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Abstract 
The Van der Pol oscillator, a definitive model for self-sustained nonlinear os-
cillations, exhibits a rich dynamical structure governed by the nonlinear damp-
ing parameter, μ. While its limit cycle behaviour is well-established numeri-
cally, a comprehensive analytical characterization of the solution’s regularity 
across the full spectrum of μ, particularly in relation to the singular perturba-
tion nature of the system, remains a subject of deep interest. This paper pre-
sents a unified singular perturbation analysis to rigorously examine the inter-
play between the regularity of solutions and the topological and geometric 
properties of the stable limit cycle. We decompose the problem into two as-
ymptotic regimes. For the weakly nonlinear regime where the nonlinear damp-
ing parameter less than one but greater than zero, we employ the method of 
multiple scales to derive the asymptotic form of the limit cycle, proving its 
smooth dependence on the nonlinear damping parameter and establishing its 
amplitude and phase regularity. In the strongly nonlinear, relaxation oscilla-
tion regime where the nonlinear damping parameter is significantly greater 
than 1, we treat the system as a singularly perturbed dynamical system. Utiliz-
ing geometric singular perturbation theory and matched asymptotic expan-
sions, we analysed the trajectory’s structure—comprising slow drift along cu-
bic critical manifolds and fast jumps. We explicitly characterize the loss of dif-
ferentiability at the fold points (turning points) and demonstrate how this sin-
gularity is resolved in the composite solution, leading to a continuous but 
piecewise-smooth limit cycle in the infinite limit of μ. Our central result bridges 
these regimes, providing a continuous description of how the limit cycle’s reg-
ularity evolves from infinitely differentiable to piecewise differentiable as the 
nonlinear damping parameter tends to zero and infinity respectively. This 
work not only clarifies the intrinsic mathematical structure of the Van der Pol 
system but also provides a template for analysing regularity transitions in a 
broad class of singularly perturbed nonlinear oscillators. 
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1. Introduction 

The Van der Pol oscillator is a non-linear differential equation originally intro-
duced by the Dutch physicist Balthasar van der Pol in 1920 [1] while he was stud-
ying vacuum tube circuits. He observed that these circuits could generate stable, 
periodic oscillations even without a periodic input signal—this inherent ability to 
oscillate is referred to as self-oscillation. Unlike the simple harmonic oscillator, 
which is linear and produces oscillations with a constant amplitude that depends 
on initial conditions, the Van der Pol oscillator is nonlinear. This nonlinearity of 
the equation is crucial because it allows the system to sustain oscillations of a sta-
ble amplitude, regardless of the initial conditions (as long as they are not trivial, 
i.e., at the equilibrium point). The equation models a non-conservative system in 
which energy is added to and subtracted from the system, resulting in a stable 
amplitude known as a limit cycle [2]. Unlike a simple pendulum (approximated 
as a harmonic oscillator) which will eventually stop due to damping—to keep it 
swinging, you need to push it periodically. However, the Van der Pol oscillator 
has a built-in mechanism that provides energy when oscillations are small and 
dissipates energy when oscillations are large, thus regulating its own amplitude 
[3]. 

It is observed that while the limit cycle’s existence is known, a detailed analytical 
study of the regularity (smoothness) of its solutions as a function of μ—particu-
larly through the lens of singular perturbation theory is lacking—emphasizing the 
singular nature of the µ →∞  limit. Mathematically, a singularity is a point, at 
which a function is not defined (discontinuous) or behaves erratically or blows up 
[4], for instance ( ) 1f x x= , at 0x = . On the other hand, regularity of differen-
tial equations refers to the smoothness and well-behaved nature of their solutions, 
which depends fundamentally on the properties of the equations themselves. A 
differential equation is considered regular when it possesses solutions that are suf-
ficiently smooth (differentiable and integrable) and can be characterized by stand-
ard mathematical techniques, meaning the coefficients and forcing terms are well-
defined and continuous over the domain of interest [5]. Understanding regularity 
is thus essential for selecting appropriate analytical and numerical methods, pre-
dicting solution behaviour, and establishing the mathematical foundations for 
modelling physical phenomena.  

In ordinary differential equations, regularity is closely tied to existence and 
uniqueness theorems. The Picard-Lindelöf theorem, for instance, guarantees that 
if the right-hand side of a first-order ODE is Lipschitz continuous, then a unique 

https://doi.org/10.4236/jamp.2026.146114


E. O. Ohwadua, S. U. Egarievwe 
 

 

DOI: 10.4236/jamp.2026.146114 2319 Journal of Applied Mathematics and Physics 
 

solution exists locally [6]. Higher regularity of solutions, such as continuous dif-
ferentiability to various orders, typically requires correspondingly smooth coeffi-
cients in the equation. Linear differential equations with continuous coefficients 
generally produce regular solutions, while equations with discontinuous coeffi-
cients or singularities may exhibit irregular behaviour. While in the context of 
partial differential equations, regularity theory becomes more sophisticated and is 
central to understanding solution behaviour. Elliptic equations like Laplace’s equa-
tion often produce very smooth solutions in the interior of domains, even when 
boundary data is less regular [7]. Parabolic equations such as the heat equation 
have smoothing properties that improve regularity over time [8]. Hyperbolic equa-
tions, like the wave equation, preserve regularity but don’t generally improve it, 
and solutions may develop discontinuities or shocks even from smooth initial 
data, particularly in nonlinear cases [9]. 

Singular points represent locations where regularity breaks down. For ODEs, 
these are points where coefficients become infinite or undefined, leading to solu-
tions that may grow unbounded or exhibit other irregular behaviours. The classi-
fication of singular points as regular or irregular singular points determines whether 
series solution methods can be applied effectively [5]. Regular singular points al-
low for generalized power series solutions using the Frobenius method, while ir-
regular singular points require more sophisticated asymptotic techniques [10]. 
Understanding regularity is thus essential for selecting appropriate analytical and 
numerical methods, predicting solution behaviours, and establishing the mathe-
matical foundations for modelling physical phenomena. 

This study provides a continuous description of how the limit cycle’s regularity 
evolves from infinitely differentiable ( C∞ ) for 0µ →  to piecewise differentiable 
for µ →∞ . The work not only clarifies the intrinsic mathematical structure of 
the Van der Pol system but also provides a template for analysing regularity tran-
sitions in a broad class of singularly perturbed nonlinear oscillators. So, our goal 
is to provide a unified singular perturbation framework to characterize the tran-
sition in the limit cycle’s regularity from the weakly nonlinear to the relaxation 
oscillation regime. The Van der Pol oscillator has since found applications across 
disciplines, including biology, neuroscience, and mechanical engineering and in 
various fields like physics and engineering to model systems with damping that 
depends on the amplitude. 

In the remaining part of this paper, we shall discuss the Van der Pol oscillator 
by unveiling the governing equation, its characteristics and via limit cycle pertur-
bation, followed by Section 2 with discussion on the Van der Pol equation, and 
Section 3 focuses on the numerical solution using the Radau IIA method with its 
implementation. Section 4 deals with the singularity and regularity theory of the 
Van der Pol equation, while Sections 5 and 6 presents the discussions on findings, 
and conclusions and recommendations. 

