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Abstract 
This research focuses on the numerical investigation of ocean and coastal wave 
dynamics using the shallow water equations (SWEs) framework with the bath-
tub model as a simplified domain. The study employs a MATLAB-based sim-
ulation to analyze wave behavior, including propagation, reflection, and wave 
interference under idealized conditions. The governing equations consist of 
the continuity equation and the momentum conservation equations, capturing 
nonlinear wave propagation and interaction governed by the nonlinear shal-
low water equations. The bathtub model, with its confined geometry, offers a 
controlled environment for studying key dynamics such as wave resonance, 
boundary interactions, and energy dissipation. The numerical implementa-
tion uses finite difference schemes to discretize the SWEs, ensuring stability 
and accuracy. Key findings include insights into the influence of initial wave 
conditions, the role of geometric constraints in amplifying or dissipating wave 
energy, and the interplay between hydrodynamic forces and boundaries. These 
results are relevant for understanding storm surges, tidal behavior, and the im-
pact of coastal infrastructure. 
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1. Introduction 

Numerical investigation in oceanography uses computer simulations and mathe-
matical models to understand ocean processes and dynamics. This approach helps 
scientists predict weather, manage marine resources, assess environmental impacts, 
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and prepare for natural hazards such as tsunamis [1]. While field observations pro-
vide valuable data, they are often limited in spatial and temporal coverage; therefore, 
numerical models provide an effective means of simulating complex ocean pro-
cesses over extended periods and large geographic regions [2]. In this research, 
the Shallow Water Equations (SWEs) were applied within a simplified bathtub 
model to investigate wave propagation in oceanic and coastal environments [3]. 
The SWEs describe fluid motion in shallow-water systems through the conserva-
tion of mass and momentum while accounting for variations in water depth and 
gravitational forces [4]. The bathtub model simplifies the physical domain, ena-
bling clear observation of wave reflection, interaction, and amplification in a con-
trolled setting that captures key characteristics of coastal tsunami behavior [5] [6]. 
An intuitive analogy is to consider the ocean as a large bathtub in which a wave is 
generated by an underwater earthquake. In deep water, tsunami waves travel at 
very high speeds while maintaining relatively small wave heights, making them 
difficult to detect. As these waves approach the coast and enter shallower water, 
their speed decreases, and wave height increases significantly due to wave shoaling 
effects [7] [8]. This rapid increase in wave height is one of the primary reasons 
tsunamis pose severe hazards to coastal communities. The model also facilitates 
the study of wave reflection, which occurs when waves encounter boundaries such 
as coastlines or engineered structures. Reflected waves may interfere with incom-
ing waves, producing constructive or destructive interference patterns that alter 
wave energy distribution. Another important aspect of tsunami analysis is wave 
run-up, defined as the maximum vertical elevation or inland penetration of water 
after a wave reaches the shore [9]. By applying SWEs within the bathtub frame-
work, wave run-up and potential coastal flooding can be estimated, thereby sup-
porting tsunami hazard assessment and early-warning system development [10]. 
Shallow water equations are widely used in tsunami modeling because they accu-
rately represent the dominant physics governing long-wave propagation in shal-
low coastal regions [11]-[15]. Since vertical motion is generally small compared 
with horizontal flow, the SWE framework provides an efficient and reliable ap-
proach for simulating tsunami propagation, coastal inundation, and run-up pro-
cesses. The bathtub model further contributes to tsunami studies by providing a 
simplified representation of the ocean as a bounded basin. This approach facili-
tates the investigation of wave reflection, boundary interactions, resonance effects, 
and nearshore wave amplification [16]. By simulating wave behavior in a con-
trolled environment, researchers can better understand how real tsunami waves 
interact with coastlines, bathymetric features, and natural barriers, thereby im-
proving tsunami risk assessment and coastal management strategies. 

Previous studies have extensively employed shallow water equations to model 
tsunami propagation, coastal flooding, and run-up under realistic ocean condi-
tions [17]-[19]. However, these sophisticated models often make it difficult to iso-
late and understand fundamental wave processes such as reflection, interaction, 
and nearshore amplification. Although the bathtub model is frequently used as a 
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conceptual tool for explaining tsunami behavior, its application as a simplified 
numerical framework coupled with the SWEs remains relatively limited. Conse-
quently, there is a lack of simplified numerical studies that use the shallow water 
equations within a bathtub model to investigate fundamental tsunami-wave pro-
cesses in a controlled environment [20]. This study addresses this gap by numer-
ically investigating wave propagation, reflection, interaction, and run-up within a 
simplified bathtub model, thereby providing physical insight that can comple-
ment and support more sophisticated tsunami modeling approaches [21]. 

