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Abstract 
This paper investigates the Hopf bifurcation problem for a class of reaction-
diffusion models of HTLV-I infection that incorporate CTL immune responses 
and immunochemotaxis. Using the chemotaxis coefficient as the bifurcation 
parameter, this paper derives the conditions for the existence of a Hopf bifur-
cation at a positive equilibrium point and the existence of periodic solutions. 
Furthermore, it determines the bifurcation direction and stability of the peri-
odic solutions: if ( )

0
0 0H

kξ
′′ > , the bifurcation direction is supercritical, and the 

periodic solution is stable; if ( )
0

0 0H
kξ
′′ < , the bifurcation direction is subcriti-

cal, and the periodic solution is unstable. 
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1. Introduction 

Communicable diseases are primarily caused by pathogens such as bacteria, vi-
ruses, fungi, and parasites, and are transmitted through the air, water, food, and 
other routes. Their spread affects not only human physical and mental health 
but also social and economic development. Human T-cell leukemia virus type I 
(HTLV-I) is a pathogenic retrovirus that is prevalent primarily in the Caribbean, 
Japan, Central Africa, and South America [1]. Following infection, HTLV-I can 
persist in the host for a long time, causing HTLV-I-associated myelopathy (HAM), 
also known as tropical spastic paraplegia (TSP), a chronic inflammatory disease 
of the central nervous system (CNS) [2] [3]. Additionally, HTLV-I infection can 
lead to malignant hematological diseases such as adult T-cell leukemia/lymphoma 
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(ATL) [4] [5]. 
Individuals infected with HTLV-I typically display no obvious clinical manifes-

tations; only 0.25% - 3.8% develop HAM/TSP, and 2% - 3% develop ATL. These 
patients have very high levels of CD8+ cytotoxic T lymphocytes (CTLs) in their 
peripheral blood [6]. Experiments have demonstrated that CTLs can reduce viral 
load, clear infected cells, and protect the body [7] [8]; however, when CTL levels 
are excessively high, they release large amounts of toxins, leading to the symptoms 
of HAM/TSP [9]. Therefore, incorporating the CTL immune response into the 
development of a dynamic model of HTLV-I infection is of great significance for 
gaining a deeper understanding of the pathogenesis of ATL and HAM/TSP and 
for formulating treatment strategies. 

In 1999, Wodarz et al. first constructed an HTLV-I infection model that ac-
counted for interactions between healthy and infected CD4+T cells [10]. Subse-
quently, Gómez-Acevedo and Li demonstrated the existence of the backward 
branch described in reference [10] through their analysis [11]. In 2002, Wodarz 
et al. established an HTLV-I infection model incorporating CTL immune re-
sponses to study the impact of CTL immunity on viral replication [12], using the 
bilinear function cyz  to describe the proliferation of CTL immune cells. Sun and 
Wei studied a class of HTLV-I infection models incorporating a CTL immune 
response and demonstrated that the global dynamical behavior of the system is 
determined by two threshold parameters, 0R  and 1R  [13]. 

In 2012, Li and Shu [14] established and studied a model of HTLV-I infection 
involving a CTL immune response; they introduced a time delay into the model 
and demonstrated that this delay can destabilize the HAM/TSP equilibrium, lead-
ing to a Hopf bifurcation and stable periodic oscillations. Jia and Xu studied a 
class of HTLV-I models featuring a Beddington-DeAngelis incidence rate of 

( )1 21xy a y a yβ + +  and infection delays, investigating the effects of single and 
double delays on the system dynamics [15]. Chen et al. studied a class of infection 
models featuring Logistic growth of healthy cells and CTL immune proliferation 
described by the function ( ) ( ) ( ), 1 1f y z cyz qz zε= + + , and investigated the lo-
cal and global stability of the model’s equilibrium points [16]. Li and Zhou con-
structed a mathematical model featuring Logistic growth of healthy cells and an 
infection rate given by 1xy xβ ω+ , and investigated the existence of backward 
branches in the model [17]. Zhang et al. studied the global dynamical behavior of 
a class of HTLV-I infection models featuring intracellular time delays and satu-
rated CTL immune responses, proving the existence and local asymptotic stability 
of viable equilibria [18]. Xu and Yang studied the dynamics of an HTLV-I infec-
tion model featuring a saturated immune response and immune impairment. By 
calculating the unactivated and activated reproduction numbers, they discussed 
the stability of equilibrium points with (and without) time delays, as well as branch-
ing [19]. 