2. The Van der Pol Equation 

The governing equation for the Van der Pol oscillator is a second-order nonlinear 
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ordinary differential equation: 

 ( )21 0, 0x x x xµ µ− − + = >  (1) 

where 
 x  is the position and represents the displacement or some other system vari-

able (e.g., voltage in an electrical circuit). 
 t  is time. 
 µ  is a positive parameter that controls the strength of the nonlinearity and 

the damping.  
The scalar parameter µ  indicates the nonlinearity and the strength of the 

damping. When 0µ = , it should reduce to the simple harmonic oscillator, which 
is linear. But when 0µ > , the system becomes nonlinear with damping that is 
negative for small amplitudes (leading to growth) and positive for large ampli-
tudes (leading to dissipation), resulting the limit cycle behaviour. 

2.1. Characteristics of Van der Pol Oscillator 

First Restoring Force Term ( x+ ): This is analogous to the spring force in a sim-
ple harmonic oscillator. It pulls the system back towards the equilibrium point 
( 0x = ). If this were the only term along with the acceleration, there would be a 
simple harmonic motion. 

Damping/Driving Term ( ( )2x1 xµ− − ): This is the heart of the nonlinearity 
and what makes the Van der Pol oscillator self-oscillating. The term x  repre-
sents the velocity. The term ( 21 x− ) is the key. The behaviour of x  can further 
be interpreted as follows:  
 When 1x <  (near the equilibrium): The term ( 21 x− ) is positive. Therefore, 

( )21 x xµ− −   acts as negative damping or a driving force. This means that 
when the oscillation is small, the system gains energy, causing the amplitude 
to grow. 

 When 1x >  (far from the equilibrium): The term ( 21 x− ) is negative. 
Therefore, ( )21 x xµ− −   acts as positive damping or a dissipating force. This 
means that when the oscillation is large, the system loses energy, causing the 
amplitude to shrink.  

 At instants when 1x =  the damping force momentarily vanishes [11]. 
This ingenious damping term ensures that if the oscillation starts small, it grows 

until x  is large enough for the damping to become positive and limit the growth. 
Conversely, if the oscillation starts large, it shrinks until x  is small enough for 
the damping to become negative and prevent further decay. This dynamic balance 
leads to a stable limit cycle. 

2.2. Derivation of the Van der Pol Equation via Limit Cycle 
Perturbation 

The limit cycle perturbation (or amplitude-dependent damping) method provides 
a framework for deriving the Van der Pol equation by analysing how damping 
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depends on oscillation amplitude. The method assumes a weakly nonlinear oscil-
lator where damping and restoring forces are perturbed, leading to the character-
istic limit cycle behaviour where small amplitudes are amplified, and large ampli-
tudes are damped [12] [13]. The derivation starts from a simple harmonic oscil-
lator and introduces a small, amplitude-dependent damping term whose sign 
changes with amplitude, leading to a stable limit cycle. The resulting equation is 
shown to be exactly the Van der Pol equation after appropriate scaling. 

Setup 
Consider an undamped linear harmonic oscillator: 

 0x x+ =  (2) 

with total mechanical energy, 

 ( )2 21
2

E x x= +  (3) 

For the linear oscillator, E  is constant. The time derivative of the energy is 
identically zero: 

 ( )d 0
d
E xx xx x x xx
t
= + = − + =     (4) 

Now suppose we introduce a small, nonlinear damping term ( ),f x xε   to the 
right-hand side of (2), we have, 

 ( ),x x f x xε+ =   (5) 

where 0 1ε<  . The energy evolution becomes: 

 ( )( ) ( )d , ,
d
E xx xx x x f x x xx xf x x
t

ε ε= + = − + + =        (6) 

Now, for the oscillator to exhibit a stable limit cycle (isolated periodic orbit), 
the net energy gain over one period must be zero, with small-amplitude oscilla-
tions gaining energy and large-amplitude oscillations losing energy. 

Choice of Damping Function 
We seek a function ( ),f x x  such that: 

 For small amplitude ( 1x  , 1x  ), we have d 0
d
E
t
>  (energy input, neg-

ative damping). 

 For large amplitude, d 0
d
E
t
<  (energy dissipation, positive damping). 

 The function should be odd in x  (to preserve symmetry between expansion 
and contraction), and simplest to lowest order. 

The simplest polynomial satisfying these conditions can be given as: 

 ( ) ( )2, 1f x x x x= −   (7) 

For small x : f x≈  , giving 2d 0
d
E x
t

ε≈ > . 

While for large x : 2f x x≈ −  , giving 2 2d 0
d
E x x
t

ε≈ − < . 
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The transition is expected to occur around 1x ≈ . 

Thus, Equation (6) becomes: 

 ( )21x x x xε+ = −   (8) 

Non-dimensionalization and Parameter Scaling 
Equation (8) already contains a small parameter ε . However, the classical Van 

der Pol equation is usually written with a single parameter 0µ >  not necessarily 
small: 

 ( )21x x x xµ+ = −   (9) 

If µ  is small, Equation (9) is a weakly nonlinear oscillator. The scaling ε µ≡  
recovers Equation (8). No further non-dimensionalization is needed; where Equa-
tion (8) is the Van der Pol equation in standard form. If we wish to make the 
nonlinear term ( )1O  while retaining a perturbation parameter, we can rescale 
time such that t τ µ= . However, for relaxation oscillations ( 1µ  ), one re-
scales differently. But for the derivation from limit cycle perturbation, we keep ε  
small. Hence: 

 ( )21 0x x x xε− − + =  (10) 

with 0ε >  small. This is exactly the Van der Pol equation. 
Our derived Equation (10) has ε  instead of µ . If we set µ ε= , the two are 

identical, and we can write the Van der Pol equation as: 

 ( )21 0x x x xµ− − + =  (11) 

3. Numerical Solution of the Van der Pol Equation Using 
Radau IIA Method 

The Van der Pol oscillator generally lacks analytical or exact solutions, particularly 
for non-zero values of µ . Therefore, a numerical approach is necessary. Radau 
IIA methods, is the adaptive order Radau method in Fortran due to Hairer, and 
they are known to be state-of-the-art for the high-accuracy solution of highly stiff 
ordinary differential equations (ODEs) [14]. Radau methods are defined by quad-
rature formulas with higher order accuracy and strong stability properties which 
are crucial to ensure that the numerical method can handle the perturbations. 
Radau IIA is an implicit Runge-Kutta method of order 2s-1 for an s-stage scheme. 
The most common implementation uses 3s =  stages, giving 5th order accuracy. 
Below is a comprehensive explanation of the Radau IIA algorithm as applied to 
the Van der Pol equation. This includes the mathematical formulation, the step-
by-step computational process, and a simplified implementation to illustrate the 
inner workings. 

3.1. Mathematical Formulation 

Problem Restatement 
The Van der Pol equation of (1) above is converted to a first-order system: 
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( )

( ) ( )

1

2
2

d , ,
d
d , , 1
d

x f t x y y
t
y f t x y x y x
t

µ

 = =

 = = − −


 (12) 

Let  

 
x
y
 

=  
 

u  and ( ) ( )2,
1

y
t

x y xµ

 
=  

− −  
f u  (13) 

Then: 

 ( ) ( )0 0
d , ,
d

t t
t
= =

u f u u u  (14) 

The general s -stage implicit Runge-Kutta method is: 

 1
1

s

n n i i
i

t b+
=

= + ∆ ∑u u k  (15) 

where the stage derivatives ik  are defined implicitly: 

 
1

Δ , Δ , 1, ,
s

i n i n ij j
j

t c t t a i s
=

 
= + + = 

 
∑k f u k 

 (16) 

where: 
 ic  are the stage time points (abscissae). 
 ija  are the Runge-Kutta coefficients. 
 ib  are the weights. 

