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Abstract

We formulate a reduced kinetic stability model for the dark-matter cosmic web
in a deliberately restricted finite-time sense. The object is the tangent defor-
mation of prescribed Vlasov characteristics, not spectral or nonlinear stability
of a self-consistent Vlasov-Poisson solution. Six-dimensional geodesic-devia-
tion and phase-space-distortion integration is already established; the present
addition is a morphology-labeled reporting protocol for an available tangent
propagator. A Gaussian-smoothed T-web supplies void, wall, filament, and
node labels, while the complete effective Hessian determines the local dy-
namics. For a frozen conservative physical-coordinate cell, Hessian inertia
and quadratic first integrals identify hyperbolic, neutral, and elliptic sectors;
comoving behaviour is determined by the full Hubble-containing generator.
Finite-time amplification is measured by the standard largest singular-
value/FTLE quantity in one fixed full-state metric and on maximal contigu-
ous morphology intervals after exact substep composition. The smoothing
length controls the reconstructed Hessian and labels, but its common scalar
factor cancels from the induced gain; the position-velocity weighting is set
by a declared time scale. The propagator bound is label-blind, so morphol-
ogy sums are residence-time-labeled bookkeeping rather than causal envi-
ronmental contributions. Homogeneous expansion is removed with an in-
teraction-picture propagator. Common-anchor factors telescope globally,
but their norms depend on the anchor; local two-point factors and a trans-
ported-metric interpretation are therefore distinguished. A fully three-di-
mensional benchmark tests changing eigenframes, classifier-Hessian misa-
lignment, a near-neutral gap, partitioning, anchor dependence, metric choice,
and classification tolerances. At a fixed matter Hessian, the cosmological
constant gives the usual local downward curvature shift. The paper provides
a formal construction and validation protocol, not an empirically validated
cosmic-web diagnostic.
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1. Introduction

The cosmic web is organized into voids, walls, filaments, and nodes. This mor-
phology is visible in galaxy surveys and simulations, but it also records infor-
mation about the density and tidal fields. Collisionless dark matter is described
kinetically by the Vlasov equation coupled to Poisson’s equation [1]-[4]. Once
multistreaming develops, phase-space methods and direct Vlasov approaches re-
tain information that is not contained in a single pressureless-fluid velocity field
(5]-[7].

The tangent dynamics used below are not new in themselves. Geodesic-devia-
tion equations and the full six-dimensional phase-space distortion tensor have al-
ready been integrated together with dark-matter particle trajectories to resolve
fine-grained streams and caustics [8]-[10]. Complementary phase-space-sheet and
tessellation methods reconstruct multistream density, caustics, and collisionless-
fluid structure [11] [12]. The present paper does not claim to introduce tangent-
space integration, caustic tracking, or the generic submultiplicativity of propaga-
tor norms.

The induced singular-value gain used below is also standard. For a fixed posi-
tive-definite metric W , a propagator U (t,,t;) and At=t,—t, >0, define the

metric Cauchy-Green tensor
Gy = (WU 2)" (Whauw 7).

Then, ||U "w = \/2nx (Cw) and At'log ||U |LN is the largest finite-time singu-

lar-value exponent, ie, the metric version of the standard finite-time Lyapunov
exponent associated with Cauchy-Green strain [13]-[15]. No novelty is claimed
for this base measure; the new element is how it is normalized, segmented, back-
ground-referenced, and reported with morphology labels.

A broad range of web classifiers has been constructed from density, tidal, and
velocity-shear tensors, topology, and caustics [16]-[20]. Void and filament cata-
logs show distinct environment-conditioned density and velocity statistics [21]
[22]. Current survey releases provide observational context [23] [24], while cos-
mological simulations provide the matter field and characteristic trajectories on
which a tangent calculation can be performed [25]-[27].

The narrower contribution of this work is a reporting and interpretation layer
for such tangent propagators. It combines: 1) a declared T-web morphology; 2)
the full local effective Hessian rather than density alone; 3) exact local invariant
information in frozen physical cells; 4) one fixed phase-space metric with a de-

clared position-velocity time scale; 5) maximal contiguous reporting intervals, dis-
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tinct from numerical integration substeps; and 6) an interaction-picture propaga-
tor that removes homogeneous Hubble evolution. The resulting interval gains can
be grouped by morphology, but the labels do not enter the proof of the norm
bound. Therefore, the grouping is not, by itself, evidence that morphology pre-
dicts amplification. A predictive cosmic-web diagnostic would require simulation
trajectories, finite-difference verification, conditional gain statistics, shuftled-label
controls, and an independent validation sample. Those empirical steps are speci-
fied but not performed here.

The title uses the term kinetic stability in an explicitly reduced and operational
sense. A Vlasov distribution is transported by a phase-space characteristic flow,
and the derivative of that flow controls deformation of phase-space elements, sen-
sitivity to initial conditions, and amplification of phase-space gradients. Here,
“stability” is an umbrella term for invariant stable, unstable, and neutral splitting,
Lyapunov boundedness on elliptic subspaces, modal exponential separation on
hyperbolic subspaces, and finite-time gain in a declared norm. It is not spectral,
nonlinear, or energy-Casimir stability of a self-consistent Vlasov-Poisson equilib-
rium. The missing self-consistent 5f - 5@ feedback is displayed explicitly in
Section 2.

Physical separations include the background scale factor, whereas comoving
separations measure deformation relative to the Hubble flow. In pure de Sitter
space, a physical separation grows exponentially, although the comoving separa-
tion is bounded. Raw physical or comoving full-state gains, therefore, contain back-
ground effects. The paper separates two objects: the complete propagator, which
describes the declared coordinates, and a background-normalized interaction
propagator, which isolates the effect of the peculiar Hessian relative to the same
a(t) and H(t). Common-anchor interaction factors telescope exactly over a
full itinerary, but their norms also contain the background transport from the de-
clared anchor t; to the segment start. They are therefore distinguished below
from anchor-free local two-point relative factors.

Local invariant information and finite-time gain must also be separated. For a
frozen conservative cell in physical coordinates, the inertia of the symmetric Hes-
sian counts hyperbolic, neutral, and elliptic configuration directions. Exact wall-
normal or filament-transverse energies exist only when those morphological sub-
spaces are invariant under the complete Hessian. These structural statements do
not imply a monotonic decrease of one fixed full-state norm. Global propagation
must therefore retain the complete phase-space propagator.

