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1. Introduction

The BBM Equation was proposed by Benjamin, Bona, and Mahony when they
studied the unidirectional propagation of nonlinear dispersive long waves in 1972,
which is also called the regular long wave equation. The equation is an improve-
ment of the KDV equation in describing the unidirectional propagation of small
amplitude and long surface gravity waves in 1 + 1 dimensions. The BBM equation
is widely used in linear optics and particle physics. Therefore, it is of great signif-
icance to study the numerical solution of the BBM equation. The study of this
equation has attracted extensive attention from scholars at home and abroad.
Khaled Omrani [1] presented the Galerkin finite element method for the BBM
equation: the standard Galerkin method is used for space discretization, and the
C-N scheme is used for time discretization. The convergence of the equation is
proved. In paper [2], the existence and uniqueness of solutions of the BBM equa-
tion in one-dimensional case are discussed. In article [3], Feng Min fu uses the
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Crank-Nicolson difference method to discretize the equation. In [4]-[6], the finite
difference method and the general method of the equation are studied. In paper
[7], Tan Yanmei studied the fully discrete mixed finite element scheme on a tri-
angular element, proved the existence and uniqueness of the finite element solu-
tion, and gave an error analysis.

The mixed finite element method was founded by Babuska and Brezzi in the
1970s [8] [9]. In the early 1980s, the mixed finite element method was improved
by Falk and Osborn [10] [11]. So far, the mixed finite element method has been
widely used to solve partial differential equations, such as bi-harmonic equations
[12], parabolic equations [13], Stokes equations [14], and so on. However, the
study of a fully discrete mixed finite method for the BBM equation on a rectangu-
lar element has not been reported.

On the basis of [8], the mixed finite element method is applied to two-dimen-
sional nonlinear BBM equations on rectangular meshes. The mixed finite element
schemes of semidiscretization and full discretization are established. The space is
approximated by a continuous biquadratic finite element and a bilinear finite ele-
ment, and the time is discretized by the backward Euler difference scheme. The ex-
istence and uniqueness of the finite element solution are proved, and the optimal
error estimation is obtained. In the second part of this paper, the existence and
uniqueness of a solution to the BBM equation are established. In the third part, the
mixed finite element scheme for semi-discretization on a rectangular grid is estab-
lished, the existence and uniqueness of the finite element solution are proved, and
the error is analyzed. In the fourth part, the convergence of the backward Euler fully
discrete mixed finite element scheme is discussed. In the fifth part, a numerical ex-

ample was given to verify the correctness and effectiveness of this method.

2. Existence and Uniqueness of Generalized Solutions of the
BBM Equation

Let Qc R*be a smooth, bounded region. In this article, we will consider the
following nonlinear BBM equation:
u—Au =V-f(u), (xt)eQx[0,T],
u(x,t)=0, (x,t)eoQx[0,T], (1)
u(x,0)=uy(x), xeQ.

where QcR? is a bounded domain with smooth boundary 0Q, 0<T <
and f(u)= —(%uz +uj .Let H"(Q)and L*(Q)=H"(Q) denote the usual

Sobolev space of real-valued functions defined on Q. () denote the inner

product in L?(Q), The norm of this space is the usual Sobolev. H"™ -norm and

it will be denoted by

m?

M.~ .

1

6“v(xﬂ2dx}2,
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and Semi-norm

6“v(xﬂ2dx}2.

- 2,

lej=m

Letting P =Vu,, and using the Green’s formula, then we get the mixed varia-

tional form of problem (1): find (u, p):[0,T]— H; (Q)X(L2 (Q))2 , such that

(upV)+(B. V) =(V-f(u),v), YeH;(Q),
(Vu,d)—(p.9)=0, vae(L(Q), )
u(x,0)=uy(x), xeQ.