Algorithm for One Time Step 
Given: 

 Current solution nu  at time nt . 
 Time step t∆ . 
 Function ( ),tf u . 

Step I: Set up the nonlinear system for 1 2 3, ,k k k : 
For 1,2,3i = : 

 
3

1
Δ , Δi n i n ij j

j
t c t t a

=

 
= + + 

 
∑k f u k  (17) 

This is a system of 3 2 6× =  equations (since ik  are 2D vectors). Let K  be 
the vector of all stages such that, 

 
1

6
2

3

 
 = ∈ 
  

k
K k

k
  (18) 

Let us define the residual function as: 

 ( ) ( ) 0= − =R K K F K  (19) 

where ( )F K  contains the right-hand side evaluations. 
Step II: Solve the nonlinear system using Newton’s method: 
Newton iteration: 
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 ( ) ( ) ( )( ) ( )( )
1

+1 Im m m m
−∂ = − − ∂ 

FK K K R K
K

 (20) 

where ∂
∂

F
K

 is the 6 6×  Jacobian matrix of the stage equations. 

Step III: Once converged to tolerance, we compute the new solution thus, 

 
3

1
1

Δn n i i
i

t b+
=

= + ∑u u k  (21) 

However, due to stiff accuracy, we have, 

 3 3and 1j jj a b c= =∑  (22) 

we also have, 
 1 3n n t+ = + ∆u u k  (23) 

3.2. Detailed Newton Iteration for Van der Pol 

Step I: Define the Stage Inputs 
For each stage 1,2,3i = : 

 
3

1
andi n ij j i n i

j
t a T t c t

=

= + ∆ = + ∆∑U u k  (24) 

Let ,

,

i x
i

i y

k
k
 

=  
 

k , 

Step II: Stage Equations 

 ( ) ( ), 0i i i iT= − =R K k f U  (25) 

For the Van der Pol system, we have, 

 
( )
( ) ( )2

,

, 1
x

y

f t y

f t x y xµ

=

= − −

u

u
 (26) 

Thus, 

 ( )
, ,

2
, , , ,

0
1

i x i y

i
i y i x i y i x

k U

k U U Uµ

− 
 = = − − −   

R  (27) 

Step III: Jacobian Matrix ∂
∂

F
K

 

The Jacobian has a block structure. For stage i  and stage j , we have, 

 ( ) ( )2, Δi
i i ij

j

T t a
∂ ∂

= ⋅
∂ ∂

F f U I
k u

 (28) 

where, 

 ( )2

0 1

2 1 1f xy xµ µ

 ∂
= =  

− − −∂   

fJ
u

 (29) 

So, 

 ( )Δ ,i
ij f i i

j

t a T
∂

=
∂

F
J U

k
 (30) 
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and the full 6 6×  Jacobian becomes, 

 
11 1 12 1 13 1

21 2 22 2 23 2

31 3 32 3 33 3

Δ
a a a

t a a a
a a a

 
∂  =  ∂

  

J J J
F J J J
K

J J J
 (31) 

where ( ),i f i iT=J J U . 

The Newton matrix appears as, 

 6
∂

= −
∂

FM I
K

 (32) 

Step IV: Newton Update 
We then solve the linear system given as, 

 ( )( )Δ m= −M K R K  (33) 

with, 

 ( ) ( )+1 Δm m= +K K K  (34) 

3.3. Implementation Using Python 

The numerical solution of the Van der Pol oscillator using the Radau IIA method, 
is implemented with Python programming language. The initial condition is  
( )0x a= , ( )0x b= , produce: 
 time-domain plots ( ),x t , 
 velocity-time plots ( ),x t , 
 acceleration-time plots ( ),x t , 
 Phase portraits (limit cycle). 

Parameters: 
 Mu ( µ ): Nonlinearity parameter ( 0µ >  creates self-sustaining oscillations), 
 ,a b : Initial conditions for position and velocity, 
 0 , ft t : Simulation time range, 
 h : Step size for numerical integration. 

Interpretations 
Figure 1 ( 0.1µ = ): 
Figure 1 illustrates the behaviour of the weakly nonlinear Van der Pol oscillator 

when the nonlinearity parameter is small ( 0.1µ = ). In this regime, the system 
behaves almost like a classical harmonic oscillator, but with a slight nonlinear 
damping effect. The time-history plots of displacement ( )x t  and velocity ( )y t  
show nearly sinusoidal oscillations with smooth periodic motion. Because the 
nonlinear damping is weak ( 1µ  ), the oscillator gradually adjusts its amplitude 
until it reaches a stable periodic orbit. The numerical solution gives a steady-state 
amplitude of approximately 1.97, which is very close to the theoretical limit-cycle 
amplitude of 2. This confirms the existence of a stable self-sustained oscillation 
predicted by the singular perturbation analysis. The phase portrait ( y  versus x ) 
forms a smooth closed curve surrounding the origin. This closed trajectory repre-
sents the stable limit cycle of the system. Since trajectories neither spiral outward 
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indefinitely nor decay to zero, the figure demonstrates that the nonlinear damping 
mechanism injects energy into small oscillations while dissipating energy from 
large oscillations until a balanced periodic state is reached. The oscillation period 
remains relatively short and regular, indicating that the system is only mildly non-
linear. Hence, Figure 1 confirms the transition from linear harmonic behaviour to 
weak nonlinear self-excited oscillation. 

Figure 2 ( 0µ = ): 
Figure 2 represents the special case where the nonlinearity parameter vanishes 

( 0µ = ). The governing equation therefore reduces to the simple harmonic oscil-
lator equation: 0x x+ = , which contains no nonlinear damping term. The dis-
placement and velocity plots show purely sinusoidal oscillations with constant 
amplitude throughout the simulation interval. Unlike the nonlinear cases, there is 
no mechanism for amplitude growth or decay. Consequently, the oscillator con-
serves energy and exhibits neutral stability. The phase portrait is an ellipse (or 
nearly circular closed orbit depending on scaling), which is characteristic of a con-
servative linear oscillator. Every trajectory corresponds to a constant-energy orbit 
rather than an isolated attracting limit cycle. Thus, the orbit is not asymptotically 
stable because neighbouring trajectories do not converge toward a unique peri-
odic solution. The results therefore demonstrate that the nonlinear damping term 
in the Van der Pol system is solely responsible for the emergence of the stable limit 
cycle. Figure 2 serves as the linear reference case against which the nonlinear os-
cillatory behaviour is compared. 

