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Abstract

In this paper, we propose a unification of gradient temporal difference (GTD)
learning algorithm GQ(o,4) for off-policy learning. The proposed
GQ(o,4) ranges from gradient Tree Backup(4) to GQ(A) when o

ranges from 0 to 1. We investigate the structure of TD fixed-point of

GQ(o,4),and prove GQ(o,4) converges to its TD fixed-point with prob-
ability one. Furthermore, we prove that GQ(o,4) converges to an arbitrar-
ily small neighborhood of the optimal solution with probability one. Empirical

results show the GQ(O', /1) with a value o € (O, l) that creates a mixture of
GQ(A) and gradient Tree Backup(4) achieves a better performance than

both the extremeend o0=0 and o=1.

Keywords
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1. Introduction

In reinforcement learning (RL), unifying some disparate ideas not only providing
a better understanding of existing algorithms but also creating better performing
algorithms.

For example, TD(A) [1] unifies one-step temporal difference learning (if
A =0) and Monte Carlo method (if A=1) through the trace-decay parameter
A . Results show that the unified algorithm TD(4) performs best at an interme-
diate value A€ (0, 1) rather than the extreme casesof A =0 and A=1.

The work [2] [3] propose a multi-step Q(O') that unifies # -step Sarsa [4] (if
o =1, full-sampling) and n -step Tree-Backup [5] (o =0, pure-expectation),
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where the parameter o € [0, l] denotes the degree of the sampling. The work [2]
have conducted experiments to show that for some value o € (0, 1) , Q(O') cre-
ates a mixture of full-sampling and pure-expectation approach, which performs
better than the extreme case o =0 and o =1. Later, the work [6] [7] inherit the
key idea of unification of TD(4) and Q(o), they propose Q(o,4) unifies

Sarsa(A) [4] and Tree-Backup(4) [5]. The previous works [6] [7] show that
Q (0', /1) performs best at an intermediate value o € (0, 1) .

It is noteworthy that the theoretical analysis of the work [2] [6] [7] only con-
sider the tabular learning, which requires a very large table to store the estimated
value function when the state space is huge. That implies the previous methods of
[2] [6] [7] are considerably expensive for high-dimensional RL, which is the main

focus of this work.

Our Main Works

A practical way to address the high-dimensional curse is using a parametric func-
tion to estimate the value function. In this paper, we focus on extending Q (0, ﬁ,)
with linear function approximation. Since the divergence of semi-gradient with
multi-step bootstrapping for off-policy learning are well-documented in the ex-
isting literature (e.g., [3] [8]), which could also happen in semi-gradient

Q(o,4). To propose a convergent gradient-based algorithm, we derive the
GQ(G,A) algorithm via the mean square projected Bellman error (MSPBE) ob-
jective function [9], that inspired by weight-duplication trick (also known as “two-
timescale stochastic approximation”) [9] [10]. When o ranges from 0 to 1,
GQ(O',Z) ranges from gradient Tree Backup(l) ( TB(/I) ) to GQ(/?.) [11],
ie,our GQ(o,1) unifies gradient Tree Backup(4) and GQ(4).

Although GQ(G,1)| , isanatural algorithm to extend TB(A) with linear

o=

function approximation, to the best of our knowledge, the update rule of

GQ(O‘, /1) has not been proposed in the existing literatures. It is worth to no-
0

tice that Touati et al, [12] have proposed another version of gradient TB(4)
(GTB(A)), which is different from the proposed GQ(o, /1)|J:0 , we have clarified
this point in Remark 3.

Then, we provide the convergence analysis of the proposed GQ(o,4). Theo-
rem 1 shows that GQ(o,1) converges to its TD fixed-point with probability
one. Additionally, Theorem 1 illustrates the structure of such TD fixed-point: it is
the global asymptotically stable equilibrium of its corresponding ordinary differ-
ential equation (ODE). For more discussion, see Remark 4. Furthermore, Theo-
rem 2 shows that GQ(o,1) converges to an arbitrarily small neighborhood of
the optimal solution with probability one.

Finally, our experiments show that when o ranges from 0 to 1, GQ(o,4)
achieves the best performance of off-policy evaluation or control within a certain

o€(0,1), neither =0, nor o =1, which implies that with a certain value
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oe (O,l) , GQ(O‘,/i) creates a mixture between GQ(A) and gradient TB(/I)

reaches a better performance than the extreme ends (6 =0 and o=1).

2. Preliminary

In this section, we briefly review the basics of reinforcement learning and off-pol-

icy evaluation.

2.1. Reinforcement Learning

Reinforcement learning (RL) [3] is often formalized as Markov decision processes
(MDP) that considers a tuple M = (S,.A,P,R,]/); S is a set with finite states,

A is a set with finite actions; P:SxAxS — [O, 1] s

P =P(S,=5"|S,,,=5,4,_, =a) is the probability of state transition from s
to s' under playing the action a; R(--):SxA—>R' is the expected reward
function; y €(0,1).

Apolicy 7 isa probability distributionon Sx.A,and 7z(a|s) denotes the
probability of playing « instate s.Let {S,,4,R, }_, begeneratedby z, its
state-action value function is: q” (s,a)=E, [ZZO V'R |S,=5,4,= a} , where
E, [ | ] is conditional expectation on the actions selected according to 7. Let
B :R¥ 5 RS denote Bellman operator with respect to policy =:

B :q— R" +yP"q, (1)
where P~ e RISHS , R e RISKA! , their corresponding elements are:

[P”] yzzaeA”(“”)P:s" [R”J = R(s,a).Itis well-known that ¢” is the

unique fixed point of B”, ie, B"q" =¢”, which is known as Bellman equation.

2.2. Off-Policy Evaluation
Let us consider the trajectory 7 =:{S,,4,,R,, }rZ , generated by the behavior pol-
icy u,where 4 ~u(-S,), S, ~P(:|S,,4,).Off-policy evaluation is the task

to estimate the value function of the target policy 7 via the data that is generated
by the behavior policy u,where p#rx.

