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Abstract 
This paper studies electromagnetic-wave propagation in anisotropic dipole-
active crystals under nonstationary stimulated Raman scattering (SRS) by po-
laritons when interacting waves have different polarizations. We derive a cou-
pled system of nonlinear differential equations for the laser pump, Stokes-
wave components, polariton-wave components, and dipole-active phonon vi-
brations. The model combines shortened Maxwell’s equations for waves of 
different polarizations and frequencies with a forced-oscillator equation for 
the dipole-active phonons. We then verify the resulting system by deriving the 
corresponding Manley-Rowe relation, which provides an energy-consistency 
criterion for the proposed nonstationary SRS model. The main contribution 
of this paper is the derivation of an energy-consistent nonstationary SRS 
model for anisotropic dipole-active crystals in which the interacting electro-
magnetic waves may have different polarizations. The Manley-Rowe relation 
is used not as an auxiliary result but as a consistency test showing that the 
coupled pump, Stokes, polariton, and phonon equations preserve the expected 
balance of energy exchange. 
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1. Introduction 

In recent years, nonlinear optics has advanced from studies of bulk crystals to 
micro- and nanoscale photonic systems [1]-[16]. Work on soliton frequency-
comb generation in X-cut ferroelectric materials, thin-film lithium niobate, and 
lithium tantalate microresonators shows that Raman effects, photorefractive ef-

How to cite this paper: Feshchenko, V.P. 
and Feshchenko, G.P. (2026) The Manley-
Rowe Relation in Nonstationary Stimulated 
Raman Scattering by Polaritons for Waves 
Propagating with Different Polarizations. 
Journal of Applied Mathematics and Phys-
ics, 14, 4164-4175. 
https://doi.org/10.4236/jamp.2026.1410202 
 
Received: August 7, 2026 
Accepted: October 24, 2026 
Published: October 27, 2026 
 
Copyright © 2026 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/   

  
Open Access

https://www.scirp.org/journal/jamp
https://doi.org/10.4236/jamp.2026.1410202
http://www.scirp.org
https://www.scirp.org/
https://doi.org/10.4236/jamp.2026.1410202
http://creativecommons.org/licenses/by/4.0/


V. P. Feshchenko, G. P. Feshchenko 
 

 

DOI: 10.4236/jamp.2026.1410202 4165 Journal of Applied Mathematics and Physics 
 

fects, anisotropy, and nonlinear coupling are central to modern integrated pho-
tonic platforms [5]-[9]. These developments motivate further research on nonsta-
tionary stimulated Raman scattering by polaritons in nonlinear anisotropic crys-
tals [17]-[22]. Building on our earlier studies of nonstationary SRS by polaritons 
for a stationary pump field [23] and soliton solutions for the pump, Stokes, and 
polariton waves [24], this paper derives a more general nonlinear system for ani-
sotropic dipole-active crystals. We also show that the system satisfies the Manley-
Rowe relation, which confirms its energy-consistent structure [25]-[30]. The pa-
per is organized as follows. Section 2 states the wave, phonon, and polarization 
assumptions and derives the coupled nonlinear equations for the pump, Stokes, 
polariton, and phonon amplitudes. Section 3 introduces dimensionless ampli-
tudes and uses them to derive the Manley-Rowe relation for waves with different 
polarizations. Section 4 summarizes the result. 

2. Basic Principles and Equations 

We assume that the pump field is a linearly polarized plane electromagnetic wave 
and that the nonlinear medium is a crystal layer bounded by the planes z = 0 and 
z = L. The crystal is taken to have cubic symmetry. As shown in [22], a pumped 
cubic crystal becomes anisotropic because the linearly polarized pump wave de-
forms the dielectric constant. Under these assumptions, the pump wave is written 
as 

( ) ( ) ( )ˆ, , exp . .l l l l lt A z t i t c cω = ⋅ − + E r e k r


                 (1) 

The subscripts l, s, p, and f denote the pump (laser), Stokes, polariton wave 
fields, and phonon vibration; ω  are the frequencies, n and k



 are the refractive 
indices and the wave vectors in the unpumped medium, and ê  are the real unit 
vectors of electromagnetic fields. The medium is nonmagnetic and transparent at 
frequencies ,l sω . We use the Stokes and polariton fields as 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

1,2

1,2,3

ˆ, , exp . .,

ˆ, , exp . .,

s s s s s

p p p p

t A z t i t c c

t A z t i t c c

µ µ

µ

σ σ

σ

ω

ω

=

=

 = ⋅ − + 

 = ⋅ − + 

∑

∑

E r e k r

E r e W r



 

 

 

           (2) 

where: ( )ˆs s
µ ⊥e k



, ( ) ( )1 2ˆ ˆs s⊥e e , s s sk q n= , s sq cω= , l s= −W k k
 

, ( )1,2ˆp ⊥e W


, 

( ) ( )1 2ˆ ˆp p⊥e e , ( )3ˆp W
=

We


, p l sω ω ω= − . 

