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Abstract 
The results of the Einstein, Rosen, Podolsky, Bohm, and Aharonov (ERPBA) 
experiment are shown to be fully predicted using standard quantum mechan-
ics and local quantum variables obeying existing quantum rules. The keys to 
this result are the disentanglement of the two-particle wavefunction at the 
point of the decay of the singlet state, a correct mapping of the quantum vari-
ables defined in the 2-dimensional Hilbert space of SU(2) spinors onto the clas-
sical space of 3-dimensional observables described by vectors in SO(3), and 
the reminder that Bell’s Theorem does not apply to theories involving non-com-
muting variables. The classic paradox is resolved using a disentangled wavefunc-
tion along with a careful mapping of the quantum spinor topology. 
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1. Historical Context 

Bohm and Aharonov’s version [1] of the Einstein, Rosen, Podolsky [2] contention 
about the completeness of quantum mechanics is referenced as a demonstration 
of nonlocal effects in quantum mechanics. In conjunction with the theorems of 
Bell, regarding classical theories, and demonstrations arising from the observa-
tions of Greenberger, Horne, and Zeilinger [3], it is often concluded that no local 
theories exist that can explain this nonlocal, quantum mechanical behavior [4]-
[7]. Because this appears to undermine our notions of causality, the ERPBA ex-
periment is referred to as the ERPBA paradox. 

The ERPBA paradox begins with the description of two entangled electrons, 
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referred to as electrons A and B, in a singlet state. The electrons have overlapping 
spatial wavefunctions that are symmetric with respect to the interchange of A and 
B, and spin wavefunctions must be antisymmetric with respect to the interchange 
of A and B.  

This resonant state is then presumed to decay into a state where the two elec-
trons move in opposite directions while the spin portion of the wavefunction re-
tains the entangled character of the bound state, namely that the wavefunction of 
the two particles continues to be antisymmetric with respect to their interchange. 

The spin part of the two-particle wavefunction, for particles 1 and 2, is repre-
sented by |A, B〉 ≡ (|A1B2〉 − |A2B1〉). Where A1, A2, B1, and B2 are either the +1, 
+2, –1, or –2, the single particle 1 or 2’s eigenvalues of Sz, the operator that gives 
the z-component of the spin of the electron with respect to some identically cho-
sen z-axis orientation at both A and B. 

The ERPBA paradox then asserts that a measurement of the z-component of 
the magnetic moment of one of the particles either at position A or B will show 
the magnetic moment to either be aligned with or against the gradient of an inho-
mogeneous magnetic field oriented along any locally selected z-axis, while a sim-
ilar measure of the opposing particle with respect to the same z-axis orientation 
will record an alignment opposite to the first particle, as required by conservation 
of zero angular momentum of the two-particle singlet state. 

The paradox arises because, in this picture, when the measurement is made at 
location A on the state (|A1B2〉 − |A2B1〉), only one of the two equally likely states, 
that state that’s either positively or negatively correlated with the magnetic field, 
is observed for the particle at A, and the other state disappears.  

That is, the wavefunction “collapses” into either the |A1B2〉 or the |A2B1〉 state. 
At the same time, that part of the wavefunction at B, separated from A by a space-
like interval, instantaneously and without any mechanism, collapses to the cor-
rectly correlated state. As a result, the particle at A is found to be positively ori-
ented, and the particle at B is negatively correlated with the external magnetic 
fields, or vice versa. 

This collapse of the wavefunction from an anti-symmetrized superposition of 
two 2-particle states to a single 2-particle state violates special relativity because it 
occurs simultaneously at locations separated by a space-like interval. Some claim 
this is not a violation since this does not provide a mechanism for the passing of 
information, but that seems like a specious argument since the information about 
the state vector has been passed from one location to the other. Additionally, this 
collapse violates causality because it occurs without any mechanism. 

What we will show here is that with a consistent application of the rules of 
quantum mechanics, there is no need to invoke non-locality in order to reproduce 
the theoretically required and experimentally observed correlations between the 
spins of the electrons. Quantum mechanics does not detail the mechanism that 
couples the electron’s spin to the magnetic moments we observe, but whatever the 
mechanism, it is local. 
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With the resolution of the correlations between spins as a local effect, and the 
direction of the spins as local values carried with each electron, the ERPBA effect 
ceases to be a paradox. 

2. Model Structure 

We argue that the correct wavefunction describing this situation is a mixture of 
pure states. However, we point out that there is no way, in theory or practice, to 
determine how to assign the pure states, so if we want a wavefunction from which 
we can generate predictions, we must use a mixed-state form. The pure states we 
use, and the mixed states we construct, are described in Section 4, titled Disentan-
glement. 

We argue that the commonly used entangled state, a superposition also called 
a Bell state, should be replaced by a mixed state. We consider three of the tradi-
tional rationales for using a superposed state and show each to be incomplete and 
unconvincing. The reasons supporting the use of the entanglement wavefunction 
are that it: 

1) Preserves the irreducible entanglement of the bound state. This is not com-
pelling because we should not expect entanglement to survive the fission of the 
bound state. 

2) Successfully predicts observable statistical outcomes that cannot be predicted 
by hidden variable theories. This is not compelling because quantum mechanics 
can be phrased as a hidden variable theory that predicts the observed outcome 
without entanglement, as demonstrated in section 4. 

3) Mathematically ensures the conservation of angular momentum. This is not 
compelling because the pure state also conserves angular momentum, as shown 
in section 11. 

We consider five arguments in support of using mixed states and show these to 
be robust. These arguments are: 

1) Mixed states are the correct model for a singlet wavefunction decoherence 
processes. 

2) When state symmetry is broken, and states or paths become distinguishable, 
quantum mechanics forbids us from modeling them as self-interfering, entangled 
states. With reference to the Young Double-Slit experiment, distinguishable states 
do not interfere. 

3) Expectation values of pure states do conserve angular momentum. 
4) The quantum nature of spin is not Einsteinian. Theories that include quan-

tum spin, namely quantum mechanics itself, are not subject to Bell-CHSH ine-
qualities. 

5) Consistent inclusion of the influence of quantum spin successfully predicts 
observed statistical outcomes. 

The primary reason for using a superposed state, which is the lack of a local and 
causal alternative, is obviated by our presentation of a local, causal alternative. 
This model is consistent and in agreement with the observational tests of the ine-
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qualities of Bell, CHSH, and others. 

3. State Structure 

The pure state of a system is given by a product of eigenstates of the subsystems 
of which it is composed. A mixed state is not a physical description of a system; 
it’s a description of our knowledge of the system. The inclusion of exclusive alter-
natives in a mixed state reflects our knowledge of these states’ likelihood. There is 
no collapse of a mixed state, so there is no action-at-a-distance. 

An entangled, Bell, or superposed state is a combination of product states that 
are simultaneously present and which can be made to interfere with each other. If 
the terms of an entangled state are orthogonal, and if the state is stationary with 
respect to a particular measurement, then the measurement will not create inter-
ference, meaning that all cross terms in the expectation value will be zero. In that 
case, the entangled state will generate the same expectation values as a mixed state. 

Pure states can appear as entangled states when represented in a rotated basis. 
A pure product state composed of spin-up and spin-down particles 1 and 2 
appears entangled when represented in a spin-left and spin-right basis. Consider 

j+  and j−  as eigenstates of zS  for particles j = 1 and 2. In matrix notation 

+  and −  are given by the column vectors 
1
0
 
 
 

 and 
0
1
 
 
 

. These can be rep-

resented using the jL  and jR  eigenstates of xS  as:  

( ) 1
2j j jL R+ = + , and ( ) 1

2j j jL R− = − . In matrix notation L   

and R  are given by the column vectors 
1
1
 
 
 

 and 
1
1

 
 − 

. 

The pure product state ,j j+ −  appears entangled in the ,j jL R  basis as: 

 
( )( )
( )

1 2 1 1 2 2

1 2 1 2 1 2 1 2

2

2

L R L R

L L L R R L R R

+ − = + −

= − + −
 (1) 

The left-hand side of Equation (1) is a pure state; the right-hand side of Equa-
tion (1) is an entangled state. The right-hand side is not a mixed state because all 
the components apply to the same particles, share the same spatial wavefunctions, 
and occur at the same time. This is not to imply that all entangled states can be 
rotated into pure states, but some can. 

This is important because we can derive a certain result for a system represented 
by a pure state, but we cannot for a mixed or an entangled state. It is essential to 
understand that the state of the system and the state we use to describe the system 
may have to be different. As De Zela [8] states, “Experiments designed to violate 
(locality)… have much more to do with entanglement than with local realism.” 

4. Disentanglement 
The ERPBA paradox begins with the initial singlet state that describes a two-elec-
tron state before its disintegration. This entangled |A, B〉 state is required in order 
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to satisfy the requirement that the wavefunction be anti-symmetric under the op-
eration of interchanging indistinguishable fermions. The particles are distinguish-
able by their position when separate, but they are indistinguishable when their 
spatial wavefunctions overlap. 

The first reason supporting the use of the entangled state, after the decoupling 
of the bound state, is that the bound state was entangled, and the Schrodinger 
equation is linear. Presuming that linearity continues to hold through the process 
of separation implies the entangled contributions survive and the unbound state 
remains entangled. 

This is not compelling because the fission process is not governed by a linear 
Schrodinger equation. In fact, we have no equation at all to describe the fission 
process, but as the process can result in the creation or destruction of particles, we 
can presume it can create or remove contributions from the wavefunction.  

The decoupling of a bound state is a non-unitary, open-state process caused by 
or resulting in a change of state. When the particles separate, their spatial wave-
functions no longer overlap, and they are distinguishable. When occurring spon-
taneously, this is called “a collapse of the wavefunction.” Buks [9] argues this dis-
entanglement is driven dynamically by the addition of a dissipative term in the 
Schrodinger equation. 

Once spatially separated, the wavefunction is no longer required to be in the 
singlet state, and a disentangled state is allowed. Beyond being allowed, the wave-
function should be disentangled because the entangled state leads to unphysical, 
action-at-a-distance effects. 

The second reason supporting the use of the entangled state after decoupling is 
that we obtain the correct correlation between the spins at remote locations by 
our use of the ansatz of action-at-a-distance. In other words, a statistically correct 
physical prediction is used to justify an absolutely unphysical assumption. 

A similar unphysical assumption justified the infamous “swimming test,” in 
which people who sank and drowned were assumed not to be witches because the 
blessed element water would accept the innocent. On the other hand, water would 
reject the unholy, causing witches to float like corks. And it is true that some peo-
ple float while others sink. 

If we accept the entangled two-particle system after fission, then the wavefunc-
tion is given by a “Bell state” of the form: 

 ( )1,2 ,1 ,2 ,1 ,2
1
2 A B A BΨ = + − − − +  (2) 

for spin states + and –, positions A and B, and identical particles labeled 1 and 2. 
The spin component of the wavefunction for the two-particle bound state singlet 
satisfies the requirement that the state have a net spin of zero. The superposed 
wavefunction is interpreted as two exclusive but simultaneously present spin 
states. This is unlike a mixed state, which is a statistical combination of two exclu-
sive states whose combination represents our uncertainty. 

Before decay, the full, singlet state is given in terms of position wavefunctions 
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,1Aϕ  and ,2Bϕ , for particles 1 and 2 centered over their respective 3-dimen-
sional position A and B, and spin component wavefunctions 1+  or 1−  and 

2+  or 2− , as: 

( ) ( )

(
)

1,2 ,1 ,2 ,2 ,1 1 2 1 2

,1 ,2 1 2 ,1 ,2 1 2

,2 ,1 1 2 ,2 ,1 1 2

1 1
2 2

1
2

A B A B

A B A B

A B A B

ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ

Ψ = + ⊗ − − − +

= ⊗ − − ⊗ − +

+ ⊗ − − ⊗

+

+ −

+

+



 

1,2Ψ  emerges from the previous expression for 1,2Ψ  when the symme-
trized position components are included. 

In the model being proposed here, two of the terms in 1,2Ψ  vanish during 
decomposition, leaving us with either of two nonentangled, properly anti-symme-
trized wavefunctions 1,2′Ψ  or 1,2′′Ψ  given by: 

 ( )1,2 ,1 ,2 1 2 ,2 ,1 1 2
1
2 A B A Bϕ ϕ ϕ ϕ+′Ψ = − − − +  (3) 

Or ( )1,2 ,2 ,1 1 2 ,1 ,2 1 2
1
2 A B A Bϕ ϕ ϕ ϕ+′′Ψ = − − − +  

1,2′Ψ  represents + spin at position A and – spin at position B, while 1,2′′Ψ  
reverses the locations of the spins. One or the other of these two wavefunctions 
replace the sum given in Equation (2); only one of these two wavefunctions sur-
vives. 

The entangled wavefunction of Equation (2) represents a superposition of pos-
sibilities that are indistinguishable in practice. Whereas the combination of the 
two wavefunctions in Equation (3), given as 1,2 1,2′ ′′Ψ + Ψ  are distinguishable 
in practice, but the presence of one or the other cannot be predicted. They reflect 
a system in which the particles are in definite spin states, but we don’t know the 
spins of the particles at the respective locations. 

Buks [9] shows this fission can be modeled by the addition of a nonlinear term 
to the Schrodinger equation, active only during the disintegration process. This 
term explains the process of wavefunction collapse as a local phenomenon, but it 
does not tell us which outcome prevails. The physical state is given by a pure state 
wavefunction, but because the result is uncertain, a mixed state represents our best 
tool for prediction. 

It bears repeating that while we believe the localized particle is represented by 
a pure-state wavefunction, our description of its wavefunction must be given by a 
mixture of two exclusive, indeterminable possibilities. 

