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Abstract

The formula for kinetic energy in classical mechanics holds when the velocity
of a body is low. However, the formula no longer holds when the velocity of
the body increases, and the theory of relativity can no longer be ignored. In
classical mechanics, the mass of a body is constant and does not depend on
the velocity of the body. Einstein and Sommerfeld defined the kinetic energy
of a body as the difference between the relativistic energy of the body mc?
and its rest mass energy m,c>. However, Einstein’s energy-momentum rela-
tionship, which holds in an isolated system in free space, is not applicable in a
hydrogen atom, where potential energy is present. The author has already de-
rived an energy-momentum relationship for an electron in a hydrogen atom,
but this paper derives previously unknown formulas for the kinetic energy and
momentum of an electron by taking that previous relationship as a departure
point.

Keywords

Einstein’s Energy-Momentum Relationship, Energy-Momentum
Relationship in a Hydrogen Atom, Relativistic Kinetic Energy,
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1. Introduction

According to the special theory of relativity (STR), the following relation holds

between the energy and momentum of a body moving in free space [1].
(mcz)2 =(m002)2 +c’p.

1

Here, m,c’ is the rest mass energy of the body. And mc’® is the relativistic
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energy.
In the STR, there is the following relationship between m? and mc’.

mc’ =myc® (1- 42 )_]/2 . B=v/c. 2)

When Sis extremely small, Formula (2) can be expanded as a power series in S,

as indicated below.
-2 1 3
mec?(1-42) " =m? | 1+ =%+ 4+--~]. 3
o’ (1-5°) ) ( PP 3)

It is known that, if a body is moving at low velocity, Formula (3) can be approx-

imated at high precision using the first two terms. Thus,
1
2 2 2
mc® =~ m,C +§m0v . (4)

The second term on the right side of Formula (4) is the kinetic energy in New-
tonian mechanics.

The formula for kinetic energy in classical mechanics holds when the velocity
of a body is low. However, the formula no longer holds when the velocity of the
body increases, and the theory of relativity can no longer be ignored. In classical
mechanics, the mass of a body is constant and does not depend on the velocity of
the body.

Einstein and Sommerfeld defined the relativistic kinetic energy K, as follows
(2].

K, =mc?—mc?. (5)

The “re” subscript of K stands for “relativistic.”

Now, Formula (1) is rewritten as follows.
2 2
(mcz) =mic* +(m2c4 — mgc“) = (mocz) +c?p’. (6)

Comparing Formulas (5) and (6), the relativistic momentum p,, can be de-

fined as follows.
pr. =m’c® —myc. )
Hence,
P, = (m2 -m? )M c. (8)
Also, Formula (7) can be written as follows.

pz = (m+mg)(mc? —myc?)

9
=(m+my)K,..
Hence,
2
= Pe (10)
m-+m,

Based on the above discussion, it was found that the relativistic kinetic energy

of a body moving in isolated systems in free space can be described with Formulas
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(5) and (10).
However, Einstein’s relationship is not applicable in a hydrogen atom, where

potential energy is present.

2. The Relationship between the Energy and Momentum of
an Electron in a Hydrogen Atom

Formula (1), which is called Einstein’s energy-momentum relationship, holds when
the energy absorbed by a body is all converted to the kinetic energy of that body.

However, an electron in an atom acquires kinetic energy through the emission
of photon energy. Therefore, Einstein’s relationship (1) cannot be applied to an
electron in an atom.

Consider the case where an electron at rest in an isolated system in free space is
attracted by the electrostatic attraction of the proton (hydrogen atom nucleus),
and forms a hydrogen atom.

The electron at rest has a rest mass energy of m,c’. When this electron is taken
into the region of the hydrogen atom, it acquires an amount of kinetic energy K,
equivalent to the emitted photon energy.

Now, the following relationship holds if the energy of a photon emitted from

an electron is taken to be Av.
hy = K,.. (11)

In classical quantum theory, the total mechanical energy of a hydrogen atom is
defined as the sum of the potential energy and kinetic energy of the electron. That
is,

E,=V(,)+K,, E,<0. (12)

n
Also, the potential energy of an electron is given by the following formula.
1 €

V(r):_4n5 T (13)

According to the Virial theorem, 2K =-V (I’) in the case of a circular orbit,

the energy can be written as follows.