The paper proceeds as follows. Section 2 states the prescribed-field kinetic scope,
the physical/comoving relation, the normalization convention, the T-web assign-
ment, and the frozen-cell error control. Section 3 records exact frozen dynamics
and local invariants. Section 4 defines maximal morphology intervals, full and
background-normalized propagator gains, and the associated finite-time bounds.
Section 5 gives a fully three-dimensional controlled benchmark together with par-

tition and sensitivity studies. Sections 6 and 7 discuss the restricted A sensitivity,
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the required simulation validation, and the limitations. The conclusions state only
the formal results established in the paper.

The cosmological-constant discussion is correspondingly local. At fixed matter
Hessian, A gives an isotropic downward shift of the physical curvature spectrum.
Background-consistent peculiar evolution must instead be obtained from the comov-

ing propagator and cannot be inferred from that local shift alone [28]-[31].

2.Scope of Reduced Kinetic Stability and Local Equations

2.1. Characteristic Transport and the Meaning of Reduced Kinetic
Stability
In physical coordinates, the collisionless distribution function satisfies

0 f+v-V f-V¥.V =0, (1)
where

2
‘I/(x,t)zd)(x,t)—ATC x|2, A @ =4nGp, p:mJ'fdav. (2)

Let Z=(X,V) andlet F,, denote the phase-space characteristic flow gen-
erated by a sufficiently regular background field ¥ :

X =V, V=-V¥,(Xt), Z(t)=F, Z(t). ®3)
The Vlasov density is constant along characteristics,
F(FiZort)= T (20,8y). (4)
Equivalently,
V. f(2t)=DZF, (2)' V. f (A 2t). (5)

so deformation of the tangent map controls phase-space gradient amplification
and filamentation. Thus, DJ,  is part of the kinetic transport itself. For a spatial

deviation & and velocity deviation v =¢,

%[fj:[—Kp:;(t) clnj@ Koy (1) = Do (X (1).1), (©)

whose configuration block is
‘/:E = _Kphys (t)‘f (7)

Definition 1 (Reduced kinetic stability). On a finite interval, reduced kinetic
stability means the invariant splitting, Lyapunov boundedness, exponential sepa-
ration, and norm- dependent finite- time gain properties of the tangent map DF;,
associated with the Vlasov characteristic transport in a prescribed background.
The term includes stable, unstable, and neutral local sectors in the standard dy-
namical-systems sense [32]. It does not mean spectral, nonlinear, or energy- Cas-
Imir stability of the self-consistent distribution function.

For comparison, the self-consistent linearization about f, contains

00f+v-Vof-V¥,.V,6f=Vsd-V T, (8)
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A,S5® =4nGm| 5 f dv. )

The characteristic variation then contains the additional force -V¢ CD(XO,t) .
Equations (8) and (9) describe collective feedback, Jeans-type modes, and phase
mixing. They are not solved in the present model. The adjective “kinetic” there-
fore identifies the phase-space Vlasov transport from which the characteristic map
is obtained, while the qualifier “reduced” records the omission of self-consistent

perturbation feedback.

2.2. Physical and Comoving Separations

Write x=a(t)r, with comoving position r and H =a/a. In the usual pecu-
liar-potential formulation, a reference trajectory and a neighboring comoving sep-

aration 77 obey

i+ 2Hr =—i2v,¢, (10)
a
. . 1
77+2H77:_erc(t)77' erc(t):¥D|'2¢1 (11)
where
A p=4nGa*(p-p). (12)

The physical separation is & = ar . Direct differentiation gives
a

E =Kol Ko = Koge -~ l. (13)
For pressureless matter plus A,
.. — 2
i tm%p A (14)
a 3 3
)
4nGp . Ac?
Kphys = erc+ 3 | —TI (15)

Using Equation (12) gives trK  =4nGp—Ac?, as in the total physical-po-

phys
tential formulation.

The coordinate interpretation is exposed by a de Sitter check. If =0, a=e™
and H?= ACZ/S , then

n(t)=C,+Cpe?" (16)

remains bounded, whereas

E(t)=Ce™+Cre ™, K, =—H?L (17)

phys

Thus the physical exponent H is background expansion, not a cosmic-web
instability. The representation used for a finite-time estimate must be fixed in ad-
vance. Comoving variables are appropriate for peculiar deformation relative to
the Hubble flow; physical variables measure actual physical separation over a

stated finite interval. Asymptotic Lyapunov exponents need not be invariant un-
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der the unbounded transformation &£ =arn.

2.3. Fixed State Scaling and Phase-Space Metric

A numerical propagator norm is meaningless until configuration and velocity
components have been placed on one declared physical scale. For a cosmological

analysis window starting at t,, the primary convention of this paper is

Eiom = Rsl Eghys :a(tO)RS’ L= H (tg)

-1

(18)

The dimensionless full states are

com phys
zwm{"./g* J zphys{é./g* J (19)

T /1" &[0

The default reporting metric is the Euclidean norm of these dimensionless

states, Z.e, W, = . In dimensional variables Y = (q, q)T , the same convention is

I 0
VI, = |q| |,w*=f;2(0 m]' (20)

The common factor £,” is a unit conversion rather than an independent reg-

*

ulator of induced gain. For every ¢>0,

UY Uy
oL, =l e 0Vl

Mo ML

Consequently, changing ¢, alone does not change an operator gain or a nor-
malized selected-state ratio. The smoothing length R, remains physically im-
portant because it determines the smoothed classifier tensor and Hessian, and
hence the dynamics and morphology intervals. The relative weighting of the po-
sition and velocity blocks in the full-state metric is set by z, (and by any addi-
tional nonscalar choice of W ).

The scales and metric are fixed for the complete itinerary; they are not reset at
a web transition. Cross-redshift or cross-cosmology comparisons must report R,
as a dynamical/smoothing input and must report t;, 7z, and W as the phase-
space metric convention. A sensitivity analysis in 7, is mandatory whenever an
alternative dynamical time is used. In a dimensionless algebraic benchmark with

H =0, 7, =1 issimply part of the stated test units and carries no claim of cross-

redshift comparability.

