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Abstract 
The sample range is an important statistic in extreme value theory and has 
been widely used to characterize the variability of extreme observations. How-
ever, the asymptotic behavior of the sample range for asymmetric heavy-tailed 
distributions remains insufficiently studied. In this paper, we investigate the 
limiting distribution and higher-order asymptotic expansions of the sample 
range derived from the skew-t distribution. Specifically, for a sequence of in-
dependent and identically distributed skew-t random variables, we first estab-
lish the limiting distribution of the normalized sample range by combining 
the asymptotic behaviors of the sample maximum and minimum. Then, based 
on refined tail expansions of the skew-t distribution, we derive the second-
order and third-order asymptotic expansions of the normalized range under 
different conditions of the degrees-of-freedom parameter. These expansions 
provide explicit corrections to the first-order limiting approximation and re-
veal the influence of skewness and tail heaviness on finite-sample deviations. 
Furthermore, Monte Carlo simulations are conducted to evaluate the accuracy 
of the proposed approximations.  
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1. Introduction 

The skew-t distribution can be constructed from two independent random varia-
bles. Let Z  follow a standard skew-normal distribution with shape parameter 
β , whose probability density function is 

 ( ) ( ) ( )2 , .Zf z z z zφ β= Φ ∈  (1) 
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where φ  and Φ  denote the probability density function and cumulative distri-
bution function of the standard normal distribution, respectively. 

Let Y  be independent of Z  and follow a chi-squared distribution with 

0ν >  degrees of freedom, that is, 2~Y νχ . Define ZX
Y ν

= . Then, X  fol-

lows a skew-t distribution with degrees of freedom parameter ( )0,ν ∈ ∞  and 

shape parameter β ∈ , denoted by ( )~X STν β . Its probability density func-
tion is 

 ( ) ( ), 1 2
12 , .f x t x T x x

xν β ν ν
νβ

ν+

 +
= ∈ 

+ 
  (2) 

where ( )tν ⋅  is the probability density function (PDF) of the standard Student’s 
t-distribution with ν  degrees of freedom, and ( )1Tν + ⋅  is the cumulative distri-
bution function (CDF) of the standard Student’s t-distribution with 1ν +  de-
grees of freedom. It is also noteworthy that the PDF of the standard Student’s t-
distribution ( )t xν  can be expressed in the form: 

 ( )
1

2 2
1 ,xt x C

ν

ν ν ν

+
−

 
= + 

 
 (3) 

where 

1
2

2

Cν

ν

ν νπ

+ Γ 
 =
 Γ 
 

, and ( )Γ ⋅  is the gamma function. 

Let { }, 1nX n ≥  be a sequence of independent and identically distributed (i.i.d.) 

random variables with the skew-t distribution ( )vST β , and denote  

1maxn i n iM X≤ ≤=  be the partial maximum of { }, 1nX n ≥ . Padoan [1] proved that 

 ( ) ( ) ( )lim exp , 0,n nn
P M a x x x xα

ν
−

→∞
≤ = Ψ = − >  (4) 

with the normalizing constants  

 ( )
1

1
2

12 1 .na C T n
ν ν

ν νν β ν
−

+

 
= +  
 

 (5) 

Peng and Nadarajah derived the higher-order asymptotic expansions of the 
maximum of the skew-t distribution [2]; Liao and Weng explored the joint distri-
bution of the maximum and minimum of the skew-normal distribution [3]; Lu 
and Guo obtained the higher-order asymptotic expansions of the range of the gen-
eral error distribution [4]; Zhang and Lu derived the higher-order asymptotic ex-
pansions of the range of the skew-normal distribution [5]. However, the joint dis-
tribution and higher-order asymptotic expansions of the range of the skew-t dis-
tribution still remain unexplored currently. 

The rest of this article is arranged as follows. Section 2 establishes the higher-
order asymptotic expansions of the range of the skew-t distribution. Section 3 pre-
sents some lemmas required in the proof process. Section 4 provides the proof of 
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the theorem. Section 5 presents the numerical simulations, and Section 6 gives the 
conclusions. 

2. Main Results 

In this section, we provide the main results concerning the limiting distribution 
of the sample range n n nR M m= −  from the skew-t distribution ( )STν β  and its 
higher-order expansions. First, we give the limiting distribution of the normalized 

nR  with the normalizing constants. 
Theorem 2.1. Let { }, 1nX n ≥  be a sequence of i.i.d. random variables with 

common skew-t distribution ( ),F xν β , where ( )0,ν ∈ ∞  and β ∈ . Denote  

1maxn i n iM X≤ ≤=  and 1minn i n im X≤ ≤= . For every fixed 0x > , then we have  

( )
( )
( )

( ) ( ) ( )10 1

1

1
lim ( ) d .

1
n n xn

T
P R a x y x y y y

T

ν ν
ν ν

ν

β ν
ν γ

β ν

+ − +

−→∞
+

− +
≤ = − Ψ + Ψ

+
∫  

where 
( )
( )

1

1

1

1

1

T

T

ν
ν

ν

β ν
γ

β ν

+

+

 +
 = −
 − + 

. 

