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Abstract 
We formulate an arithmetic Viscous Time Theory framework around Selmer 
complexes of elliptic curves. The construction replaces the Sobolev field space 
by a finite split model of a Selmer complex, treats local conditions as anchors, 
and eliminates a finite memory block by a Schur complement. Under the stated 
splitting and invertibility hypotheses, the active soft sector is isomorphic to 
the Bloch-Kato Selmer group. Standard determinant-line bookkeeping iden-
tifies the finite correction with the p -primary Tate-Shafarevich, Tamagawa, 
and torsion terms, while normalized Arakelov and nonarchimedean Green 
energies recover the Néron-Tate height pairing. These results establish an op-
erator framework for organizing the arithmetic ingredients of the Birch-Swin-
nerton-Dyer formula. They do not prove the Birch-Swinnerton-Dyer conjec-
ture. The rank and leading-term conclusions in Section 6 are obtained only 
under an explicit Comparison Hypothesis asserting that the active VTT deter-
minant germ agrees with the central germ of the Hasse-Weil L -function with 
the prescribed normalization. That comparison is not established here and re-
mains the principal open problem. 
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1. Introduction 

The arithmetic of elliptic curves links the finitely generated group ( )E   with 
the analytic behavior of its Hasse-Weil L -function. Mordell established finite 
generation [1], Cassels developed the Selmer and Tate-Shafarevich groups [2], 
Birch and Swinnerton-Dyer formulated the rank and leading-term conjecture [3], 
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and Tate clarified the local arithmetic entering the refined formula [4]. The Gross-
Zagier height formula [5], the Bloch-Kato special-value framework [6], Kato’s Eu-
ler system [7], and Nekovář’s Selmer complexes [8] provide the principal arith-
metic tools relevant to the present construction. 

For the analytic rank, let E   be an elliptic curve with conductor N : 

 ( ) ( )an 1ord , ,sr E L E s==  (1) 

where ( ),L E s  is the Hasse-Weil L -function. The algebraic rank is the rank of 
the free part of ( )E  . BSD predicts that these two ranks agree and that the first 
nonzero Taylor coefficient is determined by the period, regulator, Tamagawa fac-
tors, torsion, and the Tate-Shafarevich group. 

The present paper uses the VTT variational architecture developed in [9]-[11] 
to organize these arithmetic objects. It constructs a finite split model of the Selmer 
complex, realizes the active operator as a Schur complement, and identifies its soft 
sector with Selmer cohomology under explicit hypotheses. It also records how ca-
nonical heights and the finite arithmetic factors enter the same determinant-line 
bookkeeping. The paper does not prove BSD or any new case of BSD. Section 6 
isolates an unproven Comparison Hypothesis between the active determinant 
germ and ( ),L E s ; Theorem 8 states only the formal conditional implication that 
this hypothesis would yield the BSD rank and leading-term formulas. 

2. VTT for Arithmetic 

The original VTT construction begins with a bounded Lipschitz domain dΩ⊂  , 
a Sobolev phase space ( )1

0H Ω , and finitely many anchored measurements. Point 
evaluation is not continuous on ( )1

0H Ω  in general dimensions, so VTT replaces 
point anchors with mollified averages [10] [11]. If ia ∈Ω , is ∈ , and ερ  is a 
standard mollifier, the anchor functional is 

 ( ) ( ) ( ), d .i ix a x xε ερΩ
Φ = − Φ∫  (2) 

This small regularization is mathematically important. It makes each anchor a 
bounded linear functional on the Sobolev space. 

A basic passive VTT action has the form 

 ( ) ( )( )22 2
,

1

1 1d d d ,
2 2 2

M

i i i
i

x x s C xε ε
θ α

Ω Ω Ω
=

Φ = ∇Φ + Φ + Φ − − Φ∑∫ ∫ ∫  (3) 

where 0θ > , 0iα > , and C  is a source density. The first two terms stabilize 
the field. The anchor terms impose coherent data without leaving the Hilbert-
space setting. 

The second variation of the passive action is the bilinear form 

 ( ) ( ) ( )pass , ,
1

, d d .
M

i i i
i

B x x ε εφ ψ φ ψ θ φψ α φ ψ
Ω Ω

=

= ∇ ⋅∇ + +∑∫ ∫    (4) 

The last summand is nonnegative. Hence, the passive Hessian is coercive. This 
is the first structural lesson for BSD: a coercive passive form has no rank-produc-
ing kernel. 
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Theorem 1. The passive VTT Hessian associated with passB  is bounded, sym-
metric, and coercive on ( )1

0H Ω . In particular, the passive problem has a unique 
minimizer. 