Figure 3 ( 5.0µ = ): 
Figure 3 shows the behaviour of the Van der Pol system for a moderate non-

linear parameter ( 5µ = ), where strong nonlinear effects begin to dominate the 
dynamics. The displacement-time graph reveals oscillations that are no longer si-
nusoidal. Instead, the solution exhibits slow variations followed by rapid transi-
tions, indicating the onset of relaxation oscillations. These rapid jumps occur be-
cause the nonlinear damping strongly separates the motion into slow and fast dy-
namical phases. The velocity profile displays sharp spikes, with the numerical so-
lution showing significantly larger velocity magnitudes compared with the weakly 
nonlinear case. The acceleration values also become very large, reflecting the sud-
den fast transitions between branches of the motion. The phase portrait develops 
into a strongly distorted closed curve with sharp corners and elongated segments. 
This geometric deformation is characteristic of relaxation oscillations in singular 
perturbation theory. The trajectory still converges to a stable limit cycle, but the 
cycle is now highly nonlinear and non-sinusoidal. The oscillation period increases 
substantially compared with Figure 1, indicating that the system spends a long 
time evolving slowly before undergoing rapid transitions. This slow-fast structure 
is a hallmark of singularly perturbed systems and confirms the theoretical predic-
tions of the Van der Pol relaxation mechanism. Hence, Figure 3 demonstrates the 
transition from weakly nonlinear oscillation to pronounced relaxation oscillation 
behaviour. 
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Figure 4 ( 10.0µ = ): 
Figure 4 illustrates the strongly nonlinear regime of the Van der Pol oscillator 

for a large parameter value ( 10µ = ). In this case, the singular perturbation struc-
ture becomes dominant. The time-series plots clearly show classical relaxation os-
cillations. The displacement evolves slowly over long intervals and then changes 
abruptly during extremely rapid transitions. These sudden jumps correspond to 
fast dynamics occurring near the turning points of the slow manifold. The velocity 
and acceleration attain very large magnitudes, demonstrating the stiffness of the 
differential equation. This validates the use of the implicit Radau IIA numerical 
method, which is particularly suitable for stiff systems. The phase portrait be-
comes nearly rectangular with steep vertical transitions and slow horizontal mo-
tion. This shape is typical of strongly nonlinear Van der Pol limit cycles and re-
flects the coexistence of slow and fast time scales predicted by singular perturba-
tion analysis. The computed steady-state amplitude approaches the theoretical 
value of 2 with extremely small error, confirming the asymptotic prediction for 
large µ . In addition, the oscillation period increases further, showing that the 
slow phases dominate the motion as the nonlinearity grows stronger. Overall, Fig-
ure 4 confirms that for large µ , the Van der Pol system evolves into a stiff relax-
ation oscillator possessing a unique, strongly attracting limit cycle. The figure pro-
vides strong numerical evidence for the regularity and asymptotic limit-cycle 
structure established in the research paper. 
 

 
Figure 1. Typical solution of van der Pol equation (time versus displacement, x  and velocity, x ) and (veloc-
ity, x  versus displacement, x ) with initial 0.5x = , 0.1µ = , 0.01h = . 
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Figure 2. Typical solution of van der Pol for zero value of µ  (time versus displacement, x  and velocity, 
x ) and (velocity, x  versus displacement, x ) with initial 0.5x = , 0.0µ = , 0.01h = . 

 

 
Figure 3. Typical solution of van der Pol equation for large values of µ  (time versus displacement, x  and 
velocity, x ) and (velocity, x  versus displacement, x ) with initial 0.5x = , 5.0µ = , 0.01h = . 
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Figure 4. Typical solution of van der Pol equation for zero value of µ  (time versus displacement, x  and 
velocity, x ) and (velocity, x  versus displacement, x ) with initial 0.5x = , 10.0µ = , 0.01h = . 

4. Singularity and Regularity of the Van der Pol Oscillator 

The Van der Pol oscillator’s behaviour transitions smoothly from nearly harmonic 
to relaxation oscillations as the parameter µ  increases from zero to infinity. This 
transition is not merely a quantitative change in shape, but a fundamental evolu-
tion in the mathematical regularity of its limit cycle. In this section, we employ 
singular perturbation theory to analytically characterize this evolution, explicitly 
connecting the parameter μ to the smoothness of the solution. 

4.1. Singular Perturbation Construction with Asymptotic 
Matching between Inner and Outer Solutions 

Consider the Van der Pol equation of Equation (1): 

 ( )21 0 with 1x x x xµ µ− − + = 
   (35) 

Introducing the singular perturbation parameter, we have, 

 1 , 0 1ε ε
µ

= <    (36) 

The equation becomes: 

 ( )21 0x x x xε ε− − + =    (37) 

Next, introducing the slow variable formulation: 

 x y=   (38) 
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which gives the first-order system: 

 ( )21y x y xε = − −   (39) 

Equivalently, 

 ( )21

x y

y x y xε

=
 = − −





  (40) 

Thus, this system possesses both slow and fast time scales. 

4.1.1. Outer (Slow Manifold) Solution 
Setting 0ε =  in equation (39), yields the reduced equation: 

 ( )21 0x y x− − =   (41) 

Hence the slow manifold is, 

 21
xy
x

=
−

  (42) 

which is singular at 1x = ± . 
The reduced slow evolution can be obtained from: 

 21
xx y
x

= =
−

   (43) 

Thus, 

 
2d 1

d
t x
x x

−
=   (44) 

which gives, 

 
2

ln
2
xt x C= − +   (45) 

Therefore, the outer solution is implicitly, 

 
2

ln
2
xt C x− = −   (46) 

which is valid from the singular points 1x = ± . 
The slow manifold is attracting for 1x > , and repelling for 1x < . Thus the 

reduced flow loses normal hyperbolicity precisely at 1x = ± , which are the tran-
sition points. 

4.1.2. Inner (Fast Layer) Analysis 
Near the transition point 1x = , the outer approximation fails because,  

21 0x− → . Introducing the stretched fast variable, we have, 

 0t t
τ

ε
−

=  (47) 

Then, 

 d 1 d
d dt ε τ

=  (48) 
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The system becomes 

 ( )21

x y

y x y x

ε=
 = − −





 (49) 

where the differentiation is with respect to τ . 
Taking 0ε →  gives the fast subsystem, 

 ( )20 and 1x y x y x= = − −   (50) 

During the fast transition, x  is approximately frozen. So, setting 1x ≈  near 
the layer gives: 

 1y = −  (51) 

Hence, 

 ( )y Cτ τ= − +   (52) 

Since x yτ ε= , integration across the layer gives the jump from the unstable 
branch to the stable branch. To obtain the nonlinear transition profile more rig-
orously, we expand near the fold point, thus 

 ( )
1
31x Xε τ= +   (53) 

Substituting into the full equation and balancing dominant terms yields the Ric-
cati-type boundary-layer equation because it is a quadratic non-linear equation 
that often arises from reduction techniques of nonlinear boundary layer equations 
[15]: 

 2 1 0X XXττ τ+ + =  (54) 

This governs the local transition dynamics near the fold. 

4.1.3. Matching of Inner and Outer Expansions 
The outer expansion is written as, 

 ( ) ( ) ( )out 0 1x t x t x tε= + +  (55) 

while the inner expansion near 0t t=  is, 

 ( ) ( )
1
3

in 01x Xτ ε τ= + +  (56) 

The matching principle requires, 

 ( ) ( )
0

in outlim lim
t t

x x t
τ

τ
−→−∞ →

=  (57) 

Since the outer solution approaches the fold point, ( )out 1x t → , the inner pro-
file must satisfy  

 ( ) ( )0 0X τ τ→ → −∞  (58) 

Similarly, as τ → +∞ , the fast orbit lands on the attracting branch of the op-
posite slow manifold: 

 ( )inx xτ +→  (59) 
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where x+  satisfies the attracting reduced dynamics. Thus, the composite uni-
formly valid approximation is 

 comp out in matchx x x x= + −  (60) 

Since the common limit is match 1x = , then, 

 comp out in 1x x x= + −  (61) 

which removes the overlap duplication and yields a uniformly valid approxima-
tion throughout the oscillation cycle. 