2. Overview of Shallow Water Equation (SWE) 

The Shallow Water Equations (SWEs) are widely used to model wave dynamics 
in coastal and ocean environments where the water depth is small compared to 
the characteristic horizontal length scale of motion [22] [23]. When interpreted 
through a bathtub-model framework, these equations describe how water propa-
gates, redistributes, and interacts with boundaries within a confined shallow-wa-
ter domain. Such a simplified representation provides a useful framework for ex-
amining wave propagation, reflection, and interaction processes under controlled 
conditions. In the bathtub model, the SWEs describe the evolution of water depth 
and momentum resulting from fluid motion and boundary interactions. The gov-
erning equations consist of a continuity equation and two momentum conserva-
tion equations. The equations are: 

a) Mass conservation (continuity equation) 

( ) ( ) 0
uh vhh

t x y
∂ ∂∂

+ + =
∂ ∂ ∂

 

The continuity equation describes how water depth (h) changes over time due 
to the horizontal transport of water in the (x) and (y) directions. It ensures con-
servation of mass within the computational domain and governs the spatial dis-
tribution of water levels during wave propagation [15]. 

b) Momentum conservation in the x direction 

( ) ( )
2 21

2 0
u h ghuh uvh

t x y

 ∂ + ∂ ∂ + + =
∂ ∂ ∂

 

This equation describes the conservation of momentum in the horizontal (x) 
direction and accounts for both advective transport and hydrostatic pressure ef-
fects. It is particularly important for simulating wave transformation processes 
such as shoaling, refraction, and nearshore wave propagation [22]. 

c) Momentum conservation in the y direction 

( ) ( )
2 21

2 0
v h ghvh uvh

t x y

 ∂ + ∂ ∂  + + =
∂ ∂ ∂

 

Similarly, the momentum equation in the (y)-direction governs fluid motion 
perpendicular to the (x)-axis and enables the simulation of multidirectional wave 
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propagation and circulation patterns, including longshore and rip-current dy-
namics [2]. 

3. Mathematical Formulation of Shallow Water Equation 
(SWE) 

The following partial differential equations (PDEs) constitute the shallow water 
equations (SWEs): 

 ( ) ( ) 0
uh vhh

t x y
∂ ∂∂

+ + =
∂ ∂ ∂

 (1) 

 ( ) ( )
2 21

2 0
u h ghuh uvh

t y x

 ∂ + ∂ ∂  + + =
∂ ∂ ∂

 (2) 

 ( ) ( )
2 21

2 0
v h ghvh uvh

t x y

 ∂ + ∂ ∂  + + =
∂ ∂ ∂

 (3) 

Here, the independent variables x, y, and t represent the spatial dimensions and 
time, respectively. The dependent variables include the surface height h (hereafter 
referred to as displacement) and the two-dimensional velocity components u and 
v. The partial derivatives with respect to the same variable (∂x, ∂y, ∂t) are grouped 
into vectors and rewritten as a single equation, which is then combined into vec-
tors and reformulated as a single hyperbolic partial differential equation. 

The vectors: 

 
h

H uh
vh

 
 =  
 
 

 (4) 

 ( ) 2 21
2

uh

U H u h gh

uvh

 
 
 = +
 
 
 

 (5) 

 ( )
2 21

2

vh
uvhV H

v h gh

 
 
 =
 

+ 
 

 (6) 

The single hyperbolic PDE: 

 0H U V
t x y

∂ ∂ ∂
+ + =

∂ ∂ ∂
 (7) 

The matrix H holds displacement in two dimensions and is also used to create 
the mesh animation. The matrix U stores the x-direction velocity at each point, 
where positive values indicate motion in the positive x-direction and negative values 
indicate the opposite. Similarly, the matrix V represents velocities in the y-direction, 
with positive and negative values indicating movement in the positive and negative 
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y-directions, respectively. We know there is a numerical method for solving hy-
perbolic partial differential equations known as the Lax-Wendroff method. Unlike 
the Euler methods, which calculate each step of a function, the Lax-Wendroff 
method involves first calculating a half step and then using the result from the half 
step to calculate the full step [24]-[28]. It is formally expressed below: 