V(r, 2
E,=V(r,)+K, = () . 11¢ (14)
2 24nsg, 1,
Now, if E, , isused to represent the photon energy emitted when an electron

placed an infinite distance away from the atomic nucleus (proton) of the hydrogen
atom is taken into the hydrogen atom, then the following law of energy conserva-

tion holds for the electron.

V(r,)+K, +Ey, =0. (15)

Here, the “ph” subscript of E
Normally, the energy of a photon is written as hv , but when multiple photons

onn Stands for “photon.”

are emitted, E, = indicates the total energy of those photons.

ph,n
Formula (15) shows that the energy source for the kinetic energy acquired by
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an electron and the photon energy emitted by the electron is the potential energy
of the electron.
The relationship between the rest mass energy of the electron m.c’ and the

relativistic energy of the electron m c* is as follows.

m,c® =m,.c?+V (r)+K,, =mc’ - K, =mc’+E n=12-  (16)

re,n>

Here, nis the principal quantum number.

Also, m.C* is the sum of the residual part of the rest mass energy of the elec-
tron (mec2 +V (r, )) and the relativistic kinetic energy K . E_ are the rela-
tivistic energy levels of a hydrogen atom [3].

The relationship between E_ and other energy is as follows.

E.,=—En,=—K

re,n ph,n

(17)

re,n”

Incidentally, the author has previously pointed out that the reduction in rest
mass energy of an electron corresponds to the potential energy of the electron.
Here, if the reduction in rest mass energy of the electron is represented as

—Amecz , then the potential energy of the electron can be defined as follows [3]-
(5]
V (r)=-Am.c?. (18)

In classical quantum theory, it was promised that the potential energy of an
electron placed at the position r =0 would be zero. It was thought that the en-
ergy of an electron in this state would also be zero.

However, that idea is mistaken. There is a problem with classical quantum the-
ory, which describes the energy levels of a hydrogen atom in relative terms, ignor-
ing the STR.

The view of the author is that the potential energy of an electron placed at the
position r =co will actually be zero. Also, this electron has a rest mass energy of
m,c*.

These energies can be illustrated as follows (Figure 1):

4 4
N -0
2
m,cq—========= T E
Az Az
>
0Ll——— —L—m,c”

Figure 1. This paper defines E_ as the rel-

ativistic energy levels of the hydrogen atom.
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For E

tant from the atomic nucleus (proton) is set to zero. E, ,, in contrast, takes into

«n» the potential energy when the electron is at a position infinitely dis-
account the existence of the rest mass energy of the electron. The “ab” subscript
of E, stands for “absolute.”

The relativistic energy of an electron in a hydrogen atom becomes smaller than

the rest mass energy. That is,
m,c® <m,c?. (19)

The behavior of an electron inside an atom, where there is potential energy,
cannot be described with the relationship of Formula (1).
Now, referring to Formula (5), it is natural to define the relativistic kinetic en-

ergy of an electron in a hydrogen atom as follows.
Kien = —Eep =m,c?—mc?. (20)

Next, the relativistic kinetic energy of an electron in a hydrogen atom is defined

as follows by referring to Formula (10).

2
pre,n

m, +m,

' pre,n = mnvn' (21)

re,n

In this way, two formulas have been obtained for the relativistic kinetic energy
of the electron in a hydrogen atom (Formulas (20) and (21)).
The following equation can be derived from Formulas (20) and (21).

pZ
m,c’—mc’ = —="—. (22)
m, +m,

Rearranging this, the following relationship can be derived.
(mncz)2 +e7ph, = (mecz)2 : (23)
Formula (23) is the energy-momentum relationship applicable to the electron

in a hydrogen atom.

The author has previously derived Formula (23) using five methods [6]-[11].

3. Solution of Formula (23)

In the past, Dirac derived the following negative solution from Formula (1).

2

2\ Y2
E =+mc® =+m,’ [1—\/—} . (24)
c

If the same logic is applied to Formula (23), then the following formula can be

derived.

v
E =+m,c? = +m,c? (1+—”2] . (25)
c
However, Formula (25) does not incorporate the discontinuity peculiar to the
micro world.