To establish the higher-order expansions of the normalized sample range from 
the skew-t distribution, we define 

( ) ( )
( )
( )

( ) ( ) ( )10 1

1

1
( ) d .

1
n n n x

T
H x P R a x y x y y y

T

ν ν
ν ν

ν

β ν
ν γ

β ν

+ − +

−
+

− +
= ≤ − − Ψ + Ψ

+
∫  

The following Theorems give the second-order expansions and the third-order 
expansions by considering different values of ν , respectively. 

Theorem 2.2. Let { }, 1nX n ≥  be a sequence of i.i.d. random variables with a 
common skew-t distribution ( ),F xν β , where ( )0,ν ∈ ∞  and β ∈ . For every 
fixed 0x > , we have 

1) If 0 2ν< < , 

( )
( )
( )

( ) ( ) ( ) ( )10 1
1

1

1
lim ( ) , d .

1
n n xn

T
a H x y x y y H x y y

T

ν νν
ν ν

ν

β ν
ν γ

β ν

+ − +

−→∞
+

− +
= − Ψ + Ψ

+
∫  

where 

 
( ) ( ) ( ) ( )

( ) ( ) ( )( )

1
2

1 1

1
2

1 1

1, 2 1 1
2

2 1 1 , .

H x y C T x y x y

C T y s x y

ν
ν ν

ν ν

ν
ν

ν ν

ν β ν

ν β ν

−
− −

+

−
−

+

 = + + − + 
 

+ − + − −

 (6) 

2) If 2ν = ,  

( )
( )
( )

( ) ( ) ( ) ( )10 12
2

1

1
lim ( ) , d .

1
n n xn

T
a H x y x y y H x y y

T

ν ν
ν ν

ν

β ν
ν γ

β ν

+ − +

−→∞
+

− +
= − Ψ + Ψ

+
∫  

where 
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( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )( )

( ) ( ) ( )

1
2

2 1 1

1
2

1 1

2
2 21 2

1

1, 2 1 1
2

2 1 1 ,

11 1 .
22 1

H x y C T x y h x y x y

C T y s x y g y

C y
T

ν
ν ν

ν ν

ν
ν

ν ν

ν
ν

ν

ν β ν

ν β ν

ν νβν ν β
β ν

−
− −

+

−
−

+

+
− −+

+

 = + + + + − + 
 

+ − + − − +

 ++ + + −
 − + 

 (7) 

3) If 2ν > , 

( )
( )
( )

( ) ( ) ( ) ( )10 12
3

1

1
lim ( ) , d .

1
n n xn

T
a H x y x y y H x y y

T

ν ν
ν ν

ν

β ν
ν γ

β ν

+ − +

−→∞
+

− +
= − Ψ + Ψ

+
∫  

where 

 

( ) ( ) ( ) ( )

( )
( )

( ) ( )

( ) ( ) ( )

2
1

2
3 1 1

1
2

1

1
2

1

2
2 21 2

1

, 2 1

2 1

2 1

11 1 .
22 1

H x y C T x y h x y

C T
y g y

C T

C y
T

ν ν ν
ν ν

ν

ν ν ν
ν

ν ν

ν
ν

ν

ν β ν

ν β ν

ν β ν

ν νβν ν β
β ν

−
−

+

−

+ −

−

+

+
− −+

+

  = + + +   

− +
+ − 

+

 ++ + + −
 − + 

 (8) 

Theorem 2.3. Let { }, 1nX n ≥  be a sequence of i.i.d. random variables with a 
common skew-t distribution ( ),F xν β , for every fixed 0x > , we have 

1) If 0 1ν< < ,  

( )
( )
( )

( ) ( ) ( ) ( )

( )
( )

( ) ( ) ( ) ( )

10 1
1

1

10 1
4

1

1
lim ( ) , d

1

1
( ) , d .

1

n n n xn

x

T
a a H x y x y y H x y y

T

T
y x y y H x y y

T

ν νν ν
ν ν

ν

ν ν
ν ν

ν

β ν
ν γ

β ν

β ν
ν γ

β ν

+ − +

−→∞
+

+ − +

−
+

 − +
 − − Ψ + Ψ
 + 

− +
= − Ψ + Ψ

+

∫

∫

 

where 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )( )

21
2 3 42

4 1

1 1
2 2

1 1 2

1 1
2 2

1 1

1

1
2

5 1, 2 1
6 8

2 1 2 1 ,

2 1 2 1

11 1 ,
2

21
2

H x y C T x y x y x y

C T C T y s x y

C T C T

x y y x y s x y

C

ν
ν ν ν

ν ν

ν ν
ν

ν ν ν ν

ν ν

ν ν ν ν

ν ν ν

ν

ν

ν β ν

ν β ν ν β ν

ν β ν ν β ν

ν

−
− − −

+

− −
−

+ +

− −

+ +

− − −

−

   = + + − + + +   
  

   
+ − + + −  
   
   

+ − + +  
   

× + − − + −


+
( )
( )

( ) ( )( ) )
2

1 22
11

2
1

1
1 , .

