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Abstract 
We investigate nonlinear signal propagation in superconducting media using 
the complete complex Ginzburg-Landau equation. A perturbative modula-
tional instability framework is employed to derive analytical expressions for 
the dispersion relation and growth rate. The analysis reveals well-defined in-
stability domains where small perturbations are exponentially amplified, giv-
ing rise to high-amplitude localized breather structures. Group velocity dis-
persion and phase self-modulation govern the transition between stable and 
unstable regimes. The growth rate exhibits maxima corresponding to optimal 
conditions for energy localization and signal amplification; outside these re-
gions, the system supports stable, low-amplitude periodic waves. This analyt-
ical framework opens perspectives for the design of superconducting devices, 
photonic technologies, and advanced signal processing applications. 
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1. Introduction 

Superconducting media provides a rich framework for the study of nonlinear 
wave propagation and complex dynamical behaviors. Their theoretical descrip-
tion is commonly based on the complex Ginzburg-Landau equation (CGLE), a 
universal nonlinear model that arises in a wide range of physical systems, includ-
ing nonlinear optics, fluid dynamics, plasma physics, and Bose-Einstein conden-
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sates [1]-[11]. Owing to its ability to incorporate dispersion, nonlinearity, gain, 
and dissipation, the CGLE has become a cornerstone for investigating pulse prop-
agation and amplification processes in optical fibers, laser systems, and supercon-
ducting structures [12]-[17]. 

Despite its importance, the CGLE generally does not admit exact analytical so-
lutions for arbitrary parameter values, which makes the prediction of signal dy-
namics particularly challenging [11] [18]-[20]. As a result, various analytical and 
semi-analytical approaches have been developed, among which modulational in-
stability (MI) stands out as a powerful tool for examining the stability of continu-
ous wave (CW) solutions and the emergence of localized nonlinear structures 
such as solitons, breathers, and rogue waves [21]-[31]. Originally identified in hy-
drodynamics, MI has since been extensively investigated in optical fibers, plasmas, 
and condensed matter systems, where it governs energy localization and pattern 
formation [32]-[38]. 

In nonlinear optical systems, MI plays a central role in pulse breakup, super-
continuum generation, and soliton formation [39]-[43], while in plasmas and 
Bose-Einstein condensates it is associated with wave collapse and coherent struc-
ture formation [44] [45]. The extension of these concepts to superconducting me-
dia has attracted increasing attention in recent years due to their potential appli-
cations in high-speed communication, quantum devices, and nanoscale energy 
transport [46]-[51]. However, most existing studies on MI in superconducting 
systems rely on simplified versions of the CGLE or on coupled models that neglect 
important physical effects such as nonlinear gain saturation, higher-order nonlin-
earities, and normalized linear gain contributions [52] [53]. These simplifications 
may limit the accuracy of the predicted dynamics and obscure key mechanisms 
governing instability development. Furthermore, conventional perturbation tech-
niques used in MI analysis are not always suitable for capturing the full complexity 
of superconducting environments [54]-[56]. 

Despite these significant advances, several important issues remain insuffi-
ciently explored. Most previous studies have primarily focused on deriving mod-
ulational instability criteria or investigating localized nonlinear structures without 
systematically examining how the combined effects of dispersion and nonlinear 
phase modulation govern the amplification of unstable perturbations in super-
conducting media. Furthermore, the identification of parameter regions leading 
to maximum instability growth and their implications for nonlinear signal ampli-
fication have received limited attention. These unresolved issues motivate the pre-
sent study. 

In this work, we derive explicit analytical expressions for the modulation insta-
bility dispersion relation and growth rate, establish the stability boundaries in the 
(α , β ) parameter plane, and demonstrate how these parameters can be tuned 
to control nonlinear signal amplification in dissipative superconducting media. 
The obtained results provide useful physical insights into the design of supercon-
ducting systems requiring controllable amplification and stable nonlinear wave 
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propagation. 