Assumption 1 (Ergodicity). The Markov chain induced by behavior policy

is ergodic, i.e., there exists a stationary distribution &(-,-) over SxA: for
v (SO > A() ) >
%Z:IP’(S,c =s5,4, =a|S,,4,)—=2>E&(s,a)>0. (2)
k=1

The ergodicity of behavior policy u is a standard assumption in off-policy
learning [3], and it implies each-action pair is visited under this behavior policy

4. Weuse Z to denote a diagonal matrix whose diagonal element is &(s,a),

ie, E:diag{---,f(s,a),---}.
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2.3. Temporal Difference Learning and A-Return

TD learning updates value function as follows, V¢>0,

O(S,4,) < 0(S,. 4)+ a0, 3)
where Q(-,-) is an estimator of ¢, «, is step-size and &, is TD error. Let
0,=0(8,.4,),if

6, =0 =R,+70.,-0, @
then update (3) is Sarsa [4]. If O, is expected TD error:
0 =Rty L (a]S,)0(8.1,4)-0, ©

then update (3) is Expected Sarsa [4].

The A -return is an average contains all the # -step returns by weighting pro-
portionallyto A", where A€ [0, 1] . In this paper, we mainly consider two clas-
sic A -return: Tree Backup(2) (TB(Z))and Expected Sarsa(4).

Tree Backup( A ). For each pair (S,,4,) in the trajectory 7, TB(4) [5]es-

[
timates ¢” (S,,4,) by
0 k
=0, +3 () " SE #(418,), (6)
k=t i=t+1
where 5,fs is expected TD error. Precup et al, [5] have proved the iteration (6)
converges to ¢” with probability one under some certain conditions.

Expected Sarsa( A ). Sutton and Barto [3] have proposed a multi-step TD learn-

ing extends Expected Sarsa to A -return version: for each >0,

-0 +g(7 )" ’5“}1 Ei :“; ;

For the convenience, in the following paragraph, we consider the following no-

7)

tations,

(41S) ¢
— | | = Ps P =1
,U(A[‘Si)’ L pz thc ptAtl

2.4. A Unified View

In this section, we review an approach to unify TB(4) and Expected Sarsa(4).
Q(o) Algorithm. Recently, De Asis et al, [2] propose Q(o) unifies multi-
step Sarsa and multi-step TB(0). Concretely, according to a mixed TD error

5;[,0' .
677 = O-§ts +(l_o_)5tES’ (8)
De Asis et al, [2] construct a multi-step estimator:

Qt+z;/" ’5”1_[[1— 7(4,18)+0o], 9)

i=t+1
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where o €[0,1] is sampling parameter. When o ranges from 0 to 1, the up-
date (9) ranges from multi-step TB(0) to multi-step Sarsa. Experimental results
show thata certain o €(0,1) resultsinamixture of TB(0) and Sarsa performs

better than both =0 and o =1 [2], which implies unifying some seemingly
disparate algorithmic ideas can create better performing algorithms.

Off-Policy Q(G,ﬂ). Later, De Asis, [7] proposes a multi-step returns as fol-

lows,

© k

67 =0+ 3P [17A((1-0)7(4,15)+om)
k;t i:tl:-I (10)
=0 + Zé‘fs H YAC; 4

k=t i=t+1

where
.o =(1-0)7(415) +op, an

When o ranges from 0 to 1, the estimator (10) ranges from TB(}L) (6) to
Expected Sarsa(4) (7).

We introduce a A -operator B} (-): R REMA that is a high level view
of the A -return (10),

B ():q-q+E, {i 5581&[7/1@,5}
k=0 i=1
:q+0'([—/1}/P”)7] (B”q—q) (12)
(o) (1- ) (B ),

where B” is Bellman operator (1), P™* € RIS

[P =2 (als)ulals)p .
Remark 1. Yang et al. [6] propose another version of Q(o,A) algorithm that
extends Q(o) (9) with eligibility trace.

, and whose elements are:

Gt =0+ (Ay) 87 (13)
k=t

It is noteworthy that at one extreme end o =1, both Q(c’) (9) and G (13)

reduce to on-policy learning. Particularly, (6] prove that the performance of G°*

for off-policy evaluation is determined by parameter o :
‘E# [Gf’l |(St,AT)=(S,a)J—q” (s,a)“oO <oC, (14)

where C 1Is a positive constant never reaches 0 no matter how we choose the

starting time . The upper error bound of (14) illustrates the capacity of G°*
for off-policy evaluation decays monotonously when o ranges from0 to 1. At
the extreme end o =1, G achieves the worst performance of off-policy eval-

uation. We think this is a natural result since G | Isanon -policy algorithm
o=

exactly. Thus, in this paper, we mainly concern (10) for off-policy learning.
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2.5. Linear Function Approximation

TD learning (3) requires a very huge table to store the estimate value function
O(+) when |S | is very large, which implies tabular TD learning is considera-
bly expensive for high-dimensional RL. We often use a parametric function

0,(--) toapproximate

q" (s,a)z¢T (S,a)t9=: 0, (s,a), (15)
where 6 €R” isthe parameter need to be learned,
T
¢(s,a) = ((1)l (S,a),¢2 (S,a),"-,(pp (S,a)) , and each ¢,:SxA— R . Further-
more, O, can be rewritten as a version of matrix
0,=00~4q", (16)

. . . T
where @ isa matrix whose rows are the state-action feature vectors ¢ (s, a) .

3. Divergence of Q(O',/i) with Semi-Gradient

In this section, firstly, we derive the semi-gradient Q(o,4) algorithm; then we
briefly analyze the divergence of extending Q(o,4) (10) with semi-gradient

method. In fact, the divergence of semi-gradient off-policy TD methods are well-
documented in the literature (e.g., [8] [12] [13]), which are not specific to

Q(o,4).