2 1

T
y s x y

C T

ν ν
ν

ν ν

β ν

ν β ν

+ −

−

+

 
− + 

− − 
 + 

(9) 
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2) If 1ν = ,  

( )
( )
( )

( ) ( ) ( ) ( )

( )
( )

( ) ( ) ( ) ( )

10 1
1

1

10 1
5

1

1
lim ( ) , d

1

1
( ) , d .

1

n n n xn

x

T
a a H x y x y y H x y y

T

T
y x y y H x y y

T

ν ν
ν ν

ν

ν ν
ν ν

ν

β ν
ν γ

β ν

β ν
ν γ

β ν

+ − +

−→∞
+

+ − +

−
+

 − +
 − − Ψ + Ψ
 + 

− +
= − Ψ + Ψ

+

∫

∫

 

where 

 

( ) ( ) ( ) ( ) ( )

( )
( )
( )

( )

( ) ( )( ) ( ) ( )

( )
( )

( )

21
2

5 1 1

1
2

12
1

2
1

2

1
2

1
11

2
1

1, 2 1
2

2 11
3

2 1

1 1, 1
2 2

2 1
1

2 1

v

H x y C T x y h x y x y

C T
x y y

C T

s x y g y x y x y

C T
y s

C T

ν
ν ν

ν ν

ν

ν ν ν
ν

ν ν

ν ν

ν

ν ν ν
ν

ν ν

ν β ν

ν β ν

ν β ν

ν β ν

ν β ν

−
− −

+

−

+− −

−

+

− −

−

+ −

−

+

   = + + + + +    
 

− + − + + − 
  + 

  × + + + − +   
 

− + 
+ − − 
 + 

( )( ))

( ) ( ) ( )

2

2
2 21 2

1

,

11 1 .
22 1

x y

C y
T

ν
ν

ν

ν νβν ν β
β ν

+
− −+

+





 ++ + + −
 − + 

 (10) 

3) If 1 2ν< < , 

( )
( )
( )

( ) ( ) ( ) ( )

( )
( )

( ) ( ) ( ) ( )

10 12
1

1

10 1
6

1

1
lim ( ) , d

1

1
( ) , d .

1

n n n xn

x

T
a a H x y x y y H x y y

T

T
y x y y H x y y

T

ν νν ν
ν ν

ν

ν ν
ν ν

ν

β ν
ν γ

β ν

β ν
ν γ

β ν

+ − +−

−→∞
+

+ − +

−
+

 − +
 − − Ψ + Ψ
 + 

− +
= − Ψ + Ψ

+

∫

∫

 

where 

 

( ) ( ) ( ) ( )

( )
( )

( ) ( )

( ) ( ) ( )

2
1

2
6 1 1

1
2

1

1
2

1

2
2 21 2

1

, 2 1

2 1

2 1

11 1 .
22 1

H x y C T x y h x y

C T
y g y

C T

C y
T

ν ν ν
ν ν

ν

ν ν ν
ν

ν ν

ν
ν

ν

ν β ν

ν β ν

ν β ν

ν νβν ν β
β ν

−
−

+

−

+ −

−

+

+
− −+

+

  = + + +   

− +
+ − 

+

 ++ + + −
 − + 

 (11) 

4) If 2ν = , 
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( )
( )
( )

( ) ( ) ( ) ( )

( )
( )

( ) ( ) ( ) ( )

10 12 2
2

1

10 1
7

1

1
lim ( ) , d

1

1
( ) , d .

1

n n n xn

x

T
a a H x y x y y H x y y

T

T
y x y y H x y y

T

ν ν
ν ν

ν

ν ν
ν ν

ν

β ν
ν γ

β ν

β ν
ν γ

β ν

+ − +

−→∞
+

+ − +

−
+

 − +
 − − Ψ + Ψ
 + 

− +
= − Ψ + Ψ

+

∫

∫

 

where 

 

( ) ( ) ( ) ( ) ( )(

( ) ( ) ( ) ( )

( )
( )

( ) ( ) ( )( ) ( )(

( )) ( )
( )
( )

( )

( )

21
2

7 1 1

2
2 1

1
2

1
21

2
1

1
2

1
1 1

2
1

, = 2 1

1 1
2 3

2 1
,

2 1

2 1
1

2 1

1
2

v

v

v

v

v

v

H x y C T x y h x y x y

h x y h x y x y x y

C T
y s x y x y g y

C T

C T
h x y g y y

C T

x y

ν
ν ν

ν

ν

ν

ν ν ν
ν

ν

ν

ν ν
ν

ν

ν β ν

ν β ν

ν β ν

ν β ν

ν β ν

−
− −

+

− −

−

+ − −

−

+

−

+ −

−

+

−

  + + + +   
− + − + + + − + 

− +
+ − + +


+

 
− + 

+ + + − − 
 + 

+ + ( ) ( ) ( )