When a function takes the form: 

 ( ) ( )( ),, g f x tf x t
t x

∂∂
=

∂ ∂
 (8) 

The first step is: 

 

1 2 1
1 2

12
1
2

n n
n i i

n ni
i i

f ff g g
xt

+ +
+

+

+
− −

=
∆∗∆

 (9) 

And the second step is: 

 
1 2 1 21

1 2 1 2
n nn n
i ii i g gf f

t x

+ ++
+ −−−

=
∆ ∆

 (10) 

To illustrate how this applies to the shallow water equations, replace H  with 
f  and ( )U H with ( )g f . Equation (9) can be rewritten as: 

 ( )1 2 1 1
1 2 2

2

n n n n
n i i i i
i

H H U UHx t
x

+ + +
+

+ −
= + ∗∆

∆
 (11) 

 ( )11 2 1
1 2   2

2

n n n n
j jn i i

j

H H V VHy t
y

++ +
+

+ −
= + ∗∆

∆
 (12) 

Since H is two-dimensional, the step needs to be computed twice, once for each 
dimension. The intermediate steps are saved in separate matrices, Hx and Hy, to 
be used in the following step. Similarly, the intermediate steps for U and V are 
computed in the same way and stored in Ux, Uy, and Vx, Vy. Equation (10) is 
rewritten as: 

 
1 2 1 2 1 2 1 2

1 2 1 2 1 2 1 21
, ,

n n n n
i i i in n

i j i j

Ux Ux Vy Vy
H H t t

x y

+ + + +
+ − + −+ − −

+ ∆ + ∆
∆ ∆

=  (13) 

4. Computational Setup of Lax-Wendroff Method 

The Lax-Wendroff method is a numerical scheme for solving hyperbolic partial 
differential equations using finite difference approximations. It is second-order 
accurate in both space and time and represents an explicit time integration tech-
nique in which the governing equations are evaluated at the current time level. 
The Lax-Wendroff scheme was adopted because its second-order accuracy in both 
space and time makes it well suited for simulating wave propagation in the non-
linear shallow water equations, and numerical stability was verified by ensuring 
that the Courant-Friedrichs-Lewy (CFL) condition remained satisfied throughout 
all simulation runs [27]. The Lax-Wendroff method is also applied in the bathtub 
model formulation of the shallow water equations (SWE) to simulate wave dy-
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namics in confined water bodies such as reservoirs or bays. In this framework, it 
solves the governing equations describing the evolution of water surface elevation 
and velocity fields under time-dependent disturbances. The second-order accu-
racy ensures improved fidelity in wave propagation, while reflective boundary 
conditions model interactions with basin boundaries. Nevertheless, the method 
may still produce spurious oscillations near sharp wave fronts, which can lead to 
instability if not mitigated through numerical smoothing or filtering techniques 
[29] [30]. 

From Equations (1), (2), and (3), we also get three vectors here: 

h
U uh

vh

 
 =  
 
 

 

( ) 2 21
2

uh

F U u h gh

uvh

 
 
 = +
 
 
 

 

( )
2 21

2

vh
uvhG U

v h gh

 
 
 =
 

+ 
 

 

In this notation, the shallow water equations represent a form of hyperbolic 
conservation law: 

( ) ( ) 0
F U G UU

t x y
∂ ∂∂

+ + =
∂ ∂ ∂

 

The numerical simulations were performed on a square computational domain 
using the two-dimensional shallow water equations. The domain was discretized 
using a uniform Cartesian grid. In the demonstration code, the domain extends 
from , 1 to 1x y = − , with a grid resolution of 21 × 21 points, corresponding to 

0.1x y∆ = ∆ = . The initial water depth was 1h = , and the initial velocity compo-
nents were 0u v= = . Reflective boundary conditions were imposed on all domain 
boundaries, with 0u =  on vertical walls and 0v =  on horizontal walls. The sim-
ulation was advanced using the two-step Lax-Wendroff finite-difference scheme. 
The total simulation time and time step ( t∆ ) were selected to satisfy the CFL sta-
bility criterion [30]. 