The longitudinal component of the Stokes wave can be neglected, but this can-
not be done for the polariton wave in the phonon region. As will be seen from 
formulas that follow, with further advance into this region all three polariton am-
plitudes become comparable. The phase shift of the polariton wave is determined 
by the vector W



 and not by pk


 ( p p pk q ε= , p pq cω= , p p piε ε ε′ ′′= +  is 
the dielectric constant at the frequency pω ). 

The expression for the phonon vibration is: 

( ) ( ) ( ) ( ) ( )
1,2

ˆ, , exp . .,f f f ft u z t i t c cσ σ

σ
ω

=

 = ⋅ − + ∑Q r e W r
 

          (3) 

https://doi.org/10.4236/jamp.2026.1410202


V. P. Feshchenko, G. P. Feshchenko 
 

 

DOI: 10.4236/jamp.2026.1410202 4166 Journal of Applied Mathematics and Physics 
 

where ˆ fe  is collinear with 'ˆ pe . This vibration is supposed to be combinational 
active and solitary. 

The fields ,  ,l s p



E  are related through the nonlinear part of the polarization 
( ),  , ,l s p t



P r . The sources of transient anisotropy are the processes of SRS where 
the polarization is proportional to the cubic power of the amplitude [22]. In this 
case, the strength of the nonlinear polarization along a specific crystal axis scales 
with the projection of the electric field strength onto that exact axis  

( ( ) ( ) 22
l ll l l ls s lP A A A Aµ µγ γ ∝ + 

 
 and ( ) ( ) ( ) ( ) ( )22

s sl l s ss s sP A A A Aµ µ µ µ µγ γ ∝ + 
 

). 

Here we consider the system of right-handed unit vectors with the z-axis along 
which the electromagnetic waves propagate (z-axis is to the right), the x-axis is 
upwards ( ( ) ( )1 ˆˆ ˆ ˆ x

l s se e e i= = = ), and the y-axis is out of the page ( ( ) ( )2 ˆˆ ˆ y
s se e j= = ). The 

corresponding polarizations can be presented as follows: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

22
,

2
,

x x x x x x x x x
l x xxxx l l l l l l xxxx l s s l s l

x y y x y
xyyx l s s l s l

P e e e e A A e e e e A A

e e e e A A

γ γ

γ

∝

+









+
         (4) 

where: 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

1

2

,

.

,

x x x x
ll xxxx l l l l

x x x x x
ls xxxx l s s l ls

y x y y x
ls xyyx l s s l ls

e e e e

e e e e

e e e e

γ γ

γ γ γ

γ γ γ

≡

≡ ≡

≡ ≡

                      (5) 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

22
,

22
,

,

,

x x x x x x x x x x x
s x xxxx s l l s l s xxxx s s s s s s

y x x y y y y y y y y
s y yxxy s l l s l s yyyy s s s s s s

P e e e e A A e e e e A A

P e e e e A A e e e e A A

γ γ

γ γ

 ∝ + 
 
 ∝ + 
 

      (6) 

where: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

1 1

2 2

, ,

, .

x x x x x x x x x x
sl sl xxxx s l l s ss ss xxxx s s s s

y y x x y y y y y y
sl sl yxxy s l l s ss ss yyyy s s s s

e e e e e e e e

e e e e e e e e

γ γ γ γ γ γ

γ γ γ γ γ γ

≡ ≡ ≡ ≡

≡ ≡ ≡ ≡
        (7) 

Thus, because of the presence of the components of the fourth-rank suscepti-
bility tensor xxxxγ , xyyxγ , and yxxy xyxyγ γ= , the third-order nonlinear anisotropy 
parameter σ  is defined as ( )xxxx xxyy xyxy xyyxσ γ γ γ γ= − + + , will not be zero, 
which means that the cubic crystal becomes anisotropic. 

