§“) +C5W) |\7|§*"4),
e ViG) 7 () I " e
N ) {GMS y LM, ]:l(ClM,M(”)M(") +C2MM "M ()
oz W at
s (24)
+C4“N| \Mgw +C5) |\7|§*‘>4j,
N VIS oM -
Vi ~iC6|M ([ ~ic7TM NI {7
oz glr ot ’
~ ~ 2
~icg ) v, [ M (25)
—ico ) M (¥ ‘Mé‘f’z,
o[ O oM (@) -
mer| S, 1 e =—ice‘|v|g +ICTM M)
oz g ot
~ ~ 2
+ics” M [ M) (26)
vico“ M@ IMO[,
s;oiz? | o oMY (s wfz? o) (o
['(f);“z X« M) | (cm‘m *_ic1IM (N )
g A g A (27)
~ ~ 2 ~ ~ 2
—i012||v|,|2‘|v|§") —iClS‘M(") (<) )
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2 ~ * ~
+iC1IM "M ()

4.2 7 () 4.2
(Sf”fZOJxmgﬁ)*aMf :(Sff’gz‘;}x(—i01o‘l\7|$">
o' A

2

~ ~ 2 ~ ~ 2
+ic2|M,[ ‘M @[ 4 iClS‘MS(”) N () j
where

) (0)z

LI S W ST

Z, 7, c c c
12

c1 A 8n3zga)|a)sa)p
:Z 1
P ennnl) cos 67 cos 67 cos )
12
co- mw?amzo 8n3z§a),a)sa)p

gt c*n, ng“)ng") cos 47 cos ") cos 9;(")

2
C3:}/"A)2(—2na),20 J '

cn, cos 6!

“) cos 7 cos 67

S

y A7’ w .72
i | et ) ()
|

2
(1) _ (1) p2 271:(0520
C5 - }/SS AD [Cng”) Cosesz(”)] ]

2 o
06=—qg\8,\7f°[ " —1}
qup

c7:—sffw$wszg :
29" Wc?A,

2n032 2nmz
cgle) = 2% (o) p2| ST |
we P A cn, cos &’

2n0;2 2nw,z
(mo) _ PO (u0) p2 X
C9 - Wz }/ps '% (cn(”) COS@Z(#) )

S

Cl10=Awr,,

()
c11:9_phro,
20,7,

Cl12 = ZRAéTOa(')a(f)' 21w Z, ,
ho, cn, cos &’

2 (1), (1)
ClSZZnAoroa a 2)7:6052OZ |
hu, cn'®) cos o2

Adding the left-hand sides of Equations (21)-(28) and then combining the cor-

responding right-hand sides gives the balance relation:
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(29)

2
o' A

We then introduce the new values W, ,Ws(,’;)'(”) that are proportional to the

wa?zg
Note that C7=C11* f .

number of photons generated at a certain frequency at a certain position relative

to the total energy of pump photons passed the boundary:

WO (2)= [[MEC () o, (30)

(31)

i(w, +w ) +w<°')) =0 (32)

which is the Manley-Rowe relation for the nonstationary SRS process considered
2
here. All values at the beginning ‘M,(_f’)rfvﬂf) (2, —oo)‘ (initial conditions) are zero,

as well as at time + oo when all interactions are long gone. The boundary condi-
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tions are hidden in the spatial derivatives.

4. Conclusion

We derived an extended system of nonlinear equations for nonstationary SRS by
polaritons in anisotropic dipole-active cubic crystals with excitation of polar op-
tical phonons. The extension includes optical-phonon equations for different po-
larizations together with coupled equations for the pump, Stokes, and polariton
fields. We then showed that this system satisfies the Manley-Rowe relation, con-
firming that the model preserves the expected energy-balance structure for inter-
acting waves with different polarizations. This result provides a consistency check
for the proposed nonstationary SRS model and supports its use in describing po-

larization-dependent polariton interactions in anisotropic media.
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