Presuming entanglement after separation, which is the assumption that these 
two states are not exclusive but coexist, compels us to assert that measurement 
forces an unphysical wavefunction collapse. This involves an acausal, action-at-a-
distance effect which lacks any mechanism. To continue to presume entanglement 
also ignores the previously unrecognized mechanisms provided here, which are 
physical, causal, and consistent with everything we know. 
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Whereas quantum mechanics requires the superposition of identical wavefunc-
tions in a given situation, or the superposition of indistinguishable paths, it for-
bids the superposition of distinguishable components. This holds regardless of 
what our theory says or what measurements we undertake. We do not have to ob-
serve a distinguishable path; it only needs to be distinguishable in concept, whether 
we have the technology to distinguish it or not. 

Our contention is that the actual wavefunction of the separated particles is never 
given by an entangled state; it is given by a pure product state, which, for predic-
tive purposes, we must describe as a mixed state. This implies that some physical 
process has distinguished these components, though they appear symmetric to us. 
This is what locality is telling us. Rather than escaping the issue through the use 
of action-at-a-distance, it behooves us to uncover the distinguishing process. 

There has never been a definitive argument for the entangled, separated state, 
nor has there been evidence for it. We return to the question of this lack of evi-
dence of entanglement in Appendix II. 

5. Measurement 

When a spin measurement is made at one of the locations, the spin orientations 
are embodied in the basis in which we represent the entangled wavefunctions. The 
angular momentum correlations are enforced, zero net spin is maintained, the 
wavefunction remains anti-symmetric, and the collapse is complete. To use the 
entangled version of the wavefunction after the separation of the particles repre-
sents what Blokhintsev ([10], Section 139) refers to as “an insufficiently sound 
analysis of some quantum mechanics consequences, appearing paradoxical.” 

If we’re only concerned with the eigenfunctions of spin, then we can write the 
wavefunctions more compactly in terms of spin and position by ignoring the spa-
tial components, antisymmetry, and particle identities. We then have: 

 1,2 A B+− ′Ψ ≡ Ψ ≡ + −  (4) 

Or 1,2 A B−+ ′′Ψ ≡ Ψ ≡ − +  

These disentangled wavefunctions represent anti-symmetrized states that pro-
vide a local, relativistic, causal description which fully predicts the observed cor-
relations. We derive these correlations by properly extending the two-dimen-
sional internal properties of spin to three dimensions using a deterministic pro-
cedure that is free of additional parameters. 

The post-separation state is one of two pure-product states, but there is no way 
in current theory or practice to know which. We model the post-separation, pre-
measurement state with a mixed state wavefunction, knowing that the prediction 
of the pure state is statistical. There is no wavefunction collapse, and the outcome 
of the measurement is determined by one of the two pure-state wavefunctions. 
This is the heart of the present result. 

This is an entirely quantum mechanical model. It does not involve classical var-
iables. As such, it avoids the locality prohibitions of Bell, von Neumann, CHSH, 
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Hardy, Kochen-Specker, and related theorems which apply to classical descrip-
tions. We will show that the Bell-CHSH inequality is not a restriction on or state-
ment of locality or nonlocality, but a result that derives from the unnecessarily 
restrictive local factoring of the correlation function, which is explored in section 
9. 

6. Detection 

Westlund et al. [11] make the point that spins whose up and down components 
are constants of the motion assume a magnetic field only in the z-direction, which 
is parallel or anti-parallel to this spin component. However, such a magnetic field 
does not describe a detection machine based on the inhomogeneous magnetic 
fields of a Stern-Gerlach machine, and therefore, such a machine does not deflect 
and cannot detect the spins of the particles under consideration. 

In order to detect these particles, which is necessary to say anything about their 
spin orientations, the magnetic field to which they are subjected needs a perpen-
dicular component. When this is added, the z-component is no longer a constant 
of the motion, and the entangled wavefunction, assuming there is an entangled 
wavefunction, undergoes decoherence. Potel [12] comes to a similar conclusion, 
stating “all the asymmetries (of beam deflection in the Stern-Gerlach experiment) 
are nonvanishing.” Stated without the double negative, this says that some of the 
symmetries of the observed system vanish as a consequence of the Stern-Gerlach 
measurement. 

It should also be noted that the z-component of the measuring device can never 
be aligned with the z-component of the particle because the z-component of the 
particle is unknowable before it’s been measured. We don’t know the particle’s z-
component until after we’ve measured it. Even then, any subsequent measure-
ment of the spin at a different angle will create a mixed state. 

The situation addressed by Westlund et al. pertains to changes in the wavefunc-
tion that occur when the particles come into their respective detection devices. It 
does not address decoherence at the point where the particles separate, so it does 
not address the question of how the pre-measurement wavefunction carries infor-
mation. 

While we can calculate expectation values for entangled states, as Mochizuki 
[13] does for this system in his equations #49 through #51, we still agree with Chen 
[14] that the concept of entanglement itself has no support as a realistic, inde-
pendent quantum state. In applying these decoherence arguments, we are assum-
ing that the entangled singlet state, which describes the energy levels of bound 
state particles, no longer describes the free particles to which the ERPBA paradox 
applies. 

After the decoherence of the bound state, the entangled wavefunction of the 
correlated particles in Equation (2), given by ( )1 2 2 1− − − ++ , emerges as ei-
ther of the pure states A B+ −  or A B− + , given by Equation (4). That is to 
say, the “spin up” state is either carried by one or the other of the particles in 
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location A, while the spin-down state is carried by the particle in location B. 
It is essential to understand that while the states of these particles, “spin up” 

and “spin down,” must be opposite to satisfy conservation of angular momentum, 
these directions are not observable. They are “hidden variables” in the observa-
tional sense, as any measurement of them along any axis will show that they are 
aligned parallel and antiparallel with the axis measured. But since these axes are 
arbitrary, they do not reflect properties of the particles before they are measured. 

There is no way in current theory to determine the original basis—that is, the 
z-orientation before measurement—with respect to which up and down are de-
fined. All we can say is that something like an axis—a direction but not a vector—
was established at the time the particles separated, and one of the particles’ spins 
was in this direction, and the other particle’s spin was in the opposite direction. 
However, as this direction is unknowable, we cannot call this direction “an ele-
ment of reality”. 

We cannot represent the spin in a manner that satisfies Einstein’s criteria for 
being “elements of physical reality.” This is the nature of quantum spinors, as 
demonstrated by the GBH inequalities [3], and is unrelated to any assumptions, 
constructions, or models used here. 

The only purpose of referring to the existence of each particle’s eigenvalue, es-
tablished with respect to one of the Pauli rotation operators, is to ensure that the 
two particles are oppositely correlated. This being the case, it is fair to ask whether 
the notion of there being a preexisting axis has any physical meaning at all. 

7. Quantum Spinors 

Much is said about the spinor character of electrons, but it is rarely emphasized 
that these are quantum, not classical spinors. In particular, they are 2-dimensional 
objects. They can be represented as complex vectors in SU(2), but they cannot be 
represented as real vectors in SO(3). They have a length, but their direction does 
not correspond to an observable point on the surface of a sphere in three dimen-
sions. 

Despite the lack of simultaneously observable values of spin in directions per-
pendicular to their one measurable (but not observable without disrupting the 
system) z-axis, we can still construct an ansatz that involves these non-stationary 
components for the purpose of including their contributions. That is, we will for-
mulate the quantum spinor as a classical SO(3) vector in order to integrate the 
contributions of these quantum components and determine the SU(2) spinors’ 
effect on our SO(3)-obeying measuring instrument. 

When represented in SO(3), electron spinors have well-defined total and z-
component of angular momentum, but they have no well-defined vectorial com-
ponents in the directions perpendicular to the axis of the basis vectors that define 
“up” and “down.” Just as the electron does not “spin,” so too these “up” and “down” 
Hilbert space basis vectors have no predefined direction in 3-space. 

Our ansatz does not equate a quantum spinor with a classical vector. Rather, we 
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are equating the results of a quantum spinor with what results from the integra-
tion of a classical vector uniformly distributed over a range of directions. This is 
a path integral approach in which a singular value of particle spin is just a semi-
classical approximation. The full effect of spin is calculated by integrating over all 
spin values consistent with the particle’s positive or negative value of zS . 

The positive and negative basis vectors with respect to some z-axis are often 
represented as upward and downward pointing cones that have a definite height 
along their axis of symmetry but no definite azimuthal angle, the angle in the plane 
perpendicular to the z-axis. That is, they have no preferred direction along the 
equatorial perimeter of the cones that define them.  

These cones are a hybrid concept. Their azimuthal components are not con-
stants of the motion, and their polar directions are unobservable. The cones depict 
what cannot be seen or measured directly. For all intents and purposes, they are 
hidden but not classical variables. 

Picturing quantum spinors as a cone in 3-space is a throwback to the confusion 
of whether the wavefunction represents statistically uncertain measurements or 
whether the quantities that are uncertain fundamentally exist. This confusion has 
been answered by Greenberger, Horne, Shimony, and Zeilinger [15], who showed 
that definite values of more than one component of the electron’s angular mo-
mentum are theoretically inconsistent with the commutator algebra describing 
these states. From this, we can conclude that only the zS  component of the spinor 
exists as an independent, measurable quantity in 3-space. At the same time, these 
perpendicular components exist in the sense that they carry angular momentum 
and contribute to the effects we measure. 

The electron’s state can be described by an eigenvector of 2S , zS , and ( )2
x yS S+ . 

No other spatial components of the spin “exist” in the sense of being measured 
simultaneously and without disturbing and entangling the eigenstate. However, 
the xS  and yS  spatial components contribute to the total spin and, as they cou-
ple to the particle’s internal magnetic field, they interact with the 3-vector com-
ponents of external magnetic fields [16]. 

It is this quality of a quantum spinor, distinct from a classical spinor, that allows 
it to play the role of a quantum hidden variable and to escape the inequalities 
proposed by Bell, which prohibit a classical hidden variable from reproducing the 
quantum result. 

8. Bell’s Inequality 

Bell’s inequality asserts that any hidden variable theory “which is emphatically not 
quantum mechanical,” as noted by Clauser [17], must satisfy Bell’s Inequality. The 
argument then goes on to demonstrate that quantum mechanics violates this ine-
quality. Many experiments have subsequently verified that observations violate 
Bell’s inequality [18]. 

The derivation of Bell’s inequality requires equating the expectation value of a 
sum of observations with the sum of the expectation values performed separately. 
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Bell’s derivation equates the sum of averages with the average of sums, an opera-
tion that is fundamental to statistics and which presumes the sums are taken over 
the same ensemble values. Bell’s and related inequalities are not statements about 
locality; they are statements about expectation values. 

In quantum systems, some observed values are incompatible with other observed 
values, such as observing position and momentum. When the expectation values 
are obtained by averaging over different states, which is the same as averaging over 
different ensembles, the sum of the averages over different states is not the average 
of the sums.  

For example, for 𝓍𝓍(1) and 𝓍𝓍(2), the position operators of particles 1 and 2, and 
𝓅𝓅(1) and 𝓅𝓅(2), the momentum operators for the same particles, we can form the 
correlations 

𝓍𝓍(1,2) = 𝓍𝓍(1) − 𝓍𝓍(2), and 𝓅𝓅(1,2) = 𝓅𝓅(1) −𝓅𝓅(2). 

We can form the expression that gives the sum of these correlations as 𝓍𝓍(1,2) + 
𝓅𝓅(1,2). We can define the expectation value of this sum of correlations, and assert 
that it’s equal to the sum of the expectation values of the correlations: 

⟨𝓍𝓍(1,2) + 𝓅𝓅(1,2)⟩ = ⟨𝓍𝓍(1,2)⟩ + ⟨𝓅𝓅(1,2)⟩ 

But this requires the expectation values to be defined with respect to the same 
sets of states. If they are not so defined, and if we can redefine the position and 
momentum state correlations differently, then we can make both 𝓍𝓍(1,2) and 𝓅𝓅(1,2) 
as small as we like. Doing so will result in their sum being as small as we like. But 
the uncertainty relations for position and momentum indicate this is not possible 
with respect to any common basis set. 

In this case, we cannot equate the expectation value of the sum of terms involv-
ing incompatible quantum variables with the sum of the expectation values of 
those terms. This plainly contradicts classical statistics, for which the average of a 
sum of terms is always equal to the sum of the terms separately averaged. 

Bell’s theorem is derived by considering correlations between identical, differ-
ently oriented detectors measuring correlated spins at different locations. In Bell’s 
case, the correlations are between the detection of a particle of “spin up”—mean-
ing the magnetic moment is found to cause the particle to be deflected upwards—
in a measuring apparatus whose “up” direction is an angle a, aʹ, b, or bʹ with re-
spect to some commonly chosen vertical direction. 

In Bell’s construction, a value of +1 is recorded when an upward deflection is 
observed with respect to detection angle “a” from the common vertical. A value 
of −1 is recorded when a downward deflection is observed with respect to the same 
angle. 

These observations are recorded at either location A or B. This gives us the de-
tection values A(a) and B(a), both of which only take the values +1 or −1, accord-
ing to some theory of correlation that is to be determined. Because the detectors 
always record a particle in either the up or down state regardless of the orientation 
of the detector’s axis relative to the vertical, the detection results are always either 
+1 or −1. 
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When these measurements are made with respect to anti-parallel directions, 
such as the detection orientation a = –b, the expectation values are computed with 
respect to the same eigenstates. In this case, the averages of both measurements 
are taken with respect to the same ensemble or, equivalently, with respect to the 
same density matrix. 

A correlation function E(A, a, B, b)—where A and B are locations and a and b 
are unit vectors—is defined as the product of A(a)B(b). E(A, a, B, b) = 1 when an 
upward deflection is detected at both A and B with respect to the angles of a and 
b. A correlation value of −1 is recorded when an upward deflection at one location 
is recorded along with a downward deflection at the other. This correlation can 
be normalized by summing the results over repeated trials, given by the subscript 
i, and dividing by the number of trials: 

( ) ( )
1

1, , , , , ,
N

i
i

E A B E A B
N =

= ∑a b a b  

( ), , ,E A Ba b  depends only on the angles of a and b, and ranges from +1 to 
−1. It gives the value zero when there is an equal number of positive and negative 
correlations. 