2.4. Newtonian Domain and Boundary Convention

The local Newtonian description requires, in addition to sub-horizon scale,

H 1, @ <1, |upe°
c c c

<], (21)

where L is the analysed scale and U, =ar . For a frozen background over one

cell, one also requires

HAt,, <1, |H|At «1. (22)

cell
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The peculiar Poisson equation is understood with the boundary convention of
the simulation or reconstruction, typically a periodic box or a local patch with
prescribed boundary data. The formally divergent potential of an infinite homo-
geneous Newtonian medium is not used. The physical Hessian is assembled from
the background-subtracted peculiar Hessian and the Friedmann background as in

Equation (15); this also prevents double counting of the A contribution.

2.5. Trace-Tidal Decomposition and Morphology Assignment

At a physical point, the matter Hessian can be decomposed as
D2, =4”—§p°| +&, tré, =0, (23)

SO

_ 4nGp, - Ac?

Kphys 3

I +&,. (24)

Density fixes only the trace. Individual principal-curvature signs depend on the
traceless tidal field and on the boundary data. A density-only isotropic formula is
therefore conditional on & =0.

Morphology is assigned independently of the subsequent stability calculation.
Smooth the comoving density contrast with a Gaussian kernel,

)

5R(r):JWRS(r—r')é(r’)d3r', WRs(r):—s/z, (25)
(27R?)
using the fiducial scale
R, = 2h™ Mpc. (26)
Define
A,@p =0, To =D?py. (27)

Let 7, >7,>7, betheeigenvaluesof T.With threshold 7, =0, the number
N, =#{i:z, >0} (28)

assigns void, wall, filament and node for N, =0,1,2,3, respectively [17] [18]. The
positive eigenvector is the wall normal; the two positive eigenvectors span the fil-
ament transverse plane. Numerical classification also requires a declared eigen-

value tolerance. Define the classifier margin
Qs (1) = Min|z; (t) = . (29)

<0,

class 2

If dclass

Such transition intervals remain in the propagator composition but are not used

the label is flagged as unresolved rather than silently assigned.

as evidence for a morphology-specific effect.

For consistent smoothing,

K® = 4rGpT,, (30)

pec

and the physical effective curvatures are
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Ac?

3

K =475G/_)(ri +%j— (31)

The morphology label retains only the count in Equation (28); it does not de-
termine the values or signs in Equation (31). All local growth or confinement

statements, therefore, use the complete Hessian.

2.6. Frozen Cells, Rotating Eigenframes, and an Error Bound

Choose one representation o € {phys, com} for the entire itinerary. With a fixed

time scale 7, >0, define

g/
Zohys :[

- é/gnhwj’ Zonys = Lonys (t) Zohys»

0 1 (32)
T*
Lphys (t)_( T*Kphys( ) 0 J
[ u ”:m] on = Lo (8)Zom,
i )

ol
Lo (1) = { : ]
T, pec (t) —2H (t)l
Let U (t,to) be the exact propagator of 7= L(t)z.Inacell [to,t0 + A] , freeze

L, =L(t,) anduse Uy(A)=e"".For any submultiplicative matrix norm, set

M= sup |L(s)|, &= sup [L(s)-Ly|- (34)

to<s<ty+A to<s<ty+A
Variation of constants gives the explicit estimate

||U (t +A,to)—eL°A|| < eAexp[max{M ||L0||}A] (35)

Thus, the frozen-cell approximation is controlled directly by the variation of
the full first-order generator, not merely by instantaneous eigenvalue ratios.
If E(t) isthe orthogonal matrix of eigenvectors of K(t),

D:ETKE:diag(/ci) and Q=E'E,then £=Eq gives
q+ZQq+[D+Q+Qz]q:O. (36)

The terms 2Qq, Qq and Q?q show why slow principal-frame rotation, its
derivative, and spectral gaps must be checked. Quantities such as |1< | / |/< |3/2 and
||Q|| / \/7, are useful diagnostics, but without an error estimate such as Equation
(35), they are not sufficient theorems. Near eigenvalue crossings, the invariant
subspace, rather than an individual eigenvector, must be propagated. More quanti-
tatively, suppose a spectral cluster of K (to) is separated from the complementary
spectrum by a gap &, >0 and "K (t)—K(t, )"2 <&, /2. A Davis-Kahan pro-

jector estimate gives

p(L)], < 2K (t)-K(t)], | -

[P(t)
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for the corresponding invariant-subspace projectors [33]. This supplies a basis-

independent localization check in addition to the full propagator error bound.

2.7. Basis-Independent Local Signatures and Exact Invariants

The stability information carried by a frozen symmetric Hessian is not tied to a
particular eigenvector convention. Let P, P, and P, be the spectral projec-

tors of K onto its negative, zero, and positive spectral subspaces, and define

J(K)=(n_,ny,n,), n, =rankP,. (38)

Thetriple J(K) is the inertia of the quadratic formand n_ is its Morse index.
It is invariant under orthogonal frame changes and, more generally, under
nonsingular congruences by Sylvester’s law of inertia [34]. In numerical work, the
zero subspace is replaced by a declared tolerance |Ki| < K, - The T-web count N,
and the effective-Hessian inertia J(K) are intentionally kept separate: the former
is a morphology label, while the latter is the local stability signature. This inertia
classification refers specifically to the frozen conservative physical-coordinate equa-
tion §=-K, 0. In the comoving representation, the Hubble block in L,
changes the spectral type; consequently, comoving stability is classified by the full
first-order generator or its finite-time propagator, not by the sign of K., alone.

For the conservative physical frozen cell, write q=¢, p= § and ¢, =P,
p, =P,p. On the negative subspace set K_:= K|Ran b < 0 and M= (—Ki )]/2 .