The shortened equations for the amplitudes ( ),
, ,l s pA µ σ  are obtained from Max-

well’s equations by the standard procedure [31]. The phonon equation is obtained 
by treating the vibration as an oscillator under an external force ( , 1, 2σ µ = ): 

( ) ( )
( )

( )
( ) ( )

( ) ( )

2* *
* * * *

0

22 * *

21
cos

,

f
f fl l l

s p s fz z f
l l l

ll l l ls s l

A A i A A A u
z tv cn g

A A A A

µ σ µ σ

µ µ

η ω αω χ
θ

γ γ

∂ ∂ π
+ = − +
∂ ∂ 


+ + 





      (8) 
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( )

( )

( )

( ) ( )
( )

( )

( )
( )

( ) ( ) ( ) ( ) ( )

2* *
* *

0

22 * *

21
cos

,

f
f fs s s

l p l fz z f
s s s

sl l s ss s s

A A i A A A u
z tv cn g

A A A A

µ µ
σ σ

µ µ µ

µ µ µ µ µ

η ω αω χ
θ

γ γ

∂ ∂ π
+ = − +
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
+ + 





     (9) 

( )

( )

( ) ( ) ( )

( )
( )

( )

( ) ( ) ( ) ( ) ( )

3 *

2 2 22
*

2 2

2 22

1
2

1
2 2

2
,

z
p p p p

zz
p

p p f f p
p fz f z

p p

p
pl l p ps s pz

A A We A
z t zWv

q sWi A i u
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q
i A A A A

W

σ σ σ

σ

σ σ

σ σ µ µ σ

ε ω ω
ε

γ γ

∗ ∗
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∗

∞
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+ −
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= − −  

 
π  − + 
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               (10) 

( )
( ) ( )

( )( )
( )

( )

( )
( ) ( ) ( ) ( ) ( ) ( )

3 * 3
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2

2 2 223 * * *2
2

2
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p p p p
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( )
( ) ( )

( )
( )

( ) ( ) ( ) ( ) ( )

*
* * *

22 *
0

2 2

2 ,

f
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f f p
f

f f
l s f
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σ σ σ

µ σ
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∂
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







        (12) 

where: 0χ  and ( ) ( ) ( ) ( ) ( ),, , , , ,ll ls sl ss pl ps
µ µ µ σ µ σγ γ γ γ γ γ  are the corresponding tensor con-

tractions of non-resonant quadratic and cubic nonlinear polarizabilities with unit  

vectors of polarization of interacting waves; ( )( )10

2
2f f fs h vη ωπ= ; 0v  is the  

volume of the elementary cell; fs  is the oscillator strength of the oscillation fω ; 
( )fg  is the ratio of effective charge to effective mass for a given vibration; pε

∞  is 
the non-resonant part of dielectric permeability at frequency pω ;  

, , , ,l s p l s pq cω= ; ( ) ( )f fi j
s l ije eα α= ; ( )f

ijα  is the tensor of combinational scattering  

per one elementary cell; ( ) ( ) ( )expf fu u i tσ σ ω= ⋅ − ∆ ; f pω ω ω∆ = − ; fγ  is the con-

stant of phonon attenuation; , ,
z
l s pυ -z- components of velocities of waves on , ,l s pω .  

Here we consider the processes in the vicinity of the phonon resonance 
( f pω ω ω∆ = − ). Consequently, we omit the equation simulating the evolution of 
the difference between the populations of the upper and lower levels characterized 
by T1 (the time of longitudinal relaxation) while keeping the equation for phonon 
vibration. Nonstationary processes caused by the ultrashort pulses result in mini-
mization of dissipation since the duration of the ultrashort pulses τ  obeys 

1
fτ γ −

  ( 1
fγ
−  after averaging over all vibrations would become T2 (the time of 

transverse relaxation)). That is why we omit the term ( )* 2f fu σγ   and keep 
( )*
fi u σω∆  , which makes sense in the non-resonant range of polariton frequencies  

2fω γ∆  . As was shown in [22], in the case of non-resonant polariton fre-
quencies, the contribution of ( )3

pA  can be neglected. To illustrate it, let’s consider 
the case of strong absorption: 
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( )

( )

( )
( )

* * 2 2
*

2
1 1 ,

2
p p p p

pzz
p pp

A A q W A
z t W qv

σ σ
σ

σ

ε
ε

∞

∞

 ∂ ∂
+ −  ∂ ∂  

            (13) 

when we can neglect in (10) and (11) the terms with derivatives, after which these 
equations yield 