Proof of Theorem 1. Boundedness follows from the continuity of the mollified 
anchors and the Cauchy-Schwarz inequality. Symmetry is immediate from the 
definition of passB . Since 0θ > , the Poincaré inequality gives a constant 0c >  
such that 

 ( ) ( )1
0

2
pass , .HB cφ φ φ

Ω
≥  (5) 

The Lax-Milgram theorem gives the unique critical point, and strict convexity 
identifies it as the unique minimizer.  

The active step introduces memory. We set X  be the visible phase space and 
M  a finite-dimensional memory space. By supposing :P X X ∨→  is the visible 
Hessian block, :Q M M ∨→  is positive definite, and :L X M ∨→  loads visible 
perturbations into memory. Eliminating the memory variable gives the active op-
erator 

 1
act .H P L Q L∨ −= −  (6) 

The sign is the point. Memory does not merely add stiffness. After elimination, 
it subtracts a nonnegative finite-rank correction. This is how an initially stable 
passive system can develop isolated soft modes. In Figure 1, the passive spectrum 
remains uniformly positive. The active spectrum contains three small eigenvalues, 

0.025,0.061,0.112,  

all below the displayed cutoff of 0.15. The next active eigenvalue is approximately 
1.53, so the soft sector is spectrally separated. This is the numerical picture behind 
the arithmetic claim that the active kernel should be identified with a Selmer 
space, while the passive form should remain stable. 
 

 
Figure 1. Isolation of the active soft sector.  
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The one-mode model used in Figure 2 is 

 ( ) ( ) ( )
2

act
act

11.20 , .
0.03

λ ρ ρ ρ
λ ρ

= − =
+

  (7) 

The soft threshold is * 1.20 1.095ρ = ≈ . At 0ρ = , the response is  
1 1.23 0.813≈ . Near the threshold, the regularized response approaches  
1 0.03 33.33≈ . The active mode softens because of the Schur-complement cor-
rection. 
 

 
Figure 2. Schur-complement softening of one active mode. 

 
For arithmetic purposes, the VTT dictionary is listed in Table 1. This table fixes 

the construction used in the rest of the paper. 
 
Table 1. VTT objects and their arithmetic replacements. 

VTT Object Arithmetic Replacement 

Sobolev Phase Field Degree-One Selmer Cochain 

Mollified Anchor Local Bloch-Kato or NÉRon Condition 

Passive Hessian Stable Anchored Arithmetic Form 

Memory Variable Local Obstruction and Dual Selmer Data 

Schur Complement Active Selmer Hessian 

So Sector Bloch-Kato Selmer Group 

Tensor Response Height-Pairing Matrix 

Finite Memory Determinant Tate-Shafarevich, Tamagawa, and Torsion Factor 

Determinant Germ Central Expansion of ( ),L E s  aer Comparison 

 
The entries in Table 1 arise from specific constructions. Degree-one Selmer co-

chains are the visible arithmetic variables because the mapping cone in Equation 
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(9) records global cochains together with their local-condition defects. The local 
maps act as anchors because their simultaneous vanishing is precisely the Selmer 
condition. The soft-sector identification is proved, rather than assumed: after the 
finite split model is constructed in Section 3, Lemma 2 identifies the Schur-com-
plement kernel with the projected harmonic subspace, and Proposition 3 identi-
fies that subspace with first Selmer cohomology. The finite-memory entry comes 
from torsion cohomology in the integral Selmer complex and from the local Néron 
component groups, whose orders supply the Tate-Shafarevich and Tamagawa fac-
tors; the Mordell-Weil torsion normalization is explained in Proposition 5. The 
tensor-response entry is justified by Theorem 6, where the Green-energy pairing 
is identified with the Néron-Tate height. The last row is deliberately conditional: 
the determinant germ becomes an L -function germ only under the Comparison 
Hypothesis of Section 6. 

3. Selmer Complexes as the Arithmetic VTT Phase Space 

We fix a prime p  

 , .
pp pT T E V T= = ⊗   (8) 

Consider S  contain p , the infinite place, and every prime of bad reduction. 
Let ,SG  be the Galois group of the maximal extension of   unramified out-
side S . For each v S∈ , let vG  be the local absolute Galois group. 

The Selmer complex is the arithmetic phase space. In Nekovář’s language, it is 
represented by a mapping cone 

 ( ) ( )( )[ ],Cone , , 1 .E S v vv S v S
C R G V U R G V

∈ ∈
= Γ ⊕ ⊕ → ⊕ Γ −

  (9) 

The local complex vU  imposes the chosen local condition. Away from pN , 
it is unramified. At p , it is the Bloch-Kato finite condition. At bad primes, it 
records the Néron local condition and component-group correction. At ∞ , it 
records the real compatibility condition. 