The hyperbolic modal vectors
a=p +Mg,a =p -Mq (39)

obey
a,=Ma, a =-Ma.. (40)

Their bilinear product
| =ala =p'p.+9'Kq (41)

is an exact, generally indefinite invariant. On the positive subspace,
K, =K >0 and

+ Ran P,
l,=p/p, +q/K,q. (42)

is exact and positive definite. On the neutral subspace, p, is constant and q,

may drift linearly. These quantities combine into the frozen-cell Hamiltonian

1+ 1., dH,
p)== 2q"Kg, % —0, 43
H, (a,p) S PP aTKa (43)

Table 1 lists the morphology-local specializations. The curvature condition, ra-
ther than the morphology label alone, is decisive.
There is also a structural invariant that survives arbitrary time dependence of a

symmetric physical Hessian. For the unscaled canonical state Y =(q, p)T , set

N IO R
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Because A'J+JA=0, the physical tangent propagator satisfies
Uy (tt) U, (tt,) =3, detU, (tt,)=1. (45)

Thus, the symplectic form and phase volume are exact invariants even when
the cell energy is not conserved [35] [36].
The comoving equation has an analogous canonical statement. For any two so-

lutions 1,,n7, of Equation (11),
W (t)=a(t) [ ml, —niin, | (46)

is constant. Equivalently, with canonical momentum 7 =a%j,

R
dt\~ —a'Ke 0 N\7

which is symplectic. The contraction of phase volume in the noncanonical varia-
bles (77, 77) , therefore, reflects the time-dependent coordinate scaling, not the de-
struction of the canonical invariant.

The quadratic energy is only a local invariant when K is frozen. For a

smoothly varying physical Hessian,

d 1+,
ot T :EqTK(t)q. (48)

At an idealized cell boundary t;, where q and p are continuous but the

frozen Hessian changes from K; to K,

e, (8) e, (5) :%q(ti)T(Km_ K;)a(t;). (49)

This exact interface identity prevents local wall, filament, or void invariants

from being misused as a single global conserved energy.

Table 1. Exact invariants for a frozen conservative cell in the physical-coordinate representation. Each row applies to an invarjant
spectral subspace of the full K . ; comoving cells must be classified by L, or its propagator.

Curvature and Invariance

Localized Sector . Exact Invariant Stability Information
Condition
Void-Like Hyperbolic Spectral channel, s 2.2 Stable/unstable phase-space
2 Iv:p _luq :a'+a'f Py .
Channel K=—u’<0 splitting; no boundedness claim
Wall Normal Kn=x,n, x,>0 I, =P +x,07 Bounded normal coordinate
Filament Transverse Plane =R >0, l,=p/p, +q K Bounded transverse
v [P..K]=0 = PP ARG displacement
Bounded full configurati
Positive-Definite Node Cell K>0 I,=p p+q'Kqg oupded . c?n grration
deviation
Neutral Channel Spectral channel, ¥ =0 p, =const Possible linear drift of ¢,

3. Exact Dynamics in a Frozen Cell

3.1. Hyperbolic Scalar Mode and Its Modal Exponent

For a scalar principal curvature & =—u” <0, the frozen physical separation mode
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satisfies
G4=4'q, p=0 (50)
The Chetaev function C (q, p) =qp has
C=p?+4%q*>0 (51)
in the forward-invariant cone >0, p> 0, establishing instability of the origin
[37]. The phase-space modal coordinates
a, =p+ud, a=p-uq (52)
obey
a, =pa,, a =-pua.. (53)

Therefore, u=+/—K isthe exact exponent of the growing phase-space mode
a,, or of data restricted to p = (. In addition,

|, =a,a =p*-u’q’ (54)

is conserved. In the scalar case, its zero level contains the stable and unstable sep-
aratrices P =Fu(, while nonzero levels are hyperbola.
It is not a universal pointwise upper bound for the coordinate projection |q|
For q(O) =0, p(O)zl,
_sinh(ut) d

q(t) — alog|q(t)| = ucoth (ut) > p. (55)

Arbitrary projections must therefore be treated by the propagator of the full
state.

In the isotropic physical void approximation &, =0, Equation (24) gives

12
AC® —4nGp,
Hohys = [ij . Ac?> 4nGp,. (56)

This is a physical-separation modal exponent. It includes the background term

and is not, by itself, a peculiar growth rate.

3.2. Positive Curvature Gives Confinement, Not a Common Decay
Rate

For kx=w’>0,
4+w’q=0, E:%p2+%a)2q2, E =0. (57)

Hence |q(t)| <\J2E (0)/6() This is Lyapunov confinement [35] [36] [38]. It is
not a monotonic contraction of a fixed Euclidean scaling. For
A =" +rlp, (58)

we have

%AZ =20p(1-7/0’). (59)

Unless 7,0 =1 for that particular cell, the sign can be positive or negative. A

DOI: 10.4236/jamp.2026.148150

3073 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.148150

N. N. Fimin

scaling matched to one frequency is not generally matched to the next wall or
filament cell.

For the unscaled state (q, p)T , the exact scalar cell propagator is
[ cos(wA) o 'sin(wA)

2
, = 0,
—wsin(wA)  cos(wA) } K=o =

= (60)
L cosh(uA)  u'sinh(uA)

2
, =— 0.
usinh(uA)  cosh(uA) ] KETS

These matrices retain the phase information that a signed scalar “growth minus

stabilization” budget discards.

3.3. Wall, Filament, and Node Cells

For a constant symmetric 3 x 3 Hessian, an orthogonal transformation reduces
the frozen physical problem to three scalar blocks of the form (60). Exact locali-
zation requires an invariant subspace of the complete Hessian, not merely positive
directed curvature. If n isafixed T-web wall normal, g, = nq, P, = n"p and
x, =n"Kn>0, then

d

E( P +x,02 ) =—2p,n"K (1 =nn")q.

Hence, the wall-normal energy is exact for all states if and only if Kn||n. For

a filament transverse projector P, , the absence of coupling to the axial comple-

ment requires

P.K(1-P,)=0, equivalently [P ,K]=0.

When the classifier tensor and K are constructed with the same smoothing
and background convention in Equations (30) and (31), this alignment is auto-
matic because K is an affine combination of T, and the identity. If morphol-
ogy and the stability Hessian are reconstructed independently, the commutator
must be checked, and the exact invariants must be formulated with the spectral
projectors of K . Under this condition, positive wall-normal or filament-trans-
verse curvatures bound the associated configuration coordinates, while the re-
maining directions may be neutral or hyperbolic. Node intervals are ordinary dy-

namical intervals and cannot be deleted from an itinerary.