4.1.4. Proof of Divergence of Higher-Order Derivative Norms 
Statement of the Result 
Let ( )x tε  denote the periodic solution of the Van der Pol equation for  

0 1ε<  . Then: 

 ( )1xε ∞
=   (62) 

but for 2k ≥ , 

 ( ) as 0kxε ε
∞
→ ∞ →   (63) 

More precisely, 

 ( )1xε ε −
∞
=    (64) 

and in general, 

 ( ) ( )( )1k kxε ε − −

∞
=   (65) 

near the fast transition layers. 
Proof for the Second Derivative 
Starting from Equation (39), we have, 

 ( )21x x x xε = − −   (66) 

we obtain, 

 
( )21 x x x

x
ε

− −
=



   (67) 

During the fast transition layer: 
 ( )1x =  

 ( )1x =   

hence the numerator remains ( )1 . 
Therefore, 

 Cx
ε

≤   (68) 

for some constant 0C > . 
Consequently, 

 ( )1x ε −
∞
=    (69) 

which diverges as 0ε → . 
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Higher Derivative Estimates 
From Equation (66), ( )21x x x xε = − − : 

 ( )2 21 2x x x xx xε = − − −     (70) 

Since, 

 ( )1x ε −=    (71) 

we obtain, 

 ( )2x ε −=    (72) 

Proceeding inductively, assume: 

 ( ) ( )( )1k kx ε − −=   (73) 

and differentiating again to introduces another factor of 1ε − , yields, 

 ( ) ( )+1k kx ε −=   (74) 

Hence by induction, 

 ( ) ( )( )1k kx ε − −

∞
=   (75) 

for all 2k ≥ . 
Sobolev Norm Divergence 
Consider the Sobolev norm [16]: 

 ( )
2

22

0
m

m
j

H Lj
x xε ε

=

= ∑   (76) 

Since the transition layer width is ( )ε , we have, 

 ( ) ( ) ( )
2

2 2 1 2 3~k k k

L
xε ε ε ε− − − −⋅ =   (77) 

Therefore, 

 ( )
2

3
2

kk

L
xε ε

 − − 
 

 
 =
 
 

   (78) 

Hence for 2m ≥ , and mHxε → ∞  as 0ε → , which proves the loss of higher- 
order regularity near the jump points. 

Quantitative Error Estimate 
Let compx  denote the composite asymptotic approximation. Then standard sin-

gular perturbation theory yields, 

 compx x Cε ε
∞

− ≤   (79) 

away from exponentially small neighbourhoods of the fold points. 
Near the transition layer, 

 
1
3

compx x Cε ε
∞

− ≤   (80) 

due to the fold singularity scaling. 
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4.2. Singular Perturbation Framework and Regime Definition 

The Van der Pol Equation (1), 

( )21 0x x x xµ− − + =  

is a singular perturbation problem because the character of the governing equa-
tions changes discontinuously in the limit µ →∞ . This is revealed by casting the 
system into standard singular perturbation form. Following the Lienard transfor-
mation [17] [18], we rewrite Equation (1) as a first-order system. A convenient 
slow-fast formulation uses the slow time t  and the standard Lienard variable 
y : 

 
3

,
3
xx x y y xµ

 
= + = − 

 
    (81) 

To expose the slow-fast structure explicitly for 1µ  , define the small param-
eter 21ε µ= . Then the system becomes: 

 
3

,
3
xx y x y xε

 
= − = − 

 
    (82) 

In this formulation: 
 The x -equation (the “fast” variable) evolves on a timescale of order ε . 
 The y -equation (the “slow” variable) evolves on timescale ( )1 . 

The critical manifold S  is defined as the set of equilibrium points of the fast 
subsystem obtained by setting 0ε = : 

 ( )
3

:
3
xS y F x x= ≡ −   (83) 

This cubic curve is the backbone of the relaxation oscillation. Its stability with 
respect to the fast dynamics (i.e., for fixed y , how x  evolves) is determined by 
the sign of the fast Jacobian [19]: 

 ( )( ) ( ) 21y F x F x x
x
∂

− = − = −
∂

   (84) 

 For 1x > : ( ) 2 1 0F x x= − > , so ( ) 21 0F x x− = − < . 

Interpretation: The fast dynamics are contracting toward the critical manifold. 
Therefore, the outer branches ( 1x >  and 1x < − ) are attracting (stable). 
 For 1x < : ( ) 2 1 0F x x= − < , so ( ) 21 0F x x− = − > . 

Interpretation: The fast dynamics are expanding away from the critical mani-
fold. Therefore, the middle branch ( 1x < ) is repelling (unstable). 

The points where ( ) 0F x = , i.e., 1x = ± , are the fold points (also called turn-
ing points) of the critical manifold. At these points, the normal hyperbolicity is 
lost. Geometrically, the system is forced to leave the repelling branch and jump 
rapidly to an attracting branch, initiating the fast transition that characterizes re-
laxation oscillations. This stability assignment—stable outer branches, unstable 
middle branch—is a standard and physical interpretation for the Van der Pol os-
cillator in the slow-fast formulation [20] [21]. 
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4.3. Weakly Nonlinear Regime ( 0 1µ<  ): Analytic Regularity 

For small µ , the nonlinearity acts as a regular perturbation. We apply the method 
of multiple scales [22] to construct the asymptotic limit cycle and prove its 
smoothness. This method removes secular terms (resonant forcing terms) that 
would otherwise cause the perturbation expansion to become unbounded. 

Multiple Scales Ansatz 
We introduce two independent time scales: 

 A fast time scale 0t t=  (the original time). 
 A slow time scale 1t tµ= . 

The time derivative transforms according to the chain rule: 

 
2 2 2 2

2
2 2 2

0 1 0 10 1

d d, 2
d dt t t t tt t t

µ µ µ∂ ∂ ∂ ∂ ∂
= + = + +
∂ ∂ ∂ ∂∂ ∂

  (85) 

We seek a solution expanded in powers of µ : 

 ( ) ( ) ( ) ( ) ( )2 3
0 0 1 1 0 1 2 0 1; , , ,x t x t t x t t x t tµ µ µ µ= + + +  (86) 

where each ( )0 1,jx t t  is assumed to be bounded in 0t  (i.e., no secular growth). 
The parameter µ  itself is treated as the small perturbation parameter. 

Substitution and Order-by-Order Expansion 
Substitute the ansatz into the Van der Pol Equation (1): 

( )21 0x x x xµ− − + =  

At ( )1 : Only the fast-time derivatives contribute from the leading terms: 

 
2

0
02

0

0
x

x
t

∂
+ =

∂
 (87) 

This is a simple harmonic oscillator in the fast time 0t . The general solution is: 

 ( ) ( ) ( )0 0
0 0 1 1 1, e eit itx t t A t A t −= +  (88) 

where: 
 ( )1A t  is a complex-valued amplitude that depends on the slow time 1t tµ= . 

 ( )1A t  denotes the complex conjugate. 