The correlation between the particles found to be in the “up” state at A—using 
a detector whose up-axis is set to the angle equal to that of a from the vertical—
with the measurement of the correlated particle at B—which is also in the “up” 
state when measured as a different angle as given by b with respect to the verti-
cal—equals either −1 or +1. A value of −1 means that the magnetic moments of 
the particles at the two locations are consistently anti-correlated, while a value of 
+1 means the two particles are consistently correlated, such that their magnetic 
moments point in the same direction. 

9. Classical Hidden Variable Correlations 

If the detection values are determined by the direction in which a classical unit 
vector is pointing—so that a vector with any upward component leads to an “up” 
event and any downward component leads to a “down” event—then rotating 
the detector relative to the particle is a simple 3D rotation R(θ) around some 
axis. 

If the particles are traveling in the x-direction and the yz-plane is perpendicular 
to this, then a simple polar rotation of angle θ away from the vertical in the yz-
plane is represented by a rotation matrix operating on the (x, y, z) components as: 

( ) ( ) ( )
( ) ( )

1 0 0
0 cos sin
0 sin cos

R θ θ θ
θ θ

 
 = − 
 
 

 

When acting on a collection of particles, each with its own orienting unit vector, 
the effect of R(θ) can be seen as a rotation of unit vectors on a 2-sphere, an ordi-
nary sphere in three dimensions. Each detection value is then separately shifted, 
and the shifted value of their products is equal to the product of their values. That 
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is 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),R E a b R A a B b R A a R B bθ θ θ θ   = =             

In the construction considered by Bell, the correlations at different detector an-
gles, which are detecting up and down counts from a stream of unrotated particles, 
are given by the rotation of the detector by various angles in the yz-plane (around 
the x-axis). If aʹ is rotated from a by an angle θ and bʹ is rotated from b by an angle 
φ, then A(aʹ) = R(θ)[A(a)] and B(bʹ) = R(φ)[B(b)]. In particular, E(aʹ, bʹ) = R(θ 
at A)A(a)R(φ at B)B(b), and E(aʹ, bʹ) = A(aʹ)B(bʹ). 

In motivating Bell’s inequality, A. Aspect [19] then asserts: 

 
( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

, , , ,s E E E E

A B A B A B A B

′ ′ ′ ′≡ − + +

′ ′ ′ ′= − + +

a b a b a b a b

a b a b a b a b
 (5) 

This result requires the correlation of the product of measurements at A and 
angle θ, and at B and angle φ, as the product of the correlations A(a) and B(b), 
allowing us to separate the A(a) and A(aʹ) terms. The expression for s can then be 
rewritten as: 

( ) ( ) ( ) ( ) ( ) ( )s A B B A B B′ ′ ′= − + +      a b b a b b  

Since A and B only take the values ±1, either the first or the second term will 
vanish. This then implies  

2s = ± . 

Notice that we reach this conclusion with the implicit assumption that all of 
these expectation values are being taken with respect to the same sample space, as 
this is what allows us to factor s, given in Equation (5), into products and sums of 
expectation values. This is the assumption of classical statistics. 

There is also a local causality assumption that’s evident in factoring the corre-
lation function E(a, b), the joint expectation value at locations a and b, into a 
product of measurements made separately at a and b, as given by A(a) and B(b). 

We next see that quantum correlations violate the ±2 bounds on s, because this 
result was derived under two assumptions; its violation does not imply that quan-
tum mechanics is nonlocal. Quantum mechanics could just as well escape these 
bounds by violating the classical statistics assumption. As we will show, this is the 
case: quantum mechanics violates the ±2 result because its statistics differ from 
the separability assumed in Equation (5), not because it violates local causality. 
This conclusion is reiterated by Hance and Hossenfelder [20]. 

Stated more plainly, separating E(a, b) into A(a)B(b) is sufficient to enforce 
locality, but it is not necessary. Measurements at both A and B continue to share 
a common notion of the vertical, as embedded in the Sz component of their com-
mon internal angular momenta. Because of this, the measures at A are not entirely 
disconnected from the measurement at B as they both share a common axis. Each 
measurement is local, and both measurements are correlated. 
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10. Quantum Correlations 

The rotations just considered are rotations of the detectors with respect to the 
observed states and a common notion of the vertical. Since we are interested in 
the change only with respect to the relative angles of the detectors, we can derive 
the general relation for the correlation between two detectors as a function of their 
relative angles of rotation. 

We now present the standard, quantum mechanical calculation for the projec-
tion of spin states onto detection states. We’ll arrive at the standard result. In do-
ing this, we can assume one detector (which determines the basis of the particles 
that pass through it) is aligned with the vertical z-axis. 

The other detector is rotated by an angle θ in the yz-plane, with the x-axis being 
the axis along which the particles move. The effect of the rotated detector is to 
rotate the states to a basis that is an eigenstate of the new, rotated z-axis. The ro-
tation being applied is a rotation around the x-axis by the angle θ. 

We are looking to calculate the correlation between a state at A aligned with the 
z-axis and a state at B aligned with the rotated z-axis. This rotation is applied to 
the 2-dimensional spinor state Ψ  using the SU(2) rotation operator R(θ), for 
details see van der Waerden ([21]: p. 92). 

 ( )
cos sin

2 2

sin cos
2 2

i
R

i

θ θ

θ
θ θ

    −    
    =

    
    

    

 (6) 

We assume the state has been prepared as an equal mixture of spin up and down 
components, and that each particle recorded at A is in a pure up or down state. 

We can write it as 
1

1
0up
 

Ψ = ≡  
 

, and 
0

2
1dn
 

Ψ = ≡  
 

, where 
1
0
 
 
 

 and 

0
1
 
 
 

 are the up and down basis vectors in the eigenbasis defined with respect to 

the z-axis. 
Defining the rotated up-state ( ) upR θ Ψ  as up′Ψ , the probability amplitude 

for detecting the rotated up-state in the unrotated (z-aligned) up state is: 

( )

( )

( )

cos sin
12 2

1 0
0

sin cos
2 2

cos
2

1 0
sin

2

cos
2

up up up upR

i

i

i

θ

θ θ

θ θ

θ

θ

θ

′Ψ Ψ ≡ Ψ Ψ

    −         =        
    

    
  
   

  =
  
  

  
 =  
 
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Squaring the amplitude gives the probability as 2cos
2
θ 
 
 

. 

The probability amplitude for detecting the rotated up-state in the unrotated 
(z-aligned) down state is: 

( )
cos

2
0 1

sin
2

sin
2

dn up

i

i

θ

θ

θ

  
  
  ′Ψ Ψ =        

 =  
 

 

The absolute square of this amplitude, 2sin
2
θ 
 
 

, gives the probability of de-

tecting the rotated up-state as a down-state. 
The correlation for measuring the same states at both locations A and B is the 

probability of measuring both rotated states to be in the up-state minus the prob-
ability of measuring them in up and down states. The correlation measuring up 
states at A and B with a relative rotation of θ is defined as E(up, A, B, θ), where 

( )
2 2

2 2

2 2

2 2

2 2

, , ,

cos sin
2 2

cos sin
2 2

cos sin
2 2

up up dn up

up up dn up

E up A B θ

θ θ

θ θ

θ θ

′ ′Ψ Ψ − Ψ Ψ
=

′ ′Ψ Ψ + Ψ Ψ

   −   
   =
   +   
   

   = −   
   

 

However, we’re not focusing on either up or down states in particular, but only 
symmetric or anti-symmetric combinations. We want to include the correlations 
before and after the rotation of the down states. That is, we want to add, 

( ) ( )
22

dn dn up dnR Rθ θΨ Ψ − Ψ Ψ  which has the same probability as  

( ), , ,E up A B θ . Consequently, we multiply the numerator in the previous result 
by 2. 

We normalize this result by dividing by the sum of the probabilities of all events, 
up and down, which is 

2 2 22

2 22 cos sin
2 2

2

up dn dn dn up up dn up

θ θ

′ ′ ′ ′Ψ Ψ + Ψ Ψ + Ψ Ψ + Ψ Ψ

    = +    
    

=

 

Adding the separate correlations for up and down gives the combined correla-
tion for symmetric and antisymmetric observed states as, 
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( ) ( ) ( )

( )

2 2

2 2

2 2

, , , , , , , ,

2 cos sin
2 2

2 cos sin
2 2

cos sin
2 2

cos

E A B E up A B E dn A Bθ θ θ

θ θ

θ θ

θ θ

θ

= +

    −        =
    +        

   = −   
   

=

 (7) 

This is not a classical statistical result because we are calculating expectation 
values for the rotated detectors using rotated basis states. That is, the expectation 
values at the different locations are computed with respect to sums over different 
(rotated) inner product states. 

Cosine(θ) is the probability that two spin-1/2 particles with the same initial ori-
entations will be measured as having the same orientation with respect to a z-axis 
that defines similarly directed inhomogeneous magnetic fields, given that one of 
the particles is subjected to a rotation of θ from this z-axis. 

Note that in the EPRBA construction, the two particles begin with oppositely 
directed spins, so the outcome that results from no rotation (θ = 0) is that cosine 
θ represents the probability of their measured spins being anti-correlated (or anti-
parallel). 

This derivation of the cos(θ) form of the correlation between a single pair of 
spins is made possible by our assumption of the disentanglement of the spin states 
at the two locations. This result is obtained by an entirely quantum mechanical 
argument. 

This same expression for the correlation is used in the case where the spin states 
are entangled, but, according to Gu [22], “the result was only obtained by guess, 
because the concept of a direct product for multi-particle systems is not reasona-
bly defined.” Indeed, I have found no derivation of a simple cosine or sine de-
pendence for this correlation probability based on an entangled state. 

The simple derivation of this formula for the pure state considered here, and 
the lack of it for the entangled singlet state that (almost) everyone accepts as de-
scribing the post-separated wavefunction (see Bohm [1]), is another reason to 
doubt the entangled particle wavefunction is the correct wavefunction to repre-
sent the decayed singlet state. 

In this regard, the many experiments presented as confirmation of nonlocality 
[23] [24]—because they confirm the cosine correlation—actually do the opposite. 
They confirm the local causality that follows from the derivation given here. Com-
ing to a similar conclusion, Fritsche and Haugk ([25]: p. 45) state, “it is hard to 
see how this expectation value (derived from the entangled state wavefunction) 
can have anything to do with the experiment except that it happens to yield the 
same –cos(a, b).” 

Annila and Wilström ([26], Equation 2) show that the same result as given in 
Equation (7) is obtained classically using the Pearson correlation of an ensemble 
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average using a vector hidden variable, though not for a single measurement. An-
nila and Wilström are performing the same integrations as done here, but their 
results are based on the physically impossible and practically unattainable limit of 
an infinite sum of separate observations. 

The integrations done here, in Section 17, pertain to the observation of a single 
correlated pair. They are integrations over a continuous variable, since the param-
eter space of the integration is the set of all possible values of the unobservable 
spin contributions, distributed over the surface of a 2-sphere. The central issue of 
the nature of quantum correlations, as pertains to local causality and wavefunc-
tion collapse, fundamentally involves the physics of single measurements of cor-
related pairs. These questions cannot be answered by a consideration of ensemble 
averages. 

11. Pure Spin States Conserve Angular Momentum 

A final and important note on the topic of decoherence concerns the argument 
presented against the use of pure states that was given by Bohm and Aharonov [1] 
in rebuttal to a suggestion by Furry [27] [28]. The gist of their argument is that a 
pure state wavefunction does not obey conservation of angular momentum. It’s a 
strange argument and, with what we know now, it leads to the wrong conclusion. 

They recast the spin version of the EPRBA in terms of photon polarization as 
they were making the point that photon polarization could be measured while, at 
that time, spin orientations could not. They considered a pair of photons origi-
nally correlated as the result of electron-positron annihilation traveling in oppo-
site directions with opposite polarizations. They express the pure state wavefunc-
tions representing the different polarizations of two photons as, 

11 02
x yC CΨ = Ψ , 

12 02
y xC CΨ = Ψ , 

13 02
x xC CΨ = Ψ , 

14 02
y yC CΨ = Ψ , 

where 0Ψ  is the ground state of the electromagnetic field and 1
xC  and 2

yC  
are creation operators that create a photon polarized in the x and the y directions 
at locations 1 and 2. They then say: 

“ ( )( )1 1 1 2 2 0cos sin sin cosx y x yC C C Cθ θ θ θ′ ′ ′ ′Ψ = + − + Ψ  

2 2
3 4 1 2sin cos sin cos cos sinθ θ θ θ θ θ′ ′ ′ ′= − Ψ + Ψ + Ψ − Ψ  

With similar expressions for 2Ψ , 3Ψ , and 4Ψ . It is clear from the above 
equation that in a rotated system of axes, the wavefunction no longer represents 
(as it did in the original system) a state in which the two photons have orthogonal 
directions of excitation. Rather, we see that it is possible for these directions either 
to be orthogonal or parallel.” 

What they have done is rotate the coordinates in SO(3) and place the Hilbert 
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space creation operators on new axes, but this is not a quantum mechanical rota-
tion. They then use the early idea that expectation values represent the statistical 
results of observations to conclude that, because we now have combinations of 
photons with wavefunctions representing parallel polarization, as appear in Ψ3 
and Ψ4, the resulting wavefunction has nonzero net polarization and does not con-
serve angular momentum. 

Applying the same logic to the spin system, we can replace x and y with + and 
−, for spins up and down, and their wavefunctions Ψ1 and Ψ2 with spin wavefunc-
tions S1, S2. Then replace their parallel polarization states x, x and y, y, given by Ψ3 
and Ψ4, with 13 2

RS C C+≡  and 4 1 2
LS C C−≡ , where 2

RC  and 1
LC  are creation op-

erators for spins rotated 90 degrees to the left and right relative to the up and down 
orientations. This gives us: 

21 01S C C S+ −= , 

22 01S C C S− += , 

13 02
RS C C S+= , 

14 02
LS C C S−= . 