5. Result and Discussion 
Using domain size: 2 m × 2 m, grid resolution: 21 × 21, 0.1 mx y∆ = ∆ = , 

0.01st∆ = , total simulation time = 5 s, water depth = 1 m, boundary condition = 
reflective.  

5.1. Initial Disturbance 

The initial disturbance (Figure 1) was prescribed as a Gaussian-shaped surface 
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elevation centered at the middle of the computational domain, ( ) ( ), 0,0x y = . 
The disturbance had a maximum amplitude of 1.0 and was defined by 

( )2 2exp 5U x y = − +   

This localized Gaussian elevation served as the source of wave generation. The 
initial velocity field was assumed to be zero throughout the computational domain, 
( ), ,0 0u x y = , ( ), ,0 0v x y = . 
 

 
(a)                                  (b) 

Figure 1. Initial Gaussian surface elevation used to generate waves in the computational 
domain, shown as (a) 3D surface plot and (b) 2D contour plot. 

5.2. Outward Wave Propagation 

After an initial disturbance (Figure 2) in a bathtub model, waves spread across 
the water surface as energy is transferred between adjacent water particles. The 
characteristics of this movement depend on factors such as water depth and sur-
face tension, with deeper water generally allowing smoother and faster motion. 
When waves interact with boundaries or obstacles, they may reflect or change di-
rection. Overall, the bathtub model helps illustrate how energy transfer and envi-
ronmental conditions influence wave behavior in a fluid system. 
 

 
(a)                                  (b) 

Figure 2. Outward propagation of the generated wave from the initial disturbance location, 
shown as (a) 3D surface plot and (b) 2D contour plot. 

5.3. Reflection at Boundaries 

Wave reflection (Figure 3) occurs when waves encounter solid boundaries such 
as tub walls or obstacles, causing the wave energy to return into the water. The 
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direction of the reflected wave depends on the angle at which it strikes the bound-
ary. Reflection behavior is influenced by boundary characteristics such as wall 
smoothness and orientation, and can be observed using markers or visual tracking 
methods. This process highlights how confined boundaries affect wave behavior 
and energy distribution. 
 

 
(a)                                  (b) 

Figure 3. Reflection of the propagating wave from the solid domain boundaries under re-
flective boundary conditions, shown as (a) 3D surface plot and (b) 2D contour plot. 

5.4. Interference of Reflected Waves 

Waves are generated by a disturbance and reflect off the walls or obstacles. When 
incoming and reflected waves overlap, they interfere, producing constructive in-
terference (increased wave height) or destructive interference (reduced or can-
celed waves), depending on their phase (Figure 4). Visibility can be improved us-
ing dyes or visual tools, while obstacles and timing of disturbances influence the 
resulting patterns. Both experiments and simulations help analyze these interac-
tions and improve understanding of wave behavior. 
 

 
(a)                                   (b) 

Figure 4. Interference pattern produced by the interaction of outgoing and reflected waves 
within the computational domain, shown as (a) 3D surface plot and (b) 2D contour plot. 

 
The numerical implementation was verified by comparing the simulated wave 

propagation with the analytical behavior of linear shallow-water waves over con-
stant depth, showing good agreement and confirming the correctness of the 
model. The study employs the standard nonlinear shallow water equations, con-
sisting of one continuity equation and two momentum equations, to simulate 
wave generation, propagation, reflection, and interference in a two-dimensional 
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domain. Only gravitational and nonlinear shallow-water effects are considered; 
no dispersive, bottom-friction, viscous dissipation, turbulence, Coriolis, or other 
source terms are included. 

6. Conclusion 

This study shows that the Shallow Water Equations (SWEs) are effective for mod-
eling tsunami propagation over large ocean distances due to the long wavelengths 
of tsunami waves, which allow horizontal velocities to dominate. Using a bathtub 
model, global tsunami propagation can be simulated by treating landmasses as 
perfect boundaries, though this approach excludes coastal dynamics such as wave 
shoaling, vertical velocity increases, and interactions with seafloor features. While 
useful for analyzing ocean-wide wave motion, the model does not capture the im-
pacts of tsunamis near shorelines. Future research should focus on incorporating 
coastal topography, vertical dynamics, and wave-coast interactions, potentially 
through hybrid models combining SWEs for long-range propagation with de-
tailed numerical methods for coastal effects. 
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