4. Finite-Time Propagators and Morphology-Labeled
Reporting

4.1. Maximal Contiguous Report Intervals

All primary gains are computed in the fixed dimensionless state of Equations (18)
- (20). The default metric is W, = I ; the formulas below allow a different fixed

W =W' >0 onlyto make metric sensitivity explicit:
l2f,, =(z'wz)”, Ju],, =[w*ow 2] . (61)

For an interval of duration At >0, the associated metric Cauchy-Green tensor
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and the largest finite-time Lyapunov exponent are

Cy (U)=W¥U wuw?,
1 1
or (UsW) =Elog Je| G (V)] =Elog||u I, -

This singular-value construction is standard [13]-[15]. The claimed contribu-
tion is not a new FTLE or Cauchy-Green measure, but the fixed-metric, maximal-
interval, and background-referenced reporting protocol developed below.

Let m(t) be the T-web label after applying the declared threshold and classi-
fier tolerance. A report interval |, = [sk : SM] is a maximal connected interval on
which m(t) is constant and resolved. Ambiguous transition intervals are assigned

the auxiliary label U and are retained in the propagation. Thus
m,e M={v,w, f,n,u}. (62)

The numerical integrator may use an arbitrarily fine mesh
S =t <+ <t m, =S¢ - Its substep propagators are first composed,

Uy U( kM b 1) U (tk,l'tk,O)' G (W):"Uk"w' (63)

Only the norm of the composed propagator over the full maximal interval is
reported as an interval gain. Integration substeps are not counted as separate mor-
phology contributions.

Proposition 1 (Finite-time report bound). For either the physical system (32)
or the comoving system (33), provided one representation and one fixed matrix
W are used throughout,

Oy, <o
o, <V =Tl “

Proof. State continuity gives z(T)=U,_,---U,z(0). The first inequality is the
definition of the induced norm; the second is submultiplicativity. g
The proof contains no T-web property and would remain true after arbitrary
relabeling. This label-blindness is important. For a fixed classifier and the maxi-

mal-interval rule, one may define the reproducible bookkeeping sums
reW)= 3 logG™ W), aeM, (65)

k:my =a

but they are residence-time-labeled log-bound components, not invariant or
causal effects of the environments. Scientific meaning requires an external
demonstration that the conditional gain distributions differ from shuffled-label

controls.

4.2. Partition Dependence and the Reporting Convention

For one fixed report interval | =[s;,s,],let U, =U(s,,s,). If the same interval
is represented by m exact substeps, then

U, =U,-U;, G =|U],. B, :11||u[||w, G, <B,. (66)
(=
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The exact composed gain G, is independent of the bookkeeping partition,
apart from numerical integration error. The upper product B, is not: refine-

ment can increase it systematically. Therefore, B, is an integration error-con-

m
trol bound only; it is never inserted into Equation (65). A convergence report must
show separately that the composed propagator U, converges as the integration

mesh is refined and how the auxiliary product B, behaves.

4.3. Background-Normalized Peculiar Propagator

Raw comoving propagation includes the common Hubble block and can have an
induced norm larger than one even when the peculiar Hessian vanishes. To sepa-

rate this background exactly, write

Loom () = Log (1) +AL(1),
0o U 0 0 (67)
ng(t):{o —2H(t)IJ' AL(t):[—r*erc(t) oj'

Let U, (t,ty) and U(tt)) be the background and full comoving propaga-

tors, respectively, with the same a(t) and H (t). Define the interaction-picture

propagator
R(tt)=Uy, (t1,) U (L1). (68)

It obeys
R=B(t)R, B(t)=U,, (t.t) AL(t)U4 (t.t), Rt t)=1. (69)

This is an exact change of variables and retains all noncommutativity between
the background and peculiar generators.

For each maximal report interval |, = [Sk,skﬂ] , two exact background-nor-
malized operators are useful. With one common anchor t;, define the globally

composable factor; with only the interval endpoints, define the local two-point

"
R, =Upg (Ser, S )_lu (S Se)» G, (W)= “ﬁk “w '

Let B, =U, (S,.t). Exact propagator composition gives the similarity iden-

factor:

RE=R(s0b)R(s0t),  GF(W)=|rR®

(70)

tity
R® =B.'RB,.

Thus, R and Iik have the same eigenvalues, but their induced norms in
one fixed metric generally differ because B, is not orthogonal. In particular,
Gy (W) depends on the common anchor t, (equivalently, on the reported

start redshift and preceding background transport) and is not a purely local prop-

ertyof 1.
The dependence can be written exactly as a transported-metric identity. With
W, =B,'WB,",
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one has

a2 (w)=|R,

The anchor-free quantity ék (W) instead uses the same fixed metric at the
two endpoints of the segment. It is suitable for local interval comparisons, but the
factors FAik do not telescope as a simple product without the omitted background
conjugations.

The common-anchor factors do telescope:

R(T,t,)=R%,--R%,
[R(T.t0) voll,

e . “(
R T t <1 |G
LR i1

When K. =0, both R® and R, are the identity, even though "Ubg "w
may exceed one because coordinate and velocity components shear in the chosen

(71)

full-state norm. Background normalization, therefore, removes the homogeneous
dynamics, but it does not make a common-anchor interval norm intrinsic or a
morphology label causal. Every report must state t, ; local morphology compari-
sons should also report ék (W) or, equivalently, the transported metric W,

used to interpret Gg* (W).

4.4. Structural Restrictions on Full-State Operator Gains

For the conservative physical system, Equation (45) shows that the canonical
propagator is symplectic. Liouville’s formula gives detU, =1, and the singular

values of W¥?UW ™2 have product one. Hence

G (W ) >1 (72)

for every fixed positive-definite full-state metric. A conservative physical interval
cannot be a strict operator contraction in all phase-space directions, although a
particular state or coordinate projection can decrease. For noncanonical comov-

ing variables,
detU,, (tz,ti)zexp[—esfz H (t)dt] (73)

The weighted Wronskian and the canonical system (47) show that this deter-

minant reflects the time-dependent momentum scaling.