3.1. Semi-Gradient Q (G,ﬂ)

Recall 7= {(St,A,,RHl )} ., Is generated by behavior policy 4, let
¢, =9(S,,4,), we define semi-gradient Q(o,1) as follows:

0,,=6,-a9,(G/ (0)-0¢,)

=6,

=0,-0,(G*(0,)-0/4)V, (-0, (S,,A,))‘ v (17)

© k
=e,+a,[zak“(a>nm,.ﬁ]¢t,
k=t

i=t+1
where
© k
G (6)=6"¢+>5>(0)]] rAc,,
k=t i=t+1
is an off-line estimator of value function according to Equation (10), TD error
5°(6)=R., +7E, [QT¢(Sk+1,-)] -6'¢,,and «, is step—size. Let

4=43 (yE [9(5c)]-4) 172, (18)

i=t+1

b = ¢t2RMH yAc,,. (19)

i=t+1

Then update (17) can be rewritten as follows,
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0., =06,+a,(46,+b,). (20)

Furthermore, we have
4, =B, [4]=0 EP* (yP" - 1), (21)
b,=E,[b]=®"EP "R, (22)

where P7* =0 (1-27P") +(1=0)(1-a7P™) .

3.2. Divergence Analysis

Now, we only briefly discuss the divergence lies in the iteration (17). Under the
conditions of Proposition 4.8 presented by Bertsekas and Tsitsiklis [14], {Qt }QO
(17) converges to a certain point if and only if A4_ is a negative matrix. Further-
more, if iteration (17) converges, then it converges to its unique 7D fixed point
6, that satisfes
A0 +b, =0. (23)
Unfortunately, since the steady state-action distribution doesn’t match the
transition probability during off-policy learning, we can not guarantee the nega-
tive definiteness of A_, thus {Ht}eo may diverge. To clarify this point, we use
the classic counterexample [12] to show the divergence of semi-gradient TD algo-

rithms (17) for off-policy learning.

left right

0.5
0.5

Figure 1. Counterexample from [12]: Two-State MDP.

For the MDP in Figure 1, the behavior policy s (right|-)=0.5,and target pol-
icy ﬂ(right|-)=l . We assign the features {(1,0)T ,(2,O)T ,(0,1)T ,(O,Z)T} to

the state-action pairs {(s,,right),(sz,right),(sl,left),(s2,left)} , From the dy-

namic transition shown in Figure 1, we have

01 00 1 0
01 00 2 0 1
P = &= E=—1,,.
1 00O 01 2
1 00O 0 2
Then, according to (21), we have
A, =@ EP* (yPT 1)
6(2-0)y—-rA-5(2-0) 0

2(1-74)

3 _5(1_2)
2 2
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6(2-0)y-yA-5(2-0) o
27/(11/7/1) and —S[I—Ej.For

any initial 6, =(€0’1,90,2 )T , let E[@Hl] = (9z+1,1’0t+1,2 )T, according to (20), the

and the eigenvalues of A4 are:

first component of the term E[6,,, |6,] is:

T 6(2-0)y-yA-5(2-0)
0t+1,1 - 801:!1(1 + ai 2(1 _7/&) . (24)

10-50 ,lj,then 6(2-0)y—yA-5(2-0) s
12-60-2 2(1-92)

a positive scalar, which implies A4_ can not be a negative matrix. Furthermore,

Forany A¢€(0,1),if 76(

if step size «,: ZDO o, =, we have

1o 11q[ 6(2-0)y-rA-5(2-0)
_|00,1|H( 20-72) — +o0, (25)

Equation (25) is a direct result of the following conclusion that could be found

9t+1,1

in any calculus textbook. Let p, =1+ga,, where g, >0, if z:l a, =+, then

H; D= Hzl (1+a,)=+o0, which implies the way (17) to extend Q(o’) with
linear function approximation via off-line estimate is unstable for off-policy learn-
ing.

4. Gradient Q(o,4)

In this section, we derive the gradient Q(o,4) (GQ(o,4)) algorithm. The pro-
posed GQ(o,4) unifies GQ(A) [11] if o =1. For more discussion, see Re-
mark 2. At another extreme end o =0, the proposed GQ(o, l)L:O can be seen
as a new way to extend TB(A) (6) with linear function approximation. Alt-
hough GQ(o, A)L:
tion approximation, to the best of our knowledge, the update rule of
GQ(0.4)

sion, see Remark 3.

. is a natural algorithm extends TB(l) (6) with linear func-

. has not been proposed in the existing literature. For more discus-

o=

We derive the gradient the GQ(o,4) algorithm via mean square projected

Bellman error (MSPBE) [9] objective function as follows,

. (26)

J(0) :%"qw—nzz;(;' (©6)
where
= q)(qfaq))’l =

|||; is the weighted Euclidean norm:

is an |S | X |S | projection matrix,
2 T . .
x|z = x"Ex . Furthermore, we can rewrite min, J(6) as follows,

2
Mfl ’

: 1
min.J (6) = rrgn5||A69+ba|| (27)
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where M =E,[ 44 |=®'20.

The gradient method is a natural approach to solve problem (27), however, it is
worth to notice that the challenges are two-fold: (I) Firstly, since the invertible

matrix M~ isinvolvedin V.J(6), so it is too expensive to apply stochastic gra-
dient to solve the problem (27) directly. (II) Since V.J ()= AM! (4,0+5,)
involves the product of expectations, then the unbiased estimate of V.J(6) can-

not be obtained via a single sample. It needs to sample twice, so it is a double-
sampling problem, which is the second bottleneck of applying gradient to solve

-1
the problem (27). Additionally, M~ =E [qﬁ,gbf] cannot also be estimated via a

single sample. The above analysis pushes us to find a new practical way to solve
the problem (27).

Let e, ,=0, ¢, =4yc e+, 6., =E, [(é(SM’,)] , then we have the fol-

lowing equation:

~=VJ(0)=-B,[ (1.4 ), |@ (28)

~=VJ(6,)=E,[5 %, |-B[r(1-4)4.¢, | (29)

where

o=E,[44' | B[6%¢, .65 =R, +10 §.,~04.

For the limitation of space, we provide the derivation of (28)-(29) in Appendix
A. We use the sign convention that the mean update of 6 follows the negative
gradient —VJ(6,). The term (31) provides its unbiased stochastic approxima-
tion, while the auxiliary recursion (30) tracks @ =M"'E u [éfset,a] , circumvent-
ing the double-sampling issue.