Therefore, Formula (25) must be rewritten into a relationship where energy is
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discontinuous.
The author has previously derived the following relationship as a new quantum
condition to replace the quantum condition of Bohr [12].

v
b _2 (26)
c n

Here, « is the following fine-structure constant.

eZ

a= . 27
4megyhc 27)

Incidentally, there are positive and negative solutions to Einstein’s relationship
(1). In the same way, Formula (23) also has the following positive and negative
solutions [13] [14].

2 \W2
+ n
Eab,n = mnc2 = mec2 + Ere,n = mec2 [ rl2 +a2j , N= 011! 21 (28)
n2 Y
- 2 2
Ea\b,n:_mnC :_mec (nz—i-azJ , n:0’1,2,.“' (29)

It has already been pointed out that a state with 2= 0 exists in the energy levels
of a hydrogen atom [15] [16].

The relativistic kinetic energy of the electron can be expressed as follows.

2 2
Kien =—Een, =M —m.cC

re,n re,n

_mczll_( n’ j“] (30)
e r]2_{_0(2 )

Next, when the part of Formula (30) in parentheses is expressed as a Taylor

2 4 6
3a” b5a
E, ~mc?||1-2 424 3% | 4
o K 2n?  8n* 16n6J }
_a’mc?
2n?

expansion,

(31)

Incidentally, the nonrelativistic energy levels of a hydrogen atom, derived by

Bohr, are given by the following formula.
2
1 \me' 1
Eeon=—|—| ==, (n=12,-). 32
o | Bk (n-1200) o)

The “BO” subscript of Eg,, stands for “Bohr.”

However, when discussing the energy levels of a hydrogen atom, it is best if the
rest mass energy of the electron is included in the formula. Thus, Formula (27) is
rewritten as follows.

2 2 2
E -_K __mgc [ e J i
BO,n — BO,n — 2
4dngohc ) n

(33)
_a’mc?
2n’

. (n=12,-).
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From this, it is evident that Formula (32) is an approximation of Formula (30).
Next, the following table summarizes the energies of a hydrogen atom obtained
from Formulas (30) and (32) (Table 1).

Table 1. Comparison of the energies of a hydrogen atom predicted by Bohr’s classical quan-
tum theory and this paper.

n Bohr’s Energy Levels, Eg,, This Paper, E
0 - -0.511 MeV
1 -13.6057 eV -13.6052 eV
2 -3.4014 eV -3.4014 eV
3 —-1.51174 eV —-1.51174 eV

Next, if the electron orbital radii corresponding to the energy levels in Formulas
(28) and (29) are taken to be, respectively, r. —and .. [17].

re,n

. [ IR (34)

) (n2+a2)1/2—n

S 1 PR B 9

w2 (n2+a2)u2+n

Here, the subscript “re” is attached to rfor consistency with E_ .

Here, r, is the classical electron radius, defined as follows.

eZ
r

=— (36)
° 4ngm,c’

In Formula (35), the electron approaches toward r,/4 as nincreases.
The domain of the ordinary hydrogen atom that we all know starts from
r=r/2 (E,=0).

4. Limits on Application of the Formula for Potential Energy
of an Electron in a Hydrogen Atom

This section explains why it is necessary to discuss the limits of applying the for-
mula for the potential energy of an electron in a hydrogen atom.

The first reason is that the author showed that the minimum energy level of a
hydrogen atom is not the ground state (22 = 1) predicted by quantum mechanics.
Since ultra-low energy levels exist in a hydrogen atom, an explanation must be
considered that enables the electron to approach the point r=r,/4 thought to
be the proton radius.

The second reason is that the author pointed out that the reduction of the rest
mass energy of the electron corresponds to the potential energy of the electron in
a hydrogen atom.

Formula (13), the existing formula for potential energy, can be written as fol-
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lows.
2 2
e m.C I
V(r'n):——2 13 :_mecz._e_ (37)
4mgm,ct T, r,

According to the STR, the rest mass energy of the electron is m,c’. Inside a
hydrogen atom, the rest mass energy of the electron is depleted when the electron
approaches the atomic nucleus up to the point r =r,. However, the electron ac-
quires a kinetic energy of m.c’ / 2 at this time.

In the finished form of quantum mechanics, there is no discussion of the type
of energy possessed by the electron. However, in classical quantum theory, the
energy was discriminated.