Replacing coordinates as they have done, our rotated spin wavefunctions, for 
rotations in the range –π/2 < θ < π/2, have the form: 

( )( )1 1 0

2 2
1

1 2 2

1 2 1 2 2 1 2

cos sin cos sin

cos sin cos sin cos sin .

L R

RLR L

S C C C C S

C C C C C C C C

θ θ θ θ

θ θ θ θ θ θ

+ −

+ − + −

= + − −

= − + + −
 

This demonstrates, according to the mechanism put forward by Bohm and 
Aharonov, that the rotated wavefunction now contains terms 1 2

RC C+  and 1 2
LC C−  

that have non-zero net angular momentum. Interpreting the appearance of these 
terms as indicators of a non-zero probability of non-zero angular momentum states, 
we would conclude that the pure wavefunction cannot represent a zero-angular mo-
mentum state. 

They go on to equate this failure to maintain orthogonality in photon polariza-
tion under SO(3) rotation with what would be a similar failure to maintain oppo-
site spins in the case of an anti-correlated fermion pair. They say, 

“The wavefunction for a pair of photons evidently resembles the wavefunc-
tion for the spins of a pair of electrons. In both cases, we form a special linear 
combination of product wavefunctions, which guarantees that the two parti-
cles will be in opposite states, in relation to a group of rotated coordinate 
frames… Thus, the paradox of ERP can equally well be tested by polarization 
properties of pairs of photons.” 

But rotations for photons, like electrons, are governed by SU(2), not SO(3). The 
rotations presented above are not how you represent a rotated state for SU(2). It 
is incorrect to apply an SO(3) rotation to SU(2) operators; you apply an SU(2) 
rotation to the SU(2) states. Neither do you equate the expectation values of an 
observation with the amplitudes of the coefficients of a component state. 
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Furthermore, and quite separately, it is not the state vector that needs to obey 
rotational invariance but the observables derived from it. As we learned from 
the change in phase of the vector potential around a closed loop without the 
addition of any force, angular momentum can remain invariant even under 
conditions when the state vector, which is not directly observable, is not invar-
iant. 

This example, known as the Ehrenberg-Siday-Aharonov-Bohm effect [29], demon-
strates that it is the observables that must obey the conservation laws, not the terms 
in the equations for them. To establish the invariance of angular momentum un-
der rotation, we therefore need to establish the rotational invariance of the expec-
tation value of the total angular momentum. 

The correct statement of anti-correlated spins is the expectation value of the 
product of the eigenvalues in a space where their angular momenta are constants 
of the motion. This is initially given by the expectation value of the product of the 
spin operators for the two particles, namely 

( ) ( ) ( ) ( )
( ) ( )

( ) ( )

1 2 1 2

1 1 2 2

1 1 2 2

1 2 1 2

1 2

1 1
1

z z z z

z z

S S S S

S S

= + − + −

= + + − −

= + + + − − −

= −

 

where Sz(1) and Sz(2) are the spin operators for particles 1 and 2, measured in a 
direction we call “the z-axis,” but which we now understand is no particular di-
rection in SO(3) until it has been measured. A rotation of this expectation value 
is accomplished by applying a SU(2) rotation to the eigenvectors. 

Any rotation can be given by a rotation U(θ) where θ is an angle around some 
new axis. This new axis can be defined as a combination of rotations around the 
axes in the original rectilinear coordinate system. That is, U(θ) is a sequence of 
some angular rotation around the x, y, and z axes of the SU(2) coordinates. 

We want to determine whether or not ( ) ( )1 2z zS S  is invariant under an ar-
bitrary rotation. We can consider rotations around each axis separately in order 
to see whether rotations around any axis change this expectation value. 

A rotation in SU(2) is given by U(θ) = exp(−i/2(σ·θ)), where σ are the Pauli 
matrices σx, σy, σz, and θ are rotations θx, θy, θz around the x, y, and z axes. In units 
where ħ/2 = 1, where 1+  and 2−  are the up and down states at locations 1 
and 2, and the new orientation of the z-axis is given by zʹ, the rotated expectation 
value is given by: 

( ) ( ) ( ) ( ) ( ) ( )†
1 2 1 21 2 1 2z z z z z zS S U S S Uθ θ′ ′ = + − + −  

A rotation R(θz) around the z-axis is manifestly invariant because Sz commutes 
with σz and all powers of it, so Sz commutes with U(σzθz). Using the unitarity of 
the rotation, U

†
(θ)U(θ) = 1, the expectation value remains unchanged. 

A SO(3) rotation R(θx) around the x-axis is given by  

( ) ( ) ( ) ( )( )exp cos sin
2x x x x x x
iU iθ σ θ σ θ θ = − ⋅ = + 

 
. The rotated expectation 
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value is: 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

( )( ) ( )
( )( ) ( )

( )( )( )

†
1 2 1 2

†
1 1

2 2

1 1

2 2

22 2
1 1 2 2

1 2 1 2

cos sin 1 cos sin

cos sin 2 cos sin

cos sin cos sin 1

cos sin cos sin 1

1 1 cos sin

1

z z z z z z

x x x z x x x

x x x z x x x

x x x x

x x x x

x x

S S U S S U

i S i

i S i

i i

i i

θ θ

σ θ θ σ θ θ

σ θ θ σ θ θ

θ θ θ θ

θ θ θ θ

θ θ

′ ′ = + − + −

= + − + +

× − − + −

= − + − − −

× − + + + +

= − + + − − + +

= −

 

Rotation R(θy) around θy also leaves the expectation value invariant. Since the 
expectation value is invariant under rotation around any axis, it remains invariant 
after any sequence of rotations around any axes, which is to say it remains invar-
iant after any general rotation. We conclude ( ) ( )1 2z zS S , defined with respect 
to the pure states 1 2+ − , is invariant under all rotations. We have proved that 
the total Sz = 0 pure spin state expectation value conserves angular momentum. 

Consequently, the spins remain anti-correlated, and Bohm and Aharonov’s 
conclusion is incorrect. Their conclusion that the pure state violates conservation 
of angular momentum is also incorrect. 

If we were to apply Gell-Mann’s “Totalitarian Principle (that) anything that is 
not forbidden is compulsory” [30], the pure state not only can be used but must 
be used! 

12. Comparing Classical and Quantum Correlations 

In quantum mechanics, a probability amplitude is given by the inner product of 
an operator evaluated between orthonormal states. The Born Rule then requires 
the absolute square of this amplitude to find the probability. Consequently, when 
the probability is classical, a rotation is a linear operation applied only to the factor 
being rotated. Note that the values a and b, appearing below, now represent co-
planar angles, not vectors. θ is the angle between a and b, that is θ = a − b. We can 
think of the angle b as the angle a rotated by θ, that is b = a – θ. A classical corre-
lation between detectors at A and B with a relative orientation of θ is given by: 

( ) ( ) ( ) ( ) ( ) ( ), , ,clE A B A a R B a A a B bθ θ θ= =    

While quantum mechanically, we have from Aspect [19],  

 ( ) ( )( ) ( ) ( ), , cos 2qmE A B a b a b A a B b− = − ≠  (8) 

where A(a) and B(b) are any two separate functions of a and b. Which is to say 
the cosine of the difference of two angles does not equal the product of two func-
tions, each of which depends only on one angle or the other. But, as we will see, 
this does not mean that there is a nonlocal interaction between the systems at lo-
cations A and B. 

Note that Aspect’s factor of two in the cosine, which doubles the difference of 
the angles, does not appear in other presentations. Its presence in this case is due 
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to Aspect’s experimental configuration, which uses a photon analyzer that does 
not distinguish photons whose phase differs by ±π ([26]: p. 4). 

Using this quantum mechanical function for the correlations between parallel 
and anti-parallel orientations as a function of the angles a, aʹ, b, and bʹ, measured 
at locations A and B, we have 

 ( ) ( ) ( ) ( ), , , ,qm qm qm qm qms E a b E a b E a b E a b′ ′ ′ ′≡ − + +  (9) 

If we choose the angles a = 0, b = π/8, aʹ = 2π/8, and bʹ = 3π/8, such that a − b 
= π/8, a − bʹ= −3π/8, aʹ − b = −π/8, and aʹ − bʹ = −π/8. Then, using the symmetry 
of the cosine function, 

 

( ) ( ) ( ) ( )cos 4 cos 3 4 cos 4 cos 4

14
2

2.828

qms = π − π + π + π

 =  
 

=

 (10) 

This value is greater than 2. From this observation, it is asserted that no classical 
hidden variable model will reproduce the quantum result.  

Extending this conclusion to unjustified generality, Bell’s result is commonly mis-
understood [31]-[34] to apply to quantum hidden variable models despite Clauser’s 
reminder [17] that Bell’s result only applies to models composed of classical varia-
bles. Overlooking this distinction leads to fundamental ambiguity in what is meant 
by the terms “locality” and “realism,” and the misconception that Bell’s result ap-
plies to all local variable models. 

Note that the classical limit of s ≤ 2, derived in Equation (5) and exceeded in 
(10), is the result of assuming a specific functional structure for local theories, not 
the local nature of variables. To understand the results of Bell and related inequal-
ities, it must be understood that it is not the local nature of the variables that un-
derlies this result, but the functional structure assumed by the theory. 

13. The Locality Assumption 

The underlying difference between classical and quantum variables arises from 
the fact that observing a quantum system can change the results of subsequent ob-
servations. In the case of quantum spin systems, an observation of the angle of 
spin establishes a new basis for subsequent observations at that location. This cre-
ates situations of variable interdependence. In contrast, measuring a classical var-
iable, hidden or otherwise, does not change the variable’s value and so cannot cre-
ate correlations between variables. 

For example, if you find a quantum particle in the “up state,” where up is de-
fined as vertical, and then—assuming you have not disturbed any other aspects of 
the system—measure its state horizontally, it will no longer be in the up state when 
measured again vertically. In contrast, a particle whose spin is determined by a 
classical variable will remain in its state without regard to measurements made at 
different orientations. 

In Bell’s exploration of the difference between classical and quantum systems, 
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he defined a correlation function, E(A, a, B, b), based on the independent meas-
urement of the spin at two locations, A and B, of a correlated pair of spins meas-
ured at two different angles, a at location A and b at location B. This correlation 
function is defined to give the result +1 when the spins at both locations are rec-
orded as being aligned with respect to the respective detectors oriented at angles 
a or b, and −1 when the spin at one location is found to be aligned with and the 
other aligned opposite to the orientation of their respective detectors. 

Bell then noted that for any function E(A, a, B, b) to be local, it is sufficient that 
this correlation function can be factored into the product of two space-like sepa-
rable functions E(A, a) and E(B, b) such that 

( ) ( ) ( ), , , , , .E A a B b E A a E B b=  

This is referred to as “the locality assumption.” In contrast, the correlation be-
tween spins measured in accordance with quantum mechanics is proportional to 
the cosine of the difference between the two angles of measurement, a-b, as shown 
above in Equation (7). 

Cosine(a-b) cannot be factored into the product of two functions such that each 
is a function of only a or only b. We can find no two functions of classical, scalar 
variables whose product is expressed as the difference between their values. This 
is emphasized by Hess [35], who explains: “If we have two spaceships with pilots 
Alice and Bob, respectively, who know absolutely nothing of each other, no cor-
relation of any physical processes in the spaceships can ever be found.” 

Correlation between separated events is nonlocal by definition, but that does 
not mean it is acausal. Bell’s locality assumption, written only in terms of separate 
functions of a and b, is both nonlocal and acausal. 

We can, however, define a function of two vector variables that depends on the 
vector inner product—and hence the cosine of the angle between the vectors—
but this function is not “separable” according to the locality assumption. Such a 
function is not local, since a and b are not co-located, but it also says nothing about 
causality, one way or the other. 

A hidden variable formulation replaces E(A, a)E(B, b) with E(A, a, λ)E(B, b, λ), 
where λ is an unrecognized “hidden” variable. In this formulation, the correlation 
function depends only on the angles a and b at the respective locations, but the 
additional parameter λ correlates the results at the two locations. 

Convolution is a third locality formulation that’s not considered in the Bell-
CHSH formulations. This is the formulation explored here in Section 17. Equation 
(14) presents the convolution in the form 

( ) ( ) ( ), , , , , , , d ,E A B E A E B
Λ

= ∫a b a bλ λ λ  

where a, b, λ are 3-vectors. Here, it is the integrand that plays the role of a variable 
that’s more than hidden; it is undetectable. The convolution formulation com-
bines Bell’s locality assumption with a local weighting function whose value is in-
dependent of the time or distance separating A and B. This puts a different per-
spective on the meaning of a hidden variable since the variable λ is not subject to 
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classical or relativistic limitations. It is free of any such conditions because it will 
not appear in any physical result. 

Relying exclusively on Bell’s original and limited locality assumption, the ma-
jority of physicists have concluded that quantum mechanics is not a local theory. 
This conclusion does not follow logically since Bell’s locality assumption, as a 
functional structure, is not necessary for a theory’s local, causal structure. Hess 
explains this in more detail. 

In this section, we demonstrate that a convolution formulation satisfies locality 
and causality, uses the unobservable value of Sz as the hidden variable, and repro-
duces the correct quantum correlation. The observed value of Sz then emerges as 
something like a path-integrated value of unobservable Sz contributions in the 
same way that the classical path of a particle is the sum of quantum path contri-
butions. 

14. Bell Locality 

The basis for the Bell-CHSH inequalities is the definition of the quantity s, given 
above in Equation (10), constructed as the linear combination of correlation func-
tions: 

( ) ( ) ( ) ( ), , , , , , , , , , , ,s E A a B b E A a B b E A a B b E A a B b′ ′ ′ ′≡ − + +  

When we call ( ), , ,E A a B b  a classical expectation value, we mean that it de-
scribes either an exact or an average measured value. If it’s an exact value, then it 
presumes a specific known, repeatable, and identical configuration being meas-
ured for every correlation function. If it’s an average value, then it presumes meas-
urement over a known, identical configuration sample for every correlation func-
tion. 

