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field equation is obtained by using linear varying deceleration parameter. It is
observed that the universe was decelerated in the past and accelerated at pre-

sent. Also, the energy conditions and State finder pair {r,s} are analyzed in
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= Recent astronomical observations, such as those of Type Ia supernovae with large

redshift and measurements of cosmic microwave background (CMB) anisotropic,
strongly suggest that the universe is undergoing an accelerated expansion [1]-[4].
This unexpected acceleration cannot be fully explained by Einstein’s General Rel-
ativity (GR) combined with ordinary matter and has led to the introduction of
dark energy (DE), a mysterious form of energy that constitutes about 73% of the
total energy content of the universe. One favorable candidate for dark energy is
axion dark matter, which derived from axions and initially suggested in particle
physics to fix the strong CP problem in quantum chromodynamics (QCD). When
these axions are very light and move slowly, they can behave like quintessence a

dynamic scalar field responsible for the negative pressure providing cosmic accel-
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eration. In this reference, axions are modeled using a scalar field with a periodic
potential, usually resembling a cosine function, which evolves slowly over cosmic
time and generates repulsive pressure counteracting gravitational attraction, thus
accelerating the expansion of the universe.

To better explain this acceleration and go after the restrictions of GR, several
modified theories of gravity have been introduced such as the f(R), f(G),
f(R,G), f(T) and f(R,T) [5]-[9] etc. The f(R) theory of gravity is de-
rived by substituting the Ricci scalar R in Einstein-Hilbert action with a general
function f(R). This theory first explored by Buchdahl [5]. f(R) theoryis fur-
ther expanded to f(R,T) theory of gravitation, which is presented by Harko er
al [8]. In this framework, the gravitational Lagrangian is a function of both the
Ricci scalar R, which compact curvature due to gravity, and the trace 7 of the
energy-momentum tensor, which contain the effect of matter and energy. This
coupling between matter and geometry permit f(R,T) gravity to include quan-
tum effects and matter-geometry actively more naturally than general relativity.
At first, the f(R,T) theory universalize the well-known f(R) gravity and
yield a more workable and practical model of the universe’s evolution. It has
shown strong potential in modeling not only the late-time acceleration of the uni-
verse but also other cosmological phenomena such as transitions between differ-
ent phases of expansion, the presence of introduced structures like wormholes,
and the behavior of compact astrophysical objects.

In the cosmological reference, f(R,T) gravity has shown effective in simu-
lating cosmic acceleration without requiring a clear dark energy component, mak-
ing it very suitable for integrating scalar fields like axion dark matter. Several stud-
ies have introduced the evolution of the universe in f(R,T) gravity under dif-
ferent cosmological scenarios, including anisotropic models and Bianchi type met-
rics. Houndjo [10] has discussed the transition from a matter dominated phase to
an accelerated phase in the f(R,T) gravity. The case of perfect fluid for the
Bianchi type IIlin f(R,T) is investigated by Reddy et al [11]. Moraes [12] has
presented unification of the Kaluza-Klein extra-dimensional model with the
f(R,T) gravity. Azizi [13] investigated the wormhole solutions in the back-
ground of f(R,T) gravity. Elizalde and Khurshudyan [14] investigated the
models for static wormholes in the framework of f(R,T) gravity. Banerjee et
al [15] studied the static spherically symmetric wormhole structures sustained by
the isotropic matter sourcesin f(R,T) gravity.

Thus, in this work, we discuss a cosmological model in f(R,T) gravity with
flat FLRW line element by introducing axion dark matter and a linearly varying
deceleration parameter (LVDP), which facilitates a smooth evolution from the de-
celeration to acceleration phase in the evolution of the universe. This together of-
fers a mathematically advanced and meaningful setting to study the accelerated
expansion of the universe from a mathematical point of view.

The paper is organized as follows: Section 2 deals with metric and field equa-

tions. In Sections 2.1 and 2.2, we used the linearly varying deceleration parameter
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to solve the f(R,T) gravity field equations. Section 3 is devoted to the analysis
of state-finder pairs. The energy conditions are presented in Section 4. The last

Section 5, is devoted to summarizing obtained results.