( )
( )

( ) ( ) ( )( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )( )

( )

1

1
2 21

11
2

1

1
2

1 1

1
2

1 1

21

1

1 11
2 2

2 1
1 ,

2 1

12 1 1
2

2 1 1 ,

1 1
2 ( 1)

v

v

v

v

h x y x y x y

C T
y s x y g y

C T

C T x y h x y x y

C T y s x y g y

C
T

ν ν ν

ν

ν ν
ν

ν

ν
ν ν

ν

ν
ν

ν

ν
ν

ν

ν β ν

ν β ν

ν β ν

ν β ν

βν ν β
β ν

− −

−

+ −

−

+

−
− −

+

−
−

+

+
−+

+

  + + − + − +    

− +
+ − − + 

+

   + + + + + − +    


+ − + − − + 


+
× +

− +
( )

( ) ( ) ( )
( ) ( )

( ) ( ) ( )( )

2
22

2 2 2
1 2 2

1

42
2 2 41 2

1

1
2

1 3 1 1
1

8 4 1

1 1 1 3 .
8 1

y

C
T

C y
T

ν
ν

ν

ν
ν

ν

ν ν

ν ν ν βν ν ν
β

β ν

βν ν β β ν
β ν

−

+
−+

+

+
− −+

+

 +
−      

 + + + ++ − +
 − +

+ + + − −
− + 

 (12) 

5) If 2 4ν< < ,  

 

( )
( )
( )

( ) ( ) ( ) ( )

( )
( )

( ) ( ) ( ) ( )

10 12 2
3

1

10 1
8

1

1
lim ( ) , d

1

1
( ) , d

1

n n n xn

x

T
a a H x y x y y H x y y

T

T
y x y y H x y y

T

ν νν
ν ν

ν

ν ν
ν ν

ν

β ν
ν γ

β ν

β ν
ν γ

β ν

+ − +−

−→∞
+

+ − +

−
+

 − +
 − − Ψ + Ψ
 + 

− +
= − Ψ + Ψ

+

∫

∫
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where 

 
( ) ( ) ( ) ( )

( )( ) ( )( )

1
2

8 1

1
2

1 1

1, 2 1 1
2

2 1 1 , .

H x y C T x y x y

C T y s x y

ν
ν ν

ν ν

ν
ν

ν ν

ν β ν

ν β ν

−
− −

+

−
−

+

  = + + − +  
  

+ − + − −

 (13) 

6) If 4ν = , 

( )
( )
( )

( ) ( ) ( ) ( )

( )
( )

( ) ( ) ( ) ( )

10 12 2
3

1

10 1
9

1

1
lim ( ) , d

1

1
( ) , d .

1

n n n xn

x

T
a a H x y x y y H x y y

T

T
y x y y H x y y

T

ν ν
ν ν

ν

ν ν
ν ν

ν

β ν
ν γ

β ν

β ν
ν γ

β ν

+ − +

−→∞
+

+ − +

−
+

 − +
 − − Ψ + Ψ
 + 
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3. Lemmas 
In order to prove the main results, we need to take  

( ) ( )and ,n n n nu x a x l y c y= =  

where na , nc  are given. 
The proof of the main results is based on the integral representation of the sam-

ple range. After normalization, the integrand consists of two components: a den-
sity term associated with the sample minimum and a power of an interval proba-
bility requiring all remaining observations to lie within a range of length na x . 
Lemma 3.1 derives the higher-order expansion of the interval-probability compo-
nent, while Lemma 3.2 derives the corresponding expansion of the density compo-
nent. Their products generate the correction terms appearing in Theorems 2.1 - 2.3. 

Lemma 3.1. Let ( ),F xν β  be the skew-t distribution with parameter ν . For 
every fixed 0x >  and ( ),0y x∈ − , 
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2) If 1ν = , we have 
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3) If 1 2ν< < , we have 
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4) If 2ν = , we have 
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5) If 2 4ν< < , we have 
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6) If 4ν = , we have 
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7) If 4ν > , we have 
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Proof. 1) If 0 1ν< < , it follows from Nadarajah and for large enough n  that 
let ( ),F xν β  denote the cdf of the skew-t distribution [2]. For large x , we have 
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we have  
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Similar to finding the maximum value distribution, we can find a normalization 
constant 0nc >  such that 
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≤ = − − − <  

with the normalizing constant 
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And it follows from Fung and Seneta that the following expansion for the lower 
tail of skew-t distribution [6]:  
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where 
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Hence, combining (29), (33), and (36), we can draw a conclusion. 
2) If 1ν = , we have 
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where 
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Hence, combining (36), (37), and (38), we can draw a conclusion. 
3) If 1 2ν< < , we have 
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Hence, combining (36), (40), and (41), we can draw a conclusion. 
4) If 2ν = , we have  
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Hence, combining (36), (42), and (43), we can draw a conclusion. 
5) If 2 4ν< < , we have 
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Hence, combining (36), (44), and (45), we can draw a conclusion. 
6) If 4ν = , we have 
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Hence, combining (36), (46), and (47), we can draw a conclusion. □ 
7) If 4ν > , we have 
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Hence, combining (36), (48), and (49), we can draw a conclusion.  
Lemma 3.2. Let ( )f x  be the probability density function of the skew-t distri-

bution with parameter ν . For 0y <  and large enough n , with normalizing 
constant na  and nc , we have 
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Proof. Recall that the density function of the skew-t distribution is  
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12 ,f x t x T x

xν β ν ν
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where ( )tν ⋅  is the PDF of the standard Student’s t  distribution with degree of 
freedom ν , and ( )1Tν + ⋅  is the CDF of the standard Student’s t  distribution 
with degree of freedom 1ν + . 