, : ! ES : :
Let’s consider the term @ =, [gbt;ét J ]E:|:5 ewJ that is a solution of a

t
least-squares problem, and a typical least mean square (LMS) update rule to find
the vector @ is:

w,,, =, +ﬂt (5tESet,a - ¢ta)t-r¢t)’ (30)

where f, is step-size. Then, by directly sampling from (29) with (30), we define
the update rule of 6 as follows,

O.0=0+a,(5,,~7(1-2)4.¢,0,), (31)
where ¢, is step-size. We provide the details in Algorithm 1.

Remark 2 (Case of o =1). When o =1, we regard GQ(O',/1)|J:] as an ap-
proach to extend Expected Sarsa(A) (7) with linear function approximation. A
more interesting result is that the proposed GQ(o,A )L:l isreduced to GQ(A)
[12] exactly. Now, we provide two fresh interpretations to the proposed GQ (/1) :
e GQ(A) is at one extreme end (o =1) of the proposed GQ(0,1), ie., the

proposed GQ(o, 1) contains GQ(X).
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Algorithm 1 Gradient Q(o, )

Require:Initialize parameter wy, 6y arbitrarily, v € (0,1), A € [0,1], o € [0,1], &y > 0, B > 0.
Given: Target policy 7, behavior policy p. N is the total number of episodes.
for i =0to N do

e_1=0.
for t =0 to T; do
Observe {S;, Ay, Riv1,St41} by p.
¢ro = (1 — o)m(As|St) + opy,where py =
e = Mycyoe—1 + ¢t
6 = Ryp1 + 0] Er[6(Sir1,)] — 6] b
wer1 = wi + Be(Srer — puw] dr)
Or+1 =0+ oy ((5FS€L - ’\/(1 - )\)E,r[xj)(SHL.)]e:wL)
end for

m(A¢]Se)
1(Ag|St)

end for
Output:0

e Furthermore, just because GQ(&) is same as GQ(GJ.)| e GQ(&) can

be seen as an extension of the tabular Expected Sarsa(/”t) (7) with linear
function approximation, while the original motivation of Maei and Sutton [11]

to propose GQ(A) is to introduce eligibility trace to gradient temporal dif-

ference learning for off-policy evaluation. Thus, the proposed GQ(o, ﬁ)L:l
provides a fresh understanding for the GQ(A) [11].
Computational complexity. The computational complexity of Algorithm 1 is
O(|A|p) per step in time, and O(p) in memory, where p is the feature di-
mension and |A| is the number of actions. This maintains the same asymptotic

efficiency as the baseline GQ(A) and gradient TB(A) methods.

Remark 3 (Caseof o =0). When o =0, the algorithm GQ(O',A)LT:O is re-
duced to a version of extending TB(/I) (6) with linear function approximation.
Although GQ(G,;L)L:
function approximation, to the best of our knowledge, the update rule of
GQ(o.2)|
tice that[12] have also proposed another version of gradient TB(1) (GTB(4)),

and GTB(/I) [12] is

, 1s a natural algorithm extends TB () (6) with linear

, ‘has not been proposed in the existing literatures. It is worth to no-

o=

while the difference between the proposed GQ(o, /1)|U:

reflected at least two aspects:

e Firstly, the proposed gradient Q(O',/I)| and GTB(Z) [12] share the

o=

same update rule of e, and w,, but instead of (31), GTB(A) updates the

parameter 6 as follows,
0.,.=0,+a,(-1b., +4)e @, (32)
where e, = e,,gL:O =y (4,18, )e,;.
o Secondly, Touati et al., [12] derive the update rule (32) of their GTB().) via

the convex-concave saddle-point framework [15], while our GQ(G,A) is

based on the weight-duplication trick' of(29)-(31).

'"The term “weight-duplication trick” we use here is coming from [10] [11], while some other litera-
tures may call it “two-timescale stochastic approximation”, e.g., [18].
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5. Convergence Analysis

In this section, we prove the convergence of the proposed GQ(O‘,ﬂ) . Theorem
1 shows that GQ(o,4) converges to its TD fixed-point (23) with probability
one. Besides, Theorem 1 illustrates the structure of this TD fixed-point: it is the
global asymptotically stable equilibrium of its corresponding ordinary differential
equation (ODE). For more discussion, we provide in Remark 4. Theorem 2 shows
that GQ(o,4) converges to an arbitrarily small neighborhood of the optimal
solution with probability one. While we rely on the standard two-timescale ODE
method for the general convergence mechanism, our novel theoretical step is ver-
ifying that the proposed o -dependent trace coefficient c, . yields a stable equi-
librium structure for the ODEs.

5.1. Additional Assumptions

We need some additional assumptions to present the convergent of GQ(G,A) ,
those assumptions are widely used in reinforcement learning [13] [17]-[19].
Assumption 2 (Diminishing Step-size). The positive sequences {a,}

>0’

{B,}., satisty the following conditions with probability one,

o0 o0 o0 0
Y=Y B =0 Yol <o) <o
t=0 t=0 t=0 t=0

Assumption 3. The features {¢,}  is uniformly bounded by @, . The re-

120
ward function is uniformly bounded by R, . The importance sampling
p - 7(4,18,)
u(4,15,)
Assumption 4 (Solvability of Problem). The matrix A, is non-singular and
rank(CD) =p.

is uniformly bounded by p,,. -

Assumption 4 requires the non-singular matrix A4, which implies the optimal
parameter 6" =—A4"'b is well defined. The feature matrix @ has linearly inde-

pendent columns implies the matrix M =®'Z® is positive defined.