2. Metric and Field Equation

The flat Friedmann-Lemaitre-Robertson-Walker (FLRW) models are the best for
describing the current large-scale structure of the universe. The homogeneous and
isotropic nature of the FLRW model plays an important role in understanding the

origin of the universe. We have considered the flat FLRW spacetime as
ds* =—df* +a’ (¢)(dx* +dy” +dz°) (1)

where a (t) is a scale factor. Recently, Pradhan et al [16] have studied dark en-
ergy behavior of the flat FLRW universe with viscous fluid in f(Q) theory of
gravity. The energy momentum tensor of perfect fluid is given as

T;y = (pt +pt):ui,uj _ptgij (2)

Here u, is the four-velocity of the fluid’s with components (0,0,0,1) satis-
fying w4’ =1, p, is the total energy density of the fluid, p, is the isotropic
pressure of the fluid. The equation of state (EoS) of a perfect fluidis p=jyp with
7€[0,1] where p, p aretheenergy densityand pressure of matter respectively.

We discuss the case of modified gravity f(R,T). A generalization of f(R)
is f(R,L,) where coupling of matter Lagrangian and of the Ricci scalar was
proposed by Bertolami et al [17]. Coupling of matter and geometry is well de-
scribed in f(R,T) gravity. It allows matter and geometry to be arbitrary func-
tionof 7 andof R.

The action of f(R,T) is given by Harko et al. [8]

S:%jf(R,T)\/Ed“Hijgd“x 3)

where L, is matter Lagrangian density, and f(R,T) is arbitrary function of
Ricciscalar R andthe trace T of T, . All other symbol have their usual mean-
ingin f(R,T) theory of gravity. By varying the action (3) with respect to metric
g, > we can derive field equations of the f(R,T’) gravity model as

1 .
fx(R.T)R,, —Ef(R,T)g#v +(ng#vv —V VV)fR (R,T)

4)
=87, - [+ (R.T)T,, - f; (R.T)O,,
where  f, (R,T)=%1;T), fr(RT) =%, Vv, is operator for covari-

ant derivative. Field equations are depends on ® . Here, we choose L, =-p,
which gives ©,, =-2T, —p,g,, - It should be note that f(R,T) is arbitrary
function of R and T, therefore, different models of f(R,T) gravity are pos-

sible for choice of R and T. Singh and Singh [18] have chosen the functional
form f(R,T)=R+2f,(T) toexplore field equations. Here, we consider the fol-

lowing general form of the functional f(R,T) proposed by Harko et al. [8]:

DOI: 10.4236/jamp.2026.146118

2411 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2026.146118

S. P. Hatkar et al.

S(R.T)=f,(R)+2/,(T) (5)
here, f,(R)=R and f,(T)=uT,where u isconstant.

The field equation for line element (1), using Equations (4), (5) and (2) takes

the form
2H+3H* =(87+3u)p, - up, (6)
3H? =—(87+3u)p, + up, (7)
with
Pi=P+Pe P =PFP, (8)

where the over dot (.) denotes differentiation with respect to ¢. Clearly we have

two equations (6) and (7) in five unknown variables H, p, p, p,,and p,,

where H =% is Hubble parameter, p isenergy densityand p is pressure of
a

matter (including all the species of the universe) while p and p, are the cor-
responding densities for the axion field. To obtained the exact solution of the field
equations, we consider a novel generalized form of linearly varying deceleration
parameter (LVDP) proposed by Akarsu and Dereli [19] that covers Berman’s law
indicates that the results are consistent with cosmological data. Next we consider

the most general form of LVDP is given by

qz__aza=—at+m—l 9)
a

where, >0 and m=>0 are constants. For « =0, equation (9) reduces to the
law of Berman [20]. The sign of the deceleration parameter (DP) indicate whether
the model is accelerating or decelerating. A positive sign of the DP corresponds to
the standard decelerating model whereas the negative sign of the DP indicates an

accelerating model. The model is inflationary for ¢ =0.