Building on the research in references [16], [17], [19] and based on the work in 
reference [14], we account for host resource limitations by incorporating a logistic 
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growth model for the number of healthy cells; furthermore, since the immune re-
sponse does not increase indefinitely with rising viral load, we adopt a saturated 
CTL immune response. We aim to study a model of HTLV-I infection character-
ized by logistic growth and a saturated CTL immune response 

 1

2

d 1 ,
d
d ,
d
d ,
d 1

x xrx xy
t K
y xy y pyz
t
z cyz z
t qz

β

β µ

µ

  = − −   
 = − −

 = − +

 (1.1) 

In this model, x , y , and z  represent, respectively, the densities of healthy 
CD4+T cells, infected CD4+T cells, and HTLV-I-specific CD8+CTL cells at time 
t ; r  represents the natural proliferation rate of healthy CD4+T cells; K  repre-
sents the carrying capacity of healthy CD4+T cells; β  represents the viral infec-
tion rate; p  represents the intensity of the CTL response, i.e., the rate at which 
the CTL immune response clears infected cells; c  represents the proliferation 
rate of CTL s; 0q >  represents the CTL suppression rate, that is, CTL cells 

are stimulated by the virus and are generated at a rate of 
1

cyz
qz+

; 1µ  and 2µ  

represent the natural death rates of infected CD4+T cells and CTL cells, respec-
tively. 

For convenience in calculation, Equation (1.1) is nondimensionalized as fol-
lows:  

1 1, , , .u x v y w qz rt
K K

τ= = = =  

Define the dimensionless parameters: 

1 2, , , , .K p cKa b d f e
r r rq r r
β µ µ

= = = = =  

Continuing to use t  to denote τ , Equation (1.1) can be written as 

 

( )d 1 ,
d
d ,
d
d .
d 1

u u u auv
t
v auv bv dvw
t
w fvw ew
t w

 = − −

 = − −

 = − +

 (1.2) 

Individual cells often exhibit significant spatial heterogeneity; therefore, spatial 
heterogeneity plays an indispensable role in infectious disease modeling and helps 
elucidate the spatial complexity of infectious disease dynamics. References [20] 
[21] have investigated the role of convection in the dynamics of infectious disease 
models, while references [22]-[24] have discussed the impact of chemotaxis on 
infectious disease modeling. The introduction of chemotaxis makes the estab-
lished infectious disease models more realistic and can significantly enhance the 
effectiveness of disease prevention. Therefore, considering the impact of spatial 
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heterogeneity on the dynamics between immune cells and infected cells, this paper 
investigates an HTLV-I infection model incorporating immune chemotaxis:  

 

( )

( )

( ) ( ) ( ) ( ) ( ) ( )

1

2

3

0 0 0

1 , , 0,

, , 0,

, , 0,
1

0, , 0,

,0 , ,0 , ,0 , ,

t

t

t

u d u u u auv x t

v d v auv bv dvw x t

fvww d w w v ew x t
w

u v w x t

u x u x v x v x w x w x x

ξ

ν ν ν

 = ∆ + − − ∈Ω >


= ∆ + − − ∈Ω >

 = ∆ − ∇ ⋅ ∇ + − ∈Ω >
 +
 ∂ ∂ ∂ = = = ∈∂Ω >
∂ ∂ ∂
 = = = ∈Ω

 (1.3) 

Here, ( )w vξ− ∇⋅ ∇  describes the movement of CTL immune cells toward re-
gions of high infected cell concentration. From a biological perspective, 0ξ >  in-
dicates that CTL immune cells move toward regions of high infected cell density, 
whereas 0ξ <  implies that CTL immune cells move away from the habitats of 
infected cells to prevent large numbers of infected cells from aggregating and form-
ing a defense. 

This paper primarily investigates the existence of Hopf branches in model (1.3), 
as well as the branch direction and stability of periodic solutions on these branches. 

2. Existence and Stability of Periodic Solutions 

The positive equilibrium of model (1.2) is 

( )** 2
* * *

2 2

1
, , 1 .

e wb dw bf a e afu v w
a f df a e bf a e

+  + +
= = = − + + 

 

When 2 1af
bf a e

>
+

, the positive equilibrium of model (1.2) exists. 

