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metic, Probability, and Statistics. Journal of ~ out analyzing the structure of the trajectories in detail. It was sufficient to show
Applied Mathematics and Physics, 14, that they all consisted of movements on a directed graph with six nodes. I used
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the principles of contradiction and mathematical induction to complete the

https://doi.org/10.4236/jamp.2026.148145 . . . . .
siicolote o proof. However, despite the mathematical proof in the aforementioned article,

Received: July 1, 2026 the human imagination can conceive of a realistic trajectory that exhibits phases
Accepted: August 16, 2026 of growth and decline, but whose overall trend is upward. This paper thor-
Published: August 19, 2026 oughly analyzes the structure of the trajectories, using the directed graph men-
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this trajectory, while appearing realistic, is not feasible. The Collatz conjecture
has been proven to be accurate.

Copyright © 2026 by author(s) and
Scientific Research Publishing Inc.

This work is licensed under the Creative
Commons Attribution International

License (CC BY 4.0). Keywords
http: ti .org/li by/4.0 . . . . . .
creativecorumons org lleenses DYIA0L - 11, Conjecture, Gaussian Arithmetic, Planar Graphs, Binomial
omom i C
Distribution

1. Introduction

The German mathematician Lothar Collatz is known for proposing, in 1937, the
conjecture that bears his name, also known as the 32 + 1 conjecture. The conjec-
ture uses the following linear functions.

Definition 1 (Collatz Function).

We will refer to the following function as the Collatz function:

C:N —> N defined by

3k +1 if k odd,
C(k)=
( ) g if k even.
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Note that both functions are linear.

Definition 2 (Collatz Conjecture).

The Collatz Conjecture is defined as follows:

For any starting point K € N , the sequence obtained by successive applications
ofthe function C would eventually arrive at1 (so that the cycle4, 2, 1 is repeated
indefinitely).

We will refer to these sequences as “trajectories.”

For a historical view of the study of the Collatz conjecture, see [1] and [2].

Numerical computation was used to prove that all numbers less than or equal
to 2.95147 x 10% satisfy the Collatz conjecture; see [3].

The article [4] uses the concept of “congruences in general,” which was intro-
duced by Carl F. Gauss in Chapter 1 of his Disquisitiones Arithmeticae [5], to
define a directed graph. This graph constitutes the Collatz trajectory space, since
all trajectories are a continuous movement within the graph. The graph contains
three loops that are essential for determining whether a counterexample trajectory
exists. By contradiction, it is proven that only one of them could generate it, but
by induction, it is proven that it is not feasible. Therefore, the conjecture is con-
firmed to be true.

In this paper, we will examine the detailed structure of the trajectories and ad-
dress the conjecture from a different perspective. Our analysis will demonstrate
that the conclusion reached in [4]—that the Collatz conjecture is true—is indeed
valid.

This paper is organized as follows: In Section 2, we will study the structure of
Collatz trajectories and their representation as a directed graph. We will also see
that we only need to study the trajectories T ([4]) In Section 3, we will see the
structure of trajectories T ([4]) In Section 4, we will define the probabilistic
model. In Section 5, we will study T ([4]) and the counterexample trajectories.
Finally, in Section 6, we will prove the Collatz conjecture.

Notation

1) Z: the set of integers.

2) N= {k |k eZ,k > O} : the set of natural numbers.

3) Ny={k|keZk=>0}:theset N including zero.

4) [r],={nIn=r,mod.6,neN};oralso. [r]={n[n=6k+r keN},
0<r, <6, where we do not explicitly state the value modulo 6.

5) T([r]) isany trajectory that starts at n,with ne[r].

& T([0)={0).[0].3].[4].[2].[4].[2).[£].[4).[5].[4]~} . i a generic ex

pressionof T(k),with ke[0] and [r] representsany number of that residue

class.
7) L5 = A simplified way to refer to the loop, [4] —>[5]—>[4].
8) L2 = A simplified way to refer to the loop, [4]—[2]—[4].

9) L1 = A simplified way to refer to the loop, [4] - [2] - [1] - [4] .
10) LO = A simplified way to refer to the loop, [0] - [0] .
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11) F5 = A simplified way to refer to the multiplier factor of L5.
12) F2 = A simplified way to refer to the multiplier factor of L2.
13) F1 = A simplified way to refer to the multiplier factor of L1.
14) F, = A simplified way to refer to the overall multiplier factor.