2.1.Casel >0 and m=0

For a>0 and m>0 Equation (9) leads

2 tanhfl[ at—m J

1 m27 | )Vlz* C

a(t)= =c e\/ 2e4 A2 (10)
l+z

where ¢, and ¢, are constants of integration’s.

Using Equation (10), the Hubble parameter ( H ) as

H(t)= 2a (11)

m® —2ac, —(at—m)’

. o s a .
The relation of scale factor and red shift is 1+z=-2, where qa, is present
a

value of scale factor.
Deceleration parameter and Hubble parameter in terms of red shift are ob-

tained as
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e ’ 2_2
q:_izaz— ,Imz—Zac]tanh{ n 5 % log( ! )ﬂ+l (12)

c, (l+z

Em e

1+z)

2a

2
m”=2ac,

H(z)= cosh?

Using Equations (6), (7) and (13); p, and p, are obtained as

N
o, 1 4ui1+m* —2ac, tanh T2 g ! -321,
A 2 ¢, (1+z2)
o’ [ Im* —2ac, log[ 1 ]]
2

x cosh’
(m2 -2ac, ’ ¢, (1+2)

(14)

-0.95 7~,,,,._——————'”“""'ﬂﬂ——#—’———_._~_<
-1.00
-1.05
N
T
-1.10
-1.15
-1.20
1.0 -05 0.0 0.5 1.0 15 2.0
z

Figure 1. Plot of Deceleration parameter ¢ vs.redshift z,for «=0.03 and m=0.01,
=09, ¢,=5.

Figure 1 shows the graphical behaviour of deceleration parameter g. It should
be note that for particular values of & =0.03 and m=0.01, the graph of the
deceleration parameter ¢ is negative throughout the evolution of the universe.

This suggest that the universe is in accelerating phase.

2 Im? =2
», _ (M+1J+(7_+IJ 1+m’* —2ac, tanh[ ” 5 % log{ ! H

87 +3u |\ | | c,(1+z2)
(15)
40 | M —2ac ( 1 J
X > cosh log
(m2 —20:01) 2 ¢ (1+z)

where [ =647 +8u° +48un, I, =37+ u.
To obtain the energy density expression from field equation we consider the

following relation used by Odintsov et al. [21]
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3

pa :pdm a (16)

where p,, isconstant. Using Equations (8), (14) and (16), the energy density of

the fluid is obtain as

2_
p=l 4usl+m’ —2ac, tanh m” 20 log ! —-32/,
L 2 o, (1+z)
Jm® —2ac, o 1 ° (1+ )3
- z
g C2(1+Z) pdm

" (m® —a2ac ) cosh’ [ 2
1

(17)

2

Now, the barotropic EoS for the perfect fluid is defined as
p=yp, where0 <y <1 (18)

Therefore, using Equations (8), (15), (17) and (18), the pressure of axion is
found to be

2 Im? -2,
P, ! BLit i |4 £ l+Mtanh T oh log !
1 I 2 o, (1+2)

- 8r+3u

2 } 2_2
chosh‘[ m L%, [ ! ]]

X

g
(m2—20a:l 2 ¢, (1+2)

(19)

Jym* =2
~Z\ ap| 14+ m* - 2ac, tanh it log ! -321,
A 2 cz(l+z)
a’ {\/mz—Zacll (
0
2

1 ° 3
x—————cosh* g J +7 04 (1+2
(mz—Zotcl ’ ¢, (1+2) ] i (142)

0.00595f

0.00590r¢

% 0.00585

0.00580r¢

0.00575¢

~05 0.0 05 1.0 15 2.0
z

Figure 2. Plot of energy density p, vs.redshift z of caseIfor «=0.03, m=0.01,
u=-195, ¢,=-09, ¢, =5.
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From Figure 2, it is observed that at high value of z, energy density is high
and as redshift decreases the trajectory of the energy density is decreases and it is
tending to zero when z tends to negative. It means that at early time of the uni-
verse density was very high as value of redshift decreases energy density decreases.
When z=0 thereisno cosmological expansion and so it seems that energy den-
sity remains constant at this point. The positive sign of z (z>0) indicate that
the galaxies are moving away from each other i.e. the space is expanding. Larger
values of z means a higher speed of the objects. Further, when the energy den-
sity is =0.3GeV axion like particle within the deBroglie wavelength make them
oscillate coherently as a single classical field. The axion field particle maintain its
coherence during the expansion of the universe [22]. Here, the plot of the energy
density is linear in nature against the redshift z and its value is small, it means
that axion like particle acting like single field.