Let ( )* * * *, ,U u v w=  be a positive equilibrium point of model (1.3). At *U , 
the following conclusions hold: 

Let nΩ⊂  ( )1n ≥  be a bounded domain with smooth boundary, and let the 

initial data ( ) ( ) 3

0 0 0, ,u v w C ∈ Ω   be nonnegative and not identically zero. 

Under homogeneous Neumann boundary conditions, the theory of parabolic 
equations ensures that system (1.3) admits a unique local classical solution, and 

, , 0u v w >  for all x∈Ω  and ( )max0,t T∈ . 

Theorem 2.1 Suppose that 2 1af
bf a e

>
+

 holds, then 

1) When 0ξ > , ( )* * *, ,u v w  is locally asymptotically stable; 
2) When { }00 max ,S H

k k
k

ξ ξ ξ ξ
+∈

> > =


, ( )* * *, ,u v w  is locally asymptotically sta-

ble;  
3) When { }0 max , 0S H

k k
k

ξ ξ ξ ξ
+∈

< = <


, then ( )* * *, ,u v w  is unstable. Where 

( ) ( )
( )

3 * 2 * * 2 * *
1 2 3 2 3 1 2 2 1 3 3

* * *
1

,k k kS
k

k k

d d d u d d md d u md dkw d a u v d e

dv w d u

µ µ µ
ξ

µ µ

+ + + + + +
= −

+
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( )

3 2
1 2 3 4

*
* *

2 3 2*

,

1

H k k k
k

k k k
fvdv w d d e
w

β µ β µ β µ βξ

µ µ µ

+ + +
= −

  
  + + −
   +  

 

( )( )( )1 1 2 1 3 2 3 ,d d d d d dβ = + + +  

( ) ( )

( )
( )

2 1 1 2 1 3 2 3 1 2 1 2 3

*
*

3 1 1 32*
,

1

e d d d d d d e d d d d

fvu d e d d d
w

β = + + + + +

  
  + + − +
   +  

 

( ) ( )
( )

( ) ( )

* *
* *

3 1 1 2 3 1 1 32 2* *

* 2 * *
2 3 1 2

1 1

,

fv fve e d u d e d u e d d
w w

dew d d a u v d d

β
    
    = + + − + − +
     + +    

+ + + +

 

( ) ( )

( )

2
* *

*2 2 *2 * *
4 2 2* *

* * *

* 2*

1 1

.
1 1

fv fvu e a u v u e
w w

dfv w fve
w w

β
   
   = − + + −
   + +   

 
 + −
 + + 

 

We now discuss the existence and stability of periodic solutions for model (1.3). 
For computational convenience, this paper primarily considers the one-dimen-
sional case of (1.3), namely the model 

 

( ) ( )
( )

( ) ( )

( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

1

2

3

0 0 0

1 , 0, , 0,

, 0, , 0,

, 0, , 0,
1

, , , 0, 0, , 0,

,0 , ,0 , ,0 , 0, ,

t

t

t

u d u u u auv x l t

v d v auv bv dvw x l t

fvww d w wv ew x l t
w

u x t v x t w x t x l t

u x u x v x v x w x w x x l

ξ

′′ = + − − ∈ >


′′= + − − ∈ >
 ′′ ′= − + − ∈ >

+
 ′ ′ ′= = = = >

 = = = =

 (2.1) 

The symbol '  denotes the derivative with respect to x . Combining Theorem 
2.1, we see that the periodic solution of model (2.1) branches off from the positive 
equilibrium point at H

kξ ξ= . When ξ  passes through { }0 max ,S H
k k

k
ξ ξ ξ

+∈
=


, the 

equilibrium point becomes unstable via a Hopf bifurcation. To apply bifurcation 
theory to model (2.1) at H

kξ ξ= , this paper must verify that the real part of the 

characteristic root at H
kξ ξ=  lies on the imaginary axis. When H

kξ ξ=  and 
( ), 0Q kξ > , the linearization matrix of model (1.3) has the following purely im-

aginary roots 

( ) ( ) ( ) ( )1 2,3, , 0, , , ,H H H H H
k k kk P k k i Q kλ ξ ξ λ ξ ξ= − < = ± −  

where 
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( ) ( )

( ) ( )
( )

1 2 3 1

*
2 * * *

1 2 1 3 2 3 2 1 2 3 12*

, ,

, .
1

k

k

P k d d d e

fvQ k d d d d d d e e d u d e d dv w
w

ξ µ

ξ µ ξ

= + + +

  
  = + + + + + + − +    +  

(2.2) 