Let 0x <  with x →−∞ , and define  
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Since 0y < , na →∞  implies nx a y= → −∞ . Multiplying these two expan-
sions and retaining terms up to 4

na− , we obtain 
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By the definition of na , we have  
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n
n n n

ana C a a
TT

ν νν
ν ν

ν ν
ν

ν

νν ν
β νν β ν

+ +
− − −

−
+

+

⋅ = ⋅ ⋅ =
++

 

Multiplying it by this factor and dividing the bracket by ( )1 1Tν β ν+ − + , we 
get proved.                                                       □ 

Role of the Lemmas and Proof Strategy 

To clarify the role of the preceding expansions, we briefly describe the probabilis-
tic structure underlying the proofs. For a continuous distribution function ,Fν β  
with density ,fν β , the sample range satisfies 

( ) ( )( )
1

0
, , d

n

n n
n n n n n nx

n n

a aP R a x na F u x y F l y f l y y
c cν β ν β

−

−

       
≤ = + −                  

∫  
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we obtain 

( ) ( ) ( ), d ,n n n nP R a x D y Q x y y≤ = ∫  

where 

( ) n
n n n

n

aD y na f l y
c

  
=      

 

and 

( ) ( )( )
1

, ,,
n

n
n n n

n

aQ x y F u x y F l y
cν β ν β

−
   

= + −        
 

The factor ( )nD y  represents the density contribution associated with placing 
one observation, which becomes the sample minimum, near the normalized loca-
tion y . Conditional on this location, ( ),nQ x y  is the probability that the re-
maining 1n −  observations all lie in the interval ( )( ),n na y a x y+ , whose length 
is na x . 

Thus, the two factors describe, respectively, the location of the minimum and 
the requirement that the entire sample be contained in an interval of the pre-
scribed length. On the effective domain, we have na y →−∞  and  

( )na x y+ → +∞ . Lemma 3.1 provides the required expansion of ( ),nQ x y  by 
combining the lower-tail probability at na y , the upper-tail probability at  

( )na x y+ , and the logarithmic expansion of the power 1n − . Lemma 3.2 pro-
vides the corresponding expansion of the density factor ( )nD y . 

The leading product of the two lemmas yields the limiting distribution in The-
orem 2.1. Their first nonvanishing correction terms yield the second-order expan-
sions in Theorem 2.2, and the next correction terms, including the cross-products 
between the two factors, yield the third-order expansions in Theorem 2.3. The 
separate cases in ν  arise from the competition among the orders  

2 2 4, , , .n n n na a a aν ν− − − −  

The values 1,2,4ν =  are critical because two different sources of error become 
of the same order at these values.  

4. Proofs 
4.1. Proof of Theorem 2.1 

Proof. Let ( ),f x y  be the density function of ( ) ( )( ),n n n nP M u x m l y≤ ≤ , 
and we have  

( )
( ) ( )( )

( ) ( )( ) ( )( )

( ) ( )( ) ( )( ) ( ) ( )( )

2

1

1

1

2

1

,
,

1 .

n n n n

n

n n n n

n

n n n n n n

P M u x m l y
f x y

x y

nc P l y X u x f l y
x

n n a c f l y f u x P l y X u x

−

−

∂ ≤ ≤
=

∂ ∂
∂   = < ≤   ∂

 = − < ≤ 

 

we denote ( )1 ,g x y  be the density function of  
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( )( ),n n n n nP M m a x m l y− ≤ ≤  

then ( )1 1, ,n n

n n

a ag x y f x y y
c c

 
= + 

 
. Therefore, we can obtain that 

( ) ( )

( )( )

( )( )

( )( ) ( )

0
1

1

0

1
0

, ,

1
, ,

, d d

d d

d

1

n

n
n

n

x
n n x

n

u x y n
n nax l y nc

n

n n
n n n nx

n n

n n n

P R a x g s y y s

ana f s s f l y y
c

a ana F u x y F l y f l y y
c c

T
na F u x y F l

T

ν β ν β

ν
ν β ν β

ν

β ν

−∞ −
−

+

 −  
 

−

−

+

+

≤ =

     =         
       

= + −                  

+
= + −

∫ ∫

∫ ∫

∫

( )

( )
( )

1
1

0

1

1

1

1

1

1
d .