The equation of state (EoS) parameter can be used to classify various epoch of
the inflationary universe. The categories of various epoch of the universe depends
on EoS parameter are as follows [23]:

1) Decelerated Phases:
Stiff fluid if w=1

Radiation dominated phase if 0<w< %

Dust fluid phase or cold dark matter if w=0
2) Accelerated Phases:

The quintessence phase if —1<w< —%

Cosmological constant if w=-1
e Phantomeraif w<-1

The EoS parameter is defined as w= Pt which is obtained as follows

P,
A
w=
Jm? =2
4p 1+~hn2—2ac,mnh{ " : aqlog[ al )j] 321,
o,(1+z

2 ¢, (14 2) (20)

2 Im? —
-{’LII—-HJ 1+4/m* =2ac, tanh{ " 22ac1 log[C (11+Z)ﬂ
2

2
) (m2 —20101) ] 8L |
[m?—2 r+3pu |\ |
a’ cosh‘{ m e log( ! ]] 1

2 [ 122 _ 2
_ b - cosh“[ m L% log( (1 J]
)

2 1+z)

X
2
(m —2ac,

Figure 3 shows the graphical behaviour of EoS parameter against redshift z.
It is found that when z varies from positive to negative 7.e. from past to future
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the trajectory of EoS parameter w=2"" lies in the range —-l<w< —% , which

P
corresponds to the quintessence regime of the universe. It is important to note
that for FRW spacetime in the f(R,T) theory of gravitation, the EoS parameter

lie in the range of phantom era [24].

-0.38r

-0.40r

-0.42¢

Pt
Pt

-0.44¢

-0.46¢

-0.48;

-1.0 -0.5 0.0 0.5 1.0 1.5 2.0
z

Figure 3. Plot of EoS vs. redshift z of caseIfor «=0.03, m=0.01, u=-195,
¢q=-09, ¢,=5.

In the Literature, we found that, several researchers have been extensively
studied the behaviour of quintessence type dark energy models in the modified
theories of gravity. Caldwell et al [25] first demonstrated that a cosmic fluid with a

dynamically evolving EoS in the range —-l<w< —% can drive accelerated ex-

pansion. Subsequently, Chevallier and Polarski [26], and Linder [27] introduced
a widely used parametrization of the EoS, commonly known as the CPL para-
metrization, to study the redshift evolution of dark energy.

The combined Type Ia supernovae and WMAP five year data at 95% confidence
level place the value of EoS parameter in the range —1.11<w<-0.86 [28] whereas
Type Ia supernovae, C < B and 2dfGRs at 95% confidence level place it in the
range —1.46<w<-0.78 [29]. In our model, the range of the EoS parameter is

—1<w<-0.4 which is larger than the range found in observational data.

2.2.Casellfor a=0 and m>0

In this case, for ¢ =0 and m >0, deceleration parameter ¢=m—1 is constant
and it is negative for m <1,thus the universe is accelerating for m <1. As dis-
cussed above, we have now solved the field equations by considering the deceler-
ation parameter proposed by Akarsu and Dereli [19] in Equation (9) with a =0

and m >0 leadsto

1

a(t)=(ct+c,)m (21)
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where ¢; and ¢, are constants. Using Equation (21), the Hubble parameter
(H) as

H(z):# (22)

Using Equations (6), (7) and (22) p, and p, obtained as

{—412 +,u(1—m)]2032 (1+2)™

. 7 (23)

m
1 —4[2+ﬂ(1—m) c32 (1+z)2m
= 2 2(1- l|l——— 24
P: 87r+3,u{ ,u( A i ( m)+ m* (24)

t

Using Equations (8), (16) and (23) energy density is obtained as

[—412 +y(1—m)j2c32 (1+z)2m
pP= 2
[, m

—pum (14 2)° (25)