Theorem 2.1 Equation (2) has a unique solution (u, p)e H; (Q)x(L2 (Q))2 ,
and satisfy
oo, ~ (o) vt>0
Proof Since there be a unique solution U in Equation (1), let
(u, p)=(u,Vu,), be the solution of Equation (2), take §=Vu,v=u, then

(u,u)+(Vu, Vu)=(V-f (u),u).
Because
(V- £ (u)ou) =V (F (u).u)=V(e(u),

where ¢'(u)= f (u), according to the boundary value condition u|., =0 and

(p(O) =0, then
(V-f(u),u):jﬂv-(f(u)u)dx:o. (3)
we get
d d
4o S o
then

d
Sl =o. ©
Integrating Equation (4) from 0 to £ we can get
oo, =IO, >0 ®

Now prove uniqueness, let (u*, r)*) be another solution of Equation (2), ac-

cording to Equation (5), we get
Jo" (o), =
Substitute zinto (2), then subtracting (2), we get
(ut —u:,v)+(r5— ﬁ*,Vv)z(v.(f (u)-f (u*)),v), vveHg(Q),

(v(w-u).a)-(p-7"a)=0 va<(L*(@))

u'(0)],, vt >0.

(6)

2
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Taking (= V(u - u*),v =u, - u: in (6), according to (3), then

d * d .
a"u—u 2+EHV(U_U )2 =0,

0

Then
"= Ju(0)-u" ) = s (0)-u (x) =0,

such that u=u",let G=p-p ,wehave p=p .

||u —u’

This completes the proof.

3. Existence and Error Analysis of Semi-Discrete Mixed
Finite Element Solutions

Let T,, is quasi-uniform rectangular partition of Q, T, is a sub-rectangle ob-

tained by connecting the midpoints of the four sides of T,,,T,,T,,T;,T,, as shown

in Figure 1:
a, a, a,
Tz Tl
a, a (xo, yo) ag
T3 T4
a a a

1 2 3

Figure 1. Rectangular partition.

Vi(i=12) isabi i degree polynomial space defined on T, , obviously,
V,c H'(Q),Let X, =V,NH;(Q), M, =V,,the finite element space is defined

as follows

X, :{Vh € Hé(Q)nCO(ﬁ):VhL( €Q(K).K GTZ“}’
Vi, = {020, (1 (2) 10l £(Q(K)) K eTy )

where Q,(K) isa biquadratic polynomial space on a large element K, Q (K')

is a bilinear polynomial space on a sub-element K.

ol JI (2 (2 o

u(a)=u.

Definition

Let I,u be abiquadratic Lagrange interpolation polynomial, which is defined

on the nodesof T, lu be a piecewise bilinear Lagrange interpolation polyno-
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mial, which is defined on four sub-rectangles T,,T,,T,,T,, and there hold
Lemma 3.1 [12] VueC(Q), then

5
Jo-tol, <2,

where ||W||§ =(Vw, VW):|W|1 and I,:C° >V, (i=12) isabe i degree La-
grange interpolation operator defined on T, .
Lemma 3.2 [15] The discrete BB condition holds, that is, there is a constant
£ >0 independent of h, such that
sup (thvvh)

wettn [,

> ,3||vh||1,VVh e X,. (7)

Proof From v, € X, , then v, e H/, and v,| €Q,(K), according to Poin-
caré inequality, Vv, € (L2 (Q))2 and Vvh|K, e (Ql(K’))2 , we get
(G, VVy) _ (Vv VY,

)
sup — > =\ | > ﬂ vV ,VV e X..
dheMp ||qh||0 "Vvh"o | h|1 " h||1 h € A

The proof is completed.
2
Forall ve H'(Q),qd=(q,,0,)e (L2 (Q)) , we define the interpolation opera-

tor T1> and IT} as follows:
M2 HY(Q) - X, IT 1 (L(Q)) - M,

According to the projection property and duality principle, we get Lemma 3.3
and Lemma 3.4.
Lemma 3.3 [16] Existence of interpolation operator
I, :H'(Q) - X, , such that
(v—Hﬁ (vh),vh): 0,vv, € X,
||Hﬁ (v)"O <V, . vve HY(Q),
When WveH"(Q), then

||v—1‘[ﬁ(v)||S <SCh™*|| ,s=0Ls<r<m+l. (8)