5.2. Main Results and Discussion

Theorem 1 (Convergence of Algorithm 1). Under Assumption 1-4, we consider

the iteration {(Ht , 0, )} that is generated according to (30)-(31). The step-size

t>0

a,, P, satisty Assumption?2 and 1, = % —0,as t— . Wedefine two func-
!
tions G(0), H(w,0) asfollows,
G(0)=-A, M (4,60+b,), (33)
H(w,0)=A4,0+b,—Mo. (34)

Then (6,,0,)—221>(0,,0,),as t—> o, where (0,,@,) isthe unique global
asymptotically stable equilibrium with respect to the following ODE correspond-
ingly:
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(35)

where Q(t) , w(t) e R’ are the functions are defined on continuous time
(0,0).
Proof. We provide its proof in Appendix B. ]
Remark 4 (TD-Fixed Point of GQ(o,4)). Theorem 1 illustrates that the se-
quence {(Q , @, )}QO generated by GQ(G, ﬂ) converges to the global asymptot-
ically stable equilibrium of its corresponding ODE (35). Furthermore, from the
details of the proofin Appendix B, we know since A_ is invertibleand M~ is
positive definite, then A, M ™' A_ is also positive defined. Because the ODE uses
the negative MSPBE-gradient direction, the Jacobian at the equilibrium is
—A M 4, whose eigenvalues have negative real parts. So the following ODE

O(t)=-A, M (4,0(t)+b,)=G(6(1)), (36)

has a unique global asymptotically stable equilibrium 6~ satisfies the equa-
tion

A0 +b, =0, (37)

which implies the global asymptotically stable equilibrium 6* of the ODE
H(t) = G(H(t)) is also the TD fixed point of (23). That means 6, converges to
its TD fixed point:

0 -0, =-A4'b, wp.l.

o o

Remark 5 (Unification of TD-Fixed Point). If o =0, the matrix A, 1Is re-
duced to

4,| =0 =(1-ayP™) (yP7 1),

0'|<7=0 -

which implies GQ(O‘, ﬁ)| converges to the TD-fixed point of GTB (/1) [12],

o=0

ie, GQ(o, /1)|U:0 shares the same TD-fixed point of GTB(4) [12] as follows
0,=-4'b,| .
o=0

If o =1, then the key matrix A4_ is reduced to
-1
A, =" E(1-4yP") (yP-1)0,

o

which illustrates the TD-fixed point of GQ(0,1)| (ie, GQ(/i)) algorithm

o=l

as follows

0, =—4'p

* o a'| N
o=1

Theorem 1 presents an asymptotic result, which holds only in the limit as the
number of iterations increases to infinity. Now, we present a result shows the dis-

tance between 6, and the optimal solution 6" convergence to 0 in probability.
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Forany 7 >0,and ¢>0, we introduce a notation

k+1
K(t;T):min{k >t e > T}
i=t
to denote the last iteration before the sum of step-size ¢, between it and the ¢
-th iteration exceeds T . Since we consider the Assumption 2, the notation
K(Z‘;T) is well-defined.

Theorem 2. Under Assumption 1-4, we consider the iteration {( 6,0, )} gen-

120

erated by (30)-(31). The step-size a,, P, satisty Assumption 2. Moreover, for

tbeintegers m, —> o, mf—)oo,as t—> o0,

. a,
lim sup

2% 0< j<m, 0(,

Then there exists a sequence of positive numbers 7, — oo (as ¢ — o0 ) such that

forany >0,

imP| 6 N, (0°).3ie[tx(17,)]]=0, (38)

t—x

where weuse N, (6’* { "0 9*

< e} to denote the ¢ -neighborhood of 6~ .
Proof. We provide its proof in Appendix C. [l

Remark 6 Theorem 2 shows thatas t —> %, the sequence {0, }f:(:m collects to

an arbitrarily small neighborhood of the optimal solution 6" with probability
one, Le.,

timP((;07{g e N, (67)}) 1.

—w
In fact, the results (38) implies
imP(6, & N (6,.¢).3i [ t.x(1.T,) ]) =0,

t—o0
then we know

l—limIP’(Hl. EN(H*,e),Elie[t,K(t,Y;)D

1>

_hm]P’(Q g N (6,.¢) Elze[t K )})

>0

—}ggP(Uf"’ {0 eN })
N6 e N (0..6)}).
6,eN(0.)})=1.

t—w

1

—hmIE”(
{

Thatis lim,_,, P(()""

6. Experiments

In this section, we test the capacity of GQ(c,4) for two typical tasks: off-policy
evaluation and control.

e For off-policy evaluation, we compare GQ(o,4) with four state-of-art algo-

rithms: GQ(Z) [11], ABQ(¢) [20], GTB(Z), GRetrace(4) [12] over
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two typical measurements: MSPBE and mean square error (MSE). It is worth
noting that if =0, GQ(G,E) is reduced to a new version of GTB(&)
(we denote it as GTB(%) -v0), thus, we also show its comparison to GTB(&)
[12] (we denote itas GTB(4) -v1).

o For the control task, our goal is to show the the trade-off between o =0 and
o =1. Empirical results show the GQ(O',/I) with a value o€ (0,1) that
creates a mixture of GQ(A) and gradient Tree Backup(4) achieves a bet-
ter performance than both the extremeend =0 and o=1.

These domains are standard diagnostic benchmarks intended to isolate the oft-
policy instability under linear function approximation. Scaling to very high-di-

mensional environments is left as future work.

6.1. Off-Policy Evaluation Experiments

We present the domains in the experiments as follows.
(1) Two State MDP [12]. This MDP is shown in Figure 1, the behavior policy

w(right |-)=0.5, and target policy 7 (right|-)=1. We assign the features
{(1,0)T ,(2,0)T ,(O, 1)T ,(0,2)T} to the state-action pairs

{(sl,right),(sz,right),(sl,left),(sz,left)} ,Le,

120 0)
D= .
0 01 2
(2) Baird Star [21]. The Baird Star is an episodic seven states MDP with two
actions: dashed action and solid action. In this example, the behavior policy

4(+| dashed) = g, (-] solid) :% and target policy 7 (-|solid)=1. We choose

the feature map matrix as follows
21 1 0
q) — [ Tx7 Tx1 T8 ] ,
07><8 2 I Tx7 17><1
where I denotes the identity matrix, 0 denotes a matrix whose elements are
all 0,and 1,,, denotes a vector whose elements are all 1. We used

6, = (1,1,1,1,1,1,10,1)T as initial parameter vector for the methods that allow
specifying a start estimate, TD-learning is known to diverge for this initialization
of the parameter-vector [3] [22].

(3) Cliff Walking. This is a standard undiscounted, episodic task, with start and
goal states, and the usual actions causing movement up, down, right, and left.