1

n

x

n

y

T
f l y y

T

ν

ν
ν

ν

β ν

β ν

β ν

−

−

+

+

 
  
  
 − +   
 

  
  + 
  ×  
  − +  

  
  
  
  

 

    

  

∫

 
It follows from the dominated convergence theorem, Lemma 3.1, and Lemma 

3.2 that 

( )
( )
( )

( ) ( )
( )
( )

1

1 10 1

1 1

1 1
lim ( ) d .

1 1
n n xn

T T
P R a x y x y y y

T T

ν
ν νν

ν ν

ν ν

β ν β ν
ν

β ν β ν

+ +− +

−→∞
+ +

 
 − + + 
  ≤ = − Ψ + Ψ −
  + − +  

 

∫  

The proof is finished.                                             □ 

4.2. Proof of Theorem 2.2 

Proof. 1) If 2ν > , from (20) - (22) and (50), according to the dominated con-
vergence theorem, we have 

( )
( )
( )

( ) ( ) ( )

( )
( )

( ) ( ) ( ) ( )

( ) ( )
( )
( )

( )

10 12

1

1
1 210 1 2 2

1
1

1
2

1
1 1

2
1

( )
1

lim d
1

1
1 2 1

1

2 1

2 1

( )

n n n xn

nx

T
a P R a x x y y y

T

T
x y y a C T

T

C T
x y h x y

y

y

y g
C T

ν ν
ν ν

ν

ν
ν ν

ν ν ν ν

ν

ν

ν νν ν
ν

ν ν

β ν
ν γ

β ν

β ν
ν γ ν β ν

β ν

ν β ν

ν β ν

+ − +

−→∞
+

−
+ − + −

+−
+

−

+− −

−

+

 − + ≤ − Ψ + Ψ 
+  

 − +   = Ψ + Ψ + +   +   

− +
× + + + −

+

−

−

∫

∫

( )

( )
( )( )

( )
( ) ( )

2
2 2 22

1 2

1

1 1 1
2

2 22 1 2

y

C
y

T

ν

ν

ν

ν ν β β ν ν
ν

νβ ν ν

ν

+
−

+ −

+

 
 
 
  
 
 

+ + +
− − + ++ + 
 +
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( ) ( ) ( )( ( )
( )

( ) ( ))

( )
( )( )

( )
( ) ( )

( ) ( ) ( ) ( )

11
21 2 14 2

1 1 1
2

1

2
2 2 22

1 2

1

1
2

1 2

2 1
2 1

2 1

1 1 1
2

2 22 1 2

12 1 1
2

2

n

C T
a C T x y h x y

C T

C
y

T
y g y

C T x y h x y x y

C

ν

ν
ν νν

ν ν ν

ν ν

ν

ν

ν
ν

ν
ν ν

ν ν

ν

ν

ν β ν
ν β ν

ν β ν

ν ν β β ν ν
ν

νβ ν ν

ν

ν β ν

ν

−

−
+−−

+ −

+

+
−

+ −

+
−

−
− −

+

−

 − + + + × + + +  
  +

 
+ + +

− − + ++ + 
 × −

  + + + − + − +  
 

+ ( )( ) ( )( )

( ) ( )( ( )
( )

( ) ( )) ( )
( )

( )
( ) ( )( )

( )
( )( )

( )
( )( )

1
2

1 1

1
2

1
1 1

2
1

2
2 22 1

1

3 2 32 2
4

2

2 2 22

1 1 ,

2 11
2

2 1

1 1

1

1 23 3 4
8 4 2 2 4 8 4 1

1 3
8 2 4

T y s x y

C T
x y h x y

C T

C
y g y

T

v v y

v

ν
ν

ν

ν νν
ν

ν ν

ν

νν

ν

β ν

ν β ν

ν β ν

ν β β

β ν

ν ν ν β ν ν
ν ν ν νν β

ν ν ν ν
ν ν

−
+

−

+−

−

+

+
−

+−

+

−


− + − − 



− +
+ + + +

+


+ +

× − + 
+



 − + +  × + − − ×
+ + + + +  

−
+ + +

+ +
( )
( )

( )
( )

( ) ( ) ( )

( )
( )

( ) ( ) ( ) ( )

4

1 1

1

10 1
3

1

(

1 4
2 2

1
d)

( )

1

1
, d

1x

y

T
x y y y

T

T
x y y H x y

y

y y
T

ν ν
ν ν

ν

ν ν
ν ν

ν

ν
ν ν

β ν
ν γ

β ν

β ν
ν γ

β ν

−

+ − +

+

+ − +

−
+

 − +  ×  +
   

− + − Ψ + Ψ 
+ 

− +
= Ψ− + Ψ

+

−

∫

(51) 

where ( )3 ,H x y  is given in (8). 
2) If 2ν = , similarly, from (19) and (50), according to the dominated conver-

gence theorem, we have 

 

( )
( )
( )

( ) ( ) ( )

( )
( )

( ) ( ) ( ) ( )