2. Model and Modulational Instability Analysis 

Among the various nonlinear evolution equations proposed to describe wave 
propagation in dissipative media, the complex Ginzburg-Landau equation pro-
vides one of the most comprehensive macroscopic models because it simultane-
ously accounts for dispersion, Kerr nonlinearity, gain, dissipation and nonlinear 
saturation. These combined mechanisms are essential for describing the nonequi-
librium dynamics of superconducting systems, where the competition between 
amplification and losses strongly influences the stability of nonlinear excitations. 
[8]-[10]  

 ( )
2

2 4
2 0,

2
i iF i i iG

x t
ψ α ψ β γ ψ ψ µ ψ ψ ψ∂ ∂ − + + − + − = ∂ ∂ 

 (1) 

The governing equation (Equation (1)) describes the evolution of the slowly 
varying envelope of a nonlinear excitation propagating in a dissipative supercon-
ducting medium operating close to the superconducting transition, where the 
complex Ginzburg-Landau formalism provides an appropriate macroscopic de-
scription. In this normalized model, the group-velocity dispersion coefficient α  
governs the temporal spreading or compression of the propagating wave packet, 
whereas the self-phase modulation coefficient β  characterizes the nonlinear 
phase shift induced by the intensity-dependent response of the superconducting 
condensate. The parameter F accounts for the spectral filtering associated with the 
finite gain bandwidth of the medium, while γ  represents the nonlinear ampli-
tude modulation responsible for dissipative effects. The quintic coefficient µ  
models the saturation of the nonlinear gain, preventing unlimited field growth at 
high intensities, and the parameter G denotes the normalized linear gain required 
to compensate intrinsic losses. Consequently, the interplay among these physical 
mechanisms determines whether small perturbations remain stable or evolve into 
strongly localized nonlinear structures through modulational instability. 

It is worth emphasizing that the adopted complex Ginzburg-Landau equation 
extends the conservative nonlinear Schrödinger equation by incorporating dissi-
pative mechanisms that are unavoidable in realistic superconducting devices. In 
particular, the combined effects of spectral filtering, linear gain, nonlinear gain 
saturation and cubic nonlinear interactions enable the model to describe the com-
petition between amplification and dissipation governing the evolution of super-
conducting wave packets. Such a generalized formulation therefore provides a 
more realistic framework for investigating modulational instability and nonlinear 
signal amplification than conservative models, especially in driven superconduct-
ing systems operating under nonequilibrium conditions. 

We perform a linear stability analysis of the superconducting medium by intro-
ducing infinitesimal perturbations around the continuous-wave solution. This 
methodology has been successfully applied in nonlinear optical systems, plasmas, 
Bose-Einstein condensates, and exciton-polariton condensates to investigate mod-
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ulational instability and the formation of localized nonlinear structures.  
The continuous wave (CW) solution given by the relation  

 ( ) ( )
0 , e ,i bx ctx t aψ +=  (2) 

verifies the system (1) under the constraint  

 ( )2 2 2 4 2 0,
2

a b c i a a Fc Gαβ γ µ− + + − + + − =  (3) 

Since Equation (3) is a complex-valued constraint, its real and imaginary parts 
must vanish independently. Therefore, the continuous-wave solution exists only 
if ( 2 2 0

2
b a cαβ− + + = ), and ( 2 4 2 0a a Fc Gγ µ− + + − = ). The first condition de-

termines the propagation constant (b) as a function of the wave amplitude (a), the 
dispersion parameter (α ), the modulation frequency (c), and the self-phase mod-
ulation coefficient ( β ). The second condition expresses the balance between non-
linear losses ( γ ), gain saturation ( µ ), spectral filtering (F), and linear gain (G). 
Consequently, the continuous-wave background used in the modulational insta-
bility analysis exists only for parameter combinations satisfying these two rela-
tions simultaneously. These conditions define the admissible operating regime of 
the superconducting medium and ensure the physical consistency of the stability 
analysis. For compactness of notation, the quantities ( )1A , ( )2A , ( )1B , and 
( )2B  introduced later in the dispersion relation are retained in their general form. 
Under the continuous-wave existence conditions given above, ( )2A  and ( )2B  
vanish identically; however, they are kept in the analytical expressions to preserve 
the compact structure of the derivation. 