Thus, model (1.3) may generate a Hopf branch at a positive equilibrium point. 
Below, we explain when ( ), 0H

kQ kξ > . Let M
kξ  be 

the unique root of ( ), 0H
kQ kξ = , whose expression is 

 

( )
( )

*
2 *

1 2 1 3 2 3 2 1 2 3 12*

* *

1
,

k

M
k

fvd d d d d d e e d u d e d
w

dv w

µ

ξ

  
  + + + + + + −
   +  = −  (2.3) 

where 
2

k
k
l

µ π =  
 

, 0,1,2,k =  , Calculations show that the following order re-

lations hold among S
kξ , M

kξ , and H
kξ . 

Lemma 2.1 For k +∀ ∈ , either S M H
k k kξ ξ ξ< <  or H M S

k k kξ ξ ξ< < . Further-
more, if the former holds, then ( ) ( )0H S

k kQ Qξ ξ> > . If the latter holds, then 

( ) ( )0S H
k kQ Qξ ξ> > . 

By Lemma 2.1, the linearization matrix of model (1.3) has a pair of purely im-
aginary roots if and only if S H

k kξ ξ< . This implies that a Hopf branch of model 

(2.1) at ( )*, H
kU ξ  can occur only if S H

k kξ ξ< . Therefore, in the subsequent anal-

ysis of Hopf branches, this paper consistently assumes that S H
k kξ ξ< . 

2.1. Hopf Branch 

This subsection primarily proves the existence of a Hopf branch for model (2.1) 
under the assumption that S H

k kξ ξ< . To apply the branch theorem [25] at the 
point H

kξ , it is necessary to prove that the transversality condition holds. Similar 
to Theorem 3.4 in [26], the existence of non-trivial periodic solutions for model 
(2.1) yields the following result. 

Theorem 2.2 Assume that 0,S H
k k kξ ξ +< < ∈  and , ,H H

i k i k iξ ξ +≠ ∀ ≠ ∈ . 
Then, there exists a normal constant θ  and a unique single-parameter family of 
non-trivial periodic orbits 

( ) ( ) ( ) ( )( ) ( ) ( )3 3, , , , : , , ,k k k kU x t T Cω ξ θ θ ξ + += ∈ − → × ×        

and satisfying ( ) ( ) ( )( ) *

0

20, , , 0 , 0 , , H
k k k kU x t T ξ ξ

ν
 π

=  
 
U  and 

( ) ( ) ( )0 0*, , e e cos .i t i t
k k k

k xU x t V V o
l

ν ν−+ − π
= + + +U    

where ( ) ( )( ), , ,k kU x t ξ   is a non-trivial solution to model (2.1), and  

( ), ,kU x t  is a periodic solution with respect to time t , with period 

( ) ( )0
0

2 , where , ,H
k kT Q kν ξ

ν
π

≈ =  
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and ( )0,kV iν± ±  is a pair of eigenvalues and eigenvectors of the linearization ma-

trix of model (1.3). Furthermore, for all ( )1 2 ,θ θ≠ ∈ −  , we have  

( ) ( )1 2k kω ω≠  , and all non-trivial periodic orbits of model (2.1) in the vicinity 

of ( )*, H
kU ξ  must lie on the orbits ( )kω  , ( ),θ θ∈ − . In other words, in the 

vicinity of ( )kω  , if for some ξ +∈  and a small constant 0δ > , the model  

(2.1) has a non-trivial periodic solution ( )ˆ ,x tU  of period T  such that  

H
kξ ξ δ− < , 02T ν δ− π < , and ( ) *

,
max ,ˆ

t x
x t δ+∈ ∈Ω

− <U U


. Then, there ex-

ist ( )0 ,θ θ∈ −  and some [ )0 0,2σ ∈ π , such that ( ) ( ) ( )( )0 0, , H
k kT Tξ ξ=   , 

( ) ( )0 0
ˆ , , ,kx t x t σ= +U U  . 

Proof The method is inspired by Theorem 6.1 in Reference [26]. By Theorem 
2.1, if S H

k kξ ξ ξ= < , then ( ), 0H
kQ kξ > , in which case the linearization matrix of 

model (1.3) has a pair of purely imaginary roots ( )2,3 i ,H
kQ kλ ξ= ± . Since 

H H
i kξ ξ≠  for any i k≠ , the linearized matrix of (1.3) has no eigenvalues of the 

form 0imν , where { }1m +∈ ± . Furthermore, since H S
k kξ ξ≠  for all k∈ , 0 

is also not an eigenvalue of the linearization matrix of model (1.3) when H
kξ ξ= . 