10 12

1

10 1
2

1

1
lim ( ) d

1

1
( ) , d

1

n n nn

x

T
a P R a x y x y y y

T

T
y x y y H x y y

T

ν ν
ν ν

ν

ν ν
ν ν

ν

β ν
ν γ

β ν

β ν
ν γ

β ν

+ − +

−∞→∞
+

+ − +

−
+

 − + ≤ − − Ψ + Ψ 
+  

− +
= − Ψ + Ψ

+

∫

∫

 (52) 

where ( )2 ,H x y  is given in (7). 
3) If 0 2ν< < , similarly, from (16) - (18) and (50), according to the dominated 
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convergence theorem, we have 

 

( )
( )
( )

( ) ( ) ( )

( )
( )

( ) ( ) ( ) ( )

10 1

1

10 1
1

1

1
lim ( ) d

1

1
( ) , d

1

n n n xn

x

T
a P R a x y x y y y

T

T
y x y y H x y y

T

ν νν
ν ν

ν

ν ν
ν ν

ν

β ν
ν γ

β ν

β ν
ν γ

β ν

+ − +

−→∞
+

+ − +

−
+

 − + ≤ − − Ψ + Ψ 
+  

− +
= − Ψ + Ψ

+

∫

∫

 (53) 

where ( )1 ,H x y  is given in (6). The proof is finished.                    □ 

4.3. Proof of Theorem 2.3 

Proof. Note that the normalizing constants na  and nc , similar to the proof of 
Theorem 2.2: 

Recall that  

( ) ( )
( )
( )

( ) ( ) ( )10 1

1

1
( ) d

1
n n n x

T
H x P R a x y x y y y

T

ν ν
ν ν

ν

β ν
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−
+

− +
= ≤ − − Ψ + Ψ

+
∫  

1) If 0 1ν< < , by (16), (50), and (53) again, we have 

( )
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( )
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∫
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+
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− +
= Ψ + Ψ

+
−∫

 

where ( )4 ,H x y  is given in (9). 
2) If 1ν = , similarly, by (17), (50), and (53) again, we have  
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+

∫

∫

 

where ( )5 ,H x y  is given in (10). 
3) If 1 2ν< < , similarly, by (18), (50), and (53) again, we have  
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∫

∫

 

where ( )6 ,H x y  is given in (11). 
4) If 2ν = , similarly, by (19), (50), and (52) again, we have  
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where ( )7 ,H x y  is given in (12). 
5) If 2 4ν< < , similarly, by (20), (50), and (51) again, we have 
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where ( )8 ,H x y  is given in (13). 
6) If 4ν = , similarly, by (21), (50), and (51) again, we have  
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where ( )9 ,H x y  is given in (14). 
7) If 4ν > , similarly, by (22), (50), and (51) again, we have  
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where ( )10 ,H x y  is given in (15). 
The proof is completed.                                           □ 

5. Numerical Simulation 

Let 

1 2, , , nX X X  

be independent and identically distributed random variables following a skew-t 
distribution with degrees of freedom ν  and skewness parameter β , 

( )~ , .iX ST ν β  

The sample range is defined as 

,n n nR M m= −  

where 

1
max ,n ii n

M X
≤ ≤

=  

and 

1
min .n ii n

m X
≤ ≤

=  

The objective is to investigate the asymptotic behavior of the normalized sam-
ple range 

.n

n

R
a

 

According to the extreme value theory developed in previous sections, the nor-
malized sample range satisfies 

( )0 ,
d

n

n

R G x
a

→  

where ( )0G x  denotes the first-order limiting distribution. 
To investigate the finite-sample accuracy, higher-order expansions are consid-

ered. The second-order approximation is expressed as 
( ) ( ) ( ) ( )2

0 1 ,n nF x G x A G x= +  

where ( )1G x  represents the second-order correction term. 
Furthermore, the third-order approximation is given by 

( ) ( ) ( ) ( ) ( ) ( )3 2 3
0 1 2 3 .n n n nF x G x A G x A G x A G x= + + +  
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The purpose of the numerical experiment is to examine whether these higher-
order correction terms can improve the approximation accuracy for finite sample 
sizes. 

5.1. Simulation Settings 

The parameters used in the simulation are chosen as 
2, 3.ν β= =  

The choice 2ν =  corresponds to a heavy-tailed case, while 3β =  represents 
a strongly skewed distribution. 

Three different sample sizes are considered: 

1000,5000,10000.n =  

For each sample size, Monte Carlo samples are generated, and the empirical 
distribution is calculated as 

( ) ( ).n̂ n nF x P R a x= ≤  

The empirical distribution is then compared with the theoretical approxima-
tions of different orders. 

5.2. First-Order Approximation 

The first-order approximation is given by 
( ) ( ) ( )1

0 .nF x G x=  

Figure 1 shows the comparison between the theoretical first-order limiting dis-
tribution and the empirical distributions for different sample sizes. 
 

 
Figure 1. First-order convergence of the normalized sample range under the 
skew-t distribution with 2ν =  and 3β = . 
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It can be observed that the empirical curves approach the theoretical limit as 
the sample size increases. 