We add perturbations ( ),x tε  with an infinitesimal amplitude χ  in order to 
study the modulation instability of the continuous wave solution Equation (2), 
subject to constraint Equation (3),  

 ( ) ( )( ) ( ), , e ,i bx ctx t a x tψ χε += +  (4) 

which is followed by the derivation of the linearized equation for the perturbation:  

 ( )

( )

2 2 4

2 4 *

2
2 2

2 3
2

2 0,

tt t xiF ic iF i

b c iF a i i a iG

a i i a

α αε ε ε

α β γ µ ε

β γ µ ε

   − + − + +   
   
  + − + + + − + −    
 + − + = 

 (5) 

Relevant solutions to Equation (5) we take ( ),x tε  in the form:  
 ( ) ( ) ( )1 2, cos sin ,x t kx t i kx tε α ω α ω= − + −  (6) 

where 1α  and 2α  are real amplitudes, the substitution of Ansatz Equation (6) 
into Equation (5) leads to the following dispersion relation for the perturbations  

 
( )

2
1 2 2 1 1 2 1 2

2 2
1 2

2 2
,

2
2

A FA B B F A A B B

F A A
k c

cF

α αω

αω ω
αω

ω

  + − − = − +   
  + +  

  = − +


 (7) 
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with 2 2 4
1 3 5A Fc a a Gγ µ= − + − , 2 2

2 2
A b a cαβ= − + + , 2 2

1 3
2

B b a cαβ= − + + ,  

2 2 4
2B Fc a a Gγ µ= − + − . It follows from Equation (7) that we know the frequen-

cies w is complex when the following criterion is verified  

 ( )1 2 2 1 1 2 1 2 0,
2 2

A FA B B F A A B Bα α + − − − + 
 

  (8) 

thus, the phenomenon of modulational instability is observed in superconductor 
media under the criterion Equation (8). We obtain the wave number and fre-
quency pairs corresponding to the breather wave function of the envelope of the 
signal propagating in the superconductor medium  

 
( )

1 2 1 2
1,2

1 2 2 1

2 2
1,2 1 1,2 2

1,2 1,2
1,2

2 2
,

2
2

A A B B

A FA B B F

F A A
k c

cF

ω α α

αω ω
αω

ω

 − +
= ±

 + − −



  + +   = − +


 (9) 

with 1 2;ω ω ω ω+ −= = .  
Under the constraint Equation (8) the localized signal in the superconductor 

media takes the form:  

 ( ) ( ) ( )( ) ( )
1,2 1 1,2 1,2 2 1,2 1,2, cos sin e ,i bx ctx t a k x t i k x tψ χ α ω α ω + = + − + −   (10) 

The modulational instability growth rate is defined by the relation:  

 ( ) ( )2 Im Im .kω Γ = +   (11) 

The growth rate defined in Equation (11) accounts for both temporal and spa-
tial amplification mechanisms. The imaginary part of the perturbation frequency, 

( )Im ω , characterizes the temporal growth of disturbances, while the imaginary 
part of the wave number, ( )Im k , describes their spatial amplification during 
propagation. Since the complete complex Ginzburg-Landau equation represents 
a dissipative medium where instability can develop simultaneously in space and 
time, both contributions are included in the definition of Γ to provide a global 
measure of the instability strength. 

3. Dynamical Analysis of the Signal  

In this section we will analyze the evolution of the signal emitted by superconduc-
tors Equation (10) solution of the equation Equation (1) following parameter α  
first and parameter β  second; the other parameters of the system and construc-
tion constants fixed; which will be accompanied for each of these cases by the 
analysis of the diagram energy gain. 

The baseline parameter values adopted in this section correspond to a normal-
ized reference configuration chosen to emphasize the influence of the dispersion 
parameter α  and the self-phase modulation parameter β . Additional tests 
performed with moderate variations of γ , µ , F, and G show that these param-
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eters mainly affect the quantitative values of the instability thresholds and growth 
rates, while the overall qualitative behavior remains unchanged. In particular, the 
existence of stable and unstable propagation regimes, the formation of localized 
breather structures, and the occurrence of amplification peaks are preserved. 