2. Structure of Collatz Trajectories

In this Section, we will examine the definition of a trajectory and its structural
elements, and how to represent them as a directed graph, using modulo 6 arith-
metic, according to [4].

Finally, we prove that we only need to study the trajectories T ([4]) , see Nota-
tion (5).

Definition 3 (Collatz Trajectory).

For ke N, the trajectory of k is the sequence obtained by successively ap-
plying the function C to k.We will denote itby T (k). Hence,

; k if n=0,
T(k)={C"(k ,Where C" (k)= n times
) { ( )} ? " CoC---oC(k) forn>1.

And we can also write T(k):{nl,nz,n3,---,nj,---}, where n =k and n; is
the number of position j in the sequence, with j=1,2,3,---.

At this juncture, I would like to recall Proposition 1 from my previous article
on the Collatz Conjecture, as it serves as a fundamental reference point for the
proof.

Proposition 1. (E.A. Diarte-Carot [4]. The reference to the Proof).

Let be neT(k), and let T(n) be the trajectory starting from n, if T(n)
satisfies the conjecture, then so does T (k).

Proof. By the definition of trajectory, 3, if neT(k), JieN such that
C (k) =n and, from n, it follows that C”l(k) = C(n) and C™? (k) =C? (n)
and C"*(k)=C*(n) and so on.

Then, from n, T(k) and T(n) areequal Thus,if T(n) satisfies the conjec-
ture,then 1€T(n) andalso 1eT (k). Therefore, T(k) also satisfies the conjec-
ture. O

Now, by Definition 2, we can state the following.

Remark 1 (Condition to satisfy the conjecture).

T (k) ,with k e N, satisfies the Collatz conjecture whenever 1T (k) .

Remark 2 (Directed graph as a Collatz trajectory space).

Collatz trajectories are continuous movements within the directed graph shown
in Graph 1.

According to article [4], the transition of each residue class can be calculated by
applying the Collatz function to the corresponding general term, as outlined in
Notation (4):

D [0]; = [0]; 3],

2) (1, -4

6"

DOI: 10.4236/jamp.2026.148145

2969 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.148145

E. A. Diarte-Carot

3) [2]6 _>[1 6 u[4]6'
9 [3], > [4];
5) [4]6 - [2]6 U[S]G '
6) [s], > [4];

> ;1’] > [5]
N
2]

Graph 1. A directed graph in which all tra-
jectories represent continuous motion.

The directed graph shows four loops:
LO=[0] > [0]; Li=[4]—>[2]—>[1]—>[4].
L2=[4]—>[2]>[4]; L5=[4]—>[5]—[4].
The directed graph also shows that all possible trajectories correspond to one
of these 9 patterns.

Definition 4 (Trajectory Patterns).
The trajectory patterns are as follows:

1) T([0])=[[0].+-, LO(m times),[3].[4],-+-]=[[0] -+, LO(m times),[3],T ([4])]-
Note that the loop LO=[0]—[0] can only be repeated a finite number of
times, since every K e [0] can be factored as k =2" x 3><(0dd number) and it is

not repeated after m repetitions, then, the trajectories transition to [3] .

2) T([8])=[[3].[4].-]= [3]T([4)]

3) T([)=[[2.[4].~ =[[1 [4])]-

4) T([5])=[[5].[4].-]=[[5]. T ([4])]-

5) T([2])=[[2).[4]-- T=[12).7 ([4])]

6) T([2])=[[2].[2].[4].---]=[[2].[1). 7 ([4]) ]
7) T([4])=[[4].[5], 4] J=[La.7([4])]-
8) T([4])=[[4].[2].[4].-]=[L2T([4])]-
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9) T([4])=[14].[2].[4].[4].---]=[ .7 ([4])].

In these patterns, [r,] does not represent the entire class of residues, but ra-
ther a number within that class; see Notation (6).

Proposition 2 (The key to the proof).

We only need to study the trajectory structure T ([4]).

Proof. By Definition 4, all trajectories T([ﬁ]):T(k):{nl,nz,n3,---,nj,~-} ,
with n =k, reach n; e[4] for the first time, they end up following a T ([4])
trajectory.