For ξ  in the vicinity of H
kξ , let the three roots of the linearized matrix of model 

(1.3) be ( )κ ξ , ( )iν ξ± , and ( )β ξ , respectively, such that ( ) 0H
kκ ξ =  and  

( ) 0 0H
kν ξ ν= > . Based on the relationship between the coefficients and roots of 

the characteristic equation of model (1.3), we obtain  

 

( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( )( ) ( )

2 2

2 2

2 ,

2 ,

.

P

Q

R

ξ κ ξ β ξ

ξ κ ξ ν ξ κ ξ β ξ

ξ κ ξ ν ξ β ξ

− = +
 = + +
− = +

 (2.4) 

Here, ( )P ξ  and ( )Q ξ  are as shown in (2.2) above, and ( )R ξ  is given by: 

( )
( )

( )

*
3 * * * 2

1 2 3 2 3 1 2 1 32*

*
* * 2 * * * * *

2 1 32*

1

1

k k

k

fvR d d d u d d e d d dv w d e
w

fvu e d dew d a u v d du v w
w

ξ µ ξ µ

ξ µ

  
  = + + − + +
   +  

  
  + − + + +
   +  

 

Differentiating each term in Equation (2.4) with respect to ξ  yields 
 ( ) ( )2 0,κ ξ β ξ′ ′+ =  (2.5) 

 

( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( )
( )2 2

2
* *

2 2
* * *

1

2
2

kdv w
l

k kdv w d u
l l

κ ξ β ξ ν ξ β ξ
ν ξκ ξ ν ξ κ ξ β ξ ν ξ β ξ
′−  

    ′+ −   
 π   

  =   π π    − +           

 (2.6) 

Given that ( ) 0H
kκ ξ =  and ( ) ( )H H

k kPβ ξ ξ= − , solving Equation (2.6) at  
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H
kξ ξ=  yields 

 ( )
( )

( )
( )

2 2 *
* *

2 3 2*

2 2
0

1
0H

k H
k

k k fvdv w d d e
l l w

P
β ξ

ν ξ

  π π     + + −         +  ′ = − <
+

 (2.7) 

and 

 ( ) ( )1 0.
2

H H
k kκ ξ β ξ′ ′= − >  (2.8) 

This establishes the transverse condition, and the theorem is thus proved. 
From a dynamical perspective, under normal physiological conditions with 

0ξ > , chemotactic factors secreted by infected cells guide CTL to migrate and ac-
cumulate at infection foci, establishing a stable negative feedback regulation be-
tween viral proliferation and immune clearance, and the system maintains a stable 
positive equilibrium. When 0ξ < , repulsive chemotaxis reduces the effective ac-
cumulation of CTL at infection sites and attenuates the negative feedback regula-
tion of viral proliferation by immune clearance, thereby destabilizing the system 
and inducing periodic oscillations. This dynamical feature may correspond to the 
pathological scenario of chronic HTLV-I infection, in which an immunosuppres-
sive microenvironment impairs the directed recruitment of CTLs, resulting in pe-
riodic fluctuations in viral load and immune response levels. 

The subsequent numerical simulations are used to verify that model (2.1) pro-
duces spatially inhomogeneous periodic solutions. 

Example 1 We choose the parameters 4.8986a = ; 0.6333b = ; 
11.3466f = ; 0.9384k = ; 0.6333d = , 1 0.0111d = , 2 0.0527d = , 

3 2.6002d = , we obtain  

( )* 0.4340,0.1155,0.3970U ≈ . Setting 014 13.12ξ ξ= − < ≈ − , the systems posi-
tive equilibrium point becomes unstable. On the one-dimensional interval  

( )0,10Ω = , the spatial domain is discretized using a uniform grid with 100 grid 
points, and the time interval is taken as [ ]0,250t∈  with 1501 output time levels. 
The initial condition is chosen as a small perturbation around the positive equi-
librium *U  with perturbation amplitude 0.02, and the spatial distribution is 
given by the eigenfunction corresponding to the most unstable mode of the line-
arized system. Plotting ( )( ), , ,u v w x t  yields the spatiotemporal pattern shown in 
Figure 1. 

