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Abstract 
Rotating shallow water system is an important fluid model that describes the 
fluid behavior of large scale geophysical fluid motion under the action of Cor-
iolis force. In this paper, we construct a kind of vortical and self-similar solu-
tion for 2D inviscid rotating shallow water system and describe its time peri-
odic and blow up phenomena via providing different parameter values. 
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1. Introduction 

The two-dimensional inviscid rotating shallow water system  
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can be used to describe the fluid behavior of large scale geophysical fluid motion 
under the action of Coriolis force [1]-[3]. In the system (1), h  denotes the height 
of the fluid, u  and v  are the velocity in x  and y  directions, respectively. 

As a typical representative of quasi-linear hyperbolic system, (1) usually formates 
singularity in finite time for a large class of 1C  initial data, see [4] for example. 
Some studies have shown that rotation has a stabilizing effect on the lifespan of 
classical solutions. [5] obtained critical threshold for the initial data of a two 
dimensional pressureless model with rotating force and proved global existence 
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for subcritical initial data. The results in [6] indicated that when the pressure is 
present and dominated by rotating force, the lifespan of classical solutions can be 
extended. Basing on an important feature of rotating shallow water system—the 
relative vorticity vanishes all the time if it vanishes initially—[7] provided the global 
existence and asymptotic behavior of classical solutions for two-dimensional inviscid 
system with small initial data and zero relative vorticity. When the cylindrical 
symmetric solution has a form of variable separation, the global existence for the 
classical solution was considered in [4]. We also refer to [8] [9] for the other results 
on rotating shallow water equations. 

It is interesting to study some special solutions with vorticity. Inspired by the 
method in [10], we construct a kind of vortical and self-similar flows of two-
dimensional rotating shallow water system in this paper. Our main results are: 

Theorem 1. For the 2D rotating shallow water system (1), there exist a family 
of vortical flows solution  
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Here 0λ ≤ , 0α ≥  and Rξ ∈  are arbitrary constants, while ( )a t  satisfies  
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for some constants 0a  and 1a , and the maximal interval of (2) is determined by 
the parameter values in (3).  

Remark. It is clear that (2) are vortical because  

( )2
2 1 0.v u

x y a t
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Theorem 2. For the 2D rotating shallow water system (1), we have:  
1) When 2 0ξ λ+ > , the solution (2) exists globally in time. Moreover, 

(i) (2) is time-periodic except for ( )
1

2 4
0 4a  = + ξ λ  and 1 0a = ; 

(ii) if ( )
1

2 4
0 4a  = + ξ λ , 1 0a = , (2) is steady.  

2) When 2 0ξ λ+ ≤ , the solution (2) blows up in finite time, i.e. there exists a 

finite time *T , such that ( ), ,h u v  are all unbounded as *t T→ . 

2. The Construction of Vortical and Self-Similar Flow  

At the beginning of this section, we propose a function structure which satisfies 
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mass conservation Equation (1)1. The proof can be seen in [11]. 
Lemma 3. The mass conservation Equation (1)1 has a classical solution:  
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with 2 2r x y= + , 
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rs

a t
= , ( ) ( )2a t C R+∈ , ( )1f C R+∈ ,  

( ) ( )1,G t r C R R+ +∈ ×  and 0f ≥ , ( ) 0a t > .  

Proof. The function structure  
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with arbitrary 1C  functions ( ),F t r  and ( ),G t r , can be substituted into the 
Equation 1(1)  to verify the result:  
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Then if the self-similar structure is taken for the height function,  
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we can see that (6) is zero when ( ) ( )
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′
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The proof is completed.                                           □ 
Based on the function structure (4), we have 

Proof. (Proof of Theorem 1.) Let ( ) ( )2
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into 2(1)  to get  
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If we assume ( )a t  satisfies (3), then the right hand side of (9) turns into  

( )( ) ( )42 xf s
a t

′+λ . Then the momentum is conserved with ( )
2

f s sλα= − . 

Similarly, for the Equation (1)3, we have  
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Besides, when 0λ ≤  and 0≥α , the height function is non-negative for any 
time 0t > .                                                      □ 

3. Time Periodic and Blow up Phenomena 

In this section, we discuss the time periodic and blow up phenomena in the vortical 
solution (2). As the foundation, we give the following Lemma.  

Lemma 4. For the IVP  
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1) When 0k > , 

(i) (11) possesses a time-periodic solution, except for ( )
1
40 4a k= , 1 0a = ; 

(ii) if ( )
1
40 4a k= , 1 0a = , there exists a constant solution ( ) 0a t a≡ .  