( ) ( )
( )

( ) ( ) ( ) ( ) ( ) ( )

( )
( )

( ) ( ) ( ) ( ) ( ) ( )

2 2 22* * * *2 2 2
2

2 2 223 * 3 * * *2 2
2

4 ,

             4 .

f f p
p p p f p pl l p ps s pf

f f p
p p f p pl l p ps s pf
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W q A u q A A A A

g c
s

k A u q A A A A
g c

σ σ σ σ µ µ σ

σ σ µ µ σ

ω ω
ε γ γ

ω ω
γ γ

∞  − = + π + 
 

 − = + π + 
 





 

Since the right parts are approximately the same, we equate the left parts as well. 

( ) ( ) ( )* 3 *2 2 2
p p p p pW q A k Aσε ∞− ≈ −                    (14) 

We assume that W corresponds to the polariton dispersion as 2 2
p pW q ε ′=   

{ }( )Rep pε ε′ = , 2 2
p p pk q ε ′= . This allows us to express the ratio of amplitudes as 

( )

( )

3 * 2 2

2* 1p p p p p p

p ppp

A W q
kA σ

ε ε ε ε
ε ε

∞ ∞ ∞′− −
≈ = = −

′ ′
              (15) 

This ratio can be generalized for both the lower polariton branch ( p fω ω< ) and 
the upper one ( p fω ω> ) as 

( )

( )

3 *

* 1 ,p p

pp

A
A σ

ε
ε

∞

≈ ±
′

                        (16) 

Where the sign + corresponds to the case of the upper branch in which the polar-
iton frequency approaches the resonance from the right. In this case, pε ′  is neg-
ative and becoming even more negative (due to the normal dispersion), resulting 
in increasing (16) toward unity. And conversely, if the polariton frequency were 
to go to fω  from the left, pε ′  is positive and becoming more positive (it corre-
sponds to the – sign in (16)). 

After applying these approximations, the final system of equations is 

( ) ( )
( )

( )
( ) ( )

( ) ( )

2* *
* * * *

0

22 * *
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,

f
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
+ + 





      (17) 

( )

( )

( )

( ) ( )
( )

( )

( )
( )

( ) ( ) ( ) ( ) ( )

2* *
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0
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,

f
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l p l fz z f
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z tv cn g

A A A A
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µ µ µ

µ µ µ µ µ

η ω αω χ
θ

γ γ

∂ ∂ π
+ = − +
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
+ + 





    (18) 

( )

( )

( )
( )

( )
( )

( ) ( ) ( ) ( ) ( )

2 2 22
*

2 2

2 22 * , *

1 1
2 2

2
,
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p
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A A q sWi A i u
z t W qv g W c

q
i A A A A
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σ σ
σ σ

σ

σ σ µ σ µ σ

ε ω ω
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∗

∞
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( )
( )

( )
( ) ( ) ( ) ( ) ( ) ( )

*
22* * *

02 ,
2

f
f f f

f p l s f
f

u gi u i A i h A A u
t

σ
σ σ µ σω α α υ

ω
∂  ′= ∆ − − π + 
∂  





   (20) 

, 1, 2.σ µ =  

The system’s structure reflects the different temporal responses of non-resonant 
electronic and resonant phonon components of the quadratic and cubic polariza-
bilities to ultrashort laser pulses. The non-resonant components respond almost 
instantaneously, whereas the resonant components respond with a delay arising 
from inertia and the mass difference between electrons and ions. In the equations, 
the terms associated with non-resonant polarizabilities are multiplied by the cor-
responding electromagnetic field strengths, while the resonant terms include  

( )*
fu σ
 . In the stationary case (

( )*d
0

d
fu
t

σ

=


) in (20), substituting the solution for  

( )*
fu σ
  into (17) - (19) and collecting like terms yields the standard expressions for 

the polarizabilities, with their non-resonant and resonant components combined. 
This system generalizes the nonlinear systems considered earlier in [32]-[34] by 
allowing waves with different polarizations to be coupled through the polariton 
and phonon amplitudes. 