We can define qms  as a quantum operator, as we have in Equation (9); aside 
from the name “expectation value,” the classical and quantum expressions for s 
will involve different mechanisms. In the quantum case, the expectation value of 

qms , written as qms , is equal to 

( ) ( ) ( ) ( ), , , , , , , , , , , ,qm qm qm qm qms E A a B b E A a B b E A a B b E A a B b′ ′ ′ ′= − + + (11) 

We would like to write this as the sum of the separate expectation values as 

( ) ( ) ( ) ( ), , , , , , , , , , , ,qm qm qm qmE A a B b E A a B b E A a B b E A a B b′ ′= − + + ′′  

This is statistically valid only when the expectation value of each term is com-
puted with respect to the same set of basis states. After rewriting the expression as 
a sum of expectation values and applying Bell’s locality assumption, the expres-
sion qms  for becomes: 

 
( ) ( ) ( )

( ) ( ) ( )

, , ,

, , ,

qm qm qm qm

qm qm qm

s E A a E B b E B b

E A a E B b E B b

 = − ′

′+ ′ + 

 (12) 

If we then tabulate the resultant values of qms  using the various combina-
tions of the four different terms involving of qmE  each being either ±1, we 
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conclude that of qms  has a lower bound of –2 and an upper bound of +2. 
Since quantum mechanics can exceed this limit, as shown in Equation (10), 

much of the physics community has concluded that quantum mechanics violates 
locality. However, the disparity results from the overly restrictive nature of Bell’s 
locality assumption, not from a quantum mechanical violation of locality. 

Expressions of the form ( ), , ,qmE A a B b  return the probability of finding the 
spin of both particles at A and B in the “up” state when the particle at A is meas-
ured in the “up” state with a detector at an angle a, and the particle at B is meas-
ured with a detector rotated by an angle b, and the difference of the two angles is 
≤π. If we consider each of the expectation values separately, then global rotational 
invariance allows us to rotate the states used to define each expectation value so 
that the first angle is zero. 

Expanding the exact quantum mechanical expression for qms , the expecta-
tion values separate into products of expectation values at the respective locations, 
but this separation does not obey Bell’s locality assumption, as the second term, 
seen below, involves the difference of two angles. 

Without loss of generality, we set a = 0. The operator R(θ) is inserted to rotate 
states at B to align with the state at A. This gives: 

( ) ( ) ( ) ( ), , , 0qm A z A B z B B z BE A a B b S R S R b a S R b a= + + + − + = + − +  

And 

( ) ( )
( ) ( )
( )

, , , ,0, ,

0
qm qm

A z A B z B

B z B

E A a B b E A B b a

S R S R b a

S R b a

′ ′= −

′= + + + − +

′= + − +

 

Where we’ve used ( )0 1A z AS R+ + = +  by the definition of + . Equation 
(12) becomes: 

( ) ( )
( ) ( )
( ) ( )
( ) ( )

,0, , ,0, ,

, , , , , ,

qm qm qm

qm qm

B z B B z B

B z B B z B

s E A B b E A B b

E A a B b E A a B b

S R b S R b

S R b a S R b a

′= −

′ ′ ′+ +

′= + + − + +

′ ′+ + − + + + − +′

 

We can drop the B subscript since all results are taken relative to an angle a = 0 
at A. Applying the matrix form of R(θ), given in Equation (6), gives  

( ) cos sin
2 2

R iθ θθ    + = + + −   
   

, and 

cos sin cos
2 2 2

sin cos sin
2 2 2

cos sin
2 2

qm z z

z

z

b b bs S i S

b b a b ai S i

b a b aS i

′     = + + + + − − + +     
     
′ ′ ′− −     + + − + + + + + −     

     
′ ′ ′ ′− −   + + + + + −   

   

 

We can then drop the terms proportional to + − , which equal 0, to get 
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cos cos
2 2

cos cos
2 2

cos cos cos cos
2 2 2 2

qm z z

z z

b bs S S

b a b aS S

b b b a b a

′   = + + − + +   
   

′ ′− −   + + + + + +   
   

′ ′− −       = − + +       
      

′

′



′

 

These terms do not factor according to Bell’s locality assumption and cannot be 
put into the form of Equation (12). From this, we see that it is the locality assump-
tion that fails in the case of quantum mechanics, not the locality of the theory. 

15. The Quantum Hidden Variable 

( )
2 2

2 2,0, ,
up up dn up

qm

up up dn up

E A B b
ρ ρ

ρ ρ

′ ′Ψ Ψ − Ψ Ψ
=

′ ′Ψ Ψ + Ψ Ψ
 

is a correlation function built from projection operators jj jρ ψ ψ≡∑ , where 

j runs over a complete set of orthonormal basis vectors jψ . In this expression, 
the Ψ  states are final states, ′Ψ  are initial states, and the density function ρ 
provides all the paths between them. ( ),qmE a b  does not describe the mechanics 
that underlie the correlations, but we show that the mechanics leading to these 
correlations are entirely local. 

We must extend the theory to map the parameters of the 2-dimensional spinor 
onto 3-dimensional space, which is the space of observations. As this mapping 
was missing from the quantum mechanics of 1935, we might claim the quantum 
description of 1935 was incomplete, as suggested by Einstein et al. [2]. 

Adding this mapping completes the quantum description, at least in terms of 
restoring causality and a quantum form of local realism. This is not Einstein’s 
version of local realism because it does not ascribe independent, observable values 
to the spin components Sx, Sy, and Sz. To the contrary, it denies an independent 
reality to any spin component other than what has been previously measured, 
since all spin observations are destructive. 

Guangye Chen [36] has shown that the correct quantum correlation function 
( ),qmE a b  can be recovered using the entangled singlet state wavefunctions—the 

anti-symmetric spin components, sometimes called the Bell state, which has the 

form 1 , , , ,
2

A B A Bψ  = ↑ ⊗ ↓ − ↓ ⊗ ↑  , in conjunction with a real-val-

ued vector hidden variable. This would seem to contradict Bell’s theorem. 
Chen’s result works because his hidden variable vector does not behave classi-

cally. In particular, it is constructed to behave in whatever way is required to ob-
tain the desired result. While this is effectively an ad hoc result, it is sufficient to 
demonstrate what is needed in order to get the correct result. 

We argue here that if we replace the entangled state with a separable, pure state, 
and replace Chen’s classical hidden variable with an embedding of the z-compo-
nents of the wavefunctions at A and B, then we arrive at the desired result for 
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( ),qmE a b . 
All we’re adding is an observation that is already implicit in the quantum for-

mulation, namely that the z-components of the wavefunctions are not classical 
vectors but quantum spinors. As such, we need a prescription for how the values 
of these 2-dimensional objects map onto our 3-dimensional reality. That is, we 
need a mapping of SU(2) objects into SO(3) objects. 

Accomplishing this leads to three important conclusions: 
1) The dynamics of this experiment are entirely local; there are no nonlocal effects. 
2) The mapping of 2-dimensional information onto the 3-dimensional space of 

observation involves a process we’re calling spontaneous symmetry creation.  
3) 3-dimensional objects, such as we think our world is composed of, are no 

more real than the 2-dimensional objects of which our world is equally composed. 
That is, while we can restore EPR’s notion of locality, it’s not based on their 3-
dimensional notion of reality. 

16. Using σz as a Hidden Variable 

The A and B components of our disentangled wavefunction are eigenvectors of σz 
in some basis, with equal and opposite eigenvalues. Some orientation is chosen by 
the system that defines this basis when the components disentangle, and this be-
comes the z-axis along which the particles’ eigenvalues are fixed. These are not the 
arbitrary axes we choose for our measurements. 

We know the two components carry opposite values of intrinsic angular mo-
mentum, but we don’t know the orientation in space that defines them. In fact, 
the direction of the z-axis can never be known, as every experiment that can meas-
ure the z-axis finds the wavefunctions to be diagonal with respect to a basis de-
fined along the measured direction. That is the situation as quantum mechanics 
currently describes it, but future experiments could change this. 

We know there is a component of the intrinsic angular momentum, and this 
has the value of ±ħ/2 along an unknown direction for both particles. We know the 
absolute value of the total angular momentum of each particle is 3 2 . The 
other components of the angular momentum of each part of the wavefunction, 
what we might call the azimuthal components, cannot be measured without dis-
turbing the system. The GHZ result [3] shows that there are no naturally well-
defined azimuthal components in any direction.  

As long as the remaining components of angular momentum are symmetrically 
distributed around the z-axis—whatever it means for things that cannot be well 
defined to be symmetric—they add no time-dependent change to the wavefunc-
tion. 

Because the particles are always measured to align in opposite directions when 
exposed to an inhomogeneous magnet field, as the theory currently presumes, we 
also know the z-axis is not changing direction over time. If it were executing some 
angular rotation, and if we measured the direction of the orientation of magneti-
zation at different times for each of the two particles, then there would be times 
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when we would find the two particles no longer anti-correlated.  
We can picture the intrinsic angular momenta as oppositely pointing vectors, 

subject to the caveat that only the z-component has a well-defined value. It might 
be better to picture the spin variables as oppositely oriented hemispheres that have 
specified z directions and radius. In terms of Euler angles, the azimuthal angle of 
the “up” vector is uniformly distributed from 0 to 2π, while the polar angle is uni-
formly distributed between 0 and π/2. The azimuthal angle of the “down” compo-
nent is similarly evenly distributed from 0 to 2π, but its polar component ranges 
between π/2 and π. 

These hemispheres are an SO(3), vector-based description of the SU(2) spinor 
that describes each particle. The SU(2) spinors have fixed z-components of ±ħ/2 
along unknown directions, while the SO(3) vectors are constrained to either the 
upper or lower hemispheres (Figure 1). 

 

 
Figure 1. The unobservable directions of the quantum spinors, imagined as the vector axes 
of two opposing hemispheres, and the unobservable angles α and β that lie between these 
axes and directions A and B in which the magnetic moments are measured. 

 
A vector direction given to this spinor is just the first of two steps in its use in 

this calculation. The necessary next step is to integrate over these unobservable 
vector directions so that we’re left with a physical theory that only contains ob-
servable values of the square of and the deflection due to the direction of internal 
angular momentum. 

We integrate over these physically nonexistent directions in the same way we 
integrate over particle positions that can’t be observed when we integrate in our 
path integral in order to obtain an interference pattern. If we attempt to “locate” 
the particles involved in a path integral, then we destroy the phase relationships 
that generate the interference. Similarly, here, we cannot observe the spin orien-
tations over which we’re integrating without altering the wavefunction that con-
tains the correlation that exists between the particles. 

In putting forth this mnemonic, we’re advancing the idea that the particle’s 
spinor orientation is the hidden variable that resolves the question of how spin 
correlation is achieved. We can do this because the eigenvector that corresponds 
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to the stationary component of internal angular momentum is neither observed 
nor observable. “The particle coordinates remain definitely hidden parameters… 
this applies to the eigenvalues of Hermitian operators as well” ([25]: p. 45). 

This is analogous to the situation we encounter in Young’s Double-Slit experi-
ment [37], where we only measure one particle location on the detection screen, 
but we must include all the possible paths the particle took to get there. Here, we 
will only measure one direction for the internal spin but we must include contri-
butions from all internal spin directions that satisfy the anti-correlation require-
ment. A similar sum-over-histories approach has also been developed for calcu-
lating the partition function of a quantum spin system [38]. 

We never know, nor can we ever assign a direction to the internal angular mo-
mentum before it has been measured. After it has been measured, it always points 
with or against the gradient of the inhomogeneous magnetic fields used to meas-
ure it. 

All we can observe are the directions A and B in which the magnetic moments 
are measured, and the angles a and b between these vectors and the z-axis in the 
laboratory frame. The supposition that there exists a well-defined z-component of 
internal angular momentum before it has been measured is an unobservable con-
struct (Figure 2). 
 

 
Figure 2. If when it’s measured in direction A the first particle registers as parallel to A, 
then measured in direction B, whose angle is more than π/2 away from A, the second par-
ticle registers as parallel to B. We infer that the particle at A was pointing up, while the 
particle at B was pointing down. 

 
Coddens [16] points out that the lack of a Hilbert space basis that provides ei-

genvectors for all the rotation generators of SU(2) is a statement about the SU(2) 
Clifford algebra, not the magnetic dipole. He says, “the spin vector s is not repre-
sented by σ or γ but by s·σ or s·γ, which often remains hidden inside the notation 
for the spinor ψ.” The inner product construction used here is based on a similar 
assertion that while the Hilbert-space formalism denies simultaneous observation 
of all spinor components, the components of the magnetic moment vector still 
interact with external magnetic fields. 

17. The Vector Mnemonic 

Since we only measure the magnitude and direction of the magnetic moments, 
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and observe them to point in opposite directions when measured according to a 
common angle, we do not know what directions they point before our measure-
ment. We can picture them more accurately not as vectors but as the opposite 
sides of two bisected spheres. It is in this sense that we can say the 2-dimensional 
spinors “spontaneously create” hemispherical symmetry in 3-dimensions. 

We cannot measure where on the surface of these hemispheres the angular mo-
mentum vector points because there is no such point in 3-dimensions that is a 
constant of the motion. The z-component is a constant of the motion whose fixed 
value exists in SU(2) space but has no pre-measurement value in three dimensions. 

Directionally defined x and y components cannot exist simultaneously with a 
z-component in either space. Nevertheless, we can still integrate over different 
values of these perpendicular (or azimuthal) components. As mentioned, we do 
this in the same way that we integrate over a particle wavefunction’s position var-
iable, even when that particle has no well-defined position. 