Thus, this paper also discriminates the energy of the electron into the residual

part of the rest mass energy and kinetic energy. In this case, E, , in Formula
(28) can be written as follows.
2 2
Ein =M,c* =mc?+V (r,)+K, 38)

2
=m," + 2Ere'n —Een

The sum of the first and second terms on the right side of Formula (38) is the
residual part of the rest mass energy of the electron. The third term is the kinetic
energy of the electron.

When the types of energy of the electron are taken into account, an electron
that has approached the atomic nucleus to the point r =r, next approaches the
point r=r,/2 by reducing the acquired kinetic energy m,c’ / 2.

Therefore, according to this paper, the energy of an electron that has ap-

proached the atomic nucleus to the point r=r,/2 is as follows.
V(r,/2)=-mc? K,=0, E,=0. (39)

However, under these conditions, the electron cannot approach closer than this
to the atomic nucleus. We must consider how the electron can reach ultra-low
energy levels.

Thus, taking a hint from the idea of renormalization theory, the author has pre-
viously assumed that the energy of an electron placed at the point r=r,/2 isnot
actually zero, and that this electron additionally has a photon energy m.c’> and
a negative energy specific to the electron of —meC2 (18] [19] (Figure 2).

The photon energy of an electron corresponds to the white rectangle in the di-
agram (A + B). Energy A is an energy we understand well. This paper asserts the
existence of the B part. Also, the negative energy specific to the electron -m,c?
corresponds to the black rectangle. This figure shows that the original photon en-
ergy of an electron with rest mass energy m,c®> is 2m.’. (However, this figure is
just a conceptual illustration. The rcoordinate on the x-axis is not accurate).

In the state E, =0, the photon energy m,,c* and negative energy -m,c?
cancel each other out, resulting in a state where energy is zero. An electron in the
state where E, =0 still has photon energy, so it can emit another photon and

drop to a negative energy level.
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Etab Eab
B 2 E,.,
2mc” 1+ me 4+ ~ =
mc

A
A >
2 mt.Ac‘

m”c‘
mc’
<< T 0T E\

B B

m, ,¢* m, ¢
r. -
- r ot
_med 4 W r »
X
4 5]
0 -m,c” r
2
-mc* + —2mci1
o

Figure 2. Photon energies of electrons in different states, and negative energy.

The author has previously defined the residual energy E of an electron

tab,n

that has emitted the photon energy Ephn as follows [8].

E

n

=(Mya +M,g5)C* —Epp = Egpp +Mypc? =(m, +m, g )c?. (40)

tab,n

The “tab” subscript of this energy indicates the true, absolute photon energy.
The descriptor “tab” is applied because absolute energy E,,  has already been
defined.

5. Formula (23) Derived with the Second Method

Consider the Cartesian coordinate system O-—Xy [10]. Letting F and F be the
points X==f , an ellipse is drawn taking those 2 points as foci. Let A and A’
be the points where the ellipse intersects the x-axis, and let B and B’ be the
points where the ellipse intersects the y-axis. Also, let 2a be the length of the line
segment AA’, 2bbe the length of the line segment BB', and 2/be the length of
the line segment FF (Figure 3).

A

2
a,m&Bc

Figure 3. First, the energy m,c® is taken to correspond to the line seg-

ment OA, and then Formula (45) is assumed. Formula (23) can be de-
rived if the Pythagorean theorem is applied to the right triangle OBF .
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The eccentricity of the ellipse in this case is defined as follows.

521. (41)
a

The eccentricity of the ellipse can also be expressed using the following formula.

b2\
g:(l——zj . (42)

a

The following formula can be derived from Formula (42).
b=a(1—gz)w. (43)
Here, the line segment OA is placed into correspondence with the energy

m,c?. Let us express this as follows.

a=mc’. (44)

e

Also, it is assumed that the shape of an ellipse that can describe the state of an

electron is a case satisfying the following conditions.

e )

&= . 45

(nz +a’ ] (49)

Taking Formulas (44) and (45) into account, b can be expressed with the fol-

lowing formula.
ot V-
2
b=m.c [n2+a2J . (46)

Also, if Formula (44) and Formula (45) are taken into account, then the fin

Formula (41) is as follows.