The first cohomology of EC   is the Bloch-Kato Selmer group, 

 ( ) ( )1 1 , .E fH C H V=   (10) 

Under the standard finiteness hypotheses for Selmer complexes, •
EC  is perfect 

over p  [8]. Choose a bounded complex •
EF  of finite-dimensional p -vector 

spaces and a quasi-isomorphism • •
E EF C→ . Write 1imi i

E EB d −=  and keri i
E EZ d= . 

Finite-dimensionality permits complements i
E  and i

EA  with i i i
E E EZ B= ⊕  

and i i i
E E EF Z A= ⊕ ; the restriction 1:i i i

E E Ed A B +→  is then an isomorphism. In 
Equation (11), ( )*i

Ed  denotes the inverse of this restriction on 1i
EB +  and zero on 

1 1i i
E EA+ +⊕ . Thus ∗  is the splitting operator determined by these complements, 

not a canonical p -adic metric adjoint. Any norm on the finite-dimensional terms 
makes the maps continuous; the VTT term “Hilbert model” refers to this finite 
normed realization. 

 ( ) ( )* *1 0 0 1 1Δ .E E E E Ed d d d= +  (11) 
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By construction, 1
E∆  acts as the identity on 1 1

E EB A⊕  and as zero on 1
E . 

Consequently, 1 1 1 1
E E E EF B A= ⊕ ⊕  is a degree-one Hodge decomposition,  

1 1ker E E∆ = , and the quotient map 1 1 1
E E EZ Z B→  identifies 1

E  with  

( ) ( )1 1
E EH F H C≅  . The representative harmonic subspace depends on the cho-

sen complements, but the resulting cohomology group and its dimension do not. 
Lemma 2. Let X  and M  be finite-dimensional vector spaces over a field K , 

equipped with fixed nondegenerate pairings, and let *L  denote the correspond-
ing transpose. Set 

*P L
L Q

 
=  
 

  

where P , Q , and L  are the indicated block maps and Q  is invertible. Then, 
the projection of ker  onto X  is an isomorphism onto ( )* 1ker P L Q L−− . 

Proof of Lemma 2. A vector ( ),x m  lies in ker  exactly when * 0Px L m+ =  
and 0Lx Qm+ = . Since Q  is invertible, the second equation gives 1m Q Lx−= − . 
Substitution into the first gives ( )* 1 0P L Q L x−− = . Conversely, every vector in 
this Schur-complement kernel determines the unique memory coordinate  

1m Q Lx−= − .                                                     □ 
Choose a decomposition 1

E E EF X M= ⊕  into visible and memory coordinates. 
When the memory block EQ  of 1

E∆  is invertible, define the active arithmetic 
Hessian to be the Schur complement 1

act,E E E E EH P L Q L∗ −= −  on EX . 
Proposition 3. Let •

EF  be the finite split model constructed above. Assume 
that 1

E E EF X M= ⊕  is chosen so that the memory block EQ  of 1
E∆  is inverti-

ble, and define act,EH  as its Schur complement. Then, the projection induces an 
isomorphism ( )1

act,ker ,E fH H V≅  . 
Proof of Proposition 3. The split construction gives 1 1ker E E∆ =  and  

( ) ( ) ( )1 1 1 1 ,E E E fH F H C H V≅ ≅ =   . In the visible-memory coordinates, Lemma 
2 identifies act,ker EH  with the projection of 1ker E∆  onto EX . Invertibility of 

EQ  makes the memory coordinate unique, so that projection is an isomorphism. 
The representative isomorphism depends on the selected splittings, whereas the 
cohomology space and its dimension are intrinsic.                       □ 

The resulting cohomological identification is 

 ( )act 1 , .E fH V   (12) 

Thus, the active soft modes represent Selmer cohomology classes. 

4. Mordell-Weil Rank and Tate-Shafarevich Memory 

The Tate-Shafarevich group is the global obstruction group 

 ( ) ( ) ( )1 1Sha ker , , .v
v

E H E H E = → 
 

∏    (13) 

An element of ( )Sha E   is represented by a torsor under E  that has points 
over every completion of  , but not necessarily over   itself. In the VTT lan-
guage, Sha  is hidden arithmetic memory which satisfies every local test, yet it is 
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not a visible rational point. 
The Kummer sequence gives the relation between rational points, Selmer clas-

ses, and Sha : 

 ( ) ( ) ( )10 , Sha 0.p f pE H V V E→ ⊗ → → →     (14) 

Here, ( )ShapV E   is the rational p -adic Tate module of the p -primary 
part of Sha . 