4.5. Differential Matrix-Measure Bound

For a continuously varying generator, define the logarithmic norm in the fixed

metric W by
s (L) :%;Lmax (W2 (L wi w2 . (74)
Then
d 2Dl _
—log|jz(t)]| < L(t)), logi—=at < L(t))dt. (75)
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The same formula applies to the interaction generator B(t) for background-
normalized evolution. The logarithmic norm is a standard metric-dependent tool
for differential error and growth bounds [34] [39] [40]. Its integral is independent
of a numerical output partition, although it may be looser than the norm of the

exact composed propagator.

4.6. Lower-Rank Observables

Let PeR“® be a fixed observation matrix and A, (t)= " Pz (t)"2 If P hasa
nontrivial kernel, A, (T) / A, (0) need not be finite because an initially unob-

served component can rotate into the observed subspace. The generally valid es-
timate is

A (T)< ||Pu (T,0)W *J/2||2 |z(0)],, - (76)

For a fixed propagator U , a uniform finite ratio relative to A, (0) requires
kerP c ker(PU) . Sufficient interval-wise alternatives are invariance of KkerP,
restriction of initial data to an invariant subspace S on which P|S is injective,
or an explicit observability inequality. The same statements hold with U re-

placed by the background-normalized propagator R.

4.7. When a Genuine Attenuation Closure Is Added

A reduced non-Hamiltonian closure can produce a negative operator log-gain
only after it is specified for the same state and metric. If a common W >0 satis-

fies

Li W +WL, <—2aW, a >0, (77)

red

throughout an interval, then
"U red (tZ ! t1)"\/\/ < eia(trtl)' (78)

If different intervals use different Lyapunov matrices, transition factors be-
tween the metrics must be included. The principal results of this paper do not

assume phenomenological wall or filament attenuation.

5. Controlled Three-Dimensional Benchmark and Protocol
Sensitivities

The purpose of this section is algebraic verification, not cosmological validation.

All matrices, time intervals, initial conditions, and evaluation rules are stated ex-

plicitly in the manuscript. Unlike a simultaneous-diagonal toy route, the bench-

mark uses changing eigenframes, nonzero components in all six state directions,

a classifier independent of the dynamical Hessian, strong morphology-Hessian

misalignment, and a near-neutral spectral pair.

5.1. Definition of the Route

Use dimensionless comoving variables with 7, =1, W =1; and constant
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H =0.12. For angles in degrees, define
Q(a. A7) =R, (7)R, (B)R (), 79)
where R,,R,,R, are the standard right-handed Cartesian rotations. On report
interval | i let
T 0 I
Ki=QDiQj. Lj=| _

K, -2HI

], U, =e" (80)
The dynamical data are listed in Table 2.

Table 2. Dynamical Hessians for the three-dimensional benchmark. The angles specify

Q; ZQ(Olj,ﬂj,}/j) in degrees.

Label At diag D, (a;.8;.7;)
Void 0.30 (-0.80,-0.22,0.15) (10,-15,20)
Wall 0.22 (0.90,-0.16,-0.04) (35,10,-25)
Filament 0.26 (0.55,0.012,-0.008) (-20,40,15)
Node 0.20 (0.65,0.25,0.06) (50,-30,5)

The classifier tensors are constructed independently:
T,=8,C;S], 8,=Q(&,.5,,7,) (81)
Their ordered eigenvalues, rotations, and zero-threshold labels are given in Ta-

ble 3. The last column is the confidence margin from Equation (29).

Table 3. Independent classifier tensors. The environment follows only from the number
N, of eigenvalues above the zero threshold.

Label (71,75.73) (07,5'7;) N, Oass
Void (-0.08,-0.25,-0.70)  (-5,20,12) 0 0.080
Wall (0.50,-0.05,-0.20)  (20,-25,30) 1 0.050
Filament (0.45,0.06,-0.03) (45,5,-20) 2 0.030
Node (0.40,0.18,0.025) (-30,15,35) 3 0.025

The initial state has no zero component:

2=~ (1,-06,0.4,03-0508)". (82)

~2.50

For the interaction-picture calculation, U, is generated by Equation (67); the

common-anchor interval propagators R]* are defined by Equation (70) with
-1
t,=0.Let y;=Uy(s;,0) z(s;).

5.2. Raw, Common-Anchor and Local Background-Normalized
Results

Table 4 reports the raw comoving gains and the background-normalized com-
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mon-anchor gains. The selected-state columns are distinct from operator norms.

For wall and filament intervals, the final column gives

(83)
where B, ; isthe classifier wall-normal or filament-transverse projector. The large
values show that the corresponding morphology-local quadratic energies are not

exact in this route; the full propagator must be used.

Table 4. Three-dimensional benchmark results. “Raw state” is HZ

) “CA state” is

i+,
the common-anchor interaction-state ratio Hy jeall, / Hy j Hz .
Label G™ G}* Raw State CA State C;
Void 1.26662 1.13601 1.13667 1.02751 -
Wall 1.10929 1.13252 1.04835 1.00787 0.46419
Filament 1.10864 1.11942 1.07769 1.00698 0.48873
Node 1.07555 1.13870 1.02781 1.04062 0
For the complete route,
[1G™ =1.67537, |U,U,UU,|, =1.55892, 2] =1.31990, (84)
j |2l
l_IGCa =1.63995, | RCI“RCHRF‘RCa =1.26201, " y4"2 =1.08519. (85)
Tvol..
Hence, both verified chains have the required ordering:
1.31990 <1.55892 <1.67537, 1.08519<1.26201<1.63995. (86)

Table 5 quantifies the distinction between the common-anchor gain in the fixed
metric and the local two-point gain for the same segment. The difference grows
along the route because the common-anchor factor is conjugated by a longer back-

ground prefix.

Table 5. Common-anchor versus local two-point background-normalized gains for the

same benchmark segments. The last column is lOO(GJPa / G i —1) .