3. The Manley-Rowe Relation for Waves Propagating with 
Different Polarizations at Frequencies l s p f, , ,ω  

We consider nonstationary SRS by polaritons when the polariton frequencies lie 
close to the phonon resonance, 2fω γ∆   . In this regime, the phonon contri-
bution to SRS can be described through the phonon displacement, which forms 
the basis for the transverse polarization with the characteristic transverse relaxa-
tion time T2, rather than through the population difference between the upper and 
lower levels, as in the resonant case. Because the polarization-induction and elec-
tromagnetic-wave re-emission processes are very fast ( 2Tτ  ), energy exchange 
between the propagating electromagnetic waves and the medium is expected to be 
negligible. Consequently, the Manley-Rowe relation is expected to hold only for 
the average characteristics of the electromagnetic waves. 
To derive the Manley-Rowe relation, we first introduce dimensionless amplitudes 
that normalize the pump, Stokes, polariton, and phonon variables with respect to 
the characteristic laser-pulse amplitude and duration: 

( )
( ) ( )

( )

( )
( ) ( )

( ) ( )
( ) ( )

( )

0 0

1 21 2

1 2

0

1 2

0

cos cos, ,
2 2

cos cos
, ,

2 2

zz
l l s s

l l s s
l s

z z
p p p p

p p f f
p p

cn cnM A M A
z z

cn cn
M A M u

z z

µ µ
µ µ

σ σ σ σ
σ σ σ σ

θ θ
ω ω

θ θ
ω ω

  
≡ ≡     π π   

   
   ≡ ≡
   π π   

  

  



 

where  ( ) ( ) ( ) ( )
0 0 0, , , ,l s p l s pA A A A A A A A Aµ σ µ σ≡   ;  ( ) ( )

0f fu u zσ σ≡

  ;  0 0z cτ= ,  0A  
and 0τ  are the peak amplitude and characteristic duration of the laser pump 
pulse. The amplitudes ( ),

, ,l s pA µ σ
  and ( )

fu σ
  are complex because they have phase 

differences relative to the real-valued quantity 0A . By contrast, intensities and 
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photon numbers are real. We therefore use the absolute values of ( ),
, ,l s pM µ σ
 . The  

quantities ( ) 2,
, ,l s pM µ σ
  are proportional to the instantaneous number of photons  

generated at a certain frequency per unit time at a certain position relative to the 
total energy of pump photons passed the boundary. For phonons, we do it  

formally, keeping in mind that the group velocity of phonons is small (
( )d

0
d

fu
z

σ

≈


). 

With these definitions, system (17)-(20) can be written in dimensionless form 
as follows: 

( ) ( ) ( ) ( )(
( ) ( )

* *
* * * *

24 2
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     (21) 

( ) ( ) ( ) ( )(
( ) ( )

* * *

24 2

1 1 2

3 4 ,

l l
l l s p l s fz

l

l l s

M MM i C M M M C M M M
z tv

C M C M M

µ σ µ σ

µ µ

 ∂ ∂
+ = + ∂ ∂ 

+ + 


 

      





  

      (22) 

( )
( )

( )

( )
( ) ( ) ( ) ( )(

( ) ( ) ( ) ( )

* *
* *

2 42

1 1 2

4 5 ,

s s
s l s p l s fz

s

l s s

M MM i C M M M C M M M
z tv

C M M C M

µ µ
µ µ σ µ σ

µ

µ µ µ µ

 ∂ ∂
+ = − +  ∂ ∂ 

+ + 


 

      







  

  (23) 

( )
( )

( )

( )
( ) ( ) ( ) ( )(

( ) ( ) ( ) ( )

* * * * *

2 42

1 1 2

4 5 ,

s s
s l s p l s fz

s

l s s

M MM i C M M M C M M M
z tv

C M M C M

µ µ
µ µ σ µ σ

µ

µ µ µ µ

 ∂ ∂
+ = +  ∂ ∂ 

+ + 


 

      







  

  (24) 

( )
( )

( )

( )
( ) ( ) ( )

( ) ( )

( ) ( ) ( )

* *
2 *

22

2 2,

1 6 7

8

9 ,

p p
p p p fz

p

l p

S P

M M
M iC M iC M M

z tv

iC M M

iC M M

σ σ
σ σ σ σ

σ

σ σ

µ σ µ σ

 ∂ ∂
 + = −
 ∂ ∂ 

−

−

 

   







 

 

       (25) 

( )
( )

( )

( )
( ) ( ) ( )

( ) ( )

( ) ( ) ( )