Theorem 4. Let E   and p  be as in Section 3, and assume the hypotheses 
of Proposition 3. Then ( ) ( ),dim ker rank dim Sha

p pact E pH E V E= +
 

  . If  
( )Sha E p∞    is finite, the second term vanishes, and the active soft dimension 

equals the Mordell-Weil rank. 
Proof of Theorem 4. Proposition 3 identifies the active soft sector with  
( )1 ,fH V . Exactness of Equation (14) gives the stated dimension formula. When 

( )Sha E p∞    is finite, its rational p -adic Tate module is zero, so only  

( )rankE   remains.                                              □ 

The finite part is the arithmetic memory determinant. On the integral side, the 
finite memory contribution is recorded by 

 
( )
( ) 2

tors

Sha
,E

E c

E
= ∏








m  (15) 

whenever ( )Sha E   is finite. The integer c


 is the Tamagawa number at  . 
Proposition 5. Let p  be a prime. Assume that ( )Sha E p∞    is finite and 

that the integral Selmer complex is equipped with the standard Néron local con-
ditions and the usual BSD determinant-line normalization. Then the p -adic val-
uation of the finite arithmetic memory factor is given by Equation (16), where 

( )( )Shapv E   means the valuation of its p -primary part. 

 ( ) ( )( ) ( ) ( )( ), torsSha 2 .p E p p p pv E v c v E= + −∑




    (16) 

Proof of Proposition 5. For every 1n ≥ , the Kummer sequence gives  

( ) ( ) ( ) ( )0 Sel Sha 0n
n n

p
E p E E E p → → → →      [2]. After stabiliza-

tion, the finite global obstruction therefore contributes ( )( )Shapv E p∞   .  

At a bad prime  , the quotient occurring in the Néron local condition is the p
-primary part of the component group ( )Φ

 

 ; its order is the Tamagawa num-
ber c



, so determinant multiplicativity contributes ( )pv c


 [8] [12] [13]. Finally, 
the BSD determinant-line trivialization uses the Mordell-Weil lattice together 
with its dual. Replacing ( )E   by its free quotient contributes ( )( )torspv E−   

in each of these two dual factors, hence the term ( )( )tors2 pv E−   [6] [8] [12]. 

Additivity of lengths in exact sequences and exact triangles yields Equation (16). 
This bookkeeping identity does not prove the finiteness of Sha .            □ 

5. Height Energy and the Regulator 

The refined BSD formula contains the regulator. In VTT, this regulator is the de-
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terminant of the soft height-energy pairing. 
First, we let ( )P E∈  , and let ( ) ( )PD P O= − . At the Archimedean place, 

we choose the normalized Green potential on ( )E  . At a nonarchimedean place, 
use the corresponding admissible Green function on the regular model or Berko-
vich skeleton. For rational points ,P Q , define the local VTT height energy by 

 ( ) ( ), ,, d d , ,
v

v P v Q v v P QP Q g g D Dι= +∫  (17) 

where v  denotes the analytic surface at v = ∞  and the reduction graph or 
Berkovich skeleton at finite v . The term vι  is the local intersection correction. 
When divisors meet, the value is defined by the standard limiting procedure used 
in Arakelov theory. 

The global VTT height pairing is the sum over all places, 

 ( )VTT, , .v
v

P Q P Q=∑  (18) 

Theorem 6. Let E   be an elliptic curve. At the archimedean place, use the 
normalized Arakelov Green function; at every finite place, use the normalized 
Néron local height represented on a regular model, equivalently by the admissible 
Green function on the associated Berkovich skeleton after semistable reduction, 
together with the local intersection correction. For intersecting divisors, use the 
standard regularization. Under these normalizations, the pairing in Equation (18) 
is well defined and equals the Néron-Tate height pairing on ( )E  . 

Proof of Theorem 6. The stated local Green functions define the normalized 
Néron local pairings: they are symmetric and bilinear on degree-zero divisors, are 
compatible with principal divisors, and incorporate the required intersection cor-
rection. The product formula removes the remaining additive ambiguity when the 
local terms are summed. The resulting global pairing is therefore the canonical 
Néron-Tate height pairing [13] [14].                                  □ 

By letting 1, , rP P  as a basis of ( ) ( )torsE E  , the VTT regulator is 

 ( ) ( )VTT VTT 1 ,
Reg det , .i j

i j r
E P P

≤ ≤
=  (19) 

Corollary 7. The VTT regulator is the classical Néron-Tate regulator. 
Proof of Corollary 7. By Theorem 6, every entry of the matrix in (19) is the 

corresponding Néron-Tate height pairing. Taking the determinant gives the usual 
regulator.  