2 n’ v
f=as=mgc [n2+a2] . (47)
Using Formulas (46) and (47),
2 2
f24b% = ( nziaz J(mecz)2 +[n20;a2 ](mecz)2 = (mecz)2 : (48)
Here, BF=a so the following relationship holds.
OA =BF. (49)

Here, if Formula (28) is also taken into consideration, then Formula (46) can

be expressed as follows.

2 2 2 2
a a nN"n+«o
b2=[ - zjmfczo&:[ - zjmf( - ch~cz. (50)
n’+a n’+a n

Furthermore, if the relationship in Formula (26) is used for cin Formula (50),

the result is as follows.

nc? =c?(my, )" =c?p?. (51)
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Substituting this result for Formula (51) into Formula (48),
f2+b2:(mncz)2+czpn2:(mecz)z. (52)

When meC2 is taken to correspond to the line segment OA, and Formula (42)
is assumed, then Formula (23) can be derived from the right triangle OBF.

As indicated above, it is evident that Formula (23) can also be derived through
a discussion using an ellipse.

However, the lengths of the line segments of the ellipse do not signify the mag-
nitude of the energy and momentum of an electron. The point is simply that For-
mula (23) can be derived when energy is put into correspondence with the line
segment of the ellipse.

In other words, Formula (23) has already been derived with another method,
and thus Formula (23) can be derived through a discussion using an ellipse.

Incidentally, the following relationship is known to hold in an ellipse.

AF-FA=0B". (53)

Here, the line segments OA and OA’ are taken to correspond to the energy
m.c®. Let us express these as follows.

OA=m, ,c*. (54)
OA' =m, 4C°. (55)

If Formula (28) is taken into account, mnC2 corresponds to ga. That is,

OF =sa=m_’. (56)

Also, the following energy corresponds to FA.

FA=a-sa=E,, =m,,c’-mc’. (57)

Taking these points into account, Formula (53) can be written as follows.

(mnc2 + mevBcz)(meyAc2 - mncz) =c’pl,. (58)

Here, m,, isnormally expressed by omitting m,.

Rearranging Formula (58), the following relationship can be derived.
M, AC - M, 5C° = (mncz)2 +CP P, (59)

Also, Formula (59) can be written as follows because m, ,¢* =m, zc’.
(mecz)2 = (mncz)2 +c2p2 ... (60)

Incidentally, Formula (58) can be written as follows because E,,, =K.

(mn "'me,B>C2 'Kre,n =c’ przen (61)

Based on this, the following formula can be derived.

2
pre,n
ren - (62)
m, + meyB
It was thus found that the true nature of m, in Formula (21) is m,g.
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An ellipse was considered in this section in order to incorporate m, into the

formulas for K, and p,,.

6. Previously Unknown Formulas for K and p_,

n

According to Maxwell’s electromagnetism, the following relationship holds be-

tween the momentum p and energy E of light.

E =cp. (63)

Also, Einstein asserted, based on consideration of the photoelectric effect, that
light has a particle nature, although it had previously been regarded as a wave.
If a photon, as a single particle, is assumed to have a frequency v, Einstein con-
cluded it has the following energy [18].
E=hv. (64)

Here, A is the Planck constant. Also, Formula (65) can be written as follows

using the angular frequency .

E =ho, L (65)
27
w 1is defined as follows:
w=2nV. (66)
The following formula can be derived from Formulas (63) and (64).
¢ h
A=—=—. (67)
v P
Also, the wavenumber x is defined as follows:
27
K=—-. 68
7 (68)

de Broglie applied Formula (67) to matter. In classical physics, the following rela-
tion holds between momentum p and kinetic energy K.

2

K, :%mvz - 2p—m (69)
Here, if Formulas (65), (67), and (68) are used,
p° 1 h? i ATPH® KPR

ha):—:——: —_— 70
2m 2m A% 2m A2 2m (70)

Therefore,
nk?
w=—. 71
om (71)
The phase velocity v, and group velocity v, ofa material wave are de-
fined as follows (in the following, these may be abbreviated as v,,,v, ).
® do
Vphase = ?' group — d_k (72)

In light of the above, the phase velocity of the wave is as follows.
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V:Q:hk: p v

— —_— 73
 k 2m 2m 2 7
Also, the group velocity of the wave is as follows.
Y] —d_w—@—ﬁ—vl (74)

9 dk 2m m
de Broglie thought that, if light—previously thought to be a wave—has a particle
nature, then perhaps the electron—thought to be a particle—has a wave nature.
Thus, he applied Formula (67) to matter.
Incidentally, the electron’s phase velocity v, , is given by the following for-
mula.
v =1V (75)

p.n n'n*

Here, v, is the phase velocity of the electron wave when the principal quan-

p.n
tum number is in the n state. Also, A, and v, are the wavelength and fre-
quency of the electron wave.