So, if all trajectories T ([4]) decay to 1, then, by Proposition 1, all Collatz tra-
jectories, T (k),decay to 1and satisfy the conjecture. O

3. The Structure of the Trajectories T([4])

From this Section onward, all of the studied trajectories will be T(n), where
ne [4] . If none of these trajectories are counterexamples, then, by Proposition 2,
the conjecture holds.

Remark 3. (Estructure of T ([4]) )

Figure 1 shows the elementary structure with which all T ([4]) trajectories
begin.

_-m n2 ! ns - na
First Steps of

the Trajectory

P(L5)="%%x1=1/2
L5 =2 Nodes
Getting Started !

a SubTrajectory !

B 1

P(L2) ="2x'%2=1/4

Getting Started
a Trajectory @
L2 =2 Nodes

P(L1)="%x%x1=1/4
L1=3 Nodes

Figure 1. Initial structure of the 7{[4]) Collatz trajectory.

This structure will be repeated throughout the trajectory, and its most signifi-
cant elements are summarized as follows:

A) Half of all T([4]) trajectories begin with an L5=[4]—[5]—>[4] loop,
and each of them is made up of two trajectory numbers (2 nodes).

B) A quarter of them with an L2=[4]—[2]—>[4] loop, and each of them is
made up of two trajectory numbers (2 nodes).

C) The remaining quarter with an Ll1= [4] - [2] - [1] - [4] loop, and each
of them is made up of three trajectory numbers (3 nodes).

D) At the end of each loop, a new subtrajectory T ([4]) begins, and the process

repeats.
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Therefore, any T ([4]) trajectory is a sequence of loops L5, L2, and L1. Or, in
other words, it is a sequence of subtrajectories T ([4]) .
E) The probability that a trajectory will start with a given loop is:

P(L5):%, P(LZ):% and p(u):%.

4. The Probabilistic Model

The probabilistic model defined below is based on the elementary tree structure
with three branches shown in Figure 1.

Any trajectory T ([4]) , which is the one we need to study, see Proposition 2, is
a random and independent sequence of this structure, executing, also randomly,
one of the three branches.

Definition 5. (Elementary Probabilistic Structure)

This is a definition, by description, of the Elementary Probabilistic Structure.

From a probabilistic point of view, Figure 1 presents the following elements:

1) In the first stage, n,

a) a Bernoulli trial, as we will see later, with sample space {[5],[2]} and prob-
abilities (1/2,1/2).

2) In the second stage, n,

a) anew Bernoulli trial with sample space {[1] , [2]} and probabilities (1/2,1/2)
if branch [2] is followed.

b) a transition [5] —>[4] with probability 1, therefore, with no probabilistic
impact.

3) In the third stage, n,

a) in addition to ending what we will call loop L5 and initiating a new ele-
mentary structure.

b) a transition [2] - [4] with probability 1/2, which ends loop L2 and ini-
tiates a new elementary structure.

¢) a transition [2] - [1] with probability 1/2.

4) In the fourth stage, n,

a) a transition [1] - [4] with probability 1, therefore, with no probabilistic
impact, but which ends what we will call loop L1 and initiates a new elementary
structure.

L5,L2 and L1 asoutlined in Notations (7), (8), and (9).

Definition 6. (Bernoulli Trial and Binomial Distribution)

Let € be an experiment and let A be an event associated with €. Let
P(A) = p, the probability of the event A occurring, and P(K) =(1- p) , the
probability of A . Performing this experiment only once constitutes a Bernoulli
Trial.

A coin toss is an example of a Bernoulli trial. Event A is defined as getting
“heads” with probability P(A)=p.

The random variable X defined, for example, as “gets heads” k times, as-

sociated with n independent repetitions of Bernoulli Trials, with the same prob-
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ability for all repetitions, has a Binomial Distribution: B (n, p) . See [6].
n .
P(X = k):(kj p“(1-p)"".

Remark 4. Experiments involve the probabilistic model.

The proposed probabilistic model contains two identical experiments: The ex-
periments €, in the first stage and €, in the second stage.