Label chy (W) G i (W) Difference (%)
Void 1.13600598 1.13600598 0.00
Wall 1.13251885 1.10690477 2.31
Filament 1.11942273 1.07690204 3.95
Node 1.13870442 1.06896638 6.52

The raw and common-anchor results differ substantially because the former

includes the Hubble background. For a pure-background interval of length 0.30
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with K., =0, the raw operator gain in this metric is 1.12489, whereas both back-
ground-normalized propagators are exactly the identity and have a gain of one.
The benchmark is intentionally not aligned: the classifier wall normal and the
positive spectral line of K; have a principal angle of about 64.0°; the maximum
principal angle between the classifier filament plane and the positive spectral
planeof K, isabout85.3°. This checks that the method does not infer exact local

energies from the morphology label when the required commutator condition
fails.

5.3. Partition Study
The partition issue can be isolated with the frozen physical wall segment
K, = diag(4,-0.15,-0.05), At=0.20, W =1 (87)

Let U (At) = eL(K")At and split the same interval into M equal exact substeps.
Table 6 distinguishes the norm of the composed propagator from the product of

substep norms.

Table 6. Partition study for the same wall interval. The exact composed gain is unchanged;
only the auxiliary product bound depends on substepping.

Substeps M Ju (at/m)], Hu (at/m)”[ Ju (at/m)]
1 1.33384168 1.33384168 1.33384168
2 1.16004186 1.33384168 1.34569711
4 1.07767428 1.33384168 1.34880782
8 1.03818667 1.33384168 1.34959539
16 101892378 133384168 134979291

The product bound approaches exp [uz ( L)At] =exp(0.30) =1.34985881,
whereas the exact interval gain remains 1.33384168. This is why only the com-

posed maximal-interval gain is used in Equation (65).

5.4. Metric, Threshold, and Inertia-Tolerance Sensitivity

The same wall propagator has different Euclidean gains after changing only the

configuration-velocity scale:

G, (7, =0.5)=1.22905, G, (1)=1.33384, G, (2)=1.96836. (88)

The physical trajectory is unchanged; only the reported full-state metric has
changed. This numerical spread motivates the fixed scale Equations (18) - (20)
and the rule that alternative 7, values are reported only as sensitivity checks.

The classifier and inertia tolerances are equally consequential near zero. For the
tensors in Table 3, thresholds 7, =—0.02 and 0 give the sequence void-wall-fil-
ament-node, whereas 7, =0.03 changes the last label to filament because its

smallest classifier eigenvalue is 0.025. For the near-neutral dynamical spectrum
(0.55,0.012,—0.008), the inertia (nf,no,n+) is
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- =0.005,
=(0,1,2) for x, =0.010, (89)

=(0,2,1) for k,, =0.015.

(n_,ny,n,) =(10,2) forx,

A real application must therefore report threshold and tolerance margins and

must not attach a sharp physical interpretation to unresolved intervals.

5.5. Rotating-Cell Error Check
To retain a nonzero test of the frozen-cell estimate, consider
K, (t) =R, (O.Zt)diag (4, -0.15, —0.05) R, (0.2'{)T , 0<t<0.2, (90)

where R,, rotates the first two coordinates. Direct integration of the laboratory-

frame 6 x 6 propagator gives

For the same interval, £=0.16596 and M = "LW (0)”2 =4, so Equation (35)

U

—eLw(°>°-2“2 —0.01658. (91)

w

gives
0.01658 < 0.07387. (92)

The test verifies the stated error estimate; it does not substitute for finite-differ-

ence validation on cosmological trajectories.

6. Interpretation of the Cosmological Constant

At a fixed matter Hessian in physical coordinates,

Ac? phys (@) _ A_CZ

K :DXZGJO—TI, &P = i . (93)

phys

A positive A, therefore, moves every physical-separation curvature downward.
For a frozen negative physical curvature, the modal exponent is sy, . =-x™*
and

OMpnys | _ c?

= > 0. (94)
oA |D2<D0 6/”phys

Positive wall-normal or filament-transverse physical curvatures are reduced by
the same shift. These statements are local parametric sensitivities at a fixed matter
Hessian. They do not compare fully evolved cosmologies at fixed comoving initial
data.

Peculiar deformation is governed by Equation (11). For a frozen scalar, peculiar

curvature k. and constant H ,the characteristic exponents are

pec
r=-H+H —x,. (95)

If K, <0, the growing peculiar exponent is —H +,/H 2 +|/cpec I K =0,

the largest exponent is zero, reproducing the constant comoving mode of pure de

Sitter space. In this representation, A acts through the background functions a(t)

and H(t) and through the evolved peculiar Hessian. Consequently, a claim about
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internal cosmic-web deformation should be based on the comoving propagator,
while Equation (93) describes finite-time physical separation at fixed matter Hes-

sian.

7.Validation Requirements, Uncertainty, and Limitations

The completed result is a formal tangent-flow construction with controlled syn-
thetic checks. It is not an empirical demonstration that T-web morphology pre-
dicts finite-time amplification. A cosmological validation must keep integration
accuracy, reporting conventions, and scientific inference separate.

A minimum validation workflow is:

(V1) Fix the analysis redshift, R,, grid spacing, force softening, boundary con-
vention, Poisson solver, Hessian estimator, interpolation rule, 7, Oyus> Ky
and frozen-cell tolerance before examining the gains.

(V2) Use the scaling convention Equations (18) - (20). The common length factor

cancels from induced gains; R, is reported because it changes the smoothed

s
Hessian and labels, while 7, fixes the relative position-velocity weighting. The
primary reportuses W = I, inthe scaled state. Alternative z, ornonscalar W
values belong to a declared sensitivity analysis.

(V3) Construct maximal contiguous morphology intervals. Integrate on as fine
a mesh as needed, but compose all substeps before evaluating an interval gain.
Report convergence of the composed propagator and, separately, the looser sub-
step product bound.

(V4) Reconstruct the complete Hessian along each trajectory. Record classifier
margins, Hessian inertia with tolerance, spectral gaps, the frozen-cell error esti-
mate, and morphology-Hessian commutators. Exact wall-normal or filament-trans-
verse energies are used only when the relevant projector is invariant.

(V5) Integrate the full tangent propagator and the background-normalized in-
teraction propagator. Report the common anchor t, (or startredshift), the glob-
ally composable gains G*, and the local two-point gains ék or their trans-
ported metrics W, . Compare the tangent prediction with finite differences be-
tween independently evolved nearby trajectories over a range of initial separations
that demonstrates the linear regime.