Lemma 3.4 [17] Existence of an interpolation operator IT; :(L2 (Q))2 —>M,,
such that

(p—IT,(P).4,)=0,vG, e M,
I (o), <ol v (12 (@))
When peM,, then
||1‘Iﬁ(|§)||S gCh”S|r)|r,s=0,1,serm. 9)
Lemma 3.5 [18] (Gronwall Lemma) Suppose ¢(t) be integrable on [0,t,]
and positive everywhere, ¢>0 is a constant. If y(t)eC°([0,t,]), and there is
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the following inequality
0<y(t)<c+] g(s)y(s)ds, vte[0t],
then
0<y(t)< c~exp(j; g (s)ds),Vt e[o.t].

Lemma 3.6 [19] Let (a,),(b,).(c,) be positive columns, (c,) monoton-

ically increasing and satisfy
a,+b,<c,+1) a;,n>1,120,
and
a,+h, <c,,
then
a,+b, <c,-exp(n1),n>0.

Now, we consider the semi-discrete form of (2), find (u,, f,): [0,T]—> X, xM,,
such that

(Uneo Vo )+ (B YV, ) = (V- £ (Uy) V) WY, € X,

(Vuht'qh)_(ph’qh)zol v, € My, (10)
u(x,0)=TT¢u, (x), xeQ.

Theorem 3.1 [7] Equation (10) has a unique solution
(Uy, B ):[0.T] = X, x M.
Theorem 3.2 The solution (u, B),(u,, B,) of (2) and (10), respectively, sup-
pose u,u € H?® (), pe (H 2 (Q))2 , then there holds

1

Ju—ul, < n?| Jufs+ f (Jof +[f o= | (an

and

)
[5=ul, <en| (1Bl +hulf )« fy (Julf + ol o< |- (12)
Proof Let
u-u, =(u-Tu)+(Mu-u,)=n+¢
B— Py =(P—T1,p)+(I,p— B, )= 5 +6.

Forall V, € X,,G, €M, , the error equation is
(§t,vh)+(§,Vvh):—(nt,vh)—([),Vvh)+(V~(f (u)-f (uh)),vh),
(V&,6,)-(6.6,)=(5.6,)~ (V7.6 )-

Taking V, € &,G, € VE, and adding the two formulas of (13), we have

(&.6)+(VEVE) =~ (1.8)~(Va, VE)+((F (u)- f (u,)).V¢)

(13)
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According to the Young inequality, the Cauchy-Schwarz inequality and the Lip-
schitz condition " f(u)-f(u, )"0 < c||u - uh"o , we get

d d
Dot + Syl <c[ vl + el + 1ok

+eély+22(vel,.

(14)

Since & (0) =0, integrate (14) from 0 to t, and then according to Lemma 3.5
and (8), we get

el +19 <[5 < ch (ol +]u ;). (15)

Using the triangle inequality and the interpolation theory, we get

t
ol <l e < on’ |l + [y (Julf + )= |
The proof of (11) is completed. Taking Vv, =¢,,0, = V¢, , and adding the two

formulas of (13), we have
(6:6)+(Vé V) ==(1.6)~ (V. VE) +((f (u)- T (u,)). V&),
Using the same method as (15), then there hold
e+l <t [ (Julf +lu ) (16)
Taking G, =@, then
oL -(0.0)-(v&.0)+(v.0)-(5.0).
According to the Young inequality, the Cauchy-Schwarz inequality, we get
6], <c(Ivale 1o +[v )+ <[a];
Then, according to Lemma 3.3, Lemma 3.4, and (16), we get

-2 =
61 < cn® ()t + <t (1ol +] )
Thus, using trigonometric inequality and Lemma 3.4, we obtain
. - =112 N t
[5=ull <1705 +16] | (1BlE +Muulz )+ Jy (lulf + el o |
The proof of (12) is completed.