2* *

22

2 2,

1 6 7

8

9 ,

p p
p p p fz

p

l p

S P

M M
M iC M iC M M

z tv

iC M M

iC M M

σ σ
σ σ σ σ

σ

σ σ

µ σ µ σ

 ∂ ∂
 + = − +
 ∂ ∂ 

+

+

 

   







 

 

       (26) 

( )
( )

( )

( )
( ) ( ) ( )

( ) ( ) ( )

2 2

*4 2 4 2 20 0 *

2 2
0 0

2 2 22

10 11

12 13 ,

f f f f f
f f f pf f

l f s f

s z M s z
M iC M iC M M

tg A g A

iC M M iC M M

σ
σ σ σ σ

σ µ σ

ω ω   ∂    × = −   ∂    
− − 




   



   

   (27) 

https://doi.org/10.4236/jamp.2026.1410202


V. P. Feshchenko, G. P. Feshchenko 
 

 

DOI: 10.4236/jamp.2026.1410202 4171 Journal of Applied Mathematics and Physics 
 

( )
( )

( )

( )
( ) ( ) ( )

( ) ( ) ( )

2 2

4 2 4 2 20 0* *

2 2
0 0

2 2 22

10 11

12 13 ,

f f f f f
f f f pf f

l f s f

s z M s z
M iC M iC M M

tg A g A

iC M M iC M M

σ
σ σ σ σ

σ µ σ

ω ω   ∂    × = × − +   ∂    
+ + 




   



   

  (28) 
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Adding the left-hand sides of Equations (21)-(28) and then combining the cor-
responding right-hand sides gives the balance relation: 
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Note that 
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We then introduce the new values ( ) ( ),
,,l s pW W µ σ  that are proportional to the 

number of photons generated at a certain frequency at a certain position relative 
to the total energy of pump photons passed the boundary: 
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The time integration of (29) results in: 
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So, the result is 

( ) ( )( )d 0
d l s pW W W

z
µ σ+ + =



                      (32) 

which is the Manley-Rowe relation for the nonstationary SRS process considered  

here. All values at the beginning ( ) ( ) ( )
2,

. , , ,l s p fM zµ σ −∞  (initial conditions) are zero,  

as well as at time + ∞ when all interactions are long gone. The boundary condi-
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tions are hidden in the spatial derivatives. 

4. Conclusion 

We derived an extended system of nonlinear equations for nonstationary SRS by 
polaritons in anisotropic dipole-active cubic crystals with excitation of polar op-
tical phonons. The extension includes optical-phonon equations for different po-
larizations together with coupled equations for the pump, Stokes, and polariton 
fields. We then showed that this system satisfies the Manley-Rowe relation, con-
firming that the model preserves the expected energy-balance structure for inter-
acting waves with different polarizations. This result provides a consistency check 
for the proposed nonstationary SRS model and supports its use in describing po-
larization-dependent polariton interactions in anisotropic media. 

Conflicts of Interest 

The authors declare no conflicts of interest regarding the publication of this paper. 

References 
[1] Rogers, A. (2008) Polarization in Optical Fibers. Artech House, 250 p. 

[2] Kivshar, Y.S. and Agrawal, G.P. (2003) Solitons in Photonic Crystals. In: Kivshar, 
Y.S., Agrawal, G.P. and Agrawal, G.P. Eds., Optical Solitons, Elsevier, 425-446.  
https://doi.org/10.1016/b978-012410590-4/50012-7  

[3] Agrawal, G. (2013) Nonlinear Fiber Optics. 5th Edition, Academic Press, 629 p. 

[4] Boyd, R.W. (2020) Nonlinear Optics. 4th Edition, Elsevier. 

[5] Cai, J., Wan, S., Chen, B., Li, J., Wang, X., Sui, D., et al. (2025) Stable Soliton Micro-
comb Generation in X-Cut Lithium Tantalate via Thermal-Assisted Photorefractive 
Suppression. Photonics Research, 13, Article 1955.  
https://doi.org/10.1364/prj.558364  

[6] Song, Y., Zhu, X., Zuo, X., Huang, G. and Lončar, M. (2025) Stable Gigahertz- and 
mmWave-Repetition-Rate Soliton Microcombs on X-Cut Lithium Niobate. Optica, 
12, Article 693. https://doi.org/10.1364/optica.562208  

[7] Agranat, A.J., DelRe, E., Fardelli, G. and Arecchi, F.T. (2024) Evidence of 1 + 1D 
Photorefractive Stripe Solitons Deep in the Kerr Limit. arXiv: 2405.00883. 