3.1. Study of the Signal as a Function of the Parameter α  

The modulational-instability analysis is performed using the following parameter 
values: 0.1β = , 0.1γ = , 0.1F = , 0.1µ = , 0.1G = , 0.1a = , 0.1A = ,  

0.1B = , 0.0001χ = . Under these conditions, we obtain [ ]10;10α∀ ∈ −  the re-
lation ] [0.37;0α ∉ −  translating the criterion Equation (8). 

 

 

Figure 1. Evolution of the nonlinear signal envelope in superconducting media for different values of the group velocity dispersion 
parameter α  with 1ω ω= ; (a) 0.37α = − , (b) 0.40α = − , (c) 0.60α = − , (d) 1.00α = − , (e) 2.00α = − , (f) 5.00α = − , (g) 

8.00α = − , (h) 10.00α = − , (i) 0.05α = , (j) 0.1α = , (k) 0.5α = , (l) 2.50α = , (m) 5.00α = , (n) 0.30α = − , (o) 0.20α = − .  
 

Figure 1 illustrates the evolution of the signal propagating in the superconduct-
ing medium for different values of the group-velocity dispersion parameter α . 
When α  satisfies the modulational instability criterion (Equation (8)), the sig-
nal exhibits a strongly localized breather-type structure, characterized by a high 
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amplitude and a strong spatial concentration of energy. This reflects an efficient 
amplification of the initial perturbations, resulting from the constructive interplay 
between dispersion and nonlinearity. In contrast, for values of α  lying outside 
the instability region, the signal adopts a quasi-sinusoidal form with relatively low 
amplitude. In this regime, the introduced perturbations do not grow significantly, 
indicating a stable state of the system. The parameter α  thus acts as a control 
parameter for the stability-instability transition, determining whether localized 
structures form in the superconducting medium. 

Figure 2 shows that the signal dynamics are symmetric with respect to the 
origin of the space-time frame, reflecting the intrinsically symmetric nature of the 
solutions derived from the dispersion relation. The obtained structures retain the 
same amplitudes as those associated with ( 1ω , 1k ), but exhibit spatial or temporal 
inversion. The system therefore admits conjugate or symmetric solutions, con-
firming the mathematical consistency of the model and the conservation of the 
signal’s energy properties. 

The diagram presented in Figure 3 highlights the existence of a well-defined 
gain peak corresponding to a critical value of α  ( 0.37α ≈ − ). At this point, the 
growth rate of perturbations is maximal, meaning that the system is in a strongly 
amplified instability regime. On either side of this critical value, the gain gradually 
decreases until it vanishes in the stable regions. This result shows that there exists 
an optimal dispersion value at which signal amplification is maximized, which is 
crucial for applications in signal amplification and transmission. 

 

 

Figure 2. Symmetry of the nonlinear signal envelope corresponding to the two frequency branches 1ω  and 2ω  with 2ω ω= ; (a) 
0.37α = − , (b) 2.00α = − , (c) 0.1α = , (d) 2.50α = , (e) 0.30α = − , (f) 0.20α = − .  

 

 

Figure 3. Instability growth rate as a function of the dispersion parameter α . 
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3.2. Study of the Signal as a Function of the Parameter β  

The modulational-instability analysis is performed using the following parameter 
values: 0.1α = , 0.1µ = , 0.1γ = , 0.1F = , 0.1G = , 0.1a = , 0.1A = ,  

0.1B = , 0.0001χ = . For these parameters, we demonstrate that the criterion 
Equation (8), reduces to the relation [ ]0;5β ∈  [ ]5;5β∀ ∈ − .  

 

 

Figure 4. Nonlinear signal evolution for different values of the phase self-modulation parameter β  with 1ω ω= ; (a) 0.1β = , (b) 
0.7β = , (c) 1.5β = , (d) 3.5β = , (e) 5.0β = , (f) 0.1β = − , (g) 0.7β = − , (h) 1.5β = − , (i) 4β = − .  