Let λ and λʹ be two unit 3-vectors, that include x and y components, which 
accompany the z-component of the internal angular momenta. λ = –λʹ because 
the two particles have net zero angular momentum. λ represents both the direc-
tion of the z-axis used to define each particle’s eigenstate and the perpendicular 
components that cannot be measured. 

Following Gu [39], define A(a, λ) as the function that tells us whether we meas-
ure the particle to have an upward or downward pointing magnetic moment when 
measured at position A using a machine oriented at an angle given by the unit 
vector a lying in the yz-plane, perpendicular to motion in the x direction. The 
angle of the vector a is measured with respect to a common notion of vertical.  

Diverging from Gu, λʹ is assigned to the second particle so that B(b, λʹ) = –A(b, 
λ). This indicates the direction the particle’s magnetic moment will be measured 
at B, using a machine oriented at the angle of the unit vector b from the common 
vertical, as measured in the yz-plane. 

The functions A and B only return the values ±1, indicating a momentum in a 
positive or negative direction with respect to the angles made by the vectors a and 
b. They return +1 when λ projects along the direction of a unit vector in the yz-
plane at the angle given by a, and −1 when λ projects against the direction of this 
unit vector. As an ansatz, following Bell ([4]: p. 197), we define A(a, λ) and B(b, 
λʹ) as having the values 

 
( ) ( )
( ) ( ) ( )

, sign

, sign sign

A

B

= ⋅

= ⋅ = −′ ⋅′

a a

a b b

λ λ

λ λ λ
 (13) 

This is substantiated using the following reasoning:  
1) The spin contribution must have some representation in SO(3) if its contri-

butions to observables in SO(3) are to be calculated in any form. 
2) We know the spin contribution cannot be represented by an observable vec-

tor since it has only one stationary component, whereas an observable SO(3) vec-
tor requires three. 

3) We know there are additional spin contributions besides that given by the 
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one observable component because 2 2
zS>S . 

4) We know the two spin contributions are binary, antisymmetric, and exclu-
sive (orthogonal). 

5) We know the additional spin contributions must be azimuthally symmetric 
because there is no observable azimuthal coordinate to break the “virtual” azi-
muthal symmetry. 

We depart from Bell [4] in not equating the polarization vector λ with the spin 
state of a particle because, as mentioned, a spinor cannot be represented by a vec-
tor. It is only the integrated value of λ over the unit sphere that represents the spin 
state of the particle, and only in the context of this measurement. Through this 
process, we obtain the correct quantum mechanical correlation. 

Notice that when a = b, the recordings at A and B are made along the same axes 
and A(a, λ) and B(b, λ) are of opposite sign, indicating the particles are anti-cor-
related. 

Here, a·λ and b·λʹ are simple inner products of these pairs of 3-component ob-
jects. The function sign(x·y) returns the value +1 or –1 depending on the sign of 
the inner product of the vectors x and y. Equation (13) is written in terms of clas-
sical variables and expresses the quantum result. There is no classical explanation 
for Equation (13) as it reflects the mapping of the properties of quantum SU(2) 
spinors onto our classical SO(3) space. 

λ is the direction in 3-space along which the eigenstate of one of the particles is 
pointing, and against which the other particle’s eigenstate points. λ is represented 
by a vector for computational purposes, but it does not behave like a classical var-
iable. Only its z component, or eigenvector defining component, is well defined. 
Its behavior derives from the non-commutative properties of the Pauli matrices. 

Because we never know or see the values of λ or λʹ, they must not appear in any 
physical result. There is really only one variable here as λʹ = –λ because the two 
particles are always correlated. As a result, the correlation involves only a single 
variable λ. We ensure the disappearance of λ from our result by integrating over 
all values of it.  

( ) ( ) ( ) ( ) ( ), , , , , , , dA BE A B A Bρ ρ
Λ

= − − −∫a b a a b bλ λ λ λ λ  

Since the density functions Aρ  and Bρ  are symmetric in λ, and the orien-
tation functions A(a, λ) and B(b, λ) are anti-symmetric in λ, we replace 

( ) ( ), ,B Bρ − −b bλ λ  with ( ) ( ), ,B Bρ− b bλ λ . Chen [36] denotes E(A, a, B, b) as 
P(a, b) in his equation #2. We then have: 

 ( ) ( ) ( ) ( ) ( ), , , , , , , dA BE A B A Bρ ρ
Λ

= ∫a b a a b bλ λ λ λ λ  (14) 

Here, ( ),Aρ a λ  and ( ),Bρ b λ  are the densities of A(a, λ) and B(b, λ), and Λ 
is the S2 unit sphere (the unit sphere in three dimensions) over which λ is uni-
formly distributed.  

The densities ( ),Aρ a λ  and ( ),Bρ b λ  are equal to the absolute value of the 
vector inner product of their arguments. The vectors a and b are of unit length. 
Their arbitrary angles are the measurement angles set by experiment. 
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 ( ) ( ), and ,A Aρ ρ= ⋅ = ⋅a a b bλ λ λ λ  (15) 

( ) ( ) ( ), , signA Aρ = ⋅ ⋅a a a aλ λ λ λ , and this equals ⋅a λ .  

( ) ( ) ( ), , signB Bρ = ⋅ ⋅b b b bλ λ λ λ  which equals ⋅b λ . 

These expressions leave unchanged the marginal distributions describing the 
interaction of a single spin with an external magnetic field. This is because λ is 
symmetrically distributed around the particle’s magnetic moment and represents 
the stochastic value of spin. Seeing spin as contributing a superposition of variable 
contributions, rather than having a fixed value, is a quantum mechanically more 
accurate representation of its role as an internal parameter.  

Applying Equation (15) to Equation (14) gives: 

 ( ) ( )( ), , , dE A B
Λ

= ⋅ ⋅∫a b a bλ λ λ  (16) 

Rewritten in the spherical coordinates appropriate for integration,  
( ) ( )( ), , , sin d dE A B θ θ ϕ

Λ
= ⋅ ⋅∫a b a bλ λ , where integration over Λ means inte-

gration over the azimuthal angle ϕ = from 0 to 2π, and the polar angle θ = from 0 
to π. 

While A(a, λ) and B(b, λ) are observables, λ is not. Following Chen, represent-
ing λ as a random vector of length r uniformly distributed over the surface of a 
sphere whose radius is r, we write λ in rectangular coordinates as 

 ( )cos sin , sin sin , cosr r rφ θ φ θ θ=λ  (17) 

We then have 

 

( )

( )(
( )

( )

( ) )

2 2 2 2 2 2
1 1 2 2 3 30 0

3
1 2 2 10 0

2
1 3 3 10 0

2
2 3 3

2

2

20

2

2

0

, , ,

cos sin sin sin cos sin d d

sin cos sin d d

cos sin cos d d

sin sin cos d d

E A B

r a b a b a b

a b a b

a b a b

a b a b

θ φ

θ φ

θ φ

θ φ

φ θ φ θ θ θ θ ϕ

φ θ θ θ ϕ

φ θ θ θ ϕ

φ θ θ θ ϕ

π π

= =

π π

= =

π π

= =

π π

= =

= + +

+ +

+ +

+ +

∫ ∫

∫ ∫

∫ ∫

∫ ∫

a b

 (18) 

where ai and bi, i = 1, 2, 3, are components of a and b. Equation (18), somewhat 
amazingly—due to the azimuthal anti-symmetry of the last three integrals, which 
vanish—reduces to 

 ( ) ( ) ( )
2 2

1 1 2 2 3 3
4 4, , ,

3 3
r rE A B a b a b a bπ π

= + + = ⋅a b a b  (19) 

Since a and b are unit vectors, this means that ( )cos ω⋅ =a b a b , where ω is 
the angle between a and b. Since |a| = |b| = 1 and cos(ω) ≤ 1, we can reset r, which 
is the length of λ, equal to (3/4π)1/2 to “normalize” the correlation. The resulting 
expression for the correlation is, 

 ( ) ( ), , , cosE A B ω= ⋅ =a b a b  (20) 

Equation (20) is identical to the correlation given in (7), which was derived from 
quantum expectation values without any reference to hidden variables. Conse-
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quently, we see that it is the correlation of the internal angular momentum vector 
λ, which is both theoretically and practically unobservable, with the measurement 
angles given by a and b that explains the cosine relationship we observe. 

Note that Equations (15), for the probability densities, are functions of the di-
rections a and b in which measurements are made. Correlation measurements 
that depend on the orientation of the measurement instruments are considered to 
open “freedom-of-choice” loopholes [7], [40] in experiments that provide verifi-
cation of Bell’s theorem, so it may appear that these densities exploit this loophole. 

However, it is not the inclusion of these orientations in the density formulas 
that are the loopholes, but the dependence of experimentally observable quantities 
on these orientations. The density in Equation (15) is not observable, and the re-
sult that is observable is given by Equation (16), in which the density is integrated 
over values of the hidden variable. As Equation (20) shows, the resulting correla-
tion depends only on the relative orientations. Consequently, Equation (20) is ori-
entation-free and does not exploit this loophole. 

Equation (20) refutes the common but mistaken assumption that the Bell and 
related theorems “prove” a hidden variable theory cannot generate the correla-
tions that prevail in this quantum system. Such was never the case, but it became 
widely believed due to a general lack of understanding of the difference between 
quantum and classical hidden variable theories.  

What we have shown is that quantum mechanics is a hidden variable theory of 
a nonclassical type in which spin plays the role of a hidden variable that is local in 
this case, and that no additional terms are needed to explain the correlation of orig-
inally entangled and subsequently separated states. However, this does not address 
the process of decoherence by which the entangled singlet state evolves into two 
pure states, which we assumed in deriving this result. Something in the dissocia-
tion process breaks the symmetry between the –+Ψ  and −+Ψ  states given 
in Equation (4). 

It is interesting to point out that while we think of the z-component of the in-
ternal angular momentum as an observable quantity, it does not appear here, nor 
in any equation for any observable in any form. Saldanha [41] argues we cannot 
ascribe an objective reality to any quantum properties even after measurements 
have been performed. 

The angle θ is a mnemonic that defines the direction of λ. It is defined with 
respect to an unobservable, internal z-axis. This means the z-component, while a 
constant of the motion, is as unobservable as the x and y components. Or, to put 
it another way, the x and y components are as observable as the z component. We 
already knew this since we can equally well define the internal spin using a basis 
in which any one of the three components—x, y, or z—is an eigenvalue. 

It is a mistake to think of the x, y, and z components of the internal spin as 
directional components. They correspond to the first, second, and third genera-
tors of rotations in the SU(2) group, but they are not defined with respect to any 
direction in SO(3) until we make a measurement. This is why we take the orient-
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ing vector λ to be uniformly distributed over the unit sphere in Equation (16). 
This is also why we refer to the process of measurement as an act of spontaneous 
symmetry creation. 

There is no nonlocal effect between A and B. There is no collapse of an entan-
gled wavefunction. There is a disentanglement of the wavefunction at the point 
where the particles separate, and there is another change in the wavefunction of 
each particle when we perform a measurement that forces the particle to align 
with or against the gradient of the applied magnetic field.  

At the end of each particle’s transit through a Stern-Gerlach measuring device, 
after it has interacted with the magnetic field, there is a change in the particle’s 
wavefunction. The Stern-Gerlach device has been analyzed classically [42], semi-
classically [43], and quantum mechanically [12] [44] [45]. The general conclusion 
is that dynamical forces lead to a continuous shift of the orientation of the parti-
cles’ magnetic moments, and that this change is not a discontinuous collapse as is 
often supposed. 

These “collapses” of the wavefunction are not flaws of quantum mechanics; they 
are a reflection of our lack of knowledge of the nonunitary processes that repre-
sent these changes. We simply don’t have the right Hamiltonian to describe what 
we experimentally induce. 

We can safely assume these changes to the wavefunctions do occur. We refer to 
them as “collapses” because we have no dynamical description of them, but it is 
likely that these events are described by a local dynamical process, as Buks [9] 
suggests. Whatever dynamics describe the process we’re referring to as a collapse, 
we expect it will be locally causal. 

18. Comparison with Bell 

What we’ve done can be compared with Bell’s original formulation [4]. Our equa-
tions (13) for A(a, λ) and B(b, λ) are identical to his equation #9. Our Equation 
(14) for E(A, a, B, b) as an integral over the hidden variable is almost identical to 
his equation #2, except that where he has ρ(λ) as a uniform probability distribu-
tion over the unit sphere, we have the product ( ) ( ), ,A Bρ ρa bλ λ . 

Because his distribution ρ(λ) is uniform, his result has no functional depend-
ence on λ. As a result, when he integrates the azimuthal angle from 0 to 2π and 
the polar angle 0 to θ, where θ is the angle between vectors a and b giving the 
orientation of the two detectors, he’s left with a correlation function linear in θ 
rather than one proportional to cosine θ. This does not form a basis for his epon-
ymous inequality. It is just an example of a classical hidden variable that does not 
give the observed result. Bell goes on to apply further arguments to conclude that 
no local theory can reproduce the correlation of Equation (20). 

Using the λ-dependent densities ρ(a, λ) and ρ(b, λ) given in Equation (15) as 
|a·λ| and |b·λ|, we obtain the correlation function of Equation (19), proportional 
to cos(θ), which is consistent with observed results. It may be worth noting that 
this cosine relation is also the classical result when calculated as an ensemble av-
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erage of a vector hidden variable model ([26], Equation 2). 
Bell says that, “there must be a mechanism whereby the setting of one measur-

ing device can influence the reading of another instrument, however remote. 
Moreover, the signal involved must propagate instantaneously, so that such a the-
ory could not be Lorentz invariant.” The results shown here indicate that this con-
clusion is incorrect. 

19. Dissociation and Setting Independence 

Gu [22] considers the situation described here as one of three probability distri-
butions resulting from factoring the probability of measurements at A and B into 
the product of two terms. These models are referred to as “setting-independent 
probabilities” because each depends only on values local to the observations at A 
or B. 