[8] Song, Y., Hu, Y., Zhu, X., Yang, K. and Lončar, M. (2024) Octave-Spanning Kerr 
Soliton Frequency Combs in Dispersion- and Dissipation-Engineered Lithium Nio-
bate Microresonators. Light: Science & Applications, 13, Article No. 225.  
https://doi.org/10.1038/s41377-024-01546-7  

[9] Zhu, H., Yu, S., Qian, J., Qi, M., Zhou, R., Chen, B., and Lu, J. (2025) Octave Soliton 
Microcombs in Z-Cut Lithium Tantalate Microrings. ACS Photonics, 12, 4703-4708.  
https://doi.org/10.1021/acsphotonics.5c01189 

[10] Karpov, M., Pfeiffer, M.H.P., Guo, H. et al. (2019) Dynamics of Soliton Crystals in 
Optical Microresonators. Nature Physics, 15, 1071-1077-. 

[11] Bao, C., Xuan, Y., Jaramillo-Villegas, J.A., Leaird, D.E., Qi, M. and Weiner, A.M. 
(2017) Direct Soliton Generation in Microresonators. Optics Letters, 42, Article 2519.  
https://doi.org/10.1364/ol.42.002519 

[12] Kippenberg, T.J., Gaeta, A.L., Lipson, M. and Gorodetsky, M.L. (2018) Dissipative 

https://doi.org/10.4236/jamp.2026.1410202
https://doi.org/10.1016/b978-012410590-4/50012-7
https://doi.org/10.1364/prj.558364
https://doi.org/10.1364/optica.562208
https://doi.org/10.1038/s41377-024-01546-7
https://doi.org/10.1021/acsphotonics.5c01189
https://doi.org/10.1364/ol.42.002519


V. P. Feshchenko, G. P. Feshchenko 
 

 

DOI: 10.4236/jamp.2026.1410202 4174 Journal of Applied Mathematics and Physics 
 

Kerr Solitons in Optical Microresonators. Science, 361, eaan8083.  
https://doi.org/10.1126/science.aan8083 

[13] Lu, J., Puzyrev, D.N., Pankratov, V.V., Skryabin, D.V., Yang, F., Gong, Z., et al. (2023) 
Two-Colour Dissipative Solitons and Breathers in Microresonator Second-Harmonic 
Generation. Nature Communications, 14, Article No. 2798.  
https://doi.org/10.1038/s41467-023-38412-w 

[14] Lucas, E., Karpov, M., Guo, H., Gorodetsky, M.L. and Kippenberg, T.J. (2017) Breath-
ing Dissipative Solitons in Optical Microresonators. Nature Communications, 8, Ar-
ticle No. 736. https://doi.org/10.1038/s41467-017-00719-w  

[15] Stone, J.R., Briles, T.C., Drake, T.E., Spencer, D.T., Carlson, D.R., Diddams, S.A., et 
al. (2018). Thermal and Nonlinear Dissipative-Soliton Dynamics in Kerr-Microreso-
nator Frequency Combs. Physical Review Letters, 121, Article 063902.  
https://doi.org/10.1103/physrevlett.121.063902  

[16] Wildi, T., Gaafar, M.A., Voumard, T., Ludwig, M. and Herr, T. (2023) Dissipative 
Kerr Solitons in Integrated Fabry-Perot Microresonators. Optica, 10, Article 650.  
https://doi.org/10.1364/optica.480789  

[17] Hutchings, D.C., Aitchison, J.S. and Arnold, J.M. (1997) Nonlinear Refractive Cou-
pling and Vector Solitons in Anisotropic Cubic Media. Journal of the Optical Society 
of America B, 14, 869-879. https://doi.org/10.1364/josab.14.000869  

[18] Boiti, M., Caputo, J., Leon, J. and Pempinelli, F. (2000) Raman Solitons in Transient 
SRS. Inverse Problems, 16, 303-314. https://doi.org/10.1088/0266-5611/16/2/303  

[19] Burstein, E., Ushioda, S. and Pinczuk, A. (1968) Raman Scattering by Polaritons. 
Solid State Communications, 6, 407-411.  
https://doi.org/10.1016/0038-1098(68)90168-3  

[20] Claus, R., Merten, L. and Brandmuller, J. (1975) Light Scattering by Phonon-Polari-
tons. Springer. 