 
Figure 4 presents an analysis of the effect of the self-phase modulation param-

eter β  on the signal dynamics. When β  lies within the instability interval, the 
signal evolves into high-amplitude localized structures, similar to those observed 
for α . This confirms that phase nonlinearity plays a determining role in the 
growth of perturbations. Outside this interval, the signal becomes periodic again 
with low amplitude, indicating a stable regime. This result shows that the param-
eter β  controls the strength of the nonlinearity and acts as a triggering factor 
for modulational instability. 

 

 
Figure 5. Instability growth rate as a function of the phase self-modulation parameter β . 

 
Figure 5 shows that the instability growth rate reaches its maximum in the vi-
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cinity of 0β ≈ , corresponding to the most efficient amplification of infinitesimal 
perturbations during the early stage of modulational instability. This maximum 
should not be interpreted as the largest amplitude of the fully developed nonlinear 
structures shown in Figure 4. Indeed, the latter result from the subsequent non-
linear evolution of the system, where gain saturation, dissipation, and nonlinear 
interactions may significantly modify the final waveform amplitude. Therefore, 
Figure 5 characterizes the onset of instability, whereas Figure 4 illustrates its non-
linear outcome. 

4. Discussion  

The present results provide a clear physical picture of nonlinear signal dynamics 
in superconducting media governed by the complete complex Ginzburg-Landau 
equation. The emergence of modulational instability highlights the intrinsic ten-
dency of the system to amplify small perturbations and redistribute energy into 
localized structures. Unlike conventional MI analyses of the CGLE, which mainly 
focus on instability criteria and dispersion relations, the present perturbative 
framework allows the simultaneous derivation of explicit analytical expressions 
for the wave envelope, the instability domains, and the associated amplification 
characteristics. This approach provides a direct connection between instability 
growth and nonlinear signal amplification in superconducting media. 

A central outcome of this study is the identification of a well-defined transition 
between stable and unstable propagation regimes. In the stable regime, the system 
supports low-amplitude periodic waves, indicating that dispersion and dissipation 
dominate the dynamics. In contrast, within instability domains, nonlinear effects 
overcome dispersive spreading, leading to the formation of high-amplitude breather 
structures. 

The role of key physical parameters is particularly significant. The group veloc-
ity dispersion governs the spectral broadening and stability of the wave, while 
phase self-modulation enhances nonlinear focusing mechanisms. Their interplay 
determines the onset of instability and the subsequent energy localization process. 

The observed peaks in the instability growth rate correspond to optimal ampli-
fication conditions, where energy transfer from the background wave to pertur-
bations is maximized. This behavior can be interpreted as a resonance-like mech-
anism in nonlinear dissipative systems, providing a powerful tool for controlling 
signal amplification. 

Importantly, the use of the complete complex Ginzburg-Landau equation al-
lows us to capture effects that are often neglected in simplified models, such as 
nonlinear gain saturation and dissipative contributions. This leads to a more ac-
curate and realistic description of superconducting media. 

From an application perspective, these findings suggest that superconducting 
systems can be engineered to operate in controlled instability regimes, enabling 
efficient signal amplification and energy localization. This has potential implica-
tions for photonic devices, nonlinear signal processing, and quantum technologies. 
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5. Conclusion  

In conclusion, this work investigated the non-linear propagation dynamics of sig-
nals within superconducting media, based on the complete complex Ginzburg-
Landau equation. Through a perturbative approach applied to modulational in-
stability, we established explicit analytical expressions for the dispersion relation 
and the growth rate. Our results highlight clearly delineated instability regions 
where small perturbations undergo exponential amplification, leading to the for-
mation of high-amplitude localized structures of the breather type. The transition 
between stable and unstable regimes is intrinsically governed by group-velocity 
dispersion and self-phase modulation. The growth rate reaches maxima corre-
sponding to optimal conditions for energy localization and signal amplification; 
outside these critical domains, the system only supports stable, low-amplitude pe-
riodic waves.  
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