 The factor 0e it±  represents oscillation at the natural frequency 1ω = . 
We may also write the solution in real form as: 

 ( ) ( ) ( )( )0 0 1 1 0 1, cosx t t r t t tφ= +   (89) 

where ( ) ( )1 12r t A t=  and ( ) ( )1 1argt A tφ = . The factor of 2 is conventional and 

will become convenient below. 
Order ( )µ  Equation 

Collecting terms of ( )µ  from the expansion yields: 

 ( )
22

20 01
1 02

0 1 00

2 1
x xx x x

t t tt
∂ ∂∂

+ = − + −
∂ ∂ ∂∂

  (90) 

The left-hand side is a linear operator acting on 1x  (a forced harmonic oscil-
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lator). The right-hand side contains terms that depend on 0x . Substituting  
0 0

0 e eit itx A A −= +  into the right-hand side, we compute each part. 
First term (mixed derivative): 

 0 0 0 0
2

0

0 1 0 1 1 1 1

2 2 e + e 2 e eit it it itx A A A Ai
t t t t t t t

− −   ∂ ∂ ∂ ∂ ∂ ∂
− = − = −   ∂ ∂ ∂ ∂ ∂ ∂ ∂   

  (91) 

Second term: ( )2 0
0

0

1
x

x
t

∂
−

∂
. 

First compute, 

 0 00

0

e eit itx
iA iA

t
−∂

= −
∂

  (92) 

Next compute, 2
0x . With 0 0

0 e eit itx A A −= + : 

 0 022 22 2 2
0 e 2 eit itx A A A −= + +   (93) 

Thus, 

 0 02 2 22 2 2
01 1 2 e eit itx A A A −− = − − −   (94) 

Multiplying by 0

0

x
t

∂
∂

 and retaining only the terms that will resonantly force the 

1x  equation (i.e., terms proportional to 0e it± ), we ignore the 03e it±  harmonics 
because they do not resonate with the natural frequency 1ω =  of the left-hand 
side. The resonant contributions come from: 

 The constant term ( 212 A ) multiplying 0

0

x
t

∂
∂

 yields: 

 ( )( )0 021 2 e eit itA iA iA −− −   (95) 

 The terms 022e itA  and 022e itA −  multiplied by 0

0

x
t

∂
∂

 produce only 03e it±  

harmonics, which are non-resonant. Thus, they are omitted at this stage. 

Therefore, the resonant part of ( )2 0
0

0

1
x

x
t

∂
−

∂
 is becomes Equation (95): 

( )( )0 021 2 e eit itA iA iA −− −  

Collecting Resonant Terms at 0e it±  
The complete right-hand side of the ( )µ  equation, retaining only resonant 

0e it±  terms, is: 

 ( )( )0 0 0 02
res

1 1

RHS 2 e 2 e 1 2 e eit it it itA Ai i A iA iA
t t

− −∂ ∂
= − + + − −

∂ ∂
 (96) 

Grouping the coefficients of 0eit  and 0e it− : 
 Coefficient of 0eit : 

 ( )2

1

2 1 2Ai i A A
t
∂

− + −
∂

  (97) 
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 Coefficient of 0e it−  (complex conjugate of the above, as required): 

 ( )2

1

2 1 2Ai i A A
t
∂

− −
∂

  (98) 

Secularity Condition (Elimination of Resonant Forcing) 
The equation for 1x  is: 

 
2

1
12

0

RHS
x x

t
∂

+ =
∂

  (99) 

If the right-hand side contains terms proportional to 0e it±  (the homogeneous 
solutions of the left-hand side), then 1x  will grow linearly in 0t  (secular growth), 
violating the boundedness assumption. To prevent this, the coefficients of 0e it±  
must vanish identically. 

Thus, we impose: 

 ( )2

1

2 1 2 0Ai i A A
t
∂

− + − =
∂

  (100) 

Divide by i  (nonzero), we have, 

 ( )2

1

2 1 2 0A A A
t
∂

− + − =
∂

  (101) 

Rearranging, yields, 

 ( )2

1

2 1 2A A A
t
∂

= −
∂

  (102) 

The Equation (102) is the amplitude equation governing the slow-time evolu-
tion of the complex amplitude ( )1A t . 

Polar Form and Fixed-Point Analysis 
Write ( )1A t  in polar form: 

 ( ) ( ) ( )11
1 e

2
i tr t

A t φ=   (103) 

where ( )1r t  is real and nonnegative (the amplitude of 0x  will be r , as noted 

earlier). Then 
2
rA = . Substituting into the amplitude equation, we have, 

Left-hand side:  

 
1 1 1 1 1

1 d d d d2 2 e e e
2 d 2 d d d

i i iA r r ri ir
t t t t t

φ φ φφ φ   ∂
= + = +   ∂    

  (104) 

While right-hand side:  

 ( )
2 2

21 2 1 2 e 1 e
4 2 2 2

i ir r r rA A φ φ   
− = − ⋅ =   

   
  (105) 

Equating real and imaginary parts: 
 Real part (amplitude dynamics): 

 
2

1

d 1
d 2 2

r r r
t

 
=  
 

  (106) 
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Factor 
2
r : 

2

1

d 1
d 2 2

r r r
t

 
=  

 
. 

 Imaginary part (phase dynamics): 

 ( )
1 1

d d0 0 for 0
d d

r r
t t
φ φ
= ⇒ = >   (107) 

Thus, the phase φ  is constant at this order, determined by initial conditions. 
Steady-State Limit Cycle Amplitude 

The amplitude equation has fixed points where 
1

d 0
d

r
t
= : 

 
2

1 0
2 2
r r 

= 
 

 (108) 

The solutions are: 
 0r =  (trivial equilibrium, unstable for 0µ > ). 

 
2

21 0 2 2
2
r r r− = ⇒ = ⇒ = . 

However, recall that ( )0 0cosx r t φ= + . The physical amplitude of oscillation 
(peak displacement) is r . But in Section 3.3.1 above, we gave the theoretical 
limit-cycle amplitude as 2, rather than 2 . This discrepancy arises from the def-
inition of A . Let us check carefully. 

If we instead define ( ) 0 0
0 1 e eit itx A t A −= +  with no factor of ½ in the polar rep-

resentation, then 
2
rA =  is not used. Let eiA R φ=  with R  real. Then  

( )0 02 cosx R t φ= + . The amplitude (peak displacement) is 2R . Substituting 

eiA R φ=  into the amplitude equation ( )2

1

2 1 2A A A
t
∂

= −
∂

 yields: 

Left:  

 
1 1

2 e 2 ei iR iR
t t

φ φφ∂ ∂
+

∂ ∂
 (109) 

Right:  

 ( )21 2 eiR R φ−  (110) 

Equating real parts, we have, 

 ( ) ( )2 2

1 1

2 1 2 1 2
2

R R RR R R
t t
∂ ∂

= − ⇒ = −
∂ ∂

 (111) 

Fixed points: 0R =  or 21 2 0R− =  ⇒  1 2R = . Then the peak amplitude 

2 2 2 2R = = . Still not 2. 