2.2. Stability of Branch-Periodic Solutions 

We now investigate the stability of the periodic solutions ( ), ,kU x t  established 

in Theorem 2.2. Suppose that 
0

maxS H H
k k k

k
ξ ξ ξ

+∈
< =


, and that all conditions in The-

orem 2.2 hold; then the following stability conclusion holds. 
Theorem 2.3 Assuming that all conditions of Theorem 2.2 are satisfied, the fol-

lowing conclusions hold for model (2.1): 
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1) If 
0

maxH H
k k

k
ξ ξ

+∈
<


, then when ( )

0
0 0H

kξ
′′ >  ( ( )

0
0 0H

kξ
′′ < ), the branching di-

rection is supercritical (subcritical), and the periodic solution is stable (unstable). 
 

 
Figure 1. Space-time diagram of system (2.1) in one dimension.  

 
2) For all 0k k≠ , the periodic solution is always unstable. 
Proof Define ( ) ( ) ( ) ( )( ), , , , , , , , , ,k k k kU x t u x t v x t w x t=    , and let  

( ) ( ) ( )( ), , , , H
k k kU x t T ξ    be the periodic solution on the branch ( )kω   ob-

tained from Theorem 2.2. Rewrite model (2.1) in the following abstract form 

( )( )d , ,
d

Hk
k k

U U
t

ξ=    

where 

( )( )
( )

( )

1

2

3

1

, .

1

k k k k k

H k k k k k k
k k

H k k
k k k k k

k

d u u u au v
d v au v bv dv w

U
fv wd w w v ew

w

ξ
ξ

′′ + − − 
 ′′ + − − =
 ′′ − + − + 

   

Applying differentiation with respect to t  to the above abstract system, and 

letting 
d
d

k
k t
=

UU , we obtain 

( )( )d , .
d

k
k k kt
ξ=

U U U


   

It can be observed that 0 is the Floquet index, and 1 is the Floquet multiplier of 

kU . 
Substituting the perturbation solution e t

k
κ−+U w  and linearizing the periodic 

approximation on the branch ( )kω   where w  is a sufficiently small T -peri-
odic function and ( )κ κ=   is a continuously differentiable function of   we 
obtain 

 ( ) ( )( ) ( ) ( ) ( )d ,
, , , ,

d
H

k k
t

t t
t

ξ κ= +U
w

U w w


     (2.9) 

where U  is defined by 
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( )( ) ( ) ( )( ) ( )

( )
( )

, ,

1

2

3 2

, , , , , ,

1 1

H H
k k k k k ku v w

k k

k k

H k k
k k k

k k

D u v w u v w

d u u u au v
d v av u dv w

fw fvd w w v v w v e w
w w

ξ ξ

ξ

=

′′ − − 
 ′′ + − =   ′ ′ ′− + + + − 

  + +  

U U  

 

The given Frchet derivatives with respect to U . By constructing eigenvalues, 
we can determine the stability of the branch solution near the branch point H

kξ . 
When 0= , Equation (2.8) corresponds to an eigenvalue problem, where 

 ( ) ( )0 0k κ= −w w  (2.10) 

( ) ( )

( )

2
* *

1 2

2
* * *

0 2 2

2 2 *
*

32 2 2*

d 0
d

d, .
d

d d0
d d 1

H
k

H
k

d u au
x

k av d dv
x

fvw d e
x x w

ξ

ξ

 
 − −
 
 
 = = −
 
 
 − + −
 + 

U U   

It is immediately apparent that the spectrum of 0  is infinite-dimensional; in 
particular, 0  corresponds to the linearization matrix of the chemotaxis model 
(1.3) at *U : 

 ( )

( )

2
* *

1

2
* *

2

2 2 *
*

3 2*

0

.

0
1

H
k k

H
k

kd u au
l

kav d dv
l

k k fvw d e
l l w

ξ

ξ

 
π  − − −   

 
 π = − −  

  
 

π π    − + −        + 

A  (2.11) 

Suppose that for some 0k +∈ , { } 0
max ,H S H

k k k
k

ξ ξ ξ
+∈

=


. First, we prove that for 

any 0k k≠ , the branch curve ( )kω   in the vicinity of H
kξ  is unstable. In fact, 

let the eigenvalues of ( )H
k kξA  be ( )1 ,H H

k kλ ξ , ( )2 ,H H
k kλ ξ , and ( )3 ,H H

k kλ ξ . 