(V6) On a calibration sample, estimate conditional distributions such as

p(log ék |m, = a) and their dependence on residence time, redshift, and local

Hessian invariants. Use the local two-point gain for segment comparisons, and
use G,” only when the globally composable chain is the stated target. Do not fit
and test a non-Hamiltonian closure on the same trajectories.

(V7) On a disjoint validation sample, compare morphology-conditioned statis-

tics with a shuffled-label baseline. One possible effect statistic is

A, =B[logG, |m, =a |~ By, [ 109G, |m, =a |. (96)

Confidence intervals must include trajectory-to-trajectory scatter and correla-

tions between adjacent intervals.
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(V8) Repeat the analysis across a sensitivity grid in

0= (R, 74, X,

soft ?

Hessian estimator, boundary rule, &, €eezer 7unty ). (97)

and separate numerical uncertainty from physical scatter. Label stability, projec-
tor stability, propagator convergence, and the final conditional statistics must all
be reported.

The synthetic benchmark addresses only a subset of these requirements: three-
dimensional mode mixing, morphology-Hessian misalignment, a near-zero spec-
tral pair, background normalization, partition convergence, metric sensitivity,
and frozen-cell error. It contains no N-body or Vlasov field, no force-resolution
study, and no shuffled-label inference. Consequently, the paper does not claim
that the T-web labels add predictive power beyond the complete Hessian or that
the resulting labeled sums are causal properties of voids, walls, filaments, or nodes.

Other limitations remain explicit. The model treats prescribed-field character-
istics, not the self-consistent system (8) and (9). The local inertia of Kphys isa
frozen physical-coordinate signature, not a finite-time stability theorem for a var-
ying cell. Comoving behaviour is controlled by the full generator or propagator.
Lower-rank observables require a full-state normalization or an observability con-
dition. Finally, the local physical A shift and the background-normalized peculiar
evolution answer different questions and must not be mixed.

Within these restrictions, the construction can be applied to tangent propaga-
tors already produced by geodesic-deviation, phase-space-distortion, N-body, or
Vlasov calculations. Its output is a reproducible formal report, provided the met-
ric, segmentation, common anchor, local relative convention, background nor-

malization, and tolerances are fixed in advance.

8. Conclusions

The phrase reduced kinetic stability is used in the finite-time characteristic-flow
sense defined in Section 2. “Kinetic” refers to the phase-space transport that car-
ries the Vlasov distribution, and “stability” covers local stable, unstable, and neu-
tral sectors, invariant boundedness, and finite-time tangent amplification. The
term does not claim spectral or nonlinear stability of a self-consistent Vlasov-Pois-
son solution.

The conclusions supported by the analysis are:

1) Six-dimensional geodesic-deviation and phase-space-distortion integration
for dark matter already exists. The contribution here is not a new tangent equation
or a new submultiplicativity theorem, but a constrained morphology-labeled re-
porting protocol for an available propagator.

2) Physical and comoving separations are related by & =az . Physical growth
includes the background scale factor. Peculiar deformation is described by the
comoving generator and can be isolated from the homogeneous background through
the interaction propagator R = UgglU .

3) Density fixes only the Hessian trace. The T-web label and the inertia of the

complete effective Hessian are different objects. For a frozen conservative physi-
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cal-coordinate cell, the inertia of K gives a basis-independent count of hy-

hys
perbolic, neutral and elliptic conﬁgurr:ityion directions. Comoving classification re-
quires L, or its propagator.

4) Exact frozen-cell quadratic invariants live on spectral subspaces of the com-
plete Hessian. A morphology-defined wall normal or filament transverse plane
inherits such an invariant only when its projector commutes with the full Hessian.
Time-dependent cells are controlled by the full propagator, spectral-gap diagnos-
tics and the explicit frozen-cell error estimate.

5) The smoothing length R fixes the field reconstruction and therefore the
Hessian and morphology, but its common scalar length factor cancels from the
induced norm. The relative position-velocity weighting is fixed by the reference
time scale 7, and any nonscalar metric W . Gains obtained with different z,
or W aredifferent reported quantities are not compared without an explicit sen-
sitivity analysis.

6) Numerical substeps and morphology report intervals are distinct. A reported
interval is a maximal connected region of one resolved label, and its gain is com-
puted only after composing every integration substep. Products of substep norms
are auxiliary upper bounds and generally depend on the partition.

7) The finite-time propagator inequality is mathematically valid but label-blind.
The quantities F';b are therefore residence-time-labeled bookkeeping compo-
nents, not invariant or causal environmental contributions. Morphological pre-
dictive content requires conditional statistics, shuffled-label controls, and inde-
pendent validation data.

8) Raw comoving gains include Hubble evolution. The interaction picture re-
moves the K. =0 background exactly while retaining noncommutativity. Com-
mon-anchor factors telescope globally, but their induced norms depend on the
declared t;; local two-point factors are anchor-free and are related to the com-
mon-anchor factors by a transported metric. Both the anchor and the chosen in-
terval convention must be reported.

9) The three-dimensional benchmark verifies raw and common-anchor prod-
uct bounds with changing eigenframes, full six-component initial data, classifier-
Hessian misalignment, and a near-neutral spectral pair. The partition, metric,
threshold, and inertia-tolerance studies demonstrate why the reporting conven-
tions must be fixed.

10) For a conservative physical symplectic propagator, a negative full-state in-
duced operator log-gain in a fixed positive-definite metric is excluded, although a
particular state or lower-rank observable may decrease through phase focusing.
Any genuine operator contraction requires the actual comoving propagator or an
explicitly specified non-Hamiltonian closure.

11) At fixed matter Hessian, positive A shifts the local physical curvature spec-
trum by —Ac?I/3. This is a local parametric sensitivity, not a stand-alone pre-
diction for the evolution or stability of the cosmic web in different cosmologies.

No N-body or Vlasov validation is presented. Accordingly, the result should be
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read as a formal reduced kinetic stability construction and a reproducible valida-
tion protocol for morphology-labeled characteristic tangent flow, not as an em-
pirically established cosmic-web diagnostic. This restricted meaning is the one in-
tended by the unchanged title.
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