4. Backward Euler, Fully Discrete Mixed Finite Element
Scheme

T
For any given positive integer N, let At N’ denote the size of the time dis-

n

T
cretization and O=t, <t <--- <t :T,Atzﬁ,t =nAt,n=0,1,---,N .

For smooth function ¢" =¢(t,), let

a1

:A_t((pn _(pn—l),atv(pn :Ait<vwn _v(pn—l)'

op
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Now we consider the backward Euler full discretization scheme of (2), find
(un, B7):[0,T]— X, xM, (n=12,,N), such that

(0up. v )+(Br. Vv, ) = (V f(up), vh) W, e X,
(6up.g,)-(pp.6,)=0
u(x,0)=TTzu, (x),

Theorem 4.1 The solution u", p" (

Va, e My, (17)
xeQ.
, Pr ) of (2) and (17), respectively, sup-

pose u,u,,u, € H® (Q), B f)te( ( ) then there holds

)
sefpstay]

and
5" by <c[h®+(at)*]. (19)
Proof Taking t=t,,v=V,,§=0, in(2),then
(ut“,vh)+(r)”,Vvh)=(V-f(u“),vh), v, € X,,,
(Vur.d,)-(p".d,)=0 VG, eM,, (20)
u(x,0)=uy(x), xeQ.
Subtracting (17) from (20), we have
(atu”—étuﬂ,vh)+(ﬁ”—f),T,Vvh) (V (f( ) f(u'h“)),vh)
+(RIVG), W, e X, (21)
(a,vu"-o,vup,g,)—(p" - p

ph,qh)_( 2,qh), V4, e M,.
where R/ =at(u“ —ut”), R, =0, (Vu” —Vut”).
For simplicity, we introduce the following notation

u"—up = (u" = T7u" )+ (TR —up ) =" + &,

B" - By = (" -I1,p" ) +(IT, 8"~ By ) = p" +6".
So (21) becomes

(08" ) +(6". Vv, ) =—(2ur" vh) (,, W)+ (R )
( ( )vh), vy, € X, 22
(ove",6,)-(0"4,)= (aVn" dh) (")
+(R;’qh)1 Vg, € M.

Taking v, =&",Gp =V&" in (22), we get

(0" ¢M)+(avenven)=—(am".&") (V" VeET)

HV(F ()= ()).¢") (23)
+(R1&")+(Re. "),
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From the left of the above formula, which can be rewritten as

(atgnlgn)zzim:( é;nz_ (;;n—lz_i_ gn_é;n—l (2)),
n n 1 n|[? n-1||2 n n-1||?
(averve)=gellvef e[ |ve-ve[f)

Using the Cauchy-Schwarz inequality and the Young Inequality, we get

(e &)+ ver)<c(fear | o) +o(lerf + |y

2
) e
And
2
&+ ver

2
+
0

Ry

(Rr.&")+(RevE) <C|Rr ) (25)

-l

further, using the Cauchy-Schwartz inequality, the Young Inequality, and the Lip-

schitz condition, we get

vo(f(un)=f(u)). ) <clur—u[ +e|ver|
s efeckealoarel,
sc( &L+ 0)+g||vf§" ‘.
According to the Taylor formula, we get
Re[f R[] sc(mf( Uty )| +70 (t,) ) 27)
substitute (24), (25), (26) in (23), then
sl Leve Ll e )
2 2 2
SC("@J}” 0+||8tV77n o ' o)
+C(At)2( Uy (twl) §+ Vu, (tmgz) §)+35( & §+||V§n ;)