[21] Cottam, M.G. and Tilley, D.R. (2019) Introduction to Surface and Superlattice Exci-
tations. Taylor & Francis Group. 

[22] Strizhevskii, V.L. (1972) Theory of Stimulated Raman Scattering by Polaritons in Cu-
bic and Uniaxial Crystals. Zhurnal Eksperimental’noi i Teoreticheskoi Fiziki, 35, 760-
766. 

[23] Feshchenko, V. and Feshchenko, G. (2019) Nonstationary Stimulated Raman Scat-
tering by Polaritons in Cubic Crystals. Journal of Applied Mathematics and Physics, 
7, 2122-2129. https://doi.org/10.4236/jamp.2019.79145  

[24] Feshchenko, V. and Feshchenko, G. (2021) Polarization Simultons in Stimulated Ra-
man Scattering by Polaritons. Journal of Applied Mathematics and Physics, 9, 2193-
2204. https://doi.org/10.4236/jamp.2021.99139  

[25] Powers, P.E. and Haus, J.W. (2017) Fundamentals of Nonlinear Optics. 2nd Edition, 
CRC Press, 500 p. 

[26] New, G. (2011) Introduction to Nonlinear Optics. Cambridge University Press, 253 
p. 

[27] Lauferborn, W. and Kurtz, T. (2003) Coherent Optics. Fundamentals and Applica-
tions. Springer, 346 p. 

[28] Zernike, F. and Midwinter, J.E. (1973) Applied Nonlinear Optics. Wiley-Interscience, 
197 p. 

[29] Stegeman, G.I. and Stegeman, R.A. (2012) Nonlinear Optics: Phenomena, Materials 
and Devices. E-Book, Wiley Series in Pure and Applied Optics, 496 p. 

https://doi.org/10.4236/jamp.2026.1410202
https://doi.org/10.1126/science.aan8083
https://doi.org/10.1038/s41467-023-38412-w
https://doi.org/10.1038/s41467-017-00719-w
https://doi.org/10.1103/physrevlett.121.063902
https://doi.org/10.1364/optica.480789
https://doi.org/10.1364/josab.14.000869
https://doi.org/10.1088/0266-5611/16/2/303
https://doi.org/10.1016/0038-1098(68)90168-3
https://doi.org/10.4236/jamp.2019.79145
https://doi.org/10.4236/jamp.2021.99139


V. P. Feshchenko, G. P. Feshchenko 
 

 

DOI: 10.4236/jamp.2026.1410202 4175 Journal of Applied Mathematics and Physics 
 

[30] Shen, Y.R. (2003) The Principles of Nonlinear Optics. Wiley-Interscience, 555 p. 

[31] Akhmanov, S.A. and Khokhlov, R.V. (1964) Problems of Nonlinear Optics. Nauka 
Publishers, Moscow. 

[32] Herrmann, J. and Ponath, H.E. (1976) Theoretical Treatment of Nonstationary Scat-
tering by Phonons and Polaritons Part II. Transient Raman Scattering by Polaritons 
and Dipole Active Phonons. Annalen der Physik, 488, 427-447.  
https://doi.org/10.1002/andp.19764880604 

[33] Strizhevskii, V.L. and Obukhovskii, V.V. (1972) Fluctuation‐Dissipation Theory of 
Polariton Raman Scattering in the Vicinity of Phonon Resonance. Physica Status Sol-
idi (b), 53, 603-612. https://doi.org/10.1002/pssb.2220530222 

[34] Marchevskiĭ, F.N., Strizhevskiĭ, V.L. and Feshchenko, V.P. (1984) Soliton Generation 
in Stimulated Raman Scattering and Excitation of Polar Optical Phonons. Soviet 
Journal of Quantum Electronics, 14, 192-195.  
https://doi.org/10.1070/qe1984v014n02abeh004691 

https://doi.org/10.4236/jamp.2026.1410202
https://doi.org/10.1002/andp.19764880604
https://doi.org/10.1002/pssb.2220530222
https://doi.org/10.1070/qe1984v014n02abeh004691

	The Manley-Rowe Relation in Nonstationary Stimulated Raman Scattering by Polaritons for Waves Propagating with Different Polarizations
	Abstract
	Keywords
	1. Introduction
	2. Basic Principles and Equations
	3. The Manley-Rowe Relation for Waves Propagating with Different Polarizations at Frequencies 
	4. Conclusion
	Conflicts of Interest
	References