Using Equation (8), (18), (24) and (25)

1 {M[—%+ﬂ(1—m)j+2(1_m)+l}M

a

:87r+3,u I m’
4L+ pu(1-m)\2e2 (1+2)" o ) 26
—7[[ 7 j — —pdm(lﬂ)]
0.405¢
0.400¢
0.395¢
20.390-
0.385F
0.380
0.375*‘ ‘ ‘ ‘ . ‘
-1.0 -0.5 0.0 0.5 1.0 1.5 2.0
z

Figure 4. Plot of energy density o, vs. redshift z of case II for m=0.01, u=-195,
C, =0.1.

From Figure 4, we observe the trajectory of energy density p, varies with red-
shift z. At high value of redshift energy density is high. The energy density is
decreases as value of redshift decreases. It is worth to note that the trajectories of
energy density in case I and in case II are decreasing with decreasing values of

redshift. However, there behavior is different which clearly indicate the effect of
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parameter « .

2

1 {zﬂ(—%+u(1—m)J+2(1_m)+l}c§(l+z)2m

87 +3u [, m
w= 2m (27)
—4L, + p(1-m) 2¢: (I1+z2)
[, m’

0.0
-0.5
&l a-10
-1.5
-2.0

-1.0 -0.5 0.0 0.5 1.0 1.5 2.0

z

Figure 5. Plot of EoS vs. redshift z of case Il for m=0.01, px=-195, C;=0.1.

In Figure 5, diagram shows the EoS parameter w . The curve of EoS is remain
constant at w = —1. The model represents ACDM model of the universe. The re-

sult is consistent with the exponential model studied by [30].

3. State Finder Pair

In cosmology, the term “statefinder pair” denotes a pair of dimensionless quanti-
ties that can be utilized to differentiate among various cosmological models in
terms of the evolution of the cosmic scale factor a(7) and its derivatives with
time. Such parameters were proposed by Sahni et al [31]. The statefinder pair
{r,s} may be estimated from observational data to investigate dark energy and
the expansion of the universe. Various cosmological models, such as those with
various types of dark energy or modified gravity, may yield different curves in the
{r,s} plane, which enables scientists to constrain and compare these models
with observations. Ratra and Peebles [32], Kamenschik et al [33], Armendariz et
al [34] and Dvali et al [35] have investigated various studies to observe the be-
haviour the different DE forms, such as quintessence, Chaplygin gas, k-essence

and brane world model. The statefinder parameters pair are given by:

a r—1
r= i and s=3 3 (28)
)

It is primarily invented to characterized flat universe model with cold dark mat-
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ter and dark matter. When r=1, s=0, it defines cosmological constant model.
Below we considered subsequently the case of f(R,T) gravity. Therefore. for
the case [, the Statefinder pair are obtained as

~ 12

ym’ =2«
3 Jm’ —2ac, tanh " 5 G log (1 +m| —ac, +2m* (29)
)

r=1-3m+—
2 1+z)

2

—3m +% m’ —2ac, tanh —ac, +2m’

RN

c,(1+2
s = = = (30)

Jm® =2
-3| \J/m* —2ac, tanh m oG log ! +1 3
2 c,(1+2) 2

000— ==l

0 : R -

3 | R

; | R
i —
! - ......

| - I I I | T .

Figure 6. Plot of {r,s} parameter of caselfor «=0.03, m=0.01, ¢, =-0.9, ¢, =5.

Figure 6 shows plot of state finder parameter. The statefinder pair {r,s} a
diagnostic tool employed to differentiate various cosmological models of dark en-
ergy.In the present cosmological model, the trajectory of » and s lies in be-
tween 0<r<1.05 and —0.01<s<0.Itis observed that when r near zero, s
greater than zero which characterizes quintessence type dark energy. As the uni-
verse evolves, the trajectory approaches the ACDM fixed point {r,s}={1,0} and
then moves into the region »>1, s<0 which is Chaplygin gas dominated.
Therefore, initially model behaves like a quintessence universe and in future it will
be Chaplygin gas dominated. Santhi ef a/ [36], Samantha and Mishra [37], Hatkar
et al. [38] are some of the authors who have studied statefinder parameters in the
present of cosmic time.