By Theorem 2.1, if 0ξ ξ< , then ( )H
k kξA  has at least one distinct eigenvalue 

with a positive real part. Therefore, for any positive integer 0k k≠ , ( )0 k  has 

at least one eigenvalue with a positive real part; that is, if 0k k≠ , then ( )0 0κ < . 

By fundamental perturbation theory for eigenvalues, if 0k k≠ , then for suffi-
ciently small  , we have ( ) 0κ < . Therefore, when 0k k≠ , all branch curves 

( )kω   in the vicinity of *U  are unstable. This means that for a periodic solu-

tion to be stable, it necessarily lies on the 0k -th branch, where H
kξ  attains its 

minimum for all +  (i.e., it is the leftmost branch), and all branches to its right 
are always unstable. 

Further discussion follows regarding the stability of the branch ( )
0kω   in the 
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vicinity of ( )0

*, H
kξU . According to [27], Lemma 2.10, the eigenvalue ( )κ   is a 

continuous real-valued function of   in the vicinity of the origin. For   in 
the vicinity of 

0

H
kξ , the eigenvalues corresponding to matrix (2.11) are  

( ) ( ) ( )1 , , i ,k k kλ ξ κ ξ ν ξ= ± . From [27], Theorem 2.13, it follows that ( )κ−    
and ( )

0

H
kξ

′   have the same zeros in a small neighborhood of 0= , ( )κ   and 

( ) ( )
0 0

H H
k kκ ξ ξ ′′   have the same sign if ( ) ( )

0 0
0H H

k kκ ξ ξ ′′ ≠  , ( ) 0κ ≠ , and  

( ) ( ) ( ) ( )
0 0 0

H H H
k k kκ κ ξ ξ ξ′ ′′− + ≤    . From [27], we know that if ( ) 0κ > , the pe-

riodic solution is stable; if ( ) 0κ < , the periodic solution is unstable. Further-
more, since it has already been proven in Theorem 2.2 that ( )0

0H
kκ ξ′ > , ( )κ   

and ( )
0

H
kξ

′   have the same sign. Therefore, we need to perform a perturbation 

analysis in the neighborhood of the critical value 
0

H
kξ

′ , expanding ( )H
kξ   and the 

periodic solution ( ), ,x tU   into Taylor series in   and substituting them into 
model (2.1). Combining this with [28], it can be shown through calculation that 

( )
0 0

0H H
k kξ ξ=  and ( )

0
0 0H

kξ
′ = . Therefore, the branching direction and stability of 

the branching periodic solution are determined by the sign of ( )
0

0H
kξ

′′ . If 

( )
0

0 0H
kξ

′′ > , the branch direction is supercritical and the periodic solution is stable; 

if ( )
0

0 0H
kξ

′′ < , the branch direction is subcritical and the periodic solution is un-

stable. 
Note It bears mentioning that ( )

0
0H

kξ
′′  can be computed using the canonical 

form and the central manifold theorem in reference [28]. While straightforward, 
this calculation is rather tedious; therefore, the specific computational process is 
omitted here. 

The scenario described by Theorem (2.3(1)) is illustrated in Figure 2 using a 
simple diagram. 
 

 
Figure 2. Branching diagram for theorem 2.3. 

 
In the illustration, the solid red line indicates that the branch curve is stable, 

while the dashed blue line indicates that the branch curve is unstable. 

3. Conclusions 
This manuscript investigates the Hopf bifurcation problem in a reaction-diffusion 
model of HTLV-I infection that incorporates CTL immune responses and chem-
otactic effects, and systematically analyzes the existence of Hopf bifurcations at 
positive equilibrium points as well as the stability of bifurcation periodic solutions. 
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Mathematically, this paper derives the critical conditions for the occurrence of 
a Hopf bifurcation, proves the existence of periodic solutions near the bifurcation 
point, and determines the bifurcation direction and stability of the periodic solu-
tions: if ( )

0
0 0H

kξ
′′ > , the bifurcation direction is supercritical, the periodic solu-

tions are stable; if ( )
0

0 0H
kξ

′′ < , the bifurcation direction is subcritical, the periodic 
solutions are unstable. 

From a biological perspective, this result implies that the system undergoes a 
transition from a stable equilibrium to sustained periodic oscillations as the CTL 
chemotaxis intensity varies. 
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