(4) Grid World. This environment from ([3], Chapter 4), where the agent on
an 4 x 4 grid and your goal is to reach the terminal state at the top left or the
bottom right corner.

(5) Windy Gridworld. This environment from ([3], Chapter 6). Windy Grid-
world problem for reinforcement learning. Actions include going up, down, right,
and left. In each column the wind pushes you up a specific number of steps (for

the next action). If an action would take you off the grid, you remain in the previ-
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ous state. For each step you get a reward of —1, until the agent reach into a terminal
state.

We summarize the domains, feature settings, target policy and behavior policy
below.

Two Measurements for Off-Policy Evaluation. In this section, we use empir-

Lir ~ P
ical RMSPBE =5Hb+ AHHMI to evaluate the performance, where we evaluate

A, b,and M according to their unbiased estimators. Additionally, we also
compare the performance over a common measurement empirical MSE:

2
MSE = ”(DH—q” ", , where ¢” 1is estimated by simulating the target policy =
and averaging the discounted cumulative rewards over trajectories.

Hyper-parameter Setting. We run the hyper parameter o as follows: o
ranges from 0 to 1 with step of 0.02, ‘e,

£=1{0,0.02,0.04,---,0.98,1.0}.

It collects 51 results w.r.t. GQ(O'J,) .Weset =099, y=0.99,and run the
step-size @, ={107,2x107,107,2x107}, 7, =B, /e, ={2°,27,--,27°}.

Results Report. All the results shown in Figure 2 and Figure 3 are the average
of 5 runs, where we choose the best o among the 51 results w.r.t. the space X
The results the proposed GQ(o,1) outperforms the the baseline algorithms.
The results of Figure 2 and Figure 3 also show GQ(0,4) with an intermediate
o (between 0 and 1) has a better performance than the extreme case (0 =0 and
1). This experiment further validates that unifying some existing algorithms can

create a better algorithm.

— GTB() — GTB(A) — GTB(Y)
12 GRetrace(\) —— GRetrace(A) 045 o ::;t(rza)ce(l)
— ABQED) ™ A0 ; — con)
N GQW) o0 — GTB1()
— GQW) — GTBvI() — GTBVO()
08 — GTBv1(A) o3 — GTBvO(A) 035
—— GTB-vO(A)

RMSBPE
RMSBPE

o 10 2 30 I 50 6 3 o 2 w0 6 80 100 120 0 200 00 0 a0 1000
episode episode episode

(a) Two State MDP (b) Baird (c) CliffWalking
— GTB(A) — GTB(A)
GRetrace(A) 5 GRetrace(A)
os — ABQ({) — ABQ(Q)
— GQ(A) ot — GQ®)
" — GTBv1() — GTBv1(A)
— GTB-vO(A) — GTB-vO(A)

RMSBPE

o 50 100 150 20 250 30 o 100 200 0
episode episode

(d) Gridworld (e) WindyGridworld

400 500 600

Figure 2. RMSPBE comparison with different baseline algorithms.
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—— GTB(A)
GRetrace(A)
— ABQ(Q)
— 6QM)
— GTB-v1(A)
— GTB-vO(A)

10 2

) 0
episode

50 60 70 - 50 100 150 200 250 300 200 400 600 800 1000 1200
episode episode

(a) Two State MDP (b) Baird (c) CliffWalking

— GTB()
~—— GRetrace(A)
— ABQ()
— GQ)
— GTBv1(A)
— GTB-vO(A)

100 150 20 250 E 100 20 300 00 500 50
episode episode

(d) Gridworld (e) WindyGridworld

Figure 3. MSE comparison with with different baseline algorithms.

6.2. Control Domain: Off-Policy Evaluation

In this section, we test the off-policy evaluation behavior of GQ(o,4) algorithm
on mountain car domain, where the agent considers the task of driving an under-
powered car up a steep mountain road. The agent receives a reward of -1 at every
step until it reaches the goal region at the top of the hill. Since the state space of
this domain is continuous, we use the open tile coding software? to extract feature

of states. Recall the states and actions of MountainCar:
S ={(Velocity, Position )} =[-0.07,0.07] x[~1.2,0.6],
A ={left, neutral, right}.

In this experiment, if Velocity > 0, we use behavior policy

1 1 98 1 1 8
H=—s s [\ T=| T |5
100 100 100 10 10 10

98 1 1 j 8 1 1
H=| T T =| T 77|
[100 100 100 10 1010

Note that the target policy 7 is fixed throughout. Thus, this experiment acts

else

as an off-policy evaluation within the Mountain Car domain. In this experiment,
we set the number of tilings to be 4, and there are no white noise features. As
suggested by Sutton and Barto [3], we set all the initial parameters to be 0, which

is optimistic about causing extensive exploration.
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As before, we run the hyper parameter o as follows: o ranges from 0 to 1
with step of 0.02. It collects 51 results w.r.t. GQ(o,4). We also set 4=0.99,

7=0.99, and run the step-size «, = {10’2,2x10’2,10’3,2><10’3} ,

n=p /06 = {20,2’1,---,2’10} , the dimension of feature p = {512, 1024,2048} .
Overall Presentation. We give more comprehensive results of the trade-off be-

tween 0=0 and o =1.We statistic of the number of o happens for the fol-

lowing three case:
e (I) GQ(o,4) performs better thanboth o=0 and o=1.

e (II) GQ(o,4) performs better than =0 or o=1.
o (III) GQ(G,A) performs worse than =0 and o=1.

The setting of o is the same as the previous section, and the total number of

o reaches 51.

Table 1. Returns under various parameters.

Case c=0
a=0.001 p=512 -122.0
p=1024 -119.9

p=2048 -122.3

c=01 0=02 0=03 0=04 0=05 0=06 0=07 0=08 0o0c=09

-123.6 -1235 -119.8 -117.4 -120.8 -119.1 -120.5 -119.2 -119.3 -120.1
-121.9 -1278 -120.2 -1224 -122.0 -118.4 -121.6 -121.6 -124.0 -120.1
-1214 -122.6 -121.9 -120.1 -1223 -122.6 -119.6 -120.9 -121.4 -122.5

a=0002 p=512 -126.9
p=1024 -124.1
p=2048 -1248

-1242 -1242 -127.5 -1253 -1252 -124.0 -121.6 -1254 -125.8 -120.2
-123.1 -122.4 -1263 -122.3 -123.0 -1214 -126.2 -121.3 -123.6 -126.0
-124.0 -126.4 -124.6 -122.7 -123.9 -1251 -122.5 -123.6 -1264 -122.7

Table 2. Percentage under various parameters.