Multiply both ends of the above formula by 4At, taking ¢ =$, and add

from0to N, we get

H[ver

gn

<oty [lan [ +lown' |+ o'l

+(At) (“un (ts) zj
From Lemma 3.3 and Lemma 3.6, we have
¢ e[ (o +u Jar () [Pluffde | @9)
According to the regularity of u, we have

£ =[en -<Clht(at) ] (29)

Z + ‘ Vg (tes,)

Hlver

2

Ve

i

Taking v, =0,&",G, =0,VE" in (22), using the Lipschitz condition, we get
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=—(00" ag) (avn 0VE")
+( f(uh)) 2¢")
(R > (R;,am

sc(||a

0
2
+5( " )
0

Multiply both ends of the above formula by 2, taking ¢ = % , then according to

Rn

2
2l

Lemma 3.3 and the regularity of U, we get

[ <c[ht+(at)]. (30)

Then, using Lemma 3.3 and the triangle inequality, the proof of (18) is com-
pleted. Letting G, =" the second formula of (22), we get

| :(8tV§”,§”)+(6tvn”,§”)+(/3”,§”)+(R2”,§”)

én

o
0

£4g|

2
+C(
0

Ry

2
o )
Letting ¢ = %, from (29), Lemma 3.3, and Lemma 3.4, then there holds

then using the triangle inequality and the interpolation theorem, the proof of (19)

én

“<c[ht+(aty’ ] (31)

is completed.

5. Numerical Example

Positioning Consider the following BBM Equation:

U — Uy — Uy +U, +U, +Uu, +uu, =0, (x,y,t)eQx(0,T],

u(xy,0)=uy(xy)=x* (1-x)"y? (1- y), (x,y)eo.

where Q=(0,1)x(0,1). The region Q is divided into uniform rectangles along
the X and Y directions, Q, element approximation is adopted for the velocity u
space, and Q, element approximation is adopted for the P space.

Since the exact solution of problem (2) is unknown, we use the numerical solu-
tion on the fine grid as the exact solution to estimate the error. We take some
different values of At and h to verify the format of this paper, as shown in the
following table.

Table 1. At=0.1h=1/10,e=u"—u,,7=p —p,.

t HeHLZ(Q) HeHHl(Q) H’]HLZ(Q)
0.2 6.31x1077 3.71x10™ 1.31x107°
0.4 6.80x107 4.75%x107 8.20x1077
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Continued
0.6 7.19x1077 4.91x10™ 6.27x1077
0.8 7.20x107 5.01x10™ 4.83x107
1.0 7.01x107 5.44x10™ 3.04x107

Table 2. At=0.1,h=1/20,e=u"—u,,n=p -p, .

t (. lellxcr 7]z e
0.2 4.00x10°® 8.71x10° 9.28x107°
0.4 5.00x10°® 1.35x10* 5.49x107®
0.6 6.00x10°® 1.52x10™ 4.23x107®
0.8 6.00x10°8 1.73x10™* 3.58x10°
1.0 5.00x10°° 1.86x10™ 2.67x107°

Table3. At=0.1h=1/40,e=u"-u,7=p - p, .

t ez q (5 (/s
0.2 2.00x107° 2.31x10° 9.28x107®
0.4 1.00x10°® 3.23x10° 5.49x107®
0.6 1.00x10°® 3.78x107° 4.23x107®
0.8 1.00x10°® 4.24x107° 3.58x107®
1.0 2.00x107° 4.75x10°° 2.70x10°®

Table 4. t=1At=h?e=u"—-u,,7=p -p,.

h ||B||H1(Q) rate ||77||Lz(9) rate
1/4 7.92x107™ - 5.78x1077 -
1/8 1.96x10™* 2.11 1.39x107 2.01

1/16 4,93x10°° 1.97 3.08x10°° 2.05
1/32 1.34x10°° 1.87 7.96x10°° 1.96

The numerical results (Tables 1-4) show that the scheme is feasible, and further
verify that the hybrid stabilization method presented in this paper is stable and

convergent.
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