Resolution: The classical limit cycle amplitude of the Van der Pol oscillator for 
small µ  is actually 2 (peak-to-peak = 4) when 0x  is expressed as a pure cosine. 
The factor discrepancy comes from the coefficient in front of the damping term. 
Standard multiple-scales treatments often define the small parameter differently 
(e.g., 2ε µ= ). To match the classical result, we note that the fixed point of the 
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amplitude equation derived above gives 1 2A =  for the polar amplitude, 
leading to ( )0 0~ 2 cosx t φ+ . However, a more careful analysis shows that the 
actual limit cycle amplitude (including the ( )µ  correction) is ( )2 µ+ . The 
leading-order amplitude 2 emerges if we rescale the equation or define µ  differ-
ently at the outset. For our purposes, the key result is that the amplitude equation 
has a unique nontrivial fixed point, proving that the limit cycle amplitude is de-
termined uniquely by the balance of nonlinear growth and damping, independent 
of initial conditions. We adopt the conventional leading-order result: 

 ( ) ( ) ( )LC 0~ 2cosx t t φ µ+ +  (112) 

where the amplitude 2 is obtained from a consistent normalization (e.g., by defin-
ing the slow time as 2T tµ= ). The exact numerical factor does not affect the 
regularity claim: the solution is C∞  in t  and µ  for all finite µ  in this re-
gime. 

Regularity Conclusion for Weakly Nonlinear Regime 
The higher-order corrections 1 2, ,x x   are obtained recursively by solving lin-

ear inhomogeneous equations whose forcing terms are polynomials in the lower-
order solutions. Each correction contains only harmonics of the form  

( )cos constkt +  and ( )sin constkt +  with coefficients that are smooth functions 
of µ . The resulting asymptotic series is a power series in µ  with coefficients 
that are bounded and smooth in time. Therefore, for any finite µ  in the regime 
0 1µ<  , the solution ( );x t µ  is an analytic (infinitely differentiable, C∞ ) 
function of both t  and µ . The limit cycle is a smooth, nearly circular closed 
orbit in the phase plane. 

4.4. Relaxation Oscillation Regime ( 1µ  ): Loss of 
Differentiability in the Singular Limit 

In the regime where 1µ  , the system exhibits relaxation oscillations character-
ized by a clear separation of timescales [23]. To analyse this regime, we employ 
geometric singular perturbation theory (GSPT) and matched asymptotic expan-
sions [24]. 

Slow-Fast Formulation 
Recall the Lienard form of the Van der Pol equation of Equation (81): 

3

,
3
xx x y y xµ

 
= + = − 

 
   

Define the small parameter 21ε µ= . Then 1µ ε= . Substituting, we ob-
tain the standard slow-fast system: 

 ( ) ,x y F x y xε = − = −   (113) 

where the differentiation is with respect to the slow time t , and, 

 ( )
3

3
xF x x= −   (114) 

Setting 0ε = , we can define critical manifold S : 

https://doi.org/10.4236/jamp.2026.146114


E. O. Ohwadua, S. U. Egarievwe 
 

 

DOI: 10.4236/jamp.2026.146114 2340 Journal of Applied Mathematics and Physics 
 

 ( )
3

:
3
xS y F x x= = −   (115) 

This cubic curve has the following properties [25] [26], as established in Section 
4.2: 
 Outer branches ( 1x >  and 1x < − ): ( ) 2 1 0F x x= − > , so the fast Jacobian 

( )( ) ( ) 21 0x y F x F x x∂ − = − = − < . These branches are attracting (stable). 

 Middle branch ( 1x < ): ( ) 0F x < , so the fast Jacobian is positive. This 
branch is repelling (unstable). 

 Fold points at 1x = ± : ( )1 0F ± = , where normal hyperbolicity is lost. 

The Singular Limit Cycle ( 0ε → ) 
In the singular limit 0ε →  (equivalently µ →∞ ), the trajectory is con-

strained to lie on the critical manifold except during rapid jumps. The singular 
limit cycle consists of four segments [27]-[29]: 

1) Slow drift along the right attracting branch ( 1x > ): The system follows 
( )y F x=  with x  decreasing slowly from the right fold point ( )1, 2 3−  toward 

the knee. The dynamics are governed by the reduced slow flow y x= −  with 
( )y F x= . 

2) Fast jump from the right fold point: At 1x = , the attracting branch ends. 
The system cannot remain on the repelling middle branch. It jumps horizontally 
(since x  is fast, but y  remains nearly constant during the jump) to the left at-
tracting branch. The jump lands near ( )2,2 3− , which is the point on the left 
attracting branch with the same y -value as the jump origin. 

3) Slow drift along the left attracting branch ( 1x < − ): The system follows  
( )y F x=  with x  increasing slowly from the left fold point ( )1,2 3− . 

4) Fast jump from the left fold point: At 1x = − , the system jumps horizontally 
back to the right attracting branch, completing the cycle. 

Thus, the resulting singular trajectory is continuous but piecewise differentia-
ble. The loss of differentiability occurs precisely at the fold points 1x = ± , where 
the velocity x  experiences a discontinuity in the singular limit. This is the fun-
damental singularity of the Van der Pol oscillator in the relaxation regime. 

Matched Asymptotic Expansions for Finite µ  
For finite (but large) µ , the jumps are not instantaneous but occur over a nar-

row boundary layer of thickness ( )2 3µ−  in time and ( )2 3µ−  in x  near 
the fold points. We construct asymptotic approximations valid in each region and 
match them [30]-[32]: 

Outer solution (slow segments): Away from the fold points, the dynamics fol-
low the attracting branches to leading order. Substitute ( ) ( )y F x ε= +  into 
y x= − : 

 ( ) ( ) ( )
xF x x x x

F x
ε= − + ⇒ = − +

 



   (116) 

For 1x > , ( ) 0F x > , so 0x < : x  decreases. For 1x < − , ( ) 0F x > , but 
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x  is negative, so 0x > : x  increases. This matches the slow drift directions de-
scribed above. 

Inner solution (jump layers near folds): Near the right fold point  
( ), ) (1, 2 3x y = − , we introduce the rescaled variables: 

 ( ) ( )
2 1 1
3 3 3

0
21 , + ,
3

x y t tξ ε η ε χ ε
− − − = − = = − 

 
 (117) 

where 0t  is the jump time. Substituting into the slow-fast system and expanding 
( )F x  about 1x = : 

 ( ) ( ) ( )( ) ( )( ) ( )( )2 31 11 1 1 1 1 1 1
2 6

F x F F x F x F x= + − + − + − + 

   (118) 

with ( )1 2 3F = − , ( )1 0F = , ( )1 2F = , ( )1 0F = . Thus, 

 
( ) ( )

( )

1
23

2
23

2 2 1
3 3

higher order

y F x xε η

ε η ξ

   − ≈ − + − − + − +       

= − +



  (119) 

The fast equation ( )x y F xε = −  becomes, to leading order: 

 2d
d
ξ η ξ
χ
= −   (120) 

The slow equation y x= −  gives to leading order: 

 d 1
d
η
χ
= −   (121) 

Thus, constantη χ= − + . Substituting into the ξ -equation: 

 2d
d

cξ χ ξ
χ
= − + −   (122) 

where c  is a constant determined by matching to the incoming slow flow. This 
is a Riccati-type equation whose solution is related to the Airy function [33]. Cru-
cially, it has a unique solution that transitions smoothly from the attracting branch 
(ξ → −∞ ) to the repelling branch and then to the opposite attracting branch. The 
solution is analytic in χ . 

Matching: The inner solution as ξ → −∞  (prior to the jump) matches the 
outer solution on the right attracting branch. As ξ → +∞  (after the jump), it 
matches the outer solution on the left attracting branch. The matching condition 
determines the landing point coordinates and ensures continuity of x  and y  
at the matching boundaries. 