2) When 0k ≤ , there exists a finite time T  such that ( )lim 0
t T

a t
−→

= . 

Proof. The proof is inspried by the Lemma 3 and Lemma 4 in [11]. 
1. For 0k > , the classical energy method can be applied to the autonomous 

ODE (11). 
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Define the total energy function: ( ) ( )
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Figure 1 is the graph of potential energy function for a special case 1k = .  
 

 
Figure 1. The potential energy function with 1k = . 

 
A straight calculation shows that ( ) ( )0E t E=  for all 0t ≥ . Since the potential 

energy function has only one global minimum at ( )
1
44a k=  and  
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= = +∞ , the solution of (11) has a closed trajec-

tory for any 0k > , and we can prove the time for traveling the closed orbit is 
finite using the method in [11]. Figure 2 shows the phase plane of (11) with some 
different 0k >  and 0 1 1a a= = .  
 

 
Figure 2. The phase plane for Equation (11) with some 0k >  and 0 1 1a a= = . 
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And the graph of solution function ( )a t  is shown in Figure 3.  
 

 
Figure 3. Time-periodic solution ( )a t  for Equation (11). 

 

Specially, if ( )
1
40 4a k=  and 1 0a = , the solution of (11) is steady, as shown in 

Figure 4.  
 

 
Figure 4. Steady solution ( )a t  for Equation (11). 

 
2. For 0k = , we calculate the exact solution:  

 ( ) 0 1cos 2 sin .
2 2
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1 0a =  and 1 0a < , respectively. Then we have ( )lim 0
t T

a t
−→

=  for any [ )0,t T∈ . 

3. For 0k < , we consider the problem in two cases: 
(i) 1 0a ≤ . If the claim is not true, then we have ( ) 0a t >  for all 0t ≥ , and  

 ( ) ( )
( )

3 0,
4

a tka t
a t

′′ = − <  (13) 

which shows that ( )a t′  is a decreasing function, and ( ) ( )1 0a t a t′ ′≤ <  for all 

1 0t t≥ > . Thus, the solution is bounded by  
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> −
′

. A contradiction is met. 

Figure 5 shows the phase plane of (11) with 0 0a > , 1 0a ≤  and different 
0k <  as example of this case.  

 

 
Figure 5. The phase plane for Equation (11) with 0 0a > , 1 0a ≤  and some 0k < . 

 
(ii) 1 0a > . If there exists a finite time *T  such that ( )* *

1 0a T a′ = ≤ , the 

proof is the same as the situation of 1 0a ≤  with the group property of autonomous 

systems. Therefore, we only need to prove the existence of *T . 
If we assume ( ) 0a t′ >  for any 0t ≥ , integraling the equation in (11) to 

obtain:  
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have a negative global maximum M−  at ( ) ( )
1
412a t k= − , we get  

 ( ) 1,a t Mt a′ ≤ − +  (17) 

which means there exists a finite time t  such that ( ) 0a t′ <  after a sufficient 
large time. A contradiction is met. 

Figure 6 shows the phase plane of (11) with 0 0a > , 1 0a >  and different 
0k <  as example of this case. 

 

 
Figure 6. The phase plane for Equation (11) with 0 0a > , 1 0a >  and some 0k < . 

 

After obtaining the Lemma 4, we can prove Theorem 2. 

4. Conclusions and Discussion 

In this paper, we have constructed a family of explicit vortical and self-similar 
solutions (2) for the two-dimensional inviscid rotating shallow water system (1). 
These solutions capture the coupled effects of rotation, nonlinear advection, and 
height variation, and they are characterized by three parameters: 0λ ≤ , 0α ≥  
and Rξ ∈ . The function ( )a t  governing the self-similar scaling obeys a second-
order autonomous ODE (3), whose behavior is fully classified by the sign of  

2ξ λ+ . 
Several directions merit further investigation. Firstly, the stability of these 

vortical solutions under perturbations—both within the rotating shallow water 
system and in more realistic models. Secondly, the present solutions reflect the 
physical phenomenon at the same latitude on the planet; it would be interesting 
to extend the results containing Coriolis parameter f , which is normalized to 
unity in this paper. Finally, the construction relies on a specific separable form 
(4); one may ask whether more general vortical solutions exist, for instance with 
non-radial dependence or with a different form of ( ),G t r . 
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In summary, the vortical and self-similar solutions presented here provide an 
explicit example where rotation both regularizes and destabilizes the flow depending 
on parameter regimes, enriching the theoretical concepts of shallow water dynamics 
with rotation. 
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