Formula (76) can be written as follows using the relationship of Formulas (64)
and (67).

K K

y :/1 vV = h ren _ re,n ) (76)

pre,n h pre,n

Due to the above, the formula for the relativistic kinetic energy of the electron
corresponding to Formula (63) is as follows [19].

Kr n = Vp,n pre,n' (77)

e,

Kien =MV, V. (78)

nYgnVpn:

The energy of a photon is found as the product of the photon’s momentum and
the speed of light. The kinetic energy of an electron, in contrast, is determined by
the product of the electron’s momentum and its phase velocity.

Next, the following relationship can be derived from Formula (76) by using
Formula (62).

K Pi 1 P m
prn __ren _ re,n _ re,n — n Vg,n- (79)
pre,n mn + me,B pre,n mn + me,B mn + me,B
Hence,
mnvg,n = (mn + me,B )Vp,n' (80)

The following new formula for momentum can be derived from Formula (80).
Pren = (M, +M, 5 )V, 1. (81)

The following formula for kinetic energy can be derived from Formulas (77)
and (81).
Kre,n :(mn +me,B)V;§n' (82)

7. Conclusions

A. According to Maxwell’s electromagnetism, the following relationship holds be-

DOI: 10.4236/jamp.2026.148143

2913 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.148143

K. Suto

tween the momentum p and energy E of light.

E =cp. (83)

It was possible to derive the following formula as a formula similar to Formula
(83).

KI’E,I’] = Vp,n pre,n "

(84)
Comparing Formulas (83) and (84), it is evident that the phase velocity of an

electron wave Vv, is an intrinsic physical quantity just like the speed of light.
Also, the momentum of an electron can be described by the following formula.

pre,n (mn +me,B)Vp,n' (85)
Formula (84) can be written as follows.

Kien =(M, +Meg V2. (86)

In addition, the energy of all photons possessed by an electron with kinetic en-
ergy K., isasfollows.

Etab,n = (mn + me,B)Cz' (87)
From Formulas (86) and (87), there was found to be a close relationship be-

tween the energy of all photons possessed by an electron and the kinetic energy of
the electron.

B. It was found that the following relationship holds between v,, and v, ,.

m
Vpn = TV, (88)
m, +m,

Table 2. The formulas for the kinetic energy of an electron in a hydrogen atom derived by classical mechanics, the STR, and this
paper.

Classical Mechanics

STR This Paper
Kren =M,C> —m,c?
2
2 n’ ¥
L. 2 2 2 Kien =MeC” | 1=| — 2
Kinetic Energy K= 2 meyV K, =mc” —m,c n"+a
Kre‘n = mnvg,n p.n
Kre,n (mn + me,B )Vs,n
pre =mv pre‘n mnvg‘n
y
2 2 2
pre:(mz—mg)l/ c pren_(me_mn) c
Momentum p=myVv MgV o Y2
pre - V2 1/2 pre,n = meC nz +a2
1- 2
pre,n :(mn + me,B vp,n
2
. . 2 2 K Pre.n
Relationship between K K = p P L -
and p 2m, o m+m, nooeR
Kre n = Vp,n pre,n
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If the velocity of the electron is low,

Von zfvg'"' (89)

Since the group velocity v, , of the electron as a wave corresponds to the ve-
locity v, of the electron as a particle,
1 1,

5 myV’ = > MeVg (90)

It is evident from Formulas (89) and (90) that the classical formula for kinetic
energy of an electron is an approximation of Formula (78). That is,

1.2
Emevg,n &MV Vo &MV Vo (91)

The formulas for the kinetic energy and momentum of an electron in a hydro-

gen atom, derived in this paper, are shown in the following Table 2.
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