For 1000n = , the empirical distribution already provides a close approxima-
tion to the limiting curve. With increasing sample size, the difference between 
simulation results and theoretical approximation remains very small. 

The sample range absolute errors are summarized below. 
As shown in Table 1, the results demonstrate that the first-order asymptotic 

distribution captures the limiting behavior of the skew-t sample range statistic. 
 
Table 1. Sample range absolute errors of the first-order approximation. 

n  Error 

1000 36.57 10−×  

5000 36.82 10−×  

10,000 33.39 10−×  

5.3. Second-Order Approximation 

To improve the finite-sample accuracy, the second-order correction term is in-
corporated. 

The corresponding approximation is 
( ) ( ) ( ) ( )2

0 1 .n nF x G x A G x= +  

The simulation results are presented in Figure 2. 
 

 
Figure 2. Second-order convergence of the normalized sample range un-
der the skew-t distribution with 2ν =  and 3β = .  

 
The comparison shows that the second-order expansion does not provide a 

more accurate approximation than the first-order limit, especially in the tail re-
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gion. 
The errors obtained from simulations are listed below. 
As shown in Table 2, although the correction term becomes smaller when n  

increases, the second-order expansion successfully describes the finite-sample de-
viation from the limiting distribution. 
 
Table 2. Errors of first-order and second-order approximations. 

n  First-Order Second-Order 

1000 35.61 10−×  11.55 10−×  

5000 32.54 10−×  23.14 10−×  

10,000 32.50 10−×  21.49 10−×  

5.4. Third-Order Approximation 

To further improve the approximation accuracy, the third-order correction is in-
troduced. 

The third-order expansion is 
( ) ( ) ( ) ( ) ( ) ( )3 2 3

0 1 2 3 .n n n nF x G x A G x A G x A G x= + + +  

Figure 3 presents the simulation results. 
 

 
Figure 3. Third-order convergence of the normalized sample range under the skew-
t distribution with 2ν =  and 3β = .  

 
This indicates that the higher-order correction terms effectively capture the re-

maining finite-sample bias. 
The numerical errors are summarized as shown in Table 3: 
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Table 3. Errors of first-order and third-order approximations. 

n  First-Order Third-Order 

1000 33.49 10−×  22.29 10−×  

5000 35.12 10−×  34.42 10−×  

10,000 35.30 10−×  35.49 10−×  

5.5. Discussion 

The simulation results show that the approximations from the first-order expan-
sion, second-order expansion, and third-order expansion are all close to the actual 
values. However, since the second-order correction and third-order correction do 
not significantly improve the approximation for this sample size, it cannot be con-
cluded that the third-order approximation is significantly superior. 

6. Conclusions and Discussion 

In this paper, we have developed a higher-order asymptotic theory for the extreme 
behavior of the skew-t distribution. By carefully analyzing its tail properties, we 
obtained the first-order limiting distribution as well as explicit second-order cor-
rection and third-order correction terms for the normalized sample range statistic. 
The theoretical derivations themselves constitute a significant mathematical con-
tribution, providing a systematic analytical tool for extreme-value problems in-
volving asymmetric heavy-tailed distributions. 

Numerical simulations confirm the correctness of the theoretical derivations, 
with empirical curves gradually approaching the respective asymptotic forms as 
the sample size increases. However, it is noteworthy that, under the sample sizes 
and parameter settings considered in this study, the second- and third-order cor-
rections do not exhibit a significant improvement over the classical first-order ap-
proximation. This finding suggests that the advantage of higher-order expansions 
is likely conditional, and their gains may only emerge at substantially larger sam-
ple sizes or at more extreme tail quantiles. Consequently, when applying these 
expansions in practice, the choice of expansion order should be carefully weighed 
against the specific sample size and tail region of interest. 

Several limitations of this study should also be acknowledged. First, the current 
framework relies on the independent and identically distributed assumption and 
does not account for dependence or temporal clustering commonly encountered 
in real data. Second, the complexity of the correction terms increases rapidly with 
the expansion order, which may hinder their direct use in large-scale numerical 
procedures. Third, the empirical analysis is primarily simulation-based, and fur-
ther validation using real-world extreme-event datasets is needed to assess practi-
cal applicability. 

Future research may proceed along several directions. One possible extension 
is to generalize the proposed higher-order framework to dependent skew-t se-
quences, including time series and spatial processes. Another promising direction 
is to examine whether the correction methodology can be extended to other skewed 
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heavy-tailed distributions or more flexible distribution families. Additionally, de-
veloping more efficient computational algorithms for evaluating higher-order 
terms would enhance the practical utility of the proposed approach. 

In summary, although this study does not establish the universal superiority of 
higher-order expansions over the first-order approximation in all finite-sample 
settings, its systematic theoretical development and the numerical insight into the 
applicability boundaries of higher-order terms provide a valuable foundation for 
refined extreme-value analysis in asymmetric heavy-tailed contexts, and offer 
clear guidelines for future investigations. 
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