These experiments, both €, and €,, are entirely similar to the coin toss in
Definition 6, as follows:

* In a coin toss, there is an object (the coin) with two inherent characteristics:
“Heads” and “Tails”.

In these experiments €, we have an object, a number n=6Kk+r (see Nota-
tion (4)), with a parameter, K, that characterizes the number as “even” or
“odd”.

* The procedure involves tossing the coin and noting whether the result is
“heads” or “tails”.

When we apply the Collatz function to n and note the result, which is either
“even” or “odd”.

* These experiments, coin toss or applying the Collatz function to n, are re-
peated N times with fixed probabilities p and 1/2, respectively, and the
repetitions are independent.

In particular, for the case athand, €, actson C(n), regardless of its numer-
ical value, in the same way that € actson n.

* Therefore, the Binomial Distribution, B (n, p) , applies.

So, repeating the elementary structure of Remark 3, N times. The experiment
€, has a sample spaces {[5],[2]} and €, has {[1] , [2]} , as outlined in Defini-
tion 5. The binomial distribution corresponding to the random variables L5,L2,
and L1 will be:

. B(N,]/Z) for L5.

. B(N ,]/2) , followed by B(N ',1/2), for L2 and L1.Here, N’ isthe num-
ber of times [2] was obtained in experiment ;.

Note that, as outlined in Remark 3:

N, =thenumberoftimes L5 = [5] occurs,and N’ =the number of times
[2] occursin N repetitions of trial ;.

Ny be the number of times L2 occurs, and N the number of times L1

occurs after N’ repetitions of trial €, .
Then, N=N,+N'=N,+N;+N..

5. The Trajectories T([4]) and the Counterexample
Trajectories

From this point onward, we will focus our study on trajectories, T(n) , with
ne[4] and n>2.95147x10, see [3]. This will streamline the process and al-
low us to simplify expressions at a later stage.

Remark 5. The effect of the elementary structure on the T ([4]).
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1) After implementing the elementary structure of the model, its effect on the
numerical values of the trajectory T ([4]) is always one of the following sequences
of terms,

nn_n 3n+1

either n,ﬂ,ﬂ,--- or n,—,—,3—+1--- or n,3n+1,
2 4 24 4

This corresponds to performing the loops.to L2, L1 and L5, respectively.
We observe that L2 and L1 reduce n,while L5 increases it.

2) The increase or decrease in the value of n can be evaluated as a multiplier

factor.
Thus,
3 1 3
L5 hasafactor F5=—+——>F5== (n>1),
2 2n 2

L2 hasafactor F2= % R

L1 has a factor Fl=%+£—) Fl:% (n>1).
n

3) The sequential application of loops along a trajectory results in a successive
multiplication of factors.

Thus, if we have an application sequence with N, #imes L5, N, times
L2, N. times L1, then n—n;, with n;=n-F,; where F, is the overall
multiplier factor

3 Na 1 Ng 3 Nc ]
FO:[E) (Zj [Zj and j=2N,+2Ng;+3N_ +1.

Note that F, isaproduct of real numbers, which has the associative and com-
mutative properties; therefore, the exact position of the loops in that sequence is
completely irrelevant, only the value of factors and the number of times each loop
appears matter.

Now, we will begin by defining a counterexample trajectory and the criteria
for identifying whether a trajectory is actually a counterexample to the conjec-
ture.

Corollary 1. A counterexample trajectory.

A counterexample trajectory, T (n), is one that does not converge to 1, that is,
1¢T(n). So, it will be a divergent sequence.

Proof. This assertion is a direct consequence of the definition of conjecture 2
and of Remark 1. O

Proposition 3. (Criteria for T ([4]) trajectory as a counterexample).

For a trajectory T ([4]) to be a counterexample to the Collatz conjecture, it
must satisfy the following:

1) It is a sequence of infinitely many loops L5,L2, and L1. So,

N,+Ng+N. —>o0; where Ny, =#L5—>0, Ny=#L2 >0 and
N. =#L1— o are random variables.

2) All elements at the end of any loop in the sequence, n; € [4], must be greater
than the initial element, n, of T ([4])
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This implies that F, = LEJNA LEJNB (EJNC >1
2 4 4

Proof.