Also, for the case II, the Statefinder pair are found to be
r=(1—2m)(l—m) (31)
B (1—2m)(1—m)—1

3(m- )—%

In case IL, for m =0.01,{r,s} approachesto {1,0} thatis itrepresent ACDM.

(32)

4. Energy Condition

Within the framework of general relativity and its generalizations, energy condi-
tions are essential mathematical tools to place physical bounds on matter and
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spacetime geometry. Energy conditions are inequalities based on the energy-mo-
mentum tensor and can be used to decide the feasibility of a gravitational theory.
Arora et al. [39] explore the energy conditions in f(Q,T) gravity generalized
theory of gravity where in the gravitational Lagrangian is a function of the non-
metricity scalar O and the trace of the energy-momentum tensor 7. The en-
ergy conditions are defined as follows:

i) Null Energy Condition (NEC): < p, + p, 20. It ensures that energy den-
sity along light ray is non-negative.

ii) Weak Energy Condition (WEC): < p,+p, 20 and p, >0. This indi-
cates that the energy density is non-negative .

iii) Strong Energy Condition (SEC): < p,+p, 20 and p,+3p,20. The
SEC indicates that the gravity is universally attractive. It comes into the Ray-
chaudhuri equation and is connected with the deceleration of the universe. Vio-
lation of SEC is required for the acceleration of the universe.

iv) Dominant Energy Condition (DEC): < p,£p,>0 and p,>0. The
DEC does not allow energy to generate superluminally and insists that pressure is
dominated by energy density.

4.1. Energy Conditions of Case I:

NEC =

ym’ =2
pﬂrp,=ll Apgl+m’ =2ac, tanh{ " 3 % log 1] ] -321,
¢ (1+z

1

(
x—az 5 cosh‘{ V" ;20“:1 log[ ! )H+ ! {[Slz’u +1j (33)

(mz—Zacl 8 +3u A

2 2.2
(£) lmth[W 1og[ . H
1 CZ
. P (1
2 8 o (

><ﬁcosh4
m” —2ac,

WEC =
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Figure 7. Plot of energy condition of case I for for @ =0.03, m=0.01, u=-195,
¢=-09, ¢,=5.
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Figure 7 represents graphical behavior of NEC ,WEC SEC and DEC. It is found
that NEC violate in future where as SEC was violated in the past where z>0.
Furthermore, DEC as satisfied by the model. Violation of SEC implies the accel-
eration phase of the universe while the violation of NEC depicts the existence of
exotic matter [40]. Recent observational studies indicate that NEC and WEC are
violate at large value of redshift but satisfied at small values of redshift.
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Figure 8. Plot of energy condition of Case Il for m=0.01, u=-195, C;=0.1.
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From Figure 8, it is observed that, the DEC is positive and SEC is negative
throughout the evolution of the universe. It shows that NEC and DEC are satisfied

and SEC is violated. This shows that universe is in phase of accelerated expansion.

5. Conclusion

In this work, we have studied axion dark matter in the contextof f(R,7) theory
of gravitation. To solve the field equations, we have considered linearly varying
deceleration parameter. Two different cases are investigated. In the case I, it is
observed that the universe is accelerating and the rate of expansion of the universe
is decreasing. The range of EoS parameter indicate that the universe is dominated
by quintessence type axion dark matter. The range of EoS parameter is smaller
than that found in observational data. The state finder parameter pair indicate
that the universe was dominated by quintessence type axion dark matter in early
era and in the future, it will be dominated by Chaplygin gas type axion dark mat-
ter. Whereas in case II, the universe is accelerating for m <1 and expanding. The
difference in trajectories of the energy density in case I and case II may be due to
constant parameter « . The universe is dominated by ACDM model. The DEC is

satisfied and SEC is violated in both case I and case II.
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