In all of these cases, Gu is working from the entangled singlet wavefunction and 
suggests the paradox emerges from the distribution function that describes the 
measurement process. I infer this from his Figure 3, which shows λ, the 3-vector 
hidden variable, embedded in the entangled wavefunction before the particles 
have separated. 
 

 
Figure 3. Coordinates of the ERPBA setup shown in Figure 1 of Gu [22]. Here, the x, y, z 
coordinates have been cyclically permuted from his original diagram, and angles measured 
from the z-axis. 

 
Only one of these distributions exactly matches observations carried out and 

advertised as verifying Bell’s theorem and said to confirm nonlocality. Gu says 
this, “suggests a possibility that some probability might lead to a correlation closer 
to experimental outcome (sic) than quantum mechanics’ prediction.” 

Figure 4 is a diagram of the situation considered here. The change appears inci-
dental, and it leads to the same algebraic results, but the different meanings of these 
two figures are significant. Figure 3 indicates a real vector variable λ that exists and 
is carried in the singlet state wavefunction when the total internal angular momen-
tum is zero and before the particles have separated. Figure 4 indicates that the var-
iable λ exists after the particles have separated, and we emphasize that this variable 
is only a mnemonic for the spinor states of the correlated particles. 
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Figure 4. The correlated vector λ is an SO(3) representation of the SU(2) orientations of 
the pure state wavefunction that describes particles disentangled from the singlet state. 

 
The observation made here is that what occurs in fact is not a choice of a prob-

ability distribution that needs further explication, but the direct and fully under-
stood result of dissociation and concomitant decoherence of the 2-particle wave-
function. At the point the particles disassociate, their spatial wavefunctions cease 
to overlap, the symmetry of the combined particle wavefunction is broken, and 
the separate, correlated spinor wavefunctions diverge in space. At that point, the 
two-particle wavefunction is described by two correlated, pure, single-particle 
states.  

In short, there is no entanglement in this situation. The “hidden variable” is the 
result of projecting the 2-dimensional spinor eigenfunction on the 3-dimensional 
experimental result. This projection, which is achieved by Equations (15) and (16), 
“completes” the quantum description for this experiment. 

20. Conclusions 

One might also say there is an incompleteness in the quantum mechanical treat-
ment of this experiment due to our lack of a dynamical description of the deco-
herence process. Quantum mechanics does not tell us how wavefunctions evolve 
when their time evolution is not unitary. This is not a flaw in quantum mechanics; 
it reflects our inability to describe the process. 

The linear Schrödinger equation does not define quantum mechanics; it only 
specifies the time evolution of a system governed by a linear Hamiltonian. Linear 
Hamiltonians do not describe the nonlinear process of the decay of a composite 
particle system. This is becoming more obvious as we gain a greater understand-
ing of decoherence [46]-[48]. 

What is shown here is that while we do not know the dynamics by which the 
singlet state evolves into a disentangled wavefunction, the kinematics by which 
the SU(2) parameterization of spin maps on the SO(3) space of observation leads 
to a function that gives the physical observables presented in Equation (20). This 
is “an inevitable consequence of the geometry of configuration space” ([49]: p. 
312). 
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We claim that there exists some means by which the pure-state wavefunction 
develops from the disintegration of the two-state system. The implication is that 
the two ways that disintegration can occur are distinguishable, and when distin-
guishability is possible—regardless of whether we can predict it, know it, or ob-
serve it—then decoherence always results. 

We are not denying superposition, but merely repeating what we already know, 
which is that superposition requires indistinguishability. Decoherence occurs 
when there exists a mechanism to distinguish which state has developed. In this 
case, information contained within the interaction of the spins and the detectors 
local to them tells us the outcome dynamics. This exemplifies what Greenberger 
et al. ([50]: p. 26) emphasize when they state, “it is potential information, not ac-
tual information, that destroys coherence.” 

We join Mochizuki ([12]: p. 717) in disagreeing with David Bohm’s statement 
([51]: p. 622) that “quantum theory is inconsistent with the assumption of hidden 
causal variables” (See Aharonov and Gruss [52] for a different argument for lo-
cality based on decoherence). But we agree with Bohm’s comment that “there are 
actually no precisely defined ‘elements of reality’ belonging to the electron” ([51]: 
p. 620). 

In modern parlance, we say that while quantum mechanics is counterfactually 
indefinite (see Vaidman [53] for a definition), we can still integrate over counter-
factually definite values—such as the nonexistent SO(3) components of spin—
that do not survive in the final expressions for observables. We do this in the same 
way that the path integral includes counterfactually indefinite paths. 

The entangled singlet state, which is used to represent the two-particle system 
before decoupling, does not develop as an entangled state after decoupling. It 
should instead be represented as a mixed state. Mixed states provide statistical 
statements that reflect our lack of knowledge. 

In this case, the wavefunction is epistemic in that it reflects both the system and 
our lack of knowledge of it. The shortcoming of the entangled-state model is that 
it requires a nonlocal, acausal “collapse” of the state in order to extract the predic-
tion of correlated spins. The mixed state model suffers no such shortcoming. 

The mixed state, or nonentangled pure state pair, presents the wavefunction as 
one of two unknowable but “real” models of the particles. “Real” in the ontological 
sense that this wavefunction fully represents physical reality at some locally de-
fined moments. 

To this, we must “manually” add our ignorance regarding which of the two 
possibilities the bound state decomposes into. When this ignorance is resolved 
through observation, we learn which of the two possible forms describes the state 
after decomposition. In this case, what collapses is our ignorance, not the wave-
function. 

Our conclusion is that there is no action-at-a-distance effect, no classical hidden 
variable theory, and no scientifically plausible nonlocal theory to be tested. 

The presentation given here, built on several people’s work, appears to resolve 
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the ERPBA paradox. It apparently rescues us from nonlocality, frees us from the 
implications of acausality associated with this experiment, and lets Einstein, 
Rosen, Podolsky, and Bohm rest in peace. Yakir Aharonov, on the other hand, is 
still with us, and we hope he finds these results interesting. 
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Appendix I. Disentanglement after Separation 

The original Stern-Gerlach experiment was performed in a vacuum of around 10−5 
mm Hg. Using the Ideal Gas Law lets us approximate the number of atoms per 
cubic millimeter as 3 × 108 atoms/mm3. We expect 78% of these to be atoms of 
nitrogen, as is typical of the atmosphere. The collision cross section for nitrogen-
to-nitrogen collisions is approximately 1.1 × 10−13 mm2. We expect an electron-
to-nitrogen collision cross section to be half that. 

The original Stern-Gerlach device had a gap of 2.5 mm, a width of 1.4 mm, and 
a length of 350 mm. This corresponds to a volume of about 1.25 cm3. We can 
model this as a stack of 350 slabs of atmosphere—each one millimeter thick with 
a surface area of 2.5 mm × 1.4 mm = 3.5 mm2—through which the particle must 
pass while being influenced by the inhomogeneous magnetic field, and before it 
impacts on the observation screen. 

We assume that none of these nitrogen atoms is hiding behind each other, 
which is reasonable at low densities, so that their collision profiles tile the surface 
of each of the 350 slabs of evacuated atmosphere (our final answer is independent 
of their number and width).  

Using this non-overlapping approximation, the atoms obscure (3 × 108 obstruc-
tions/mm2)*(1.1 × 10−13 mm2/obstruction) = 3.3 × 10−5, which is the ratio of ob-
structed to unobstructed area in each slab. In this simple approximation, a particle 
collides with an atom along its path whenever it passes through an obstructed area. 
Consequently, the ratio 3.3 × 10−5 of obstructed to unobstructed area is also the 
probability that the particle will encounter an obstruction within each slab. Mul-
tiplying this by the 350 slabs gives a final probability of 1.2 × 10−2 of encountering 
an obstruction in the complete course of transiting the Stern-Gerlach machine. 

Stated another way, there is a 1% chance that one or the other of our two cor-
related particles will encounter an obstacle that may cause the correlation of its 
orientation, trajectory, and wavefunction to be disturbed.  

The vacuum in a Modern Stern-Gerlach machine provides a pressure 1/10th of 
that of the original experiment. This would lower the number of obstructions/mm3 
to 3 × 107, which lowers each transiting particle’s probability of collision to 0.1% 
per observation. 

From this, we can further conclude that between 99% and 99.9% of the particles 
measured have not had their wavefunctions disturbed in transit. This very approx-
imate conclusion coincides with a more detailed analysis given by Gomis and Pé-
rez, which comes to the same conclusion, namely “that collisions with the air mol-
ecules are rare events” ([54]: p. 9). 

From the low probability of decoherence in transit, we deduce that the entan-
glement of the singlet state was lost when the particles separated. Then, the correct 
wavefunction to use in describing the separated particles is either a pure-state state 
or a mixed state, depending on whether you want to represent the system itself or 
the best probabilistic description we have for it. 
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Appendix II. Loophole-Free Tests of Bell’s Inequality 

We feel that the Bell-CHSH inequalities have no bearing on the purely quantum 
theory presented here, but we understand that many readers may think that they 
do. In this section, we’ll analyze a general feature of the loophole-free tests of the 
Bell-CHSH inequalities, and conclude that they support the pure state model we 
have proposed. 

In order to have confidence in the conclusions drawn from the Bell-CHSH in-
equalities, violations of which are predicted by quantum mechanics and observed 
by experiment, it requires that there exist no additional experimental influences 
to prejudice or control the results. To exclude such sources, various sorts of ex-
perimental prejudice are categorized according to their type. These types are re-
ferred to as the locality, detection, and freedom of choice loopholes. For additional 
explanation, see Larsson [55] and Fraser and Sanders [56]. 

The locality loophole refers to an experimental condition where correlation be-
tween measuring devices is effected through some mechanical means external to 
the detectors and the presumably local systems being measured. Closing the lo-
cality loophole means eliminating any alternative communication that could in-
fluence the correlation of the devices. “Alternative” means some information chan-
nel connected to but not considered part of the systems being measured. 

The detection loophole refers to experiments that are biased because they miss 
or preferentially select certain observations. Issues of correct sample identification, 
accuracy, filtering, interference, and timing are crucial in closing detection loop-
holes. 

The freedom of choice loophole refers to the experimenters’ freedom to inde-
pendently choose the measurements being taken at the two locations. If the ex-
perimenters’ choices are correlated through a common human attitude or situa-
tion, then the resulting correlation observed between the systems will no longer 
exclusively represent the systems or the Bell-CHSH inequalities. 

We’d like to mention a larger aspect of the freedom-of-choice bias discussed by 
Scheidl et al. [40], and which Bell [57] alluded to when he said, “Here I would 
entertain the hypothesis that the experimenters have free will.” Based on the evi-
dence of 50 years of research in this topic—or actually any topic in which physi-
cists have accepted the assertions of researchers who preceded them—experi-
menters do not have free will in the statistical sense. 

There is a general belief in whatever is generally accepted. This prejudices cur-
rent and future research projects and the conclusions drawn from them. Human 
research projects, like human subjects, are not independent: subjective chance is 
not equal to statistical chance [58]. 

Subjective prejudice is built into all community-based research, is amplified by 
peer review, and its effects are uncompensated or are overlooked. This is typical 
of all community-based belief systems and can be referred to as “the culture effect.” 
One could close this loophole by removing or insisting on the detailed analysis of 
every assumption, but this is never possible in any absolute sense. The acceptance 
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of assumptions being questioned in this case continues to have uncontrolled and 
misleading effects on the beliefs physicists have regarding entanglement, non-
locality, and acausality. 

All of these loopholes refer to the experiment, the experimental setup, or the 
experimenter. None of these loopholes refers to the quantum mechanical state-
ment of the problem. While there are differences that depend on the mechanics, 
dynamics, and ingredients of each experiment, all efforts to close the loopholes 
accept the same presumptions of spinor behavior, quantum entanglement, statis-
tics, and the Hilbert space representations used in quantum mechanics. These ex-
periments do not dispute that the Bell-CHSH inequalities derive from the Bell-
CHSH assumptions, nor do we. 

The locality loophole is considered to have been closed by Weihs et al. [59], who 
examined pairs of polarized photons. The source of their polarization entangled 
photon pairs is degenerate type-II parametric down-conversion as described by 
Kwiat et al. [60] and by Ou ([61]: p. 34). 

In their work, Kwiat et al. report, “Nearly all previous experiments employing 
photons from parametric down conversion have actually produced product states.” 
In contrast, using their method of type-II phase matching, “down-converted pho-
tons are emitted into two cones, one ordinary polarized, the other extraordinary 
polarized,” and “if the angle (at which they are emitted) is increased, the two cones 
tilt toward the pump, causing... the cones (to) overlap, (so that) the light can be 

essentially described by an entangled state: ( )1 2 1 2
1 , e ,
2

iH V V HαΨ = + .” 

From this, we see that what they’re calling entanglement is created by the direct 
coincident placement of streams of photons or of a single photon. 

It is unclear whether the state produced in this manner is actually entangled or 
mixed. Entanglement refers to the superposition of properties of a single particle, 
but photons are not localized particles. In addition, according to quantum field 
theory, there is a complementarity relation between phase and particle number, 
so that the more certain we are of the wavefunction’s phase, the less certain we are 
of the particle number. How, then, do we know if physically overlapping beams 
of photons create entanglements or mixtures? 

The distinguishing property of entanglement is self-interference, which means 
you have the ability to separate entangled components and cause them to interfere 
with each other. This is what we do in the Young double-slit experiment, where 
we split the wavefunction into two channels, which correspond to the two slits, 
and observe interference when they recombine. 

You cannot create self-interference with a mixed state if the components are 
not coincident, though you can wait for them to arrive together or force them into 
coincidence. This is an important caveat we discuss below. The answer to the 
question of whether or not a wavefunction is entangled depends on whether self-
interference is observed. However, once it’s observed, it’s destroyed. 