This completes the height-theoretic part of the framework. The VTT tensor 
layer has a precise arithmetic meaning: it is the height matrix on the free Mordell-
Weil group. 

6. Conditional Determinant Comparison and BSD 
Implication 

Let us act
E  be the active soft sector and let actdim Er =  . On the complement of 

the soft sector, the active Hessian is invertible, and the determinant germ at the 
central point is 
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 ( ) ( ) ( )( )VTT #
act,det 1 , 0,r

E ED t t H O t t= + →  (20) 

where #det  denotes the determinant of the non-soft component. 
The determinant germ has order r  at 0t = . Transferring this spectral order 

to the analytic rank requires an independent comparison with ( ),L E s ; no such 
comparison follows from Sections 2 - 5. 

Comparison Hypothesis. There is a holomorphic function ( )Eu s , nonzero at 
1s = , such that 

 ( ) ( ) ( )VTT, 1 ,E EL E s u s D s= −  (21) 

and the nonzero leading factor satisfies 

 ( ) ( ) ( )#
act, VTT1 det Reg .E E E Eu H E= Ω m  (22) 

The Comparison Hypothesis is not proved in this paper and is not a conse-
quence of the VTT-Selmer construction. It contains the unresolved analytic step. 
Accordingly, the result below is a conditional compatibility statement only and 
does not establish BSD for any elliptic curve. 

Figure 3 explains the multiplicative leading coefficient on a logarithmic scale. 
The plotted template uses 

0.35 0.62 0.69 1.10 0.88 1.18,− + + + − =  

so the corresponding illustrative coefficient is 1.18e 3.25≈ . In a curve-specific 
computation, those five numbers must be replaced by the actual logarithms of the 
period, regulator, Tate-Shafarevich order, Tamagawa product, and torsion de-
nominator. 
 

 
Figure 3. Logarithmic balance of the BSD leading coefficient.  

 
Theorem 8 (conditional implication). Let E   be an elliptic curve. Assume 

the hypotheses of Proposition 3, the finiteness of ( )Sha E  , the local-height 
normalizations of Theorem 6, and the Comparison Hypothesis in Equations (21)-
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(22). Then the BSD rank equality and the refined leading-coefficient formula fol-
low for E . 

Proof of Theorem 8. Under the Comparison Hypothesis, Equation (20) shows 
that ( )VTT

ED t  has a zero of order r  at 0t = , and Equation (21) transfers that 
order to ( ),L E s  at 1s = . Proposition 3 and Theorem 4 identify r  with 

( )rankE   under the stated finiteness assumption. Expanding Equation (21) at 
1s =  and using Equation (22) identifies the first nonzero coefficient with the pe-

riod, VTT regulator, and finite memory factor. 
Corollary 7 replaces the VTT regulator with the Néron-Tate regulator, while 

Proposition 5 expands the memory term into the Tate-Shafarevich, Tamagawa, 
and torsion factors. Hence, 

 
( ) ( ) ( )

( ) 2

tors

Sha,1
Reg .

!

r

E E

E cL E
r E

= Ω ∏







 (23) 

Under the stated hypotheses, this is the refined BSD formula in the normaliza-
tion fixed in this paper. Without the Comparison Hypothesis, neither the analytic-
rank conclusion nor the leading-coefficient identity follows from the preceding 
sections. The unresolved step is therefore the following open problem. 

Open comparison problem. Construct and prove the determinant comparison 
in Equations (21) and (22) for elliptic curves E  , with the prescribed period, 
regulator, Tate-Shafarevich, Tamagawa, and torsion normalization. Until this prob-
lem is solved, the present construction remains a framework with a conditional 
implication, not a proof of BSD. 

7. Conclusion 

This paper develops a VTT-inspired operator framework for organizing Selmer co-
homology, canonical heights, and the finite arithmetic terms in the BSD leading co-
efficient. Its unconditional content is the finite split-model construction, the Schur-
complement kernel identification under an invertible memory block, the standard 
local-height realization of the regulator, and the determinant-line bookkeeping of 
the finite factors under the stated finiteness and normalization hypotheses. The pa-
per does not prove the Birch-Swinnerton-Dyer conjecture or any new case of it. 
Theorem 8 is a formal conditional implication: BSD follows only after the Com-
parison Hypothesis in Equations (21) and (22) has been established independently. 
That comparison remains open and contains the central analytic difficulty. Future 
work must therefore construct the determinant germ from arithmetic data and 
prove its equality with the central Hasse-Weil L -function germ before the frame-
work can yield an unconditional BSD result. 
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