1) To prove this point, it suffices to recall that every T ([4]) is an infinite se-
quence of loops L5,L2, and L1, Point D of Remark 3. Additionally, for it to
serve as a counterexample, the number of loops of each type must be infinite.

In a trajectory that satisfies the conjecture, only the L1 loops, when they first
reach 1, repeat indefinitely, as outlined in Definition 2.

2) We have seen that the structure of any trajectory starting at ne[4] be-
comes a random succession of loops ending at some n; € [4] ,hence n; eT (n).

Suppose, by way of contradiction, that n is the smallest term, belonging to
[4], that starts a trajectory, T (n), that does not satisfy the Collatz conjecture.

Note that under this assumption, no term in T (n) satisfies the Collatz con-
jecture, according to Proposition 1 and Corollary 1. So, T (n j) does not satisfy
the conjecture and n; €[4].

But, if n; <n then the hypothesis is contradicted. So, n; must always be
greater than n.

Furthermore, this implies that F, must be greater than 1, since n; =n-F,

O

6. Proof of the Collatz Conjecture

Let’s prove thatno T ([4]) trajectory is a counterexample to the Collatz conjec-
ture.

To this end, we will show that no trajectory T(n)= {n, Ny, Ny, Ny, ooo, N ,} , with
ne [4] , satisfies the second criterion of Proposition 4, that is, we will show that

all these trajectories reacha n ;=n- F, lessthan n. So,

Na Ng N¢
Fo = (Ej (lj (Ej must be less than 1.
2 4 4

The problem is determining the valueof N,, N; and N..

Note that we try to determine “a priori” how many of the results of the Nrep-
etitions will be favorable to L5,howmanyto L2 and howmanyto L1,know-
ing their respective probabilities (1/2, 1/4, 1/4).

The key to this matter lies in a fundamental concept: Determining an equitable
distribution of profits between two parties a priori. This issue began to be ad-
dressed mathematically in the mid-17th century, around 1654.

Our objective is to distribute the results of repeating N random processes
among the three loops in a fair and “a priori” manner.

The mathematical solution was based on the principle: “ The value of a future
gain must be directly proportional to the possibility of getting it”.

In updated mathematical language, this would be expressed as follows: It is es-
sential to recognize that the potential value of a future gain is directly proportional
to the likelihood of its realization.

In 1657, see [7], a solution based on the same principle was extended to 3 or
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more parties.
Finally, in 1814, see [8], the concept of the expected value of a random variable
was explicitly defined as the answer to this question.
Definition 7 (P.L. Meyer [6]. Expected value).
Let X be a discrete random variable with values X; and probabilities p( X, ).
The expected value is:
N
E(X):Z;Xip(xi).
=
Remark 6. Expected Value of the Binomial variable.
Let X be a random variable with a binomial probability distribution, B(n, p),
its expected valueis E ( X ) =np . See [6].
Proposition 4 (Valuesof N,,N; and N).
The N,,Ng and N are the number of times the loops L5, L2, and L1
appearin N repetitions of the elementary structure. So, assigning their expected
value, we get.

N,=E(L5)=N/2 Ny=E(L2)=N/4 N.=E(Ll)=N/4

Proof.

According to Remark 4 of the probabilistic model,

1) the random variables L5 has a binomial distribution, B(N,1/2). So, by
Remark 6, N, =E(L5)=N/2.

2) The variables L2 and L1 have a final binomial distribution, B ( N Y 2).
So, by Remark 6, Ny =E(L2)=N/4 and N, =E(L1)=N/4.

U

Theorem 1. (Final Theorem).

No trajectory T ([4]) is a counterexample to the Collatz conjecture. So, the
Collatz conjecture is true.

Proof. Bringing the values of the Proposition 4 to,

Na Ng Nc
w3 (6 )
2) \a) \a
NN N
Fo = (Ejz (1]4 [Ej“ - 0.80592745" <1
2) \a) (4

The Point (2) of Proposition 4 is not satisfied, then all trajectories T ([4]) hold
the conjecture and, by Proposition 2, the Collatz conjecture is true.

We get:

Furthermore, as N approaches infinity, F, approaches zero and T([4])
decreases to 4, the minimum of the residue class [4] From that point on, the
trajectory repeats theloop 4—2—1—4 indefinitely, thus fulfilling the Collatz
conjecture. O
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