This question is rarely addressed in either the theoretical or experimental pa-
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pers that discuss the Bell-CHSH theorems, which simply assert entanglement ei-
ther by assumption or construction. As Kwiat et al. note, if “the terms in |Ψ〉 be-
come, in principle, distinguishable by the order in which the detectors would fire, 
no interference will be observable.” But the question of whether or not the terms 
are distinguishable, why this might occur, and what it would imply are left unre-
solved or referred to the results of other research. 

The work presented here deals with the states of massive, spin-1/2 particles, 
which raises the important question of how entangled states of such particles are 
created, and how this is verified under the conditions of loophole-free tests. This 
leads us to turn to Hensen et al. [62], who are credited with a loophole-free test 
using electron spins. 

Hensen et al. employ the spin states associated with single Nitrogen vacancy 
defect centers in a pair of widely separated diamond chips. Their method is de-
scribed in Bernien et al. [63]. The generation of entanglement between the two 
distant spins is performed according to the entanglement-swapping method in-
troduced by Simon and Irvine [64] and Barrett and Kok [65]. 

We consult Simon and Irvine to address the question of whether entanglement-
swapping of the photons ensures entangled state creation of the electrons and ex-
cludes the possibility of electron mixed states, as we are asserting is actually the 
case. 

According to Simon and Irvine, the entanglement-swapping procedure begins 
with two ions in triplet or singlet states that are each excited and emit a photon in 
an entangled state that reflects their triplet or singlet structures, namely the max-
imally entangled Bell-state two-photon wavefunctions of the form: 

† † † †
1 1 1 1 2 2 2 2

1 0
2 A A B B A A B Bs a s a s a s a ⊗ + ⊗   abbreviated HH + VV (AII.1) 

 † † † †
1 1 1 1 2 2 2 2

1 0
2 A A B B A A B Bs a s a s a s a− ⊗  ⊗  HH – VV (AII.2) 

 † † † †
1 1 2 2 2 2 1 1

1 0
2 A A B B A A B Bs a s a s b s b+ ⊗  ⊗  HV + VH (AII.3) 

 † † † †
1 1 2 2 2 2 1 1

1 0
2 A A B B A A B Bs a s a s b s b− ⊗  ⊗  HV – VH (AII.4) 

where 1As  is the up or “1” spin state (or if “2” then the down spin state) of the 
particle at site A (or at B), and †

1Aa  and †
2Ba  are creation operators that act on 

the vacuum state to create a photon polarized in state 1 or 2 emanating from site 
A or B. In the abbreviated notation, the letters H and V represent any two orthog-
onal photon polarization states, also given as 1 and 2, not being limited to H for 
horizontal and V for vertical. 

The creation of the entangled state for the massive particles is described [64] as 
starting with the “emission of a photon by each ion (which) leads to the state 
(given by Equations (AII.1) through (AII.4)) so that each ion is maximally entan-
gled with the photon it has emitted. The photons from A and B propagate to some 
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intermediate location where a partial Bell-state analysis is performed.” 
The Bell-state analysis referred to is similar to the experimental procedure that 

records the Hong-Ou-Mandel photon interference effect [66] in which two pho-
tons simultaneously impinge on either side of a 50:50 beam splitter. Each photon 
is split into a reflected part that undergoes a phase shift and a transmitted part 
that does not. 

If the state of a photon having some polarization and entering the α input chan-
nel (or the β channel) is represented by a 2-vector ( )orα β

φ , with components 1φ  
and 2φ , then the transmitted and reflected components can be calculated using a 
unitary 2 × 2 transmission matrix T. See Barnett [67] for a review. T operates on 
a state entering one channel to produce a state that exits through two channels: 

 

1 1 2

2 1 2

1 1 2

2 1 2

11 1 1
12 2 2

11 1 1
12 2 2

c
c d

d

c

c
d

ii
T

ii

ii
T

ii

α α α
α αα

α α α

β β β
β ββ

β β β

φ φ φ ψ
φ ψ ψ

φ φ φ ψ

φ φ φ ψ
φ ψ ψ

φ φ φ ψ

+      
= = = = +       +      

+      
= = = = +       +      

 (AII.5) 

The states of the two photons are taken from Equations (AII.1) to (AII.4), where 

( )†
1

1
2

0Aa  has been replaced with 1αφ  and ( )†
1

1
2

0Ba  with 1βφ  to indicate 

a photon in polarization state 1 (or 2) that originated from vacancy A entering 
beam-splitter channel α, or from B entering beam-splitter channel β. 

cαψ  and 

dαψ  are the wavefunctions exiting through the beam-splitter’s output channels 

c and d that result from the wavefunction that was input through channel α, and 
similarly for channel β. 

When two photons simultaneously enter each of the beam-splitter’s two input 
channels, then the wavefunction in each of the output channels is the sum of the 
contributions from each input channel. That is: 

( ) ( ) c dc d c d
T T α α β βα β
φ φ ψ ψ ψ ψ ψ ψ+ = + + + = +  

As a result, each of the two output channels carries a superposition of photons 
from the two input channels, with the polarizations of the reflected photons shifted. 
In Simon and Irvine’s construction, each of the two output channels then im-
pinges on a separate polarizing beam splitter. Each polarizing beam splitter then 
creates its own two secondary output channels. Each of these four tertiary output 
channels is then directed to one of four separate photodetectors, as is shown in 
Figure A1. 

They then say that Figure A1, 

“shows the well-known method for detecting the two states  

( )† † † †
1 2 2 1

1 0
2

a b a bψ± = ±  using only linear optical elements. Detection of 

the two photons in the state ψ±  will project the two distant ions into the 

corresponding ψ±  state, ( )1 2 2 1
1
2 A B A Bs s s s± .” 
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Figure A1. Detectors are used to determine the entangled 
components of the two incoming particles. 

 
That is, a measurement that confirms one of these entangled photon states “col-

lapses,” and in that manner selects a corresponding element of the superposed 
state at the remote Nitrogen vacancy sites. The problem, of course, is that we can-
not measure the state of the electrons without destroying their state, so we have to 
measure the states of the photons with which they’re correlated. 

Simon and Irvine comment [64], 

“Only if the two photons are in the antisymmetric Bell state ψ− , (given by 
HV-VH of Equation (AII.4)), there will be one photon in each output mode 
of the first beam splitter (BS), c and d. Therefore, a coincidence detection 
between D1 and D3 or D2 and D4 identifies this state. This was first pointed 
out by Braunstein and Mann [68]. If the photons are in the state ψ+ , they 
both go into c or both into d, and are then split by the subsequent polarizing 
beam splitters (PBS), because they have orthogonal polarizations. Therefore, 
coincidences between D1 and D2 or between D3 and D4 signify a state ψ+ . 
For the two other Bell states ϕ+  and ϕ−  both photons go to the same 
detector.” 

Expressing the entangled antisymmetric state ψ−  in terms of the two pho-
tons which separately enter each of the input channels α or β, and then applying 
the beam-splitter transformation given in Equation (AII.5), we get the output state 

outputΨ : 

( )
( ) ( ) ( ) ( )

( )( ) ( )( )

entangled output entangled input

1
2 d c c d d c c d

T T HV VH

T H T V T V T H

H iH V iV V iV H iH

α β α β

Ψ = Ψ = −

= ⊗ − ⊗

 = + + − + + 

 

Recalling that H and V represent photon creation operators ( )
†
1,2a  in states 1 

or 2, and applying † † 0,i ja a  =   for all i and j, allows us to reorder the H and V 
terms. The signs of the terms and the factors of i represent phase changes, and 
equal terms of opposite sign cancel as they represent the combination of photons 
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of opposite phase. The expression for the output wavefunction reduces to: 

entangled output d c c dH V H VΨ = −  

This represents the superposition state in which there is one photon of each 
polarization in each of the two output channels c and d, confirming what Simon 
and Irvine assert. 

Now consider the mixed state that we claim represents the disintegrated EPRBA 
state. If we assume the same physics applies to the Nitrogen vacancy construction, 
then the photons emitted from the locations A and B are not in an entangled but 
in a pure state of HV or VH. These states have a different normalization from the 
entangled states in Equations (AII.3) and (AII.4): 

† †
1 1 2 2 0A A B BHV s a s a= ⊗  

† †
2 2 1 1 0A A B BVH s b s b= ⊗  

Because we don’t know which of these two states has prevailed, we create a 
mixed state that combines the two. However, this is not a superposed state as it’s 
not the amplitudes we’re combining but the probabilities. That is, there can be no 
interference between the two components because they are “ontologically” exclu-
sive. 

We can write the mixed state in the form “HV +VH” only with the caveat that 
this is not an entangled state and must be treated accordingly. When this state 
impinges on a beam splitter, we must treat it as if the two states, HV and VH, are 
not superposed but independent. We are then combining the probabilities of two 
separate and distinguishable inputs. The effect of the beam-splitter on the HV 
state can be written as: 

( ) ( )

( )( )

( )

mixed output mixed input

1
2
1
2

d c c d

d c c d d d c c

VH T VH

T H T V

H iH V iV

H V H V i H V iH V

α β

=

=

= + +

 = − + + 

 

Each of these terms represents a separate, orthogonal, and distinguishable out-
come, the probability of which is the absolute square of the amplitude of the cor-
responding terms. This leads to a 25% probability for each of the incoming photon 
combinations exiting each of the indicated output channels. 

But the HV state only has a 50% probability of occurring. To this we add, not 
superimpose but include as an exclusive alternative, the mixed state contribution 
given by VH , namely, photons of opposite phase entering into each of the chan-
nels of the beam splitter. 

( )

mixed output mixed input

1
2 d c c d d d c c

VH T VH

V H V H i V H iV H

=

 = − + + 
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This alternative results in different polarizations in the respective output chan-
nels. Since there is a 50% chance of realizing either the HV or VH states we’re left 
with probabilities of 1/8 for each of the polarization pairs in each of the two chan-
nels. The probabilities combine to indicate a 50% chance of photons appearing in 
the same output channel, both in channel c or channel d, and a 50% chance they’ll 
appear in different output channels. Incidentally, this is what is predicted by clas-
sical wave theory. 

This method of distinguishing a superposed state from a mixed state presents 
the following problems: 

1) The assumption that a collapse of the photon state generates a collapse of the 
electron state is the assumption we are trying to test. This is known as the “begging 
the question” fallacy that occurs when your premise presupposes the truth of your 
conclusion. 

2) The method is not designed to distinguish superpositions from mixtures. 
3) The result does not distinguish the Bell-CHSH entangled states from mixed 

states since both can result in photons exiting the beam-splitter through separate 
channels. If you experimentally select those cases where photons exit through sep-
arate channels, as this method suggests, then this method alone does not distin-
guish an entangled state from a pure state mixture. 

According to the above process involving pairs of photons produced by para-
metric down-conversion, used by many Bell loophole-excluding experiments, the 
measurement of the correlated photons does not distinguish interfering entangled 
states from non-interfering pure or mixed states. That is, correlated photons that 
exit separate channels of the beam-splitter are predicted 50% of the time for pure 
states, and 25% of the time from anti-symmetric entangled states. 

In fact, it is only the observation of bunching (both photons exiting randomly 
from one or the other of the two channels) or anti-bunching (photons only exiting 
the two separate channels but never the same channel) that distinguishes entan-
glement from the classical prediction. In selecting only those experimental runs 
in which both photons exit separate channels, we’re not even distinguishing quan-
tum from classical mechanics! Of course, this is not a test to distinguish quantum 
from classical mechanics. It should only be noted that these tests only allow us to 
draw limited conclusions. 

Selecting only states that correlate simultaneous input photons that exit from 
different output channels provides no distinction between pure or entangled states. 
We claim that none of these photon observations confirm the nonlocal and acausal 
collapse postulate put forward to explain Bohm’s version of the EPR paradox. 
Such nonphysical explanations can always be put forward, of course, but they are 
of a religious rather than scientific nature (Figure A2). 

Barrett and Kok [65] confirm this is the only method they are using to confirm 
the creation of massive, entangled particle states. They say, 

“If zero or two photo-detection events are observed on either round of the 
procedure, the scheme failed, and the qubits must be newly prepared before 
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re-attempting the entangling procedure. On the other hand, if one (and only 
one) photo-detection event is observed on each round of the protocol, the 
scheme has succeeded.” 

 

 
Figure A2. A Venn diagram showing 25% of Bell-entangled states and 50% of our similar 
pure states have photons exiting the beam-splitter through opposite channels. Loophole-
free tests of the Bell-CHSH theorems examine only those states in the shaded intersection 
representing states that exit the beam-splitter through the two, distinguishable output 
channels. 

 
Their reference to “one and only one” photon in one output arm of the beam 

splitter refers to the simultaneous detection of photons in detectors D1 and D2, or 
D3 and D4. They say, but they do not mean, that only one photon exists in the 
beam-splitter. Two photons will always exit when two are entering, and two must 
be entering if there is to be a measure of correlation between two systems. 

Where Barrett and Kok claim the proper observation of these output states con-
firms entanglement, we say it is just as likely that they confirm a pure state. Wang 
et al. [69] also dispute that these violations of the Bell-CHSH limits are due to 
entanglement and, instead, suggest they are due to indistinguishability of photon 
pure states. These arguments show that the above state selection process, typical 
of methods for preparing entangled states, produces disputed and perhaps mis-
leading results. 

At this point, the reader may believe we are pointing out a selection loophole in 
the tests of the Bell-CHSH theorems, but we are not. The Bell-CHSH theorems do 
not apply to the present theory that asserts quantum locality because the present 
theory is not “Einstein real.” As such, it is not subject to the assumptions implicit 
in these theorems. 

In short, once you accept that the nature of quantum spin violates Einstein re-
ality—which is proven by the GHZ results—Bell-CHSH theorems no longer have 
anything relevant to say about theories based on quantum spin, and ours is such 
a theory. From this, we can conclude that the myriad efforts at closing Bell-CHSH 
loopholes have no bearing on the correct, quantum, local, causal, and Einsteinian 
unreal theory proposed here. 
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