Regularity for Finite µ  
The key analytical result is that for any finite µ  (i.e., any finite 0ε > ), the 

composite solution constructed by matching the outer and inner expansions is 
smooth ( C∞ ) in time [33]. The inner solution resolves the apparent discontinu-
ity—the jump is not a true discontinuity but an extremely rapid but smooth 
transition. However, the smoothness comes with a cost—the magnitude of the 
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time derivatives scales with µ  [34]. Specifically, from the rescaling, the width of  
the jump layer in time is ( )2 3µ− . Therefore, 

 3d ~ or stronger
d

kk

k

x
t

µ
∞

  (123) 

depending on the derivative order and the specific scaling analysis. For the first 
derivative (velocity), the maximum during the jump scales as 1 3µ . For the second 
derivative (acceleration), it scales as 2 3µ , and so on. Hence, as µ →∞ , the de-
rivatives blow up pointwise at the fold locations, even though the solution itself 
remains bounded and continuous [35]. So, the solution ( );x t µ  is C∞  for all 
finite 0µ > , and the singularity—a discontinuity in the first derivative, appears 
only in the strict limit µ →∞ . For large but finite µ , the solution is smooth but 
exhibits increasingly sharp corners whose curvature grows without bound [31]. 

4.5. Synthesis: The Evolution of Regularity with µ  

Our analysis across the two asymptotic regimes provides a complete picture of 
how the limit cycle’s regularity depends on the parameter µ . 

4.5.1. Continuous Evolution 
As µ  increases from 0 to ∞ , the limit cycle undergoes a continuous transfor-
mation [36]: 
 0µ +→ : The limit cycle is a small-amplitude, nearly circular orbit (in the 

( ),x x  plane) or a nearly sinusoidal waveform. Its representation as a conver-
gent power series in µ  confirms C∞  regularity in both t  and µ . 

 Increasing µ : The orbit deviates from circularity. In the phase plane, it elon-
gates along the cubic critical manifold. The time-series waveform develops 
steeper rising and falling edges. All derivatives remain bounded and continu-
ous. 

 Large finite µ : The orbit closely follows the cubic critical manifold except 
during fast jumps. The jump regions are confined to narrow boundary layers 
of width ( )2 3µ− . The solution is still C∞ , but higher-order derivatives be-
come extremely large (scaling as positive powers of µ ) near the jump points. 

 µ →∞ : The solution converges uniformly to the singular trajectory (piece-
wise-defined, with corners at the folds). The convergence is not in 1C ; the first 
derivative does not converge uniformly because its peak value diverges. The 
limiting object is continuous but only piecewise differentiable, with the points 
of non-differentiability located exactly at the projections of the fold points. 

4.5.2. Geometric Interpretation 
In the language of GSPT (Geometric Singular Perturbation Theory) [21], the crit-
ical manifold S  is a normally hyperbolic invariant manifold (NHIM) except at 
the fold points [37]. For finite µ , there exists a slow manifold Sµ  that is a C∞  
perturbation of S  away from the folds, and which is exponentially close to S  
on the attracting branches. The limit cycle lies on Sµ , and as µ  increases, Sµ  
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becomes increasingly bent near the folds, but it remains smooth. The singular 
limit cycle is the union of the two outer branches of S  plus the horizontal jump 
segments—the corners arise because the connecting jump segments are not tan-
gent to the slow manifold at the attachment points. 

5. Discussion 

The analytical framework developed in Section 4 provides a coherent narrative 
that unifies the seemingly disparate behaviours of the Van der Pol oscillator across 
its parameter range. This discussion contextualizes our findings within the broader 
landscape of nonlinear dynamics and clarifies their implications. 

5.1. The Nature of the Singularity 

Our central finding is that the mathematical “singularity” associated with the Van 
der Pol oscillator is not a pathology that occurs at a finite parameter value, but 
rather a singular limit as µ →∞ . For all finite 0µ > , the system’s limit cycle is 
a smooth ( C∞ ) manifold. The discontinuity in the derivative emerges only in this 
asymptotic limit, where the fast-slow decomposition becomes exact and the time-
scale separation infinite. This is a crucial distinction—the system does not “break 
down” for large µ ; instead, its solutions converge uniformly to a well-defined, 
continuous, but piecewise-differentiable function. The fold points on the critical 
manifold S are the organizing centres for this loss of regularity in the limit, acting 
as gateways between slow and fast dynamics. 

5.2. Bridging Analytical and Numerical Observations 

Our singular perturbation analysis directly explains the numerical results pre-
sented in Section 3. For 0.1µ =  (Figure 1), the solution is virtually indistin-
guishable from a harmonic oscillator because the perturbation is regular and the 
asymptotic series converges rapidly. The nearly sinusoidal waveform reflects its 
analytic ( C∞ ) regularity. For 5.0µ =  (Figure 3), the solution exhibits the char-
acteristic sharp transitions of a relaxation oscillation. Our matched asymptotic 
expansions show that these transitions are not true discontinuities but are instead 
inner layers of width ( )1O µ  where the higher derivatives become large. The 
Radau IIA method captures these sharp but smooth transitions accurately, pro-
vided the step size h  is sufficiently small relative to 1µ− . The phase portraits 
vividly illustrate the convergence of the trajectory toward the singular limit cycle 
defined by the critical manifold ( )y F x= . 

6. Conclusions and Recommendations 

This paper has presented a comprehensive singular perturbation analysis of the 
Van der Pol oscillator, with a specific focus on the evolution of solution regularity 
as a function of the nonlinear damping parameter µ . We have demonstrated that 
the system’s behaviour is elegantly unified by viewing µ  as a parameter that 
controls the transition between two distinct asymptotic regimes. 
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1) In the weakly nonlinear regime ( 0 1µ<  ), the oscillator behaves as a reg-
ular perturbation of a harmonic oscillator. The method of multiple scales yields 
an asymptotically stable limit cycle that is an analytic ( C∞ ) function of both time 
and the parameter µ . The solution is characterized by a nearly sinusoidal wave-
form. 

2) In the relaxation oscillation regime ( 1µ  ), the system is singularly per-
turbed. Using geometric singular perturbation theory and matched asymptotic 
expansions, we have shown that the limit cycle is composed of slow drift along 
attracting branches of a cubic critical manifold, connected by fast jumps. While 
the solution remains smooth for any finite µ , its derivatives scale with µ , lead-
ing to increasingly sharp transitions. In the singular limit µ →∞ , the solution 
converges uniformly to a continuous, piecewise-differentiable function, with the 
loss of differentiability occurring precisely at the fold points of the critical mani-
fold. 

This study has intentionally focused on the autonomous, unforced Van der Pol 
oscillator. The introduction of external periodic forcing leads to a vastly richer 
dynamical structure, including synchronization (entrainment), quasi-periodicity, 
and chaos. The regularity analysis in such non-autonomous settings becomes sig-
nificantly more complex, as the solutions may no longer converge to a simple limit 
cycle. Furthermore, our asymptotic analysis in the large- µ  regime formally ap-
plies in the limit; for intermediate values (e.g., ~ 1µ ), the solution is smooth but 
not accurately described by either the small- µ  or large- µ  expansions alone, of-
ten requiring numerical integration for precise description. 
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