Case p=512 p=1024 p=2048
a=0.001 69.8% 20.4% 55.1%
14.1% 36.7% 20.4%
16.1% 42.9% 24.5%
a=0.002 53.1% 6.1% 49.0%
38.8% 16.3% 18.4%
8.1% 77.6% 32.6%

Results Report. The results shown in Figure 2 and Table 1 are average of 5
runs, and each run contains 400 episodes. The result in Figure 2 shows that
GQ(o,4) withan intermediate o (between 0 and 1) has a better performance
than the extreme case (0 =0 and 1). This experiment further validates that uni-
fying some existing algorithms can create a better algorithm for reinforcement.
Table 1 shows the returns mountaincar reaches the goal region at the top of the
hill. As shown in Table 2, those results also show GQ(o,1) achieves the best
performance at a O'E(O,l) , which implies the trade-off between o =0 and
o =1. That is to see the GQ(o,4) with avalue o €(0,1) that creates a mix-
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ture of GQ(A) and gradient Tree Backup(4) achieves a better performance
than both the extremeend oc=0 and o=1.

7. Conclusion

In this paper, we extend tabular Q(o,4) with function approximation, and pro-
pose GQ(o,1).We analyze the convergence of GQ(o,4). Our theory analysis
shows that GQ(o,4) converges to its TD fixed-point with probability one. Then,
weshow GQ(o,4) converges to the optimal solution of the minimizing MSPBE
problem. Finally, we conduct experiments on some standard domains to confirm
the effectiveness of the proposed GQ(o,4). Result show that the best perfor-
mance of GQ(O',/I) achieved witha o€ (0,1) , neither 0 =0,nor o=1.Ex-

tending this framework to non-linear function approximation is an important fu-
ture direction. Such an extension faces theoretical hurdles, such as the parameter-
dependence of the Jacobian and the loss of a fixed linear least-squares structure,
which may require techniques like target networks or compatible gradients to sta-
bilize.
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Appendix
A. Derivation of (28)-(29)
Proof. Let us calculate MSPBE(6,1) directly,

—%J(Q )= —%VQMSPBE(H,AM

_ _%vo (E[é‘tewT E[44 ]’ E[é‘,em])

- _(VQE[(ste,ﬂf)E[Mj]* E[se,, ]

- —E[(yE,,¢(SM,-)—¢,)e;]E[MT]" E[Se,, ] (39)
= E[yB,¢(S..")e., ~de., |E[94" ] E[Ge., ]

~E[44 + 4.0, ~/B4(S..) e, B[ 447 | B[S, ]

= E[@Esetqa]—]E[y(l —l)%ﬂe;,]m.

B. Proof of Theorem 1

The ODE method (see Lemma 1) is our is our main tool to prove Theorem 1. We
refer the reader to that reference for further technical details.

Lemma 1 ([25]). For the stochastic recursion of x,,y, given by
xn+]zxn+an|:g(xn’yn)+Mr(1]+)lj|’ (40)
yn+1:yn+bn|:h(xn’yn)+Ml(1?l:|’nEN (41)

if'the following assumptions are satistied:
o (Al) Step-sizes {an},{bn} are positive, satistying

b

Sa,= Y= Y0 5 <m0 asnsm
a

n n n

n

e (A2) Themap g:R*™* SR h:R*™" 5 R" are Lipschitz.

o (A3) Thesequence {M ,(l?l} . ,{M ;5?1} . are martingale difference sequences

n

w.r.t. the increasing o -fields F, dg0'<)cm,ym,M,(nl),M,(f),mSn),nEN, sat-
istying
B[ M} |7, ]=0i=12neN.

Furthermore, {M (1)

n+l

} ,i=1,2, are square-integrable with
neN

2)’

Y

n+l

E[” O

1| < (el P+

for some constant K >0 .
o (A4) Foreach xeR?, theo.de.
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3 (t)=h(x (1))
has a global asymptotically stable equilibrium Q(x) such that.
Q(x):R! > R" s Lipschitz.
e (A5) Theo.de.
i()=g (x(t),Q(x(t)))
has a global asymptotically stable equilibrium x" .

Then, the iterates (40), (41) converge to (x*,Q(x*» a.s. on the set

def
Q = {Supn xn < OO,Supn yn < OO} *

Proof. Now, we apply Lemma 1 to prove results.

Step 1: On Convergence of w;.
We consider the following ODE:

0(1)=0, o(1)=E[5,10(1)]-Ma(t).

The equation H(t) =0 implies there exists a constant vector 6 such that:

(1) =0, thus we can rewrite the above ODE associated @(¢) as follows,
o(t)=B[ 5%, |0]-Mo(t)= 4,0 +b, - Mao(t). (42)
Then, for any given 6,
o, =M"(4,0+b,)
is the unique globally asymptotically stable equilibrium for the ODE (42). Let
H(w,0)=A4,0+b,-Mao,
for a fixed 6, let
H,(@,0)= lﬂw =-Mo(t).

Since M is a positive definite matrix, then 0 is a globally asymptotically stable
equilibrium for the following ODE

o(t)=H,(o(1),0).
Letthe o -field F = a({Hk,a)k,qﬁk,Rk }kq) be generated by the set
{6,,0,,9,.R, }kq , where #>1. Let
M, =08 ~4o/ 4 ~B[ 5~ 4o/ 4|7,
thenforeach 1>0,wehave E[M,, |F]=0.Furthermore, since Assumption
3 holds, there exists a non-negative constant K, >0, s.t. {M,}

.y 18 square-in-

tegrable with
B|p [ 17 < & (1+]0f +Jolf )

Since then, we have verified the conditions (A2)-(A5) of Lemma 1, thus

w, —o, >0, w.p.l
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where w.p.1 is short for with probability one.

Step 2: On Convergence of 6.

Let the o -field G = a({@k,¢k,Rk} ) be generated by the set

k<t

{0, ¢.R, }kg ,where ¢>1.The iteration (31) that can be rewritten as:
€t+1 = et +az (5tEsez _7(1 _ﬂ’)at+le;M7IE[é‘tEset |91:|)

Furthermore, we define a random variable N, as follows,

Nl = 51Eset _7/(1 _ﬂ’)ametTM_lE[é‘tEsez | ‘9[:'
_E|:5tESet _7(1 _ﬂ’)at+letTM71E[5tEset | 0t:| | gt:la

then for each >0, we have E[N,,, |G ]=0. Now, we rewrite N, as fol-

lows,
N, =5%¢,~y (1= 1) h.e, M B[ 5,6, |- [ 5,0, |
+7(1-2)E[ ..e] |M B[ 5%, 16, ].

Under Assumption 3, for each ¢>0, there exists a non-negative constant
K, >0 such that,

E[||N,||2 |g,]s K, (1+]a[ ).
We consider the iteration (31) associated with the ODE
0(1)=(1-y(1-2)B[ g M )B[57%10(1)] (43)
Recall M =E[g¢ |, from Equation (28), the ODE (43) can be rewritten as

follows,
O(t)=—A M (4,0(0)+5,) 2G(0(1)). (44)

Since A, is invertible, then 6, =—A4_'b is the unique global asymptotically
stable equilibrium of ODE (44). Let

G,(0)= 1imM =—A/M"'4,0.
r—>w 7
We consider the following ODE
0(1)=G,(0(1))=-4,M"'4,0(¢). (45)

Since A_ is invertible and M ™' is positive definite, then 4 M4 is a
positive defined matrix. Equivalently, —4) M4 is negative definite. Thus the
vector 0 is the unique global asymptotically stable equilibrium of (45). According
to Lemma 1,

6,—0, -0, wp.l.

Therefore the proof is completed. O

C. Proof of Theorem 2

Proof Let ¢, = (e S,A4,S ) e R’ xSx Ax S, then we rewrite the iteration (31)

t [iad Rl Rl 25|
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and (30) as follows
6,,=0,+a,(g(0,.0.¢)+er),
o, =0,+p(h(6,0,.5)+ev,),
where
2(0,0,.¢) =B 6% -y (1-2)B, [4(S....) | @ |,
e, =6"¢—y(1-1)E, [¢(SHLA)]etTa)[ -2(60,0,¢,)
satisfies E[er]=0; 7(6,0,.¢,)= E[&,Ese, —(/ﬁta)fﬁ] and
ev,=6"¢ —do'¢-h(6,.0,.¢,).
Now, we apply ([26], Theorem 2.3 of Chapter 8) twice, once for each time-scale.
We refer the reader to that reference for further technical details in ([26], Theorem
2.3 of Chapter 8), which requires us to verify the following conditions of (i)-(iv):

(i) The random variables g(6,,®,,¢,) and h(6,,0,,{,) are uniformly inte-
grable (Ul), ie.,

s {Je 0,0, )1 0,0, )| )] o
£E§E£E[||h(at,w,,gt)||11{||h(et,a;,,gt) >a} =0,

where I{-} is the indicator function.

In fact, the uniform integrability of both g(6,,@,.,) and h(6,®,¢,) are
ensured by the the Ul property of e, = Ayc, ,e_, +¢, , and according to the same
analysis of Proposition 2 from [27], we have g(6,,®,,¢,) and h(6,,0,¢,) are
UL

(ii) The set of random variables {é’ ,} is tight, ie, for each positive scalar & ,

there exists a compact set D; e R” xSx AxS such that
inf P[¢, € D;|>1-6.

teN

In fact, recall the Assumption 3 implies the trace vector e, satisfies

SUp, .y |et || <o, Le,

2
e = S0 [ et
=0 >

i=k+1
¢2
< max

- 1—(;//1((1 — O')+ OP ))2 .

For each a >0, according to Markov inequality, we have

o Suplel
IP’["e["_ a] _T—>0, a—> oo,

which implies {e,} is tight. Since we consider the MDPs with finite state space

and action space, so the sequence {4’, =(e,S,,4,,S.., )} is also tight.

t>0
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(iii) Let D, e R"xSxAxS  be a compact set, for each { € D, , both
g(0,0,¢,) and h(0,w,¢,) are continuous with respect to (6, ).
Recall the definitions of g(6,®,¢,) and h(6,,¢,), then we have
g(0,0,8))=A M (4,0+b,),
h(6,0,¢))=A4,0+b, —Ma.
The Assumption 3 implies 4_,M ,and b, are bounded, thus both
g(H, o, g“o) and h(9, o, (0) are continuous with respect to (9,60) .
(iv) Recall the notation @ =E [(Mﬁf T E [@ES e, ] , for each compact set
D, eR"xSxAxS, let
| mmel

=S (h(00.6)-H(@.0)I( <D,

t=n

1 n+m-1

G,,=— > (2(6.@.£,)-G(0))1(¢, €D, ),

m -,
1 n+m-1 o
an = _tg 9,(0, s
5 m gn: ﬂt ( élf)

then for each (9, a)) e R” xR” , we have;

lim B[H,,]= lim B[G,,]= lim B[ X, ]=0.

m,n—0 m,n—»ow m,n—»o

By the Jensen’s inequality, it is sufficient that
H,, —0G, —>0X —0,
as m,n — oo . With the fact
E[h(6.0.¢,)]=4,0+b,-Mao
and following the same analysis of Proposition 2.3 in [28], we have H, , —0,
as m,n — 0. Similarly, we have G, —0,as m,n—>o.

Note that g (6’, ,¢, ) is Lipschitz continuous with respect to the trace variable

e,, where e, €, . Thus, there exists a positive scalar L such that

”g(@, ,¢, )" < L"et || . From Assumption 3, we have sup,y|le, || <o and
lim,, «, /B, =0, then we have

X —0,

m,n

as m,n —» o . |
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